RAMSEY PROPERTIES OF RANDOMLY PERTURBED HYPERGRAPHS
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ABSTRACT. We study Ramsey properties of randomly perturbed 3-uniform hypergraphs.
For t > 2, write Iw(t(g) to denote the 3-uniform expanded clique hypergraph obtained from
the complete graph K; by expanding each of the edges of the latter with a new additional

vertex. For an even integer ¢t > 4, let M denote the asymmetric maximal density of the pair

(I~(t(3), IN(t()SQ)) We prove that adding a set F of random hyperedges satisfying |F| » n?~ /M

to a given n-vertex 3-uniform hypergraph H with non-vanishing edge density asymptotically
almost surely results in a perturbed hypergraph enjoying the Ramsey property for I~(§3) and
two colours. We conjecture that this result is asymptotically best possible with respect to
the size of F whenever t > 6 is even. The key tools of our proof are a new variant of the
hypergraph regularity lemma accompanied with a tuple lemma providing appropriate control
over joint link graphs. Our variant combines the so called strong and the weak hypergraph

regularity lemmata.

§1 INTRODUCTION

1.1. Ramsey properties of random hypergraphs. Given a distribution R over n-vertex
hypergraphs, as well as an n-vertex hypergraph H, referred to as the seed hypergraph, unions
of the form H u R with R ~ R define a distribution over the super-hypergraphs of H, denoted
by H U R. The hypergraphs H u R are referred to as random perturbations of H. The study
of the properties of randomly perturbed hypergraphs has received some attention in recent
years. Thus far, two dominant strands of results in this avenue have emerged. One strand
is the study of the thresholds for the emergence of various spanning and nearly-spanning
configurations within such structures (see, e.g., [3-6, 11-14,23,32,40,41,47]). The second
strand pertains to their extremal and Ramsey-type properties (see, e.g., [1,2,6,8,20-22,42,53]).

Our result lies in the latter vein. We recall the arrow notation
G — (Hla HQ) )

signifying the validity of the asymmetric Ramsey statement that every 2-colouring of the
edges of GG yields a monochromatic copy of H; in the first colour or a monochromatic copy
of Hs in the second colour. Moreover, in the symmetric case when Hy, = Hy = H we simply
write G — (H).

Ramsey properties of randomly perturbed graphs were first investigated by Krivelevich,
Sudakov, and Tetali [42]. In that work it was shown that n=2/(¢~1 is the threshold for the

asymmetric Ramsey property G U G(n,p) — (K3, K;), whenever G is an n-vertex graph of
1
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edge density d € (0,1/2) independent of n. The general problem, put forth by Krivelevich et al.,
of determining the threshold for the property G U G(n,p) — (K, K;), whenever G is dense
and s,t > 4, was recently (essentially) resolved by Das and Treglown [22]. Those authors
showed that n~Y/m2(Ke:Kis21) s the threshold for the property G UG (n,p) — (K, K;), when G
is a dense n-vertex graph and t > s = 5, where mq(H;, Hy) denotes the asymmetric maximal
2-density of two graphs H; and H, (see Equation (1.2) for the definition). For other values
of t and s we also refer to the work of Das and Treglown [22, Theorem 1.7 and Theorem 5(ii)]
and for the special case s = ¢t = 4 in addition to the work of Powierski [53, Theorem 1.8].

The aforementioned Ramsey-type results for randomly perturbed dense graphs are formu-
lated for 2-colourings only. This restriction is well-justified. Indeed, suppose that more than
two colours are available. The colouring in which the seed is coloured using one colour and
the random perturbation is coloured using all the remaining colours, reduces the problem to
that of studying the Ramsey property at hand for truly random hypergraphs.

The earlier results [22,42,53], as well as our result, stated in Theorem 1.1 below, are affected
by and closely related to research on Ramsey properties in random graphs and hypergraphs
(see, e.g., [19,30,31,33,36,37,44-46,48,51,52,54-57]). For random graphs, the thresholds for
symmetric Ramsey properties are well-understood due to work of Rodl and Ruciriski [54, 56].
Minor exceptions for F being a star forest aside, this work asserts that n=1/m2() is the
threshold for the property G(n,p) — (F'), where my(F') denotes the maximal 2-density of
the given graph F' (see Equation (1.1) for the definition). The 1-statement of the threshold
was extended to random k-uniform hypergraphs by Conlon and Gowers [19] and by Friedgut,
Rodl, and Schacht [30]. However, a complete characterisation of the exceptional cases is not
yet available and for the progress towards the 0-statement we refer to the work of Nenadov et
al. [51] and Gugelmann et al. [31].

The thresholds of asymmetric Ramsey properties in random graphs are the subject of the
Kohayakawa—Kreuter conjecture [36]. The 1-statement stipulated by this conjecture has been
fairly recently verified by Mousset, Nenadov, and Samotij [48] and progress has been made
with respect to the corresponding O-statement by several researchers [31,33,44,46]. Following
some progress [15,43,48], the conjecture was finally fully resolved by Christoph, Martinsson,
Steiner, and Wigderson [16].

1.2. Main result. We study Ramsey properties of randomly perturbed hypergraphs; stating
our results requires preparation. A hypergraph H is said to be linear if |e n f| < 1 holds
whenever e, f € F(H) are distinct. Amongst the linear hypergraphs, expanded cliques are of
special interest. Given t > 2 and k > 2, the k-uniformly expanded clique of order t, denoted
by f(t(k) , is the k-uniform hypergraph with vertex set of size ¢ + (;) (k — 2) obtained from
the complete graph K; by expanding every edge of K; by k — 2 new vertices; in particular,

f(t@) = K, holds. Expanded cliques have attracted some attention in the literature and related
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extremal and Ramsy-type questions were addressed by Mubayi [49] and by Conlon, Fox, and
Rodl [17].

Two natural measures of density, arising in the context of random hypergraphs, are the
mazimum density of a k-uniform H = (V, E), denoted m(H), and its mazimum k-density,

denoted my(H). The former is given by

and the latter is defined by

0, if e(F) =0,
mi(H) = max {d,(F): F < H}, where dj,(F) = z if e(F)=1,v(F) =k, (1.1)
iggii , otherwise.

—1/m(H) g the threshold for the appearance of H as a subhypergraph in

It is well known that n
the binomial random k-uniform hypergraph H® (n, p). For H® (n, p) to satisfy the Ramsey
property for H asymptotically almost surely (hereafter, a.a.s. for brevity) it is reasonable to
expect that many intermingled copies of H are required; this as to create colour restrictions
forcing the Ramsey property for H. Indeed, for (hypergraph) cliques it is necessary that
many cliques sharing a single hyperedge would appear a.a.s. in H® (n, p). This results in the
higher threshold n~'/™*() heing encountered for Ramsey properties.

For asymmetric Ramsey properties, another notion of hypergraph density arises. This
notion traces back to the work of Kohayakawa and Kreuter [36]. Given two k-uniform
hypergraphs H; and H,, each with at least one edge and satisfying my(H;) = my(Hz), the

asymmetric maximal k-density of Hy and H, is given by

e(F)
v(F) —k+ 1/my(Hs)

my(Hy, Hy) = my(Hy, Hy) = max{ :F< Hyand e(F) > 1}. (1.2)

The equality my(H, H) = my(H) is easy to verify.
With the above notation in place, our main contribution can be stated; this can be viewed
as a hypergraph extension of the aforementioned results of Das and Treglown [22]. Below we

always tacitly assume that H, and H® (n, p) share the same vertex set.

Theorem 1.1 (Main result). For every d > 0 and every even integer t = 4, there exists a
constant C' > 0 such that for every sequence of 3-uniform n-vertex hypergraphs (H,)nen with

e(H,) = dn? for every n € N, we have

lim P (H, U H (n,p) — (K{)) =1,

n—--a0

whenever p = p(n) = Cn~YM for M = ms(f(ég)a Rt(/:;))
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The proof of Theorem 1.1 presented here can be adapted for k-uniform hypergraphs and
the asymmetric Ramsey properties H, U H®) (n, p) — (K&, Nt(k)) with ¢ > s. For the sake
of a clearer presentation, we restrict ourselves to 3-uniform hypergraphs and the symmetric
case for even t. We conjecture that Theorem 1.1 uncovers the threshold for the Ramsey
property in question (see Conjecture 6.4 below). From here on we restrict ourselves to 3-
uniform hypergraphs and unless stated otherwise we use the term hypergraph for a 3-uniform
hypergraph.

Our proof of Theorem 1.1 relies on two main technical results, which are related to the

regularity method for hypergraphs. We present these results in §§1.3-1.4 below.

1.3. A tuple lemma for link graphs. A key feature of the regularity method of graphs is
the control over joint neighbourhoods in the regular environment provided by Szemerédi’s
regularity lemma (see, e.g., Lemma 2.4 below). For the proof of Theorem 1.1, we establish a
similar lemma in the context of the regularity method for hypergraphs.

For a vertex v in a hypergraph H = (V, E), define the link graph Ly (v) of v to have vertex
set V'~ {v} and edge set comprised of those pairs of vertices which together with v form
a hyperedge in H, i.e., E(Ly(v)) = {uw: uvw € E}. In particular, e(Ly(v)) is the vertex
degree of v in H and is also denoted by degy(v). Given a graph G with vertex set V(G) =V
we define the link graph of v supported on G by

Lu(,G) = E(Lu(v)) n E(G).

Link graphs are a natural hypergraph extension of vertex neighbourhoods in the context of
graphs. A tuple lemma for hypergraphs would have to control the sizes of the of intersections
of link graphs. In that, given a set of vertices U < V', we seek to control the sizes of the joint
link graph and the joint link graph supported by G given by

Lg(U)=()Luw) and Ly(U.G)=()Luu.G),
uelU uelU
respectively. For a random hypergraph H = (V, E') with edge density d, one would expect
Ly (U)| ~ dVl ("2/‘) to hold with high probability. Our tuple lemma asserts that in the regular
environment for hypergraphs this random intuition can be transferred to the deterministic

situation. (We defer the definitions concerning regular hypergraphs to Section 2.)

Proposition 1.2 (Tuple lemma for joint links). For everyt = 2 and €, d3 > 0, there ezists a
03 > 0 such that for every do > 0 there exist 6o > 0 and r = 1 such that the following holds
for sufficiently large, pairwise disjoint sets X, Y, and Z.

Let H= (X vY v Z, Ey) be a tripartite hypergraph which is (33, ds, r)-reqular with respect
to a (09, dy)-triad P = (X wY w Z, Ep). Then, all but at most e|X|* of the t-tuples of vertices
X' =A{xy,...,z} € X satisfy

L (X', P) — dydi™ Y || Z|| < edydy ™ [Y]|Z] - (1.3)
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Our proof of Proposition 1.2 extends to all hypergraph uniformities. Alternatives to
Proposition 1.2 exerting some control over the sizes of joint link graphs of vertex tuples
whilst relying on weaker versions of the hypergraph regularity do exist. Such alternatives are

provided in Section 6 (see Lemma 6.1 and Proposition 6.2).

1.4. A variant of the hypergraph regularity lemma. The second main technical lemma
is a new variant of the hypergraph regularity lemma established in [58]. The necessary

definitions are deferred to Section 2.

