Differential Equations II

Introduction to Numerical Methods




Preliminary Remarks

Classes of methods used for numerically solving PDEs:
+ Finite Differences
- Simplification of differential operator, all equation types,
simple geometries and structured uniform meshes
+ Finite Volumes
+ Simplification of physical principle, mostly hyperbolic
equations
- Finite Elements
« Simplification of function spaces, mostly elliptic equations,
complex geometries and differential operators

+ Lagrangian Methods
- Simplification of material derivative, transport equation

+ Combinations of those methods

Consider: Elliptic Model Problem

-Au=f inQ=[0,1?%eR?
=0 on N2
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Consider: Elliptic Model Problem

—Au in Q= [0,1]* € R?
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Idea:

Discretize the differencial operator

—A=L%Lh

. du u(Ti) —u(w) o
here: = o +O(Az), Az =zif1 — ;.




Grid:

T, =1 Ax
Ax = ;1 — Tt
1=0:N
1

N = —
Az

y; analogously
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Discrete Operator:

Ou  Uit1j — Ui—1,

ou _ 2
ox 2Ax +0(Az)

2
0“u o Ui41,5 — 2ui,j

+ U;— J
0x2 Ax2 =+ 0(Aa?)

v

A j — Uit — Ui—1,j — Wi j4+1 — Ui j—1
_Au ] »J »J »J »J _|_ O(sz)

- Ax?
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Finite Difference Stencil:

—1
A 20 (Tit1,y5)
—1 4 —1
Ax? Ax? Ax? —1
(xi—1,Y; (zi,95) (Tit1,Y5) v 1
—1

A2 (Tisyj—1)
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Lexicographical Ordering

Numbering:

Y4
19 ® - - F - ]
e 1@ 50 90 130 ]
- N 2@ 6@ 100 140 [ |
1 N 3@ 70 110 150 N
1 N 40 80 120 160 [
04 = & & = & -
(I) T T T T i
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Linear System of Equations:

Lpup, = fn
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Finite Volumes

Idea:

Discretize the flux form

e
¢
Linear system of equations: Ce”s ( Grld ).'
‘i1 . Cover domain £2 by cells (volumes) Ex, ..., By:
Lyup = fu 1
Simplified Notation: Integration:
jg Au.l:—L!-h W18
A = g = e = Mg = g = A2 g | Gau’ theorem
i
- /, o= /’ fn
Discretization
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Idea:

Discretize the flux form
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Cells (Grid):

Cover domain €2 by cells (volumes) E;

- - - - -

- - -~ - )

- - - - )

- - - ~ -

.....

21.



y/\
1
Q Q Q
Q Q (™)
E;
Q Q Q
Q Q Q
Q Q Q
0 -

| ——

17

22.



Integration:

/—Aud:c:/ fder VYi=1:N
E; E;

| Gauf}’ theorem

dx
OF; 3“ / !




Discretization

ou
de = — — d
/E,- J oE, On ’ 7
~ —/ ah,nuh ds — / ah,nuh ds — / 3h,nuh ds —/ 6h,nuh ds
6E,',1 3Ei,2 aEi.S aEi.d
OEM
On,nup: finite difference approximation of 3—1‘:.
[un(Tit1,y;) — un(Ti, y;) | a i3
O = . v
/'SE‘,1 hnUn ds = Az Aa 9Fi
/ O nup ds = Az - [un(@i, Yj+1) = un(zi,9;) |
OFE; 2 ' L Az J
/ Onhnup ds = Az - [un(@i-1,35) — un(@i,y;)] OEi 4
OE; 3 ' L Az J
/ Onnup ds = Az - [un(®i,yi1) = un(@i,y5)]
OE; 4 ! L A.’l’ ] O
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On,nup: finite difference approximation of g—z.

