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ABSTRACT. Recently Guo, Patton, and Warnke [Prague dimension of random graphs,
Combinatorica, 2023] established a conjecture of Fiiredi and Kantor by determining the
product dimension of the binomial random graph G(n, p) with constant edge probability p.

We consider the sparse case when p = p(n) — 0 as n — 0.

§1. INTRODUCTION

1.1. Graph representations. We consider graph representations that can be traced back
to the work of Szpilrajn-Marczewski [19]. A set representation R = R(G,T) of a graph
G = (V,E) on a set T is a collection of subsets of T" labeled by vertices of G such that the

edge set of GG is represented by the pairs of sets with nonempty intersection, i.e.,
R={S,cT:veV} suchthat weFE < u#vand S,nS, #J.

Moreover, if |T'| = t, then we say G is t-representable.
It is easy to see that every graph G = (V| E) is representable on its edge set E by the

collection S, = {e € FE: v € e} for v € V. Consequently, the set representation number
01(G) = min{t € N: G is t-representable}

is well-defined for finite graphs.” Erdés, Goodman, and Pésa [7] established the optimal
general upper bound 6,(G) < |n?/4] for every n-vertex graph G, which is attained by
balanced complete bipartite graphs. Moreover, these authors showed 60,(G) equals the
minimum number of cliques needed to cover the edges of G.

Here it will be more convenient to consider set representations of the graph complement G

of GG and we set
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In other words, for a graph G = (V, E) we have 0,(G) < t if there are independent sets
I,...,I; €V in G such that

t
E-V® U %, (1)

i=1
where for a set X we denote by X® the set of all 2-element subsets of X. Moreover,
we have 0,(G) = t, if in addition there is not such a family of independent sets with at
most ¢t — 1 members. Alternatively, in this context one may think of set representations,
where edges are given by disjoint pairs of sets and non-edges are represented by pairs of
intersecting sets.

Alon [1] proved a general upper bound for graphs of bounded maximum degree and

showed
0:(G) < O(A?log(n))

for all n-vertex graphs G with bounded maximum degree A(G) < A. In [6], it was shown
that this upper bound is sharp up to a O(log A)-factor by providing, for every A > 1, a
graph G with A(G) < A and
2
0.(G) = CAlo{go(i(;L)
for some universal constant ¢ > 0.

We study 6, for the binomial random graph G(n, p) on n vertices where each of the (Z)
edges occurs, independently, with probability p. For simplicity, we shall assume that G(n, p)
and all other n-vertex graphs have [n] = {1,...,n} as its vertex set. This line of research was
started by Bollobés, Erdds, Spencer, and West [5]. Further work of Frieze and Reed [9] and
of Guo, Patton, and Warnke [12] yields that for every fixed p € (0, 1), asymptotically almost

surely (a.a.s., with probability tending to 1 as n —> o) the random graph G € G(n, p)

0,(G) = © <10g7§2(n)) . (2)

We investigate 0, for sparse random graph G(n, p), i.e., when p = p(n) — 0 as n —> 0.

satisfies

Our first result establishes an upper bound for ;. We use the asymptotic short-hand
notation a(n) « b(n) for the validity of the statement |a(n)| = o(b(n)).

Theorem 1.1. For every p = p(n) with log®”*(n)/y/n <« p(n) < 1/log?(n), the random
graph G € G(n,p) a.a.s. satisfies

0,(G) < 200 lij;i) . (3)

"The base of the logarithms in this paper is e.
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The following matching lower bound was obtained by Guo et al. [12, Lemma 20] and,

for completeness, we include the short proof in §2.4.

Proposition 1.2. For every p = p(n) with 1/n « p(n) < 1/log*(n), a.a.s. the random
graph G € G(n,p) satisfies

5 — log(p) - p*n?
6:(Gn.p)) > 101og(pn)log(n)

Combining Theorem 1.1 with Proposition 1.2 shows that for every ¢ > 0 and p = p(n)
with log®*(n)/y/n < p(n) <n~? a.a.s. we have

o-o(5)

for G € G(n,p). We shall prove Theorem 1.1 and Proposition 1.2 in Section 2.