Proposition 1.3 (Variant of the regularity lemma for hypergraphs). For every d3 > 0 and
functions 6o: N — (0,1], 7: N> — N, and constants {y, to, and s € N, there exist ny and
T € IN such that for every n = ng and every family (Hy,..., H) of n-vertex hypergraphs
satisfying V- =V (Hy) = --- = V(Hy), there are integers t and € satisfying t = to and { = {y,
a vertezx partition V with Vi v --- v V; =V and an (-equitable partition B with respect to V
such that the following properties hold.

(R.1): Wi < Vol <--- < Vil < [Vi| + 1,

(R.2): for all1 <i < j <t and a € [{], the bipartite 2-graph B is (55(¢),1/¢)-regular,
(R.3): H; is 02(f)-weakly regular with respect to V for every i € [s], and

(R.4): H; is (03,7(t, £))-reqular with respect to B for every i € [s].

In Proposition 1.3 there is a combination of the environment of the hypergraph regularity
lemma [58] (see Lemma 2.6) and the so-called weak hypergraph regularity lemma (see
Lemma 2.5 below), which is the straightforward extension of Szemerédi’s regularity for graphs.
A lemma of similar spirit can be found in the work of Allen, Parczyk, and Pfenninger [9].

In the sequel, these hypergraph regularity lemmata are distinguished by referring to these as
the Strong Lemma and Weak Lemma, respectively. The difference between the Strong Lemma
and Proposition 1.3 is Property (R.3). The former, when applied to dense hypergraphs,
provides access to triads P set over a vertex set, say, X v Y v Z with respect to which
the regularised hypergraphs is (03, d, r)-regular. This, in turn, provides (-weak regularity
control for { = 531,/ 3, by which we mean the ability to control the hyperedge distribution of
the hypergraphs along sets X’ < X, Y’ € Y, and Z’' < Z satisfying | X'| = (| X]|, |Y'| = (|Y],
and |Z'| = (|Z].

The added Property (R.3), however, provides weak regularity control over vertex sets with
much smaller density. In fact, there the control J, is allowed to be a function of ¢ and the

quantification of the Strong Lemma leads to d3 » ¢~

Organisation. In Section 2, we collect definitions, notation, and results pertaining to the
regularity method. In Section 3, we prove Theorem 1.1. In Section 4, we prove Proposition 1.2,
the aforementioned tuple property for the Strong Lemma. In Section 5, we prove our new

variant of the Strong Lemma, namely Proposition 1.3. Concluding remarks concerning
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alternatives of Proposition 1.2 and discussions pertaining to future research can be found in
Section 6. Finally, the threshold for the property f(t(s) < HUH® (n,p) in dense hypergraphs H
is established in Appendix A.

Notational remark. Throughout, we often write the enumeration of a result in the subscripts
of the constants that it presides over. For instance, the constant ¢y in Proposition 1.3
becomes t; 3 and the constant d3 in the same lemma is written 5%332 and so on. This aids in

keeping track of the various constants encountered throughout the proofs.

§2 PRELIMINARIES

Let V be a finite set. A partition U of V given by V = U; v --- v U, is said to be equitable
if |Uy| <|Us] <--- <|U,| < |Uy| + 1. Given an additional partition of V', namely V, of the
form V =V, v --- vV, we say that V refines U, and write V < U, if for every i € [¢] there
exists some j € [r] such that V; € U; holds. For k > 2, write K*)(U/) to denote the complete
|U|-partite k-uniform hypergraph whose vertex set is V' and whose edge set is given by all
sets of V(¥ = {K < V: |K| = k} meeting every member of U (termed cluster hereafter) in
at most one vertex. If U = {U,U’} consists of only two clusters, then we abbreviate K® (I/)
to K®(U,U"). We write K® (V) to denote the complete graph whose vertex set is V.

2.1. Graph regularity. Let d,§ > 0 be given. A bipartite 2-graph G = (X v Y, F) is said
to be (9, d)-regular if
(X', Y') = d|X"[|Y’] £ 6] X|[Y]

holds! for every X’ € X and Y’ € Y. If d coincides with the edge density of G, i.e. d = éﬁ’;),‘,

then we abbreviate (6, d)-regular to §-regular. It follows directly from the definition that G is

a (0, d)-regular bipartite graph if, and only if, its (bipartite) complement is (4, 1 — d)-regular.

A tripartite 2-graph P with vertex set V(P) = X wY v Z is said to be a (6, d)-triad, if
P[X,Y], P|Y,Z], and P|X, Z] are all (0, d)-regular. For a 2-graph G, let IC3(G) denote the
family of members of V(G)® spanning a triangle in G. We shall employ the well known

triangle countling lemma (see, e.g., [29, Fact A]).

Lemma 2.1 (Triangle counting lemma). Let d > 0, let 0 < 0 < d/2, and let P be a (9, d)-triad
with vertex set V(P) = X vY w Z. Then,

(1—=20)(d = 0P| X|[Y]|1Z] < |Ks(P)] < ((d +6)° + 28)|X[[Y]|Z].
In particular, if d < 1/2, then
IC3(P)| = (d° + 46)| X||Y]| Z] (2.1)
holds. O

1Givenx,y,zeR7Wewritex=yizify—z<x<y+z.
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We shall also use the variant of the triangle counting lemma with only two of the bipartite

graphs being regular and its proof is included for completeness.

Lemma 2.2. Let P = (X wY v Z, Ep) be a tripartite 2-graph such that P[X,Y] and P[X, Z]
are both (9, d)-regular. In addition, let X' < X be a set of size | X'| = §|X|. Then,

(d — 6)d|X'e(PLY, Z]) — 2|X|[Y11Z] < |Ks(P, X")| < (d+ §)d|X"|e(P[Y, Z]) + 26|X||Y]|Z]
holds, where KC3(P, X") denotes the set of triangles of P meeting X'.

Proof. Let Y/ € Y consist of all vertices y € Y satisfying degp(y, X') = (d — 0)|X’|; note that
[Y’| = (1 —0)|Y] holds by Lemma 2.4. We may then write

Ko(P, XY = Y (d(d = 6)|X'| degply, 2) - 01X 21)

yeY’

= d(d - 6)|X'| (Z degp(y, Z) — . degp(y, Z)) - >, 0x1Z|

> d(d = 6)|X"|e(P[Y, Z]) — d(d — §)d| X[|[Y'[| Z] — 5| X|[Y]| Z]
> d(d - 6)|X"e(P[Y, Z]) = 20| X[|Y]|Z].

Next, we prove the upper bound. Let Y” < Y consist of all vertices y € Y satisfying
degp(y, X') < (d + 6)|X’|; note that |Y”| = (1 —0)|Y]| holds by Lemma 2.4. We may then

write

Ko(P, XN < Y, (dld+0)|X degp(y. 2) +01X121) + Y X1

yeY” yeY\Y”

< d(d + 5)‘X/| <Z degP(Z/? Z) - 2 degP(ya Z))

yey YEY \Y”
+ Y XNzl + ), X2
yey” yeY\Y"”

<d(d+9)|X'|e(P|Y, Z]) + 20| X||Y]|Z] . O
The next lemma is commonly referred to as the Slicing Lemma (see, e.g., [39, Fact 1.5]).

Lemma 2.3 (Slicing lemma). Let d = da3, let 6 = 093 > 0, and let G = (A w B, E) be a
(0, d)-regular bipartite graph. Let § < o = a3 < 1, and let A” < A and B’ < B be sets of
sizes |A'| = alA| and |B'| = «|B|. Then, G[A’, B'] is (¢, d’)-reqular where §' = max{d/a, 20}
and d =d+9. O

The tuple property of dense regular bipartite graphs, also referred to as the intersection

property, reads as follows (see [39, Fact 1.4]).
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Lemma 2.4 (Tuple lemma for graphs). Let G = (X w Y, E) be a d-reqular bipartite graph of
edge density d > 0. Then, all but at most 260| X |* of the tuples {x1,...,x,} S X satisfy

INa(z1,...,2,Y")| = {y e Y': 2y € E(G) for allie [(]}| = (d + 0)*|Y|, (2.2)
whenever Y' €'Y satisfies (d — 6)*Y'| = 6|Y|. O

2.2. Hypergraph regularity. A direct generalisation of the notion of J-regularity, defined
in the previous section for 2-graphs, reads as follows. Let d,d > 0. A tripartite hypergraph
H=(XvYuvZE)issaid to be (§,d)-weakly reqular if

en(X',Y', 2") = dIX'|[Y'||Z'] £ 6| XY ]| Z]

holds whenever X' € X, Y/ cY,and Z' < Z. Ifd = %, then we abbreviate (0, d)-weakly
regular to -weakly regular.

Given a partition V of a finite set V defined by V =V} v --- v V;, a hypergraph H with
V(H) =V is said to be d-weakly regular with respect to V if H[X,Y, Z]|* is §-weakly regular
with respect to all but at most 5(§) triples {X,Y, 7} € V®) . We state the straightforward

adaptation of Szemerédi’s graph regularity lemma [38,39,59].

Lemma 2.5 (Weak hypergraph regularity lemma). For every 6 = dy5 > 0 and positive
integers s = So5, t = to5, and h = hsy s satisfying t = h, there exist positive integers ng and
T = Ty5 such that the following holds whenever n = ng. Let (Hi,...,Hs) be a sequence of
n-vertex hypergraphs, all on the same vertex set, namely V', and let U = Us 5 be a vertex
partition of V' given by V = U; w ... w Uy. Then, there exists an equitable vertex partition V,
given by V =ViwVow v Vy, where t <t < T, such that YV < U and, moreover, H; is
d-weakly reqular with respect to V' for every i € [s]. 0

We proceed to the statement of the Strong hypergraph Regularity Lemma for hyper-
graphs following the formulation seen in [58]. Given a 2-graph G, the relative density of a
hypergraph H with vertex set V(H) = V(G), with respect to G is given by
H) n K3(G)|

Ks(G)
For §,d > 0 and a positive integer r, a tripartite hypergraph H = (X v Y v Z, Fy) is said to
be (6§, d, r)-regular with respect to a tripartite 2-graph P = (X wY v Z, Ep) if

[UiEn o Ka@)] - d U Kat)

acm|c) - E (2.3)

< O|Ks(P)] (2.4)

holds for every family of, not necessarily disjoint, subgraphs @1, ...,Q, < P satisfying

JKs(@)| = dlka(P)] = 0.

2H[X,Y, Z] is the subgraph of H over X wY wY whose edge set is {{z,y,2} € E(H): z€ X,y€Y,z € Z}.
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Let V be a finite set and let V be a partition V; w ... w V} of V, where h is some positive
integer. Given an integer ¢ > 1, a partition B of K® (V) is said to be {-equitable with respect

to V if it satisfies the following conditions:

(B.1): every B € B satisfies B < K®(V;,V}) for some distinct i, j € [h]; and

(B.2): for any distinct 4, j € [h], precisely £ members of B partition K@ (V;, V;).

We view partitions of K® (V) as partitions of V® under the agreement® that the set
{K®(V;): i € [h]} of complete graphs is added to the former; such an addition of cliques
does not hinder the equitability notion defined in (B.2); it does violate (B.1), but this will
not harm our arguments. Moreover, it is under this agreement that we say that a partition
of V@ refines a partition of K2 (V).

