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ion: (PDE of 2 Order)

in n variables s defined by
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Here the terms a,y. b, £, and g are functicns of x = (x1,...,x)"
The fiest term in the squation is called 1.0 part of the PDE
Aosume wiog
ay(0) = afx), dj=1n
Definition: (Diagonal Form: Definition: (Classfication of Partial Differential Equations of 2** Order)
Let the PDE(of 15ﬁ order (A) = (@if)ij=1... constant and symmetric) Let the PDE of 2% order (A = (ay)cs-t... constant and symmetric)
(VTAV)u+ (bTV)u + fu=g.
(VTAV)u+ (bTV)u+ fu=g. " v
1+ An be the eigenvalues of matrix A.
Then the corresponding diazonal form of the PDE is given by LA #0foralli = 1,....m and if all A, have equal sign, the equation i
- P lled elliptic.
(V' DV)i+ ((STH) V)i + fii=§ called et
~ 2.1 X # O for all i = 1,...,n and if one eigenvalue has different sign to all
with diagonal matrix D = §TAS and §7 = Id. Here b := b(Sy) and other 1 — 1 eigenvalues, the equation i called hyperbolic
S(y) = f(Sy). aly) := 9(Sy)- 3.1 Ag = 0 for at least one k & {1,...,n}, the equation is called parabolic.
Definition: (Well-Posed Problem)
A correct i problem (or well posed problem) consists of

© a partial differential equation, defined on a domain, and
« a set of initial and/or boundary conditions,
such that the following properties are fulfilled:
1. Existence: There exists at least one solution, that fulfll all above conditions;
2. Uniqueness The solution is unique;

3. Stability. The solution depends cont. on the initial/boundary conditions




Definition: (PDE of 2"¢ Order)
A linear partial differential equation of 2"¢ order in m variables is defined by

n n
Z QijlUg,e; T Z biuz, + fu=g.

i,j=1 i=1

Here the terms a;;, b;, f, and g are functions of x = (z1,...,7,)".
The first term in the equation is called main part of the PDE.
Assume w.l.0.g:

aij(x) =Clji(X), ’I,,]= 1,...,’]’1,.




Definition: (Diagonal Form)
Let the PDE of 2" order (A = (ai;)i j=1....n constant and symmetric)

(VTAV)u+ (b'V)u + fu=g.
Then the corresponding diagonal form of the PDE is given by
(VIDV)i+ ((S™TD) V)i + fi=g

with diagonal matrix D = ST AS and S'S = Id. Here b := b(Sy) and
f(y) = f(8y), g(y) := g(Sy).




Definition: (Classification of Partial Differential Equations of 2"¢ Order)
Let the PDE of 2" order (A = (a;;); j=1...n constant and symmetric)

(VTAV)u+ (b"V)u + fu=g.

Let A\{,..., A, be the eigenvalues of matrix A.

1. If \; #0 for all « = 1,...,n and if all A\; have equal sign, the equation is
called elliptic.

2. If \; 20 for all = 1,...,n and if one eigenvalue has different sign to all
other n — 1 eigenvalues, the equation is called hyperbolic.

3. If \p =0 for at least one k € {1,...,n}, the equation is called parabolic.




Definition: (Well-Posed Problem)
A correctly posed problem (or well-posed problem) consists of

e a partial differential equation, defined on a domain, and
e a set of initial and/or boundary conditions,
such that the following properties are fulfilled:
1. Existence: There exists at least one solution, that fulfills all above conditions;
2. Uniqueness: The solution is unique;

3. Stability: The solution depends cont. on the initial /boundary conditions




Introduction

Definition: (Laplace’s and Poisson’s Equation)
Let u € C?(R") be a twice cont. differentiable function, x € D < R" open,

u=u(x). Then Laplace’s squation is given
Au=0.
Poisson's equation is defined as
~Au=f

with a given right hand side f = f(x).