1.2. Graph dimensions. Representing the edge set of a graph as the complement of
independent sets as defined in (1) is closely related to the product dimension of a graph
G = (V, E). We recall that the product dimension pdim(G) is defined to be the minimum
integer s such that G is an induced subgraph of the product of s cliques. Here the product
F x F’ of two graphs F' = (V, E) and F' = (V', E) is given by

V(IFx F')Y=V xV" and {(u,u),(v,v)} € E(F x F') < wve Eand u'v' € E'.

The product dimension was studied by several authors (see, e.g., [2,6,10,12,15,17, 18]
and the references therein). In particular, it was shown in [17] that it is closely related
to the following notion denoted by idim(G), which is defined as follows: idim(G) is the
smallest integer ¢ such that there are ¢ partitions 7Z;,...,Z; of V(G) so that F(G) is the
intersection of the edge set of the s complete multipartite graphs defined on the vertex
partitions Zy, ..., Z;. In other words, a graph G = (V, E) satisfies idim(G) = s if there

exist s partitions of V'

Il = ([1,17 ... 7[1,7“1) )ttty IS = ([s,l7 .o 7IS,TS)
such that
' 2
i=1j=1

and (4) fails for all integers smaller than s. The aforementioned connection to the product

dimension from [17] states
idim(G) < pdim(G) < idim(G) + 1 (5)

for every graph G.
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The definition of idim yields for every graph G = (V| E) the inequality

a3y (4) (2) .

where o(G) denotes the independence number of G. Owing to the fact that forn™! « p < 1

the random graph G € G(n, p) a.a.s. satisfies a(G) = O(log(pn)/p), we obtain the following
lower bound for random graphs
- p(l — p)n)
idim(G) = Q —— ) . 6
“ ( log(pn) ©

Here we show that for a large range of p, this bound is sharp up to a log(pn)-factor.

Theorem 1.3. For every p = p(n) with log(n)"3/n'/3 « p(n) < 1/log*(n), the random
graph G € G(n,p) a.a.s. satisfies

idim(G) < 1000 pn.. (7)

We also provide a matching lower bound by sharpening the estimate from (6).

2

Proposition 1.4. For p = p(n) » n™?, a.a.s. the random graph G € G(n,p) satisfies

—log(p) - pn

idim(G) > 5 Tog(1)

Consequently, in view of (5), for alld > 0 and p = p(n) with log(n)*?/n'/? « p(n) < n=,

a.a.s. we have

pdim(G) = O(pn)
for G € G(n,p). The proofs of Theorem 1.3 and Proposition 1.4 are presented Section 3.

§2. INDEPENDENT COVERS OF RANDOM GRAPHS

The proof of Theorem 1.1 relies on a few standard estimates on the distribution of large
independent sets and the distribution of its edges. We state these preparatory results in
§2.1 and defer the standard proof to §2.3. The proof of Theorem 1.1 based on these facts
will be given in §2.2, while §2.4 is devoted to the proof of Proposition 1.2.

2.1. Standard facts of random graphs. The independence number of the random
graph is well understood due to the work of Matula [16], Bollobas and Erdés [3], Grimmett
and McDiarmid [11], and Frieze [8] (see, e.g., [4, 13] for more details). For the proof of
Theorem 1.1, it is sufficient to recall that a.a.s. the independence number of G € G(n, p)
is of order log(n)/p as long as p » log(n)/n. The following observation concerning the
number of large independent sets in random graphs can be obtained by a standard second

moment argument, which we include in §2.3 for completeness.
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Lemma 2.1. Let p = p(n) = log(n)/\/n, let k = vylog(n)/p for some v € (0,1/3), and
let Xy be the random wvariable counting the number of independent sets of size k in the

random graph G(n,p). Then we have

4p  k*
P(| Xy — EXy| > 1EX;) < ——  — .
(‘ k | 2 ’f) 1—p n2
The following simple bounds are direct consequences of the binomial distribution and

we omit the proof.

Lemma 2.2. For all 0 < p = p(n) < 1, the random graph G € G(n,p) a.a.s. satisfies the
following for all subsets X < V(G):
(i) If | X| = log(n)/p, then we have eq(X)
(i) If | X| < log(n)/p, then we have eq(X)

3p| X2

<
< 3| X log(n). O

2.2. Upper bound for independent covers of random graphs. In this section, we

establish the upper bound on #; based on the results from §2.1.