For distinct indices i, j € [h], the partition of K®(V;,V;) induced by B is denoted by

B9 ={BY7 = (ViwV;,,E?): ae[(]}.
The triads of B are the tripartite 2-graphs having the form

Biik

afy

= (V;wV;w Vi, B v Ef © EIF),

where i, j, k € [h] are distinct and «a, 3,7 € [¢]. Recall that a triad is called a (6, d)-triad if
each of the three bipartite graphs comprising it is (9, d)-regular. A hypergraph H with vertex
set V(H) =V is said to be (6, r)-reqular with respect to B if

< V7,

afy aBy /o aBy

H U KC3(BZY ). Hyj is not (6, d(H|BYS.), r)-regular w.r.t. B} }
1<i<j<k<h

a,B,v€e[(]

where H,j, = H|V; v V; v Vi]. A formulation of the Strong Lemma [58, Theorem 17] for
hypergraphs, reads as follows.

Lemma 2.6 (Strong hypergraph regularity lemma). For all 0 < d3 € R, d5: N — (0, 1],
r: N2 — NN, and s,t,{ € IN, there exist ng, T € IN such that for every n = ng and every
sequence of n-vertex hypergraphs (Hy, ..., Hy), satisfying V =V (Hy) = --- = V(Hy), there
are t' V' € IN satisfyingt < t' < T and ¢ < V' < T, a vertex partition V = Vi w -+ w Vy,
namely V, and an {'-equitable partition B with respect to V such that the following properties
hold.

(S1: Vil < Vol <--- < Ve[ < A+ 1
(S.2): for all1 <i<j <t and a € [{'], the bipartite 2-graph BY is (62(¢'),1/¢")-reqular; and
(S.3): H; is (03, r(t', 0))-reqular with respect to B for every i € [s]. O

3We appeal to this agreement in the formulations of Lemmata 5.2 and 5.3.
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§3 MONOCHROMATIC EXPANDED CLIQUES

In this section, we prove Theorem 1.1. The required Ramsey properties of H® (n, p) are
collected in Section 3.1 and a proof of Theorem 1.1 can be found in Section 3.2. For an integer
> 3, the t vertlces of Kt having their 1-degree strictly larger than one are called the branch

vertices of Kt . Set
~(: t ~ t
vit) = olke®) = e+ (2> and e(t) = e(K;") = (2> .

3.1. Properties of random hypergraphs. The main goal of this section is to establish
Proposition 3.1 which is an adaptation of [22, Theorem 2.10]. This proposition collects the
Ramsey properties of H®) (n, p) that will be utilised throughout our proof of Theorem 1.1.

A k-uniform hypergraph H is said to be balanced if my(H) = di(H) holds; if all proper
subgraphs F' of H satisfy my(F) < my(H), then H is said to be strictly balanced. It is not
hard to verify that expanded cliques are strictly balanced. In particular,

(f((kr)) (é)_l
m =
R t+(k—-2)() —k
holds for any k£ > 2 and ¢ > 3. In the special case k = 3 we obtain
2
~ (k) t*—t—2 2t — 4
KPy=-——2_1-_=“"% 1
ma(K7) = Prt—6 (3:1)

that is, 3-uniformly expanded cliques are sparse. Note that this is in contrast to graph cliques

(on at least 3 vertices) whose 2-density is larger than one. For a simpler notation we define
for any integer ¢t > 2

m(t) = m(K®) and M, = my(K®).
Similarly for integers t1, t; > 2 we set

My, 4, = My 4, = m3 (Kt(l?’),K(?’)) ,

Let Hy and Hs be two k-uniform hypergraphs, each with at least one edge and such that
my(Hy) = my(Hy). If my(Hy) = my(Hs), then my(Hy, Hy) = my(H;) and otherwise

mk(HQ) < mk(Hl,Hz) < mk(Hl)

holds. The k-uniform hypergraph H; is said to be strictly balanced with respect to my (-, Hy) if
no proper subgraph F' & H; maximises (1.2). For instance, it is not hard to verify that l?t(g)
is strictly balanced with respect to ms(-, Kt(/Z)) assuming t > 4 is even.

Let F" and F’ be k-uniform hypergraphs and let p = p(n) be given. An n-vertex k-uniform
hypergraph H is said to be (F, u)-Ramsey if H{U] — (F') holds for every U < V(H) is of
size |U| = pn. Similarly, H is said to be (F, F’, p)-Ramsey if H[U| — (F F’) holds for every
U< V(H) of size |U| = pun. Given F < V(H)®F) and F' < V(H)UF) | we say that H is
(F, F")-Ramsey with respect to (F,F') if any 2-colouring of E(H) yields a monochromatic
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copy K of F (in the first colour) with V(K) ¢ F or a monochromatic copy K’ of F’ (in the
second colour) with V(K') ¢ F'.

Proposition 3.1. For every even integer t = 4 a.a.s. the binomial random hypergraph
R ~ H®)(n, p) satisfies the following properties.
P.1) There are constants 31 = v3.1(t) and C(_ll) = C’(.ll) t) such that if F; < V(R)®®) and
3 3
Fo € V(H)W2) satisfy | Fi| < v5.n°® and | Fa| < y3.n°?), then R is ([N(t(?’), [N(I%))-
Ramsey with respect to (Fy, Fs), whenever p = p(n) = CS)n=Mussz .
(P.2) For every fized pn > 0, there exists a constant C§21) = C’?EQB (u,t) such that R is (Kt(i)l, 1)-
Ramsey, whenever p = p(n) = C’;g?])n_l/Mt—l.
(P.3) For every fized u > 0, there exists a constant C§31) = C?E_?’l)(u, t) such that R is
(K®, Kf/?,u)-Ramsey, whenever p = p(n) = C)n 1Moz

Proof. A straightforward albeit somewhat tedious calculation shows that M;;» > M,_; holds
for every even integer t > 4. It thus follows that Properties (P.1) and (P.3) are the most

stringent in terms of the bound these impose on p. Hence, if
b= p(’ﬂ,) = max {Cgll)a Ciggl)} ’ n_l/Mt’tﬂ ’
then a.a.s. H satisfies Properties (P.1), (P.2), and (P.3) simultaneously. O

Property (P.1) is modelled after [22, Theorem 2.10(i)]; Properties (P.2) and (P.3) are both
specific instantiations of [22, Theorem 2.10(ii)]. The aforementioned results of [22] handle
2-graphs only. Nevertheless, proofs of Properties (P.1-3) can be attained by straightforwardly
adjusting the proofs of their aforementioned counterparts in [22, Theorem 2.10] so as to
accommodate the transition from 2-graphs to hypergraphs. Theorem 2.10 in [22] requires that
the maximal 2-densities of the two (fixed) configurations would both be at least one; this can
be omitted in our setting. Indeed, this condition is imposed in [22, Theorem 2.10] in order to
handle setting (a) in that theorem where the maximal 2-densities of the two configurations
coincide; by (3.1), this is not an issue in our case. The fact that lw(t(?’) is strictly balanced with

respect to mg(-, [?5/32)) is required by setting (b) appearing in [22, Theorem 2.10].

3.2. Proof of Theorem 1.1. We commence our proof of Theorem 1.1 with a few observations

facilitating our arguments; proofs of these observations are included for completeness.

Fact 3.2. Let d € (0,1], let G = (A v B, E) be a bipartite graph with e(G) > d|A||B|, and let
k < d|B|/2 be a positive integer. Then, [{ve A: degs(v) = k}| = d|A|/2.

Proof. Let A, = {v e A: degy,(v) = k} and suppose for a contradiction that |A.| < d|A|/2.
Then,
e(G) < k|A| + |Ag||B| < d|A||B|/2 + d|A||B|/2 < e(G)

which is clearly a contradiction. 0
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The next lemma captures the phenomenon of supersaturation (first® recorded in [24-26])
for bipartite graphs; to facilitate future references, we phrase this lemma with the host graph

being bipartite as well.

Lemma 3.3. For every bipartite graph K and every d € (0,1), there exists a constant
¢ = (33 > 0 and a positive integer ng such that every n-vertex bipartite graph G = (A w B, E)
satisfying n = ng, |A| < |B| < |A| + 1, and e(G) = d|A||B| contains at least (n**) distinct
copies of K. O

Fact 3.4. For every graph K and every d € (0,1), there exists a constant § = &34 > 0 and an
integer ng such that the following holds whenever n = ny. If an n-vertex graph G contains

dn"5) distinct copies of K, then it contains at least én pairwise vertex disjoint copies of K.
Proof. Any given copy of K meets O (n”(K)*l) copies of K. U
After these preparations we can now present the proof of the main result.

Proof of Theorem 1.1. Given d, t, and for sufficiently large n let H = H,, be given as in the

premise of Theorem 1.1. We set
0<d3«d and 0<eée < min {dg(t/z),yg,l(t)} . (3.2)
Proposition 1.2 applied with ¢, 5 = v(t/2), €12 = £, and dfg = ds, yields the existence of a
constant
0 < 05 = 81 3(v(t/2), &, ds) « ds (3.3)
as well as the functions
0y(w) = 0 (@, 11,2, ds, 05) and r(x) = 715(7, 12, €, ds, 63),

where §5: R — (0,1] and r: N — IN. Define d5: IN — (0, 1] such that

202
0 < d(x) « min {5;(:17), o(i2) ‘26'(%(#2)“) } (3.4)

holds for every x € IN. Proposition 1.3, applied with
H1 = ... = HS = H, (5](32 = 63, (5523 = 52, T3 = 7’5, 61_3 > d?:l, and tl_g > d_l, (35)
yields the existence of constants T} 3,1, ¢ € IN satisfying ¢35 <t < Tz and {13 < € < T3,

along with partitions V = Vyw---wVy = V(H) and (P¥);<;<j<r satisfying Properties (R.1-4).

Set auxiliary constants
dv(t/Q)d2'u(t/2)+1
3 2

dy=1/0 and n= 5

(3.6)

4Rademacher (1941, unpublished) was first to prove that every n-vertex graph with |n2?/4] + 1 edges

contains at least |n/2| triangles
SFormally, r is a function of one integer whereas 1 5 is a function of two. However, this “loss of information”

is a technicality that will not hinder our proof.
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and fix

€34(Goa(n/2)) - d3 P -
v(t/2)? T3 ‘

We claim that there exist three distinct clusters X, Y, Z € V along with a (d2(¢), ds)-triad
P = P;g;, with i, 7, k, ., 3,y appropriately defined, satisfying V(P) = X v Y v Z such that
H[X vY v Z] is d9(¢)-weakly regular and, moreover, H[X vY v Z] is (d3, ds, r)-regular with
respect to P. To see this, note first that at most ¢’ (["ét/]) < (Z; « dn® edges of H reside
within the members of V, where the last inequality relies on ¢’ > t; 5 » d~!, supported by (3.5).

