Chapter 3. Integration over general areas

3 ﬁbfﬁﬁ:&&w - A—— ; N A
3.2 Line integrals v

We already had a defintion of a line integral of a scalar field for a piecewise
Cl—curve c :[a,b] - D, D CR", and a continuous scalar function f : D - R

-/c.f(x) ds = fa f(c{t))iif:(t)ll dt

where || - || denotes the Euklidian norm.

Generalisation: Line integrals of vector valued functions, i.e.

l f(x)dx :=? . | ‘?.,#-“*%

Application: A point mass is moving along c{t) in a force field f(x).
Question: How much physical work has to be done along the curve?
Wk = fmpe X F@d’k '
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Lme mtegral on vector ﬁelds

Definition: For a continuous vector ﬁeld f:D>R". DC ]R" open, and a
piecewise Cl—curve ¢ : [a, b] — D we define the line integral on vector
fields by

lf(x)dx s Lb(F(c(t)} &(t)) dt

Derivation: Approximate the curve by ptecey:se finear line segmep#s™
corners c(t;), where (G PR

Z={a=tg<h <---<tym=b}
is a partition of the interval [a, b].
Then the workload along the curve c(t) in the force field f(x) is
approximately given by :

An 3 (el cltirn) — <(t)
=0
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For a sequence of partitions Z with || Z]| — O the left side converges to the
above defined line integral on vector fields.

Remarks: For a closed curve c(t), i.e. ¢(a) = c(b). we use the notation

if(x) dx
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Properties of the line integral on vector fields.

o Linearity:
(of(x) + Bg(x)) dx = a [ f(x)dx+ 5 g(x) dx
/Ca /C : /; B == b
e It is: . C'@-)‘C(QL]‘-:)CO'))
' ) dx = — | f(x)dx,
/() /(x) ety dbi— e
(,} B QC. Q’\

where (—c)(t) := c(b+ a—t), a< t < b, denotes the inverted path.

o ltis
Lﬁq f(x)dx = /rl f(x) dx + /Qf(x) dx

where ¢ + ¢2 denotes the path composed by c; and ¢ such that the
end point of c; coincides with the starting point of ca.

St
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Further properties of the line infegral on vector fields.

@ The line integral on vector fields is invariant under paramterisation.
e ltis

f Fyde [ b(f(c(t)),T{t)) &()|] dt = ] T ds

)
[EGIN

with the tangent unit vector T(t) :=

° Formal notation:

fc e f ;f,-(x) s ; / Bod)idi

with .
/ fi(x) dx; = [ fi(c(t))c(t) dt
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‘ Example

Let x € B3 and

fx} = {(=yx zz)T
m;

~

c(t) = (cost,sint,at)’  with0 <t <2rx "ﬁ )
We calculate : / /
f f(x)dx = / (—ydx + xdy + 2%dz) P 7
C C ). ) ‘

g . gia

= {{—sin t)(-:f_!l’_l t) + costcost + a“t“a) dt
0 &)

2

— (1427 )jdi

0

33
= 2n+4 3*(27{)3
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The circulation of a field along a curve.

Definition: Let u(x) be the velocity field of a moving fluid. We call the
line integral ¢ u(x)dx along a closed curve the girculation of the field u(x). fiemﬁv{ j"’ c

Example: For the field u(x, y) = (,0)7 € R? we obtain along the curve
c(t) = (rcost, 1+ rsint)7, 0 < t < 27 the circulation V4

_ 3<@w~7 ) - fura

e2w
f (14 rsint)(—rsint)dt
ﬂ N
27
= [ (—rsint — r*sin” t)dt
0

2
r s
= !;rcos t— - (t—sintcos t)} = —7r?
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- Curl free vector fields. -

Definition: A continuous vector field f(x), x € D C R”, is called cu
if the line integral along all closed and piecewise C'~curves c(t) in D

vanishes, i.e. o QI?F&J.) s o QC.,/

f(x)dx=0 for all closed c.
i() ‘ heA’&‘-‘ c !