Proof of Theorem 1.1. Let p = p(n) be given such that % « p(n) < m. For
arbitrarily fixed § > 0, we shall show that (3) holds with probability at least 1 — ¢ for
sufficiently large n. As usual, at first we exclude some undesired events. Set
71297 kzv-w, and  m=(1-2p—p**)n. (8)
31 P
We say that two distinct vertices z, y € V(G) are well-coverable if the number of independent

sets of size k contained in V(G) \ (N(z) u N(y) u {z,y}) is at least

s0-00 (7).

Below we verify some properties to hold for G € G(n,p) with probability close to 1.

Claim 2.3. For every 6 > 0 and the constants v, k, and m from (8), the random graph
G € G(n,p) satisfies the following properties with probability at least 1 — §/2 — o(1) for
sufficiently large n:

(a) both assertions of Lemma 2.2 hold,

(b) the number Xy, o of independent sets of size k + 2 in G satisfies

;(1—p)(k52)( " )<Xk+2<3(1—p)(k32)< " )

k+2 2 k+2
(¢) and at most 5pk* /5 pairs of vertices x, y are not well-coverable.

IThe choice ~ = 10/31 here is somewhat arbitrary and for an application of Lemma 2.1, we only require
a constant smaller than 1/3. However, a smaller choice comes with the price that the constant 200 in (3)

might need to be adjusted.
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Proof of Claim 2.3. In fact, due to Lemma 2.2 a.a.s. property (a) is satisfied. Similarly,

Lemma 2.1 implies

P(|Xpr2 — EXpio| = SEX0) <

4p (k+2)* log'*(n)
o ER) o

Concerning (¢ ), we first consider the set of “non-neighbours” of a given pair of vertices x, y

N(z,y) = V(G) ~ (N(z) u N(y) v {z,y}).
We observe that for a fixed pair x, y of distinct vertices, Chernoft’s inequality implies
P(IN(z,y)| <m) =P(IN(x) v N(y) v {z,y}| > 2p +p*?)n) = o(n™?), (9)

since
(p3/2n)2
n

=p’n»log(n) and E[|[N(z) n N(y)|] = p*(n —2) » log(n).

Moreover, Lemma 2.1 bounds the conditional probability

I 4 ]{?4
]P(x, y are not well-coverable ‘ |N(z,y)| = m) < L
1—p m?

In view of (9), we therefore have

4 k4 1
IP(:U, y are not Well—coverable) < . +o|l =
1—p m? n?

4p k4 1 5pkt
= : +ol 5] < .
1—p (1—2p—p3?)n? n? n?
Consequently, Markov’s inequality implies that with probability at least 1 —4/2, the number
of not well-coverable pairs is at most

2 Spk*  (n <5pk:4
b n? 2) = 6§

i.e., property (c¢) holds with probability 1 — §/2. Therefore properties (a)—(c) hold with
probability at least 1 — 0/2 — o(1) and this concludes the proof of Claim 2.3. u

For the rest of the proof of Theorem 1.1, we fix a graph G = (V, F) satisfying proper-
ties (a)—(c¢) and show that (3) holds. We set

2

n
t =20 log(n)ﬁ (10)
and we consider a random selection of independent sets I4,..., I;, each of size k + 2, to

show that there exists such a family of independent sets that covers all pairs of distinct
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vertices {z,y} ¢ E(G) that are well-coverable. In fact, for a fixed well-coverable pair {x,y}

that is not an edge and a randomly selected independent set I of size k + 2, we have®

La-pGm 1 1 m--(m—k+1)
P[({x7y}§])2 : E+2 : =39 2%k+1 '<k+2)(k+1>
s1—p () 3 =p™ ne(n—k-1)
1 1 m—k\" &
~ 3 (1 — p)2k+l n—k n2
3/21.\ k1.2
:1# 1—2p—p3/2—M ]i
3 (1—p)+t n—k n2
L (-2 %P —dpk/m)t K1 (1 2p - pY? —dpk/n\" K
3 (1 — p)2k+t n2~ 3 1—2p+ p? n?
2 8pk S = K
> [1———=—2%%) > . (1-201p*?
3n? < n b ) 3n? ( 01p°")
k2 k2 k2
> —— . (1-2.01p%%k) = (1 —2.017)— > —— 11
3n2 ( p ) ( 7)377/2 10”27 ( )

where we used p < 1/1log®(n) to bound p*?k < 7 in the second to last inequality and the

choice of ~ for the last inequality. Consequently, for a well-coverable pair {x,y}, we have

K\ tk? \ (o) 1
Filte.y} & ool < <1_ 10n2> <eXp(_ 1On2> pE

n

Hence, we conclude that there exists a family of ¢ independent sets I, ..., I; (each of
size k + 2) which cover all well-coverable pairs {z,y} € V?) \_ E. It remains to deal with
the pairs that are not well-coverable.

