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Invariants for topological spaces or other geometric objects are often expressed in terms of homological
algebra. For instance, if A is an abelian group and X is a topological space, then the nth homology groups
of X with coefficients in A can be calculated as

Ho(X; A) = H,(X)® A® Tor(H,_1(X), A).

In topology you learn an elementary definition of the Tor-groups above that works in the context of abelian
groups (also known as Z-modules). As Z is a principal ideal domain, Tor-groups are particularly easy and
the Tor above is actually a Tor”(H,_;(X), A) and there are no higher Tor-groups.

We will see a more general version that works for modules over arbitrary rings. In these situations there
can be Tor-groups Torf (M, N) for arbitrary > 0.

In algebra, you have encountered groups, rings and fields. Algebraic objects also have invariants. For
every group G one can consider the homology groups of G, H,(G), and for an algebra A over a commutative
ring k we can determine its Hochschild homology groups, HHf(A). These are invariants in the sense that

e if for two groups G; and G5 we know that H.(G1) % H.(G2), then these two groups are not
isomorphic, and

e if for two k-algebras A; and As the groups HHf(Al) and HH’:(AQ) are not isomorphic, then the
algebras are also not isomorphic.

These homology groups above have descriptions in terms of Tor-functors:

e For every group G
H,(G) = Tor2l% (7, 7),
e and if A is projective as a k-module we also have
HHE (A) = Tor®4™ (4, A).

So there are Tor-groups in these descriptions and other concepts that I'll explain later. This might look
frightening, but in many cases these invariants are not that hard to calculate. In this lecture course we
will develop the tools for defining such homology groups and Tor-functors. We will also study methods for
calculating them and we will apply them in several examples. In particular, spectral sequences are important
tools for calculations but they can also used for proofs. The plan is as follow:

Chapter I: Basics

Chapter II: Derived functors

Chapter III: Homology of groups

Chapter IV: Hochschild homology

Chapter V: Spectral sequences

Some notation: We denote by A C B the fact that A is a subset of B. That does not exclude A = B. The
natural numbers are denoted by N and Ny are the natural numbers and zero.



CHAPTER 1

Basics

I.1. Rings and modules

You all know what a ring is, but still:

Definition I.1.1.
(a) A set R with two maps

+:Rx R— Rand
- RxR—R
is a ring, if
(1) (R,+) is an abelian group,
(2) - is associative, i.e., for all z,y,2z € R

z-(y-2)=(z-y) 2z
(3) For all z,y,z € R:

vyt =aytaz,
(z+y)-z=x-z+y-z

(4) There is a unit element 1 = 1 € R, such that
r-l=x=12

for all z € R.
(b) A ring is commutative, if for all x,y € R

As usual, we will often write xy for x - y.

Definition I.1.2.

e A map f: R — R between two rings R and R’ is a ring homomorphism, if for all x,y € R

(a) flz+y)=[f(z)+ f(y),

(b) F(zy) = f(2)f(y) and

(c) f(1r) =1r.

We denote the set of all ring homomorphisms from R to R’ by rings(R, R').
e If R is a commutative ring and if n: R — A is a ring homomorphism, with n(r)z = an(r) for all

r € R and = € A, then we call A an R-algebra.

Remark I.1.3.
(a) There is the zero ring R = {0}. It is exceptional with the property that 0 = 1. There is a unique
ring homomorphism from every ring R’ to 0.
(b) Let R be any ring. There is a unique ring homomorphism x: Z — R from the ring of integers to
R, determined by x(1) = 1g.

Examples 1.1.4.



Let R be a commutative ring. Important R-algebras are the polynomial ring, R[z], over R and the
ring of formal power series, R[[z]] over R. Elements of the latter are power series

S

i>0
with a; € R and the word ’formal’ indicates that we don’t consider convergence issues. You add

polynomials and power series by adding the coefficients for every z*. In both cases the multiplication
is given by

Zaixi . Z bjxj = Z Z ab; | «™.

i>0 §>0 n>0 \it+j=n
Let (M, -) be a monoid and let R be a commutative ring. The monoid algebra, R[M] is the R-algebra
whose elements are of the form 3 amm, with a,,, € R and m € M, where only finitely many
am € R are non-trivial. We define

Z M+ Z bym = Z (am + bm)m

meM

meM meM meM
and
( Z a'mm) : ( Z bmm) = Z Cm M,
meM meM meM

with cg =3, amby.

Later, we will mostly study group algebra, i.e., R-algebras R[G], where G is a group. These
algebras are crucial for defining and studying group homology.
e What is R[(Ng, +)]? There is an isomorphism R[No] — R[z] that sends i to z°.
e The group algebra R[Z] is isomorphic to the ring of Laurent polynomials, R[z*']. You’ll work out
the details in an exercise.
If we take R = R and G = Qs = {%1,+i,+j,+k} the quaternion group, then R[Qs] is not
isomorphic to the skew field of the quaternions, H.
Let C,, be a cyclic group of order n with generator ¢. Then in R[C),,] we have

A=) A +t+...+t" 1 =0,

and hence R[C),] has zero divisors.

For a group G and a commutative ring R the group algebra R[G] is commutative if and only if G
is abelian. If G is the trivial group {e}, then R[{e}] = R.

An open conjecture by Kaplansky is, that for a torsion-free group G and a field K the group algebra
K[G] has no non-trivial zero divisors.

Definition 1.1.5. Let R be a ring. The opposite ring of R, R°P, has the same underlying abelian group as
R, so (R,+) = (R°P, +), but its multiplication is reversed: for r1,7r2 € R we define

O] PR
r1 Py = rar1,

where the latter denotes the multiplication of 5 and r{ in R.

Please check, that this is a ring. If R is commutative, then R°? = R.
Modules are generalizations of vector spaces and of abelian groups. We allow arbitrary rings as scalars.

Definition I.1.6. Let R be a ring.
(a) A left R-module (or R-module for short) is an abelian group (M, +) together with a biadditive map

w: R x M — M such that

o i(1r,m)=m for all m € M.

o u(ry, pu(re,m)) = u(rire,m) for all 1,79 € R and m € M.
We abbreviate p(r, m) to rm.

(b) For two R-modules M and N we set

Homg(M,N):={f: M — N, f R-linear}

to be the abelian group of R-module maps.



Examples 1.1.7.
e For every ring R the trivial abelian group 0 is an R-module.
Every K-vector space is a K-module.
A Z-module is nothing but an abelian group.
If R is any ring, then it is an R-module, and R" is an R-module for all n € N.
Every left-ideal I C R of any ring is an R-module.