Proposition: (Representation of Solution of Poisson's Equation)
A solution to Poisson’s equation
Definition: (Harmonic Function)
—Au=f inE" Let u € C*(R") be a twice cont. differentiable function satisfying Laplace's equation
Au=0.

is given by
= - Then u is called harmonic funct
u(x) /n L2 —¥)f(y) dy. o

Definition: (Fundamental Solution of Laplace’s Equation)
The function ®(x), x & R", x # 0, given by

~Lloglz|  (n=2)
*) = { gl (2 3)

aln-2a(n)

is called fundamental solution of Laplace’s equation.




Definition: (Laplace's and Poisson's Equation)
Let u € C?(R™) be a twice cont. differentiable function, x € D C R"™ open,

u = u(x). Then Laplace's equation is given by
Au = 0.

Poisson’s equation is defined as
—Au=f

with a given right hand side f = f(x).




Definition: (Harmonic Function)
Let u € C%(IR™) be a twice cont. differentiable function satisfying Laplace's equation

Au = 0.

Then w is called harmonic function. o
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Definition: (Fundamental Solution of Laplace’s Equation)
The function ®(x), x € R", x # 0, given by

o — { el o2

Is called fundamental solution of Laplace’'s equation.
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Example:

For x € R3 it holds:
4_7T

3
Thus, the fundamental solution of Laplace’s equation is

vol(K1(0)) = a(3) =

11
dm =]

o(x)
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Proposition: (Representation of Solution of Poisson’'s Equation)
A solution to Poisson’s equation

—Au=f inR"

Is given by



Properties of
Harmonic Functions

Proposition: (Mean Value Property of Harmonic Functions)
Let U € R" be an open set. If u € C2(U) is harmonic, then for each ball B(x,r) c U

u(x)=][ udS:f udy.
AB(xs) Bixrs)

Here # denotes the mean over the shpere or the ball, resp.:

Proposition: For the function u € C2(U) let

u(x) = J[ udS
aB(xr)

1
][ vol(B(x, 7)) /
for each ball B(x,r) C U. Then u is harmonic.
Proposition: (Maximurm Principle of Harmonic Functions)
Let w & C2(U) NC(T) harmonic in U, Then
1. The maximum principle holds:
Propoerties: maxu(x) = g ulx).
o If a continuous function u € C(U) on an open set U/ C R" satisfes the - )
mean value property for each ball B(x,r) C U/, then w is indefinitely often 2. The strong maximum principle holds: is U connected and if 3 point xy € U
differentiable (u € C(U7)) exists with

o Progosition of Liouwle Let the function u : R* — R be harmonic and
bounded. Then it holds that u is constant on the entire R".

o Bounded Solution of Poisson's Equation: Let § € C2(R™), n 2 3. Then each

bounded solution of Poisson’s equation —Au = £ in " has the form

ulzy) = 2?)5"()(]'

then w is constant on U

ulx)

[ ey ay+o
with a constant (.

Proposition: (Unique Solvabiity of Boundary Value Problem)
Let g € C(d7) and f € C(U). Then there is at most ane solution
€ C3(U) NC(U) of the boundary value problem
-Au = f iU
u = g ondl.
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Proposition: (Mean Value Property of Harmonic Functions)
Let U C R” be an open set. If u € C2(U) is harmonic, then for each ball B(x,r) c U

u(x)=][ udS=]l udy.
0B(x,r) B(x,r)

Here f denotes the mean over the shpere or the ball, resp.:

_— 1 ceee
]l 7 Vol(B(x, 1)) /




Proposition: For the function u € C*(U) let

u(x) = ][ udS
0B(x,r)

for each ball B(x,r) c U. Then u is harmonic.



Proof: (by contradiction)

o Let Au # 0.

e Then a ball B(x,r) Cc U exists, such that Au > 0 inside of B(x, r).
e On the other hand it holds 0 = ¢'(r) = %fB(x,r) Au(y) dy > 0.

e This is a contradiction, i.e. u is harmonic.
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Proposition: (Maximum Principle of Harmonic Functions)
Let w € C%(U) N C(U) harmonic in U. Then

1. The maximum principle holds:

ma X) = Imna. X).
xe%{U( ) wea)éll( )

2. The strong maximum principle holds: is U connected and if a point zg € U
exists with
u(zo) = maxu(x),
zeU

then wu is constant on U.
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Proposition: (Unique Solvability of Boundary Value Problem)
Let g € C(OU) and f € C(U). Then there is at most one solution
u € C?(U)NC(U) of the boundary value problem

—Au = f inU
u = g¢g onOU.



