MINIMUM VERTEX DEGREE CONDITIONS FOR LOOSE HAMILTON
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ABSTRACT. We investigate minimum vertex degree conditions for 3-uniform hypergraphs
which ensure the existence of loose Hamilton cycles. A loose Hamilton cycle is a spanning
cycle in which only consecutive edges intersect and these intersections consist of precisely
one vertex.

We prove that every 3-uniform n-vertex (n even) hypergraph H with minimum ver-
tex degree &1(H) = (% +o(1)) (3) contains a loose Hamilton cycle. This bound is

asymptotically best possible.

§1. INTRODUCTION

We consider k-uniform hypergraphs H = (V, E) with vertex sets V' = V(H) and edge
sets £ = E(H) < (Z), where (‘2) denotes the family of all k-element subsets of the
set V. We often identify a hypergraph H with its edge set, i.e., H < (‘Ig), and for an
edge {v1,...,vx} € H we often suppress the enclosing braces and write v;...v; € H
instead. Given a k-uniform hypergraph H = (V,E) and a set S = {vy,...,v5} € (‘8/)
let deg(S) = deg(vy,...,vs) denote the number of edges of H containing the set S and
let N(S) = N(vi,...,vs) denote the set of those (k — s)-element sets T € (,” ) such
that S U T forms an edge in H. We denote by ds(H) the minimum s-degree of H, i.e., the
minimum of deg(S) over all s-element sets S < V. For s = 1 the corresponding minimum
degree §1(H) is referred to as minimum vertex degree whereas for s = k — 1 we call the
corresponding minimum degree dy,_1(#H) the minimum collective degree of H.

We study sufficient minimum degree conditions which enforce the existence of spanning,
so-called Hamilton cycles. A k-uniform hypergraph C is called an ¢-cycle if there is a cyclic
ordering of the vertices of C such that every edge consists of k consecutive vertices, every

vertex is contained in an edge and two consecutive edges (where the ordering of the edges
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is inherited by the ordering of the vertices) intersect in exactly ¢ vertices. For ¢ = 1 we
call the cycle loose whereas the cycle is called tight if ¢ = k — 1. Naturally, we say that a
k-uniform, n-vertex hypergraph H contains a Hamilton /-cycle if there is a subhypergraph
of H which forms an ¢-cycle and which covers all vertices of H. Note that a Hamilton
(-cycle contains exactly n/(k — ¢) edges, implying that the number of vertices of H must
be divisible by (k — ¢) which we indicate by n € (k — ¢)N.

Minimum collective degree conditions which ensure the existence of tight Hamilton
cycles were first studied in [6] and in [12,13]. In particular, in [12, 13] Rédl, Rucinski, and

Szemerédi found asymptotically sharp bounds for this problem.

Theorem 1. For every k = 3 and v > 0 there exists an ng such that every k-uniform
hypergraph H = (V, E) on |V| = n = ng vertices with 0x—1(H) = (1/2 + v)n contains a
tight Hamilton cycle. 0

The corresponding question for loose cycles was first studied by Kiithn and Osthus.
In [10] they proved an asymptotically sharp bound on the minimum collective degree which
ensures the existence of loose Hamilton cycles in 3-uniform hypergraphs. This result was
generalised to higher uniformity by the last two authors [4] and independently by Keevash,
Kiihn, Osthus and Mycroft in [7].

Theorem 2. For all integers k = 3 and every v > 0 there exists an ng such that every
k-uniform hypergraph H = (V,E) on |V| = n = ng vertices with n € (k — 1)N and

Op—1(H) = (ﬁ + v)n contains a loose Hamilton cycle. O

Indeed, in [4] asymptotically sharp bounds for Hamilton ¢-cycles for all ¢ < k/2 were
obtained. Later this result was generalised to all 0 < ¢ < k by Kiithn, Mycroft, and
Osthus [9]. These results are asymptotically best possible for all k and 0 < ¢ < k. Hence,
asymptotically, the problem of finding Hamilton ¢-cycles in uniform hypergraphs with large
minimum collective degree is solved.

We focus on minimum vertex degree conditions which ensures the existence of Hamilton
cycles. For 01(H) very few results on spanning subhypergraphs are known (see e.g. [3,11]).
In this paper we give an asymptotically sharp bound on the minimum vertex degree in

3-uniform hypergraphs which enforces the existence of loose Hamilton cycles.

Theorem 3 (Main result). For all v > 0 there exists an ng such that the following holds.
Suppose H is a 3-uniform hypergraph on n > ng with n € 2N and

51(H) > <176 +7> (Z)

Then H contains a loose Hamilton cycle.
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In the proof we apply the so-called absorbing technique. In [12] R6dl, Ruciniski, and
Szemerédi introduced this elegant approach to tackle minimum degree problems for spanning
graphs and hypergraphs. In our case it reduces the problem of finding a loose Hamilton
cycle to the problem of finding a nearly spanning loose path and indeed, finding such a
path will be the main obstacle to Theorem 3.

As mentioned above, Theorem 3 is best possible up to the error constant v as seen by

the following construction from [10].

Fact 4. For every n € 2N there exists a 3-uniform hypergraph Hs = (V, E) on |[V| =n

vertices with §;(Hs) = %(g) — O(n), which does not contain a loose Hamilton cycle.

Proof. Consider the following 3-uniform hypergraph H; = (V, E). Let Aw B =V be a
partition of V' with |A] =[] — 1 and let E be the set of all triplets from V' with at least
one vertex in A. Clearly, §;(H;3) = (";') +|A|(|1B| = 1) = %&(3) — O(n). Now consider
an arbitrary cycle in Hs. Note that every vertex, in particular every vertex from A, is
contained in at most two edges of this cycle. Moreover, every edge of the cycle must
intersect A. Consequently, the cycle contains at most 2|A| < n/2 edges and, hence, cannot

be a Hamilton cycle. O

We note that the construction Hs in Fact 4 satisfies do(H3z) = n/4 — 1 and indeed, the
same construction proves that the minimum collective degree condition given in Theorem 2
is asymptotically best possible for the case k = 3.

This leads to the following conjecture for minimum vertex degree conditions enforcing
loose Hamilton cycles in k-uniform hypergraphs. Let k > 3 and let H;, = (V, E) be the

k-uniform, n-vertex hypergraph on V' = A v B with |A| = 2(% — 1. Let E consist of all

_1)
k-sets intersecting A in at least one vertex. Then H,; does not contain a loose Hamilton
cycle and we believe that any k-uniform, n-vertex hypergraph H which has minimum
vertex degree d1(H) = §1(Hy) + o(n?) contains a loose Hamilton cycle. Indeed, Theorem 3

verifies this for the case k& = 3.

§2. PROOF OF THE MAIN RESULT

The proof of Theorem 3 will be given in Section 2.3. It uses several auxiliary lemmas

which we introduce in Section 2.2. We start with an outline of the proof.

2.1. Outline of the proof. We will build a loose Hamilton cycle by connecting loose
paths. Formally, a 3-uniform hypergraph P is a loose path if there is an ordering (vy, ..., v;)
of its vertices such that every edge consists of three consecutive vertices, every vertex
is contained in an edge and two consecutive edges intersect in exactly one vertex. The

elements v; and v, are called the ends of P.
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The Absorbing Lemma (Lemma 7) asserts that every 3-uniform hypergraph H = (V, E)
with sufficiently large minimum vertex degree contains a so-called absorbing loose path P,
which has the following property: For every set U < V \ V(P) with |U]| € 2N and |U| < fn
(for some appropriate 0 < § < 7) there exists a loose path Q with the same ends as P,
which covers precisely the vertices V(P) u U.

