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ABSTRACT. We introduce ezacting cardinals and a strengthening of these, ultraexact-
ing cardinals. These are natural large cardinals defined equivalently as weak forms of
rank-Berkeley cardinals, strong forms of Jénsson cardinals, or in terms of principles of
structural reflection. However, they challenge commonly held intuition on strong axioms
of infinity.

We prove that ultraexacting cardinals are consistent with Zermelo-Fraenkel Set The-
ory with the Axiom of Choice (ZFC) relative to the existence of an 10 embedding. How-
ever, the existence of an ultraexacting cardinal below a measurable cardinal implies the
consistency of ZFC with a proper class of I0 embeddings, thus challenging the linear—
incremental picture of the large cardinal hierarchy.

We show that the existence of an exacting cardinal implies that V is not equal to
HOD (Godel’s universe of Hereditarily Ordinal Definable sets), showing that these cardi-
nals surpass the current hierarchy of large cardinals consistent with ZFC. We prove that
the consistency of ZFC with an exacting cardinal above an extendible cardinal refutes
Woodin’s HOD Conjecture and Ultimate-L Conjecture. Finally, we establish the con-
sistency of ZFC with the existence of an exacting cardinal above an extendible cardinal
from the consistency of ZF with certain large cardinals beyond choice.
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1. INTRODUCTION

1.1. Background. Scott’s inconsistency theorem [37] asserts that the theory ZFC+V =L
(i.e., Zermelo-Fraenkel set theory plus the axiom of Choice, together with the Axiom of
Constructibility, which asserts that the set-theoretic universe V' equals Godel’s constructible
universe, L) is inconsistent with the existence of a non-trivial elementaryﬂ embedding from
V to a transitive clas&ﬂ M, a kind of embedding that can be obtained from the existence
of a measurable cardinal. It was then shown by Keisler that, conversely, the critical point
of such an embedding, i.e., the least ordinal that is moved by it, is a measurable cardinal
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1I.e,7 truth-preserving.

2Recall that a class or a set is said to be transitive if it contains all elements of its elements.
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(see [28, 5.5, 5.6]). These large cardinals were introduced by Ulam [39] and are defined as
cardinals k carrying a total k-complete, uniform, two-valued measure. The Scott-Kiesler
proofs show in fact that ZFC + V = L is inconsistent with the existence of a non-trivial
elementary embedding from a rank-initial segment V1 of the universe V into a transitive
set M. Here, recall the definition of the von Neumann hierarchy of sets given inductively
by Vo = &, Voyr1 = P(V.), and taking unions at limit stages.

There is a rich world of large cardinals defined in terms of the existence of elementary
embeddings j : V, — N, where V,, is a rank-initial segment of V' and N is a transitive set,
with various closure properties. While such embeddings are incompatible with the Axiom
of Constructibility, L can glimpse a modest outline of these in the form of so-called weak
large cardinals, in which one substitutes the domain V,, of the elementary embedding by an
elementary substructure of the same size as the critical point of the embedding. Effectively
one avoids Scott’s inconsistency by restricting partial measures on the critical point k. There
are many examples of these, including weakly compact cardinals (a weak form of measurable
cardinals introduced by Erdés and Tarski [21]), strongly unfoldable cardinals (introduced by
Villaveces [40] as a weak form of strong cardinals), subtle cardinals (a weak form of Vopénka
cardinals), as well as weakly extendible cardinals (recently introduced by Fuchino and Sakai
[22]), and C(™-strongly unfoldable cardinals, introduced by the second and third authors
in [6] as a weak version of C("-extendible cardinals [I] which generalizes both Villaveces’
notion of strongly unfoldable cardinals and Rathjen’s notion of shrewd cardinals [35].

Reaching upon the highest end of the large-cardinal spectrum, we have Kunen’s inconsis-
tency theorem [26], which asserts that the existence of a non-trivial elementary embedding
j 'V — Visinconsistent with ZFC. The existence of such an embedding had been proposed
by Reinhardt in his 1968 Berkeley PhD thesis as the ultimate large-cardinal axiom. With
the Axiom of Choice playing an essential part in the proof, Kunen’s inconsistency theorem
shows, in fact, that the existence of a non-trivial elementary embedding j : Vyyo — Vijo is
inconsistent with ZFC. Thus, we have two dividing lines in the hierarchy of large cardinals:
one separating those consistent with the Axiom of Constructibility from those which are
not, and one separating those consistent with the Axiom of Choice with those which are
not.

Just like the anti-constructibility cardinals project their shadows onto L, one finds vestiges
of Reinhardt’s dream in the world of ZFC. Examples of these are the well known large-
cardinal principles 13, 12, I1, and 10 (see [25, 24]), the last of which was introduced by
Woodin in 1984 in order to prove the consistency of the Axiom of Determinacyﬂ Laver
[28] uncovered a close connection between cardinals of this sort and finite left-distributive
algebras, and this fact later led to deep connections between large cardinals, finite left-
distributive algebras, arithmetic (see, e.g.,[20]), knot theory (see, e.g., [I3] and [12]), and
braid theory (see, e.g., [16]).

In this work, we introduce new large cardinals, which we call exacting and ultraexacting,
and show that they are consistent with ZFC relative to 10. These new cardinals are obtained
as direct analogues of the weak large cardinals compatible with V' = L. Starting from
cardinals incompatible with ZFC (specifically, with rank-Berkeley cardinals in the sense
of [24]), we weaken the definition by shrinking the domains of the elementary embeddings,
from some V,, to an elementary substructure of V,, containing the supremum A\ of the critical
sequenceﬁ as well as V), as a subset. Thus, we obtain the following analogy:

Exacting _ Weakly compact  Strongly unfoldable
Rank-Berkeley Measurable N Supercompact

In the case of ultraexacting cardinals we also demand that the restriction of the embedding
to V) belongs to its domain.

We prove that, surprisingly, exacting cardinals imply V is not equal to HOD (Godel’s
universe of Hereditarily Ordinal Definable sets), and so they establish a third dividing line in
the hierarchy of large cardinals, namely between those that are compatible with V' = HOD,

3Woodin later reduced the large-cardinal hypothesis for this theorem, which appeared in print as [41].
4Recall that the critical sequence of a non-trivial elementary embedding j between set-theoretic structures
is the sequence (A, | m < w), where Ag is the critical point of j and A1 = j(Am).
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which include all traditional large cardinals, and those that are not. Thus they challenge
the commonly held intuition about strong axioms of infinity that, as with all such axioms
considered so far, they should be compatible with V' = HOD. Moreover, we show that
these large cardinal axioms challenge the linear—incremental picture of the large cardinal
landscape in the sense that they interact in rather extreme ways with other large cardinal
axioms, in terms of consistency strength. For instance, the existence of an ultraexacting
cardinal below a measurable cardinal implies the consistency of ZFC with a proper class of
10 cardinals.

1.2. The HOD Conjecture. Woodin’s HOD Conjecture was introduced about a decade
ago and formalizes the intuition that the universe of sets V' is “not far” from HOD. It asserts
that the theory ZFC + “there is an extendible cardinal” proves that all sufficiently large
regular cardinals are not w-strongly measurable in HOD (this is weaker than the assertion
that all sufficiently large regular cardinals are not measurable in HOD). The Weak HOD
Conjecture is defined similarly, but with the stronger theory ZFC 4 “there is an extendible
cardinal and a huge cardinal above it”. Many contemporary questions in set theory center
on topics that are linked to the HOD Conjecture. For instance, it is shown in [4] that the
“weak” form of Woodin’s well known Ultimate-L Conjecture has the Weak HOD Conjecture
as consequence.

Part of the appeal of the HOD Conjecture is that it is equivalent to a number-theoretic
question of very low complexity, namely X{, and it is commonly known that all true X{
sentences are provable. Thus the HOD Conjecture must be provable if true. This is a very
appealing aspect of the conjecture if the expectation is that it be true. The downside of
this situation is that the negation of the HOD Conjecture is literally a consistency assertion.
Thus if it is false, one faces the problem that it can only be refuted from hypotheses stronger
than the HOD Conjecture itself in terms of consistency strength, by Godel’s incompleteness
theorems. This is problematic as one must first convince onself that the hypotheses employed
are consistent. Plausibly, the HOD Conjecture fails, with a proof of this only possible from
incredibly strong assumptions.

Let us consider a scenario in which the HOD Conjecture fails. To argue against it, one
would have to (i) exhibit instances of large-cardinal axioms Aj, A, ..., A, (ii) argue that
each axiom A; is consistent relative to a commonly accepted system such as ZFC+ 10, and (iii)
prove that the consistency of the axioms Aj, Ao, ..., A, together refute the HOD Conjecture.
Why multiple axioms A;?7 The current picture of the large cardinal landscape is that these
are generated in a linearly ordered and incremental manner, e.g., weakly compact cardinals
are “much stronger” than any axiom expressible in terms of inaccessibility; measurable
cardinals are “much stronger” than any axiom expressible in terms of weak compactness,
etc. If this picture were to continue, one would expect that the axioms Aq, As,..., A, in
the above scenario can be substituted by a single one, but it is not clear that it should.
Nevertheless, we shall exhibit instances of large cardinal axioms A, Ay, each of which is
consistent relative to ZFC+ 10, and whose joint consistency disproves the HOD Conjecture.
Moreover, the joint consistency of Ap, As is established relative to the consistency with ZF
of large cardinals beyond the Axiom of Choice.

1.3. Summary of results. We now state and summarize the main results of this article.
Exacting cardinals are the subject of We define exacting cardinals and argue that they
are a natural notion, giving alternative characterizations as a weak form of rank-Berkeley
cardinals, as well as a strong form of Jénsson cardinals. We prove that they are consistent
with the Axiom of Choice:

Theorem A. Suppose that I0 holds. Then, there is a set model M of ZFC with an exacting
cardinal.

In particular, this answers [B, Question 10.3]. In we explore the consequences of
exacting cardinals in the context of ordinal definability, and we prove the following:

Theorem B. Suppose that the theory ZFC + “\ is exacting and k < X is extendible” is
consistent. Then, the Weak HOD Conjecture and the Weak Ultimate-L conjecture fail.
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Thus, we have two natural notions of large cardinals, namely exacting and extendible,
each consistent with ZFC, and which together can be used to refute the HOD Conjecture.
Theorem [B] and the fact that exact cardinals imply V' # HOD unveils a third — previously
unobserved — dividing line in the large-cardinal hierarchy and illustrates the following phe-
nomenon: as one considers stronger and stronger large-cardinal axioms, one negates weaker
principles of “regularity” for the universe of sets — first V' = L, then V' = HOD, and finally
the Axiom of Choice. However, unlike the first, the two latter dividing lines are not entirely
determined by the consistency strength of the axioms, as seen from Theorem [A] and by
earlier work of Schlutzenberg [30].

Motivated by our consistency proof for exacting cardinals we introduce the notion of
ultraexacting cardinals. These are obtained from exacting cardinals by enlarging the domain
of the elementary embedding in the simplest non-trivial way, namely by demanding that it
contains the restriction of the embedding to V), where X is the supremum of the critical
sequence. We show in §3| that ultraexacting cardinals are not stronger, consistency-wise,
than the axiom I0:

Theorem C. Suppose that ZFC + 10 is consistent. Then, ZFC + “there is an ultraexacting
cardinal” is consistent.

Nonetheless, ultraexacting cardinals challenge the linear—incremental picture of the large
cardinal hierarchy by interacting in a very nontrivial way with other large cardinals.

Theorem D. The theory ZFC + “there is an ultraexacting cardinal A and Vf 1 exists”
proves the consistency of ZFC + “there is a proper class of 10 embeddings.”

According to Theorem [D] usual large cardinals do not add strength incrementally the
typical way when in the presence of ultraexacting cardinals, and indeed these “amplify”
the usual large cardinals into a natural extension of Woodin’s Icarus hierarchy from [43]
(see [19]). Thus, particularly given Theorem [B| it is not clear a priori that ultraexacting
cardinals should be jointly consistent with extendible cardinals (together with ZFC). But in
we prove the joint consistency of extendible cardinals with ultraexacting cardinals over
ZFC, starting from a relatively mild cardinal in the hierarchy of large cardinals beyond the
Aziom of Choice (see []).

Theorem E. The theory ZF + “there is a C'®)-Reinhardt cardinal and a supercompact
cardinal greater than the supremum of the critical sequence” proves the consistency of the
theory ZFC + “there is an ultraexacting cardinal which is a limit of extendible cardinals.”

It seems unlikely that the hypothesis of Theorem [E| can be weakened substantially, and
indeed we conjecture that the existence of an ultraexacting cardinal above an extendible
cardinal proves the consistency of ZF with rank-Berkeley cardinals.

In §4| and we explore alternative characterizations of ultraexacting cardinals. In
we show that ultraexacting cardinals are equivalent to a natural principle of structural re-
flection. The general principle of Structural Reflection, for a class of structures C of the
same type, asserts that there exists an ordinal « such that for every structure A € C there
is B € CNV, and a non-trivial elementary embedding j : B — A (see [2]). Different forms
of structural reflection have been shown to yield a reformulation of large-cardinal notions of
various kinds (see [Tl B [8, @) Bl @, [32], and the survey [2]), covering all regions of the large-
cardinal hierarchy. Based of this evidence, it has been argued in [2] and [7] that Structural
Reflection is a natural principle that underlies and unifies the whole of the large-cardinal hi-
erarchy. We show (Corollary that ultraexacting cardinals are reasonable large-cardinal
principles by their being equivalent to a form of Structural Reflection we call Square Root
Ezxact Structural Reflection (Definition . Further, in we show that the existence of
ultraexacting cardinals follows from the existence of large cardinals beyond the Axiom of
Choice, such as Reinhardt cardinals, or Berkeley cardinals, and that the latter in turn imply
global forms of Square Root Exact Structural Reflection.

In summary, exacting and ultraexacting cardinals have simultaneous characterizations in
terms of elementary embeddings with sufficiently correct initial segments of the V-hierarchy
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as targets, as the weak forms of rank-Berkeley cardinals, as strong forms of Jénsson car-
dinals, and in terms of principles of structural reflection, arguably instituting the notions
as legitimate large-cardinal axioms. They behave unusually in that their strength increases
dramatically in the presence of other large cardinals, and together with extendible cardinals
they are powerful enough to disprove the Weak HOD Conjecture and the Weak Ultimate-L
Conjecture. Moreover, they are consistent with the Axiom of Choice relative to 10, and also
with extendible cardinals relative to mild Choice-less large-cardinal axioms.

2. EXACTING CARDINALS

Our notation is standard. For background on set theory and large cardinals, we invite
the reader to [25]. Although not necessary to read the article, we refer the reader to [19] for
a comprehensive survey on 10 and to [4] for large cardinals beyond the Axiom of Choice.

Recall that a cardinal s belongs to the class C™) if it is ¥, -correct, i.e., the set V is
a Y,-elementary substructure of V, written Vi, <y V. The following definition from [5]
captures the large cardinal notion corresponding to the strongest principles of structural
reflection studied in that paper. Although we will later prove and make use of alternate
definitions of exactness, we shall keep that of [5] as the “official” definition.

Definition 2.1 ([B]). Let n > 0 be a natural number and let A be a limit cardinal.

(i) Given a cardinal A < n € C™ an elementary submodel X of V) with VAU{\} C X
and a cardinal A < ¢ € CY | an elementary embedding j : X — V¢ is an n-exact
embedding at A if j(A) = A and j [ A #id,.

(ii) Given a strictly increasing sequence X = (A, | m < w) of cardinals with supremum
A, a cardinal kK < Xy is n-exact for X if for every A € Vyy1, there exists an n-exact
embedding j © X — Vi at X with A € ran(j), j(k) = Ao and j(Am) = Ami1
for all m < w. If we further require that j(crit (j)) = k, then we say that k is
parametrically n-exact for X

Observe that parametrically exact cardinals are defined as the image of critical points
of elementary embeddings, in the style of Magidor’s “parametrical” characterization of su-
percompact cardinals (see [33]). Notice also that the set X from the definition of an ex-
act embedding cannot be transitive, for otherwise, since Vy;o € X, the restriction map
7 T Vaga : Vaga — Vg2 would be an elementary embedding, thus contradicting Kunen'’s
inconsistency theorem. Furthermore, Woodin’s proofs of Kunen’s result give us more insight
into which sets are not contained in the domains of 1-exact embeddings:

Proposition 2.2. Ifj : X — V¢ is a 1-ezact embedding at a cardinal X, then X\t ¢ X and
N E X,

Proof. First, assume, towards a contradiction, that AT C X. Since ¢ € C®, we know that
AT < ¢ and AT is definable in V; from the parameter X\. This shows that A* € ran(j) and
we can now use the correctness properties of X to conclude that AT € X with j(AT) = AT.
The same argument now shows that Hy++ is an element of X. Since the existence of a
partition of the set S2" = {y < A* | cof(v) = w} into crit (j)-many stationary sets can be
stated in Hy++ by a formula that only uses the parameter A, it follows that there exists such
a partition S = (S, | a < crit (j)) that is an element of X. Elementarity then ensures that
§(S) = (T | B < jlerit (4))) is a partition of SAT into j(crit (j))-many stationary subsets.
Define C' = {y € $3" | j(7) =7}.

