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Wave Equation

Prefiminary Remarks:
o Aim: Investigation of the wave equstion

o Let suitable initial/bos 15 be given,

© Let ¢ > 0 denote the time variable and x € 2. 2 C R™ open, the spatial
variable.

 Search: Function u : {1x[0, 50|~ R. u = u(x, 1), where the Laplace operator
acts on the spatial variable x = (r1,...,z)7

« For the inhomogeneous equation assume f : {1x [0, ¢/~ R a given function.

Remark: (Femala of 4 Membert)
Considr the com dimersonsl sl vae sroblem
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Proposition: (Formula of d'Alembert)
A solution of the dii ional initial value probl

Uy — Uz =0 in R x [0, 00,
u=gu =h onRx{t=0},

with g, h initial conditions, is given by the formula of d'Alembert:

T4t
u(z,t) = %[y(z +t)+g(z—t)] + %/_‘ h(y) dy.




Preliminary Remarks:

e Aim: Investigation of the wave equation

Ut — Au =0

e Inhomogeneous wave equation

Uttt — Au = /

e Let suitable initial/boundary conditions be given.

e Let ¢ > 0 denote the time variable and x € (2, 2 C R" open, the spatial
variable.

e Search: Function u : 2x[0,00[— R, u = u(x, t), where the Laplace operator
acts on the spatial variable x = (z1,...,2,) .

e For the inhomogeneous equation assume f : Q x [0, co[— R a given function.




Remark: (Formula of d'Alembert)
Consider the one-dimensional initial value problem

Ut — Uge = 0 in R x [0, 00|,
u=g,us =h onR x {t=0},

with g, h given initial conditions.
direct solution method.



Proposition: (Formula of d'Alembert)
A solution of the one-dimensional initial value problem

Utt — Uge = 0 in R x [0, 00|,
u=g,us =h onR x {t=0},

with g, h initial conditions, is given by the formula of d'Alembert:

T+t
wat) = 5lae+0 +oe =0+ [ h) dy
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Reflection Method

Preliminary Remarks:

o Consider the initial value problem on the half space R :

Upe — Uzz =0 in Ry x]0,00(
=0}
u=0 on{x=0}x]0,00(

with given functions g and h where g(0) = h(0) = 0.

e Problem: not simply solvable by formula of d’Alembert, since it requires a
Cauchy-Problem.

e |dee: Extend the half space problem to a whole space problem and then use
formula of d'Alembert. o

Conclusion: (Reflection of half space )
A solution of the initial value problem

U —
u=gu

e t) = Holw+t)+g@—0)+ 3 [ hy)dy  fora>t>0
U e+ t) —g—z+ 0]+ L [T k) dy for0<a <t

=0 inR.x]0,00]
on Ry x {t =0}
on {z = 0}x]0,00(

is given by

Example:
The solution of the initial boundary value problem

Uy = tge =0 in Ry x]0, 00
u=0,u =sinz onRy x {t=0}
u=0 on {z=0}x]0,o0(

is given by
u(z,t) = %[ens(r —t) —cos(z +¢t)).




Preliminary Remarks:

e Consider the initial value problem on the half space R :

Utt — Uz = 0 in Ry X]0, 0o]
u=g, uy =h onRy x{t=0}
u=0 on{z=0}x]0,00[

with given functions g and h where g(0) = h(0) = 0.

e Problem: not simply solvable by formula of d'Alembert, since it requires a
Cauchy-Problem.

e |dee: Extend the half space problem to a whole space problem and then use
formula of d'Alembert.



Conclusion: (Reflection of half space R, )
A solution of the initial value problem

Utt — Uz = 0 in Ry x]0, 00]
u=g,us =h onRy x {t=0}
u=0 on {z=0}x]0,o00]

is given by

u(x,t) = {

g +t)+gz—t)]+ i [T hy)dy  forz>t>0
lg(x +1) —g(—z +1t)] + % fx:it h(y)dy for0<z<t

DN = N[
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Example:
The solution of the initial boundary value problem

Ut — Uz = 0 in R4 Xx]0, 00]
u=0,us =sinxz on R4 x {t =0}
u=0 on {z=0}x]0,o00]

Is given by
1
u(x,t) = 5[(:03(:1: —t) — cos(x + t)].



Spherical Averaging

Preliminary Remarks:
® Consider the higher dimensional case (n = 2) of the initial value problem:
e — Au=0 in R"x]0,00]
u=g. uy=h onR"x{t=0}

® |dea: Derive by suitable <p
explicit solution formula

< a simplified PDE, which yields an

Remark: (Mean/Average over Sphere) For x € R", ¢ > 0 and r > 0 define the
A 2t the Sphre OB,(x) (or OB.1)

veinnin £ o ason
fonio
Furthermere, ket
Gwn = f waso

e = f, morason

Proposition: (Euler-Poisson-Darboux Equation)
let z € R™ be fixed and u a solution of the wave equation

wy — Au=0 in R"x]0,00[
u=g, uy=h onR"x{t=0}

Then U(z:r,t) solves the Euler-Poisson-Darboux equation

Ust = Upr = "0, = 0 in Ry x]0, 00[
U=G, Uy=H onRyx{t=0}

(2]
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Preliminary Remarks:

e Consider the higher dimensional case (n > 2) of the initial value problem:

uge — Au =0 in R"x]0, 00|
u=g, uy =h onR" x {t =0}

e |dea: Derive by suitable spherical averages a simplified PDE, which yields an
explicit solution formula.

13.



