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Exercise 1: [4 points]

Compute the solution to the following initial value problem for u(x, t):

ut − 4t ux = 5 , x ∈ R, t ∈ R+,

u(x, 0) = cos(x) x ∈ R .

Solution:

With the characteristics method one computes:

dx
dt

= −4t =⇒ dx = −4tdt =⇒ x = 2t2 + C1 (1 point)

du
dt

= 5 =⇒ du = 5dt =⇒ u = 5t+ C2 . (1 point)

With C1 = x− 2t2 and C2 = u− 5t we make an ansatz

C2 = f(C1)

and obtain

u− 5t = f(x− 2t2)

and thus we have the general solution: u(x, t) = 5t+ f(x− 2t2).

The initial condition requires:

u(x, 0) = 5 · 0 + f(x− 2 · 02) = f(x)
!

= cos(x) . (1 point)

Hence u(x, t) = 5t + cos(x− 2t2). (2 points)
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Exercise 2: [6= 2+4 points]

Given a differential equation
ut + (f(u))x = 0

with the flow function f(u) = (2u+1)2

3
.

a) Is the solution constant along the characteristics?
Are the characteristics straight lines?
Justify your answers.

b) Determine the entropy solution for the differential equation for the initial values

u(x, 0) =

{
1 x ≤ 0,

−1 0 < x.

Note: Only solutions for the given initial values are required. You don’t need to com-
pute solutions for general initial values!

Solution:

a) With the usual designations we have f(u) = (2u+1)2

3
.

On the characteristic curves it holds

ẋ(t) = f ′(u) = 4(2u+1)
3

and u̇(t) = 0.

So u is constant along the characteristics and the slope of the characteristics depends
only on u. Thus the characteristics are straight lines with a constant slope 8u(x(0),0)+4

3
.

(2 points)

b) For the data from part b), an ambiguity of the solution would arise immediately (that
is, already at t = 0) if we were to use the characteristics method. A shock front s(t)
must be introduced with ul = 1 and ur = −1. (1 point)

With f(ul) = (2+1)2

3
= 3, f(ur) = (−2+1)2

3
= 1

3
(1 point)

we obtain

ṡ(t) =
f(ul)− f(ur)

ul − ur
=

3− 1
3

1− (−1)
= 4

3
(1 point)

and hence

u(x, t) =

ul = 1 x ≤ s(t) = 4t
3

ur = −1 4t
3
< x. (1 point)
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Exercise 3: [6 points]

Determine the solution to the initial boundary value problem

ut − 9uxx = 5 sin(3x) 0 < x < 2π , 0 < t ,

u(x, 0) = 0 0 ≤ x ≤ 2π,

u(0, t) = 0 0 ≤ t,

u(π, t) = 0 0 ≤ t.

Solution:

With L = 2π, ω = π
2π

= 1
2

and c = 9 we make an ansatz

u(x, t) =
∞∑
n=1

an(t) sin (nωx).

Inserting the ansatz into the differential equation yields:

∞∑
n=1

(
ȧn(t) + cn2ω2an(t)

)
sin
(n

2
x
)

!
= 5 sin(3x)

Inserting into the initial condition:

u(x, 0) =
∞∑
n=1

an(0) sin
(n

2
x
)

!
= 0 =⇒ an(0) = 0, ∀n ∈ N. (1 point)

Together we have: ȧn(t) + cn2ω2an(t) = 0, an(0) = 0, ∀n 6= 6,

and hence an(t) ≡ 0, ∀n 6= 6. (1 point)

For n = 6 we obtain:

ȧ6(t) + 9 · 62(1
2
)2a6(t) = 5, a6(0) = 0

The associated homogeneous differential equation

ȧ6h(t) + 81a6h(t) = 0 =⇒ a6h(t) = k · e−81t .

Ansatz for a particular solution of the inhomogeneous problem: a6p(t) = α

Plugging into the differential equation : 9 · 62(1
2
)2a6(t) = 5 =⇒ a6p(t) = 5

81
.

Alternatively: variation of the constants with the ansatz a6p(t) = k(t)e−81t.

a6(t) = γe−81t + 5
81

and a6(0) = γe0 + 5
81

= 0 =⇒ γ = − 5
81

=⇒ a6(t) = 5
81

(1− e−81t) (3 points)

u(x, t) =
∞∑
k=1

an(t) sin(nωx) = a6(t) sin(
6

2
x) =

5

81
(1− e−81t) sin(3x) (1 point)
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Exercise 4: [4 points]

Given the following initial value problem for the wave equation with continuos functions
f : R→ R und g : R→ R

utt − c2uxx = 0 x ∈ R, t > 0 c > 0,

u(x, 0) = u0(x) = f(x), ut(x, 0) = v0(x) = g(x) x ∈ R.

Show that this initial value problem is well posed for finite t ∈ [0, T ].

Solution:

Using d’Alembert formula

u(x, t) =
1

2
[ f(x+ ct) + f(x− ct) ] +

1

2c

∫ x+ct

x−ct
g(z) dz .

we obtain that there is a unique solution. (1 point)

Let ũ be the solution

ũtt − c2ũxx = 0 x ∈ R, t > 0 c > 0,

ũ(x, 0) = ũ0(x) = f̃(x), ũt(x, 0) = ṽ0(x) = g̃(x) x ∈ R.

Then it holds

|u(x, t)− ũ(x, t)| =
∣∣∣∣12 [ f(x+ ct) + f(x− ct) ] − 1

2

[
f̃(x+ ct) + f̃(x− ct)

]
+

1

2c

∫ x+ct

x−ct
g(z)− g̃(z) dz

∣∣∣∣
≤ 1

2
|f(x+ ct) − f̃(x+ ct)| +

1

2
|f(x− ct) − f̃(x− ct)| +

2ct

2c
‖g − g̃‖∞

≤‖f − f̃‖∞ + T‖g − g̃‖∞

So

‖u− ũ‖∞ ≤ ‖f − f̃‖∞ + T‖g − g̃‖∞. (3 points)