The Absorbing Lemma reduces the problem of finding a loose Hamilton cycle to the
simpler problem of finding an almost spanning loose cycle, which contains the absorbing
path P and covers at least (1 — §)n of the vertices. We approach this simpler problem
as follows. Let ‘H' be the induced subhypergraph H, which we obtain after removing the
vertices of the absorbing path P guaranteed by the Absorbing Lemma. We remove from H’
a “small” set R of vertices, called the reservoir (see Lemma 6), which has the property
that many loose paths can be connected to one loose cycle by using the vertices of R only.

Let H” be the remaining hypergraph after removing the vertices from R. We will
choose P and R small enough, so that d;(H") > (& + 0(1))|(V(§[U)|). The third auxiliary
lemma, the Path-tiling Lemma (Lemma 10), asserts that all but o(n) vertices of H” can be
covered by a family of pairwise disjoint loose paths and, moreover, the number of those
paths will be constant (independent of n). Consequently, we can connect those paths
and P to form a loose cycle by using exclusively vertices from R. This way we obtain a
loose cycle in H, which covers all but the o(n) left-over vertices from H” and some left-over
vertices from R. We will ensure that the number of those yet uncovered vertices will be
smaller than Sn and, hence, we can appeal to the absorption property of P and obtain a
Hamilton cycle.

As indicated earlier, among the auxiliary lemmas mentioned above the Path-tiling Lemma
is the only one for which the full strength of the condition (5% + o(1))(}) is required and
indeed, we consider Lemma 10 to be the main obstacle to proving Theorem 3. For the

other lemmas we do not attempt to optimise the constants.

2.2. Auxiliary lemmas. In this section we introduce the technical lemmas needed for
the proof of the main theorem.

We start with the connecting lemma which is used to connect several “short” loose
paths to a long one. Let H be a 3-uniform hypergraph and (a;,b;)icfr) a set consisting
of k mutually disjoint pairs of vertices. We say that a set of triples (z;, y;, zi)ie[k] connects

(aia bi)ie[k] if

. ‘ Uie[k]{ai, bi, i, i, zz}} = bk, i.e. the pairs and triples are all disjoint,
e for all i € [k] we have {a;, x;, yi}, {vi, 2, bi} € H.
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Suppose that a and b are ends of two disjoint loose paths not intersecting {z,y, z} and
suppose that (x,y, z) connects (a,b). Then this connection would join the two paths to
one loose path. The following lemma states that several paths can be connected, provided

the minimum vertex degree is sufficiently large.

Lemma 5 (Connecting lemma). Let v > 0, let m = 1 be an integer, and let H = (V, E)

=
be a 3-uniform hypergraph on n vertices with 61(H) = (i + 7) (g) and n = ym/12.
For every set (a;, bi)ie[m] of mutually disjoint pairs of distinct vertices, there exists a set

of triples (i, Yi, %i)iefm) connecting (@i, b;)ie[m]-

Proof. We will find the triples (x;,y;, z;) to connect a; with b; for i € [m] inductively as
follows. Suppose, for some j < k the triples (x;,y;, 2;) with ¢ < j are constructed so far

and for (a,b) = (a;,b;) we want to find a triple (z,y, z) to connect a and b. Let

m j—1
U=V~ <U{Gz’,bz‘} Y ]U{Iz’??/ia Zz})
=1 =1

and for a vertex u € V' let L, = (V ~\ {u}, E,) be the link graph of v defined by
E, = {vw: vvwe E(H)}.

We consider L,[U] and Ly[U], the subgraphs of L, and L; induced on U. Owing to the

minimum degree condition of H and to the assumption m < yn/12, we have

e(Ly[U]) = (i + 7) <Z) —b5m(n—1) > (i + g) (Z) (1)

and the same lower bound also holds for e(L,[U])). Note that any pair of edges xy € L,[U]
and yz € Ly|U] with = # z leads to a connecting triple (z,vy, z) for (a,b). Thus, if no
connecting triple exists, then for every vertex u € U one of the following must hold: either u
is isolated in L,[U] or Ly[U] or it is adjacent to exactly one vertex w in both graphs L,[U]
and L,[U]. In other words, any vertex not isolated in L,[U] has at most one neighbour
in Ly[U]. Let I, be the set of isolated vertices in L,[U]. Since e(L,[U]) > 1(3) we have

a\2
|I,| < mn/2. Consequently,

i) <

<(§D+WA4QW<@?Q+W

Using v < 3/4 and n > /12 we see that this upper bound violates the lower bound
on e(Ly[U]) from (1). O

)+mweEu4myueU\@H
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When connecting several paths to a long one we want to make sure that the vertices
used for the connection all come from a small set, called reservoir, which is disjoint to the

paths. The existence of such a set is guaranteed by the following.

Lemma 6 (Reservoir lemma). For all 0 < v < 1/4 there exists an ng such that for
every 3-uniform hypergraph H = (V, E) on n > ng vertices with minimum vertex degree
H(H) = (i + ’y) (g) there is a set R of size at most yn with the following property: For
every system (a;, b;)iepy consisting of k < v*n/12 mutually disjoint pairs of vertices from V
there is a triple system connecting (a;, b;)icr) which, moreover, contains vertices from R

only.

Proof. We shall show that a random set R has the required properties with positive
probability. For this proof we use some exponential tail estimates. Here we will follow a
basic technique described in [5, Section 2.6]. Alternatively Lemma 6 could be deduced
more directly from Janson’s inequality.

For given 0 < v < 1/4 let ng be sufficiently large. Let H be as stated in the lemma and
veV(H). Let L(v) be the link graph defined on the vertex set V(H) \ {v}, having the
edges e € E(L(v)) if e u {v} € H. Note that L(v) contains deg,,(v) edges. Since the edge
set of the omplete graph K, can be decomposed into n — 1 edge disjoint matchings, we
can decompose the edge set of L into ig = ip(v) < n pairwise edge disjoint matchings. We
denote these matchings by M (v), ..., M;,(v).

We randomly choose a vertex set V), from V' by including each vertex u € V' into V,, with
probability p = v — 4% independently. For every i € [ig] let

Xi(v) = ‘Mi(v) A (‘g)‘

denote the number of edges e € M;(v) contained in V,. This way X;(v) is a binomially
distributed random variable with parameters |M;(v)| and p®. Using the following Chernoff
bounds for t > 0 (see, e.g., [5, Theorem 2.1})

P (Bin(m, () = m( +t) < ¢ ©/(m+1/3) 2)
P (Bln(m, C) < mC — t) < €*t2/(2Cm) (3)

we see that
7% < V| < pn+ (3nn20)% < yn — 2k (4)

with probability at least 9/10.
Further, using (3) and |M;(v)| < n/2 we see that with probability at most n~2 there exists
an index i € [ig] such that X;(v) < |M;(v)|p* — (3nInn)/2. Using 3., [Mi(v)| = degy, (v)
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and recalling that degy, (v) denotes the degree of v in H[V,, U {v}] we obtain that

degy, (v 2 Xi(v) = p*degy, (v) — n(3nInn)"?, (5)

i€lio]
holds with probability at least 1 — n=2.

Repeating the same argument for every vertex v € V' we infer from the union bound
that (5) holds for all vertices v € V' simultaneously with probability at least 1 —1/n. Hence,
with positive probability we obtain a set R satisfying (4) and (5) for all v e V.

Let (i, bi)ie(r) be given and let S = | J;cpy{as, bi}. Then we have [R U S| < yn and

degp,s(v) > degg(v) > Cl N 72) (7271) N ( 411 N 72) (m - S!)

for all v € V. Thus, we can appeal to the Connecting Lemma (Lemma 5) to obtain a triple

system which connects (a;, b;);er) and which consists of vertices from R only. ]

Next, we introduce the Absorbing Lemma which asserts the existence of a “short” but
powerful loose path P which can absorb any small set U < V ~\ V(P). In the following
5\2 _ 7
note that (g) < 16

Lemma 7 (Absorbing lemma). For all v > 0 there exist 5 > 0 and ng such that the
following holds. Let H = (V,E) be a 3-uniform hypergraph on n > ngy vertices which
satisfies 61(H) = (2 + ) (5). Then there is a loose path P with |V(P)| < v'n such
that for all subsets U < V . V(P) of size at most fn and |U| € 2N there exists a loose
path @ ¢ H with V(Q) = V(P) uU and P and Q have ezactly the same ends.