Remark: A vector field is curl free if an only if the value of the line
integral [ f(x)dx depends only from the starting and the end point of the
path, but not on the specuﬁc at‘;n . In this case we call the line integral
path independent. £. "“ :F F@‘,dg ._.Spmulx_ = g 9@1)&‘
not poAh JhJer,u.JrJL Sty

4@.(‘. i, H ,’;' o
Question: Which criteria on the vector field F(x) guarantee the path '
independency of the line integral?

tvq!, ( (?.
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- Connected sets.

Definition: A subset D € R” is called connected, if any two points in D
can be connected by a piecewise Cl—c;rve: t~ D

vx8,y?eD : 3c:la bl — D c(a) =>8 A fb) =Y°
An open and connected set D C R" is called domain in R".

Remark: An open set D C R” is not connected if and only if there exist Uy
disjoint and open sets Ui, U2 C R” with. ' . U,

UL1ND#B, bLnD#G, DclLiul:

Not connected sets are — in contrary to connected sets — a separable in at
least two disjoint open sets.

‘SW«(‘% LM./I:'M1 y‘ou (o Sl\ﬂ[wk 0‘7 L’éﬁm’- “M«c"‘, ;MD 1‘% = ‘ﬂQ‘wl
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Grad:ent f:elds antldenvat:ves potenttals.

Def' nition: Let f - D —» R™ be a vector field on a domain D C R". The vector
field is called gradient field, if there is a scalar Cl=function p : D — R with

f(x) = Vo(x)

The function (x) is called antiderivative or potential of f(x). and the vector fleld /‘ //

f(x) is called conservativ.

Remark: Suppose a mass point is moving in a conservative force field K(x), i.e. K
has a potential @(x) such that K(x) = V(x). The the function U(x) = —¢(x)

gives the potential energy:
W\Y *‘v{/( =0 [e.s . FB“"; m:z,SSsiSzLCﬂgé

& K =-VUx) = V(<
AR A " R MAL{ j
L T ““/Mi | his rel h obt e
I i utlpymgt is relation with x we obtain pﬁ"* Quh/':?

<>(X‘> d = m{x, x X)X = = mx2 X
d <22 i = 0+ (7069 = G (3 4P+ U6) =0

Aolold- ot ;o
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* Fundamental theorem on line integrals.

Theorem: {Fundamental theorem on line integrals)
Let D C R” be a domain and f(x) a continuous vector field on D.

1) If f(x) has a potential w(x}. then for all piecewise
Cl—cmves c:[a, b] = D we have:

[/ = o(elb) — oleta)

In particular the line integral is path independent and f(x)
is curl free. : .

2) In the opposite direction we have: If f(x) is curl free, then f(x) has a
potentlal w(x). 2

Let x® € D be a fixed point and ¢ (for x € D) denotes an arbitrary piecewise

Cl—curve in D connecting the points x® and x, then (x) is given by:

w(x) = / f{x) dx + const.

Cx
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Example L.
The central force field {\qu.aélw, 4— X /[ ol
K(x) :== = o =L
_ WE = it i
has the potential = £
wﬂ-wﬁz%€+é+€ﬁ”
since
VU(x) = (x2 +x2 +x3} ey 2(x y,z)T ”Xﬂ3

The workload along a piecewise Cl—curve c : [a, b] — R® \ {0} is given by

A= K(x)dx% (Hc(ia)" 5 nc(lb)u)
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Example II.

The vector field ' .
: 2xy +z ,
)= 2432 | = Vfﬁ@( I
3xz?2 +3y |
has the potential

wlx) = xzy+xz3 + 3yz

For an arbitrary Cl—curve c(t) from P ={1,1,2) to Q = (3,5,—2) we
- have

/f(x) sl ) ) < W 4

If we interpret f(x) as electrical field, then the line integral on vector fields
represents the elecirical voltage between the two points P and Q.
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Example 'lll. ,

Consider the vector field

=g ( L) meGnTeD=R\(0)

For the unit sphere c(t) := (cost,sint)7, 0 < t < 27, we obtain

‘ 2m
/ fde = [ (fe(e),&(o) dt

i ]21:'(( —sint.):(——sint)> i
o cost cost
\,_____.__/"—M“—‘T"—.
- 1
= / 1dt =27
0

f(x, y) is therefore not curl free and has no potential on D.
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