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ABSTRACT. Given any € > 0 we prove that every sufficiently large n-vertex 3-graph H
where every pair of vertices is contained in at least (1/3 +&)n edges contains a copy of Cig,
i.e. the tight cycle on 10 vertices. In fact we obtain the same conclusion for every cycle Cy
with ¢ > 19.

§1 INTRODUCTION

We consider an extremal problem for hypergraphs. A k-uniform hypergraph H is defined
by a vertex set V(H) and a set of edges E(H) < V(H)® = {S < V(H):|S| = k}.
Throughout this note, unless specified otherwise, we refer to 3-uniform hypergraphs simply
as hypergraphs. For a given hypergraph F, the extremal number ex(n, F') for n vertices is

the maximum number of edges in an n-vertex hypergraph that does not contain a copy
of F. The Turdn density w(F) is defined as
nh_{n 5 ex((ti,)F) ,
3

this is well-defined for every F', since the sequence ex(n, F')/ (g) > 0 is non-increasing.
Determining the Turan densities of hypergraphs is a central problem in combinatorics.
Despite considerable efforts by many researchers, Turan densities are known only for few
hypergraphs. For discussion of techniques, results, and variations, see the surveys by
Keevash [7], Balogh, Clemen, and Lidicky [1] and Reiher [9].

Our focus here is on the variation called codegree Turdan density, introduced by Mubayi
and Zhao [8]. Given a hypergraph H and a subset S € V) the neighbourhood Ny (S) and
codegree dy(S) of S are defined by

Nu(S)={veV(H): Suve E(H)} and  dy(S) = |[Nu(S)|,

and when H is clear from the context we will omit it from the notation. We will omit
unnecessary parenthesis and commas from the set-theoretic notation, and in particular we
write d(uv) instead of d({u,v}). The minimum codegree of H among all possible sets S of
size two is denoted by d2(H). For a hypergraph F' and an integer n, the codegree Turdn
number exa(n, F') is the maximum d such that there exists an F-free hypergraph H on n
vertices with dy(H) > d; and the codegree Turdn density of F' is

F
_ i 2B
n—>:a0 n

v(F)

which is also well-defined for every F' [8, Proposition 1.2]. Clearly, 7(F) < w(F).
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Similarly, the codegree Turan density is known for only few hypergraphs (see, e.g., [1,
Table 1]). In particular, a computer-assisted proof by Falgas-Ravry, Pikhurko, Vaughan,
and Volec [4] determined that (K, ) = 1/4, where K is the hypergraph obtained from K4
by removing one edge. In contrast, y(K,) is not known, with Czygrinow and Nagle [2]
conjecturing that y(K4) = 1/2.

Given two hypergraphs F, G, an homomorphism from F to G isamap ¢: V(F) — V(G)
which preserves edges, i.e. ¢(e) € E(G) for each e € E(H). By the phenomenon of
supersaturation (see, e.g. [7, Section 2] and [8, Proposition 1.4]) it turns out that if there
exists an homomorphism from F to G then 7(F) < 7(G) and v(F) < v(G).

We are interested in studying codegree Turan densities of tight cycles. Given an
integer ¢ > 3, a tight cycle Cy is a hypergraph with vertex set {vy,...,v,} and edge
set {vv41Vi10: 1 € Z/0Z}. Whenever / is divisible by 3 we have that C is 3-partite, which
implies that v(Cy) = 7(Cy) = 0 (see [3]), so the interesting cases concern ¢ not divisible
by 3 only. Recently, Kamcev, Letzter, and Pokrovsky [6] determined 7(Cy) for those values
of ¢, as long as ¢ is sufficiently large.

The following lower bound construction shows that v(C;) > 1/3 for ¢ not divisible by 3.

Example 1.1. Let n € 3N and let H = (V| E) be a hypergraph where V = V;UV,UV3
with |V;| = n/3 and

Ez{uvweV(?’):uel/;,ver,werandi—kj—kk‘E1mod3}.

It is easy to check that do(H) = n/3 — 1. Let C; be a cycle in H, we will show that ¢ is
divisible by 3. For each v € V(Cy) let c(v) = j if v € Vj and set Q = >} ¢, 2ovee €(v). By
construction, we have that >, __c(v) =1 mod 3 for each e € E(Cy), therefore Q = ¢ mod 3.
Moreover, since every vertex of Cy is contained exactly in 3 edges, we also have that
) = 0 mod 3. Hence, ¢ =0 mod 3.

The previously known best upper bound for codegree Turan densities of tight cycles
is due to Balogh, Clemen, and Lidicky [1]. One of their results yields v(C,) < 0.3993 for
every £ > 5 except £ = 7.

In this note we establish an upper bound matching Example 1.1 for almost every ¢ not
divisible by three.

Theorem 1.2. For (¢ € {10,13,16} and for every { = 19 not divisible by 3, v(C;) = 1/3.

We can use homomorphisms to obtain codegree Turan densities for longer cycles using
shorter ones. Indeed, there is an homomorphism from Cy 3 to C; (by wrapping around the
last three vertices), and therefore v(Cpy3) < v(Cy). Moreover, for any ¢ > 2, there is an
homomorphism from Cy, to C, (by transversing Cy t times), so v(Cy) < v(Cy) also holds.
Combining these two observations, it is easy to see that we only need to prove v(Cjg) < 1/3.
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§2 PROOF OF THEOREM 1.2

Given € > 0 let ng € IN be sufficiently large and let H be a hypergraph on n > ng vertices
with d3(H) = (1/3 +¢)n. It suffices to show that H contains an homomorphic image of Cg.
For a contradiction, suppose not. We separate the rest of the proof in a series of claims.