Remark: (Mean/Average over Sphere) For x € R”, t > 0 and r > 0 define the
Average of u(x,t) over the Sphere dB,(x) (or 0B(x,r))

U(x;r,t) :=][ u(y,t) dS(y).
0B, (x)
Furthermore, let
G(x;r) = ]l gy) dS(y)
0B, (x)
H(x,r) =][ h(y) dS(y)
0B,(x)
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Proposition: (Euler-Poisson-Darboux Equation)
let x € R™ be fixed and u a solution of the wave equation

use — Au =0 in R™x]0, oo
u=g, ug =h onR"™ x {t =0}

Then U(x;r,t) solves the Euler-Poisson-Darboux equation

U:G, Ui=H OnR+X{t:O}

2

{ Utt — Ur,m,« — nT_lUr =0 In R+ X]0,00[
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Kirchhoff's Formula

Remark: (Kirchhoff's Formula for n = 3)
The solution to the initial value problem of the wave equation

uy—Bu=0 in R3x]0, oo
u=g, u,=h onR¥x(r=0}

for x € R%, t > 0 is given by (Kirchhoff's Formula):

ux,n) = ][ (Wthy) +£0) + Dgy) - (v x)) dSG)
3B,(x)

Derivation: Via Euler-Poisson- Darboux equation
Define

Replacing this in our previous equation, we obtain 0:
y-x ¢
wx = f D50 (1) asor+ f 50 d50) n:
o) ' omxn

L morasn .

-rl,

= 1.

0=, =r(Up 4 20,) =0, 420, =0 0, =0,
This is - after receganization ~ Kirchhoff’s formula.

Using the defintions of G and H one obtains Tharstrs,  sove the it veke poblem

= 246 " [
. 0) = 0G0 + tH (xi0) {,,_

0
=2(, as)+if  nas
a ( i...,“l ) £.m

0 in R x0, o

i on®, x (t0)
=0 onfr =0} x [t=0}

o the haf space problem. Srsit
-

Bt =

1) -Gt 4]“

: Hiy) dy.

Since 01(2;,1) s derived from u(z, ) by spharical svoragiog. we have

wlr,f) = im Ulxir,()
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Remark: (Kirchhoff's Formula for n = 3)
The solution to the initial value problem of the wave equation

u, —Au=0 in R3]0, oo
u=g, u,=h on R3 x {¢t = 0}

for x € R3, t > 0 is given by (Kirchhoff" ):

u(x,t) = ]é B )(th(y) +g(y)+ Dg(y) - (y — x)) dS(y)



Derivation: Via Euler-Poisson-Darboux equation:

Define
U :=rU,
G :=rG,
H :=rH.
Then

3 o) 3
0,=rU, =r (U,, + ;U,) —rU, +2U, =(U +rU,), =0,



Therefore, U solves the initial value problem

Uit = Upr =0 in Ry %]0, 00]
U=G,U,=H onRyx{t=0}

U=0 on{r=0}x{t=0}

With the solution formula for the half space problem, we derive for 0 < r <t the
representation

19.



Since U(x;r,t) is derived from u(z,t) by spherical averaging, we have

u(z,t) = lim U(x;r,t)

r—0

With the definition of U(x;,t) obtain

u(x,t) = lin(1) Ula;r,?)
r— r
. [Gr+t) -Gt —r) 1/’“” .
B ’TI'E)I(I) ( 2T 27‘ —r4t H(y) dy

21.



Using the definitions of G and H one obtains

u(x,t) = %(tG(x; 1) +tH(x;t))

=i(t][ gdS>+t][ hdS
ot IB(x.f) dB(x.f)

][ gy)dS(y) = ]l g(x+1z) dS(z)
dB(x,1) dB(0,1)

But since

it holds

9 <][ g dS) = ][ Dg(x+1tz)-zdS(z)
0t \ JoB(x.1) 3B(0.1)

y—x
= D - ds
]€B<x,t) s0)- (=) dsw)




Replacing this in our previous equation, we obtain

uxn =1 1D (
0B(x,t)

+ ]l th(y) dS(y)
dB(x,?)

y—X

) asm+ £ s dsw)
0B(x,t)

This is — after reorganization — Kirchhoff’s formula.



Poisson's Formula

Remark: (Poisson's Formula for n = 2)
The solution of the initial value problem of the wave equation

Uy —Au=0 in R?x]0, oo
u=g, u=h onR2x({t=0}

for x € R%, t > 0 is given by (Poisson’s formula):

2 . -—
ux,f) =+ ][ 18(y) +1 h(y)+t1)g(y)l v=x)
9B,(x) (t2 —ly- x|2)5

Remarks:

e To derive this solution representation, one considers the three dimensional
initial value problem and assumes that the solution is independent of the
third spatial coordinate 3.

o Using an analogous derivation principle as for Kirchhoff's formula (use Euler-
Poisson-Darboux equation and define U suitably), solution formulas for the
initial value problem of the wave equation in R™ can be derived.

25.



Remark: (Poisson’s Formula for n = 2)
The solution of the initial value problem of the wave equation

u, —Au=0 in R*x]0, oo[
u=g, uy=h on R2 x {t =0}

for x € R?, t > 0 is given by (P s f ):

1 ][ tg(y) + t*h(y) + tDg(y) - (y — x) dy
2 JoB,(x)

u(x,t) = = 1
> — |y — x|?)2



Remarks:

e To derive this solution representation, one considers the three dimensional

initial value problem and assumes that the solution is independent of the
third spatial coordinate x3.

e Using an analogous derivation principle as for Kirchhoff’s formula (use Euler-
Poisson-Darboux equation and define U suitably), solution formulas for the
initial value problem of the wave equation in R™ can be derived.
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