Claim. C is an w-closed unbounded subset of \T.

Proof of the Claim. Given v < AT, let {7, | n < w) denote the unique sequence with 9 =~y
and Yp41 = j(yn + 1) for all n < w. Set 74, = sup,., T € Sﬁ+ C X. The correctness
properties of X then imply that X contains a strictly increasing sequence (8,, | m < w) of
ordinals that is cofinal in ~,,. Our construction now ensures that j(3,,) < 7, holds for all
m < w. Since elementarity implies that (j(8,,) | m < w) that is cofinal in j(7,), it follows
that ~, € C.
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Next, fix an element v of S£+ that is a limit point of C'. As above, we know that X contains
a strictly increasing sequence (f8,, | m < w) that is cofinal in . Given m < w, there exists
¥ € C with B, < ¥ < v and this implies that j(8,,) < ¥ < 7. Since (j(Bm) | m < w) is
cofinal in j(v), we can now conclude that v € C. O

The above claim shows that there exists v € C'N T,y4(5). Then there is a < crit (j) with
7 € So and we can conclude that v = j(v) € To N Terie(j) = @, a contradiction.

Now, assume that [A]* C X. Arguing as above, we can show that X contains a surjection
from [A]“ onto AT. Therefore, our assumption implies that A™ C X, in contradiction to the
above conclusion. ]

The notion of exactness is motivated by its connection with Structural Reflection. The-
orem below, quoted from [B, Corollary 9.10], presents this connection and clarifies the
role of the parametric form of the definition.

It is easy to see that, if j : X — V; is a l-exact embedding at some limit cardinal A,
then j [ V) : V), — V), is an 13-embedding, i.e., a non-trivial elementary embedding from
Vi to V. From this it follows that the existence of a l-exact embedding at A implies that
A is a limit of n-huge cardinals for all n < w (see [25], p. 332]).

Our first goal, in and §2.2|below, is to further motivate the notion of exact embeddings
by giving two alternate characterizations of their existence, one as a weak form of rank-
Berkeleyness and another as a strong form of Jénssonness.

2.1. Exactness and rank-Berkeley cardinals. The following lemma establishes a fact
about n-exact embeddings which might be surprising: the existence of such embeddings
does not depend on the parameter n.

Lemma 2.3. Given a natural number n > 0, the following statements are equivalent for
every limit cardinal A\ and every set x:

(i) There is an n-exact embedding j : X — V¢ at X with x € X and j(z) = .

(ii) For every ¢ > A with x € V¢, there is an elementary submodel X of V. with
ViU {\ 2} C X, and an elementary embedding j : X — V¢ with j(A) = A,
j@) ==, and j | A # id,.

(i) For every ¢ > X with x € Vi and every a < A, there is an elementary submodel
X of Ve with VA U{\,z} C X, and an elementary embedding j : X — V¢ with
JAN) =X j@)=z,j Ta=1ids, and j [ X #id,.

Proof. |(1)(iil)f Assume, towards a contradiction that holds and fails, and let £ > A

be minimal with the property that € V¢ and there is an o < A such that for every
elementary submodel X of Ve with V) U {\, 2} C X, there is no elementary embedding
j: X — Ve with j(A) = A, j(x) ==, j | @ =1ida, and j | A # idy. Then the set {£}
is definable by a Ys-formula with parameters A and x. Now, let § < A be minimal such
that for every elementary submodel X of Ve with Vy U {A, 2} C X, there is no elementary
embedding j : X — V¢ with j(A) = A, j(z) =2, j [ B =idg, and j [ A # idx. Then
the set {f} is also definable by a Yo-formula with parameters A and x. Using we can
now find a cardinal A < € C™ an elementary submodel X of V, with VA U {2} C X,
a cardinal A\ < ¢ € C"tD) and an elementary embedding j : X — Ve with j(A) = A,
j(z) =z and j [ XA #idy. Since n+1 > 2, the correctness properties properties of V¢ ensure
that the ordinals & and 8 are both smaller than ¢, and the sets {{} and {8} are definable
in Vi by ¥s-formulas with parameters A and x. Moreover, since j(A) = A and j(z) = =,
we can use the fact that ¥s-formulas are upwards absolute from X to V' to conclude that
& and § are both contained in X with j(§) = £ and j(8) = 8. Set Y = X NV and
i =j |'Y. Since elementarity implies that Ve € X with j(V¢) = V¢, we then know that Y is
an elementary submodel of Ve with Vi U {A,z} C Y. Moreover, it follows that i : Y — V¢
is an elementary embedding with i(A) = A, i(z) = z, and i [ A # id). By our assumptions,
we now know that ¢ [ 8 # idg. Using the fact that i(8) = 8, we can now conclude that
B> w, i(Vgye) = Vayo and ¢ [ Vayo @ Vapa —> Viyo is a non-trivial elementary embedding,
contradicting the Kunen inconsistency. Trivial. — Pick ¢ € C"*tD with
x € V¢ and use to obtain an n-exact embedding. O
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Note that the above implication |(i)(iii)| does not work when we prescribe the critical
sequence of the embedding, because then the least counterexample is only definable by using
the sequence as a parameter and it is no longer possible to show that this ordinal is fixed
by the embedding, because the parameter is not. We will return to this in §3]

In addition, observe that item in the lemma above is Il expressible, using A and = as
parameters. Thus, if A is the least ordinal for which holds for a given set x, then there
is no cardinal in C® below A and above the rank of z. In particular, there is no extendible
cardinal below the least A for which there is a 1-exact embedding at A. Moreover, if V' is a
model of ZFC which satisfies that there is a 1-exact embedding at A, with A being the least
such, and there is an inaccessible cardinal x above A, then, by of the lemma above, the
set V, is a model of ZFC with a 1-exact embedding at A and with no regular cardinal in
C®), hence with no extendible cardinals.

In [24], working in ZF, Goldberg and Schlutzenberg defined a cardinal A to be rank-
Berkeley if for all ( > A and all a < )\, there exists a non-trivial elementary embedding
Jj Ve — Ve with a < crit(j) < A and j(A) = A. The equivalences given by Lemma
now show that the existence of 1-exact embeddings corresponds to rank-Berkeleyness in the
same way as strong unfoldability corresponds to supercompactness (as shown in [3I] and
[32]). Only this time, instead of canonically weakening a large cardinal property implying
V' # L to obtain a notion compatible with V' = L, we weaken a property implying a failure
of the Axiom of Choice in the same way to obtain a notion compatible with this axiom.
Motivated by these analogies, we introduce a name for the isolated property:

Definition 2.4. A cardinal A is exacting if for all { > X and all « < A\, there exists an
elementary submodel X of Ve with VAU{A} C X and an elementary embedding j : X — V¢
with j(A) = A, j [ a=id, and j [ X # id,.

If A is an exacting cardinal, then there is a non-trivial elementary embedding from V) to
V. Therefore, the Kunen inconsistency implies that all exacting cardinal are elements of
CM with countable cofinality. In particular, if X is as in Definition [2.4] then we can assume
that |X| = A. Applying Lemma ton =1 and z = &, immediately yields the following
equivalence:

Corollary 2.5. A cardinal X\ is exacting if and only if there is a 1-exact embedding at \. O

We now turn to model-theoretic characterizations of exacting cardinals.

2.2. Exactness and Jdénsson cardinals. Recall that a cardinal A is Jonsson if every
structure in a countable first-order language whose domain has cardinality A has a proper
elementary substructure of cardinality A (see [25] p. 93]). In the following, we will show that
being an exacting cardinal can be regarded as a strong form of Jénssonness that ensures
the existence of proper elementary substructures of the same cardinality that also possess
certain external properties of the original structure. In addition, we will also derive a dual
version of this result that demands the existence of proper elementary superstructures of
the same cardinality and which has no non-trivial equivalent in the classical case.

Proposition 2.6. Let A\ be an ezxacting cardinal and let C be a class of structures in a
countable first-order language that is definable by a formula with parameters in Vy U{A}. If
B is a structure of cardinality A in C, then there exist structures A and C of cardinality X in
C such that A is isomorphic to a proper elementary substructure of B and B is isomorphic
to a proper elementary substructure of C.

Proof. Fix a natural number n > 0, a 3,-formula ¢(vg, v1,v2) and z € V) such that C =
{A ] p(A, N 2)}. Pick A < ¢ € C"F3) and use Lemmato find an elementary submodel
X of Ve with V) U {A} € X, and an elementary embedding j : X — V; with j(\) = A,
j(z) =z, and j | X # id.

First, assume, towards a contradiction, that C contains a structure of cardinality A that
does not contain a proper elementary substructure of cardinality A that is isomorphic to
a structure in C. The correctness of X for 3,3 sentences then implies that X contains
a structure B with this property. Moreover, since A is a subset of X, it follows that the
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domain of B is also a subset of X and this implies that j induces an elementary embedding
of B into j(B). Let b € X be a bijection between A\ and the domain of B. Given o < A, we
have
j(b(a)) = j(b)(J(a)) € j(b)[F[A]

and, since j[A] is a proper subset of A, we can conclude that the elementary embedding of
B into j(B) induced by j is not surjective. In particular, the pointwise image of B under
this embedding is a proper elementary submodel of j(B) of cardinality A that is isomorphic
to the element B of C, contradicting the properties of j(B).

Now, assume, towards a contradiction, that C contains a structure of cardinality A that is
not isomorphic to a proper elementary substructure of a structure of cardinality A in C. As
above, we can find a structure B in X with this property. We then know that j(B) is also
structure in C and j induces an elementary embedding of B into j(B) that is not surjective,
contradicting the properties of B. a

The next proposition shows that the existence of a 2-exact embedding follows from each
of the above conclusions for a single ¥3-definable class of structures:

Proposition 2.7. There exists a class C of structures in a finite first-order language such
that the following statements hold:
(i) The class C is definable by a X3-formula without parameters.
(ii) A cardinal is contained in the class CV) if and only if it is the cardinality of a
structure in C.
(iil) If X\ is cardinal with the property that there are structures A and B of cardinality A
in C such that A is isomorphic to a proper substructure of B, then A is an exacting
cardinal.

Proof. Let L denote the first-order language that extends the language of set theory by a
constant symbol and a unary function symbol, and let C denote the class of all £-models
(X, E, A, s) such that the following statements hold:

e \is a cardinal in C'(V).
e There is a cardinal 7 in C® such that X is an elementary substructure of V; of
cardinality A with V), U{A} C X.
e =€ (X xX).
e s | A: A — X is a surjection.
Then C is definable by a ¥3-formula without parameters. Moreover, it is easy to see that
the class C(M) coincides with the class of cardinalities of structures in C.

Now, assume that X is cardinal with the property that the class C contains structures
A=(X,€ )\ s) and B = (Y, €,\,t) such that A is isomorphic to a proper substructure of
B. Then there exist cardinals 7 and ¢ in C® such that X is an elementary submodel of
V, with VA U{A} € X and Y is an elementary submodel of V; with VA U{A} C Y. Our
assumption now yields an elementary embedding j : X — V¢ with j(A\) = A, j[X] C Y
and j(s(a)) = t(j(a)) for all « < A. We can then find o < X\ with t(a) ¢ j[X]. Since
t(j(@)) = j(s(a)) € j[X], it follows that j(a) # « and j | A # idy. By Lemma [2.3] this
shows that X is an exacting cardinal. |

The following corollary gives an example of how the above results can be applied to obtain
a characterization of being an exacting cardinal as a strengthening of being Jénsson:

Corollary 2.8. The following are equivalent for each cardinal A € C™):

(i) The cardinal A is exacting.

(ii) For every class C of structures in a countable first-order language that is definable
by a formula with parameters contained in Vy U {\}, every structure of cardinality
A in C contains a proper elementary substructure of cardinality A that is isomorphic
to a structure in C.

(iii) For every class C of structures in a countable first-order language that is definable
by a formula with parameters contained in VyU{A}, every structure of cardinality

in C is isomorphic to a proper elementary substructure of a structure of cardinality
AinC. ]
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Recall that the existence of a Jénsson cardinal implies V' # L (see [25], 8.13]). We will
show in below that, similarly, the existence of an exacting cardinal implies V' # HOD.
However, while the consistency strength of the existence of a Jénsson cardinal of cofinality
w is that of a measurable cardinal (see [34]), and the existence of a measurable cardinal
implies V' # L, the consistency of the existence of an exacting cardinal can be established
relative to large cardinals compatible with V' = HOD.

2.3. The consistency of exact cardinals. In this section, we answer one of the main
questions left open by the results of [5, Question 10.3] by showing that the consistency of
the existence of n-exact cardinals can be established from a well-studied very strong large
cardinal assumption not known to be inconsistent with ZFC. Recall that 10 is the assertion
that there exists a non-trivial elementary embedding j : L(Vay1) — L(Va41), for some A,
with crit (j) < A\. We shall refer to such an embedding as an I0 embedding. Note that since
we work in the context of ZFC, an 10 embedding, being a proper class, is implicitly assumed
to be definable, possibly with parameters (see the proof of [43] Lemma 5] for more details).

Theorem 2.9. If j : L(Vay1) — L(Vag1) is an 10 embedding with critical sequence X =
(A | m < w), then there is a set-sized transitive model M of ZFC such that A € M and, in
M, the cardinal Ao is parametrically n-exact for (Amy1 | m < w) for every natural number
n > 0.

Proof. We start with an observation needed for the construction of the model with the listed
properties.

Claim. There exists a wellordering <1 of V) of order-type A\, with j(<) = <.

Proof of the Claim. Pick a wellordering <1p of V), and let <1 = j(<p) \ <o. Given <,
for some 0 < m < w, set <py1 = Jj(<m). Finally, let < = (J,,.,, <m. Then < is as
required. (Il

Now, set I' = V3 U{X, <} and note that this set belongs to L(Vi41). By using <, in L(T),
we may easily wellorder I' in order-type A, so that L(T") is a model of ZFC. Moreover, since
j(<) = <, we have that j(I') = Vi U {j(X), <}, hence L(I') = L(j(I')), and so j | L(T) :
L(T') — L(T") is an elementary embedding. Let M = Ly+(T).

Claim. M satisfies ZFC and j | M : M — M is an elementary embedding.

Proof of the Claim. Since j : L(Vay1) — L(Vy41) is an 10 embedding, it follows that A% is
measurable in L(Vy11) by a theorem of Woodin (see, for example, [19, Theorem 6.2]). Thus,
L(T) is a model of ZFC and there is an L(T')-ultrafilter on A", so A is strongly inaccessible
in L(T), and so M is a model of ZFC. Moreover, since j(A\) = A and (AT)L(Va+1) = A+,
the cardinal AT is a fixed point of j and therefore j [ M : M — M is an elementary
embedding. |

Now, fix a natural number n > 0 and assume, aiming for a contradiction, that, in M, the
cardinal )¢ is not parametrically n-exact for (A1 | m < w). Pick an ordinal A < ¢ < AT
such that j(¢) = ¢ and ¢ € (C(+D)M,

Working in M, pick A € V)41 with the property that there is no n-exact embedding
i:Y — V¢ with Y an elementary submodel of V; containing Vy U {A}, A € ran(i),
i(crit (7)) = Ao, and i(Ay,) = Ay for all m < w. Without loss of generality, we may
assume that A ¢ \gU{\,, | m < w}. The elementarity of j | M then implies that, in M, for
every elementary submodel Y of V; with V) U{A\} C Y, there is no elementary embedding
i:Y — V¢ with j(A) € ran(i), i(crit (¢)) = A1, and i(Ap+1) = Ao for all m < w.

Still working in M, let Xy be an elementary submodel of V; of cardinality A with the
property that Vy U {\, A} C X,. Pick a bijection by : A — X, satisfying by(0) = A,
bo(m + 1) = Ay, for all m < w and bo(w + @) = a for all @ < Ag. Set X7 = j(Xp) and
by = j(bg). Since M is closed under j, we have X;,b; € M. The set X; is an elementary
submodel of V¢ of cardinality A with V) U{\,j(4)} € X; and b, : A — X; is a bijection
with b1(0) = j(A), bi(m + 1) = Apy1 for all m < w, and by (w + ) = «a for all & < A;.
Moreover, note that

byo(jIA) = (41 Xo)obo (1)
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holds, i.e., the following diagram commutes:

A —2 X,

)

)\?Xl

From the fact that j(Xo) = X; it follows that j | X : Xg — X; is an elementary
embedding. Using this, consider now the following diagram for a fixed m < w,

A X
mtl b1 Am41 !

and observe that the map j [ A, is the identity on A and that the map j | (bg[Ar]) yields a
partial elementary embedding from X, to X7, in the sense that for every first-order formula
¢(Z) and every tuple @ € by[\,,], we have

Xo E ¢(a) if and only if X; E ¢(j(@)).
Let us define T to be the set of all functions ¢ : A,;, — Ap41, for some m < w, satisfying
the following properties:
(i) t [ Ao =1idy,,
(ii) t(A\k) = Agx1 for k < m,
(iii) the function
ty : bo[)\m] — X4
x> (byotoby')(x)
is a partial elementary embedding from X, to X7, i.e., the map ¢ has the property
that the following diagram commutes:

bo[Am

A'rn - bO [A'm]

A —X
mtl b1 Am+41 !