0<p< (3.7)

Second, by Property (R.3), the number of edges of H captured within d5(¢)-weakly irregular
triples (V;, Vj, Vi), where i, 7, k € [¢'], is at most d2(¢) - (#')*- (% + 1)3 < 205(0)n® « dn?, where
the last inequality holds by (3.2) and (3.4). Third, by Property (R.4), the number of edges
of H residing” in (J3, d(H|Py ), r)-irregular triads P, is at most 63n® « dn®, where the last
inequality holds by (3.2) and (3.3). Fourth and lastly, it follows by the Triangle Counting Lemma
(Lemma 2.1) and by (2.3), that the number of edges of H found in (05(¢), dy)-triads P7F

apy?
where 7, j, k € [t'] and «, 5,7 € [{], satisfying d(H]P;ka;) < dj is at most

3
(#'Y363dy (d + 46,(0)) (tﬁ + 1) < 2dy (PdS + 4635,(0)) n® 20 (2 + 8636,(0))dyn® « dn?,

where the last inequality holds by (3.2) and (3.4).

It follows that at least dn®/2 edges of H are captured in (Jo(¢), do)-triads with respect to
which H is (93, d3, r)-regular and such that H is do(¢)-weakly regular with respect to the three
members of V defining the vertex sets of these triads. The existence of X,Y,Z €V and P as
defined above is then established. Throughout the remainder of the proof, we identify H with
HXuvYwvwZ|.

Let F < X®#2) be the family of all sets {1, ... , Tytj2) ) © X satisfying

N LH(xj,P)‘ < (a5 = )3 Py || 2. (3.8)
Jelv(t/2)]
Then,

)

3.2
Fl < elx w2 5 )| x e

holds by (1.3). This application of the Tuple Lemma is supported by our choice 13 » d3 ',
seen in (3.5), ensuring that ds « d3 holds and thus fitting the quantification of Proposition 1.2.
With foresight (see (C.1) and (C.2) below), let

€ = max { 41 (1), €2 (1, 6), O (. 1)} - (1)

and put

p = p(n) = C'max {n’l/Mf’t/Z, n’l/MH} = On~ YMeye

6 Supported by triangles of such triads.
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Proposition 3.1 then asserts that the following properties are all satisfied simultaneously a.a.s.
whenever R ~ H®) (n,p); in the following list of properties, whenever an asymmetric Ramsey

property is stated, the first colour is assumed to be red and the second colour is assumed to
be blue.

is (f(t@), Kt(/2> Ramsey with respect to (&, F);
is (IN(,%), KE ) Ramsey with respect to (F,2);
@), 1)-Ramsey;
CA4): Ris (Nt(g), f?fj’;, u)-Ramsey;
C.5): Ris (IN(t(/Q),lN(t , t)-Ramsey.
Fix R ~ H®)(n, p) satisfying Properties (C.1-5) and set I' = H U R.

Let 1) be a red/blue colouring of E(T") and suppose for a Contradiction that ¢ does not
vield any monochromatic copy of K\"). For every v € V(H), let L ( ) denote the red link
graph of v in H under 1), that is, Lg) (v) is a spanning subgraph of Ly (v) consisting of the
edges of Ly(v) that together with v yield a red edge of H under ¢. Similarly, let Lg) (v)
denote the blue link graph of v in H under v. Note that, for any fixed vertex v, these two
link subgraphs are edge disjoint.

We say that blue (respectively, red) is a majority colour of ¢ in H if

[{ee E(H): v(e) is blue}| > |[{e € E(H): v (e) is red}|
(respectively, |{e € E(H): ¥ (e) is red}| = [{e € E(H): v (e) is blue}|).

Claim 3.5. If blue is a majority colour of ¥ in H, then e(Lg) (v) <5

everyv e X.

t/2 \Y||Z]| holds for

Proof. Suppose for a contradiction that there exists a vertex v € X which violates the assertion
of the claim. The Triangle Counting Lemma (Lemma 2.1) coupled with the assumption of
H being (63, ds, r)-regular with respect to the (d2(¢), ds)-triad P (take @y = --- = Q, = P
in (2.4)) collectively yield

e(H) = (ds — 8)|C5(P)|
L (- &) (& — 40:(0) | XY 2]
> (dsdy — 03d5 — 4d305(0)) | XY || Z]
. b = 1XIY1Z) (3.9)

where the last inequality is owing to 03 « d3 and §5(¢) « di supported by (3.3) and (3.4),

respectively. Blue being the majority colour implies that at least dsd 2| X||Y||Z] of the edges

of H are blue and thus there exists a vertex u € Z satisfying e(Lg{)( ) = d34d | X|Y]; note
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that L (u) € X x V. Set
A, = {zeZ: deg, . . (2) Zt}gZ and A, = «{xeX: deg, v, \(2) >t}§X.
LH (v) LH (u)

Then,
d3 ds

215 601z and 1A = 221X S sy 01| (3.10)

A =
(t/ 2)
both hold by Fact 3.2. Since H is d5(¢)-weakly regular, it follows that

dsds
en(An¥,4) S (B2 ) LAYIIA - 81XV 12

(310) ( dyd n dsd
= - : X||Y]|1Z] - 6:(0)| XY |Z
( 2 ) (4v(t/2)> (8 (X[[Y]]Z] = 6:(0)| X]]Y]Z]
d5d3n
= (=22 =60 ) - 1X|)Y]|Z
(64v(t/2) 2(0) | - 1X1IY]|Z]
@ (_dsdin_
~ \650(t/2)

If red is a majority colour seen along Ey(A,, Y, A,), then there exists a vertex v’ € A, € Z

) XYl (3.11)

satisfying

(3.11) d2dSn d2dn
E(LY W AUY‘> - -U T i e L U NV 4
‘ (H(“)>“( xY) (1301}(15/2) XIVT= A 3002y ) 1AV

Consequently, the set
Ay = {x e A,: deng(v,)(x) > t} cA,c X
H

satisfies
d2dSn
Auwe] > 2600 35/2 > [Aul
3. 10 216
( 2 ) dsdsn IX|
2600(t/2)
- d3din { J
~ \21000(t/2) t/
(3.7)
un,

where the first inequality holds by Fact 3.2. We may then write I'[A4, ] — ([}t(i)l) owing
to R being (Kt 1, 1)-Ramsey, by Property (C.3). Let K be a copy of IN(S)l appearing
monochromatically under ¢ within I'[ A, ,/]. Let x1,..., 2,1 denote the branch vertices of K.
It follows by the definition of A, s that there are distinct vertices y1,...,y;—1 € Y such that
{zi,y;,v'} is a red edge of H for every i € [t — 1]. Similarly, since A4, , < A,, there are
distinct vertices yi,...,y;_, € Y such that {z;,y}, u} is a blue edge of H for every i € [t — 1].
Therefore, if K is red, then it can be extended into a red copy of INQ(:)’) including ¢’; if, on the
other hand, K is blue, then it can be extended into a blue copy of [N(t(s) including u. In either
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case, a contradiction to the assumption that 1) admits no monochromatic copies of IN(t(?’) is
reached.

It remains to consider the complementary case where blue is the majority colour in
Ey(A,,Y, A,). The argument in this case parallels that seen in the previous one with the sole
cardinal difference being that instead of finding a monochromatic copy of Iw(t(i)l in a subset of
A, € X, such a copy is found in a subset of A, € Z. An argument for this case is provided

for completeness. If blue is a majority colour seen along Ey(A,,Y, A,), then there exists a

3.11 2 16 2 76
V(BN N\ 7 (BED Yy g,
1300(t/2) 1300(t/2)

vertex u' € A, € X satisfying

‘E (L?(u/)) A (Y x Ay)

Consequently, the set

Ay = {z e Ay: degy,(2) > t} cA,cZ
H

d3dSn
[Avrl = | 5o ) A
260 t/2
(3.10) 2 6
2601} t/2 4v(t/2)
)15
1100v( t/2 t!

/ 7

satisfies

where the first inequality holds by Fact 3.2. Then, I'[A4, .| — ([N(t(i)l) owing to R being

(Iw(t( 1, 1)-Ramsey, by Property (C.3). A monochromatic copy of [N(t(i)l appearing in I'[A, /]

can be either extended into a red copy of l?t(g)

including the vertex v or into a blue such copy
including «’. In either case, a contradiction to the assumption that ¢ admits no monochromatic

copy of IN(t(S) is reached and this concludes the proof of Claim 3.5. [ |

The following counterpart of Claim 3.5 holds as well.

Claim 3.6. If red is a majority colour of ¢ in H, then e(Lg)(v)) < w7y \Y'||Z| holds for
every v e X. ]

Proceeding with the proof of Theorem 1.1, assume first that blue is a majority colour
of ¢ in H. By Property (C.1), either there is a red copy of K® (within X)) or there is
a blue copy of Kt(/2) within X not supported on F. If the former occurs, then the proof
concludes. Assume then that K < I'[X] is a blue copy of [?5;2) such that V(K) ¢ F, and

write Ly (K, P) = (e sy Lur(z, P) to denote the joint link graph of the members of V/(K)
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supported on P. Then,

e(Lu(K,P) = (5 — ) &5y 2],

holds by (3.8). Remove E(Lg)(x)) from E(Ly(K, P)) for every x € V(K); that is, remove
any edge in Ly (K, P) that together with a vertex of K gives rise to a red edge of H with
respect to 1. By Claim 3.5, at most

T 7’] ,r]
2 e (H@) <o) gz = 512

edges are thus discarded from Ly (K, P), leaving at least

o v (3.2) /o2 g2t/ +1
((dg(tm) —6)d§ t/2)+1 g>|Y\|Z] L ( ’ ;

(3.6) n
2 (n=3)vliz|

Ui
- D)z

Ui
- )iz]

edges in the residual joint link graph of K, denoted L', (K, P). It follows by Lemma 3.3 and
Fact 3.4 that Ly (K, P) contains at least

2n (?;7)
2n @
T, = M

€3.4(C33(n/2))

vertex disjoint copies of the bipartite graph K7 . Let S < V(L (K, P)) consist of the centre
vertices of all said copies of K. Property (C.4) coupled with S| = un collectively assert
that

~ ~

r[s] — (K%, K5) .

If the first alternative occurs, then there is a red copy of Iw(t(?’) and thus the proof concludes.
Suppose then that the second alternative takes place so that a blue copy K’ of K t(/32) arises
in I'[S]. Let u, ..., uy denote the branch vertices of K" and let @1, ..., ;> denote the branch
vertices of K. It follows by the definitions of L’ (K, P) and S that there are ¢*/4 distinct
vertices {w;;: 4,7 € [t/2]} € V(Ly(K, P)) ~ {u1, ..., U2, T1,. .., 20} such that {u;, x;, w;;}
forms a blue edge of H for every i, j € [t/2]. We conclude that I" admits a copy of INQ(?’) which
is blue under 1.