Remark I.1.8. One can define right R-modules by requiring that they are left R°P-modules. Explicitly that
means that

M(Th M(T27 m)) = M(Tl P T2, m) = M(TQTD m)
Writing myr for p(r,m) in this case gives the defining property

(mrg)ry = m(rary).

Examples 1.1.9.
(a) Let R be an arbitrary ring and consider the set of n x n-matrices over R, M,,(R). Then M, (R) is
a ring with the usual addition of matrices and with matrix multiplication. The map

M,(R)x R" - R", (Av)—A-v

turns the R-module R™ into an M, (R)-module. We can also define a right M,,(R)-module structure
on R" by using
R"™ x M,(R) = R", (v,A) " A,
so we multiply the row vector v! by A.
(b) A Z|G]-module is an abelian group M together with an additive group action.

Lecture 2

1.2. Constructions for rings and modules
You already know direct sums and products from other contexts.

Definition 1.2.1. Let R be a ring and let (M;);c; be a family of R-modules.

(a) The product [[;.; M; is the R-module whose underlying set is

11 M = {(mi)ier,mi € M;}.
i€l

el

The addition and R-multiplication of the R-module structure is defined componentwise.
(b) The direct sum @,.; M; is the subset of [[,.; M; of all (m;);er such that m; = 0 for almost all
iel.

el i€l

There are R-module homomorphisms
7:]'1 Mj — @Mz C HMZ
iel iel
for all j € I and
Uy H M; — Mj.
il
Often, we will denote elements in @,.; M; by >, ; m;. This makes sense, because only finitely many m;
are non-trivial.
The R-modules €

M; and [],.; M; have the following universal properties.

i€l i€l

Proposition 1.2.2. For all R-modules (M;);c1 and N there are isomorphisms
(a)

HomR(EB M;,N) = H Homp(M;, N).
i€l iel



(b)
Hompg (I, H M;) = H Hompg (N, M;).
icl i€l
PROOF. In (a) the isomorphism is given by sending an f € Hompg (€D
and its inverse is

ser Mi, N) to the family (foi;);er

(9i)ier = Zgi O .
iel
In (b) we send an f € Homg(N, [];c; M;) to the family (m; o f);cr and the inverse maps a family (g;)icr
to the map that sends an n € N to (g;(n))ier- O

You've also seen subobjects in several contexts:

Definition 1.2.3. Let M be an R-module and let N C M be a subset. Then N is a R-submodule of M, if
(N, +) is a subgroup of the abelian group (M, +) and if rn is an element in N for all n € N and r € R.

Remark I.2.4. In this case N is itself an R-module and the inclusion map N «— M is an R-module map.
Proposition 1.2.5. Let N be an R-submodule of M, then the factor group M/N := (M,+)/(N,+) is an
R-module by defining

r(m+ N):=rm+ N.

PROOF. The R-module structure is well-defined. If m + N = m/ + N, then this is equivalent to m — m’
being an element of N. Therefore r(m —m’) € N and therefore rm + N = rm’ + N. O

We call M/N the quotient of M by N.
As usual, there is a canonical projection 7: M — M/N with 7(m) =m + N.
You’ve also seen the analogue of the following result in other contexts.

Proposition 1.2.6. Let f: My — M be R-linear and let N C My be an R-submodule. If N C ker(f), then
there is a unique R-linear map f: My /N — My with for = f

My #Mg

»v_.\(
l F

M; /N

PROOF. As usual we have no choice but to define

f(m1 + N) = f(r(m1)) = f(ma).

We can deduce the usual isomorphism from this.
Corollary 1.2.7. If f: M1 — Ms is an R-linear map, then the induced map
f: My /ker(f) — im(f)

is an isomorphism.

Definition 1.2.8. Let N be an R-module and let M be a right R-module. The tensor product M ®gr N is
the quotient of the free abelian group F generated by the elements elements (m,n) for m € M and n € N
modulo the subgroup U generated by

e ((my +mz2),n)— (mq,n) — (me,n) for my,me € M and n € N.

e (m,(n1+na)) — (m,ny) — (m,ny) for m € M and ny,ne € N.

e ((mr),n) — (m,(rn)) forr € R, m e M and n € N.
We denote (m,n) + U by m ® n.



Remark 1.2.9. So you build the free abelian group
D z{mn)}
meM,neN
and then you form the factor group with respect to the subgroup generated by the elements as in Definition
[2:8 You force the elements m ® n to be additive in both components and to satisfy the relation mr @ n =
m ® rn. Note that the relations imply, for instance, that 0 ® n = 0 = m ® 0 because
0@n=(m-m)@n=men—m®en=0.

We collect some properties of tensor products:

Proposition 1.2.10. Let M, M; be right R-modules and N, N; be left R-modules.

(a) 09 N 202 M ®p0.
(b) The ring R is a unit up to isomorphism:

R®RrN=N and M ®r R = M.
(¢) We have the following distributivity laws:

<@ Mz) ®r N = P(M; @r N),

icl el

icl iel
(d) Tensor products are associative up to isomorphism, so if M is a right Ri-module, P is a left Ro-
module and N is a left R1-module and simultaneously a right Ry-module such that (rin)ra = r1(nrs)
forallry € Ry, n € N and ra € Ry, then

(M®R1 N)®R2PgM®R1 (N®R2P)

PROOF. Properties (a) and (b) follow directly from the definition of the tensor product. For the first
claim in (c¢) we define a module map

(UE @(Mi ®@rN) — (@J\/A) ®r N.

il iel
By the universal property of the direct sum, it suffices to define

wj :zwoij: Mj RXr N — (@Mz> ®gr N.
i€l
On a generator m; ® n we set
¥i(m; @n) = 1;(m;) @n.
An inverse to 1 is then given by ¢: (,;c; Mi) @r N — @,c;(M; ®r N). Note that we can write elements
in the source as linear combinations of elements of the form

Z ij (mJ) & n.
JjerI
As this sum is finite, we can rewrite it as
Y ijlmy) @n
jel
and we define ¢ by
¢(ij(my) ®@n) :=i;(m; @ n).
The proof of the second claim in (c) is similar.