The principle used in the proof of Lemma 7 goes back to Rodl, Rucinski, and Szemerédi.
They introduced the concept of absorption, which, roughly speaking, stands for a local
extension of a given structure, which preserves the global structure. In our context of loose
cycle we say that a 7-tuple (vy,...,v7) absorbs the two vertices x,y € V' if

® U1UyU3, U3UaUs, UsVeU7 € H and

® UoTVy, VaYvg € H
are guaranteed. In particular, (vy,...,v7) and (vq,vs, V9, X, V4, Y, Vg, Vs, v7) both form loose
paths which, moreover, have the same ends. The proof of Lemma 7 relies on the following
result which states that for each pair of vertices there are many 7-tuples absorbing this

pair, provided the minimum vertex degree of H is sufficiently large.

Proposition 8. For every v € (0,3/8) there exists an ny such that the following holds.

Suppose H = (V, E) is a 3-uniform hypergraph onn > ngy vertices with §;(H) = (g + 7)2 (g)

Then for every pair of vertices x,y € V the number of T-tuples absorbing x and y is at
least (yn)"/8.
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Proof. For given v > 0 we choose nyg = 168/97. First we show the following.

Claim 9. For every pair x,y € V(H) of vertices there exists a set D = D(z,y) < V of
size |D| = yn such that one of the following holds:

o deg(z,d) = yn and deg(y,d) = 2n for alld € D or

o deg(y,d) = yn and deg(x,d) = 2n for alld € D.

Proof of Claim 9. By assuming the contrary there exist two vertices  and y such that no
set D = D(z,y) fulfills Claim 9.

Let A(z) = {d € V: deg(z,d) < yn} and let a = |A(x)|/n and b = |A(y)|/n. Without
loss of generality we assume a < b. There are at most (a + )n vertices v € V' satisfying
deg(y,v) = 3n. Let B(y) = {v e V: deg(y,v) = 3n/8} and note that |B(y)| < (a +~)n.

Hence, the number of ordered pairs (u,v) such that v € B(y) and {u,v,y} € H is at most
1B(y)|(n = [A)]) + [Ay)yn < (a +7)(1 = b)n® + byn?.

Consequently, with 2 deg(y) being the number of ordered pairs (u, v) such that {u,v,y} € H

we have

8 8 8

(3 + 8v)n?
8 b)

2
((5) + %> n* <2deg(y) <(1—b—a-— 7)§n2 + (a +7)(1 — b)n* + 2byn?

n2

Hence, we obtain

2 2
((2) + 963) n® < 2deg(y) < 3781(1 —b)+ (a+7) <2 —b> n® + 2byn?

2 2
< %(m — 3b— 8ab) + (3+§7)n

where in the last inequality we use the fact that b < 3/8 which is a direct consequence of

the condition on d1(H). It is easily seen that this maximum is attained by a = b = 1/8, for

deg(y) < <<2)2 + 7) n?,

a contradiction. O

which we would obtain

We continue the proof of Proposition 8. For a given pair x,y € V' we will select the tuple
vy, . ..,v7 such that the edges
® U1UaU3, U3y, UsUsU7 € H and

® UyTVy, V4Yvg € H
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are guaranteed. Note that (vy,...,v;) forms a loose path with the ends v; and v; and
(v1,v3, V2, T, V4, Y, Vs, Vs, U7) also forms a loose path with the same ends, showing that
(v1,...,v7) is indeed an absorbing tuple for the pair a,b. Moreover, we will show that the
number of choices for each v; will give rise to the number of absorbing tuples stated in the
proposition.

First, we want to choose vy and let D(x,y) be a set with the properties stated in Claim 9.
Without loss of generality we may assume that |N(y,d)| = %n for all d € D(z,y). Fixing
some vy € D(x,y) We choose vy € N(z,v,) for which there are yn choices. This gives rise to
to hyperegde voxvy € H. and applying Claim 9 to ve and vy we obtain a set D(v, vy) with
the properties stated in Claim 9 and we choose vz € D(vq,v4). We choose v; € N(vq,v3) to
obtain the edge v1v9v3 € H. Note that |N(vq, v3)| = yn. Next, we choose vs from N (vs, vy4)
which has size |N(vs,v4)| = yn. This gives rise to the edge vsvqvs € H. We choose vg
from the set N(y,vs) with the additional property that deg(vs,vs) = yn/2. Hence, we
obtain vyyvs € H and we claim that there are at least yn/2 such choices. Otherwise at

least (|N(y,vs)| —yn/2) vertices v € V satisty deg(vs,v) < yn/2, hence

deg(vs) < 32 - ((g " g)n> < 0(H),
16 2

which is a contradiction. Lastly we choose v; € N(vs,v5) to obtain the edge vsvgv; € H
which completes the absorbing tuple (vy, ..., v7).

The number of choices for vy,...,v; is at least (yn)7/4 and there are at most (;) n®

choices such that v; = v; for some i # j. Hence, we obtain at least (yn)7/8 absorbing

7-tuples for the pair z,y. O

With Proposition 8 and the connecting lemma (Lemma 5) at hand the proof of the
absorbing lemma follows a scheme which can be found in [4,12]. We choose a family F of
7-tuples by selecting each 7-tuples with probability p = 7"n /448 independently. Then, it

is easily shown that with non-zero probability the family F satisfies

o [F|l <7Tn/12,
e for all pairs z,y € V there are at least py"n”/16 tuples in F which absorbs z,y

e the number of intersecting pairs of 7-tuples in F is at most py'n’/32

We eliminate intersecting pairs of 7-tuples by deleting one tuple for each such pair. By
definition each for the remaining 7-tuples (v, ..., v%)epr with & < v"n/12 forms a loose
path with ends v} and v} and appealing to Lemma 5 we can connect them to one loose
path which can absorb any py'n”/32 = 3 pairs of vertices, proving the lemma. To avoid

unnecessary calculations we omit the details here. 0
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The next lemma is the main obstacle when proving Theorem 3. It asserts that the vertex

n

2) can

set of a 3-uniform hypergraph H with minimum vertex degree &;(#) > (15 + o(1)) (

be almost perfectly covered by a constant number of vertex disjoint loose paths.

Lemma 10 (Path-tiling lemma). For all v > 0 and a > 0 there exist integers p and ng

such that for n > ng the following holds. Suppose H is a 3-uniform hypergraph on n vertices

51(H) = (176 +7) (Z)

Then there is a family of p disjoint loose paths in H which covers all but at most an vertices

of H.

with minimum vertex degree

The proof of Lemma 10 uses the weak regularity lemma for hypergraphs and will be

given in Section 3.

2.3. Proof of the main theorem. In this section we give the proof of the main result,
Theorem 3. The proof is based on the three auxiliary lemmas introduced in Section 2.2

and follows the outline given in Section 2.1.

Proof of Theorem 3. For given v > 0 we apply the Absorbing Lemma (Lemma 7) with ~/8
to obtain 5 > 0 and n;. We apply the Reservoir Lemma (Lemma 6) for 4/ = min{5/3,~/8}
to obtain ng which is ny of Lemma 6. Finally, we apply the Path-tiling Lemma (Lemma 10)
with 7/2 and o = /3 to obtain p and nyy. The ng of Theorem 3 is chosen by

no = max{nz, 2ng, 2n19, 24(p + 1)/7'%}.

Now let n = ng, n € 2N and let H = (V, E) be a 3-uniform hypergraph on n vertices

with
H(H) = <176 —I—’y) (Z)

Let Py = H be the absorbing path guaranteed by Lemma 7. Let ay and by be the ends
of Py and note that

[V(Po)| <v'n < n/8.