Next, assume that red is a majority colour seen for ¢ in H. Replacing the appeals to
Claim 3.5, Properties (C.1) and (C.4) in the argument above with appeals to Claim 3.6 and
Properties (C.2), and (C.5), respectively, leads to the rise of a monochromatic copy of INQ(S)

in [' under v in this case as well. U
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§4 PROOF OF THE TUPLE LEMMA

The tuple lemma (Proposition 1.2) follows from a straightforward application of the Cauchy—
Schwarz inequality and the counting lemma of Nagle and Rodl [50, Theorem 9.0.2]. For
a fixed integer t > 2, let Kt(i)’l denote the complete 3-partite 3-uniform hypergraph with
one vertex class of order ¢ and the other two classes consisting only of a single vertex each.
Write D, to denote the hypergraph obtained from taking two copies of Kfi{l and identifying
each of the t vertices in the first class of the first copy with the corresponding vertex in the
second copy. It follows from the aforementioned counting lemma that in a sufficiently regular
triad, the number of copies of Kt(i),l and the number of copies of D, are as ‘expected’; the
Cauchy—Schwarz inequality then implies the conclusion of the tuple lemma for joint links.
A more direct proof of the tuple lemma for joint links, which does not rely on the counting

lemma, can be found in Appendix B of the arXiv version of this article [7].

Proof of Proposition 1.2. Given t > 2 and ¢, d3 > 0, let 43 > 0 be sufficiently small so as to
render the aforementioned counting lemma applicable for Kt(i)’l and D; with relative error
v = &3/4. For a given dy > 0, an additional appeal to the counting lemma delivers d, and r.
Let H=(XwYwZ Ey)and P = (X wY v Z, E,) satisfy the assumption of Proposition 1.2
and assume, without loss of generality, that Fy < IC3(P). Write & to denote the number of
injective homomorphisms of Kt(i),l in H with the t vertices of the first class contained in X
and, similarly, write ®; to denote the number of injective homomorphisms of D, in H.

With the above definitions in place, observe that

> La({rr,.. 2}, P)| = &

(xl,‘..,xt)eXt

as well as

Yo |Lula, . m, P <@, = 2X Y] Z|(|Y] + |2])

(z1,...,0¢)EX?
both hold, where the lower order error term in the last inequality accounts for ‘degenerate
copies D, identifying both vertices in Y or Z, which are counted in the sum of squares.

The counting lemma applied to Kfi{l and D, in H with respect to P asserts that
K= (1= )dsd3 |V (|Z] - |X]" and Dy < (1+7)(dd3|v]|2])" - |X]"
For sufficiently large sets X, Y, and Z,
2AX['Y|Z| (V] +|2]) <~ (dsd3 Y1 2])" - | X"
holds; consequently, we arrive at

Y |Luln.ad P = (L= y)dsdy Y| 2] - 1X] (4.1)

(x1,..., 7t )Xt
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and
M Laler,. ., P)| < (1 + 2y) (dhdd Y] 2))° - | X (4.2)
(Il,...,xt)EXt

Finally, for B being the number of all those ‘bad’ t-tuples (z1,...,z;) € X" with
Lo, .}, P)| = ds3 |12 > edg ™ |]|Z],

we infer
B - (6d§d%t+1|YHZ])2 < Z (‘LH({mlw-'axt}aP” —dgd%tH‘YHZ|)2'
(21,...,m1 )X
Expanding the quadratic expression and applying the estimates from (4.1) and (4.2) finally
yields
B (edi 2 Y] Z))" < 4y - (dd2 YY) 2))% - X!

and the proposition follows from the choice of v = £3/4. O

§5 A VARIANT OF THE REGULARITY LEMMA FOR HYPERGRAPHS

In this section, we prove Proposition 1.3 which is our new variant of the Strong Lemma
(Lemma 2.6). In section 5.1, we lay out a ‘blueprint’ for our proof of Proposition 1.3 and, in
the course of which, collect all results from [58] facilitating our proof. This ‘blueprint’ is then

carried out in Section 5.2, where a detailed proof of Proposition 1.3 is provided.

5.1. Outline of the proof. The proof of Proposition 1.3 follows the lines of Szemerédi’s
proof of the regularity lemma for graphs [59]. In particular, it is based on an index increment
argument along refining partitions. More precisely, we adapt the proof of Lemma 2.6 from [58].
Below we present a detailed outline and along those lines we state several lemmata from [58],

which we shall employ in the proof.

Refinement process. We start by providing an initial pair of partitions (defined below), one
over vertices and the other over (some) pairs of vertices, satisfying Properties (R.1-3). If these
satisfy Property (R.4) as well, then the proof concludes. Otherwise, a refinement process
for these two partitions commences. A single iteration of this process accepts as input a
pair of partitions IT = (V, B), where V is a vertex partition and B is a partition of K*)(V),
such that II satisfies Properties (R.1-3) but not (R.4). At the end of the iteration, a pair of
partitions I1" = (', B') satisfying Properties (R.1-3) is produced such that II" < II, by which
we mean that V' <V and B’ < B.

The pair IT' has an additional crucial property. As customary in proofs of regularity lemmata,
a quantity called the indez (see (5.2)) is associated with any pair of partitions; in that, certain
quantities, namely ind(IT) and ind(IT"), are associated with IT and II', respectively. The
additional key property satisfied by II', alluded to above, is that ind(Il") > ind(II) + © 5 (1);
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this inequality embodies the traditional indezr increment argument that often appears in
proofs of regularity lemmata.

If the pair II" satisfies Property (R.4), then the proof concludes; otherwise another iteration
of the refinement process takes place, this time with II' assuming the role of IT above. The
index increment argument and the fact that the index of any pair of partitions is bounded
from above by one (see (5.3)), imply that such a refinement process must terminate. Therefore,
within O(1) iterations, a pair of partitions satisfying Properties (R.1-4) is encountered and
Proposition 1.3 is proved. Figure 5.1 provides a bird’s eye view of a single iteration of the

refinement process.

Initial partitions. The first pair of partitions, namely V, and By, from which the proof
of Proposition 1.3 commences is defined next. Let V' denote the common vertex set of
H,y,...,H, , and let V), be an equitable vertex partition of the form V' =V, v --- v V,, with ¢
some positive integer, such that H; is (5% (¢4 3)-weakly regular with respect to V, for every

i € [s13]. Such a partition exists by the Weak Lemma (Lemma 2.5) applied with
to 5 » max {(5532)_4, t1.3} s (51)

095 = 592 (¢13), the trivial partition Uss = V (i.e., hos = 1), and the given sequence
Hy, ..., H .. In preparation for a subsequent application of Lemma 5.2 (stated below), one
may further assume that ¢ is sufficiently large so as to ensure that e(K® (Vy)) = (1—0\%) /2) (|V|)
holds (and thus have (5.4), stated below, satisfied).

Let By be the partition of K®(V,) defined as follows. For every 1 < i < j < t, let
B1 . Bﬁu be a uniform random edge colouring of K (V;, V;) using ¢, 3 colours. That is,
every edge of K@ (V;,V}) is assigned a colour from [/, 3] uniformly at random and independ-
ently of all other edges of K®(V;,V;). For every k € [¢; 3], every pair of indices 1 <i < j < t,
and any pair of subsets X < V; and Y < V}, it holds that

ij 1
Ele(B![X,Y])] = a|X||Y|.
Applying Chernoff’s inequality [34, Theorem 2.1] yields
1
P([e(BYLX. Y1) = 5 |XIIY]| > a3 VIV = exp(—0n).

where here we rely on V being equitable, implying that [V;|,|V;| = €©(n). A union-bound
over all choices of k, i, j, X, and Y implies that a.a.s. B} is ((55232 (€13), £13)-regular for every

k € [¢13] and every pair of indices 1 <1 < j < t. In particular, By is ¢; 3-equitable.

Index increment. The notion of index, employed in our arguments, is defined next, along
with the index increment machinery alluded to above. Let V be a finite set and let V be

the partition given by V =V, v ... vV}, with h > 1 some integer. Let B be an (-equitable
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partition with respect to V, for some integer ¢ > 1. The index of B with respect to V and a
partition H of V®) is given by

_ 1

ind(B) = e Z Zd(H|P)2 K5 (P)) (5.2)

HeH P

where the second sum ranges over the triads of B. It is easy to check (see, e.g., [58, Fact 33])
that

ind(B) € [0, 1]. (5.3)

The notion of the index, seen in (5.2), fits the case s;3 = 1, i.e., the case in which a single
hypergraph H is to be regularised. In this case, the members of the partition H, seen
in (5.2), are H and its complement; this is in accordance with [58] (see the implication
of [58, Theorem 17] from [58, Theorem 23]). Our formulation of Proposition 1.3 supports
s1.3 > 1; in the terminology of [38], it is a multi-colour reqularity lemma.

To support the multi-colour version, the standard approach (see, e.g., [38]) is to define
the above index for each hypergraph (and its complement) being regularised and then define
a new version of the index given by the average of all of the aforementioned indices of the
individual hypergaphs (taking the average ensures that the new index is upperbounded by

one as well).

Remark 5.1. As the transition to the multi-coloured version is considered standard, we
prove Proposition 1.3 under the assumption that s; 3 = 1. Our proof of Theorem 1.1 does not

employ the multi-colour version.
We shall employ the following index increment lemma [58, Proposition 39].

Lemma 5.2 (Index increment lemma). Let V' be a finite set, let V be a partition of V', let H
be a partition of VO, and let B be an (-equitable partition of K@ (V). Furthermore, let an
integer r = rso = 1 be given and let 6 = 055 > 0 satisfy

e (K®W)) = (1-46/2) ('g'). (5.4)

If there exists an H € ‘H that is (0, r)-irreqular with respect to B, then there exists a partition 5’
of V@ satisfying

(INC.1): B' < B,

(INC.2): |B| < |B| -2 < V|2 - 27VI® | and

(INC.3): ind(B') = ind(B) + §*/2. O

The partitions B and B’, appearing in the premise of Lemma 5.2, are taken over K (V)
and V@) respectively. In Section 2.2, it is explained what is meant by stating that a partition
of V? refines a partition of K (V).
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Returning to the general scheme of the proof outline, let (V;, By) be a pair of partitions
from which a single iteration of the refinement process commences; these partitions satisfy
Properties (R.1-3) but they do not satisfy Property (R.4). The Index Increment Lemma
(Lemma 5.2) applied to (Vy, B;) produces a pair (Vy, B]) with By and B satisfying (INC.1-3).
That is, B] refines By, its size is O(|B;|) = O(1), and most importantly satisfies

ind(B’l) > ind(B) + Qa@ﬂ) .

While Bj has its index elevated appropriately relative to By, it may have lost Property (R.2).
Indeed, Bj arises from considering the Venn diagram of all witnesses of (6%33, 11 3)-irregularity
that the sequence (Hy, ..., Hy, ,) has across (Vi, By); see [58] for further details. The process

then continues with further refinements of (Vy, B}) so as to regain Property (R.2).

Approzimation. The approximation lemma [58, Lemma 25] serves as a key tool through which
we regain Property (R.2). It can be viewed as a generalisation of a result from [10], which

handles the corresponding graph case.

Lemma 5.3 (Approximation lemma). For every pair of integers s = s53 = 1 and h = hs3 > 1,
every real number v = v53 > 0, and every function ¢ = e53: IN — (0, 1], there exist positive
integers ts 3 and ng such that the following holds whenever n = ng. Let V' be a finite set of
size n, let V be a partition of the form V = Vi w -+ v V}, with all its parts having size Q(n),
and let B = (By,...,By) be a partition of V®. Then, there exists an equitable partition
(V=Uw-wU,,} <V, namely U, as well as a partition B' = (B,, ..., B.) of V? such
that the following holds.