/ Onhnun ds = Az -

OF; 1

/ Ohnup ds = Az -
OFE; 2

/ Onnun ds = Az -
OFE; 3

/ Ohnup ds = Az -
OFE; 4

[un(Tit1,Y5) — un(Ti, ;) |
Az

[ un (i, Yjr1) — un(Ts, y;)
Az

(un(zio1,y5) — un(zs,yj)
Az

un (i, Yi—1) — un(Ti, y;)

Ok 3

OE; o

Az
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Simplified Notation:

ui,j = Un(Ti,Y;)

o
Fu=p [ s
" |Eil Je,,

.
Ui — Uip1,j — Ui—1,5 — Ui j+1 — Ui j—1 = AT f; ;.
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Linear system of equations:

Lyup = fp

[ 4 -1 -1

-1 4 -1 -1
-1 4 -1 -1
-1 4 -1
-1 4 -1 -1
-1 -1 4 -1 -1
-1 -1 4 -1 -1
-1 -1 4 -1
-1 4 -1 -1
-1 -1 4 -1 -1
-1 -1 4 -1 -1
-1 -1 4 -1
-1 4 -1
-1 -1 4 -1
-1 -1 4 -1
-1 -1 4 |
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Idea:

"Discretize function space”

Variational Problem
Finite Element

i

Triangulation Replace Function (Spaces)

Instead of the problem
find we Vi Jlu)=minJ(v)

solve the discrete problem
find wy € Vit J(un) = win J(va)

Galerkin Method

Funktion Space
N, repoce he varstions peblem oo, 1) = fisv) by

e =) Vi1 N,

U Functon space with sl =
since vy = X

#

Ui iecewiv pelymemiak, continsoss in 0, dimVi
Omcowm L= A

Basis Function Representation

w(®) = Y wpilz)

TN
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Idea:

"Discretize function space”
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Variational Problem

Classical Problem

—Au=f inQcR?
u=0 on Jf

—Au=f inQ, w=0ondQ,
= / —Aup do = / fodx Yy
Q JQ

=>/Vu-Vgod:n=/f<pdT. Yo
Ja Ja

Variational Problem
Minimization Problem

mit find we V: J(u)=minJ(v)
veV
tl(u.('):/VU-V-u dir with
o 1
sy = [ rods J(v) = Ea(v, v) — f(v)

a(u,v) = f(v) Yo
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Classical Problem

—Au=f 1n ) C
uw=0 on 0f)




—Au=f in{), wu=0on of),

:>/—Augpdx:/fgpdx Vo
Q Q

i/Vu-dex:/fgpdx Vo
Q Q



Variational Problem

a(u,v) = f(v) You
mit

a(u,v) /Vu Vv dx

/fvdm
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Minimization Problem
find we V: J(u)= mi‘I/IJ(fU)
VE
with
1

J(v) = 5a(v,v) - f(v)




Replace Function (Spaces)

Instead of the problem

find ue V: J(’U,)Z{)Iél‘rflj(v)

solve the discrete problem
find up € Vi J(up) = min J(vp)

v, EVY
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Funktion Space

e V: function space with dimV = oo;

e |}, piecewise polynomials, continuous in 2, dimV), = N < oo
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Basis Function Representation
= 2, il

Vi, = span{p1,..., 0N}
N

vpb €V, = v = Zvigo?;

where
e v; € R coefficients,

e ©; € V}, basis polynomials.
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Galerkin Method

Now, replace the variational problem a(up,vy) = f(vp) by
uza'(gozagoj):f((pj)a Viaj:]-a'“)N)

since up = Y U;P;-

One obtains: Lyup, = f,
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Triangulation

yl\
Cover Q with set T}, of disjoint simplices:
14 ® - i - - i
[ J Q = UTETh T,
o If 7,0 € T} with T17é7'2,then Ny =0. 1 ¥ g g e g ¥
o If 7,79 € T}, with 71 # 79, then 4 & < Onodej:O(fﬂjwyj)O !
basis function ¢;
@, or
T1TNTy = common edge, or - B < © o < o
common vertex.
e | ¢ o ¢ = ¥
04 = » . - - &
T T T T T 1 >
0 1
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Cover Q with set T}, of disjoint simplices:

o () = UreTh T,

o If 71,70 € T} with 7'17&7'2,then ’7o'1ﬂ’70'2=®.
o If 7,7 € T} with 71#7'2,then
0, or

71 N T3 = ¢ common edge, or
common vertex.




'S:

V°'1ﬂ7°'2=®.

0, or
common edge, or
common vertex.

17 W i i i i

- [ © © o ©
node j: (z;,y;)

1 N O Q o -
basis function ¢;

1 N - Q Q -

1 N - - - -

04 = - e - -

(l) | | | | ZE
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Triangulations from Applications:
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Finite Element

air. = a(oi, k)
Qi = > VoiVo; du

7€ (supp(¢i)Nsupp(¢;)) *
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Finite Volumes

Differential Equations il
Finite Differences Finite Elements
ottt -
- i
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