Moreover, the path Py has the absorption property, i.e., for all U < V ~\ V(Py) with
\U| < fn and |U| € 2N there exists

a loose path Q@  H s.t. V(Q) = V(Py) u U and Q has the ends ap and by.  (6)

Let V' = (V N\ V(Py)) U {ag, by} and let H' = H[V'] = (V', E(H) n (%)) be the induced
subhypergraph of H on V’. Note that §;(H') > (1—76 + %7)(’;)



MINIMUM VERTEX DEGREE CONDITIONS FOR LOOSE HAMILTON CYCLES 11

Due to Lemma 6 we can choose a set R < V' of size at most 7'|V’| < 4'n such that for
every system consisting of at most (7)3|V’|/12 mutually disjoint pairs of vertices from V
can be connected using vertices from R only.

Set V" =V~ (V(Py) u R) and let H” = H[V"] be the induced subhypergraph of #H

on V”. Clearly,
" AL
2 - -
o= (553) (3)

Consequently, Lemma 10 applied to H” (with ;9 and «) yields a loose path tiling of H”
which covers all but at most «|V”| < an vertices from V” and which consists of at most p
paths. We denote the set of the uncovered vertices in V" by T'. Further, let Py, Ps..., P,
with ¢ < p denote the paths of the tiling. By applying the reservoir lemma appropriately
we connect the loose paths Py, P1, ..., P, to one loose cycle C < H.

Let U = V . V(C) be the set of vertices not covered by the cycle C. Since U € Ru T we
have |U| < (a+ ys)n < pn. Moreover, since C is a loose cycle and n € 2N we have |U| € 2N.
Thus, using the absorption property of Py (see (6)) we can replace the subpath Py in C by
a path Q (since Py and Q have the same ends) and since V(Q) = V(Py) u U the resulting

cycle is a loose Hamilton cycle of H. O

§3. PROOF OF THE PATH-TILING LEMMA

In this section we give the proof of the Path-tiling Lemma, Lemma 10. Lemma 10 will
be derived from the following lemma. Let M be the 3-uniform hypergraph defined on the
vertex set {1,...,8} with the edges 123, 345, 456,678 € M. We will show that the condition
01(H) = (& + o(1)) (3) will ensure an almost perfect M-tiling of 1, i.e., a family of vertex
disjoint copies of M, which covers almost all vertices.

Lemma 11. For ally > 0 and o > 0 there exists ng such that the following holds. Suppose

H is a 3-uniform hypergraph on n > ng vertices with minimum vertex degree

H(H) = <176 —I—’y) (Z)

Then there is an M-tiling of H which covers all but at most an vertices of H.

The proof of Lemma 11 requires the regularity lemma which we introduce in Section 3.1.
Sections 3.2 and 3.3 are devoted to the proof of Lemma 11 and finally, in Section 3.4, we

deduce Lemma 10 from Lemma 11 by making use of the regularity lemma.

3.1. The weak regularity lemma and the cluster hypergraph. In this section we

introduce the weak hypergraph regularity lemma, a straightforward extension of Szemerédi’s
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regularity lemma for graphs [15]. Since we only apply the lemma to 3-uniform hypergraphs
we will restrict the introduction to this case.

Let H = (V,E) be a 3-uniform hypergraph and let A;, Ay, A3 be mutually disjoint
non-empty subsets of V. We define e(A;, A, A3) to be the number of edges with one vertex
in each A;, i € [3], and the density of H with respect to (A, As, A3) as

6%(1417 A,, A3)
| A1 |[Az||As]

d<A17 A27 A3) =

We say the triple (V4, Vs, V3) of mutually disjoint subsets Vi, V5, Vs € V' is (e, d)-regular,

for constants € > 0 and d > 0, if
‘d(Al,AQ,Ag) — d‘ <e

for all triple of subsets A; = V;, i € [3], satisfying |A4;| = ¢|Vi|. The triple (V1, Vs, V3) is
called e-reqular if it is (e, d)-regular for some d > 0. It is immediate from the definition
that an (e, d)-regular triple (Vi, Vo, V5) is (¢/,d)-regular for all &’ > ¢ and if V/ < V; has
size |V/| = ¢|Vi|, then (V], V], VJ) is (¢/c, d)-regular.

Next we show that regular triples can be almost perfectly covered by copies of M
provided the sizes of the partition classes obey certain restrictions. First note that M is a
subhypergraph of a tight path. The latter is defined similarly to a loose path, i.e. there is
an ordering (vy, ..., v;) of the vertices such that every edge consists of three consecutive
vertices, every vertex is contained in an edge and two consecutive edges intersect in exactly

two vertices.

Proposition 12. Suppose H is a 3-uniform hypergraph on m vertices with at least dm?
edges. Then there is a tight path in H which covers at least 2(dm+ 1) vertices. In particular,
if H is 3-partite with the partition classes Vi, Va, Vs and 2dm > 10 then for each i € 3]
there is a copy of M in H which intersects V; in exactly two vertices and the other partition

classes in three vertices.

Proof. Starting from H we remove all edges containing u,v for each pair u,v € V of
vertices such that 0 < deg(u,v) < 2dm. We keep doing this until every pair u, v satisfies

deg(u,v) = 0 or deg(u,v) = 2dm in the current hypergraph H’. Since less than
(7;1) -2dm < dm?® < e(H)

edges were removed during the process we know that H’ is not empty. Hence we can pick
a maximal non-empty tight path (v, vs,...,v;) in H’. Since the pair vy, vy is contained in

an edge in H’ it is contained in 2dm edges and since the path was chosen to be maximal all



MINIMUM VERTEX DEGREE CONDITIONS FOR LOOSE HAMILTON CYCLES 13

these vertices must lie in the path. Hence, the chosen tight path contains at least 2(dm + 1)
vertices. This completes the first part of the proof.

For the second part, note that there is only one way to embed a tight path into a 3-partite
3-uniform hypergraph once the two starting vertices are fixed. Since M is a subhypergraph
of the tight path on eight vertices we obtain the second part of the statement by possibly

deleting up to two starting vertices. 0

Proposition 13. Suppose the triple (Vi,Va, V3) is (e, d)-reqular with d = 2¢ and suppose

the sizes of the partition classes satisfy
m = |Vi| = [V3| = [Vs] with 5|Vi| < 3(|Va| + |V3]) (7)

and 2e®>m > 7. Then there is an M-tiling of (Vy,Va, V) leaving at most 3em vertices

uncovered.

Proof. Note that if we take a copy of M intersecting V;, i € [3] in exactly two vertices then

this copy intersects the other partition classes in exactly three vertices. We define
1
t;=(1- 5)§ (3|Vj| + 3|Vi| = 5|V;|) where 14, j, ke [3] are distinct.

Due to our assumption all ¢; are non-negative and we choose t; copies of M intersecting V;
in exactly two vertices. This would leave |V;| — (2t; + 3t; + 3t;) = €|Vi| vertices in V;
uncovered, hence at most 3em in total.

To complete the proof we exhibit a copy of M in all three possible types in the remaining
hypergraph, hence showing that the choices of the copies above are indeed possible. To
this end, from the remaining vertices of each partition class V; take a subset U, i € [3] of
size £|V;|. Due to the regularity of the triple (V;, Vo, V3) we have e(Uy, Uy, Uz) = (d—¢)(em)?.
Hence, by Proposition 12 there is a copy of M (of each type) in (Uy, U, Us). O

The connection of regular partitions and dense hypergraphs is established by regularity
lemmas. The version introduced here is a straightforward generalisation of the original

regularity lemma to hypergraphs (see, e.g., [1,2,14]).

