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Abstract. Given any ε ą 0 we prove that every sufficiently large n-vertex 3-graph H

where every pair of vertices is contained in at least p1{3 ` εqn edges contains a copy of C10,
i.e. the tight cycle on 10 vertices. In fact we obtain the same conclusion for every cycle Cℓ

with ℓ ě 19.

§1 Introduction

We consider an extremal problem for hypergraphs. A k-uniform hypergraph H is defined
by a vertex set V pHq and a set of edges EpHq Ď V pHqpkq “ tS Ď V pHq : |S| “ ku.
Throughout this note, unless specified otherwise, we refer to 3-uniform hypergraphs simply
as hypergraphs. For a given hypergraph F , the extremal number expn, F q for n vertices is
the maximum number of edges in an n-vertex hypergraph that does not contain a copy
of F . The Turán density πpF q is defined as

lim
nÝÑ8

expn, F q
`

n
3

˘ ,

this is well-defined for every F , since the sequence expn, F q{
`

n
3

˘

ě 0 is non-increasing.
Determining the Turán densities of hypergraphs is a central problem in combinatorics.
Despite considerable efforts by many researchers, Turán densities are known only for few
hypergraphs. For discussion of techniques, results, and variations, see the surveys by
Keevash [7], Balogh, Clemen, and Lidický [1] and Reiher [9].

Our focus here is on the variation called codegree Turán density, introduced by Mubayi
and Zhao [8]. Given a hypergraph H and a subset S P V p2q, the neighbourhood NHpSq and
codegree dHpSq of S are defined by

NHpSq “ tv P V pHq : S Y v P EpHqu and dHpSq “ |NHpSq| ,

and when H is clear from the context we will omit it from the notation. We will omit
unnecessary parenthesis and commas from the set-theoretic notation, and in particular we
write dpuvq instead of dptu, vuq. The minimum codegree of H among all possible sets S of
size two is denoted by δ2pHq. For a hypergraph F and an integer n, the codegree Turán
number ex2pn, F q is the maximum d such that there exists an F -free hypergraph H on n

vertices with δ2pHq ě d; and the codegree Turán density of F is

γpF q “ lim
nÝÑ8

ex2pn, F q

n
,

which is also well-defined for every F [8, Proposition 1.2]. Clearly, γpF q ď πpF q.
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Similarly, the codegree Turán density is known for only few hypergraphs (see, e.g., [1,
Table 1]). In particular, a computer-assisted proof by Falgas-Ravry, Pikhurko, Vaughan,
and Volec [4] determined that γpK´

4 q “ 1{4, where K´
4 is the hypergraph obtained from K4

by removing one edge. In contrast, γpK4q is not known, with Czygrinow and Nagle [2]
conjecturing that γpK4q “ 1{2.

Given two hypergraphs F, G, an homomorphism from F to G is a map φ : V pF q ÝÑ V pGq

which preserves edges, i.e. φpeq P EpGq for each e P EpHq. By the phenomenon of
supersaturation (see, e.g. [7, Section 2] and [8, Proposition 1.4]) it turns out that if there
exists an homomorphism from F to G then πpF q ď πpGq and γpF q ď γpGq.

We are interested in studying codegree Turán densities of tight cycles. Given an
integer ℓ ě 3, a tight cycle Cℓ is a hypergraph with vertex set tv1, . . . , vℓu and edge
set tvivi`1vi`2 : i P Z{ℓZu. Whenever ℓ is divisible by 3 we have that Cℓ is 3-partite, which
implies that γpCℓq “ πpCℓq “ 0 (see [3]), so the interesting cases concern ℓ not divisible
by 3 only. Recently, Kamčev, Letzter, and Pokrovsky [6] determined πpCℓq for those values
of ℓ, as long as ℓ is sufficiently large.

The following lower bound construction shows that γpCℓq ě 1{3 for ℓ not divisible by 3.