Claim 1. Fvery edge of H is contained in a copy of K .

Proof. Let e = xyz € E(H) and note that d(zy) + d(zz) + d(yz) = (1 + 3¢)n. Hence, there
is a vertex v € V \ {z,y, z} such that v is in two neighbourhoods N(zy), N(zz), N(yz).
Suppose v € N(xy) n N(xz). Then the edges {xyz, xyv,zzv} form a copy of K . [ |

We say the only vertex of degree 3 in a K is the apex of K;. We say that a pair of
distinct vertices u,v € V(H), is an apex pair if there is a copy of K containing u and v,
where either u or v is the apex. Similarly, we say they are a base pair if there is a copy
of K, containing u and v where neither of them is the apex.

Claim 2. Fvery pair of distinct vertices is either an apex pair or a base pair, but not both.

Proof. Observe that Claim 1 together with the minimum codegree condition imply that
every pair of vertices is contained in a copy of K, . In particular, every pair is an apex
pair or a base pair.

Suppose that the pair uv is simultaneously an apex pair and a base pair. Consequently, we
can assume that there are K and K’, copies of K , both containing the vertices u and v and
such that v is the apex of K and neither u nor v is the apex of K’. Let V(K) = {u, v, x,y}
and V(K') = {u, v, a,b} be the vertex sets of K and K’ respectively, where a is the apex
of K’. Observe that the ordering (v,u,a,b,v,a,u,v,x,y) forms an homomorphic copy
of C1p, where we marked the apexes for clarity. |

We define an auxiliary directed graph D with on the vertex set V' (H) with arcs given by
E(D) = {(u,v) € V(H)?: uv is an apex pair with apex v} .
Claim 3. D does not contain a directed cycle of length 2.

Proof. Suppose (a,x),(x,a) € E(D). Then there are K and K’, copies of K, , both
containing the vertices a and x, and such that a is the apex of K and z is apex of K’.
Let V(K) = {a,x,b,c} and V(K') = {a, z,y, 2} be the vertex sets of K and K’ respectively.
Observe that the ordering (x, a,y, x, z, a, x, b, a, c) forms an isomorphic copy of Cyg, where

we marked the apexes for clarity. |

Let B = {uv € V(H)®: v is a base pair} and note that due to Claims 2 and 3 for
every pair uv € V(H)® exactly one of the following alternatives hold:
(i) (u,v) € E(D),
(i) (v,u) € E(D), or
(#i) uv € B.



4 S. PIGA, N. SANHUEZA-MATAMALA, AND M. SCHACHT

The following claim shows that the edges of B and the arcs of D are strongly related.

Claim 4. For every v e V(H) we have:

(a) If dg(v) > 0, then dj,(v) = (1/3 + e)n.
(b) If df(v) > 0, then dg(v) = (1/3 + &)n.
(¢) If dp(v) > 0, then dp(v) = (1/3 + €)n.

Proof. Since the proofs are all analogous, we only show (a). Let u be such that uv € B
and let w € N(uv) chosen arbitrarily. Due to Claim 1 there is a K, containing the
edge uvw. Observe that neither v nor v can be the apex of such K, , otherwise, uv would
be an apex pair, contradicting Claim 2. Therefore w is the apex, and (v,w) € E(D).
Hence N(uv) = N} (v), meaning that |[N7(v)| = (1/3 + ¢)n. [ ]

Finally, if there is an vertex v* € V(H) with dg(v*) > 0, dj(v*) > 0, and dp(v*) > 0,
then Claim 4 yields a contradiction with Claim 2 or Claim 3, since there would be a pair
for which two of the three alternatives (i), (i), (7ii) hold. We shall find such vertex v*.

First, suppose there are two distinct vertices u, v with dj;(u) = df(v) = 0. Then uv € B,
due to Claim 2, and in particular dg(u), dg(v) > 0. However, Claim 4 yields a contradiction,
since this implies dj;(u), dj(v) > 0. Hence, there is at most one vertex having zero out-
degree in D.

Secondly, take two disjoint edges e; and e, and note that Claim 1 implies that there
are vertices vy € e and v € ey with d;(v1),dp(ve) > 0. One of them, say vy, has positive
out-degree as well, i.e. d(v;) > 0. Since Claim 4 yields dg(v;) > 0 we are done by
taking v* = vy. O

§3 CONCLUDING REMARKS

It would be interesting to settle the remaining values of v(C;). The case ¢ = 4 is
equivalent to the determination of (/) and, as mentioned in the introduction, Czygrinow
and Nagle [2] conjectured v(K,) = 1/2. It seems plausible that Example 1.1 is optimal for
all other values of ¢ not divisible by three. In other words, that v(Cy) = 1/3 for every ¢ =5
not divisible by three. Note that by our previous remarks, for this result it would suffice to
show v(C5) < 1/3 and ~(C7) < 1/3.

Determining whether Example 1.1 is optimal for ex(n,Cy) for £ > 5 not divisible by
three is a natural question. We believe a more careful analysis of the proof of Theorem 1.2
yields a constant ¢ € IN such that

n

exa(n, Chp) < 3 +c,

for sufficiently large n and finding the optimal constant ¢ remains open.
Finally, for k-uniform hypergraphs with k > 4, the problem of determining fy(C’ék)) in
general remains open. For general lower-bound constructions see [5, Section 10].
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