Theorem 14. For all ty = 0 and € > 0, there exist Ty = To(to, ) and ng = ng(tg, &) so
that for every 3-uniform hypergraph H = (V, E) on n = ng vertices, there exists a partition
V=VwuViu...vuV, such that
(i) to <t <7y,
(i) Vil = [Va| = -+ = [Vi| and [Vo| < en,
(ii) for all but at most €(3) sets {i1, 42,45} € ([é]), the triple (V;,, Vi, Viy) is e-regular. [
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A partition as given in Theorem 14 is called an (e, t)-regular partition of H. For an
(¢,t)-regular partition of H and d > 0 we refer to Q = (V),epyy as the family of clusters
(note that the exceptional vertex set Vj is excluded) and define the cluster hypergraph
K = K(e,d, Q) with vertex set [t] and {iy,is,i3} € ([é]) being an edge if and only if
(Viy, Viy, Viy) is e-regular and d(V;,, Vi,, Vi,) = d.

In the following we show that the cluster hypergraph almost inherits the minimum vertex
degree of the original hypergraph. The proof which we give for completeness is standard

and can be found e.g. in [8] for the case of graphs.

Proposition 15. For all v > d > ¢ > 0 and all ty there exist Ty and nyg € N such that the
following holds.

If H is a 3-uniform hypergraph on n > ng vertices with d,(H) = (16 + ’y) ( ) then
there exists an (g,t)-reqular partition Q with ty <t < Ty such that the cluster hypergraph
K = K(e,d, Q) has minimum vertex degree 61(K) = (15 + v —¢ —d) (3).

Proof. Let v > d > € and t, be given. We apply the regularity lemma with & = £%/144
and t; = max{2ty, 10/c} to obtain T and nj. We set Ty = T and ng = nj. Let H be a
3-uniform hypergraph on n > ng vertices which satisfies §(H) > (7/16+~)(}). By applying
the regularity lemma we obtain an (¢’, ¢')-regular partition Vj w Vj v ... v Vy of V and let
m = |Vi| = (1 — &)n/t’ denote the size of the partition classes.

Let I = {i € [t']: V; is contained in more than 5(’;/) /8 non &’-regular triples} and ob-
serve that || < 8¢'t' /e due to the property (4i7) of Theorem 14. Set V; = Vi u |J,.; Vi and
let J = [t']\ T and t = |J|. We now claim that V5 and Q = (V});es is the desired partition.
Indeed, we have Ty > t' > t > t/(1 — 8'/e) = ty and |V| < €'n + 8'n/e < en/16. The
property (iii) follows directly from Theorem 14. For a contradiction, assume now that
degy(V;) < (5% + v — e —d)(3) for some j € J. Let x; denote the number of edges which
intersect V; in exactly one vertex and each other V;, i € J, in at most one vertex. Then,

the assumption yields

7 t\ , e[t AN
< ) o — —
x]\|%|[(16+7 € d>(2>m +8<2) +16n +d<2) ]

n /7 €
<’Vj|2(16+7—2>

On the other hand, from the minimum degree of ‘H we obtain

o (o) Q)+ ) (-

a contradiction. O
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3.2. Fractional hom(M)-tiling. To obtain a large M-tiling in the hypergraph H, we
consider weighted homomorphisms from M into the cluster hypergraph K. To this purpose,

we define the following.

Definition 16. Let L be a 3-uniform hypergraph. A function h: V(L) x E(L) — [0,1] is
called a fractional hom(M)-tiling of L if

(a) h(v,e) #0=vee,

(0) h(v) = Xeep(c) Mv,€) <1,

(c) for every e € E(L) there exists a labeling of the vertices of e = uvw such that

2
h(u,e) = h(v,e) = h(w,e) = gh(u, e)
By hyin we denote the smallest non-zero value of h(v,e) (and we set hyy, = 0 if h=10)

and the sum over all values is the weight w(h) of h

w(h) = h(v,e).
(v,e)eV (L) x E(L)

The allowed values of h are based on the homomorphisms from M to a single edge,
hence the term hom(M)-tiling. Given one such homomorphism, assign each vertex in the
image the number of vertices from M mapped to it. In fact, for any such homomorphism
the preimage of one vertex has size two, while the preimages of the other two vertices has
size three. Consequently, for any family of homomorphisms of M into a single edge the
smallest and the largest class of preimages can differ by a factor of 2/3 at most and this

observation is the reason for condition (¢ ) in Definition 16. We also note the following.

Fact 17. There is a fractional hom(M)-tiling h of the hypergraph M which has hy, = 1/3
and weight w(h) = 8.

Proof. Let x1, xa, wy, Y1, Yo, Wa, 21, and z3 be the vertices of M and let
T1Tawy,  WiY1Y2, Yiyewz, and  wa212

be the edges of M. On the edges z1zow; and z;z9ws we assign the vertex weights (1, 1,2/3),
where the weight 2/3 is assigned to w; and ws. The vertex weights for edges 1;y2w; and
y1yowe are (1/2,1/2,1/3), where wy and wy get the weight 1/3. It is easy to see that those
vertex weights give rise to a hom(M)-tiling h on M with Ay, = 1/3 and w(h) =8. O

The notion hom(M)-tiling is also motivated by the following proposition which shows
that such a fractional hom(M)-tiling in a cluster hypergraph can be “converted” to an

integer M-tiling in the original hypergraph.
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Proposition 18. Let Q be an (g, t)-reqular partition of a 3-uniform, n-vertex hypergraph H
with n > 21e72 and let K = K(g,6¢, Q) be the corresponding cluster hypergraph. Further-
more, let h: V(K) x E(K) — [0,1] be a fractional hom(M)-tiling of K with hym = 1/3.
Then there exists an M-tiling of H which covers all but at most (w(h) — 27te)|Vy| vertices.

Proof. We restrict our consideration to the subhypergraph X' < K consisting of the
hyperedges with positive weight, i.e., e = abc € K with h(a), h(b), h(¢) = hmin. For each
a € V(K') let V, be the corresponding partition class in Q. Due to the property (b) of
Definition 16 we can subdivide V, (arbitrarily) into a collection of pairwise disjoint sets
(US)aceerc of size |US| = h(a,e)|V,|. Note that every edge e = abc € K corresponds to
the (g, 6¢)-regular triplet (V,, Vj, V.). Hence we obtain from the definition of regularity
and hpyin = 1/3 that the triplet (US, Ug, UYS) is (3¢, 6¢)-regular. From the property (¢) in
Definition 16 and Proposition 13 we obtain an M-tiling of (U, Ug, U¢) incorporating at
least (h(a,e) + h(b,e) + h(c,e) — 92)|V,]| vertices. Applying this to all hyperedges of K’ we

obtain an M-tiling incorporating at least
( 2 h(a,e) + h(b,e) + h(c,e) — 9a> Vo] = (w(h) — 9K [e) | V]
abc=eecK’

vertices. Noting that |[K'| < 3t (because of hyy,, = 1/3) and |V,| = |Vi]| we obtain the

proposition. U

Owing to Proposition 18, we are given a connection between fractional hom(M)-tilings
of the cluster hypergraph IC of H and M-tilings in H. A vertex ¢ € V(K) corresponds to a
class of vertices V; in the regular partition of . The total vertex weight h(7) essentially
translates to the proportion of vertices of V; which can be covered by the corresponding
M-tilings in H. Consequently, w(h) essentially translates to the proportion of vertices
covered by the corresponding M-tiling in ‘H. This reduces our task to finding a fractional
hom(M)-tiling with weight greater than the number of vertices previously covered in .

The following lemma (Lemma 19), which is the main tool for the proof of Lemma 11,
follows the idea discussed above. In the proof of Lemma 11 we fix a maximal M-tiling
in the cluster hypergraph K of the given hypergraph H. Owing to the minimum degree
condition of ‘H and Proposition 15, a typical vertex in the cluster hypergraph K will be
contained in at least (7/16 + 0(1))(|V(2’C)|) hyperedges of K. We will show that a typical
vertex u of U which is not covered by the maximal M-tiling of K, has the property that
(7/16 + 0(1)) - 64 > 28 of the edges incident to u intersect some pair of copies of M from
the M-tiling of IC. Lemma 19 asserts that two such vertices and the pair of copies of M
can be used to obtain a fractional hom(M)-tiling with a weight significantly larger than 16,

the number of vertices of the two copies of M. This lemma will come in handy in the
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proof of Lemma 11, where it is used to show that one can cover a higher proportion of the
vertices of H than the proportion of vertices covered by the largest M-tiling in .

