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Exercise 1: [7 points]

Given the following initial value problem for u(x, t):

ut + u · ux = 0, x ∈ R, t ∈ R+

u(x, 0) =


1
2

x ≤ 0,

0 0 < x ≤ 1,

−2 1 < x .

a) Compute the weak solution for t ∈ [0, t̃ ] with a sufficiently small t̃.

b) To what maximum t∗ can the solution from part a) be continued?

c) Determine the weak solution for t > t∗.

Solution:

a) At the two jump points of the initial data, we introduce two shock waves.

The jump condition requires:

ṡ1(t) =
1
2

+ 0

2
= 1

4
and ṡ2(t) =

0− 2

2
= −1 .

We obtain the shock fronts

s1(t) = 1
4
t and s2(t) = 1− t .

For sufficiently small t we have

u(x, t) =


1
2

x ≤ 1
4
t,

0 1
4
t < x ≤ 1− t, (3 points)

−2 1− t < x .

as a weak solution.

b) At t∗ with
1
4
t∗ = 1− t∗ ⇐⇒ 5

4
t∗ = 1 ⇐⇒ t∗ = 4

5
(1 point)

the shock fronts meet and the solution from part a) becomes ambiguous.

c) For t∗ = 4
5

it holds s1(t) = s2(t) = 1
5

and

u(x,
4

5
) =

{
1
2

x ≤ 1
5
,

−2 x > 1
5
.

We add the new shock front

s3(t) =
1

5
+ ṡ3(t−

4

5
) =

1

5
+

1
2
− 2

2
(t− 4

5
)

and obtain for t > 4
5

u(x, t) =


1
2

x ≤ 1
5
− 3

4
(t− 4

5
) = 4

5
− 3

4
t.

−2 x > 4
5
− 3

4
t. (3 points)
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Exercise 2: [3 points]

Given is the following differential equation for u(x, y):

uxx + 6uxy + (x− y)uyy + x3 ux + 5u = 6.

Determine the order and the type of the differential equation.

Solution:

The differential equation is of order two. (1 point)

Since (x− y)− 32 = 0 ⇐⇒ y = x− 9 holds.

The differential equation is


elliptic y < x− 9,

parabolic y = x− 9, (2 points)

hyperbolic y > x− 9.
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Exercise 3: [7 points]

a) Given the initial boundary value problem

ut − 5uxx =
πx

4
sin(πt) for x ∈ (0, 4), t > 0,

u(x, 0) = 2 sin(πx) + 3 sin(2πx) for x ∈ [0, 4],

u(0, t) = 0, u(4, t) = 1− cos(πt) for t > 0.

Transform the problem into an initial boundary value problem with homogeneous
boundary data using a suitable homogenization of the boundary conditions.

b) Solve the following initial boundary value problem:

vt − 5vxx = 0 for x ∈ (0, 4), t > 0,

v(x, 0) = 2 sin(πx) + 3 sin(2πx) for x ∈ [0, 4],

v(0, t) = 0, v(4, t) = 0 for t > 0.

c) Provide the solution to the initial boundary value problem from part a).

Solution:

a) Homogenization:

v(x, t) = u(x, t)− 0− x

4
(1− cos(πt)− 0) = u(x, t)− x

4
(1− cos(πt))

or

u(x, t) = v(x, t) +
x

4
(1− cos(πt)) . (1 point)

Then it holds:

ut = vt +
πx

4
sin(πt), vxx = uxx

New differential equation: vt +
πx

4
sin(πt)− 5vxx = πx

4
sin(πt)⇐⇒

vt − 5vxx = 0 (1 point)

Initial data:

v(x, 0) = u(x, 0)− x

4
(1− cos(0))

= 2 sin(πx) + 3 sin(2πx)− 0⇐⇒

v(x, 0) = 2 sin(πx) + 3 sin(2πx)

Boundary data: v(0, t) = v(4, t) = 0 (1 point)



Differential Equations II, SoSe 2022 06.09.2022 (Behrens) 5

b) With ω = π
4

and c = 5 it holds:

v(x, t) =
∞∑
k=1

ake
−cω2k2t sin(kωx) =

∞∑
k=1

ake
− 5k2π2

16
t sin(

kπ

4
x) (1 point)

Inserting the initial values gives:

v(x, 0) =
∑∞

k=1 ak sin(kπ
4
x)

!
= 2 sin(πx) + 3 sin(2πx)

=⇒ a4 = 2, a8 = 3, ak = 0 ∀k /∈ {4, 8}.

v(x, t) = 2 e−
5·42π2

16
t sin(

4π

4
x) + 3 e−

5·82π2
16

t sin(
8π

4
x) (2 points)

c) For the solution of a) we thus get

u(x, t) = v(x, t) +
x

4
(1− cos(πt))

= 2 e−5π
2t sin(πx) + 3 e−20π

2t sin(2πx) +
x

4
(1− cos(πt)). (1 point)
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Exercise 4: [1+2 points]

Given the initial value problem
uxx + uyy = 0 in R2

u = f on R× {y = 0}
uy = g on R× {y = 0}

a) When is this initial value problem called well-posed?

b) Using the following ansatz, show that this initial value problem is ill-posed (not well-
posed). Choose

f ≡ 0, g ≡ 0

fn ≡ 0, gn =
1

n
sin(nx)

Hint: The solution to the problem with initial values fn and gn is

un(x, y) =
1

n2
sin(nx) sinh(ny)

.

Solution:

a) The following properties have to hold:

(i) Existence of the solution,

(ii) Uniqueness of the solution,

(iii) Continuous dependence on the data, i.e. for c1, c2 ∈ R

‖u− un‖ ≤ c1‖f − fn‖+ c2‖g − gn‖.

b) • If f ≡ g ≡ 0, also u ≡ 0.

• If fn ≡ 0 and gn = 1
n

sin(nx), we have

lim
n→∞

fn = lim
n→∞

gn = 0.

But on the other hand
lim
n→∞

‖un‖∞ =∞.

This contradicts the requirement for continuous dependence on the data,

‖u− un‖∞ =∞ ≥ 0 = ‖f − fn‖∞ + ‖g − gn‖∞.