Note that ensures that

holds for all m < w, and therefore we have verified that j [ A\, € T for all m < w.

By ordering T under end-extensions, we can turn 7" into a tree of height at most w. Since
j I Am €T for all m < w, the tree T has an infinite branch in V' and hence it has an infinite
branch B in M as well. Then |J B is a function from A to A and, if we define

i=bio(UB)obg" s Xo— X,

then 7 yields an elementary embedding of Xg into VCM in M with j(A) € ran(i), i [ Ao = idy,,
and i(\;,) = A\ppy1 for all m < w. This contradicts our earlier assumptions. O

The existence of an exacting cardinal appears to be a sensible large-cardinal principle,
for, as shown in [5] (see Theorem below), it is equivalent to a principle of Structural Re-
flection. This impression is further reinforced by the equivalence between being an exacting
cardinal and a strong form of Jénssonness, given in above. However, as we will next
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show, the existence of these cardinals fundamentally differs from all standard large cardinal
axioms, as they imply the existence of non ordinal-definable sets.

2.4. V is not HOD. Recall that, given a class I, the class ODr consists of all sets that are
definable from parameters in 'UOrd, and HODr is the class of all sets = with tc({z}) € ODr.

Theorem 2.10. If A is an exacting cardinal, then X is a regular cardinal in HODy, , and
therefore HODy, # V.

Proof. Assume, towards a contradiction, that A is singular in HODy, . Then there is x € V),
such that A is singular in HODy,;. Pick A < ¢ € C® and a < X with 2 € V, and

cof()\)HOD{” < a. Since A is exacting, we can find an elementary submodel X of V, with
VAU {A} € X and an elementary embedding j : X — V with j(A) =X and j | o = id,.
Now, let ¢ : cof(A)TOPt=} — X be the least cofinal function from cof(A)*°P%} to X in

HODy,, with respect to the Ys-definable canonical wellordering of HOD ;. Since ¢ € c®),

it follows that, in V¢, the function ¢ is also the least cofinal function from cof (/\)HOD{””} to

A in HODy,y, and therefore it is uniquely defined by this property, in the parameters A,
cof()\)HOD{I} and z. Hence, we know that c is an element of X, and this set is defined in X
by the same property and with the same parameters. Since j fixes A, cof()\)HOD{” and x,
it follows that j(c¢) = ¢. Moreover, since j | = id,, we also know that j(c(€)) = ¢(§) holds
for all £ < cof ()\)HOD“’}. Now, note that, since V), € X, the Kunen inconsistency implies
that A is the supremum of the critical sequence of j and all but boundedly many ordinals
below A are moved by j. We now derived a contradiction, because we have also shown that
ran(c) is a cofinal subset of A with j | ran(c) = id,an(c)- O

Theorem [2.10] shows that exacting cardinals cause a strong form of the Axiom of Choice
to fail. More specifically, if A is an exacting cardinal, then no wellordering of V' is definable
using parameters in V,\E| However, by the proof of Theorem the existence of an exacting
cardinal X is consistent with the assumption that V' = HODy,, (since the model M in the
proof satisfies this) and therefore also with the existence of a wellordering of V' that is
definable from parameters in V)1, so Theorem is best possible.

Corollary 2.11. If ZFC together with the existence of an 10 embedding is consistent, then
this theory does not prove the existence of an exacting cardinal.

Proof. Standard class forcing arguments (due to Jensen and MacAloon) show that if ZFC is
consistent with the existence of an 10 embedding, then this theory is also consistent with the
statement that V' = HOD. For suppose j : L(Vx11) — L(Vy41) is an 10 embedding. By the

proof of [43, Lemma 5], we may assume that j is induced by an ultrapower of L(V)11) using
an ultrafilter U on V/\Lg/”l). Let u € C™ be a cardinal greater than X\. Then one can first
force the GCH above p, and then force V' = HOD via a class forcing P that codes every set
in the forcing extension into the power-set function on cardinals above u, so that the forcing
notions are p-closed, and therefore do not change V,,. Since these class forcings do not
add new elements of V,,, these forcings do not change L(Vx11) and, when we construct the
ultrapower of L(Vx41) by U in the forcing extension, then we again obtain the embedding
Jj i L(Vay1) — L(Viay1). This shows that the given class forcing extension is a model
of ZFC containing an 10 embedding and satisfying V' = HOD. Finally, an application of
Theorem [2.10] shows that this model does not contain exacting cardinals. O

We have shown (Theorem that the existence of an exacting cardinal causes HOD
to be incorrect about its regularity. Thus, in view of Woodin’s HOD Dichotomy Theorem
[44] Theorem 3.39], the existence of an exacting cardinal is therefore particularly inter-
esting in the presence of other large cardinals, e.g., extendible cardinals, for the existence

of an extendible cardinal below an exacting cardinal implies the failure of Woodin’s HOD
Hypothesis. This will be the theme of §6] below.

5Note that the existence of such a wellordering is equivalent to the assumption V' = HODy, .
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3. ULTRAEXACTING CARDINALS

Proposition shows that we can strengthen the notion of an exact embedding at a
cardinal A by demanding that certain elements of V)11 are contained in the domain of the
embedding. In the proof of Theorem 2.9 above, the embedding i : Xo — X constructed is,
in general, different from the embedding j [ X : X — X3 induced by the I0-embedding,
and its existence is only guaranteed by an absoluteness argument. In particular, since we
first chose the model X and then constructed the embedding i, we cannot expect the map
i [ V) to be an element of X;. These observations motivate the notion introduced in the
next definition:

Definition 3.1. Let n > 0 be a natural number and let X be a limit cardinal.

(i) An n-ultraexact embedding at X is an n-ezact embedding j : X — V; at X with
the property that j | Vy € X.

(ii) Given a strictly increasing sequence X = (A, | m < w) of cardinals with supremum
A, a cardinal K < Ag is n-ultraexact for X if for every A € Vyy1, there exists
an n-ultraezact embedding j : X — V¢ at A with A € ran(j), j(k) = Ao and
J(Am) = A1 for allm < w. If we further require that j(crit (§)) = &, then we say
that k is parametrically n-ultraexact for X

3.1. Ultraexactness and rank-Berkeley cardinals. Lemma[3.2 below is an analogue of
Lemma which establishes that, as in the case of n-exact embeddings, the existence of an
n-ultraexact embedding at a limit ordinal A does not depend on the parameter n.

Lemma 3.2. Given a natural number n > 0, the following statements are equivalent for
every limit ordinal A and every set x:

(i) There is an n-ultraezact embedding j : X — Ve at X with x € X and j(z) = .

(ii) For every ¢ > A with x € V¢, there is an elementary submodel X of V. with
ViU {\ 2} C X, and an elementary embedding j : X — V¢ with j(A) = A,
j@)y=x, j I A#idy and j [ V) € X.

(i) For every ¢ > X with x € Vi and every a < A, there is an elementary submodel
X of Ve with VAU {\,z} C X, and an elementary embedding j : X — V with
N =XNj@)=z,jla=idy, j [A#idy and j [ V) € X.

Proof. Argue as in the proof of Lemma taking into account the extra requirement that
jiTVyeX. O

As before, we can abstract from Lemma [3.2] a characterization of the existence of ultra-
exact embeddings as a weak form of rank-Berkeleyness, leading to the following definition:

Definition 3.3. A cardinal A is ultraexacting if for all { > X and all « < A, there is an
elementary submodel X of Vi with VAU{A} C X and an elementary embedding j : X — V¢
with J(A) =X, jla=ids, j [ A#idy and j [ V) € X.

Thus, ultraexacting cardinals are defined just like exacting cardinals, except for the re-
quirement that the embeddings satisfy 7 [ Vo € X. Observe that this condition holds
trivially for embeddings obtained from a rank-Berkeley cardinal. Applying Lemma to
n =1 and x = &, we obtain the following direct analog of Corollary

Corollary 3.4. A cardinal A is ultraezacting if and only if there is a 1-ultraexact embedding
at . |

It is easy to see that, by Lemma the observations about the interplay between 1-
exact embeddings and extendible cardinals stated after Lemma 2.3 also apply in the case of
1-ultraexact embeddings. In the following, we discuss an aspect of n-ultraexact embeddings
that has no direct analog for n-exact embeddings. Lemma shows that, if there is a
cardinal that is 1-ultraexact for some sequence of cardinals with supremum A\, then A is an
ultraexacting cardinal. The next corollary uses the lemma to derive a strong converse of this
implication. In particular, it shows that the existence of n-ultraexact cardinals is equivalent
for all natural numbers n > 0.
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Corollary 3.5. For each natural number n > 0, every ultraexacting cardinal X is a limit of
cardinals that are parametrically n-ultraezact for a sequence of cardinals with supremum A.

Proof. Fix o < X and A < np € C™*+2), Our assumption on X yields an elementary submodel
X of V,, with Vy U{A} € X and an elementary embedding j : X — V, with j(\) = A,
Jla=ids, j [ A#idy, and j | V) € X. Let (A, | m < w) denote the critical sequence
of j. Then oo < Ay < A1 and sup,, ., Am+2 = A. Assume, towards a contradiction, that A\
is not parametrically n-ultraexact for (A,4+2 | m < w). Then there exists A € Vyy; with
the property that there is no n-ultraexact embedding ¢ : ¥ — V; at A with A € ran(i),
i(crit (7)) = A1, ¢(A1) = A2 and i(Ap42) = Amys for all m < w. Since A, A; and the sequence
(Am42 | m < w) are all contained in ran(j), the correctness properties of V;, and X allow
us to find such an A € V)41 that is contained in ran(j). But, this yields a contradiction,
because j is an n-ultraexact embedding at A\ with A € ran(j), j(crit () = A1, j(A1) = Ao
and j(Am42) = Amas for all m < w. O

Note that the above argument cannot be adapted to n-exact embeddings j : X — V¢
with critical sequence (A, | m < w), because the sequence (Ap, 42 | m < w) might not be an
element of ran(j). Very similar problems arise in [B, Question 10.4].

Analogous to the results of it is also possible to characterize the property of being an
ultraexacting cardinal as a further strengthening of the property of being Jonsson. However,
the resulting characterizations appear less elegant as compared to the characterizations of
exacting cardinals, and so we will not discuss them further. In contrast, it turns out that
ultraexacting cardinals can be naturally characterized as a principle of Structural Reflection.
We will explore this connection in detail in §4] below.

3.2. Extending ultraexact embeddings. Throughout this section, we aim to show that
the domains of ultraexact embeddings contain extensions of these embeddings to certain
sets that are not necessarily subsets of these domains. More specifically, given a 2-ultraexact
embedding j : X — V-, we want to show that for certain x in X, there exists a map k with
domain z that is an element of X and satisfies k& [ (XNz) = j | (XNz). Note that the domain
of a 2-ultraexact embedding always contains elements for which such extensions do not exist.
For example, if j : X — V¢ is such an embedding at some cardinal A, then Vy;2 € X and
there is no function & in X with domain Vy;q and & | (Vag2NX) =5 [ (VazaNX), because
otherwise X would think that k is a non-trivial elementary embedding of V) into itself
and the correctness properties of X would ensure that this statement also holds in V.

We start by extending ultraexact embeddings at some cardinal A to Viji1. For this
purpose, we recall the canonical method for extending I3-embeddings j : VA — V), to maps
from Vyy1 to Vi1,

Definition 3.6. Given a limit ordinal A and a function f : Vy — Vi, we define
f+ : V)\+1 — V)\+1

A ANV [ a <A}
It is a well-known fact that, if j : V), — V) is an I3-embedding, then j; : Vi1 —
Va1 is Xp-elementary embedding that extends j (see [I7, Lemma 1.6]). We will now show

that ultraexact embeddings at A induce [1-embeddings, i.e., non-trivial, fully elementary
embeddings from V41 to Vii1.

Lemma 3.7. If j : X — V; is a 1-ultraezact embedding at A, then the map
G ITVA)+: Vo — Vam
is an I1-embedding belonging to X and satisfying
JTWManX) = (G IVa)+ I (Va0 X). (2)

Proof. Set i = (j | Vi\)4. First, notice that our assumptions on X and j ensure that
both Vi1 and i are elements of X with j(Vy41) = Vag1. Moreover, since X contains an
w-sequence that is cofinal in A, elementarity directly implies that

il (VaanX) = 51 (VapNX).
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Now, pick ag,...,an—1 € Vas1 N X and a formula ¢(vg,...,v,—1) in the language of set
theory with the property that, in X, the statement ¢(ag,...,a,—1) holds in Vy;1. Then
the elementarity of j and our earlier observations ensure that ¢(i(ag), ..., (an—1)) holds in
Vax1. Since i(ag),.-.,i(an—1), Var1 € X, we can now conclude that, in X, the statement
w(i(ag),...,i(an—1)) holds in Vyi;.

We have thus shown that ¢ is an [1-embedding in X, and the correctness properties of X
imply that it is also an I1-embedding in V. 0

The following lemma is the first step for showing how one can extend ultraexact embed-
dings to larger sets.

Lemma 3.8. Let j : X — V¢ be a 1-ultraexzact embedding at A, and let v be an ordinal in
X such that there is a surjection s : Vyy1 — v in X with j(s) € X. Then there exists a
unique function j, 1y — j(vy) that is an element of X and satisfies

XN = gy T (X N9). 3)
Proof. Given x,y € Vap1 N X with s(z) = s(y), we can apply to see that

J&)(G T4 (@) = 5(s)(i(@) = j(s(x)) = j(s(y)) = j(s)Gy) = 3()((G T Va)+()

holds. Hence, in X it holds that there is a well-defined function j., : v — j(7) satisfying
Jy(s(x)) = J(s)((G T Va)+(z))

for all x € Vy41. By the correctness of X, the function j, : v — j() has the same
properties in V.
Now, fix 8 € X N~. Then there is € Vyy; N X with s(xz) = 5 and shows that

Jv(B) = J(s) (G TVA)+(2) = J(s)(i(@) = j(s(z)) = j(B).
Finally, to show uniqueness, let &k : v — j() be a function in X such that k [ (X N~) =

J 1 (X N~). Then we have k(3) = j(f) = j5(8) for all B € X N~ and elementarity allows
us to conclude that k£ = j,. |

The following lemma will play a crucial role in the applications of the results of this
section.

Lemma 3.9. If j : X — V; is a 1-ultraezact embedding at A, the ordinal v € X is greater
than X, of uncountable cofinality and such that j(v) ==, and s : Vyxy1 —> 7 is a surjection
in X with j(s) € X, then the set

Ciy = {B8<v14y(B) =8}
is an unbounded and w-closed subset of v that is an element of X.

Proof. First, note that the fact that v and j., (as given by Lemma are both elements of
X implies that C; , also belongs to X. Now suppose & = («a; | i < w) is a strictly increasing
sequence of ordinals in C} , that is an element of X. Set o = sup;., @; € X N~y. Then the
elementarity of j and ensure that
Jy(a) = jla) = supj(ei) = supjy(os) = supa; = a
1<w 1<w 1<w

and therefore o« € C;,. This shows that C;, is an w-closed subset of v in X, and the
correctness of X ensures that C; , also has this property in V.

Now, pick an ordinal 5 € X N~. Note that and the elementarity of j ensure that
the function j, is strictly increasing. Since j, € X, we know that X contains a strictly
increasing sequence (a; | ¢ < w) of ordinals in the interval (8,v) with the property that
ait1 > jy(ey) holds for all ¢ < w. Set av = sup, ., o; and note that &« € X Ny. As above,
we have that

Jyla) = jle) = supj(a;) = supjy(ai) = «a
<w 1<w
and so a € C;, \ B. This shows that C; is an unbounded subset of v in X, and the
correctness of X again implies that this also true in V. O
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Recall that, given some non-empty set X, the ordinal ©x is defined to be the supremum
of all ordinals « such that there is a surjection from X onto . As usual, we are particularly

interested in computing the ordinal ©% in inner models M of ZF containing X. In the
L(Vr41,E)
Vg1 :
due to Solovay (see [25, Exercise 28.19]) shows that ©L(Y>+1:F) is a regular cardinal in

L(Vag1, E).

Lemma 3.10. If j: X — V; is a 1-ultraexzact embedding at A and E € Vy;2 N X is such
that j(E) = E, then @L"+1E) ¢ X and j(@F(Va+1B)) = @L(Vasi.E),

following, given a set E, we shall write @2 +1.F) instead of © An argument

Proof. First, note that the ordinal @F(V>+1.E) can be defined by a Yo-formula with param-
eters F and \. Since ¢ is an element of C®), it follows that ©F(VA+1:E) < ¢ and this ordinal
can be defined in V; by the same Xo-formula. Since j(A) = X and j(E) = E, the elementarity
of j and the fact that all 3s-statement are upwards absolute from X to V now ensure that
OLx+1.E) is an element of X with j(@L(VA+1:B)) = @L(Vat1.B), O

Lemma 3.11. Ifj : X — V; is a 1-ultraezact embedding at A\, E € Vy1oNX with j(E) = FE
and v € X NOFVA1E) with j(v) € X, then there is a surjection s : Vg1 — v in X with
j(s) e X.