For (d) we have to specify an R;j-module structure on N ®p, P and a right Ry-module structure on

M ®pg, N and we define these as
r(n@p) = (rn) ©p, (Mm@ n)ry == m e (nry)
forry € Ry, 72 € Ry, m € M, n € N and p € P. This is well-defined because of the compatibility condition
that we required in (d). On generators (m ® n) ® p the isomorphism
a: (M ®g, N)®gr, P — M ®p, (N ®g, P)
is then given by a((m®n) ® p) =m ® (n @ p). U
Lecture 3

Examples 1.2.11.
e For every finite n we have R" =[[_;, R = @], R and therefore

R"@p R™ = <@R> ®n <€BR> ~PPror R= R
i=1 =1

i=1 j=1
e Let n,m € N, then
Z/nZ Qg L/ mZ = 7./ ged(n, m)Z.

This can be seen as follows: Let d = ged(n, m) and define

[ Z/nZ @y Z/mZ — Z/dZ
as f(i®j) :=1j. Then f is well-defined and an surjective. Let x be a general element of Z/nZ ®z,
Z/mZ, so B o

T=a1 Qb +...+a, Db,
for some natural n and a;,b; € Z. As the tensor product is bilinear, we can rewrite = as

T = (a1b1 —|——|—anbn)i®i
and therefore Z/nZ ®z Z/mZ is a cyclic group generated by 1 ® 1. By definition we know that

f(a(1®1)) = a is trivial if and only if d divides a. By the lemma of Bézout we find y, 2z € Z with
d = yn + zm and therefore a = an + fm for o, 8 € Z. Hence
al®l)=an®l+pl@m=0.
Therefore f is an isomorphism.
e For every natural number n, the tensor product Z/nZ @7 Q is trivial. A generator of Z/nZ ®z Q
is of the form ¢ ® § with i,a,b € Z and b # 0. But then
a - ® an o a — ® “_,
— =i —=m® —=n®— =0.
b bn bn bn
Therefore [],, n(Z/nZ 7 Q) = 0.
In contrast, (HneN Z/nZ) ®7Q) is not trivial. The element z := (1),cy is not a torsion element
andx®1#0¢€ (HHGN Z/ nZ) ®z Q). In particular, tensor products don’t distribute over products
in general.

i®

Proposition 1.2.12 (Universal property of tensor products). Let R be a ring, M a right R-module and N a
left R-module. Let P be an abelian group. We denote by Bilgr(M x N, P) the abelian group of all biadditive
maps f: M x N — R with the property that f(mr,n) = f(m,rn) forr € R, m € M andn € N. Then

BZZR(M X N,P) = HomZ(M XRnr N,P)
Proor. For a biadditive f: M x N — P with f(mr,n) = f(m,rn) forr € R, m € M and n € N we
define
(f): M®r N = P, m®@nw— f(m,n)
and for g € Homz(M ®g N, P) we set
P(g)(m,n) = g(m @ n).

Then ¢ and 1 are inverse to each other and are group homomorphisms. |

10



Remark 1.2.13.
(a) We can define an R-module structure on Homgz(M, P) as (r.f)(m) := f(mr) and an R°P-module
structure on Homz (N, P) as (g.r)(n) := g(rn). Then Proposition [[.2.12 implies
Homz(M ®r N, P) = Hompgor (M, Homz(N, P)) = Homg (N, Homz (M, P)).
(b) If R is a commutative ring, then M @ N carries the structure of an R-module: We can define
rim®n):=mren=mqern.
This is well-defined because
(Tng)(m X ?’L) = m(Tﬂ“g) Rn = m(rgrl) RXRn = (mr2)r1 Rn = r1(7-2(m ® ’I’L))

Thus, we won’t distinguish between left and right R-module structures in this case.

For any two R-modules M and N the abelian group Hompg(M, N) is then an R-module via
(rf)(m) := f(rm) and M ®g N can then also be defined with the same additive relations and with
rm®@n =m ® rn replacing mr @ n = m ® rn.

In addition to the properties from Proposition we obtain that the tensor product of two
modules is commutative in this case:

M®rN=2N®r M.

(¢) So for a commutative ring R and R-modules M, N, P we obtain the string of isomorphisms of
R-modules

Homg(M ®g N, P) =2 Homgr(M,Homg (N, P)) = Homg(N,Homg(M, P)).
Definition 1.2.14. If R; and R, are rings, then Ry ®7 R» is a ring with multiplication
(r1 @r2)(r] ®1h) :=rir] @ rorh.
For a family of rings (R;)ier the product [],; is a ring with componentwise addition and multiplication.

Note that for an infinite indexing set I the direct sum €, ; R; is not a ring in general because it doesn’t
have a unit element unless only finitely many R;s are not the zero ring.

Remark 1.2.15. You can check that ring homomorphisms from a ring T' to [[,.; R; are the same as
[I;c; rings(T, R;), using the universal property of the product.

If R; and Ry are commutative, then Ry ®z Ro is their coproduct in the sense that for any other com-
mutative ring T and every pair of ring homomorphisms f: Ry — T and g: Ry, — T there is a unique ring

homomorphism ¢: Ry ®z Ry — T such that the diagram

icl

ZLRQ

Ry 4“>R1 Kz _Rz

commutes. Here i1(r1) = r1 ® 1g, and is(r2) = 1r, ® 2. You have no choice but to define £(r1 ® r3) as

f(r1)g(ra).
1.3. Properties of modules
The following definitions are crucial for homological algebra.

Definition I1.3.1. Let R be a ring. A sequence

fite fit1 fi fi-1
Mitq M; M; 1

of R-modules M; and f; € Homg(M;, M;_1) for i € Z is
e a chain complex, if f; o fiy1 =0 for all ¢ and

11



e ezact, if im(f;11) = ker(f;) for all 4.
Remark 1.3.2. So exact sequences are in particular chain complexes. Often, we will consider sequences that

are not necessarily indexed over the intergers. A sequence Mnf—"> . .L>MO is exact, if im(fi+1) = ker(f;)
for all 4.

You know short exact sequences of groups, so the following should be familiar.

Definition 1.3.3. A short exact sequence of R-modules is an exact sequence of the form

P

0 M ——M M" 0
of R-modules and R-linear maps.
To spell out what that means: The map ¢ is a monomorphism, p is an epimorphism and im(¢) = ker(p).

Examples 1.3.4.
e For all n € N the sequence

0 72—"7—"57/nZ 0

is a short exact sequence.
e Let p be a prime. The sequence

0 Z)pL—2T ) p* L —"— T, 0

is a short exact sequence. Does that also work if we allow arbitrary natural numbers instead of a
prime p?

