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Exercise 1: (5 points)

Let
f:R* >R, f(z,y) = 2* — 4xy® + 12y + 1.

a) Compute the gradient and the Hessian matrix of f.

b) Compute the stationary points of f and classify them.
Solution:

a) (2 points)
grad f(z,y) = fo(2,9), fy(2,v)).
fx(xay) = 42? — 4y3,

fy(z,y) = —122y* + 12.

2 19,2
Hessian matrix: H f(z,y) = ( 12z 12y ) )

—12y% —24xy

b) (3 points)
Stationary points: f, = f, = 0.
folw,y) =42 — 4y’ = 0 <= z =y,

folz,y) = =122y + 12 =0 and 2 =y < ¢y* =1

1
So there is exactly one stationary point, namely P := (1) .

For the Hessian matrix H f(P) = Hf(1,1) one obtains

det Hf(1,1) = (_1122 :;i) = —12:24-12-12 < 0.

The matrix has one positive eigenvalue and one negative eigenvalue. So it
is a saddle point.
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Exercise 2: (4 points)

The equation

3
fz,y) = xz—x2y+% —1=0.

is an implicit definition of a curve in R2.
Show that the implicit function theorem gives us a function ¢, such that in the

neighbourhood of Fy := (g) the following equivalence holds

flay) =0 y=g), g2)=3.
Compute the Taylor polynomial of the first degree (the tangent) of g centered
at the point xy = 2.

Solution 2:
33
f(2,3):=2% —2%.3 + 5 —1=0
folzoy) = =2 +y%  £,(2,3)=-224+3#0

By the implicit function theorem, with a suitable function ¢ locally:

fa
flz,y) =0 <= y=g(x), g(2) = 3, g’(x):—f—.
Yy
folz,y) = 22 — 22y, fz(2,3) =4—-12 = -8.
4—-4-3 8
For the linearization one computes g(2)=— STl

So we obtain Ti(z) = g(2)+ ¢(2)(x —2) = 3 + g(x —-2).
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Exercise 3: (542 points)
a) Given

D= {(;) eR2:0§x2+y2§25,x20,y20}

and a vector field

2 tan(z)
L2 2 o xr y+€
f ‘RT— Ra f(xay) - (x;zﬂ—i—tan(ey)) )

compute curl f(z,y) and the integral / f(z,y)d(z,y), where 0D
oD
denotes positively oriented boundary of D .

b) Let f be a vector field

y? + 2% + 22z
f R = R f(x,y,2) = |22+ 2% —2y2
22 +y? — 2xy
Compute div f (z,y,2) and the flux (flow) of f through the surface of
the sphere
x
K = y| eRP:0< (2 -1+ (y—2°+(2+3)*<1
z

Solution sketch

a) (5 points)
rot f(z,y) = (fo)e — (fi)y = y¥* +2°. (1 point)

From Green’s theorem we have:

f(x,y)d(z,y) = / rot f(x,y) d(x,y) (Ansatz: 1 point)

oD D

and with = rcos¢, y = rsing, 0 <r <5,0< ¢ < 7 we obtain

rot f(z,y) = (f2)e — (f1)y = Y+t =1’ (2 points)

5 s 5 4
/0/02 rQ-rd¢d7"=g/0 7’3017“:%‘52 (1 point)

b) (2 points)
div f(z,y,2) =22—2240=10

From Gauss’ theorem it follows that the flux through the surface of the
specified sphere is zero.
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Exercise 4: (4 points)

Given a function
fFiRESR f(ry2) = (—ay, 2°, 2)7
und the curve

c :[0,27] = R c(t) = (2cos(t), 2sin(t), t)7.

[t

Compute the line integral

Solution sketch:
(4 points)

/f(x,y,z)d(:v,y,z) = /Oﬂ < fle(t),é(t) > dt

—4sin(t) cos(t) —2sin(t)

27
= / < 4 cos®(t) | 2cos(t) | > dt
0 t 1

2
/ 8sin’(t) cos(t) + 8cos?(t)cos(t) +tdt
0

2m
/ t + 8cos(t) (cos?(t) + sin’(t)) dt
0

/ t + 8cos(t)dt
0

t2
— {5 — 85111 1 = 272 .(2 Punkte)

(2 points)