Proof. Let S : Ord x Viiqy —> L(Viy1, E) be the canonical class surjection onto L(Vyy1, E).
Then the map S is definable by a ¥;-formula with parameters V) and E. Moreover, since
v € X NOLVr1.E) the correctness properties of X allow us to find = € Vi1 N X with the
property that there exists an ordinal 8 such that S(8,z) is a surjection from V) onto .
Let « be the minimal ordinal with the property that S(«, ) is a surjection from V11 onto
~ and set s = S(«, ). Then « is definable by a X;-formula with parameters E, V)1, x and
~. The correctness properties of X then ensure that « is an element of X, and therefore we
know that s is also an element of X. Moreover, since j(E) = E, we know that j(«) is the
minimal ordinal 8 such that S(3,j(z)) is a surjection from Vy;1 onto j(v), and thus j(«)
is definable by a ¥;-formula with parameters E, Vi11, j(z) and j(v). An application of
(see Lemma [3.7)) now gives that j(z) = (j | Va)4(z) € X. Since we also have j(y) € X, we
can again use the correctness properties of X to conclude that j(«) is an element of X, and
therefore so is j(s) = S(j(a), j(x)). O

We will next show that, by possibly changing to another embedding, we can find ultra-
exact embeddings that extend to ordinals above A*.

Lemma 3.12. If i : Y — V, is a l-ultraezact embedding at A and E € Vayo NY s
such that i(E) = E, then for every n > 1, every v < OLWM+1.E) - and every o < A, there

exists a surjection s : Vyxy1 — v and an n-ultraezact embedding j : X — Ve at X with
E s,j(s),7€ X, jJ(E)=E, j(y)=v and j | a = id,.

Proof. Assume, towards a contradiction, that the above conclusion fails for some natural
number 7, and let v < ©F(VA+1.E) be the least ordinal witnessing the failure. Then 7 is
definable from the parameters A\ and FE. Let @ < A be an ordinal such that for every n-
ultraexact embedding j : X — Ve at Awith E,y € X, j(E) =E, j(v) =vand j | o = ida,
the set X does not contain a surjection s : Vy;1 — v with j(s) € X. Now, let m > n be a
sufficiently large natural number and apply Lemma to find an m-ultraexact embedding
j: X — Ve with E€ X, j(F) = F and j | @ = id,. Our choice of m ensures that v € X
and j(y) = . This allows us to apply Lemma to find a surjection s: Vyi1 — v in X
with j(s) € X, a contradiction. O

Equipped with the lemmata above we are now ready to derive, in the next three subsec-
tions, some strong consequences of the existence of ultraexact embeddings.

3.3. w-strongly measurable cardinals. We already proved in Theorem [2.10] that if there
exists a 2-exact embedding, then V is not equal to HOD. We will show next that the
existence of a 2-ultraexact embedding at a cardinal A implies a much stronger divergence
between V and HOD, as, e.g., At becomes w-strongly measurable in HOD. Let us recall
this notion:
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Definition 3.13 (Woodin, [42]). An uncountable regular cardinal k is w-strongly measur-
able in HOD if there exists a cardinal § < k with (2°)HOP < k such that there is no partition
(Sa | < 6) in HOD of the set S& .= {a < k : cof(a)) = w} into stationary sets.

The next result and Theorem below should be compared with [42, Lemma 190].

Theorem 3.14. Ifi:Y — V¢ is a 2-ultraexact embedding at a cardinal A and & € Vy2NY
with i(E) = E, then every reqular cardinal in the interval (A, @F(+1.E)) s o-strongly
measurable in HOD.

Proof. Pick a regular cardinal A < k < @3 +1.5) and apply Lemmato find a surjection
s : Vag1 — k and a 2-ultraexact embedding j : X — V; with E,s,x € X, j(E) = E,
j(k) = k and j(s) € X. Set § = crit (j) < A\. Then (2°)HOP < X\ < k. Assume, towards
a contradiction, that HOD contains a partition of S/, into J-many sets such that each set
is a stationary subset of x in V. Let § = (S, | a < &) denote the least partition with this
property in the canonical wellordering of HOD.

Since both HOD and its canonical wellordering are ¥s-definable, the set S is definable
from the parameters x and §. Hence, the correctness properties of X ensure that S is an
element of X.

The elementarity of j and the fact that ¢ € C® then imply that ](g ) is the least partition
of SF into j(d)-many stationary sets, in the canonical wellordering of HOD.

Again, this shows that the set j(5) is Sa-definable from the parameters x and j(), and,
since j(8) € X, we can conclude that j(S) = (T | B < j(9)) is also an element of X.

Let C = Cj, € X be the unbounded and w-closed subset of x defined in Lemma @
Since elementarity implies that T is a stationary subset of S/, we know that C N Ts # @,
and the fact that C and Ts belong to X implies that v = min(C N Ts) € SE N X. But, then
there is a < § with v € S, and, since v € C, we can use to conclude that

v = Js(v) = i(v) € i(Sa)NTs = TaNTs = &,
thus yielding a contradiction. O
As a particular case of the theorem, we have the following:

Corollary 3.15. If X\ is an wultraezacting cardinal, then AT is w-strongly measurable in
HOD. O

Similar to the results of the results of this section reveal interesting connections
between the notion of ultraexacting cardinals and Woodin’s HOD Dichotomy Theorem that
will be explored in §6] below.

3.4. Fragments of HOD-Berkeleyness. We will next show that the existence of ultraex-
acting cardinals implies non-trivial fragments of the HOD-versions of large cardinals beyond
choice, considered by Koellner, Woodin and the second author in [4, Section 8.2].

Definition 3.16. Given an inner model N and ordinals A\ < 19, the ordinal A is N-v-
Berkeley if for every a < A and every transitive set M in N that contains the ordinal A
as an element and has cardinality less than ¢ in N, there exists a non-trivial elementary
embedding j : M — M with o < crit (5) < .

Theorem 3.17. Ifi:Y — V¢ is a 1-ultraezact embedding at X\ and E € Vy;2NY is such
that i(E) = E, then X is HOD-©F(VA+1.5)_Berkeley.

Proof. Assume, towards a contradiction, that the above conclusion fails. Set © := @L(VAa+1,E)
and let M € HOD be minimal in the canonical wellordering of HOD with the property that
M is transitive, A € M, |M|HOP < © and for some a < A, there is no non-trivial embed-
ding k : M — M with a < crit (k) < A. Let v := |[M|HOP and define « to be the least
upper bound of all critical points of non-trivial elementary embeddings k : M — M with
crit (k) < A. Note that our assumption implies that « < A. Now, apply Lemma to
find a surjection s : VA1 — < and a 3-ultraexact embedding j : X — V at A with
E s,ve X, j(E)=FE, j(y) =1, j(s) € X and j | @ = id,. In this situation, Proposition
3.10| ensures that © € X and j(©) = ©. Moreover, since M is definable by a X3-formula
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with parameters E, A and O, it follows that M € X and j(M) = M. Let b € HOD be
the minimal bijection between ~ and M in the canonical wellordering of HOD that has the
property that b(w - o) = a holds for all & < A. Then, again, we know that the set b is defin-
able by a Y.3-formula with parameters F, v and A, and we know that b € X with j(b) = b.
Let j, : v+ — 7 be the function given by Lemma @ and define

k = boj,obt: M— M.

Since both b and j, belong to X, so does k, and it is easily checked that & [ A =
J I A Now, fix a formula ¢(vg,...,v,—1) and ordinals Sy, ..., 5,1 € X N~ such that
@(b(Bo),---,b(Br-1)) holds in M. The elementarity of j then implies that the statement
oG (b(B0)). -3 (b(Bn_1))) holds in M. Since

](b(ﬁm)) = b(](/@m)) = b(]’v(ﬁm)) = k(b(/@m))

holds for all m < n, we now know that, in X, the map k is an elementary embedding from
M to M. It then follows that k : M — M is a non-trivial elementary embedding with
critical point crit (j). Since crit (§) > p, this yields a contradiction. O

Let us note that recent work by Blue and Sargsyan [I1] shows that a similar result holds
for wy in determinacy models.

3.5. Definable infinitary partition properties. Following [23] Section 3.2], we shall now
consider restrictions to ordinal definable functions of infinitary partition properties that are
incompatible with the Axiom of Choice.

Definition 3.18. Given infinite cardinals p < k, the cardinal k is definably p-Jénsson if
for every ordinal definable function ¢ : [k|" — K, there exists H € [k]|" with the property
that c[[H]"] is a proper subset of k.

Theorem 3.19. Ifi : Y — V¢ is a l-ultraezact embedding at X\ and E is an element
of Vayo NY with i(E) = E, then every cardinal in the interval [\, ©F(Vx+1.E)) s definably
p-Jonsson for every infinite cardinal p < X.

Proof. Assume, towards a contradiction, that a cardinal A < k < @L(VH“E)) is not p-
Jénsson for some w < p < A. An application of Lemma then produces a surjection
s : Vag1 — k and a 2-ultraexact embedding j : X — V¢ with E,s,x € X, j(F) = E,
Jj(k) =K, j(s) € X and j | (p+ 1) = idp41. Let ¢ : [k]? — &k denote the ordinal
definable function that is minimal in the canonical wellordering of OD with the property
that ¢[[H]?] = & holds for every H € [k]". Then the set c¢ is definable by a ¥s-formula with
parameters p and &, and it follows that ¢ is an element of X with j(c) =¢. Let j, : k — K
be the function in X given by Lemma and set H = j.[x] € X N[k]". Since H is a proper
subset of x, our assumption and the correctness properties of X yield b € X N [H]” with
c(b) ¢ H. Set a = j;*[b] € X N[k]’. Then (B) and fact that j | (p+ 1) =id,11 ensure that

jla) = jla] = jela] = b
holds. This equality now allows us to conclude that
c(b) = j(c)(i(a)) = j(c(a)) = jul(c(a)) € H,
a contradiction. O

Corollary 3.20. If X is an ultraezacting cardinal, then both X and AT are definably w-
Jonsson. |

By combining this corollary with Goldberg’s [23] Theorem 3.5], we obtain yet another
proof that the existence of an ultraexacting cardinal above an extendible cardinal (or just a
strongly compact cardinal) yields the failure of Woodin’s HOD Hypothesis (see §6| below).

In the next section, we will show that, assuming the existence of sufficiently many sharps,
many I0 embeddings exist at ultraexacting cardinals. Complementing this, the results of
will show that, given an I0 embedding, a mild forcing extension yields the existence of
a cardinal that is parametrically n-ultraexact for all n > 0.
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3.6. Icarus sets from ultraexact cardinals and sharps. In [14], [I§], and [19], an
element E of V)9 for some limit ordinal \ is called an Icarus set if there exists a non-trivial
elementary embedding j : L(Vy41, E) — L(Vay1, F) with crit (j) < X\. We will consider the
following strengthening of this notion that is closely related to Woodin’s analysis of proper
elementary embeddings provided by the proof of [43, Lemma 5].

Definition 3.21. Given a limit ordinal A, an element E of Vyio is a strong Icarus set
if there exists a non-trivial elementary embedding j : L(Vyy1, E) — L(Vay1, E) with the
property that crit (j) < A and j(E) = E.

Note that, as shown in the proof of [43, Lemma 5], the existence of such an embedding
can be expressed by a first-order statement with parameter . We will show next that
the existence of an ultraexact embedding at A, together with the existence of sharpsﬂ for
elements of V)12 causes many elements of V)5 to be strong Icarus sets.

Theorem 3.22. Let j : X — V¢ be a 2-ultraezact embedding at a cardinal A and let
E € Vaga N X be such that j(E) = E. If (Vay1, E)¥ exists, then there is an elementary
embedding i : L(Vy41, E) — L(Vay1, E) with i [ V=5 [ V) and i(E) = E.

The first step towards proving Theorem [3.22]is the following lemma:

Lemma 3.23. Let j : X — V¢ be a 2-ultraexact embedding at A and let £ € Vy;2 N X be
such that j(E) = E. Set © := OFVA+1.B) | [If X contains a surjection s : Vay1 — © with
j(s) € X, then there is a unique map jg : Lo(Vay1, E) — Lo(Vat1, E) in X with
J1 Le(Vat1, E)NX) = jg I (Le(Vat1, E)NX). (4)

Proof. First, note that Proposition ensures that ©® € X and j(©) = ©, which im-
plies that Lo(Va41, F) € X and j(Lo(Vat1,E)) = Lo(Vat1, E). Next, recall that the
general theory of relative constructibility for L(Vyyi, E) allows us to find a surjection
S : 0 xWy1 — Lo(Vis1, E) that is definable over Lg(Vit1, E) by a Xj-formula with
parameters E' and V\11. The correctness of X then ensures that S € X, j(S) = 5, and S
has the same properties in X.

Next, pick a, 8 € X N O and z,y € Vyy1 N X with S(o,2) = S(5,y). Then and
imply that

S(e(a), (G I Va)+(x) = j(9)(i(a),j(x)) = j(S(a, I)) 3(S(8,y))

3(9)(B).i(y)) = S(e(B), G T Va)+(y))-

This shows that, in X, there is a function jg : Le(Vay1, E) — Lo(Vay1, F) with the
property that

je(S(a,x)) = S(je(a), (j | Va)+(2))
holds for all « < © and = € V1. Moreover, the correctness of X implies that jg has the
same property in V.
Now, fix z € Lg(Vay1, E) N X. Since the map S is, in X, a surjection of © x V)11 onto
Lo(Vay1, E), there are a € X N O and z € V41 N X with S(a,2) = 2. Then, we have

je(z) = S(e(a), G I Va)+(x)) = j(9)((a),j(x) = j(S(xz)) = j(2).
Finally, assume that there is a function k : Lg(Vyy1, F) — L(Vy41, E) in X with k # jg
and k | (Loe(Vay1, B)NX) =j | (Le(Vay1, E)NX). Since k and jg are both elements of X,
we can then find z € Lg(Vyt1, F) N X with k(z) # jr(2). But, this yields a contradiction,
because our assumptions imply that k(z) = j(z) = jr(2). O

The proof of the next lemma uses some arguments contained in the proof of [43, Lemma
5], adapted to our setting.

Lemma 3.24. Let j : X — V¢ be a 2-ultraexzact embedding at XA and let E € Vy;2 N X be
such that j(E) = E. Set © := OLVAt1.B) | [f X contains a surjection s : Vapy — © with
j(s) € X, then there is an elementary embedding of L(Vyy1, E) into itself that extends jg.

6Recall that for a transitive set X, the existence of X*¥, the sharp of X, is equivalent to the existence of
an elementary embedding j : L(X) — L(X) with critical point above the rank of X. For more details, see,
for example, [36, Remark 2.4], [38] §4], or [27) p.92].
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Proof. In the following, set N := L(Vy41,E) and D := V/\]Y‘_Q. Since D is contained in
Lo(Vat1, FE) = dom(jg) (see [19, Lemma 4.6]), we can now define
={AeD|jlIVieje(A}
Then, since D,j [ Vi,jr € X, we have that U € X. Moreover, in V', and therefore also in
X, the set U is an N-ultrafilter on Vy11. Note that the fact that crit (j) ¢ ran(j) implies
that j [ Vi € ran(j), and therefore we know that
[Va ¢ je({a}) = j({a}) = {j(a)}
holds for all a € Va;1 N X. This allows us to conclude that U is non-principal in X, and
therefore also in V. Let Ult(N,U) denote the corresponding ultrapower of N by U, and let
i:(N,€) — (Ult(N,U), €y) be the induced ultrapower embedding.
Claim. Let f,g: Vyy1 —> N be functions in N N X.
0 Ulo = o o ad only 7501112 =59 1 1)
(ii) [flv €v lglu if and only if j(f)(G T Va) € j(g)(J | Va).
Proof of the Claim. |(1)|Set A ={x € Vaq1 | f(z) =g(x)} € DN X. Then
flo=lglv == AcU < jIVieju(d)=j(A) < j()E V) =il9) V),
where the equality jg(A) = j(A) follows from equation (4) in the statement of Lemma
Follows similarly. O
Claim. The ultrapower (Ult(N,U), €y) is well-founded.

Proof of the Claim. Assume, towards a contradiction, that Ult(N,U) is ill-founded. Then
there is a sequence of functions (f,, : Vax1 — N | m < w), all of them in N, such that
[fm+1]u €u [fm]u holds for all m < w. The correctness properties of X then ensure that
there is such a sequence in X. But in this situation, the previous claim shows that

j(fm-‘rl)(j [VA) € j(fm)(] rV)\)

holds for all m < w, a contradiction. O

Claim. Let f,g: Vay1 — Vag1 be functions in N.

(i) [flu = lglu if and only if je(f)(F I Va) = je(9)(J [ Vr).
(ii) [flv €v lglu if and only if je(f)(F T Va) € jr(9)(d | V).