Proposition 1.3.5. Let
P

0 M'—sM M" 0
be a short exact sequence of R-modules and R-linear maps. The following are equivalent:

(a) The map i has a retraction, i.e., there is an r € Homg (M, M') with r o i = idp.
(b) The map p has a section, i.e., there is an s € Homg(M", M) with po s = idps.
(¢) There is an isomorphism ¢: M — M’ @& M" such that

M
/ \
0—— M’ ¢ M'"——0
ings %
M/@M//

commutes. Here, iy is the inclusion into the first summand and pp(m/,m”) = m” form’ € M’
and m"” € M".

Definition 1.3.6. In the situation of Proposition the sequence is called a short split-ezact sequence.

PRrOOF. If we assume (c), then we get retractions and sections as in (a) and (b) by setting r := 7o ¢
and s := ¢! o 3, where 7: M’ @& M"” — M’ is the projection map #(m/,m”) = m’ and §: M" — M' & M"
is the inclusion map §(m”) = (0, m”).

Let’s assume that (a) holds. Note that we can write every m € M as
m =m — ir(m) +ir(m).
Here, ir(m) is in the image of ¢ and m — ir(m) is in the kernel of r because
r(m —ir(m)) = r(m) — rir(m) = r(m) —r(m) = 0.

12



We claim that im(z) Nker(r) = {0}. Assume that m € im(i) Nker(r), so there is an m’ with i(m’) = m and
r(m) = 0. But then we get

0=r(m)=ri(m')=m
so that m’ = 0. But then m = i(0) = 0.

Therefore M 2 im(z) @ ker(r) via the map m +— (ir(m), m — ir(m)).

We know that im(i) & M’ because i is a monomorphism. We claim that the kernel of r is isomorphic
to M". As p is an epimorphism we find for every m” € M” an m € M with m” = p(m). Again, we write
m =m —ir(m) +ir(m) so

m" = p(m) = p(m — ir(m)) + pir(m).
But poi =0, so we obtain that the restriction of p to the kernel of r is surjective.

Assume that p(a) = 0. Then by the exactness of the sequence we get that a is in the image of 4, but the
intersection im(4) Nker(r) is trivial, so p|ker(r) is also injective and hence an isomorphism.

The proof that (b) implies (c) is similar. O

Lecture 4

Definition 1.3.7. An R-module M is free, if there is a set I such that M is isomorphic to ,.; R. In this
case |I| is called the rank of M.

Remark 1.3.8. Beware that the rank might not be a well-defined number if R is not commutative! You
will see an example as an exercise. A ring R has invariant basis number, IBN, if for all positive integers m
and n, R™ = R" implies that n = m.

Proposition 1.3.9. Let P be an R-module. The following are equivalent:
(a) For all diagrams
P

|
N—"-Q——0

with exact row there is an R-linear £&: P — N with mo& = f:

L

N#Q*H)

(b) There is an R-module P such that P @ P is a free R-module.
(c) Every short exact sequence

splits.
(d) For every short exact sequence
0——M'—L Lm0
the induced sequence
Hompg (P, f) Hompr (P,g)

0——Homp(P, M’) Hompg(P, M) Hom (P, M")——0

18 short exact.
Definition 1.3.10. An R-module P satisfying the requirements of Proposition is called projective.

13



PROOF. Let us assume that (a) holds and consider the diagram

P

0 M M- p 0.

By assumption we find an R-linear £: P — M with mo £ = idp and this gives the desired splitting as in (c).

Assume that (c) holds. Note that for every R-module M there is an R-linear surjective map from a free
module to M, for instance
o: @ R— M

meM
where g sends the 1 in component m to m € M. In particular for P there is a free R-module F' with
F—25P——0

and

0 ker(g)i F—2.p 0

is a short exact sequence. As we assume (c), we know that this sequence splits, so there is an s: P — F
with g o s = idp and with Proposition we obtain F' 2 ker(p) @ P and this shows (b).

We will show that (b) implies (d). First assume that P is free, so P =~ @, ; R. Then

iel
Homp(P, M) 2 Homg(ED R, M) = | [ Homg (R, M) = [ ] M.
il il il
For R-modules, an arbitrary product of short exact sequence is short exact [I12, Appendix A.5]. Therefore,
if
0—— M —L s 2 M7 ——0
is a short exact sequence, the induced sequence is isomorphic to

Hi f H1 g
M'—5T]e; M—5]1;c; M"——0

0——TIlics
and is again short exact. } R
If we now assume that (b) holds, then we can choose an R-module P with P& P =

argument above we know that the induced sequence

jer Bt From the

Hompg (P®P, f) Homp (P& P,g)
e MGt

0——Homg(P @ P, M") Homp(P ® P, M) Hompz(P @® P, M")——0

is exact. But this sequence again splits as a product of sequences because Homg(P@® P, M) = Homg(P, M) x
Hom R(IB, M), so the above sequence is isomorphic to the sequence

(1.3.1)

Hom g (P, f)xHomp (P, f)

0 —— Hompg(P, M") x Homg (P, M") Hom g (P, M) x Homg(P, M)

Hom g (P,g) x Homg (P, =
o) Hom a9 Hom (P, M) x Homp(P, M) —— 0

If one of the sequences

Hompg (P, f) Homg (P,g)

0——Hompg(P, M') Homp (P, M) Homp (P, M")——0

or

Homg (P, f) Homg (P,g)

0——Homz(P, M’) Hom g (P, M)
weren’t exact, the sequence (I.3.1) would not be exact.

Hom g (P, M")——0

14



For (d) implies (a), consider the diagram

which results in the short exact sequence
0 ker(m) N—"-Q 0.

If we assume that (d) holds, then the induced sequence

Hom g (P,7) Hompg (P,7)

0——Hompg(P, ker(7)) Hompg (P, N) Hompg(P,Q)——0

is a short exact sequence, so in particular, Homg(P, 7) is surjective. Thus there is a & € Homg(P, N) with

mo& = f which proves (a). O

Examples 1.3.11.

e Every free R-module is projective; just set P = 0.

o If the ring R splits as R = Ry X Ry, then the R-modules Ry x {0} and {0} x Ry are projective, but
they are not free. A P for Ry x {0} is for instance {0} x Ry.

e There are several highly non-trivial examples coming from number theory. Consider the ring Z[/—5]
and consider the ideal I generated by 2 and 1+ y/—5. We claim that I is not free as an R-module
but it is projective.

Assume that I were free. As I has two generators, we know that the rank is < 2. If the rank
were 2, then 2 and 1+ /=5 would be Z[y/—5]-linearly independent, but

3:2=6=(1+V=5)(1-+-5).