Let B = (V, Eg) be the graph of those pairs, i.e.,

Ep = {{x, y} e V@ E: z, y are not a well-coverable pair} )

Owing to (c¢), we have

10pk*
N dp(v) = 2| Ep| < %. (12)
veV

For a fixed vertex v € V, suppose G induced on the neighbourhood of v in B is s-
colourable and let Jy,.. ., Js be independent sets defining such a colouring. Then the sets
Jiu{v}, ... Jsu {v} are independent and cover all edges of B incident to v. Applying this
argument to every vertex v implies

0u(G) <t+ ) x(GINs()]). (13)

veV

SHere we add the subscript I in IP; to stress that we consider the probability space over all independent

sets of size k + 2 in G.
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We employ property (@) to bound x(G[Ng(v)]). If dg(v) < log(n)/p, then part (ii) of
Lemma 2.2 implies that G[Ng(v)] is 6log(n)-degenerate and, therefore, in this case

X(G[NB(U)]) <6 log(n) +1 (14)

holds. Similarly, if dg(v) = log(n)/p, then combining parts (7) and (i) of Lemma 2.2 tells
us that G[Ng(v)] is (6pdg(v) + 1)-colourable, i.e.,

X(G[Np(v)]) < 6pdp(v) + 1. (15)

Therefore, combining (14) and (15) with (13) yields

- (12) p?k?
0(G) <t—+ Z (6 max{log(n),pdg(v)} +1) < t+ 60 5

veV

+ 6nlog(n) + n.

Since p » log®*(n)/y/n, our choice of k in (8) yields

21.4 2,2

k
PZ 4 6nlog(n) +n « b

00 ) log(n)

Consequently, our choice of ¢ in (10) leads to

_ n’ p’n? \ @ (31 rn’ P’
6,(G) < 201og(n)—— = |5 tol <2
1(G) < 20log(n) 5 + o<10g(n)) ( = tol )> log(n) Oolog(n)

and this concludes the proof of Theorem 1.1. O

2.3. Independent sets in random graphs. The proof of Lemma 2.1 relies on the second
moment method and follows from standard estimates on the variance of the number of

independent sets in random graphs (see, e.g., Krivelevich et al. [14]).

Proof of Lemma 2.1. Let p = p(n) = log(n)/+/n, let k = ~vlog(n)/p for some v € (0,1/3),
and let X, be the random variable counting the number of independent sets of size k

1/2

in G(n,p). Since v < 1 and p » n~"# we have

klog(n/k) — pk*/2 = Q(log*(n))

and, consequently,

2

> > exp(— pk?/2 + klog(n/k)) = exp(Q(log2(n))> > (16)

pk?

EX;, = (1-p)() (Z

Below we shall establish
Var(Xk) . p ]{,‘74
(EXp)?2 1—p n?’
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which yields Lemma 2.1 by Chebyshev’s inequality. Viewing X} as a sum of (Z) indicator

random variables yields
Var(X,) < EX; + 2 (Z) (’;) (Z - ;‘“) (1= p2E-0) - (1 - pp®)

L (¢ 1
- B ()7 ), | <z)>( ) <<1p>@ )

Optimising the right hand side of the above inequality, we claim that the following

function ,
o) W) 1-0-pW¥
(Z) (1—0p) ()
attains a maximum at j = 2. In fact, for j = 2,...,k — 2, we consider the quotient
96 +1) (k- 5)° 1 1-a-pe)

9(j) G+Dn—=2k+5+1) (1-p) 1-1-pG
First, we note that we can bound the last quotient from above by 3. In fact, this

inequality amounts to verifying
(1-p® . (3-(1-py) <2.