(APX.1): By[U;,U;] is e(ts.3)-regular for every k € [s] and every 1 <i < j < t53.

(APX.2): |E(B;))AE(BY)| < vn? for every i€ [s]. O

The approximation lemma bares its name as it replaces every B € B with a highly regular
bipartite graph B’ of virtually the same density as B (as specified in (APX.2)). However, B’
need not be a subgraph of B and may contain edges not present in B; the latter degrades the
index increment attained by the Index Increment Lemma (Lemma 5.2).

In its original formulation, namely [58, Lemma 25], the approximation lemma also entails a
divisibility condition which in our formulation would read as t53! | n. The term 53! is a fixed
constant. In the case that ¢5 3!t n holds, our formulation takes into account any degradation
of all parameters that may be incurred by having to distribute at most ¢5 3! vertices amongst
the members of U.

Returning to the pair (V;, B]) and its potential loss of Property (R.2), the approximation
lemma (Lemma 5.3) is applied to this pair so as to produce a pair (Vs, Bs) such that V, < Vy
and By approximates B} per (APX.2). That is, modulo some {n? exceptional pairs, with

¢ > 0 being arbitrarily small yet fixed, the partition By refines 5.
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Utilising the fact that the members of By are highly regular, per (APX.1), we proceed to
randomly slice (see Steps I.a and L.b in the proof of Proposition 1.3 for details) the members
of By so as to obtain a partition Bs which, modulo some £'n? exceptions, with ¢ > 0 being
arbitrarily small yet fixed, refines By and such that its members satisfy Property (R.2), in
that all its members are at the ‘correct’ density and regularity as required by Property (R.2).
This stage of the process culminates with the pair (Vy, B3) and with having Property (R.2)
regained.

Having B, essentially refining B] and Bs essentially refining B, modulo some o(n?) exceptions
each time, plays a crucial part in the forthcoming index manipulation arguments appearing
below. Unfortunately, due to the application of the Approximation Lemma (Lemma 5.3), it
is possible that the pair (Vs, Bs) does not satisfy Property (R.3).

Weak regularity re-established. To regain Property (R.3), the Weak Lemma (Lemma 2.5)
is applied to Vs so as to attain a vertex partition, namely V3, such that V3 < V5 and such
that H is weakly regular with respect to V3 at the required level. This in turn affects the
regularity of the members of Bs with respect to the members of V3 in the sense that the
satisfaction of Property (R.2) is again in jeopardy. Repeated applications of Lemma 2.3
are then used to regain Property (R.2) once more. The key point at this stage is that the
degradation in the regularity of the members of Bs, with respect to V3, can be anticipated
prior to the application of Lemma 5.3 which in turn allows for an application of the latter
with an enhanced regularity threshold, in order to compensate for this eventual degradation.

This stage ends with a pair (V3, B,), where B, < Bz and is the result of the aforementioned
repeated applications of Lemma 2.3. Accurate details regarding this stage can be seen in

Step II of the proof of Proposition 1.3.

Index manipulations. Tracking the index of the various partitions encountered throughout

the process described above, we start with the inequality
1nd(l3'1) = ll’ld(Bl) + 95(3)(1>
1.3

supported by the index increment lemma (Lemma 5.2). From here on out this index increment
suffers degradation incurred by the refinement process outlined above. Two tools are used to
curb this degradation. The first such tool from [58, Proposition 34], stated below in Lemma 5.4,
is designed to handle the index of partitions produced by the Lemma 5.3. The second is
Lemma 5.5 below, which provides estimates for the index of all partitions encountered with

the exception of the one produced by the approximation lemma (Lemma 5.3).

Lemma 5.4. Let s = s54,h = hs4, and t = t54 = h be positive integers and let v = v54 > 0.
Let V' be a set of sizen andletV =Vi v --- vV, andU = Uy v --- v Uy be partitions of V
such that U < V. Let H be a partition of V) and let B = (By,...,Bs) and B' = (B}, ..., B’)
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be partitions of K@ (V) and K® (U), respectively, satisfying |E(B;)AE(B.)| < vn? for every
i€ [s]. Then,
ind(B') = ind(B) — 9(2s)*v (5.5)

holds, where ind(B) is taken with respect to V and H, and ind(B’) is taken with respect to U
and H. OJ

The partitions B and B’ defined in Lemma 5.4 can both be viewed as partitions of V(2
(see Section 2.2) so as to fit the formulation of the approximation lemma (Lemma 5.3) and
of [58, Proposition 34]. The latter, fits more general settings than the one appearing in its
adaptation stated in Lemma 5.4.

The partition By is produced by the Approximation Lemma (Lemma 5.3) applied to (Vy, BY).
Lemma 5.4 coupled with a judicious choice of v53 made upon applying the Approximation

Lemma (and prior to the application of the Index Approximation Lemma), yields
ind(Bs) = ind(By) — vi 5 = ind(By) + Qe (1) — 7
1.3

where v/ ; > 0 is a constant related to vs 3 through (5.5). Being able to anticipate this degrad-
ation of the index allows for an appropriate choice of v5 35 to be passed to the Approximation
Lemma so as to render ind(Bs) = ind(B;) + Qég(l).

The second tool for curbing the degradation of the index, namely the Index Approximation
Lemma, is stated next. Let V be a partition of a finite set V' and let B and B’ be partitions
of K® (V). Given a non-negative real number 3, a partition B’ is said to form a SB-refinement
of a partition B, denoted B’ <5 B, if >, e(B’) < B8|V|?, where the sum is extended over

{B'e B': B'& B for every B e B}.

The following simple lemma from [58, Proposition 38] asserts that a partition of K2 (V)
that S-refines another partition of K (V) has its index at most 3 ‘away’ from that of the

partition being refined.

Lemma 5.5 (Index approximation lemma). Let 5 be a non-negative real number, let V be
a partition of a finite set V, let B and B' be partitions of K@ (V), and let H be a partition
of V. If B <43 B, then ind(B') = ind(B) — 3, where here the index is taken with respect
toV and H. O

The next degradation in the index is incurred through the production of the partition Bj
from By via random slicing. We prove that Bs forms a [-refinement of By, where § > 0
is small enough to ensure that ind(B;) > ind(B;) + 9532(1) can still be inferred. The
last partition, namely By, properly refines B3, i.e. By <o Bs, and thus, by the Index
Approximation Lemma, no index degradation is incurred in the production of B4 culminating
with ind(Bs) > ind(B;) + 95@(1)'
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Upon the termination of the entire refinement process, a pair of partitions (V, B) satisfying
Properties (R.1-4) is produced. Setting ¢t = V| and T3 = |B|, yields t < T} 3 as well as
¢ < T3, where ¢ and t are per the premise of Proposition 1.3.

Refinement process | A single iteration

(vl ) Bfl )
(V1,B1) — Index Increment Lemma 5

Flevated index
Satisfying (R.1-3) but not (R.4) Lemma 5.2 ind(B]) > ind(B) + Ry (1)

(R.2) might be lost

(Vg, Bz) P Approximation Lemma B |
] Lemma 5.4 :
II](I(Bz) 2 ill(l(Bl} + Sldé:.ii ( l)

Lemma 5.7 handles index degradation

(R.2-3) might be lost
Index Approximation Lemma

(V2J BS)
‘ Step I: Random slicing > ind(Bs) > ind(By) + Ry (1)
handles index degradation

Regaining (R.2)
Lemma 5.9

(VS, 34) e Step 11
Regaining (R.3)

]I]d{64) 2 ]l’]d(B[) +Q‘3,‘5‘1|(1)

Index Approximation Lemma
handles index degradation

Lemma 5.9

FIGURE 1. A single iteration of the refinement process

5.2. Proof of the regularity lemma. We now give the details of the proof outlined in §5.1.

Proof of Proposition 1.5. Let 63 = 552,52 = 5;232,7“ =1ry3,013,t13,51.3 and (Hy,...,Hg, ,) be

Y 51.3
as specified in the premise of Proposition 1.3; recall Remark 5.1 where it is stipulated that we
assume that s; 3 = 1 so that H = H; = --- = H,, ,. It suffices to prove an index increment

along a single iteration of the refinement process described in Section 5.1. To that end, let V'
be the vertex set of H and let V; be an equitable partition of the form V =V, v --- vV,
with ¢; some positive integer, such that H is d5(¢;)-weakly regular with respect to V;, where ¢,
is some positive integer. Let B; be an ¢;-equitable partition of K (V}). Assume that

k) = -2 (1))
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holds and that the partitions V; and B; satisfy Properties (R.1-3) yet fail to satisfy Prop-
erty (R.4).

The Index Increment Lemma (Lemma 5.2) applied with d5 5 = d3 and 755 = r(t1, £1), asserts
that there exists a partition B} of K ®(V,) refining By such that €, = |B}| < 20, - 2r(tton
and ind(B}) = ind(B;) + d3/2. For future reference, we record that

ly > 65 (5.6)

holds; this on account of /5 > t; (5>§1) 53_4.

We proceed with a two stage argument, captured below in Step I and Step II, through
which the pair (V;,B]) is further refined so as to obtain a pair of partitions satisfying
Properties (R.1-3) and whose index is appropriately elevated with respect to that of B;.

Step I: Regaining Property (R.2). Let V, and By be the vertex and pair partitions, respectively,
whose existence is guaranteed by the Approximation Lemma (Lemma 5.3) applied to V;
and Bj with

4
S53 = |B/1| = 62, h5.3 = tl, V=153 ST3, €53 = 8/01 (57)
5.3

where C; » /3 is some auxiliary constant and for every ¢’ € IN
5o (03
g(t') = min { 52 T2 (0. 5,(3) (t’,<522)(€§)) } . (5.8)
The partition Vs, refines the partition V; and has the form V = U; w Us - -+ v Uy, where
ty = t53(hs3,S53,V,€53) and the last four parameters are as seen in (5.7). Each member
B € By has the property that B[U;, U] is €5 5(t2)-regular whenever 4, j € [t5] are distinct. In
addition, the members of By approximate the densities of the members of B} per (APX.2).
Fix indices 1 < i < j < t,. In what follows, the members of By = {B[U;, U;]: B € By} are
sliced so as to yield a collection of £2 bipartite graphs such that each of them is (g(ty), 5 ?)-
regular. This is attained through randomly slicing each member of Béj so that, with positive
probability, each slice thus produced across all choices for ¢ and j has the specified density
and regularity. All this is carried out in two steps, namely Steps [.a and I.b. In the first step,
the so-called dense members of BY are sliced; in the second step the so-called sparse members

of BY are sliced along with leftovers incurred through the slicing of the dense members.

Step I.a: Random slicing of dense parts. Fix indices 1 <1 < j <ty and let
DY = {B|U;,U;]: B € By and d(B[U;, U;]) = (37}

denote the members of BY that are sufficiently dense; note that D% # & since the members

of BY partition K@ (U;,U;) and |BY| = f,. For every I' € DY, there exist an integer

0 < kp < £2 and a real number 0 < np < 32 such that d(T') = ’;—5 + nr. Colour the members
2
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of E(I") by assigning each edge a colour from the palette {0,. .., kr}, independently from the
rest of the edges, according to the following scheme:

(1) An edge of T is assigned the colour 0 with probability %.