So the rank would have to be 1 and hence I would have to be a principal ideal. So assume that
I = (a) for some a. Then we know that a divides 2 and @ divides 1 4+ /—5. We consider the
multiplicative norm map

N:Z[V=5] = Z, x+yVv/—5r 2*+ 5y°

Then N(a) has to divide N(2) = 4 and N(1+ +/—5) = 6, so N(a) = 2. But 2 is not of the form
22 + 5y? with integral z,y. So I is not free.

We define 7: (Z[v/=5])> — I as m(z,w) := 2z + (1 + v/=5)w. This map 7 has a section
s: I — (Z]V/-5])?,
s2a+ (1+v=5)8) = (=2a — (1 + vV=5)8, (1 — V=5)a + 30).
Please check that s is R-linear. We calculate:
To5(2a+ (1+v=5)8) = 7(—2a — (1 + vV=5)8, (1 — V=5)a + 38)
=2(—20 — (1 +V=5)8) + (1 + V=5)(1 — V=5)a + 38)
= —4a —2(1+V=5)B +6a +3(1 +v-5)8
=20+ (1++v=5)p.
Therefore [ is projective.
Note that tensoring with an R-module does not have to preserve exactness:

Example 1.3.12. Consider the short exact sequence

-2

0 Z 7—"57./27, 0.
If we tensor every term in this sequence with Z/2Z, then up to isomorphism we obtain the sequence

-2

0 7)27 7)27——7/2Z 0.
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But -2 is the zero map, so this sequence is not exact any more.

Proposition 1.3.13. Let M be a right R-module and let

0 N'——N N 0.
be a short exact sequence of left R-modules.
(a) Then the sequence

Mop N—M92% ar o N— 2220 0 @p N——s0.

15 exact.
(b) If M is projective as an R°P-module, then the sequence

M@Rrao ®

0——M®s N’ Mep N—2%0 A @ N——0.

i$ a short exact sequence.
Lecture 5

PRrROOF. For (a) we note that M ®p (3 is surjective: a generator m ® n” can be written as m ® 8(n) for
some n € N because f3 is surjective.
In order to show that im(M ®g «) = ker(M ®p ) we consider the cokernel

M ®r N/im(M ®p «) = coker(M ®p ).
Define f: M @g N — M ®r N/im(M ®p «) as
fimen"):=me@n+im(M Qg )

for a choice of n with 3(n) = n”. This map is well-defined: Assume that 7 also satisfies 3(7) = n”, then
n —n € ker(f) = im(a) and hence

men+im(M@ra)=men+im(M Qg a).
Define g: coker(M ®r o) = M @ N” as
gm@n+im(M ®r a)) :=m® B(n).
Then g is an inverse for f:
(fog)m@n+im(M®ga))=f(m@5(n)=men+im(M Qg «)
and
(gofiim@n")=gm@n+im(M®@ra)) =m®e (n).
But as n was chosen with S(n) = n”, this proves the claim.

For (b) we now assume that P is projective as an R°P-module. We have to show that P ®pg « is still
injective. Let P be an R°’-module such that P ® P = P, ; R =: F' is free. The diagram

Fop N —28" popN

Dicr
@ie] N’ . ®i61 N

commutes, so F' ®pg « is injective. Assume that P ® g a had a non-trivial kernel. As
Fo®ra=(P®P)®ra~(P®ra)® (P®ga),
then F ® g « also had one. O
Definition 1.3.14. An R-module M is flat, if (—) ® g M preserves short exact sequences.
Remark 1.3.15. Dual to Proposition one can show that projective R-modules are flat.
The converse is not true in general:

16



Example 1.3.16. The Z-module Q is flat, but not projective: Let f: M’ — M be injective and assume
that >/ | m; ® ¢ is in the kernel of f ®z Q, so

(Fe@me P = fm)e % =3 f(Nmi) ® 3 =0
i=1 ! i=1 LAt

where the 0 £ A = by -...- b, arises from extending denominators. We can rewrite this as
1 n
me - for m = f(z N;m})
i=1

and this is trivial in M ®z Q if and only if m is a torsion element. But then Z?:l N;m/ was also a torsion
element, as f is injective, and then

n
a:
ZmQ@b—f:OeM’@@ZQ.
i=1 v
Therefore Q is flat. It is not projective because otherwise there exists an abelian group P with

Q@ P = @ Z.

il

The elements in Q are divisible by any natural number, and so are the elements in Q@ {0} € Q@ P = Dics Z.
But as no element in Z \ {0} has this divisibility property, this can’t happen.

The following result is dual to Proposition and therefore we will not prove it:

Proposition 1.3.17. Let I be an R-module. Then the following are equivalent.
(a) For every monomorphism f: U — M and every j € Homg (U, I), there is a (: M — I with {of = j:

a
0*>U*f>M

(b) Every short exact sequence

0 I M > M 0

splits.
(¢c) For every short exact sequence

0 M — o —C 0

the induced sequence

Homg (o, T) Homg (8,1)

0——Homp(M",I) Homp (M, I) Homp(M", I)——0

is a short exact sequence.

Definition I.3.18. An R-module I satisfying the requirements of Proposition is called injective.
It suffices to check on of the defining properies of injective modules on ideals:

Theorem 1.3.19 (Baer). An R-module N is injective if and only if for all left ideals J C R and all solid
diagrams
N
R
0——sJ—>R
there is an extension ¢ as above. Here, i is the inclusion map.
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PROOF. If N is injective, then it has the extension property as above in particular for i: J <— R.
For the converse, assume that 0——M'——M is exact and let f € Homg(M’, N). Without loss of
generality we may assume that M’ C M.
We define
P:={(K,g9),M' C K C M,g € Homg(K,M),g extends f}.

M —sK—M

| A
N
Then P is non-empty and is a poset if we define

(K1,91) < (K2,92) & K1 C Ko, galx, = 1
The poset P satisfies the assumptions of Zorn’s Lemma and thus we obtain that P has a maximal element
Joo: Koo — N. Assume that Ko, C M, so there is an m € M \ K. Define
J={reR,rme Ky}
This is a left ideal of R and we consider the diagram

0——J——R

:

where h(r) = goo(rm). By assumption there is an extension of h, (: R — N, i.e., {|;(r) = goo(rm). But
then we can consider the R-module K, + R{m} together with the map §: Ko + R{m} — N, g(x +rm) :=
goo(x) + ¢(r). Then the pair (Ko + R{m},g) is in P and it would be larger than (K, ¢go). That’s a
contradiction and hence Ko, = M. O

You’'ll learn about injective Z-modules in an exercise.

