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Exercise # 1.

In analogy to the notion of Π0
1-hardness, let’s say a set H is Γ-hard if for all A ∈ Γ, we

have A ≤m H (where Γ is one of the Σ0
n and Π0

n). Let

S∗
2 := {e ; ∃y ∀x (ϕ

(2)
e (x, y) = 1)}, and

P ∗
3 := {e ; ∀z ∃y ∀x (ϕ(3)

e (x, y, z) = 1)}.

Show that S∗
2 is Σ0

2-hard and that P ∗
3 is Π0

3-hard.

Exercise # 2.

Recall from the lecture that if T ⊆ Fml (i.e., T is a set of natural numbers coding
formulae of the formal language of arithmetic) and s := 〈s0, . . . , sn〉 is a proof in T , then
we call

# s :=
n

∏

i=0

psi

i

the proof code of s, and we defined Conseq(T ) := {k ∈ Fml0 ; there is a proof s :=
〈s0, . . . , sn〉 in T and i ≤ n such that k = si}. In class, we argued briefly that if T is a
recursive set, then Conseq(T ) is r.e.

Prove:

(1) If T is r.e., then Conseq(T ) is r.e. as well.
(2) There is some T such that T 6≤m Conseq(T ).

Hint. Find S ⊆ T such that Conseq(S) = Conseq(T ) where T is recursive and S is not r.e.
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