This can be checked for j = 2. For general j, it can be shown by induction that the
left-hand side is non-increasing with j. Consequently,

. 2 _ _]

gu+1) 2 (d-p~

9(J) no j+1
_ k% exp(j(p +p*))
T on j+1
_ 677 log’(n) exp(j(p +p*))

p*n j+1 '

Next, we consider two cases which depend on the value of p to further bound g(j + 1)/g(j).
If log(n)/n'/? < p < 1/n'/?, then the first factor is at most 6+2. Since z — exp(cz)/(z +1)
is a convex function on R.g, the second factor is maximised either for j =2 or j = k — 2.
For j = 2, the second factor is bounded by 1/2 in this range of p. For j = k—2 < ~vylog(n)/p,

the second factor can be bounded by

exp((k —2)(p + p?)) _2 exp((1 + p)ylog(n))  2pn(+P)

< = — 0
k—1 v log(n) 7 log(n)
since v < 1/3. Consequently, in this range of p, we have
)+ 1 1 1
g(ji.)<672-f<f (17)

9(j) 2 2
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for sufficiently large n.
If p>n~"3 and j = 2, then the first factor can be bounded by 672 log?(n)/n'/* and the

second factor is at most exp(4)/3. For j = k — 2, we arrive at

g(k —1) _ 69*log*(n) 2pn"*P77 12ylog(n) - (71

— — 0

g(k —2) = pn . v log(n) n

for n — 0. Hence, for p in this range, the bound in (17) remains valid. Therefore, we

have
Var(Xy) — 1 k2 (k —1)2 (16) k4
ar( X, 2 . T2 < gt (k17 » @ » F
(EXy)? = EX, nn-1) 1-p l—p n?
which concludes the proof of Lemma 2.1 by Chebyshev’s inequality. O

2.4. Lower bound for independent covers of random graphs. In this section, we
provide a lower bound for #; in random graphs and establish Proposition 1.2. In the proof,

we shall use the following simple lemma, which will also be useful in Section 3.

Lemma 2.4. Let p = p(n) » n=2 and suppose (F,)nen is a sequence of families of n-vertex

graphs such that for the random graph G € G(n,p), we have P(G € F,) =1 —o(1). Then

for every sufficiently large n, there exists some integer m = m(n,p) such that

;p@ <m< ;p(g) wd | Fam| = [[F e Foi e(F) = m}| > ;(S;L)) |

Proof. We set m_ = %p(g) and m, = %p(g) Since p » n~? a.a.s., the random graph

G € G(n,p) satisfies m_ < e(G) < m,. Combined with the assumption on F,,, this tells us
mey
Z P(Ge F,|e(G)=m) -P(e(G) =m) =P(G e F, and m_ < e(G) <my)

m=m—_

=1-0(1).
Consequently, there is some m € [m_, m,] such that

P(Ge F, | e(G) =m)

\%

Therefore,

P(G e Fom) =P(G e F, and e(G) = m)

\%
DN | —

and the desired lower bound |F,,,,| = %((7%)) follows. O

We conclude this section with the proof of the lower bound on #; for random graphs,
which follows the lines of Guo et al. [12, Lemma 20].
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Proof of Proposition 1.2. For 1/n « p < 1/log®(n), Frieze [8] (see, e.g., [13, Theorem 7.4])
showed that a.a.s. for G € G(n,p), we have

a(G) = (2 + 0(1)>1°g](9p”) .

Setting
oo o qloslen) _ —log(p) - p*n”
Cop 10log(pn) log(n) ’

consider the family of n-vertex graphs

Folo,t) ={F:V(F)=n, a(F) < a, and 0,(F) <t}.

This definition yields the following upper bound on the number of graphs in F,,(«,t)

rieat= (S)) < (30) < (@50) ™ <omto o 0

=0

We suppose by contradiction that a.a.s. the random graph G € G(n, p) satisfies 0,(G) < t
and consequently a.a.s. G € F,(«,t). Owing to Lemma 2.4, there exists some m > %p Z)
such that

Fumla,t)] = [{F € Fal,t): e(F) = m}| = ;(%?) N ;(11()2(21))
BE i
g i(i) > exp (fg@m) - (19)
Since |F,, (e, t)| = |Fpm (e, t)|, comparing (19) with (18) yields

—log(p) - pn? —log(p) - p°n®
~ 4.5(a+ 1) log(n) ~ 10log(pn)log(n)’

which contradicts to our choice of ¢ and concludes the proof of the proposition. U

§3. PRODUCT DIMENSION OF RANDOM GRAPHS

In this section, we prove the bounds on the product dimension for sparse random graphs.
In view of (5), it suffices to bound idim and, in this section, we only focus on that parameter.