Example 1.1. Let n P 3N and let H “ pV, Eq be a hypergraph where V “ V1 9YV2 9YV3

with |Vi| “ n{3 and

E “ tuvw P V p3q : u P Vi, v P Vj, w P Vk and i ` j ` k ” 1 mod 3u .

It is easy to check that δ2pHq ě n{3 ´ 1. Let Cℓ be a cycle in H, we will show that ℓ is
divisible by 3. For each v P V pCℓq let cpvq “ j if v P Vj and set Ω “

ř

ePEpCℓq

ř

vPe cpvq. By
construction, we have that

ř

vPe cpvq ” 1 mod 3 for each e P EpCℓq, therefore Ω ” ℓ mod 3.
Moreover, since every vertex of Cℓ is contained exactly in 3 edges, we also have that
Ω ” 0 mod 3. Hence, ℓ ” 0 mod 3.

The previously known best upper bound for codegree Turán densities of tight cycles
is due to Balogh, Clemen, and Lidický [1]. One of their results yields γpCℓq ď 0.3993 for
every ℓ ě 5 except ℓ “ 7.

In this note we establish an upper bound matching Example 1.1 for almost every ℓ not
divisible by three.

Theorem 1.2. For ℓ P t10, 13, 16u and for every ℓ ě 19 not divisible by 3, γpCℓq “ 1{3.

We can use homomorphisms to obtain codegree Turán densities for longer cycles using
shorter ones. Indeed, there is an homomorphism from Cℓ`3 to Cℓ (by wrapping around the
last three vertices), and therefore γpCℓ`3q ď γpCℓq. Moreover, for any t ě 2, there is an
homomorphism from Ctℓ to Cℓ (by transversing Cℓ t times), so γpCtℓq ď γpCℓq also holds.
Combining these two observations, it is easy to see that we only need to prove γpC10q ď 1{3.
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§2 Proof of Theorem 1.2

Given ε ą 0 let n0 P N be sufficiently large and let H be a hypergraph on n ě n0 vertices
with δ2pHq ě p1{3 ` εqn. It suffices to show that H contains an homomorphic image of C10.
For a contradiction, suppose not. We separate the rest of the proof in a series of claims.

Claim 1. Every edge of H is contained in a copy of K´
4 .

Proof. Let e “ xyz P EpHq and note that dpxyq ` dpxzq ` dpyzq ě p1 ` 3εqn. Hence, there
is a vertex v P V ∖ tx, y, zu such that v is in two neighbourhoods Npxyq, Npxzq, Npyzq.
Suppose v P Npxyq X Npxzq. Then the edges txyz, xyv, xzvu form a copy of K´

4 . ■

We say the only vertex of degree 3 in a K´
4 is the apex of K´

4 . We say that a pair of
distinct vertices u, v P V pHq, is an apex pair if there is a copy of K´

4 containing u and v,
where either u or v is the apex. Similarly, we say they are a base pair if there is a copy
of K´

4 containing u and v where neither of them is the apex.

Claim 2. Every pair of distinct vertices is either an apex pair or a base pair, but not both.

Proof. Observe that Claim 1 together with the minimum codegree condition imply that
every pair of vertices is contained in a copy of K´

4 . In particular, every pair is an apex
pair or a base pair.

Suppose that the pair uv is simultaneously an apex pair and a base pair. Consequently, we
can assume that there are K and K 1, copies of K´

4 , both containing the vertices u and v and
such that v is the apex of K and neither u nor v is the apex of K 1. Let V pKq “ tu, v, x, yu

and V pK 1q “ tu, v, a, bu be the vertex sets of K and K 1 respectively, where a is the apex
of K 1. Observe that the ordering pv, u, a, b, v, a, u, v, x, yq forms an homomorphic copy
of C10, where we marked the apexes for clarity. ■

We define an auxiliary directed graph D with on the vertex set V pHq with arcs given by

EpDq “
␣

pu, vq P V pHq
2 : uv is an apex pair with apex v

(

.