I.4. Categories

Examples of categories are the categories of sets and functions, groups and group homomorphisms, R-
modules with R-linear maps, topological spaces with continuous maps and many more. So for a certain
collection of objects you consider those kinds of maps, that preserve the structure that you have.

Our goal for this lecture course is to use a common language for recurring settings, so that we can
transfer constructions and proofs to several contexts without having to repeat them. For us the main focus
is on categories that are relevant for homological algebra; these will be mostly so called abelian categories.
For more background see for instance [9].

Definition 1.4.1. A category C consists of

(a) A class of objects, ObC.
(b) For each pair of objects C; and Cy of C, there is a set C(Cy,C2). We call the elements of C(Cy, C2)
the morphisms from Cy to Cs in C.
(¢) For each triple C1, Cs, and Cj3 of objects of C, there is a composition law
C(Cl, 02) X C(CQ, 03) — C(Cl, 03)
We denote the composition of a pair (f,g) of morphisms by go f.
(d) For every object C' of C there is a morphism id¢, called the identity morphism on C.
The composition of morphisms is associative, that is, for morphisms f € C(Cy,Cs), g € C(Cs,C3), and
h € C(C5,Cy), we have
ho(gof)=(hog)of,
and identity morphisms do not change morphisms under composition, that is, for all f € C(Cy, Cs),

ide, o f = f = foidg,.
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For f € C(Cy,C3) we call C; the source of f, s(f), and Cy the target of f, t(f).
Typical examples of categories that you are familiar with are the following.

Examples 1.4.2.
e The category of sets and functions of sets, Sets. In this case the objects form a proper class.
e The category of groups and group homomorphisms, Gr.
e The category of abelian groups and group homomorphisms, Ab.
e For a ring R, the category of (left) R-modules and R-linear maps, R-mod.

Definition I.4.3. A category C is small if its objects form a set.

Example 1.4.4. Let X be a partially ordered set (poset), that is, a nonempty set X together with a binary
relation < on X that satisfies reflexivity, transitivity and antisymmetry.

We consider such a poset as a category, and by abuse of notation, we call this category X. Its objects
are the elements of X, and the set of morphisms X (z,y) consists of exactly one element if < y. Otherwise,
this set is empty.

For instance if X = {a, b, c} with a < b and ¢ < b, the corresponding category can be visualized as

|

Lecture 6

a——

In such diagrams one omits identity morphisms.

There are several constructions that build new categories from old ones.

Definition 1.4.5.
e We will need the empty category. It has no object and hence no morphism.
o If we have two categories C and D, then we can build a third one by forming their product C x D.
As the notation suggests, the objects of C x D are pairs of objects (C, D), with C' an object of C
and D an object of D. Morphisms are pairs of morphisms:

C x D((C1, D1), (Ca, D2)) = C(C1,Cs) x D(Dy, D2),
and composition and identity morphisms are formed componentwise:

(f2,92) o (f1,91) = (fao f1,92091), idc,py = (ide,idp).
This is indeed a category.
e Given two categories C and D, we can also form their disjoint union, C U D. Its objects consist of
the disjoint union of the objects of C and D. One defines
C(X,Y), if X,Y are objects of C,
(CUD)X,Y):=(¢D(X,Y), if X,Y are objects of D,
a, otherwise.
e Let C be an arbitrary category. Let C°P be the category whose objects are the same as the ones of
C but where
coP(C, 0’y =c(C',C).
We denote by f°P the morphism in C°?(C,C") corresponding to f € C(C’,C).
The composition of f°P € C°P(C,C") and g°? € C°P(C’,C") is defined as g°F o f°F := (f o g)°P.
The category C°P is called the opposite category of C or the dual category of C.
Definition 1.4.6. A functor F from a category C to a category D
e assigns to every object C of C an object F'(C) of D.
e For each pair of objects C, C’ of C, there is a function of sets

F:C(C,C") = D(F(C), F(C")), f > F(f).
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e The following two axioms hold:
Flgo )= Flg)o F(f) forall f €C(C,C"),g € C(C",C"),

F(id¢) = idp(c)
for all objects C of C.

Like for morphisms, we use the arrow notation F': C — D to indicate a functor.

Examples 1.4.7.
e The identity map on objects and morphisms of a category C define the identity functor

Idc:C—)C.

e Let (—)qp: Gr — Ab be the functor that assigns to a group G the factor group of G with respect to
its commutator subgroup: G/[G,G]. The resulting group is abelian, and the functor is called the
abelianization.

e Often, we will consider functors that forget part of some structure. These are called forgetful
functors. For instance, if K is a field, then every K-vector space V' has an underlying abelian group
U(V), and this gives rise to a forgetful functor

U: K-vect — Ab.

Here, we used that K-linear maps are morphisms of abelian groups.
e To every set X we can assign the free R-module with basis X, F(X) = @,y R and this defines a
functor
F: Sets -+ R-mod.

e The tensor product is a functor
(=) ®r (—=): R°’-mod x R-mod — Ab.

Definition I1.4.8.
e Let C be a category and let (C;);cr be a family of objects of C. An object C of C is a coproduct of
(Ci)ier if there are i; € C(C;, C) for all ¢ € I and for all objects E of C the map

¢: C(C,E) = [[C(Ci B),  &(f) := (foij)jer
iel
is a bijection of sets.
So for every family (f;: C; — E)jer there exists a unique f € C(C, E) with foi; = f;. The
object C'is often denoted by | |;.; C;.
e Dually, an object P of C is a product of (C;)ier, if there are 7;: P — C; for all j € I such that the
map
v: C(E,P) = [[C(E.C)), w(g) = (miog)ier
iel
is a bijection of sets.
So for every family (g;: E — C});er there exists a unique g € C(E, P) with w; o g = g;. The
object P is often denoted by [];.; C;.

Beware that coproducts and product do not necessarily exist in a given category C:

Examples 1.4.9.
e Consider the category of fields and morphisms of fields. Then this category does not have products.
e Let (X, <) be a poset. When does a family of objects, i.e.a family of elements of (X, <) have a
coproduct or a product?
e Let R be aring. Then for a family of R-modules (M;);c; the object @
[1;c; M; is the product of the (M;)cr.

icr M; is the coproduct and

We will consider categories of R-modules, chain complexes and similar categories. These have additional
features:
Definition 1.4.10. A category C is additive if
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(a) For all objects Cy,Cs of C the set C(Cy,C2) is an abelian group.
(b) The composition of morphisms is a bilinear map.
(¢) The category C has all finite products and coproducts.