The proofs are based similar ideas as the proofs in Section 2 concerning the bounds on 6;.

3.1. Upper bound for the product dimension of random graphs. In this section,
we establish the upper bound on idim for random graphs. This is based on similar ideas
as the proof of Theorem 1.1. However, for finding partitions of independent subsets, the

argument needs some technical adjustments.
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Proof of Theorem 1.3. Let p = p(n) be given such that log:i# < p(n) < @. For

arbitrarily fixed § > 0, we shall show that (7) holds with probability at least 1 — ¢ for

sufficiently large n. As in the proof of Theorem 1.1, we fix the constants

1 1
= 3(1) : k=n~- og(n) and  m=(1-2p—p*"*)n. (20)
p

g

Again, we say that two distinct vertices x, y € V(G) are well-coverable if the number of

independent sets of size k contained in V(G) \ (N(z) u N(y) u {x,y}) is at least

;=00 (7).

Since the choice in (20) is identical with the choice in (8) and since the range of p
in Theorem 1.3 is a subset of the range in Theorem 1.1, we can appeal to Claim 2.3.
Consequently, we know that with probability at least 1 — /2 — o(1), the random graph
G € G(n, p) satisfies:

(A) both assertions of Lemma 2.2 hold,

(B) the number X}, of independent sets of size k + 2 in G satisfies

;(1 (%) (k Z 2) < Xpio < 2(1 —p)(F) (k Z 2) :

(C) and at most 5pk*/d pairs of vertices x, y are not well-coverable.

For the proof here, we will require also the following additional property:

k+

(D) Every x € V is contained in at most 3(1 —p)< ) (1) independent sets of size k + 2

for my = (1 — p)n + 2+4/pnlog(n).
Again, it follows from Lemma 2.1 that G € G(n,p) satisfies (D) with probability at

least 1 —o(1). In fact, Chernoff’s inequality tells us that for a fixed vertex z € V', we have
P([V ~ (N(z) u{z})| > m) =o(n").

Applying Lemma 2.1 with k& + 1 to the random graph induced on V'~ (N(z) u {z}) yields

k 4
P((D) fails for z| |V \ (N(z) U {z})] <mq) < 14—pp ! 7'7:%1) :

Consequently, P((D) fails for z) = O(pk*/n?) + o(1/n) and Markov’s inequality implies
that property (D) holds for all z € V since
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Summarising the discussion above, we showed that properties (A )-(D) hold with
probability at least 1 — /2 — o(1) = 1 — 0. For the rest of the proof, we fix a graph G
satisfying properties (A )—(D) and verify (7).

For that, we fix

1
r= % and s=320-" O}f(n) (21)
We consider a collection of s - r random independent sets I11,..., 1, [21,...,Is,, each of

size k 4+ 2 and each chosen uniformly at random from the set of all such independent sets
in G = (V, E). In order to define partitions [J,...,Js foroc =1,...;sand p = 1,...,7,

we set

o—1
Joo=Ioo~ | o and T = (Jox, o0 Joy) (22)
o'=1

Note that we may extend 7, by adding trivial partition classes of single vertices to
“complete” them to a partition of all of V. However, these trivial classes have no bearing
in the proof and, without loss of generality, we may assume that they are not necessary.

We claim that with positive probability, the collection 7, ..., Js covers all well-coverable
non-edges of G, i.e., for the graph B = (V, Eg) defined by

Ep = {{z,y} € V® ( E: z, y are not a well-coverable pair}

we have .,
EvEz2VO (8. (23)
o=1 p=1

Let g, be the probability that a fixed, well-coverable, non-adjacent pair z, y is contained
in a randomly chosen independent set of size k + 2. Then the same calculation as in (11)
shows that ¢,, can be bounded from below by

kZ

10n2 "

Similarly, we let ¢, be the probability that a fixed vertex is contained in a randomly chosen