Claim 3. D does not contain a directed cycle of length 2.

Proof. Suppose pa, xq, px, aq P EpDq. Then there are K and K 1, copies of K´
4 , both

containing the vertices a and x, and such that a is the apex of K and x is apex of K 1.
Let V pKq “ ta, x, b, cu and V pK 1q “ ta, x, y, zu be the vertex sets of K and K 1 respectively.
Observe that the ordering px, a, y, x, z, a, x, b, a, cq forms an isomorphic copy of C10, where
we marked the apexes for clarity. ■

Let B “ tuv P V pHqp2q : uv is a base pairu and note that due to Claims 2 and 3 for
every pair uv P V pHqp2q exactly one of the following alternatives hold:

(i ) pu, vq P EpDq,
(ii ) pv, uq P EpDq, or

(iii ) uv P B.
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The following claim shows that the edges of B and the arcs of D are strongly related.

Claim 4. For every v P V pHq we have:
(a ) If dBpvq ą 0, then d`

Dpvq ě p1{3 ` εqn.
(b ) If d`

Dpvq ą 0, then dBpvq ě p1{3 ` εqn.
(c ) If d´

Dpvq ą 0, then d´
Dpvq ě p1{3 ` εqn.

Proof. Since the proofs are all analogous, we only show (a ). Let u be such that uv P B

and let w P Npuvq chosen arbitrarily. Due to Claim 1 there is a K´
4 containing the

edge uvw. Observe that neither u nor v can be the apex of such K´
4 , otherwise, uv would

be an apex pair, contradicting Claim 2. Therefore w is the apex, and pv, wq P EpDq.
Hence Npuvq Ď N`

D pvq, meaning that |N`
D pvq| ě p1{3 ` εqn. ■

Finally, if there is an vertex v‹ P V pHq with dBpv‹q ą 0, d`
Dpv‹q ą 0, and d´

Dpv‹q ą 0,
then Claim 4 yields a contradiction with Claim 2 or Claim 3, since there would be a pair
for which two of the three alternatives (i ), (ii ), (iii ) hold. We shall find such vertex v‹.

First, suppose there are two distinct vertices u, v with d`
Dpuq “ d`

Dpvq “ 0. Then uv P B,
due to Claim 2, and in particular dBpuq, dBpvq ą 0. However, Claim 4 yields a contradiction,
since this implies d`

Dpuq, d`
Dpvq ą 0. Hence, there is at most one vertex having zero out-

degree in D.
Secondly, take two disjoint edges e1 and e2 and note that Claim 1 implies that there

are vertices v1 P e1 and v2 P e2 with d´
Dpv1q, d´

Dpv2q ą 0. One of them, say v1, has positive
out-degree as well, i.e. d`

Dpv1q ą 0. Since Claim 4 yields dBpv1q ą 0 we are done by
taking v‹ “ v1. □

§3 Concluding remarks

It would be interesting to settle the remaining values of γpCℓq. The case ℓ “ 4 is
equivalent to the determination of γpK4q and, as mentioned in the introduction, Czygrinow
and Nagle [2] conjectured γpK4q “ 1{2. It seems plausible that Example 1.1 is optimal for
all other values of ℓ not divisible by three. In other words, that γpCℓq “ 1{3 for every ℓ ě 5
not divisible by three. Note that by our previous remarks, for this result it would suffice to
show γpC5q ď 1{3 and γpC7q ď 1{3.

Determining whether Example 1.1 is optimal for expn, Cℓq for ℓ ě 5 not divisible by
three is a natural question. We believe a more careful analysis of the proof of Theorem 1.2
yields a constant c P N such that

ex2pn, C10q ď
n

3 ` c ,

for sufficiently large n and finding the optimal constant c remains open.
Finally, for k-uniform hypergraphs with k ě 4, the problem of determining γ

`

C
pkq

ℓ

˘

in
general remains open. For general lower-bound constructions see [5, Section 10].
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