Proof of the Claim. Since f,g9 € Lo(Vay1, E), our first claim and ensure that the stated
equivalences hold in the case where f and g are elements of X. Therefore, the correctness
of X implies that they also hold in V. |

Given y € Viy1, we let A, denote the set of all I3-embeddings k : Vi — V) with
ki(k)=j1Vyandy €ran(ky). Then A, € D for all y € V41 and, if y € Va1 N X, then
A, e X.

Claim. A, € U for ally € Vaq1.

Proof of the Claim. Fix y € Vyy1 N X. Then ensures that jp(A,) = j(A,) is the set
of all I3-embeddings k : V), — V) with k+(k) 7 T Vi) and j(y) € ran(ky). Since
implies that (j [ VA)+(J [ Vo) =4 | Vo) and (5 | Va)+(y) = j(y), we can now conclude
that j [ V\ € j(Ay) and hence A, € U. This shows that the statement of the claim holds in
X, and therefore the correctness of X implies that it also holds in V. (|

Now, given y € V41, we define
Ly Vagr = Vaga,

by T ifke Ay and ky(z) =y
&, otherwise.

Again, we have f, € Lo(Viy1, E) C N for all y € Va4 and, if y € Vigi N X, then f, € X.
Claim. Ify € Viyi, then je(fy)(J 1 Vi) =y.
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Proof of the Claim. Fix y € Vy;1 N X. Then, as in the proof of our previous claim, we

can use and to show that j | Vi € jr(4y), (J | VA)+(y) = j(y). Thus, since
JE(f)G T VA) = 3(fy)(G [ Vi), it follows that j(f,)(j [ Va) = y. This shows the claim holds
in X, hence by the correctness of X it also holds in V. |

We now work towards showing that ¢ is an elementary embedding.
Claim. If h: Vi1 — N is a function in N with {x € Vi1 | h(z) # @} € U, then there
is a function f: Vay1 — N in N with [f]y €v [hu-

Proof of the Claim. First, assume that g : Vyy1 — N is a function in N N X with the
property that A = {z € V41 | & # g(z) € Vaga} € U. Since A € NN X, we know that
J I Va € j3(A) and hence

g # j@)FIVa) = Jje(@)i I Va) € VageNX.
Then we can find z € X N j(g)(j | Vi) € Vay1. Earlier claims then show that

JE(f)GTVA) = 2 € j(9)J I Va) =34r(9)d | V)

and thus that [f,]v €v [9]u-

Next, assume that h : Vy; 1 — N is an arbitrary function in N N X with the property
that {z € V)41 | h(z) # @} € U. The structure theory of N = L(Vy41, F) provides a class
surjection S : Ord x V)41 —> N that is definable over NV by a 3¥;-formula with parameters
Vis1 and E. Define

g: V)\+1 — D7
y—={reVy | I €0rd S, x) € h(y)}.

We have that g € NN X, and, since j(h)(j [ Va) # &, we also have that j(g)(j | Vi) # &,
and therefore {x € Vi1 | g(z) # @} € U. Then, as before, we can find z € V1 N X with

[fz]u €u [glu-
Now define functions o and f by setting

0:Vyy1 — Ord
- min{¢ € Ord [ S(&, f2(y)) € h(y)}, if f2(y) € 9(y)
0, otherwise;
and
f : V)\+1 - N
y = S(o(y), f(y))-
Then f € NN X, and the fact that [f,]v €v [g]u ensures that there is £ € Ord with
S j(fe)G T Va)) € 5(h)(5 T Va). In particular, we have that
FHGTVA) = S0 TV, 1(f2)G TVA) € F(h)( T Va)

and this allows us to conclude that [f]y €y [h]y holds.

Once more, the correctness of X now yields the statement of the claim. O

The previous claim allows to prove Los’ Theorem for Ult(N, U):

Claim. The following two statements are equivalent for every formula p(vo, ..., V1) in
the language of set theory and all functions fo,..., fn—1: Vas1 — N in N:

(i) (Ul(N,U), €v) = o([folu,-- - [fn-1lv)
(i) {y € Vaqa [ (N, €) E@(fo(y), - fa-1(y))} € U.
Hence, the map i : (N,€) — (Ult(N,U), €y) is an elementary embedding.
Proof of the Claim. The only non-trivial case is the backward implication of the 3-quantifier

step of the induction. So let ¢(vg,...,v,) be a formula in the language of set theory and
let fo,..., fn—1:Vae1 —> N be functions in N with the property that

A ={yeViu | (N,€) F3zp(fo(y), s fa1(y),2)} € U.
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If we now define the functions o : V);1 — Ord by

oly) = {min{feord| (N,€) 32 € Ve o(foy), -+ fa1(y),2)}, ifyeA

0, otherwise

hiVigr — N

Y= {Z € Vo(y) | <N7€> ': So(f()(y)w : 'afnfl(y)ﬂz)}v

then h is an element of N with h(y) # @ for all y € A and hence our previous claim yields a
function f : Vy41 — N in N with [f]y €y [h]u. Now assume, towards a contradiction, that
o([folus- - [fam1]u, [f]u) does not hold in (Ult(N,U), €y). Then our induction hypothesis
ensures that the set

B = {ye Al f(y) € h(y) with (N, €) E ~(fo(y),-- -, fa—1(y), f(¥))}

is an element of U and in particular nonempty. By the definition of A, this yields a contra-
diction. O

The following claim establishes a kind of normality for U.

Claim. Ify € V41, then the following statements hold:
(i) If z €y, then [falu €v [fylu-
(ii) If f : Vag1 —> N is an element of N with [flu €u [fylu, then there is x € y with
[f]U = [fr]U
Proof of the Claim. If x € y, then we can apply earlier claims to conclude that both

JE(f2)J T VA) € jr(fy)(J [ VA) and [fi]u €v [f,]u hold.
Assume that y € Va;1 N X and let f: Va1 —> N be a function in N N X with

(flo €v [fylu. Set z = ()G | Vo) = je(f)(J | Vo) € X. Then, by earlier claims,
z € je(fy)d I Va)=yand je(fe)(J | Va) =2 =je(f)(j | Va). Hence, by another previous
claim [f,]u = [f]u. This shows that holds in X, and therefore also in V. O

By earlier claims, we have that the ultrapower (Ult(N,U), €y) is well-founded and ex-
tensional, so we may let = : (Ult(N,U), €y) — (M, €) be the corresponding transitive
collapse. The previous two claims then show that =([f,]u) = vy holds for all y € Vy4q,
and therefore V)11 € M. We have thus established that (m o) : L(Vay1, E) = M is an
elementary embedding with Vyy; C M. So it only remains to show that M = L(V41, E)
and that (7 o) agrees with jp on Le(Viy1, E).

Claim. (7T o Z) [V)ﬁq = ]E [V)\Jrl,
Proof of the Claim. For each y € V)11 N X, define
By = {ZC S V)\Jrl | fJE(y)(‘T) = y}
Note that B, € DN X and
Je(By) = j(By) = {z € Vaur | i(fjpw)(®) =3(y)}
Since we know that
I fie@)U TV = Je(fizw)U TVA) = jely) = i),
it follows that B, € U.

By the correctness properties of X, we have that B, € U, for all y € V4. This directly
implies that i(y) = [fj,y]v and

(modi)(y) = 7([finwlv) = ir(y)
holds for all y € V)41, where the second equality, as we noted above, follows from the
preceding claim. O

The claim above implies that (w0 ¢)(A) = jg()\) = j(A) = A, hence by the elementarity
of 7 o i, we have that (7 0¢)(Vay1) = Vagr.

Claim. (roi) | D =jg | D.
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Proof of the Claim. Fix A € DN X and let c4 denote the function on V)41 with constant
value A. Then cg € Lo(Vay1, E) N X and

Je(ca)( 1 Va) = j(ca)(f | Vi) = j(A) = jr(A).

Since an earlier claim showed that y = jg(f,)(j [ Va) holds for all y € V41, we can conclude
that

y € jr(A) <= je(fy)J I Vi) €jrlca)y I Vi) <= J(fy)[J I Va) €(ca)(f [ V).

If, moreover, y € X, then a previous claim shows that the latter is equivalent to

[fylv €v lealv <= 7([fylv) € (mei)(A) <= ye (roi)(4)

and therefore jp(A) = (7 04)(A) holds in X (as the map (7w o) [ D is an element of X).
The statement of the claim now follows from the correctness of X. O

In particular, we now have that (7 0i)(FE) = E, and the elementarity of 7 o4 implies that
M =L(Vy41,E) =N.

Claim. (ro0i) [© =jg | O.

Proof of the Claim. First, note that, if A € DN X codes a prewellordering of V4 of order-
type 7, then (4) ensures that jg(A) codes a prewellordering of V)1 of order-type jg(v). The
correctness of X then yields that if A € D codes a prewellordering of V11 of order-type -,
then jg(A) codes a prewellordering of V1 of order-type jg (7). Since (woi) [ D = jg | D,
the elementarity of 7 o4 implies the statement of the claim. O

Claim. (7‘( o ’L) TL@(V,\_;,_l,E) = ]E rL@(V)\+1,E).

Proof of the Claim. Let S : © x Vay1 — Lo(Viay1, F) be the canonical surjection that
is ¥i-definable over Lg(Vyy1, F) from the parameters F and Vyi;. Using and the
correctness of X, we then have that jg(S(a,x)) = S(jr(a),jr(x)) holds for all « < ©
and x € Vy;1. Since the elementarity of (moi) : L(Vag1, E) — L(Viy1, E) implies that
(moi)(S(a,z)) = S((moi)(a),(moi)(x)) holds for all @ < © and & € V41, the statement
of the claim follows directly from the previous claims. O

Lo(Vat1, E) — 94— L(Vay1, B)
JE Ult(L(V,\+1,E),U)

Lo(Vat1, E) — 24— L(Vyy1, E)

FIGURE 1. An elementary embedding from L(V);1, E) to itself extending jg.

We have thus shown that (7 04) : L(Vyy1, E) — L(Vy41, E) is an elementary embedding
that extends jg, which completes the proof of Lemma |

We are now ready to prove the main results of this section.

Proof of Theorem[3.23 Set F = (Vy41, E)# € Vy;2. Then the definability of sharps and
the correctness of X imply that F € X and j(F) = F.

Claim. OLWa1,E)  @L(Vat1,F)

Proof of the Claim. First, note that the fact that L(Viy1,E) C L(Vag1,F) implies that
OrM+1.E) < @L(Vat1.F)  Since L (Va+1:F) is a regular cardinal in L(Vy 11, F), and (Vi y1, B)#
exists, we can define, in L(Vy41, F'), an elementary embedding i : L(Vyy1, E) — L(Vay1, E),
with critical point above A+2 and such that i(crit (1)) = @F(V*+1.F) | But, by elementarity, we
must also have i(@F(V +1,E)) = @L(Va+1,E) | This implies that @F(VA+1:E) £ @L(Vat1F) -
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Since Lemma shows that ©X(M+1:F) ¢ X with j(@F(Va+tE)) = @L(Va+1.B) | the
above claim allows us to use Lemma to find a surjection s : Vi1 — ©L(V+1:E) in X
with j(s) € X. Then, an application of Lemma yields an elementary embedding from
L(Vy41, E) into itself that extends j [ V) and fixes E. a

Let us remark that, as shown by Woodin in [43 Lemma 28], if the inequality OLM+1.E) <
OLr+1.F) (as in the claim above) holds for some F' € Vi o such that E € L(Vyy1, F), then
(Vay1, B)7 exists and belongs to L(Vy 41, F). Thus, the assumption that (Vi 1, E)¥ exists
in the statement of Theorem [3.22| appears to be necessary.

Using Lemma [3.12] Theorem [3.22] yields the following corollary:

Corollary 3.25. Let j : X — V; be a 1-ultraezact embedding at A and let E € Vyo N X
be such that j(E) = E. If F € ODy, (g} N Vate and (Vag1, F)# exists, then F is a strong
Icarus set.

Proof. Assume, towards a contradiction, that there exists F' € ODy, yyg} with the property
that (Vag1, F)¥ exists and F is not a strong Icarus set. Pick z € Vi, with the property that
such a set exists in ODyg .}. In the following, let F' denote the least such element in the
canonical wellordering of OD¢g .). Then the set F' is definable by a formula with parameters
F and z.

Let n > 1 be a natural number such that the set I’ is definable by a X,,-formula with
parameters E and z. We can now apply Lemma to find an m-ultraexact embedding
i: X — Ve at Awith E€ X, j(E)=FE and j(z) = 2. Then F € X and j(F) = F. Since
(Vag1, F )# exists, we may now use Theorem to conclude that F' is a strong Icarus set,
a contradiction. O

In below, we will show that the consistency of the existence of an ultraexacting
cardinal can be established from the existence of an I0 embedding. In contrast, in the
next theorem we shall apply Theorem to show that the existence of an ultraexacting
cardinal A\ together with the existence of V/\ﬁl has much higher consistency strength then
the existence of an 10 embedding j : L(Vat1) — L(Va11), as they implies the existence of
many 10 embeddings j : L(V3, ;) — L(Vs,1) with A < A. Moreover, while Theorem
yields that every ultraexacting cardinal A below a measurable cardinal is the least non-trivial
fixed point of an I0 embedding, the next theorem shows that some of the cardinals A < \
carrying 10 embeddings j : L(Vy,,) — L(V5,) are not ultraexacting.

Theorem 3.26. Suppose that A is an ultraexacting cardinal and V/\ﬁl exists. Then X\ is
a limit of cardinals A such that there is an 10 embedding j : L(Vs,,) — L(Viyq). In
particular, the set Vy is a model of ZFC satisfying “there is a proper class of 10 embeddings.”

Proof. Let j : X — V, be a 2-ultraexact embedding at A. First, observe that Vy4 is

definable from A and thus is fixed by j. Similarly, V)41 and Vf 1 are fixed by j.
The idea for what follows is to try to imitate the proof of Theorem While we cannot
expect to obtain an elementary embedding

i L(V)\Jrl’ V){j-o—l) — L(VAJrl’ V){j—o—l)ﬂ
the idea is that we can obtain very close approximations to this in the form of embeddings
it La(Vag1, Vi) — La(Vag1, Vi, )

By slightly increasing « if necessary, a reflection argument will yield many embeddings of this
form for smaller A\. This will in particular yield the statement of the theorem via Cramer’s
work on inverse limit reflection in [I4]. The main ingredient is the following claim:
Claim. There exists an ordinal o such that the following statements hold:

(1) @L(VA-H) <a< @L(Vk+11v/\n+1)7

(ii) There is a non-trivial elementary embedding i : Lo (Vat1, V>?+1) — Lo (Vaya, V;L_l).
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Lo, (Vag1,VHE
Proof of the Claim. First, we repeat the argument of Lemma|3.23| with © := G)V:LHI ”1),
where 7 is least such that L., (Viy1, Vf 1) satisfies a sufficiently strong fragment of ZFC, such
as ZC. By correctness and the minimality of v, we have v € X and j(y) = 7. Moreover,

once more by correctness, we see that there is a surjection

5:Vag1 — 0O

in X with j(s) € X. This is enough for the argument of Lemma to go through and
yields a map

v Le(Va1, Vi1 1) — Lo(Var1, Vi)

that is an element of X and agrees with j on arguments in L@(VAH,V/\ﬁH) N X. Let

N =L,(Vayu, V)?_H) and D = V)ﬁz. Using the map jy, > We can now define the ultrafilter
A+10

U as in the proof of Lemma and obtain an ultrapower embedding i, : N — Ult(N,U)

such that Ult(V, U) is wellfounded, i, fixes V)41 and V>?+17 and i, satisfies Lo§’s Theorem.
Observe that, by choice of v, we have

NEZC + V =L(Vag1, Vi) + V5 €0rd “Ly(Vag1, Vi) £ ZC
and so, by elementarity, the model Ult(N, U) satisfies this schema too. Since N is the only
1> we have N = Ult(N,U). Therefore,

the map ¢ can be obtained by restricting 7. to some submodel of the form L, (Vi1 V;\j—&-l)
such that ©F("x+1) < o < O, so the claim follows O

wellfounded model of this theory which contains Vf

The theorem now follows from the above claim, as Cramer [14] Theorem 3.9] has shown
that even the existence of an elementary embedding

it Ly(Vay, Vf+1) — Ly (Vaya, Vf+1)
implies the existence of unboundedly many A < A for which there is an elementary embedding
ki L(Vii) — L(Vig),
as desired. g
Let us observe that the argument above also yields the following result:

Corollary 3.27. If there is an ultraezacting cardinal and X# exists for every set X, then
there exists a transitive set-sized model of the theory

ZFC + “There is an ordinal A such that VfH exists and is a strong Icarus set”.

