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Proposition: {Rankine-Hugoniot condition)
If = = s(t) is a shock front of a shock wave solution of n, -+ f{u), = 0, then for

the shock speed (t] the Rankine Hugonior condition holds:
1f] _ Sluds()=, 1)) = Flula(e)*, )
] ulstf)= t)— u(s(t)+. 1)

Definitian: (shock wave salution
A o

Definition: (weak selution)
A funetion u & L (B x [0, ) & ealled integril solution e weak salution of the
conservation law ug + fl1), =0, if for all test functions v

fn - f :(w. + Flujua) drde + Jf : woxvie, 1) dr =0

Definition: (Riemann problem)

The initial value problem
w+ flu)e= 0 in Bx]0, 20|
u= wuy onRx{t=0}
with discontinuous initial conditions
Jow s oz<0
uolz) = { U 1 ox =0

is called Riemann problem for the scalar conservation law.

15r i @ weak solution of the conservation law

et i) =0

if @ shock front & = a(t), a € C" exists, such that u i a classical solution for each
= ate) and @ 5 o{t) and o has a jump at & = a(f) with height

[se) = wla(ert ) — uisit)™ )

St} is ealled shock speed




Example: (Burgers' Equation)

Burgers' Gleichung is given by the flux function f(u) = ”—22 resp. by the Cauchy
problem
ur + v, = 0 in Rx]0, 00|
U= U on R x {t = 0} )
e The solution is given by u(t) = z¢ + tug(xo). o . o
e If ug is given by
1 @ =<0
w(z)=< 11—z : 0<z<l1
0 : z>1
then x(t) develops a singularity for t — 1. 1
e A classical solution of Burgers' equation exists only locally for 0 <t < 1.
e The local solution for t € [0, 1] is:
1 z<1
u(z,t) = ((i:f)) 0<t<z<1
0 : z>1




Definition: (weak solution)
A function u € L*°(R x [0, 00[) is called integral solution or weak solution of the
conservation law u; + f(u), = 0, if for all test functions v:

[OOO /_Z(Wt + f(u)vg) dxdt + /_O:o uo(z)v(z,0) dz = 0.

needs not be
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Definition: (Riemann problem)
The initial value problem

us + f(u)e = 0 in Rx]0, oo
U= ug on R x {t =0}

with discontinuous initial conditions

w o x<0
uo(a:):{ur x>0

Is called for the scalar conservation law.



Definition: (shock wave solution)
A shock wave solution u 1s a weak solution of the conservation law

if a shock front z = s(t), s € C! exists, such that u is a classical solution for each
z < s(t) and z > s(t) and u has a jump at x = s(¢) with height

[ul(t) = u(s(t)™, 1) —u(s(t) ", 1)

$(t) is called shock speed.




Proposition: (Rankine-Hugoniot condition)
If x = s(t) is a shock front of a shock wave solution of u; + f(u), = 0, then for
the shock speed $(¢) the Rankine-Hugoniot condition holds:

) Fus(t) ) — fu(s()
t)—,t) — u(
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Integral Solution and
Entropy Condition

Rarsfaction Wave
Consider the Riemann probiem with Bargers” squation e + w, = 0 in R0, x|

a0 wlr,t = 0) = 1, Lot

Example: (Rankine Hganiot Candition for Burges’ Eguatin)
Considor Burgen” Equaion v+, = 1 in R 0, and ule, € = 1) = 7o, Les s} :{ FIE awca,
wosox<n
“'"‘J‘{ B b Furthermore, i f & C*(R) and [ > 0, ie. the flux function fs séricéy convex
Smai= ()

Tha Raakine-Hugeniot condeian e be witen:
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Question. Which is the physically co
Idea: An additional condition choses the right integral solution.
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Example: (Rankine-Hugoniot Condition for Burgers' Equation)
Consider Burgers' Equation u; + uu, = 0 in Rx]0, 0o and u(z,t = 0) = xo. Let

u o <0 .
{ l - with u; > u,.

uo(z) = U : x>0

The Rankine-Hugoniot condition can be written:

. u_j — qu _ (utug)(u —ur) 1(u;+'u,,p).

5= w]  w—u, 2(u — uy) 2

Therefore, the shockwave solution of the Riemann problem is

up < 5(up+ up)t
wx,t) =
ulz, t) { Uy T > 5(up 4 u)t

A
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Example: (Rankine-Hugoniot Condition for Burgers' Equation)
Consider Burgers' Equation u; + uu, = 0 in Rx]0, 0o and u(z,t = 0) = xo. Let

_ u : <0 :
uo(x) = { 0 i >0 with u; > wu,.
The Rankine-Hugoniot condition can be written:
ul _ uy
sl _ 2 -5 (utu)lw—u) 1(u; + uy). 0
[u]  w—u, 2(u — uy) 2

Therefore, the shockwave solution of the Riemann problem is

: (U,.g + 'Ei.r.)/,
=(up + up)t

Uj . I
T

u(z,t) = { y
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Rarefaction Wave:
Consider the Riemann problem with Burgers' equation u; + uu, = 0 in Rx]0, oo
and u(z,t = 0) = xp. Let
_ w - <0 :
up(x) = { w i z>0 with v < u,.

Furthermore, let f € C*(R) and f” > 0, i.e. the flux function is strictly convex.
Set g := (f')~1.



Remarks:
e By assumption f’ > 0, so it holds: u; < u, = f'(w) < f'(u,).

e There are exactly two types of characteristics:
z(t) =xo+ f(w)t and z(t) = xo + f'(u,)t.

e The family of curves does not fill the whole of R x R*!

e The area of
Q={(zt) eRxR": fl(w)t <z < f'(u,)t}

is not covered; here an arbitrary integral solution could hold!



Remarks:
e By assumption f/ >0, so it holds: u; < u, = f'(w) < f'(u,).

e There are exactly two types of characteristics:
z(t) =xo+ f(w)t and z(t) = xo + f'(u,)t.

e The family of curves does not fill the whole of R x R*!

e The area of

1

Q={(zt) eRxR": fl(w)t <z < f'(u,)t}

is not covered; here an arbitrary integral solution could hold!
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Proposition: (Rarefaction Wave)
Let the Riemann problem with Burgers’ equation u; + uu; = 0 in Rx]0, 00| and
u(x,t = 0) = o be given. Let

) ow o 2z<0 :
uo(x) = { w : x>0 with u; < u,..
Then the Is given by
Uuj T < f’(ul)t
u(z,t) =19 9(7) + fllu)t <z < f(u)t
U x> f'(u,)t

an integral solution of the Riemann problem.



Problem: Integral solutions are not unique!
Example: Consider the Riemann problem of Burgers' equation with initial condi-

tions
0 : =<0
uo(:;c) - 1 : =2>0

Both integral solutions hold

0 : z<ti
up(x,t) = { T2 (shock wave)
1 : x> B}
and
0 : z<0
ug(z,t) =9 ¥ : 0<x <t (rarefaction wave) e
1+ z>1
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Question: Which is the physically correct solution?

Idea: An additional condition choses the right integral solution.

17.



Question: Which is the physically correct solution?
Idea: An additional condition choses the right integral solution.

Definition: (Entropy Condition)
An integral solution is called entropy solution, if the solution fulfills the entropy

condition or Lax-Oleinik condition:
There exists C' > 0, such that for all z,z € R, ¢t > 0 with z > 0 it holds:

u(t,z + z) —u(t,x) < %z.

18.



Proposition: (Uniqueness of the Entropy Solution)
If an integral solution satisfies the entropy condition, then this solution is unique.
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