We consider a set of hypergraphs %59 definied as follows: Every L € %9 consists of two
(vertex disjoint) copies of M, say M; and My, and two additional vertices u and v such
that all edges incident to u or v contain precisely one vertex from V(M) and one vertex

from V(My). Moreover, L satisfies the following properties

e for every a € V(M) and b e V(Ms) we have uab € E(L) iff vabe E(L)
o deg(u) = deg(v) = 29.

Lemma 19. For every L € Lag there exists a fractional hom(M)-tiling h with hyy, = 1/3
and w(h) = 16 + 3.

The following proof of Lemma 19 is based on straightforward, but somewhat tedious

case distinction.

Proof. For the proof we fix the following labeling of the vertices of the two disjoint copies
of M. Let

V(M) = {x1, 29, w1, Y1, Y2, Wa, 21, 22} and E(M,) = {I1$2w17 WiY1Y2, Y1Y2W2;, w22122}
be the vertices and edges of the first copy of M. Analogously, let
V(Mz) = {a, 25, wy, 4y, 5, wh, 21, 25} and - E(Ma) = {@haywl, wiyiys, yiysws, whaiz}

be the vertices and edges of the other copy of M (see Figure 1.a). Moreover, we set
X ={x1, 22}, Y = {y1,y2}, and Z = {z1, 22} and, let X', Y, and Z’ be defined analogously
for M.

FIGURE 1. Labels and case: a1by, asby € Ly with {by,b,} € {X') Y’ 2"}
x oy
To )
w1 @ @ wh
AR
Y Y’
- b

w O O
zZ1

A
z2

Z/
l.a: Vertex labels of M; and My in L 1.b: All edges are (al)-edges
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The proof of Lemma 19 proceeds in two steps. First, we show that in any possible
counterexample £, the edges incident to u and v which do not contain any vertex from
{wy, wy, w, wh} form a subgraph of Ky 33 (see Claim 20). In the second step we show that
every edge contained in this subgraph of Ks 33 forbids too many other edges incident to u
and v, which will yield a contradiction to the condition deg(u) = deg(v) = 29 of L (see
Claim 21).

We introduce the following notation to simplify later arguments. For a given £ € %5
with M; and My being the copies of M, let L be set of the pairs (a,b) € V(M;) x V(My)
such that uab e E(L). We split L into L; v Ly according to

Ly, if {a,b} N {wy, we, w), wh} = &,

(a,b) €
Lo, otherwise.

It will be convenient to view L; and Ly as bipartite graphs with vertex classes V(M)
and V(May).

We split the proof of Lemma 19 into the following two claims.

Claim 20. For all L € %59 without a fractional hom(M)-tiling with hyi, = 1/3 and
w(h) = 16 + 1/3, we have L; < Ks3, where each of the sets X, Y, Z and X', Y', Z'

contains precisely one of the vertices of the Ks 3.
Claim 20 will be used in the proof of the next claim, which clearly implies Lemma 19.

Claim 21. Let F = {a'V/ € V(M;) x V(My): d € {wy,ws} or¥ € {w},wh}} and for
every edge ab € Ly let F(a,b) < F be the set of those e € F, whose appearance in L
(i.e. e € Ly) implies the existence of a fractional hom(M)-tiling h with by, = 1/3 and
w(h) = 16 + 1/3. Then there is an injection f: Ly — F such that f(a,b) € F(a,b) for

every pair ab e Ly.

Clearly, |F| = 28 and Ly < F. Hence, from |Lo| + |f(L1)| = [L2| + |L1] = 29 we
derive that Ly and f(L1) must intersect. By Claim 21 this yields the desired fractional
hom(M)-tiling and Lemma 19 follows. O

In the proofs of Claim 20 and Claim 21 we will consider fractional hom(M)-tilings h
which use vertex weights of special types. In fact, for an edge e = ajasas, the weights
h(ay,e), h(az,e), and h(as, e) will be of the following forms

(al) h(ai,e) = h(ag,e) = h(az,e) =1
(a2) h(ar,e) = h(az,e) = h(as,e) = 3
(a3) h(ay,e) = h(ag, e) = h(as,e) = %
(bl) h(ai,e) = h(az,e) = 1 and h(as,e) = %
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(b2) h(ai,e) = h(az,e) = = and h(as, e) =

(b3) h(ai,e) = h(az,e) = 2 and h(as, e) =

An edge that satisfies (al) is called an (al)-edge, etc. Note that all these types satisfy
condition (c) of Definition 16.

WIN N~
N Wl

Proof of Claim 20. Given L € %59 satisfying the assumptions of the claim and with the
labeling from Figure 1.a. Observe that for any A € {X,Y, Z}, the hypergraph M; — A
contains two disjoint edges. Similarly, for every B € {X', Y’ 7'}, My — B contains two

disjoint edges.

FIGURE 2. Case: aby, aby € Ly with {by,by} € {X") Y, Z'}

[ 9 (] 1

[ 9 [ 1
1 1 310) 2

N
1 1 RN 2
1 1 % \\e/ P
1 1 1 1
1 1 1 1
1 1 1 1
2.a: (al)-edges wiy1y2, waz122, and whz]zh, 2.b: (al)-edges wiy1y2, waz122, and whz]zh,

(b3)-edges aziu and azhv, (bl)-edge wiy)yh, (b3)-edges ayju and aysv, (bl)-edge ) zhwi,
and (a3)-edge | zhw;. and (a3)-edge wiy]yh.

First we exclude the case that there is a matching {a1by, asbe} of size two in L1 between
some {a1,as} = A € {X,Y,Z} and some {b;,bs} = B € {X',Y', Z'}. In this case we
can construct a fractional hom(M)-tiling h as follows: Choose two edges uaiby, vasbs.
Using these and the four disjoint edges in (M; — A) v (My — B), we obtain six disjoint
edges (see Figure 1.b). Letting all these six edges be (al)-edges, we obtain a fractional
hom(M)-tiling h with Ay, = 1 and w(h) = 18.

We show that every a € A € {X,Y, Z} has at most one neighbour in each B € { X' Y’ Z'}.
Assuming the contrary, let a € A € {X,Y,Z} and {b1,b} = B € {X") Y’ 7'}, with ab;,
aby € Ly. For symmetry reasons, we only have to consider the case B = X’ and B =Y.
The case B = Z' is symmetric to B = X’. In those cases, we choose h as shown in
Figure 2.a (B = X’) and Figure 2.b (B = Y’) and in either case we find a fractional
hom(M)-tiling h satisfying hpi, = 1/3 and w(h) = 16 + 1/3. Note that the cases A =Y
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and A = Z can be treated in the same manner since the only condition needed to define h
is that M — A contains two disjoint edges.

To show that L, is indeed contained in a K3 3 it remains to verify that every a,b;, asby with
{a1,a0} = Ae{X)Y,Z}, by e By e {X",)Y', 7'}, and by € By € { X" Y’ Z'} \ By guarantees
the existence of a fractional hom(M)-tiling h with Ay, = 1/3 and w(h) = 16 + 1/3. Again
owing to the symmetry, the only cases we need to consider are By = X', By = Y’ (see
Figure 3.a) and By = X', By = Z’ (see Figure 3.b). In fact, the fractional hom(M)-tilings h
given in Figure 3.a and Figure 3.b satisfy Ay, = 1/3 and w(h) = 17. Again the cases
A =Y and A = Z can be treated in the same manner. This concludes the proof of
Claim 20. O

FIGURE 3. Case: Clel, asby € L1 with {bl,bg} ¢ {X/,Y/, Z’}

(SN

e i~ ? ?
c 1Le
YANICE |
1 o3 o 1 | 2
1 o 1 1 | 3
1 1 1 .
1. . 1 1 T e
1 1 1 :
3.a: (al)-edges wiy1y2, wez122, and whzizh, 3.b:  (al)-edges wiy1y2 and wazize, (bl)-
(bl)-edges ajzju and asyjv, and (b2)-edges edges a1y u and az2]v, (b2)-edges | z5w] and
i xhw] and w]y]ys. whz1 24, and (a2)-edges wiyiys and y]yhw).