Proof. By Theorem and the proof of [43] Lemma 5], our assumptions allow us to find a

L(Vag1,Vi . . .
cardinal A and a filter U on V, +(2A+1 X51) that induces a non-trivial elementary embedding

J: L(Vagq, Vfﬁ_l) — L(Vay1, V)ﬁ_l) with critical point below A. Then we can pick a set X
such that U, Vi1, V/\ﬁl € L(X), the class L(X) is a model of ZFC and, in L(X), the filter U
induces a non-trivial elementary embedding of L(Vyy1, V)ﬁl) into itself with critical point

below \. Since X# exists, we can find an ordinal o > X such that all of these statements
hold with respect to Lq (X). O

Analogously to the observations made after Lemma above, item in Lemma
shows that, if A is the least ultraexacting cardinal and s is the least inaccessible cardinal
above A, then, in V,, the cardinal A is ultraexacting, there are no inaccessible cardinals
greater than \ and the class C® does not contain regular cardinals. In particular, there are
no extendible cardinals in V,.. In the other direction, we can use the results of this section

7Although not necessary for the rest of the argument, the proof of the claim could be modified to yield

#
arbitrarily large such a < oMtV by replacing + with the least ordinal such that L (Vyy1, V;\i+1)
satisfies some given theory, and then applying a Xi-reflection argument in L(V)y1, \/)’\i+1)7 using the fact

that the existence of such embeddings ¢ is absolute to L(Vy41, Verl) (this is by an argument of Laver [30]
and Woodin; see [19] Theorem 6.40]).
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to show that the existence of an ultraexacting cardinal above an extendible cardinal turns
out to have very strong consequences:

Corollary 3.28. If § is an extendible cardinal below an ultraexacting cardinal, then § is a
limit of ultraexacting cardinals and there is a proper class of cardinals A with the property
that V/\ﬁl ezists and is a strong Icarus set.

Proof. Since § is an element of C®), Lemma directly implies that § is a limit of ultra-
exacting cardinals. Using Corollary the proof of [43, Lemma 5] and the fact that X#

exists for every set X, we know that for every v < ¢, there exists a measurable cardinal

L(Vay1, VY
v < K <6, acardinal 7 < A < k and a filter U on V/\+(2*+1 1)

Vi, the filter U induces an non-trivial embedding j : L(Vy41, V;ﬁl) — L(Vay1, Vjil) with
critical point below \. Using the extendibility of d, this implies that there is a proper class
of cardinals A with the property that there exists a measurable cardinal x > A and a filter U

L(Vay1,VY,
on V)\i;“' 1) that induces a non-trivial embedding j : L(Vai1, V)\ﬁl) — L(V41, V)ﬁl)

in V,; and, by forming Ord-many iterated ultrapowers of V' using normal ultrafilters on the
given measurable cardinals. This implies the conclusion of the corollary. |

with the property that, in

We close this section by showing that, in the presence of sharps, cardinals x that are
parametrically n-ultraexact cardinals for a sequence \ yield 10-embeddings with A as the
critical sequence above k.

Theorem 3.29. Let n > 1 be a natural number and let X = (A | m < w) be a strictly
increasing sequence of cardinals with supremum \. Assume k is parametrically n-ultraexact
for X, and E is an element of Vai1 that is definable by a 3, -formula with parameters in
V. U{AY. If (Vay1, E)# ewists, then there is a non-trivial elementary embedding

it L(Vat1, E) — L(Vat1, E)
with i(E) = E, i(crit (i) = &, i(k) = Ao and i(A\p) = Apg1 for allm < w.

Proof. Pick an element z of V,; such that E is definable by a 3,-formula with parameters
A and z. As k is parametrically n-ultraexact for X, we have an n-ultraexact embedding
j:X — Ve for A, with z € ran(j), j(crit (j)) = &, j(k) = Ao and j(Ay,) = Ay for all
m < w. Note that since z € Vi;i(;), we have j(z) = z. Moreover, by the correctness of X
we also have that £ € X and j(E) = E. An application of Theorem now yields an
elementary embedding i : L(Vat1, E) — L(Vay1, E) with i(E) = Fand i [ Vi = j | Vi.
Hence, i(crit (7)) = &, i(k) = Ao and i(Ay,) = Ay for all m < w. O

3.7. The consistency of ultraexact cardinals. In this section, we establish the con-
sistency of ultraexact cardinals from the consistency of I0-embeddings. This gives the
remaining implication in our equiconsistency result, which in particular implies that the
consistency strength of m-ultraexactness does not depend on m. The following argument
should be compared with [42] Lemma 190]. Theorem below and other similar results
should be regarded as a theorem schema indexed by n > 0.

Theorem 3.30. Assume that for some cardinal A and E € Vyio, there is a non-trivial
elementary embedding

j i L(Vas1, B) — L(Vay1, E)
with critical sequence (A, | m < w) cofinal in X\ and j(E) = E. If G is Add(\1,1)-generic
over V, then L(Vxi1,E,G) is a model of ZFC and, in L(Vay1, E,G), for every natural
number n > 0 and every A € V41, there is an n-ultraezact embedding i : X — V¢ at A
with E € X, i(E) = E, A € ran(i), i(crit (i) = Ao and i(Apm) = A1 for allm < w.

Proof. First, note that Add(A",1) C L(Vy41, F) and hence G is also Add(\T, 1)-generic
over L(Vyy1, E). Moreover, since the partial order Add(AT, 1) is <AT-closed in V| it fol-
lows that V' and V[G] contain the same A-sequences of elements of V', and L(Vy41, E) and
L(Vay1, E,G) contain the same A-sequences of elements of L(Vyy1, E). By genericity, the
filter G codes a wellordering of P(\) of order-type AT, and it follows that Vi1 and E C V14
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can be wellordered in L(Vyy1, E,G), which thus satisfies the Axiom of Choice. In addition,

these observations show that HﬂVHI’E’G) C L(Vay, B).

Claim. In L(Vay1, E,G), if ( > X is a cardinal and X is an elementary submodel of Ve of
cardinality X\ with Vx U {X, E} C X, then there is an elementary embedding i : X — Vi
withi [ V=7 [ V) and i(E) = E.
Proof of the Claim. Let m : X — M be the transitive collapse of X and define Ey =
n(E) € M. Then the inverse map 7~ : M — V¢ is an elementary embedding with
7 L [ Vy =idy, and M € Hﬂv*“’E’G) C L(Va4+1, E). Moreover, the fact that Add(A1,1)
is weakly homogeneous in L(Vy11, E) implies that

Lagaa+,y IF “There is an elementary embedding k : M — Ve

satisfying k | Vi = idy, and k(Ey) =E”
holds in L(Vy41, E). Since j(\) = ), j(E) = E and j(Add(\", 1)) = Add(AT, 1), an applica-
tion of j ensures that, in L(Vy 1, E, G), there is an elementary embedding & : j(M) — Vj¢)
with k | V) = idy, and k(j(Ep)) = E. But, this implies that the embedding
i =ko(j| Myom: X — V1B

given by the diagram below is an elementary embedding with ¢ [ V), = j [ V) and i(F) = E.

JjIM . k L(Vx41,E,G)
- - sV
M J(M) ; VJ(C)
,/”i’d’/ L(Vxy1,E,G)

Finally, since the elementary embedding j [ M : M — j(M) belongs to L(Vy41, E), the
map i is an element of L(Vy41, E,G). This proves the claim. O

Now, fix n > 0 and assume, aiming for a contradiction, that there is A € Vyy; with
the property that, in L(Vy41, E,G), there is no n-ultraexact embedding k : X — V¢ at
A with B € X, kE(E) = E, A € ran(k), k(crit (k)) = A and kE(Apt1) = Apge for all
m < w. Fix a cardinal ¢ > X such that j(¢) = ¢ and VCL(V”“E’G) is sufficiently elementary
in L(Vaq1, E,G). Now, work in L(Vy1, E,G) and pick an elementary submodel X of V;
of cardinality A with Vy U{FE,j | Va} C X. The above claim then yields an elementary
embedding i : X — Ve with ¢ [ Vi = j | Vi and i(F) = E. Since V; was chosen to be
sufficiently elementary in V and the set i[X] is an elementary submodel of V; that contains
E and the sequence (A\,41 | m < w), our assumption and the correctness properties of V
yield A € i[X] with the property that there is no n-ultraexact embedding k : X — V¢
at A with E € X, k(E) = E, A € ran(k), k(crit (k)) = A1 and k(Apq1) = Apye for all
m < w. However, the fact that ¢ [ VA = j [ VA € X implies that 7 : X — V¢ is an
n-ultraexact embedding at A with A € ran(s), i(crit (¢)) = j(crit (§)) = j(Ao) = A1 and
i(Am+1) = 7(Ama1) = Amae for all m < w, a contradiction.

We have thus shown that, in L(Vy41, F, G), for every A € V)1, there is an n-ultraexact
embedding ¢ : X — V. at A with F € X, i(F) = E, A € ran(i), ¢(crit (4)) = A and
i(Am+1) = Amg2 for all m < w. Note that, in L(Vy41, E,G), this statement can be ex-
pressed by a formula with parameters E and (A;,+1 | m < w). Since these parameters are
contained in L(Vy41, F), the weak homogeneity of Add(A™,1) in L(Vy41, F) implies that
every condition in this partial order forces this statement to hold. In this situation, the
elementarity of j ensures that every condition in Add(A™, 1) forces that for every A € Vy 1,
there is an n-ultraexact embedding ¢ : X — V¢ at A with £ € X, i(F) = E, A € ran(i),
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i(crit (4)) = Ao and i(Ap,) = Amy1 for all m < w. So, in particular, this statement holds in
L(Vys1, E,G). O

By applying the above theorem to the case £ = &, we directly obtain the following
corollary:

Corollary 3.31. If j : L(Vag1) — L(Vag1) is an I0-embedding with critical sequence
(Am | m < w) and G is Add(\T, 1)-generic over V, then, in L(Vay1, E,G), the cardinal \o
is parametrically n-ultraezact for (A1 | m < w), for all n > 0. |

While the combination of Theorems [3:22] and [3.30] does not directly give us an equiconsis-
tency statement, we end this section by discussing how these results can be used to obtain
results in this direction. For this purpose, we start by inductively defining for all natural
numbers n and cardinals A, when a set F is the n-th iterated sharp of Vx;1. First, a set E is
the 0-th iterated sharp of V11 if and only if F = @. Next, a set F is the (n+ 1)-th iterated
sharp of Vi if there exists a set D that is the n-th iterated sharp of Vy;; and satisfies
E = (Vay1, D)#. Notice that, if the n-th iterated sharp of Vi exists, then it is uniquely
determined, it is contained in OD N V)42 and the m-th iterated sharp of V)1 exists for all
m < n. Corollary now shows that if the (n + 1)-th iterated sharp of Vi exists for
some ultraexacting cardinal A, then the n-th iterated sharp of V41 is a strong Icarus set.
In the other direction, Theorem [3.30] shows that if A is a cardinal with the property that
the n-th iterated sharp of Vy11 exists and is a strong Icarus set, then, in an inner model of
a generic extension of V', the cardinal A is ultraexacting and the n-th iterated sharp of V)1
exists. These observations show that the following statements are equivalent:

(i) For every natural number n, the axioms of ZFC are consistent with the existence
of a cardinal A with the property that the n-th iterated sharp of V)4 is a strong
Icarus set.

(ii) For every natural number n, the axioms of ZFC are consistent with the existence
of an ultraexacting cardinal for which the n-th iterated sharp of V)i exists.

4. SQUARE ROOT REFLECTION AND ULTRAEXACT CARDINALS

In this section, we show that the existence of ultraexact cardinals corresponds exactly
with the validity of very strong structural reflection principles. We start by reviewing the

principles of Exact Structural Reflection ESR¢ () introduced in [5] and their relationship to
the existence of exact cardinals.

Definition 4.1 ([5]). Let £ be a first-order language containing unary predicate symbols
P=(P, | m<uw).
(i) Given a sequence X = (A, | m < w) of cardinals with supremum X, an L-structure
A has type X (with respect to P) if the universe of A has rank A and rk(P2) = \,,
for allm < w.
(ii) Given a class C of L-structures and a strictly increasing sequence X = (A | m < w)
of cardinals, we let ESRC(X) denote the statement that for every structure B in C
of type (Am+1 | m < w), there exists an elementary embedding of a structure A in
C of type (Am | m < w) into B.
(iii) Given a definability class T and a class P, we let T(P)-ESR(X) denote the statement
that ESRC(X) holds for every class C of structures of the same type that is I'-
definable with parameters in P.

The following statements are a direct consequence of [5, Corollary 9.10] and its proof
(just letting p = A in the proof of the implication (ii) = (i) in [B, Lemma 9.9]). In the
original result, the cardinal A does not appear as a parameter in the definition of the classes
of structures, but it is easily seen that the given proof also works if we allow this cardinal
as a parameter.

Theorem 4.2 ([5]). Let n > 0 be a natural number and let X = (A, | m < w) be a strictly
increasing sequence of cardinals with supremum \.
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(i) The cardinal Ny is n-ezact for Ami1 | m < w) if and only if i1 ({A})-ESR(X)
holds.

(ii) If Xo is parametrically n-ezact for (Nig1 | @ <n), then Spiq(Va, U {A})-ESR(X)
holds.

We now strengthen the above reflection principles by permuting the quantifiers in their
statements to obtain principles of structural reflection that directly correspond to ultraexact
cardinals. These stronger reflection principles are based on the concept of square roots of
I3-embeddings that play an important role in the study of rank-into-rank embeddings (see
[29, Section 2]).

Definition 4.3. Given a limit ordinal A\ and a function f : VN — V), a square root of f
is a function r : Vy — V) with r4(r) = fﬁ

Definition 4.4. (i) Given a first-order language L containing unary predicate symbols
(Pm | m < w), and given a class C of L-structures together with a strictly increasing
sequence X = (A, | m < w) of cardinals with supremum X, we let VVESR¢(X) (the
Square Root Exact Structural Reflection principle for Xand C ) denote the statement
that there is a function f : VN — Vi with the property that for every structure B
in C of type (Amt1 | m < w), there exists a structure A in C of type (A, | m < w)
and a square root v of f such that the restriction of r to the universe of A is an
elementary embedding of A into B.

(ii) Given a definability class T and a class P, we let T(P)-VESR(X) denote the state-
ment that ESRC(X) holds for every class C of structures of the same type that is
I'-definable with parameters in P.

-

Clearly, for every sequence X and every class C, the principle vVESR¢(A) implies the
principle ESR¢(A). In the following, we shall prove the analogs of Theorem for the
square oot Structural Reflection principle v ESR.

Lemma 4.5. Let n > 0 be a natural number, let X = (A, | m < w) be a strictly increasing
sequence of cardinals with supremum X, and let j : X — V; be an n-ultraezact embedding
at X with X € X, Ao € ran(j) and j(Am) = Ami1 for allm < w. If F = {z € X | j(z) = z},
then the principle $p11(F)-vVESR(X) holds.

Proof. Assume, towards a contradiction, that there is a class C of structures of the same
type such that ESRC(X) fails for C and C is definable by a X, 1-formula p(vg,v1) and a
parameter z € F. Since the map j(j | V) : Va — Vi does not witness that vESR¢(X)
holds, we can find a structure B € C of type (A1 | m < w) with the property that for every
structure A € C of type X, there is no square root r of j(j | Vi) such that the restriction
of r to the universe of A is an elementary embedding of A into B. Since ¢ € C"*t1 by
the definition of n-ultraexactness, and since B € V, we have that, in V¢, ¢(B, z) holds and
for every structure A of the given signature and type X such that (A, z) holds, there is no
square root r of j(j | Vi) such that the restriction of r to the universe of A is an elementary
embedding of A into B. Pick pug € X with j(ug) = Ao and set py,p1 = Ay, for all m < w.
Then i = (s | m <w) € X and j(7) = X. The clementarity of j then implies that, in
X, there is a structure A of the given signature and type X such that ¢(A, z) holds and for
every structure Ag of the given signature and type fi such that ¢(Ag, z) holds, there is no
square root r of j [ V) such that the restriction of r to the universe of Ag is an elementary
embedding of Ay into A. Applying j, we see that, in V¢, A is a structure in C of type X j(4)
is a structure in C of type (A1 | m < w) and there is no square root r of j(j | Vi) such
that the restriction of r to the universe of A is an elementary embedding of A into j(A). By
the correctness of V¢ this holds in V' as well. However, this is a contradiction, as j [ V) is a
square root of j(j | Vi) and the restriction of j | V) to the universe of A is an elementary
embedding of A into j(A). O

8The function r : V41 — Va4 is defined in Definition
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Corollary 4.6. Let n > 0 be a natural number and let X = (A, | m < w) be a strictly
increasing sequence of cardinals with supremum \.

() If Xo is n-ultraezact for (Amy1 | m < w), then L, 1 ({A})-VESR(X) holds.

(i) If Ao is parametrically n-ultraexact for (Apms1 | m < w), then Xpp1(Va, U {A})-

VESR(X) holds.

Proof. [[D)]If the cardinal Ao is n-ultraexact for (A1 | m < w), then there is an n-ultraexact
embeddmg j: X — Ve at X with Ao, A € ran(j) and j()\ ) = Am+1 for all m < w. Then
X € X and Lemma shows that 2,4 1({\})-vVESR(X) holds.