Propoerties:

e If a continuous function u € C(U) on an open set U C R"™ satisfies the
mean value property for each ball B(x,7) C U, then u is indefinitely often

differentiable (v € C*°(U)).

e Proposition of Liouville: Let the function v : R® — R be harmonic and
bounded. Then it holds that u is constant on the entire R™.

e Bounded Solution of Poisson’s Equation: Let f € C*(R™), n > 3. Then each
bounded solution of Poisson’s equation —Au = f in R™ has the form

ue) = [ Bx—y)s(y) dy+C

with a constant C.
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Boundary Value Problems

Definitions: (Dirichlet and Neumann Problem)
o The boundary value problem
“Au = f inU
u = g ondU

is called Dirichlet problem of Poisson’s equation
(resp. of Laplace's equation, if f =0).

o The boundary value problem

~Au = f inU
% = g ondU

is called Neumann problem of Poisson's (resp. Laplace's) equation.
Here n is the outer normal at 9U.

Proposition: Let u € C*(U), U C R" open set. Then for all x € U the relation
holds

uw) = [ @y -x5a0) ) 5o - ) )
- [ 3 -x8u) dy.

The function ® denotes the fundamental solution of Laplace’s equation.
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Definitions: (Dirichlet and Neumann Problem)
e The boundary value problem
—Au = f inU
u = g onoU

is called Dirichlet problem of Poisson's equation
(resp. of Laplace’s equation, if f =0).

e The boundary value problem

—Au = f inU
ou

8_1’1 = g on oU

is called Neumann problem of Poisson’s (resp. Laplace’s) equation.
Here n is the outer normal at OU.
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Proposition: Let u € C%(U), U C R™ open set. Then for all x € U the relation
holds

wa) = [ @ -x)ge(y) - u) g, (v - %) dS()

The function ® denotes the fundamental solution of Laplace’s equation.

Application
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Green's Functions

Definition: (Green’s Function)
Let U C R™ be open and ®*(y) the solution of Dirichlet’s Problem

AP* = 0 inU
®* = d(y—x) ondl.
Then Green's function G on U is defined by

G(x,y) =2y —x) - ®*(y) x,yeUx#y.

Proposition: (Solution of Dirichlet Problem of Poisson’s Equation)
Let u € C*(U) be a solution of the Dirichlet problem of Poisson's equation. Then
u can be represented as

u) = [ o) 5exy) a5+ [ SGx ) ay xe D).

f and g are the right hand side and boundary condition of the Dirichlet problem.

(3]

Remarks: (Properties of Green’s Function G(x,y))
1. G(x,y) is harmonic in y, except for the point y = x
2. G(x,y) satisfies homogeneous boundary conditions:

G(x,y)=0 VYyedUxelU

3. G(x,y) is uniquely defined

4. G(x,y) is symmetric:
Glx,y) = Gly,x)
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Definition: (Green's Function)
Let U C R™ be open and ®*(y) the solution of Dirichlet's Problem

AP = 0 inU
®* = P(y—x) on9U.

Then Green's function G on U is defined by

G(x,y) =2y —x)-2*(y) xyeUx#y.
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Proposition: (Solution of Dirichlet Problem of Poisson’s Equation)
Let u € C?(U) be a solution of the Dirichlet problem of Poisson’s equation. Then

u can be represented as

u<x>=LUg<y>g—ﬁ(x, /f G(x,y) dy (x€U).

f and g are the right hand side and boundary condition of the Dirichlet problem.

©
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Remarks: (Properties of Green's Function G(x,y))
1. G(x,y) is harmonic in y, except for the point y = x

2. G(x,y) satisfies homogeneous boundary conditions:

G(x,y)=0 VyeoUxeU

3. G(x,y) is uniquely defined

4. G(x,y) is symmetric:
G(x,y) = G(y,x)



Properties of
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