To complete the proof of Lemma 19 it is left to prove Claim 21.

Proof of Claim 21. Before defining the injection f: L; — F we collect some information
about F(a,b) with ab € L;. Owing to Claim 20, we may assume without loss of generality
that x1, y1, 21 and 2, y;, 2] are the vertices which span all edges of L;. First we consider
e = y1y;. As shown in Figure 4.a the appearance of wy} € L; would give rise to a fractional
hom(M)-tiling h with Ay, = 1/3 and w(h) = 16.5. Consequently, we have

wiyy € F(y1, h)-
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For the case e = z12) € Ly, Figure 4.b, shows that zow} € F(x1,2}) and by symmetry,

it follows that

{row], wizy} € Flay, 2)).

By applying appropriate automorphisms to M7 and My we immediately obtain information

on F(x1,27), F(z1,2)), and F(z1, 2;). Indeed, we have

{zowh, w1z} © F(x1,27), {wery, zow)} S F(z1,2)), {zowh, wozg} S F(21,21) .

FIGURE 4. F(y1,y;) and F(z,z})

1
) ) l @ ® o1
1
° 3 e .1
1 N 3
3 1 A °
1 1 1 1
N AU
SRR\ 1 3|\®/ 3
1 1
3 1 3
1
) 3 1 )
° 1 1 )

4.a: (al)-edge whzizh, (a2)-edge y1yju, (b1)-  4.b: (al)-edges ziz)u, wiy1y2, and wozi 29,
edges x1xow1, w2122, and zjrhw], and (b2)- (b1)-edges xowjv and whz]z4, and (b2)-edges

/ VA ) !0, /! !
edges w1yHv, Yy1y2wse, and Wi Y] Ys. w1Y1Ys and Y] Yo ws.

Next we consider e = y;2]. In this case Figure 5.a shows that yow] € F(y1,2}). Moreover,

as shown in Figure 5.b we also have wia}, € F(y;,x}) and, consequently, we obtain
{yowf, wizh} = Flyr, 27).

Again applying appropriate automorphisms to M; and My we immediately obtain infor-

mation on F(z1,v;), F(y1,21), and F(z1,¥;). Indeed one can show
{wiyy, wawi} = Flan,yn), {gowy, wizy}t = Fy, 21), {waph, 2wt} < Flz1,41) -

Finally, we define an injection f: L1 — F 2 Ly such that f(a,b) € F(a,b) for every
pair ab € Ly. Recall that due to Claim 20 we have Ly € {z1,v1, 21} x {o],v], 2} and it
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FIGURE 5. F(y17))

DO[—= D=

N[ DN W
N[

W= NI= N
W= NI= NI )

1
1 ° 1
1 ) ° 1

5.a: (al)-edges y1x1u, T1T2w1, and waz1 29, 5.b: (al)-edge whzzh, (a2)-edge y12)u, (b1)-
(b1)-edges yow)v and whz| 2, and (b2)-edges edges x1wowy, woz122, and wiyyh, and (b2)-
wiyiys and Y yhwh. edges w1 zhv, y1y2ws, and ) rHw].

follows from the discussion above that we can fix f as follows

fwy,2h) = wiay, flan,y) = zawh fla1, 21) = zawy,

fyr, @) = yawy flyn ) = wiys, fly,21) = wiz,

f(z1,27) = wasy f(21,01) = wayy f(21,21) = 20w;.
Consequently, |L1| < |F| — |Ls| and Claim 21 follows from |Ls| + |L1| < |F| < 28. O

3.3. Proof of the M-tiling Lemma. In this section we prove Lemma 11. Let H be a
3-uniform hypergraph on n vertices. We say H has a [-deficient M-tiling if there exists a

family of pairwise disjoint copies of M in H leaving at most Sn vertices uncovered.

Proposition 22. For all 1/2 > d > 0 and all 3,5 > 0 the following holds. Suppose there
exists an ng such that every 3-uniform hypergraph H on n > ng vertices with minimum
vertex degree 61(H) = d(g) has a B-deficient M-tiling. Then every 3-uniform hypergraph
H' onn' > ng vertices with 61(H') = (d — 9) (Z/) has a (B + 25V/8)-deficient M-tiling.

Proof. Given a 3-uniform hypergraph H' on n’ > ng vertices with §;(H') = (d — 9) (’;/) By
adding a set A of 3v/0n/ new vertices to H’ and adding all triplets to ' which intersect A
we obtain a new hyperpgraph H on n = n’ + |A| vertices which satisfies & (H) > d(}).
Consequently, H has a (-deficient M-tiling and by removing the M-copies intersecting A,
we obtain a (f + 25v/6)-deficient M-tiling of H'. O



MINIMUM VERTEX DEGREE CONDITIONS FOR LOOSE HAMILTON CYCLES 23

Proof of Lemma 11. Let v > 0 be given and we assume that there is an o > 0 such
that for all nj there is a 3-uniform hypergraph H on n > n{ vertices which satisfies
01(H) = (55 + ) () but which does not contain an a-deficient M-tiling. Let o be the
supremum of all such a and note that ag is bounded away from one due to Proposition 12.

We choose € = (yap/2'%)%. By definition of ag, there is an ng such that all 3-uniform
hypergraphs # on n > nq vertices satisfying &, (H) = (55 + 7)n have an (ag + ¢)-deficient
M-tiling. Hence, by Proposition 22 all 3-uniform hypergraphs H on n > ng vertices
satisfying 01(H) = (& +~ —¢)(3) have an (o + & + 254/€)-deficient M-tiling. We will show
that there exists an ny (to be chosen) such that all 3-uniform hypergraphs H on n > n;
vertices satisfying 6;(H) = (5% +7)(3) have an (ap — €)-deficient M-tiling, contradicting
the definition of ay.

We apply Proposition 15 with the constants v, €/12, d = /2 and t;5 = max{ny, (¢/12)73}
to obtain an n;5 and Ti5. Let ny; = max{ns,no} be sufficiently large and let H be an
arbitrary 3-uniform hypergraph on n > n; vertices which satisfies 6,(H) > (& +7)(53) but
which does not contain an «g-deficient M-tiling. We apply Proposition 15 to ‘H with the
constants chosen above and obtain a cluster hypergraph K = K(¢/12,¢/2, Q) on t > t;5
vertices which satisfies 6;(K) > (& + v —¢)(3). Taking .# to be the largest M-tiling in K
we know by the definition of o and by Proposition 22 that .# is an a;-deficient M-tiling
of IC, for some a1 < ap + 264/¢.

We claim that .# is not («/2)-deficient and for a contradiction, assume the contrary.
Then, from Fact 17, we know that for each M; € . there is a fractional hom(M)-tiling h?
of M; with hl; > 1/3 and weight w(h’) = 8. Hence, the union of all these fractional
hom(M)-tiling gives rise to a fractional hom(M)-tiling h of K with hpy, = 1/3 and weight

w(h) = 84| = t(1 — ag/2).