(2) An edge of T is assigned the colour 1 < i < kr with probability %.
2
Note that
ke Uiy L (kr
+ = — + =1.
BdT) " dr) ~am\g "
Let I'g,I'y, ..., 'y, denote the random pairwise edge disjoint subgraphs of I' resulting from

such a colouring. The random subgraph I'y is referred to as the trash subgraph.
Set Cy = (/2 and note that an appropriate choice of C; ensures that Cy » £3 holds. Fix a

constant ( satisfying

0 < ¢ «min{l;? £(t2)/Cy} (5.9)
and
SELI i S d ¢+ < 0;? (5.10)
eiere BRI Preanve B reps TS 2 |
Counsider the events
E(I) = {d(To) < nr + (Y,

&E(T) = {d(T;) = ;% + ( for every 1 <i < kr},
E(T) = {Ly is ((t2)/Cs, £5%)-regular for every 1 <i < kr}.

Finally, for every k € {0, 1,2}, let
&, = {&(T) holds for all T € DY and for all indices 1 < i < j < to}.

We claim that
IP(gg A 51 A 52) > 0. (511)

Note that the number of pairs of indices 1 <4 < j < t5 is independent of n. Moreover, |D%|
is independent of n for any given pair of indices 1 <1 < j < ts.

Hence, in order to prove (5.11), it suffices to prove that
P(&T) A &(D) A &E(D)) =1—0,(1) (5.12)

for every pair of indices 1 < i < j < t; and every I' € D¥.

Note that & is not part of the formulation of Property (R.2) but rather an auxiliary event
facilitating our arguments seen in Step I.b below. On the other hand, &, is directly related to
Property (R.2) and is of prime concern in regaining Property (R.2).

As noted above, to conclude Step L.a, it remains to prove (5.12). We begin by noting that
Ele(I'y)] = nr|U;||U;| and that E[e(I'y)] = é\UiHUj\ holds for every 1 < h < kp. Then, owing
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to Chernoff’s inequality [34, Theorem 2.1 and Corollary 2.3|, we may write

P(ell) = (i + O < exp (g ) = exp (- 200)

P(le(Tn) — &*UU;]| = ClUIU;]) < exp(=Q(|U;||U;])) = exp (= Q(n?))

where the last equalities seen for each of the bounds just specified, are owing to Vs being
equitable, leading to |U;| = ©(n) holding for every i € [t5]. In particular, each of the events
E(I) and &(I") holds asymptotically almost surely.

To estimate the probability that £(I") holds, fix X < U; and Y < Uj, and recall that

e(T[X,Y]) = d(D)|X[[Y] £ &5 5(2)[Us]|U;].
For every 1 < h < kr, it holds that
€5.3(t2)

E[eCuX. Y])) = 671X Y| = 20
- XY+ U

_ e(t2)
= 62Xy £ 02 Ul
1

where the last equality holds since I' € DY and thus ¢3d(T") > 1. Tt then follows by Chernoff’s
inequality [34, Theorem 2.1] that

P(eTy[X.Y]) > 6 o) + olIv;) = exp(-)

and

(X, Y1) < G21XIY ] = 2010 — lunfos]) = exp(-00)

both hold. The number of choices for the sets X and Y is at most 22" and the number of
choices for h is kp. Since, moreover, Cy = C1/2 » (3 and ( satisfies (5.9), it follows that
the random subgraph T, is a.a.s. (g(ty)/Cy, 3 ?)-regular for every 1 < h < kp. This shows
that &(I") holds a.a.s. and thus concludes the proof of (5.12).

Step 1.b: Randomly slicing the trash and sparse members of B;' Fix indices 1 <17 < j <t
Expose g, ', ..., Ty for every I'e DY, Let M = | Jpepis U1F1 I; and L = K®(U;, U;) ~ M.
Let k = Y py kr so that one may write M = |JF | S;, where S is (£(ty)/Cy, £3%)-regular
with density d(S;) = ¢32 + ¢ for every i € [k]. Note that k < £2 holds by the first equality
appearing in (5.10).

ke(t2)
Co 752

plement of M in K® (U, U;), namely L, is then (kac(v?» egggk
2

random using ¢ = % — k colours; let Ly, ..., L. denote the resulting slices (note that ¢ > 0

Since Sy, ..., S, are pairwise edge disjoint, M is ( ) regular. The (bipartite) com-

)—regular. Slice L uniformly at
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as L contains Ty for every I' € D¥ and is thus dense). To gauge the regularity of L;, where
h € [c], note that for a fixed X < U; and Y < Uj, one has

k€<t2)
02 - C

£(ta)
Cs

Eler, (X,Y)] = 67| X]|Y] £ Ui|U;| = &2 XY | + lesiten

where C3 = Cy - ¢/k; an appropriate choice of C ensures that Cs » (2 holds. An application of
Chernoft’s inequality (with deviation ('|U;||U;|, where 0 < (" « &(t2)/C}3), yields that a.a.s. Ly,
is (e(ty)/Cy, 5?%)-regular, where Cy » (2 is some constant. Since c is independent of n, it
follows that a.a.s. all of the aforementioned slices admit this level of regularity.

We conclude Step I by setting Bs to denote the collection of all slices produced in Steps L.a
and Lb. As such, Bs partitions K (V,) but need not be a refinement of B, on account of
Step Lb. In addition, Bs is £3-equitable (indeed, for every pair of indices 1 < i < j € to, some
k < ¢2 slices are created in Steps I.a and ¢3 — k additional slices are created in I.b) with
each of its members being (£(ts), £5%)-regular. The pair of partitions (V,, B3) then satisfies

Property (R.2) with the aforementioned parameters.

Step II: Regaining Property (R.3). In this step, we produce an equitable vertex partition Vs
such that V5 < V, and subsequently a partition B, of K®(Vs) such that the pair (Vs, By)
satisfies Properties (R.1-3) with the correct parameters.

Let V3 be the equitable vertex partition resulting from an application of the Weak Lemma

(Lemma 2.5) with V, as the initial vertex partition and along with
52_5 = 62 (E%) and t2_5 = tQ.

Recall that Vs has the form V = Uy v --- v U, and that V3 < V5. Since both Vs, and Vs
are equitable, it follows that the number of members of V5 refining a single cluster of V; is

uniform across all clusters of V,. For a pair of distinct indices 4, j € [to], let

z

w = {Wl(i),...,Wz(i)} and WU = {Wl(j),...,W(j)}

denote the members of V5 refining U; and U, respectively. In addition, let ng consist of the
members of By partitioning K (U;, U;); recall that |BY| = £3.

Fix some W e WO W’ e WU and T € BY. We claim that T[W, W] is (65(£2), £52)-regular.
Indeed, note first that |[W|, |W’| > #‘52(‘3)) and that Th5(ta, 02 (£3)) ™" = &(t3), where the
latter inequality holds by (5.8). Hence, an application of the Slicing Lemma (Lemma 2.3) with

dys = 552, 023 = €(t2), Qg3 = T2.5(t2> 02 (@))71
implies that I'[W, W] is (5, 052 + 52,3)—regular, with

da((3)
Ty5(ta, 02 (€3))

¢ = max {Th5(ta, 05 (03))02.3, 2023} <
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where the above inequality holds by (5.8). We may then absorb the deviation in the density
by enlarging the error term to deduce that T[W, W'] is (85(¢2), (3 ?)-regular, as claimed.

We conclude that the members of BY define 2 edge disjoint (65(¢3), 5 ?)-regular subgraphs,
between every pair of sets W € W@ and W’ € WU). Moreover, these subgraphs partition
K@ (W, W’). Define B, to be the partition of K (V3) whose members are the subgraphs of
the form T[W, W’], where W e W& W’ e WU and 1 <i < j < ty; note that By < Bs.

Indez increment. We conclude the proof of Proposition 1.3 by tracking the index of the
various partitions defined throughout the refinement process above and prove that this process

culminates with the last partition, namely B,, satisfying
ind(B,) = ind(B;) + d3/8. (5.13)

The refinement process commences with the Index Increment Lemma (Lemma 5.2) yielding
ind(B}) = ind(B;) + 05 /2, where here the index is taken with respect to V) and the partition H
whose members are H and its complement. The pair of partitions (Vs, Bs) is obtained through

an application of the Approximation Lemma (Lemma 5.3) to the pair (V;, B}). It follows that

(5.5) (5.7)
ind(By) =" ind(B)) —9(2s)*v = ind(B,) + d3/4
holds.

The partition B3 need not be a refinement of By; this is due to the treatment of sparse and
trash subgraphs of B, seen in Step I.b, where these subgraphs are united and then collectively
sliced. The partition By is obtained from partition B] through the approximation lemma
(Lemma 5.3) and thus | By| = |B}| = {5 holds. Let A3 = {B3 € B3: B3 & B, for every B, € By}.
Then,

Med) < D [ DY er)+ D e
AeAs 1<i<j<tg TeDis FEB?\'D”
< By (C + max np> n* + |Bay| - £5%n?
(5.10)
< 20507
It follows that Bs is a (2¢5")-refinement of By and thus
5.6

ind(By) > ind(By) + 64/4 — 20, % ind(By) + 6%/

holds, by the index approximation lemma (Lemma 5.5).
The last partition, namely By, is attained from B3 through repeated applications of
Lemma 2.3. As such By <o B3 and thus ind(B4) > ind(Bs) holds by the index approximation

lemma (Lemma 5.5). This proves (5.13) as required.
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Conclusion. The fact that the index of a partition is bounded from above by one (see (5.3))
coupled with the index increment obtained in each iteration of the refinement process, lead to
a pair of partitions satisfying Properties (R.1-4) being encountered within O(d3*) iterations

of this process. This concludes the proof of Proposition 1.3. U

§6 CONCLUDING REMARKS

6.1. Alternatives to the tuple lemma. In this section, we provide two alternatives to the
tuple property (Proposition 1.2) that avoid using the Strong Lemma (Lemma 2.6), yet fall
shy from being a suitable replacement for the Tuple Lemma in our proof of Theorem 1.1. We

start with the following simple adaptation of [42, Lemma 3.4]. Given a hypergraph H, let
01(H) = min{degy(v): ve V(H)}

denote the minimum 1-degree of H.

Lemma 6.1. For every d > 0, positive integer t, and c¢; € (0,1], there exist co,c5 € (0,1]

and ng € IN such that the following holds whenever n = ngy. Let H be an n-vertex hypergraph

satisfying 61(H) = dn® and let U < V(H) be a set of size |U| = cyn. Then, there exist at

least con® members of UM whose joint link graph has size at least csn?.
Proof. Fix U € V(H) of size |U| = ¢;n. Note that

Z degy(w,v,U) Z degy(u) = |U|-6,(H) = d - cyn?, (6.1)

{w,w}eV (H)(?) uelU
where
degy(w,v,U) = {ue U: {u,v,w} e E(H)}|.
A double counting argument and an application of Jensen’s inequality imply that

>, ellu(X)) = 3 (degH(if,v,U))

XeUu® {w,v}eV (H)®)

> (Z’) . ((;)1 o iegH(w,v,U>

2(0) (07

602

> en'™, (6.2)

where ¢, and c¢5 are appropriate positive constants. Trivially, e(Lz (X)) < n? holds for every
X € U®. The existence of the constants ¢, and ¢z thus follows by (6.2), concluding the proof

of the lemma. 0
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It is evident that Lemma 6.1 offers much weaker control over the joint link graphs of t-tuples
than that which is ensured by our new tuple property (Proposition 1.2); in particular, it is
insufficient for our proof of Theorem 1.1. Indeed, an important step of our proof involves
finding a blue (say) copy K < I'[X] of f(t/g such that its vertex set forms a good tuple, that
is, the joint link graph of this tuple is sufficiently dense. Alas, the parameters of Lemma 6.1
do not guarantee the existence of such a copy.