Remark 1.4.11. The above conditions also guarantee the existence of coproducts and products in the case
where the indexing set I is empty. So what are these objects?

Let us denote the coproduct over the empty set by 0 and the corresponding product *. The universal
properties then say that for all objects C of C there is exactly one morphism in C(0,C) and in C(C, x).

In general, such objects are call initial (0) respectively terminal (x) objects. In our case, our morphism
sets are abelian groups, so we obtain that

C(0,C) = {0} = C(C, %).

Hence we also have C(0,0) = {0} and this implies that C(C,0) = {0} as well because for any f € C(C,0) we
have idg o f = f, but as idg is the generator of the trivial group, thus bilinearity yields

f=idgo f=(ido+ido)of=f+f
and thus f = 0. Therefore 0 = *.

Beware that this is a special feature of additive categories. For the category of topological spaces, for
instance, the initial object is the empty space and any space with one point is terminal, so here these objects
are not isomorphic.

If the initial object has the same universal property as the terminal object, then these are called a zero
object. All these objects are unique up to isomorphism.

Definition 1.4.12. Let C be an additive category and f € C(A, B).
e Ani € C(K,A) is a kernel of f, if foi =0 and for every h € C(X,A) with f o h = 0 there is a
unique g: X — K withiog=h.
e Dually, p € C(B,C) is a cokernel of f, if po f =0 and for every r € C(B, D) with ro f = 0 there is
a unique t: C — D with top =r.

X
0
h
g\\,
DA ! P
K A B C
o\t
D

Example 1.4.13. For the category C = Ab and a homomorphism f: A — B we can set K := {a € A, f(a) =
0} and define 7 as the inclusion map. Then i is the kernel of f. For C' := B/im(f) and the canonical projection
map p: B — C, we get p as the usual definition of the cokernel.

Let’s actually show that: Assume that we have an r: B — D with 7 o f = 0. Then im(f) C ker(r) and
hence there is a unique 7: B/im(f) — D with 7 o p = r, so this 7 correponds to the ¢ in the definition.

In a general additive category, kernels and cokernel don’t have to exist for every f. In the cases we are
interested in, they do:

Definition I.4.14. An additive category C is abelian if every morphism has a kernel and a cokernel and if
in addition
e If i is a monomorphism, then i = ker(coker(i)).
e If p is an epimorphism, then p = coker(ker(p)).
Here, i is a monomorphism, if i o f| = i o fy implies f; = fo for all f;, fo whose targets are the source of
i, and dually p is an epimorphism, if f; o p = fo op imples f; = f5 for all fi, fo whose sources are the target
of p. In an additive category it suffices to check for i o f =0 and for fop=0.

Example 1.4.15. The category R-mod is abelian for every ring R, and therefore also the category of right
R-modules.
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Definition 1.4.16. Let C be an arbitrary category and let f € C(Cy,Cs). If f can be factored as f =iop
where p is an epimorphism and 4 is a monomorphism, then 4 is called the image of f, im(f), and p is called
the coimage of f.

If they exist, then ker(f), coker(f), im(f) and the coimage of f are unique up to isomorphism. So we
can define exact sequence in any abelian category: A sequence of morphisms

0 Al .¢c 0

is called a short exact sequence, if f is a monomorphism, g is an epimorphism and if im(f) = ker(g).

Definition 1.4.17.
(a) Let C and D be additive categories. A functor F': C — D is additive if for any two objects C7, Co
of C, the map F': C(C1,Cs2) — D(F(Cy), F(C2)) is a group homomorphism.
(b) If C and D are abelian categories and F' is an additive functor, then F is called
e right exact, if

F F
e 20 m o) -2 pom——0
is exact, for every short exact sequence
0——c'—L om0
in C.
o left exact, if
F F
0——F ()2 o)L F o)
is exact, for every short exact sequence
0——C'— om0
in C.
e cxact, if
F(f F
0——F ()2 pe) 2D ey ——o0
is exact for every short exact sequence
0—— oL
in C.

Lecture 7

Examples 1.4.18.
e Let M be an R-module, then the functor
(=) ®r M: R°?-mod — Ab
is right-exact. It is exact if and only if M is flat.
e The functor Hompg (M, —): R-mod — Ab is left exact and it is exact if and only if M is projective.
e The functor Homg(—, N): (R-mod)°? — Ab is left-exact and exact if and only if N is injective: If

0 M M M 0

is an exact sequence, then

0— M2 o

is exact in (R-mod)°P. This is the starting point for our functor, so left-exactness says that

Homp(g,N) Hompz(f,N)
— —

0——Hompz(M" N)

is exact.

Hompg(M, N) Homg(M’, N)
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The last map is an epimorphism, if and only if N is injective. That follows directly from the
definition of injectivity.
e The functors U: C xC —)C, (01,02) — 01|_|CQ and HZ CxC —>C, (01,02) — 01]__[02 = 01 X Cg
are exact for C abelian. We give the argument for the coproduct.
Assume that

0 Vol fi C; gi C,z{, 0

K3
is short exact.
So, f1 and fo are monomorphisms, gi,gs are epimorphisms, and f; is the kernel of g;. Note
that the maps f; Ll fo are determined by the universal property of the coproduct:
Consider the maps

oo L O e 0,
They induce the map fi U fo.
This yields that the sequence

(] ]
0— ol uey e Lo, P B o Loy ——0

is exact, because the properties of its maps are inherited from the ones of their summands.

Remark 1.4.19. In a general abelian category arbitrary products and coproducts don’t have to be exact,
but they are exact in the category of R-modules.

1.5. Projective and injective resolutions

We can define projective and injective objects in any category:

Definition I.5.1.
e An object P in a category C is called projective if for every epimorphism f: M — @ in C and every
p: P— @, thereisa £ € C(P,M) with fo& =p:

r

. p
w f

— Q

e Dually, an object I in a category C is called injective if for every monomorphism f: U — M in C
and every j: U — I, there is a ¢ € C(M,I) with (o f = j:

.
U;f>M

In order to do homological algebra, we need certain types of resolutions. For these, we need the following
notions:

Definition 1.5.2. An abelian category C
(a) has enough projectives, if for every object M of C there is an epimorphism 7: P — M with P
projective.
(b) has enough injectives, if for every object M of C there is a monomorphism i: M — I with I injective.