By applying Proposition 18 to the fractional hom(M)-tiling h (and recalling that the
vertex classes Vi,...,V; of the regular partition has the same size, which was at least
(1 —e/12)n/t) we obtain an M-tiling of H which covers at least

(w(h) — 3te) <1 - 1%) % >(1—ap+e)n
vertices of H. This, however, yields a (ag — €) deficient M-tiling of H contradicting the
choice of H. Hence, .# is not (ap/2)-deficient from which we conclude that X, the set of

vertices in K not covered by ., has size

apt
|X|>70. (8)

For a pair M;M; € (//[) the edge e € K is ij-crossing if e n V(M;)| = e n V(M;)] = 1.

2
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Claim 23. Let C be the set of all triples xij such that x € X, M;M; € (/2//) and there are

at least 29 ij-crossing edges containing x. Then we have |C| = ~(5)|X|/72.

Proof. Let A be the set of those hyperedges in I which are completely contained in X
and let B be the set of all the edges with exactly two vertices in X. Then it is sufficient to

show that 71X 71X
\A|<16<3) and ]B|<2(2)|%|. (9)

Indeed, assuming (9) and |C| < v(5)|X|/72 we obtain the following contradiction

S deg(x) < 31A| + 2/B] + 28 <|X|<|°///’) - ]C\) T 64)c) + (2) |X]

zeX 2

o [5(2) e 5(£) - 3(0) - ()
[(5+3) () @

< [X]-6:(K)

where in the third inequality we used (}) = (|)2<|) + 8| X||.# | + (8|f/|).

Note that the first part of (9) trivially holds since in the opposite case, using the first
part of Proposition 12 we obtain a tight path in X of length at least eight. However,
this path contains a copy of M as a subhypergraph which yields a contradiction to the
maximality of .Z .

To complete the proof let us assume |B| > %('g') || from which we deduce that there
is an M’ € .4 such that V(M'’) intersects at least %('g') edges from B. From V(M') we
remove the vertices which are contained in less than 13| X| edges from B. Note that there
are at least four vertices, say vy, ..., vy, and at least (3 + ¢) (|)2(\> edges from B left which
intersect these vertices. Hence, there exists a pair 1, xs such that {x, x5, v;} € H for all
i =1,...,4. Removing all edges intersecting z,zy we still have at least (3 + 6/2)(”2(‘)
edges intersecting vy, ..., v, and we can find another pair x3, x4 disjoint from x1, zo with
{xg,x4,v;} € H for i =1,... 4. For each v; we can find another edge from B containing v;,
keeping them all mutually disjoint and also disjoint from {z1, x5} and {z3,x,}. This is
possible since each v; is contained in more than 13| X| edges from B. This, however, yields

two copies of M which contradicts the fact that .# was a largest possible M-tiling. [

The set X will be used to show that there is an £ € %9 such that K contains many

copies of L.

Claim 24. There is an element L € %59 and a family £ of vertex disjoint copies of L in
the cluster hypergraph K(g/12,¢/2, Q) such that |£| = yaot/27°.
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Proof. We consider the 3-uniform hypergraph C (as given from Claim 23) on the vertex
set X u .. Note that for fixed ij a vertex x is contained in at most 64 ij-crossing edges,
thus there are at most 254 different hypergraphs with the property that x is contained
in at least 29 edges which are ij-crossing. We colour each edge xij by one of the 264
colours, depending on the 3-partite hypergraph induced on z, M;, andM;. On the one
hand, we observe that a monochromatic tight path consisting of the two edges wij, z'ij € C
corresponds to a copy of L. On the other hand, Claim 23 implies that there is a colour
such that at least
lel ()X ® agyt?

264 = 79 . 964 > 973

edges in C are coloured by it. Hence, by Proposition 12 there is a tight path with agvyt/

272

vertices using edges of this colour only. Note that in this tight path every three consecutive
vertices contain one vertex from X and the other two vertices are from .#. Thus, this
path gives rise to at least agyt/27 pairwise vertex disjoint tight paths on four vertices

such that the ends are vertices from X. O

For any £; € £ we know from Lemma 19 that there is a fractional hom(M)-tiling A’
of £; with hl, > 1/3 and weight w(h') > 16 + 1/3. Furthermore, for every M; € .#
which is not contained in any L; € . we know from Fact 17 that there is a fractional
hom(M)-tiling of h? of M; with bl > 1/3 and weight w(h?) = 8. Hence, the union of

all these fractional hom(M)-tiling gives rise to a fractional hom(M)-tiling h of K with
hmin = 1/3 and weight

1
w(h) = (16 + 3) L+ 8(|#| —2|.L)) = 8|.4| + |"§;|

By applying Proposition 18 to the fractional hom(M)-tiling h (and recalling that the
vertex classes Vi,...,V; of the regular partition has the same size which was at least
(1 —e/12)n/t) we obtain an M-tiling of H which covers at least

(w(h) — 3te) (1 - %) % > (8|///\ + |"2;’ - 3t5) (1 _ 1%) %

vertices of H.

Since .4 was an (ag + 264/c)-deficient M-tiling of I, the tiling we obtained above is an
(g — &)-deficient M-tiling of H due to the choice of €. This, however, is a contradiction
to the fact that H does not permit an (g — )-deficient M-tiling. O

3.4. Proof of the path-tiling lemma. In this section we prove Lemma 10. The proof
will use the following proposition which has been proven in [4] (see Lemma 20) in an even

more general form, hence we omit the proof here.
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Proposition 25. For all d and 8 > 0 there exist ¢ > 0, integers p and mqy such that for
all m > myg the following holds. Suppose V = (Vi,Va,V3) is an (e, d)-regular triple with
\Vi| = 3m for i = 1,2 and |V3| = 2m. Then there there is a loose path tiling of V which
consists of at most p pairwise vertex disjoint paths and which covers all but at most fm

vertices of V.

With this result at hand one can easily derive the path-tiling lemma (Lemma 10) from
the M-tiling lemma (Lemma 11).

Proof of Lemma 10. Given v > 0 and a > 0 we first apply Proposition 25 with d = /3
and 8 = «a/4 to obtain & > 0, p/, and mg. Next, we apply Lemma 11 with /2 and «/2 to
obtain ny;. Then we apply Proposition 15 with ~, d and ¢ = %min{d/Q, ', a/8} from above
and tg = ny; to obtain Ty and ny5. Lastly we set ng = max{nis,27yme} and p = p'Tp.

Given a 3-uniform hypergraph H on n > ng vertices which satisfies §;(H) > (% + ”y) (g)
By applying Proposition 15 with the constants chosen above we obtain an (e, t)-regular
partition Q. Furthermore, we know that the corresponding cluster hypergraph K =
K(e,d, Q) satisfies 6;(K) > (7/16 + v/2)(}). Hence, by Lemma 11 we know that there
is an M-tiling .# of K which covers all but at most at/2 vertices of K. Note that the
corresponding vertex classes in H contain all but at most an/2 + |V;| vertices.

We want to apply Proposition 25 to each copy M’ € .4 of M. To this end, let {1, ..., 8}
denote the vertex set of such an copy M’ and let 123, 345, 456, 678 denote the edges of M’.
Further, for each a € V(M) let V, denote the corresponding partition class in H. We split
Vi, i =3,4,5,6, into two disjoint sets V;! and V;? of sizes |V}}| = 2|V;|/3 and |V?| = |V;|/3
for i = 3,6 and |V}!| = |V?| = |Vi|/2 for i = 4,5. Then the tuples (Vi, V5, V3'), (Vs, V7, Vi)
and (V2, VLV, (V2 V2 V@) all satisfy the condition of Proposition 25, hence, there
is a path tiling of these tuples consisting of at most 4p’ paths which covers all but at
most 124n/t vertices of Vi,..., Vs.

Since .# contains at most ¢/8 elements we obtain a path tiling which consists of at
most 4p't/8 < p'Ty/2 < p paths which covers all but at most 125n/t x t/8 vertices.
Consequently, the total number of vertices in H not covered by the path tiling is at
most 35n/2 + an/2 + |Vo| < an. This completes the proof of Lemma 10. O
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