Quy = IPI({:U>y} = [) =

independent set. Employing properties (B) and (D), we can upper bound ¢, by

3 I (ma (1=p)n+24/pnlog(n)
¢ =Pilzel) < 5(1 —P)(k+2) (k+1) _3. ( k;—ll . )
La—p(n) (1= p)R*1(,5)
_s. (1 — p + 2+/log(n)p/n)k+t (kil)
h (L=p)* (1)

5 (=) (1 + 4 log(m)p/m)*! - (k + 2
0 =pF T (n— k1)
k+2 4k

< 3-exp (4(k + 1)4/log(n)p/n)) - —— < -

<
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For a fixed o € [s], we want to bound the probability that a fixed, well-coverable, non-
adjacent pair x, y is covered by a partition J,, i.e., {z,y} < J,, for some p € [r]. Note

that this event happens if there is some g € [r] such that
{r,y} < I,, and {r,y} n I,y =2 forall ¢ <p.
Consequently, we have
Pr({a,y} € Jop) = oy Pr(z¢ Land y ¢ 1) = quy (10— qy + )"

and

. r ool kg r—1 8k‘ 1%
P;({z,y} is covered by J,) = quy - > , Pr(z ¢ Tandy ¢ 1)* > Z 1——

0 1 10?7/2 Q=0 n
K 1—(1-8k/n)" _ k
~ : > (1 — exp(—8k
10n? 8k /n 505, (L~ xp(=8hkr/n))
1) k
DT 1-1fe) >
son (1~ 1) = 50

It follows that

E\° k 1
P({z,y} is not covered by any J, for o € [s]) < <1 — 160n> <exp <_ 1?5()71) (E)ﬁ‘

Therefore, it follows that there is a collection of independent sets 1, for o € [s] and p € [r]
such that the corresponding partitions Ji, ..., Js defined in (22) satisfy (23), i.e., they
cover all well-coverable, non-adjacent pairs of vertices.

It remains to deal with the pairs that are not well-coverable. First, we consider the
vertices v € V with dg(v) = log(n)/p. For those vertices, we again consider colourings
of the induced subgraph G[Ng(v)]. In fact, we turn every colour class C' of G[Ng(v)]
into a partition consisting of the class C' U {v} and trivial classes for every vertex from
V ~ (C u {v}). Following the lines of the proof of Theorem 1.1, by appealing to (A ), we

can cover all edges of B incident to v with
X(G[Np(v)]) < 6pdp(v) + 1 < Tpdp(v)

partitions. Let B’ < B be the subgraph of those pairs which are not yet covered. By
definition A(B’) < log(n)/p, and so by Vizing’s theorem, we infer that the edges of B’ can
be covered with 1 + log(n)/p matchings. Again, we can extend every such matching to a

partition of V' by adding trivial classes and conclude

idim(G) < s + Z {Tpdp(v): dp(v) > log(n)/p} + logp(n) + 1.
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In view of (C'), we have Y, _,, dp(v) < 10pk*/d, which implies the bound

Z {Tpdp(v): dp(v) > log(n)/p} < 5

. / . .
Moreover, our assumption that p » 10g4lj§") and our choice of k in (20) guarantee
n

70p?k*
)

log(n)

L pn and +1«pn

and we arrive at
1 (20)
no]f(n) + o(pn) < 1000 pn,

which concludes the proof of Theorem 1.3. O

(21)

idim(G) < s + o(pn) =" 320 -

3.2. Lower bound for the product dimension of random graphs. The proof of
Proposition 1.4 follows the lines of the proof of Proposition 1.2.
Proof of Proposition 1.4. Let p = p(n) » n™2 and set

_ —log(p) - pn
5log(n)

Let F,(s) be the family of all n-vertex graphs F' with idim(F") < s. Obviously, we can

(24)

bound the size of this family by

| Ful(s)| < n®" = exp (sn - log(n)) .
On the other hand, assuming by contradiction that a.a.s. idim(G) < s holds for G € G(n, p),
Lemma 2.4 yields

[Fu(s)] = ;<1 (;}(l)) z ;(2) " > exp ( log(1/p) - pn).

9 p

Comparing the lower and the upper bound on |F,(s)| implies

2

s 1og(n) > log (IF,(s)]) > ¢ log(1/p) - pn?.

which contradicts the choice of s in (24) and concludes the proof of Proposition 1.4. [
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