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Exercise 1: [4 points]
Compute the solution to the following initial value problem for u(x,t):

uy — 4tu, = 5, reR, te R,
u(z,0) = cos(x) r eR.

Solution:

With the characteristics method one computes:

% = —4t = dr = —4tdt = z=2t>+ C; (1 point)
du — 5 — du = 5dt => u = 5t+ Cy. (1 point)

With €} = x — 2t? and C5 = u — 5t we make an ansatz

Co = f(Ch)

and obtain

u—5t= f(z—2t?)

and thus we have the general solution: u(z,t) = 5t + f(z — 2t?).
The initial condition requires:

w(x,0) = 5-0+ f(z —2-0%) = f(z) = cos(z). (1 point)
Hence u(z,t) = 5t + cos(z — 2t?). (2 points)
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Exercise 2: [6= 2-+4 points]

Given a differential equation

U + (f(u))x =0

with the flow function f(u) = Gutl}

a)

b)

3

Is the solution constant along the characteristics?
Are the characteristics straight lines?
Justify your answers.

Determine the entropy solution for the differential equation for the initial values

1 <0
u(m,O):{ ="

—1 0<z.

Note: Only solutions for the given initial values are required. You don’t need to com-
pute solutions for general initial values!

Solution:

a)

(2u+1)?

With the usual designations we have f(u) = =5

On the characteristic curves it holds

#(t) = f'(u) = 2240 and a(t) = 0.

So u is constant along the characteristics and the slope of the characteristics depends
only on u. Thus the characteristics are straight lines with a constant slope w.
(2 points)

For the data from part b), an ambiguity of the solution would arise immediately (that
is, already at ¢ = 0) if we were to use the characteristics method. A shock front s(t)

must be introduced with v; =1 and v, = —1. (1 point)
With f(u)= =3, flu)= =1 (1 point)
we obtain
. flu) = flu)  3-—35 :
t) = = =z (1 t

st = LI 25— 4 (1 poiny)
and hence

u =1 v <s(t)= %

u(z,t) =
u, = —1 4 <z (1 point)
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Exercise 3: [6 points]

Determine the solution to the initial boundary value problem

ur — Uy, = 5sin(3x) O<z<2m, 0<t,
u(z,0) = 0 0 <z <2m,
u(0,t) = 0 0<t,
u(m,t) = 0 0<t.

Solution:

With L =27, w= - = % and ¢ = 9 we make an ansatz

u(z,t) = Z ay,(t) sin (nwz).

n=1

Inserting the ansatz into the differential equation yields:

3 (an(t) + cn’w?a,(t)) sin (ggg) = 5 sin(3x)

n=1

Inserting into the initial condition:

u(z,0) = i a,(0) sin (gx> =0 = a,(0) =0, Vn € N. (1 point)

n=1
Together we have: a,(t) + cn®w?a,(t) = 0, a,(0) =0, Vn # 6,

and hence a,(t) = 0, Vn # 6. (1 point)

For n = 6 we obtain:

ag(t) +9 - 6%(3)%ag(t) =5, ag(0) =0

The associated homogeneous differential equation

aen(t) + 8lagy(t) = 0 = agp(t) = k- e 81,

Ansatz for a particular solution of the inhomogeneous problem: ag,(t) = a
Plugging into the differential equation : 9 - 62(3)%ag(t) =5 = aey(t) = 2.
Alternatively: variation of the constants with the ansatz ag,(t) = k(t)e 3.

ag(t) = ye 31 + 2 and ag(0) =7’ + 2 =0= y=—-2

= | ag(t) = Z(1 — e ®) | (3 points)

o0

u(z,t) = Z a,(t) sin(nwzx) = ag(t) sin(gx) = 821(1 — e ) sin(3x) (1 point)
k=1
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Exercise 4: [4 points]

Given the following initial value problem for the wave equation with continuos functions
fiR—->Rundg:R—R

Uy — gy = 0 reR, t>0 ¢>0,

u(z,0) = up(z) = f(z), w(x,0) = vo(x) = g(x) z e R.

Show that this initial value problem is well posed for finite ¢ € [0, 7.
Solution:

Using d’Alembert formula

u(e,t) = 3 [flate) + flo—et)] + o / " g(2)dz .

C

N | —

we obtain that there is a unique solution. (1 point)
Let u be the solution

ﬂtt—CQilm:O QUGR, t>0 C>0,
a(x,0) = do(z) = f(z), w(z,0) = do(z) = §lz) z€R.

Then it holds

lulz, 1) — iz, £)] = B f(a+ct) + flo—ct)] —% [Fa+et) + flz —et)

1 x+ct ~
to | el -d)dz

xr—ct

< Sl et) = flot el + 5l —et) = Fo =l + Sollg gl

<If = flloo +Tllg = §lloe

So

lu = @lloo < If = Flloo + Tllg = dllco- (3 points)



