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Motivation

Transport Equation:

dp
—+v-Vp=0
ot
Transport of Forest Fire Plumes

Transport of Volcano Ash Clouds
.

~ Eyjafiallajokull Eruption, May 2010
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Satellite Observation

Simulation

Arctic Ozone Depletion

oil spill

Conservation Principle Variational Principle
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Transport of Forest Fire Plumes
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Transport of Volcano Ash Clouds

Eyjafjallajokull Eruption, May 2010

Satellite Observation Simulation



oil Spill

Satellite Pictures of Deepwater Horizon Disaster
April 2010
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Arctic Ozone Depletion

Given wind field in Arctic stratosphere (approx. 18 km height)
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Conservation Principle

Idea: Derive PDE from physical lae (conservation)!

Mass M in control volume V

M:Lm@m

22,



Mass Balance

Change of mass

(% / o(z) dx) - dt |

Flux rate (over boundaries)

/av p-(n,v) dodt C}})
C 8 n
o | ple)de=— [ p-(i,v)do
1% oV

ot
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Continuity Equation

Application of Gaul3' integral theorem:
/ p(v,1n) do :/ V- (pv) dx
ov |4

9 / o(z) do = — / V- (pv) de valid for all v

Q2w gm0
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Variational Principle

Idea: Derive PDE from physical law (Minimization)!

Membrane = Minimal surface Solution

Minimization problem: minimize bending energy
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Derivation

For
Vu = (0z,u,0z,u) K 1,

(i.e. Vu small), assume

1
1+ 02 u+ 02 um 1+ 2 (0% u+ 02,u)

J = %/(&clzﬂ + (9x2u2) dx1dre = min
Q
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Poisson’'s Equation

Set:  F(u, 0y, u, Op,ut) := Oy, u” + Oy, u’

Then it holds:
1

If J = 5 / (O, u* 4 Op,u?) driday < min
Q

Au = (97, + 07 )u=0
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Conservation Principle Variational Principle

Idea: Derive PDE from physical lae (conservation)! Idea: Derive PDE from physical law (Minimization)!

\ﬂ — Membrane = Minimal surface

Minimization problem: minimize bending energy

Mass M in control volume V
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Remarks

« In applcations we often use

» Correspondingly, we often e
 The. consider the general PDE in (n + 1)

o

(et 22, 22

o
an'
© Differential operators such a5
v, div, rot,

then apply to the n spatisl varables. e

Notations and
Definitions

Definition: (Partial Differential Equation)

An equation resp. a system of equations of the form

G Bu
Ory" "GPy - ay iy’

F (x.n(x). %

for an unknown function u : D — R™, D C R", is called systerr
differential equations (PDE) for the m functions w1 (x).... s (x).

If one of the partial derivatives occurs explicitly and is of p™ order ("%
then we call the PDE of o

)T € R

Definition: (linear/non-linear PDE)

. 1. APDE is called | e, if Flx. .
arables 2. APDE is called somi-linear, if F(x, u,

»u wa 1 the coefficients depend only on X = (x3,...,x,) "
o ) =o

3. APDE is called quas linesr, if F(x,u,
The coefficients may depend on x,u, 2]

I3
=

a

4. Otherwise we call the PDE ¢

29.
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Definition: (Partial Differential Equation)
An equation resp. a system of equations of the form

Ory’ 0z, =~ OPmy OPTlri0zy’ 0Pz,

p p p
F(x,u(x), du ou oPu oPu 8u):0

for an unknown function u : D — R™, D C R", is called system of partial
differential equations (PDE) for the m functions u1(X), ..., umy(X).

If one of the partial derivatives occurs explicitly and is of pt" order (aplwl‘?igmx ),
then we call the PDE of order p.

first and second order

31.



Definition: (linear/non-linear PDE)

1. APDE iscalled linear, if F(x, u, .. .) is affine linear in variables u, 3‘9—“, Ry
1 3(1)—,,,
2. A PDEis called semi-linear, if F(x, u, .. .) is affine linear in variables g’;;le, awi?_’”;l% yooey 3B
and the coefficients depend only on x = (z1,...,z,)".
3. APDE is called quasi-linear, if F(x, u, . ..) is affine linear in variables gi‘f, axi?‘pluam e g%:.

.. p—1
The coefficients may depend on x, u, 59_;:11’ cee ng_‘f.

4. Otherwise we call the PDE non-linear.
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Examples:

1. Scalar linear PDE of 1% order in two variables:
a1(Z, y)ue + a2(z, y)uy + b(z, y)u = c(z, y).
2. Scalar quasi-linear PDE of 1%t order in two variables:
a1(z,y, u)uy + az(z,y, u)uy+ = g(x, y, u).

3. Semi-linear system of PDEs of 2" order in n variables:

n
E i (T15 -y Tn) Uiz, = O(T1,. .0, Ty, W, gy, .0, Uy, ).
1,j=1

4. Non-linear scalar PDE of 1%t order in two variables:

(ux)2 + (ufl/)z : f(x,y,u,uw ’ UU)

33.



Remarks:

e In applications we often use spatial variables: x = (x1,...,7,)" € R".
Oftentimes n = 3.

e Correspondingly, we often use a time variable: t € R.
e Then, consider the general PDE in (n + 1) variables

F(x,t (xt)a—u Ou Ou Ou Ou =0
,tou(x, Om T my ot e aw ) =%

e Differential operators such as

V, div, rot, A

then apply to the n spatial variables, e.g.

SIS

div =
=1 ¢
A = ;@

34.