[(iD)] Now, assume ) is parametrically n-ultraexact for (A,+1 | m < w) and z € Vy,. Then
we find an n-ultraexact embedding j : X — V¢ at A with X, z € ran(j), j(crit () = Ao
and j(Am) = Amq1 for all m < w. Then X € X, j(z) = z and Lemma shows that
Snt1({\ 2})-VESR(X) holds. 0

We shall prove next the converse to (i) of |4 . In the following, we let £ denote the
first-order language that extends the language of set theory by a constant symbol ¢, a unary
function symbol f , @ binary predicate symbol E, and a unary predicate symbol B, for every
m < w. Given a natural number n > 0, we define U,, to be the class of L-structures A with
the property that there exists a strictly increasing sequence )= (Am | m < w) of cardinals
with supremum A such that the following statements hold:

e The reduct of A to the language of set theory is equal to (Vy, €).
e There is A\ < ¢ € C™, an elementary submodel X of Vi with V3 U {)\, fA4} C X
and a bijection 7 : X — V), with 7(A\) = (0,0), 7(z) = (1, ) for all x € V}, and

x €y < 7(x) EA 7(y) (5)

for all z,y € X.
It is easy to check that the class U, is definable by a ¥, 1-formula without parameters.

Lemma 4.7. If X = (Am | m < w) is a strictly increasing sequence of cardinals such that
VESRy,, (A X) holds, then g is n-ultraezact for (Apmy1 | m < w).

Proof. Set A\ = sup,, ., Am and let f: Vy — V be a function witnessing that vESRy, (X)
holds. Fix D € Vy,i. Now, pick A < ¢ € C"tD an elementary submodel Y of Ve of
cardinality A with V\, U {\, D, f} C Y, and a bijection 7 : Y — V) with «(\) = (0,0),
7(x) = (1,2) for all # € V). Then there is an L-structure B extending (Vj, €) with ¢& =
(D), f% = f, EP = {(n(z),7(y)) | 1,y €Y, x €y} and PE = X\, for all m < w. Tt
follows that B is an element of U,, of type (An11 | m < w). Hence, there is a structure A
in U, of type (A, | m <w) and a square root r : Vy — V) of f that is an elementary
embedding of A into B. Observe that in particular r maps ¢ to ¢5.

Thus r is an I3-embedding with r(\,;,) = A1 for all m < w. Also, we have that
r((m,z)) = (m,r(z)) holds for all € V and m < w. Pick a cardinal A < n € C™, let X
be an elementary submodel of V;, of size A, with V) U {], fA} CX,andlet 7: X — V)
be a bijection such that 7(\) = (0,0), 7(z) = (1,z) for all x € V), and holds for all

z,y € X. Now define

J = ’7'1'_107"07'2X—>VC.

a1 id
1%\ Y Ve

Vye—T X
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We claim that 7 is an n-ultraexact embedding at A. First note that, letting = be such that
7(z) = ¢*, we have that
jlx) =77 (r(e)) =7 (") =D
and so D € ran(j). Moreover,
JN) = (@ toron)(A) = (71 or)((0,0) = 71({0,0)) = A

and

j(@) = (rtoror)(z) = (ntor)((La)) = 7 ((Lr(x) = r(z) (6)
holds for all z € V. In particular, j(An,) = A4 for all m < w. Further, j is an elementary
embedding: for every a € X and every formula () in the language of set theory,

XE @) if (Vi EYEe(r(a) if (Vi EP) Ee(r(r(a) if YiEe(r ' (r(r(a)))
and the latter holds if and only if V: = ¢(j(a)).

Claim. j | V) = fA.

Proof of the Claim. Assume, towards a contradiction, that the claim fails and pick m < w
with j [ Vi,, # f4 | Vi,,. Elementarity and @ then imply that

r(r V) = (G Vo) # r(fA1V) = 21 Ve, = f1 Vi,

Since the fact that r is a square root of f implies that

r(r T Va,) = m4(0) I Va, = F 1 Vani

we derived a contradiction. O

Hence, we have j | Vi = f4 € X, showing that j is an n-ultraexact embedding at .
Since D was arbitrary and belongs to the range of j and since j(Am) = 7(Am) = Ama1 for
all m, it follows that Ag is n-ultraexact for (\,4+1|m < w), as desired.

Corollary 4.8. Let n > 0 be a natural number and let X = (A, | m < w) be a strictly
increasing sequence of cardinals. The cardinal Ny is n-ultraexact for (A1 | m < w) if and

only if Spi1-vVESR(X) holds.

In view of the corollary above, we shall refer to square root Exact Structural Reflection
also as Ultraexact Structural Reflection.

5. SQUARE ROOT REFLECTION AND CHOICELESS CARDINALS

As we already observed (Corollary above), the existence of an 10 embedding does not
imply the existence of a 2-exact embedding, the reason being that the former is consistent
with V' = HOD, while the latter is not. Hence an I0 embedding does not imply Ultraexact
Structural Reflection. In contrast, we will next show, in ZF, that Ultraexact Structural
Reflection does follow from the existence of some large cardinals beyond the Axiom of
Choice, such as Reinhardt, super-Reinhardt, or Berkeley cardinals.

5.1. Ultraexact Structural Reflection and Reinhardt cardinals. We will show that
a Reinhardt cardinal A\ is parametrically n-ultraexact for every n, and moreover Ultraexact
Structural Reflection for its critical sequence holds for all classes of structures that are
definable with parameters in V. Since Reinhardt and super-Reinhardt cardinals are given
by proper class elementary embeddings, which need not be definable, we shall work in
NBG — AC, von Neumann-Bernays-Godel class theory without the Axiom of Choice.

Definition 5.1 (NBG — AC). A cardinal is Reinhardt if it is the critical point of a non-
trivial elementary embedding j : V. — V.

Note that the assertion that “j is elementary” in the definition above can be formulated
as “j is cofinal and Ag-elementary”.

Theorem 5.2 (NBG — AC). If j : V — V is a non-trivial elementary embedding with
critical sequence (A, | m < w), then Ao is parametrically n-ultraexact for (Ams1 | m < w),
for alln > 0.
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Proof. Pick ¢ € C("*2) greater than the supremum of the critical sequence, and such that
j(¢) = ¢ . Then, the map j [ V¢ : Ve — V¢ is an n-ultraexact embedding.

Now, we can argue as in the last part of the proof of Theorem Namely, since
J[Ve] is an elementary submodel of V; that contains the sequence (A,+1 | m < w) and V¢
was chosen to be sufficiently elementary in V', the hypothesis that A; is not parametrically
n-ultraexact for (Am12 | m <w) yields a set A € j[V¢] N Vay1 with the property that
there is no n-ultraexact embedding k : X — V; at A with A € ran(k), k(crit (k)) = A\
and k(Am41) = Amgo for all m < w. But, the function j [ Ve : Vo — V; has all of
these properties, yielding a contradiction. We have thus shown that )\; is parametrically
n-ultraexact for the sequence (A, 42 | m < w), for all n > 0. Hence, the elementarity of
j implies that Ao is parametrically n-ultraexact for the sequence (A1 | m < w), for all
n > 0. ]

By checking that the proof of Lemma does not make use of the Axiom of Choice, it
can be seen that the following result is a corollary of the above theorem. But, we shall give
a simpler, direct proof. In the sequel, let £ be as in Definition [41]

Corollary 5.3 (NBG — AC). If j : V — V is a non-trivial elementary embedding with

critical sequence (A, | m < w) and A = sup,,, <., Am, then VESRc(N) holds for all classes C
of L-structures that are definable with parameters in Vy, U {A}.

Proof. Fix a formula ¢(vg,v1,v2) and z € V), such that the class C = {A | (A, A, 2)} con-
sists of L-structures. Pick a structure B in C of type (Am41 | m < w). Then the elementarity
of j implies that ¢(j(B), A, z) holds. Thus, we know that j(B) is an L-structure of type
(Am+2 | m < w) and the restriction map j [ B : B — j(B) is an elementary embedding
of structures in C. Let f = j [ V) : V), — V), and note that f is a square root of j(f).
By elementarity, we have that there is an L-structure A of type X with the property that
»(A, ), z) holds and there exists an elementary embedding i : A — B that is the restriction
to A of a function that is a square root of f. This shows that vESR¢(X) holds. O

Under the stronger assumption of the existence of a super Reinhardt cardinal, we obtain
a stronger result. Let us first recall the definition of super Reinhardt cardinal:

Definition 5.4 (NBG — AC). A cardinal  is super Reinhardt if for every ordinal A there
exists an elementary embedding j : V — V with critical point k and j(k) > A.

By a straightforward adaptation of the proof of Theorem we have the following:

Proposition 5.5 (NBG—AC). If k is a super Reinhardt cardinal, then there exists a proper

class of sequences X = (A | m < w) of cardinals for which vESR¢(X) holds for all classes
C of L-structures that are definable with parameters from V.

We finish with an observation on structural reflection in the presence of Reinhardt cardi-
nals, which should be compared with the characterization of proto-Berkeley cardinals given
by Proposition @ below. Let L. ; denote the first-order language that extends the lan-

guage of set theory by a unary predicate symbol P.

Proposition 5.6 (NBG — AC). If k is a Reinhardt cardinal, then for every first-order
language L extending L. p, every class C of L-structures that is definable with parameters
in Vi, and every structure B in C with tnk(PP) = k, there exists a structure A in C with
rnk(PA) < k and an elementary embedding of A into B.

Proof. Let j : V — V be elementary with critical point k. Fix a first-order language £
extending L. p, some y € Vj;, a ¥,-formula ¢(vo, v1) such that the class C = {A | p(A,y)}

consists of L-structures, and a structure B € C with rnk(P?) = . Then (B, y) holds in
Vo and therefore the elementarity of j ensures that ¢(j(B),y) holds in Vy. Then j(B) is
an L-structure with rnk(P7(P)) = j(xk) > x = mk(P?), and the map j | B : B — j(B)
is an elementary embedding of L-structures. The elementarity of j then yields that there
is an L-structure A such that rk(P#) < , ¢(A,y) holds and there exists an elementary
embedding j : A — B. It follows that the structure A is an element of C with the desired
properties. O



32 AGUILERA, BAGARIA, AND LUCKE

5.2. Ultraexact Structural Reflection and Berkeley cardinals. Let us recall the def-
inition of Berkeley cardinals:

Definition 5.7 ([4]). (i) An ordinal 0 is a proto-Berkeley cardinal if for all transitive
sets M with § € M, there exists a non-trivial elementary embedding j : M — M

with crit (5) < 4.
(ii) An ordinal 6 is a Berkeley cardinal if for all transitive sets M with 6 € M, for
every 1 < 0 there exists a non-trivial elementary embedding j : M — M with

n < crit (j) < 0.

As shown in [4], under ZF, the least proto-Berkeley cardinal, if it exists, is a Berkeley
cardinal. Arguing similarly as in the proof of Theorem we have the following:

Theorem 5.8 (ZF). Given a natural number n > 0, if § is a Berkeley cardinal, then un-
boundedly many cardinals below & are parametrically n-ultraexact cardinals for some sequence
of cardinals below 6.

Proof. Fix any a < § and pick § < ¢ € C(™*2). Then the results of [4] show that there is
an elementary embedding j : Vo — V¢ with a < crit (j) < § and j(§) = 6. It follows that j
is an n-ultraexact embedding. If (\,, | m < w) is its critical sequence, then A,, < ¢ for all
m < w and we can argue as in the proof of Theorem to show that )\ is parametrically
n-ultraexact for the sequence (Ap,4+1 | m < w). O

Let us show next that the least Berkeley cardinal is the limit of a sequence of cardinals
witnessing full Ultraexact Structural Reflection.

Theorem 5.9 (ZF). Given a natural number n > 0, if § is the least Berkeley cardinal, then
for every set z, there exists a strictly increasing sequence A = (A, | m < w) of cardinals with

supremum less than 6 and the property that vVESRe (M) holds for every class C of L-structures
that is definable by a X, -formula with parameter z.

Proof. Using [15, Lemma 2.1.19], we can find a cardinal § < ¢ € C("*2?) with z € Ve and a
non-trivial elementary embedding j : Vi — V¢ with critical sequence X = (Am | m < w) such
that crit ((5)) < 6, j(6) =0, j(2) =z and A = sup,,,c, Am < 9. Set f:=7[Vi:Vy — Vi.

Now, let C be a class of L-structures that is definable by a ¥,,-formula with parameter
z. Pick a X, -formula ¢(vg,v1) with C = {A | p(4,2)}. Fix a structure B € C of type
(Am+1 | m < w). Then B is an element of V¢ and our setup ensures that ¢(j(B), z) holds in
V. Hence, the L-structure j(B) is an element of C of type (Am42 | m < w) and the restriction
map j | B : B — j(B) is an elementary embedding of L-structures with j | B € Vj.
Moreover, notice that j [ B is the restriction to B of a function, namely j [ V), that is a
square root of j(f). Since all of these statements are absolute between V' and V¢, we can use
the elementarity of j and the correctness properties of V; to find an L-structure A of type X
with the property that ¢(A, z) holds and there exists an elementary embedding i : A — B
that is the restriction to A of a function that is a square root of f. This allows us to conclude

-

that vESR¢(X) holds. O

Thus, in view of Theorem and Corollary the least Berkeley cardinal cannot
be characterized in terms of Ultraexact Structural Reflection. Nevertheless, we will show
next that proto-Berkeley cardinals, and therefore also the least Berkeley cardinal, can be
characterized as a rather natural form of Structural Reflection.

Proposition 5.10 (ZF). The following statements are equivalent for every limit cardinal §:

(i) ¢ is a proto-Berkeley cardinal.

(ii) For every natural number n and every set z, there is a cardinal A < § such that
for every first-order language L extending Ee,Pf every class C of L-structures that
is definable by a X, -formula with parameters in Vy U{z}, and every structure B
in C with rnk(PP) = \, there exists a structure A in C with rnk(P?) < X and an
elementary embedding of A into B.
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(iii) For every set z and every class C of L p-structures that is definable by a Xo-formula
with parameter z, there exists an ordinal A < § such that for every structure B in
C with tnk(PB) = X, there exists a structure A in C with k(P?) < X and an
elementary embedding of A into B.

Proof. Assume that (i) holds and let us prove (ii). So fix a natural number n and a set z. By
[4, Lemma 3.4], for every ordinal 6 > ¢ with z € Vj, there exists a minimal cardinal \p < ¢
with the property that there exists a non-trivial elementary embedding j : Vy — Vpy with
crit (j) = Ag and j(z) = z. It follows that there exists a cardinal A < ¢ such that A = A\g for
a proper class of cardinals § > ¢ in C"*2) with z € V.

Now, fix a first-order language £ extending Ee,P’ let y € V), and let ¢(vg,v1,v2) be a
Y ,-formula such that the class C = {A | p(A4,y,2)} consists of L-structures. Let B € C
be such that rnk(PP) = X. Then there exists a cardinal § > § in C with B,z € Vj and
A = MAg. So there exists a non-trivial elementary embedding j : Vy — V with crit (j) = A
and j(z) = z. Moreover, we know that ¢(B,y, z) holds in Vjy and therefore the elementarity
of j ensures that ¢(j(B),y, z) holds in Vjy as well. Thus, we have that j(B) is an L-structure
with rnk(P?(®)) = j(\) > A = mk(PP) and the restriction map j | B : B — j(B) is an
elementary embedding of L-structures that is an element of Vy. The elementarity of j then
gives that, in Vj, there is an L-structure A with rnk(PA) < X and such that ¢(A,y, z) holds,
and there exists an elementary embedding j : A — B. But then the X,-correctness of Vjp
yields that ¢(A4,y, z) holds in V', and so A is an element of C.

Now, assume that (iii) holds and let us prove (i). So, fix a transitive set M with § € M.
Define C to be the class of all Ee, p-structures A with universe M and the property that

PA is an ordinal in M. Then C is definable by a Xo-formula with parameter M. By
our assumption, there exists an ordinal A\ < & with the property that for every B in C
with rmk(PP) = A, there exists a structure A in C with rnk(P4) < A and an elementary
embedding of A into B.

Let B denote the unique structure in C with P2 = X. Then there exists a structure
A € C, an ordinal n < A, and an elementary embedding j : M — M such that PA = 7 and
the map j is an elementary embedding of A into B. But then n € PB \PA and therefore the
elementarity of j implies that 7 < A < j(n) € M N Ord. Thus, j is a non-trivial elementary
embedding with critical point less than 4. ]

Since the least proto-Berkeley cardinal is a Berkeley cardinal, an immediate consequence
of the proposition above is that the least Berkeley cardinal is characterized by being the
least cardinal for which (ii) or (iii) above hold.

6. A FAILURE OF WOODIN’'S HOD CONJECTURE
Let us recall the notion of C(™_-Reinhardt cardinal:

Definition 6.1 (NBG — AC). A cardinal x is C™-Reinhardt if there is a non-trivial
elementary embedding j : V. — V with critical point k € C™).

Lemma 6.2 (NBG — AC). Let j: V — V be an elementary embedding witnessing that a
cardinal r is C"-Reinhardt and let (Km | m < w) be the critical sequence of j. Then, we
have K, € C™ for all m < w and thus also sup,, ., km € C™.

