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Exercise 8(total of six points).
If Xo = (Xo, <o) andX; = (X, <;) are tosets, then we defide, @ X, as follows:

X = ({0} x Xo) U ({1} x Xy),
(i,2) < (j,y): <= (i=jNe<;y)V(i=0Aj=1),and
X() D X1 = <X, S)
Why do we bother with the cartesian products? In other wordgatwvould be wrong with
the definitionX := X, U X;? (1 point)
Prove that ifX, andX; are wosets, then so ¥, ® X; (5 points).

Exercise 9(total of ten points).

By the representation theorem for wellorders, every w¥8dt isomorphic to a unique ordi-
nal. We writeo.t.(W) for it (pronounced: “the order type aV”).
If « and are ordinals, theax & 5 is a woset by Exercise 8. We define an operatioon
ordinals by

a+f:=ot.(adf).
By w, we denote the set of natural numbers as an ordire), the set{0, 1,2, ...} where
n=40,1,...,n—1}.
Describe the ordinal + n as a set (1 point). List all of the elements.ofi- w (1 point).
For ordinalsw, 3 and~y, prove that

a+ (B+7) = (a+B)+~ (5points)
List all of the elements ab + w + w (3 points).
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Exercise 10(total of nine points).

We give an example of a computation of the order type of a weler: Conside(N, <) with
the usual order and’ := {n € N; nis ever}. ThenE := (FE, <) is a woset (why?). The
ordinalo.t.(E) isw as the following argument shows:

The functiond : £ — N defined byd(n) := % is an order isomorphism betwedhand
(N, <) = w (check that!). By the representation theorem, there is guenordinal isomorphic
to any wellorder, so.t.(E) = w.

Compute the order types of the following wos€tg1 point), W, (2 points),W; (2 points),
W, & W, (4 points).
(1) Let(N, <) be the usual ordering df, O := {n € N; nis odd andn > 17}, and
O := (0, <).
(2) Let<, be defined on the natural numbers as follows: Xet= {0, 70, 72}.
n<gm <= MEéXAméeXAn<m)V
m¢g XAmeX)V
(m=0)Vine XAmeXAn#0An<m).
Let W, := <N, §0>
(3) Let<; be defined on the natural numbers as follows: Yet= {0, 1, 2}.
n<im <= nm¢YAmgYAne EAmeEAn<m)V
mgY AmegYAn¢EdEAMEEAN<m)V
n—1 _m

(nq:‘Y/\mgéY/\nq_fE/\mGE/\TSE)\/

-1
(n§ZY/\m§ZY/\nEE/\m¢E/\g<m2
mMgY AmeY)V
(neY AmeY Am<n).
LetW; .= <N,S1>
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