Mathematical
Modeling with PDEs

Reynold's Transport Theorem

== % ‘
Lo 3

Continuity Equation

Diffusion Equation

35.



Reynold’s Transport Theorem

ipg

Preliminary Remark:
At time ¢ = 0 a physical constituent is assumed to cover a domain (bounded open
set) Dy C R™.

Osborne

The function ¢(y,t) describes the rate of change of a point yo € Dy in time:
¢: Do x [0,T] - D, CR", Dy:={o(y,t):y € Do}.
The trajectory of y € Dy is the mapping
Tt ¢(y,t) € Dy

and 9
5000 = V(6(%,0.0)

denotes the velocity field v of the physical constituent.

hitps: /fupload.wiki

Theorem: (Reynold’s Transport Theorem)

Osb R Ids (1842-1912
For an arbitrary differeniable, scalar function f : D; x [0,7] — R it holds: sborne Reynolds ( )

% N F(x,1) dx=/Dt l%f+V-(fV)] (x,t) dx.
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Preliminary Remark:
At time ¢t = 0 a physical constituent is assumed to cover a domain (bounded open

set) Do C R™.
The function ¢(y,t) describes the rate of change of a point yg € Dy in time:
¢: Dy x [0, T] - Dy CR"™, Dy :={¢(y,t):y € Do}.
The trajectory of y € Dy is the mapping
T:t— ¢(y,t) € Dy

and

£6(3,1) = V(8L 1), 1)

denotes the velocity field v of the physical constituent.

37.



Theorem: (Reynold’'s Transport Theorem)
For an arbitrary differeniable, scalar function f : D; x [0,T] — R it holds:

i s [ S+ ()] ()

dt Jp,



Idea of proof:

e Transform left hand side from D; to Dy:

fx,t)dx= [ f(é(yt),t)J(y,t) dy,
Dy Do

where J(y,t) = det(Dy¢(y,t)) is Jacobi matrix of ¢(y,t) corresp. to y.
e Compute time derivative of right hand side:

d

dt Jp, f(o(yt), t)J(y,t) dy.

e Transform back to the time dependent domain Dj.

39.



Continuity Equation

Continuity Equation: Flux Function:
o Let p(x,t) be mass density of a physical constituent (e.g. fluid density). o Write the continuity eq. by means of a a(x, t):
0
e Assume a of the form ( p(5,8) + V- a(x,£) = 0.
d o

- p(x,t) dx = 0.

dt Jp, o Avoid two unknowns p and q in one equation by
e According to Reynold’s transport theorem it holds: qa(x,t) = q(p(x,t), Vp(x,t),...).
o
/ [,{TL;H» v. (pv)] (x,t) dx = 0. e Example: the flux q is proportional to the density p, i.e.
D, LC
q(x,t) =a-p(x,t), acR"
e Since D, C R™ arbitrary subset, the PDE ( ) holds:

a e Then we obtain the ( ):
W/)(x.[) + V- (pv)(x,t) =0.

%p(x.t) +a-Vp(x,t) =0.
C




Continuity Equation:
e Let p(x,t) be mass density of a physical constituent (e.g. fluid density).

e Assume a conservation principle of the form

d

— t) dx = 0.
dt Dtp(x,) X O

e According to Reynold’s transport theorem it holds:
0
/ [—p+ V. (pv)] (x,t) dx = 0.
p, LOt

e Since D; C R™ arbitrary subset, the PDE (continuity equation) holds:

%p(x, t)+ V- (pv)(x,t) =0.

41.



Flux Function:

e Write the continuity eq. by means of a flux function q(x,t):

0
ap(xa t) + V- Q(X, t) = 0.

e Avoid two unknowns p and q in one equation by
q(x,t) = q(p(x, 1), Vp(x, 1), ..).
e Example: the flux q is proportional to the density p, i.e.
q(x,t) =a- p(x,t), aecR".

e Then we obtain the (transport equation):

%p(x, t)+a-Vp(x,t) =0.

42.



Diffusion Equation

Heat Conduction or Diffusion:
o Let the function p(x,t) denote a:

— chemical concentration

Remark:
— temperature The flux relation
— electro-static potential q(x,t) = —aVp(x,t)
) - ]
e Let the flux q be proportional to the gradient of p (with reversed sign): .
q be prop g p( gn) is called

q(x,t) = —aVp(x,t), 0<a€eR.
e Fick's law of diffusion,

e Then: . .
5 e Fourier's law of heat conduction, or
2P(%,t) + V- (=aVp(x,t)) = 0
ot 5 e Ohm's law of electric charge.
= Pt = abp(xt).
Observation:
e With @ := 1 we obtain the heat equation Three different physical problems lead to the same mathematical equation!

(or diffusion equation):

7]
7P t) = Ao(x, 1)

a4.



Heat Conduction or Diffusion:
e Let the function p(x,t) denote a:

— chemical concentration
— temperature

— electro-static potential

e Let the flux q be proportional to the gradient of p (with reversed sign):

q(x,t) = —aVp(x,t), 0<a€eR.
e Then:

9 (1) + V- (~aVp(x,1) = 0

0
= ap(x,t) = alAp(x,t).

e With a := 1 we obtain the heat equation
(or diffusion equation):

0

ap(x, t) = Ap(xv t)

45.



Remark:
The flux relation
q(x,t) = —aVp(x,1)

is called
e Fick's law of diffusion,
e [ourier's law of heat conduction, or
e Ohm's law of electric charge.

Observation:
Three different physical problems lead to the same mathematical equation!

46.
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