Proof. By a straightforward induction, the fact that the class C"™) is definable by a formula
without parameters and the elementarity of j imply that, if &,, is an element of C(™) for
some m < w, then Ky;,41 = j(Km) is an element of cm, O

Let us also recall the definitions of standard large cardinal notions in the absence of the
Axiom of Choice. First, following Woodin [42] Definition p. 323|, we fix the following form
of inaccessibility (see [I0] for a discussion of inaccessibility in the absence of the Axiom of
Choice):

Definition 6.3 (ZF). A cardinal k is strongly inaccessible if for every ordinal o < k, there
18 no function f :V, — k whose range is unbounded in k.
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A standard argument then shows that the strong inaccessibility of a cardinal  is preserved
by forcing with partial order that are elements of V.
Next, again following Woodin [42], Definition 220], we define:

Definition 6.4 (ZF). A cardinal k is supercompact if for every ordinal o > k, there is an
ordinal B > «, a transitive set N with V>N C N and an elementary embedding j : Vs — N
with crit (§) = k and j(k) > a.

It is easy to see that, in ZFC, this definition is equivalent to the standard definition of
supercompactness. Moreover, standard arguments show that ZF proves that supercompact
cardinals are strongly inaccessible elements of C(?).

Finally, again in ZF, a cardinal k is extendible if for all « > k there is an elementary
embedding j : Vo, — Vp for some 8, such that x = crit (j) and j(k) > «. It is easily seen
that ZF proves that extendible cardinals are supercompact. Moreover, standard arguments
show that NBG — AC proves that every cardinal A that is the supremum of the critical
sequence of a non-trivial elementary embedding j : V. — V is a limit of cardinals that
are extendible in Vy. In particular, every element of C'®) with this property is a limit of
extendible cardinals.

The goal of this section will be to prove the following result:

Theorem 6.5 (NBG — AC). If there is a C® -Reinhardt cardinal and a supercompact car-
dinal greater than the supremum of the critical sequence, then there exists a set-sized model
of ZFC' and the statement

“There is an ultraexacting cardinal that is a limit of extendible cardinals”.

Recall that, given an infinite cardinal A\, the Dependent Choice principle A-DC states
that for every non-empty set D and every binary relation R with the property that for all
s € <AD\ {2}, there exists d € D with s R d, there exists a function f : A\ — D with the
property that (f [ «) R f(«) holds for all & < A. It is easy to see that the Axiom of Choice
is equivalent to the statement that A-DC holds for every cardinal A. In addition, given an
infinite cardinal k, we let <k-DC denote the statement that A-DC holds for every infinite
cardinal A < k. Another easy argument, in ZF, then shows that if x is a singular cardinal
with the property that <x-DC holds, then x-DC holds.

In order to prove Theorem [6.5] we will use the following version of a theorem of Woodin
(see [42, Theorem 226]):

Theorem 6.6 (Woodin, ZF). If § is a supercompact cardinal, then there is a partial order
Q C Vi such that the following hold:

(i) Q is homogeneous.

(ii) Q is X3-definable, without parameters, over V.

(iii) If G is Q-generic over V, then V[G]s is a model of ZFC, and every supercompact
(respectively, extendible) cardinal smaller than & in V is supercompact (respectively,
extendible) in V|[G]s.

(iv) If X < 6 is a cardinal in C®) and j : Vagr — Vay1 is a non-trivial elementary
embedding such that \ is the supremum of the critical sequence of j, then there is a
complete suborder P of Q with P C V)41 and a P-name R for a partial order such
that the following statements hold:

(a) P is homogeneous and X3-definable, without parameters, over V1.

(b) There is a dense embedding of Q into P x R that maps every condition p in P
to (p, 1p).

(c) 1p - “R is homogeneous and <\t -closed’

(d) 1p I A\-DC

(e) There is a condition p in P with the property that whenever Gy is P-generic
over V with p € Gy, then j[Go] C Gy holds.

Sketch of the proof. For each pair (v,7n) of regular infinite cardinals such that v < 7, we let
Q7 denote the partial ordering of all partial functions

part
pryxn——Vy,
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with domain of cardinality less than v and the property that p(a, 8) € Viyg holds for all
(a, B) in the domain of p. The ordering is by extension, i.e., we have p S@g q if and only if
q € p. The following statements are easily checked:
(i) Q7 is <v-closed.
(ii) For all 0 < 8 < 7, forcing with Q7 adds a function from ~ onto Vj.
(iii) QY is definable in V;, by a ¥;-formula with parameter ~.

The partial order Q is the direct limit of an iteration (Qp | 5 < d), defined relative to a
sequence (kg | B < 0) of regular cardinals that is cofinal in ¢, where Qy = @ and &y is the
least regular cardinal g such that <u-DC holds and p-DC fails; and for every 5 < 6, we
have Qg4+1 = Qp * QZZ“, where kg4 is the least inaccessible cardinal v greater than kg
such that if Qg forces <xg-DC to hold, then Qg4 forces <v-DC to hold (see [42] Theorem
225] for details). If B is a limit ordinal and v = sup,.g K is strongly inaccessible, then
kg = v and Qg is the direct limit of the iteration up to 8. Otherwise, the inverse limit is
taken, and we set k3 = . The iteration is well-defined, assuming that o exists and is
less than 6. It is then easily seen that Q is homogeneous, definable in V5 by a ¥3-formula
without parameters, it forces <d-DC to hold, and preserves the strong inaccessibility of 4.
Hence, if G is Q-generic over V, then V[G]s is a model of ZFC.

Now suppose dg < § is a supercompact cardinal, and let us show it is supercompact in
V[Gs. Woodin (see [42, Lemma 222]) showed that there exist dp < ¥ < &y < v < 4, with
K =y, and Q, with an elementary embedding

i ny-‘,—w — V’y-‘rw

having critical point &y and such that i(Jp) = 6o and i(Q) = Q,. As Qo= Qs,, the map
i lifts to an elementary embedding
i N ny+w[G r 50] — ny+w[G r 60]

Since k., = 7, and V5 is sufficiently correct in V, it follows that Q = Q5. Moreover,
we have Q, = Qs, * R, where R is forced by Qs, to be homogeneous and <dop-closed in
Vyiw[G 1 8] Let R = R[G | &), and let R € V5,,[G | do] be such that i(R) = R. So,
we have V|G [ 7] = V|G | do][g], where g C R is V[G [ dp]-generic. As R is < Jp-closed in
VI[G | o], there is a condition p € R below i(r), for all » € g. By homogeneity, we may
assume that p € GG. Therefore, the map 1 lifts to an elementary embedding

7 Vﬁ.{.w[G r’?] — ny+w[G r’}/]

Since k5 =7 and k., = 7, we have that V;[G [ 7] = V[G]5 and V,[G | 4] = V[G],. Thus, in
V[G], for each 7 such that 6y < vy < 4, there exist dg, 7 < dg and an elementary embedding

i V[G], — VIG],

with critical point dg such that i(do) = d9. This shows that &y is supercompact in V[G]s.

The proof that every extendible cardinal smaller than § in V is extendible in V[G]; is
similar, and easier. This proves (iii).

To prove (iv), assume A < § is a cardinal in c®) and j : Vag1 — Vi1 is a non-trivial
elementary embedding with the property that A is the supremum of the critical sequence
of j. Since A € C® and the supercompactness of ¢ implies that § € C'®), we have that
Va <z, Vs, and this implies that (Qg | 8 < A) C V). Moreover, since A has countable
cofinality, it follows that Qx C V41 is the inverse limit of (Qg | 8 < A). Moreover, the
remaining part of the iteration is homogeneous and A-closed in V@, So, set P = Q, and let
R be a P-name for the tail of the iteration. Then clauses (a)-(c) clearly hold.

To prove clause (d), as before one can show that P forces, over V, that <A-DC holds and
this implies that A-DC holds. Now, note that, since P forces that R is <A*-closed, we know
that

MWIGTA CVIGTA
holds in V[G], and so it follows that A-DC also holds in V[G | A].

Finally, to prove clause (e), let (A, | m < w) be the critical sequence of j. For every
m < w, the forcing Py,,,, = Qx,,,, may be seen as a two-step iteration Q,,, >|<(@,\m,,\mJrl with
Q»x,, €V, . Then, as (@,\W)\m+1 is forced by Q,,,, to be <A,-closed, if g, is Q»,,-generic over
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V, then in V]g,,] there is a condition py,+1 in Qf\’:m/\mﬂ that is below (5(r) | [Am, Ama1))9™,
for all r € g,,,. Thus, starting with any condition py € P,,, we can successively find a Py, -
name p,, for a condition in me, Am.i1, S0 that the condition p € P given by the sequence
(Po) " {Pm+1 | m < w) has the property that for every Gy that is P-generic over V with
p € Go, j[Go] C Gg holds. For suppose g € Ggy. Pick r <p p,q with r € Gy. Then

p<pj(r) =G 10,2)) G [ [Am, Ams1)) [ 0 <w)
and therefore j(r) € Gy, hence j(q) € Go. O

We will next show that forcing with Woodin’s partial order Q over a model with a
C'®)-Reinhardt cardinal and a supercompact cardinal above the supremum \ of its criti-
cal sequence yields a 1-ultraexact embedding at A in a rank-initial segment of the generic
extension.

Lemma 6.7 (NBG — AC). Suppose j : V. — V is a non-trivial elementary embedding,
e CB) s the supremum of its critical sequence, and § > X is a supercompact cardinal with
j(6) = 9. If Q is the partial order given by Theorem and G is Q-generic over V, then
there is a 1-ultraexzact embedding at X in V[G|s that extends j | V.

Proof. Since the partial order QQ is homogeneous, it will be sufficient to show that some
condition in Q forces the existence, in V[G]s, of a 1-ultraexact embedding at A that extends
the map j [ V.

Let p be the condition in P given by Clause in the theorem above. Suppose G is a
Q-generic filter over V with p € G and let Gy * G denote the filter on P % R induced by the
dense embedding given by Clause in Theorem Thus, we have V[Gy * G1] = V[G].
Since p € G, we know that p € Gy, and so, by Clause the map j [ Vi41 lifts to an
elementary embedding

Jx : VI[Golas1 — VI[Gola+1

in V[Gg]. In particular, by Clause in Theorem this implies that A is a limit of
strongly inaccessible cardinals in V[Gp], and moreover, by Clause|(iv)d} it follows that V[G]x
has cardinality A in V[G]s. Thus, in V[G]s, we can find A < n € C® and an elementary
submodel X of V[G],, of cardinality A with V[G]x U {j. | VIG]x} C X. Let 7: X — M
denote the corresponding transitive collapse.

Clearly, we have M € H(AT)VIls | 50 we can again use Clausesand in Theorem
to conclude that M is an element of V[Gg]. The homogeneity of R% in V[Gy] then
implies that whenever F is R%o-generic over V[Gy], then, in V[Go, Fs, we can find a cardinal
A < ¢ € C? and an elementary submodel Y of V[Gy, F]¢ such that V[Go, F]y U{\} C Y
and the transitive collapse of Y is equal to M. Pick a P-name M in V with MS% = M.
Then, there is a condition pg in G with the property that whenever Hy* H; is (P*R)-generic
over V with py € Hy, then, in V[Hy, Hy]s, we can find A < ¢ € C® and an elementary
submodel Y of V[Hy, Hi|¢ such that V[Hq, H1]x U{A} C Y and the transitive collapse of ¥’
is equal to M*Ho,

Note that by Clause in Theorem we have j(P) = P. Thus, by the elementarity
of j, we then have that whenever Hy % Hy is (P % j(R))-generic over V with j(po) € Hy,
then, in V[Hy, Hys, we can find A < ¢ € C® and an elementary submodel Y of V[Hy, Hy]¢
such that V[Hy, H1]x U {\} C Y and the transitive collapse of Y is equal to j(M)Ho. Note
also that since Q is definable in Vj by a formula without parameters, and since j(d) = §, we
know that j(Q) = Q. By elementarity, and Clause this implies that there is a dense

embedding of @ into P * j(R) in V that sends every condition ¢ in P to (g, ]lj(]R))‘ Hence,
there is F' € V[G] that is j(R)%°-generic over V[Go] with V[G] = VG, F].

Since pg € Go and j[Go] C Gy, we may now conclude that, in V[G|s, there exist a cardinal
A < ¢ € C? and an elementary submodel Y of V[G] such that V[G]y U{A} C Y and the
transitive collapse 7 of Y is an isomorphism onto j(M)%°. The elementary embedding j.,
being a lifting of j | Vay1 to V[Go]xs1, now yields that j,(M) = j(M)S°, and hence

Gu | M 2 M —s j(M)C°
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is an elementary embedding in V[G]s. This shows that the composition
T o(ju [ M)or: X — Y
given by
viGgl, > X Yy < V[G]

lﬂ T’IT
is an elementary elementary embedding from X to V[G]¢ in V[G]s and, since we know that
7 [ VIG]x =idy, and 7! | V[G]x = idy(g),, we can conclude that

(t7" o (ju [ M)om) [ V[G]x = ji I VIG]\ € X.

Since j. | V[G]x extends j | V), this equality also shows that the constructed elementary
embedding extends j [ Vi. (]

Woodin’s theorem and the lemma above will now yield a proof of the main result of this
section:

Proof of Theorem[6.5, Work in NBG — AC and assume that there is a C®)_Reinhardt car-
dinal k, witnessed by j : V. — V, and there is a supercompact cardinal greater than the
supremum, A, of the critical sequence, (A, | m < w), of j. Let 6 denote the least supercom-
pact above A. Since ¢ is definable using the parameter A, it follows that j(d) = 4.

Let Q be the partial order given by Theorem|[6.6]and suppose G is Q-generic over V. Then
Clause of Theorem [6.6] yields that V[G]s is a model of ZFC. Moreover, since Vy <5, V,
the cardinals A, of the critical sequence of j are extendible cardinals in V. Hence, since
Clause of Theorem ensures that extendible cardinals below ¢ in V' are extendible in
V[G]s, we have that, in V[G]s, the A, are extendible cardinals, for all m < w. In addition,
Lemma shows that, in V[G]s, there is a 1-ultraexact embedding at A and hence Lemma
shows that A is ultraexacting in V[G]s. Therefore, the set V[G]s is a model of the theory
in the statement of Theorem By absoluteness, this theory is also consistent in the
ground model V| yielding the statement of the theory. O

6.1. The failure of the HOD Conjecture. Recall the following definitions from [42] (see
also [4, Section 7.1]):

Definition 6.8 (Woodin). The HOD Hypothesis is the statement that there exists a proper
class of regular cardinals that are not w-strongly measurable in HOD.

Definition 6.9 (Woodin). The Weak HOD Conjecture asserts that the theory
ZFC + “There exists a huge cardinal above an extendible cardinal”
proves the HOD Hypothesis.

We can draw the following conclusions concerning the interaction between ultraexact
embeddings and extendible cardinals.

Conclusion 6.10. Let T denote the theory consisting of the axioms of ZFC together with
the statement that there is an exacting cardinal above an extendible cardinal.
(i) The theory T proves that there is a huge cardinal above an extendible cardinal and
all sufficiently large regular cardinals are w-strongly measurable in HOD.
(ii) PA+con(T) disproves the Weak HOD Conjecture and the Ultimate-L Conjectureﬂ
(iii) The theory NBG — AC + “there is a C® -Reinhardt cardinal and a supercompact
cardinal greater than the supremum of the critical sequence” proves con(T).

Proof. By Theorem the theory T proves that some singular cardinal that is greater
than an extendible cardinal is regular in HOD. According to Woodin’s HOD-dichotomy
theorem (see [44] Theorems 3.34 & 3.39]), this implies that every regular cardinal greater

9See [, 7.13]
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or equal to the given extendible cardinal is w-strongly measurable in HO[ﬂ Since we also
know that there is an exacting cardinal A\ above the given extendible cardinal, it follows
that there exists an I3-embedding j : V), — V) and therefore ) is a limit of huge cardinals.
This proves|[(i)| and [(ii)| (recall that the Weak Ultimate-L Conjecture implies the Weak HOD
Conjecture by [4]). Finally, follows directly from Theorem (6.5 |

In [4], it is shown that the Weak HOD Conjecture fails under the assumption of the
consistency of NBG — AC with the existence of a Reinhardt cardinal and an I3-embedding
above the supremum, A, of the critical sequence of j, i.e., a non-trivial elementary embed-
ding i : V;, — V,,, for some limit p (see [4, Theorem 8.4]) having critical point greater than
A. While the theory employed in Theorem is stronger than this, the novelty of Conclu-
sion [6.10] is that the Weak HOD Conjecture can be refuted from large-cardinal principles
compatible with the Axiom of Choice, moreover the consistency of each of which can be
separately established in ZFC from the existence of an I0-embedding (by Theorem . It
seems unlikely that the hypothesis of Theorem can be weakened substantially, thus we
conjecture:

Conjecture 6.11. Suppose that ZFC holds, )\ is ultraezacting and k < X\ is extendible.
Then, there is a set model of ZF with a rank-Berkeley cardinal.
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