A versatile tool, commonly used to replace the Tuple Lemma for graphs (Lemma 2.4),
and consequently avoid the use of the (graph) regularity lemma altogether, is the so-called
dependent random choice [28]. A variant of this tool for hypergraphs was considered before
in [18] by Conlon, Fox and Sudakov; their version, however, is not strictly aligned with the
tuple property we seek. A formulation of the dependent random choice fitting the settings

encountered in our proof of Theorem 1.1 reads as follows.

Proposition 6.2. (Dependent random choice for hypergraphs) Let a,m,n,r be positive

integers and let H be an n-vertex hypergraph. If there exists a positive integer t such that

holds, then there exists a subset U € V(H) of size |[U| = a such that e(Ly(S)) = m for every
SeUm,

Proof. Fix a positive integer ¢ satisfying (6.3) and let {b; = {uq,v1},...,b; = {us, v;}} be t pairs
of vertices each chosen uniformly at random with replacement from V (H)®, independently
from one another. For every i € [t] let Ny (b;) = {w e V(H): {u;,v;,w} € E(H)} and let

X =|Ng(by,...,b)| =

(j Ny (b;)

d t
E[X] = Z P(v e Ny(b;) for every i€ [t]) > Z (egH(v)> > n' 25 (H)"
veV (H) veV (H)
Any subset of vertices S < V(H) satisfies S < Ng(by,...,b;) with probability at most
t t
(M) . Consequently, E[Y] < (7) ((27m> holds, where

n(n—1) r n(n—1)
Y =|{SeNyb,....0)": e(Ly(S)) <m}|.

Therefore
t
E[X - Y] = n172t51(H)t — <TL) <M)> > a,

r) \nn-1
where the last inequality is owing to the assumption that ¢ satisfies (6.3). It follows that the

required set U exists, thus concluding the proof of the proposition. O
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The assertion of Proposition 6.2 includes a restriction imposed on d;(H). This restriction
allows us to prove this proposition while avoiding the traditional appeal to Jensen’s inequality,
seen in the proof of the original formulation fitting the graph setting [28].

The following consequence of the dependent random choice for hypergraphs, namely

Proposition 6.2, is more inline with the formulation of the tuple property (Proposition 1.2).

Corollary 6.3. For every a, o > 0, and positive integer r, there exist ng € N and § > 0
such that the following holds whenever n = ng. Let H be an n-vertex hypergraph satisfying
61(H) = an®. Then, there exists a subset U < V(H) of size |U| = Bn such that every member
S e UM satisfies e(Ly(S)) = n>7.

Proof. Set m = n?*"¢ and t = [r/g|. Then,

t 2—o\ ¢
n1=2§, (H) — (Z) <n(snjl)> > pl=2gtin2t (7;/) (37;2 ) > a'n—0O(n"~%) = Bn,

where 5 > 0 is an appropriate constant. The assertion of Corollary 6.3 thus follows by

Proposition 6.2. O

We have attempted to replace the tuple property (Proposition 1.2) with Corollary 6.3 in the
proof of Theorem 1.1. This, however, has resulted in a higher edge probability for the random
perturbation. The main cause for this problem is an adaptation of [22, Theorem 2.10(iii)]
mandating that the random perturbation H ~ H® (n,p) a.a.s. satisfy the property by which

there exist constants § = (t) > 0 and C' = C(t) > 0 such that H is ( K&®, Kt(/SQ), n~")-Ramsey,
whenever 0 < ' < f and p = p(n) > Cn~=8)/ My

6.2. Further research. As mentioned in the introduction, we conjecture that Theorem 1.1
uncovers the threshold for the emergence of monochromatic expanded cliques in randomly

perturbed dense hypergraphs and can be complemented as follows.

Conjecture 6.4. For every even integer ¢ > 6 there exist constants d, ¢ > 0, and there exists
a sequence of 3-uniform n-vertex hypergraphs (H,),en with e(H,) = dn?® for every n € IN
such that

nh_I>nooIP(Hn o H(3)(nap) - ([?§3))) = 0’
whenever p < en™M for M = m3( Nt(3)> f(t(/gz))

Conjecture 6.4 may hold for ¢t = 4 as well. However, this value is excluded due to the distinct
behaviour seen in the graph case [22,53]. The proof of Theorem 1.1 presented here extends
for the asymmetric Ramsey property H — (f(t(?)), K 3)) for sufficiently large integers t > s

and M replaced by mg( Nt(3), K [(5/)21) It seems plausible that the corresponding generalisation
of Conjecture 6.4 may also hold.
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APPENDIX A. EXPANDED CLIQUES IN RANDOMLY PERTURBED DENSE HYPERGRAPHS

In this section, we determine the threshold for the property [N(t(g) c Hu ]H(?’)(n,p),

whenever H is a dense hypergraph and show that it is smaller than n~" m(KY)

Proposition A.1. For every every integer t = 4 the following holds.

(a) For every d > 0 and every sequence of 3-uniform n-vertex hypergraphs (H,,)nen with

e(H,) = dn? for every n € N we have

nlimOO]P([?t(g) CHu ]I—I(3)(n,p)) =1,

R
whenever p » n~ miBED,

(b) There exists a constant d > 0 and there exists a sequence of 3-uniform n-vertex
hypergraphs (H,)new with e(H,) = dn® for every n € N such that

: 7 (3) (3) —
Jlim P(K,” < H, v H® (n,p)) =0,
whenever p K n_ w7
A key tool in our proof of Proposition A.1 is a well-known result by Janson, regarding
random variables of the form X = Y, s 14. Here, S is a family of non-empty subsets of some
ground set €2 and I, is the indicator random variable for the event A < ),,, where €, is the
so-called binomial random set arising from including every element of ) independently at
random with probability p. For such random variables, set A = E[X], and define
1
A== > E[I4l5].

2 A,BES
A#B and AnB#o

Janson’s inequality (see, e.g., [34, Theorem 2.18]) upper bounds the probability of nonexistence.

Theorem A.2. For X, A\, and A as above we have P(X = 0) < exp ( — /\J’r\;A). O

Proof of Proposition A.1. Starting with the O-statement in part (b) of Proposition A.1. Let
t > 4 be an integer and for every integer n, let H, be the complete tripartite n-vertex
hypergraph with vertex set V; w Vo w Vi, where V3| < |Va| < |V3] < [V3] + 1. Clearly H,
satisfies the density assumption for d = 1/27. If H, u H® (n,p) contains a copy K of K,
then one of the parts of H,, say Vi, must contain at least [¢/3] = 2 of the branch vertices

of K. Since H,, is tripartite, any edge which connects any two branch vertices of K which are
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both in Vi, must be in H® (n, p). It follows that H®) (n,p) contains a copy of K rt/3- However,
the probability of the latter event is at most

n N
- e(Kress1) —
p o(1).
<U(K[t/3] ))

Next, we prove the 1-statement from part (a) of Proposition A.1. Let r = [t/3], let H = H,
be a sufficiently large n-vertex dense hypergraph, and let R ~ H® (n,p). Set s = t*> and
let T* denote the complete tripartite hypergraph with each of its partition classes having

size s.

Claim A.3. Let T be a copy of T* with veretex-set V(T) =V w Vo w V. For every i € [3],
let K; be a copy of K, satisfying V(K;) < V;. Then, T'u K1 U Ky u K3 contains a copy of kgr.

Proof. For i € [3], let v}, ..., vl denote the branch vertices of V(K;) and let A; = V; \ V(K;).
For every 1 < i < j < 3, let k;; denote the unique element of [3] \ {7,7}. For every
1<i<j<3 lety: {vi,... v} x{v],... v} — Ay, be an injection; such a function

exists since [Ag,| = s — (r+ (})) = r?. For every 1 <i < j <3, let
By = {{vhs vl (vl )} (a,b) € [r] x [r]}.
Then, the sub-hypergraph of T"u K; u Ky U K3, with edge set
E(K1) v E(Ky) u E(K3) U By U Ei3 U Ess,
forms a copy of K 3. [ |

Claim A.4. Let v > 0 be a constant, let N = vyn3® be an integer, and let T, ..., Txn be
pairwise distinct copies of T* in H. For every i € [N], let Vi v Vy w Vi denote the vertex set
of T;. Then, a.a.s. there exists an i € [n] such that K, = R[V[] for every j € [3].

Proof. Let K32 denote the complete 3-graph with vertex set [n]. Let F be the 3-graph
consisting of three pairwise vertex disjoint copies of K,; note that m(F) = m(K,). Let F be
the family of labelled copies F” of F'in K3 for which there exists an index i € [N] such that
K,c F' [V/'] for every j € [3]; in this case F” is said to be included in T;. Note that, for every
i € [N], at least one element of F is included in T;. Moreover, every member of F is included in

at most (s—vy(lf(r))S = O(n3s=3(K0) of the Ty’s. We conclude that |F| = O(n3"(En)) = @(n*(M).
For every F' € F, let Zp be the indicator random variable for the event F' < H®) (n,p). For

the random variable Xz = >, Zp we aim to prove that P(Xz = 0) = o(1). Note that

A= E(Xp) = ) 5 = [Fp ) = 0 p) — (L)
F'eF
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Writing F; ~ F; whenever (F;, F;) € F x F are distinct and not edge disjoint, we obtain

A(F) = Z E[ZFZZFJ] = Z pe(Fi)'*‘@(Fj)—e(Fiij)
(FZ',FJ‘)E]‘—X]-— (Fi,Fj)E]‘—X]-—
FinFj Fy~F;

= > D), pre - OF< P N ) ‘6”> =o(\?), (A1)

JCF (F3,Fj)eFxF JGF
e())= FinFj~J e())=1

where the last equality follows since n*(/)pe/) = (1) holds for every J < F with at least one
edge, by the choice of p and the definition of m(F) = m(kK,).
It then follows by Theorem A.2 that

P(Xp = 0) < exp (—Him) — o(1),

which concludes the proof of Claim A.4 |

Returning to the main thread of the proof of the 1-statement of Proposition A.1, note
that H is dense and the Turdn density of T is zero (see, e.g., [27,35]). Hence, H admits Q(n>*)
distinct copies of 1. Therefore, it follows by Claim A.4 that a.a.s. there exists a copy T of T*
in H, with vertex set Vi w V3 w Vi, such that R[V;] contains a copy K; of K, for every i € [3].
It then follows by Claim A.3 that K, € K5, € T U K; U Ky U K. O
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