Examples 1.5.3.

o The category Ab¢ of finite abelian groups is an abelian category, but it has neither enough projectives
nor enough injectives. The abelian group Z is not an object of Aby and finite abelian groups are
not divisible.

e Let C be the category of abelian torsion groups, so the objects are all abelian groups A such that
for all a € A there is an n € N with na = 0. This category does not have enough projective objects,
but enough injectives: Every object can be embedded into some [, Q/Z.
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e Let C be the category of finitely generated abelian groups, Abs,. Then this category has enough
projectives but not enough injectives: Let A be an object in Aby, and assume that {s1,...,s,} is
a finite set of generators for A. Then there is an epimorphism

T éZ%A.
i=1

Here 7 sends 1 in the ith component to s;.
As non-trivial divisible groups are not finitely generated, we don’t have interesting injective
objects in this category.

Proposition 1.5.4. Let R be a ring. The category of R-modules, R-mod, has enough projectives and
imjectives.

Note that the following proof implicitly uses the characteristic map ygr: Z — R.

PRrOOF. Without loss of generality assume that R # 0.
For the first claim we consider an arbitrary R-module M and the epimorphism

T @ R—M
meM

that sends 1 in component m € M to m € M.
It is more involved to show the second claim: For an arbitrary R-module M we define

I(M) := Ab(M,Q/Z).
This abelian group carries the structure of an R°?-module. For any homomorphisms f: M — Q/Z we set
(fr)(m) := f(rm).
If M is free, so M = @,
I(M) = I(ED B) = Ab((D R, Q/Z) = [ [ Ab(R.Q/2).

i€l el icl

R, then

Let N be any right R-module, then
R°P-mod(N,Ab(R,Q/Z)) = Ab(N ®gr R,Q/Z) = Ab(N,Q/Z).
As N — Ab(N,Q/Z) is an exact functor, so is
N — R°?-mod(N,Ab(R,Q/Z))

and therefore Ab(R,Q/Z) is injective. Products of injective modules are injective and therefore I(€D,; R)
is injective.

We now define

vi= [[ 1®= ] AbRQ/2).
fel(M) fel(M)

As a product of injectives I/ is injective.

We define

i: M — Iy, mw— (r— f(irm)).
By construction ¢ is R-linear, because for any 7 € R we obtain
i(fm) = (r — f(rfm))
= (r = g(rm))

with g(m) = f(Fm) = (fF)(m).

We claim that i is injective: Assume that m # 0 and consider g: Z — M, g(1) = m = 1g.m. Then
g: Z]ker(g) - M
is injective and we consider Z/ker(g) as an abelian subgroup of M consisting of the Z-multiples of m.
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In the case where ker(g) = 0 we get
Ab(Z/ker(g),Q/Z) = Ab(Z,Q/Z) = Q/Z.

So any choice of an non-trivial a € Q/Z gives a non-trivial component of i(m).

If ker(g) # 0, then Z/ker(g) = Z/nZ for some 1 # n € N. We can embed Z/nZ into Q/Z by sending
1 4+ nZ to the class of % As Q/Z is injective, we can extend the map h: Z/nZ — Q/Z over M to a map
¢: M — Q/Z. Then ( is not the zero map and {(m) = h(1) # 0. Then ¢ € I(M) is a non-trivial component
of i(m). O

Definition 1.5.5. Let C be an abelian category and let M be an object of C.
(a) A projective resolution of M is an exact sequence

p—tup S, D p e om0,

such that all P;s are projective, f; € C(P;, Pi_1), € € C(Py, M).
(b) Dually, an injective resolution of M is an exact sequence

n g0 g1 g2

0 M 10 It I?

such that all [7s are injective, g; € C(I7, [’T1), n € C(M, I°).

Examples 1.5.6. Let C be the category Ab. For every 2 < n € N

0 72—"~7—"57/nZ 0

is a projective resolution of Z/nZ and

0 Z Q——Q/Z 0

is an injective resolution of Z.
Lecture 8

Lemma 1.5.7. If an abelian category C has enough projectives, then every object M of C has a projective
resolution. Dually, if C has enough injectives, then every M has an injective resolution.

PROOF. We prove the claim for projective resolutions. The other proof is dual.
We start by choosing an epimorphism e: Py — M where Py is projective. This is possible because C has
enough projectives. Consider the short exact sequence

0—ker(e)——s Py—=— M ——0.

In general, ker(e) is not projective but we can choose an epimorphism ¢;: P — ker(e) and we define
fi: PL— Pyas fi:=i10q.

Py Py M 0
ker(e)
By an iteration of this construction you get a projective resolution of M. O

Example 1.5.8. Let C be the category of Z/4Z-modules and let M be Z/27. Then following the construction
in the proof above one gets a projective resolution of Z/27Z of infinite length

-2 -2 -2

7.JATZ 7./A7. 7.JAT—=7.27.
Can there be a projective resolution of finite length in this case?
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Definition I.5.9. Let C be an abelian category. The category of chain complezes in C, Ch(C), has as
objects sequences of objects (Cy,)nez of C together with morphisms d,, € C(C,,,Cy,—1) for n € Z, such that
dp—1 0d, =0. We abbreviate such an object with (C,, d) or just with C..

A morphism between two chain complexes C, and D, is called a chain map f: C, — D,. It consists of
a sequence of momorphisms f,, € C(C,,, D,,) such that d? o f,, = f,_1 0dS for all n, i.e., the diagram

ac
Cn — Cn,1

f'nl J{fnl
dD

Dn *n> Dn—l
commutes for all n.

Definition 1.5.10.
e The d, are differentials or boundary operators.
e The n-cycles of C, are
Zn(Cy) := ker(dy).
e The n-boundaries are
B, (Cy) :==im(dpt1).
e The nth homology of C. is defined via the short exact sequence
0 B,.(Cy) Z,(Cy)——H,(C.)——0.

Remark I.5.11. Note that chain maps f, map cycles to cycles and boundaries to boundaries. We therefore
obtain an induced map

Hy(f+): Ho(Cy) = Ho(Ds).
In fact, H,: Ch(C) — C is a functor.

Examples 1.5.12. We consider the category C = Ab.

Z =0,1
Cn:{, n =0,

0 otherwise

e Consider

and let d; be the multiplication with N € N, then

Z/NZ =0
Ha(C) = | ZINE n=0

0 otherwise.
e Take C,, =Z for all n € Z and

0 {idz, n odd

0, n even.

What is the homology of this chain complex?
e Consider C,, = Z for all n € Z again, but let all boundary maps be trivial. Then H,(C,) = C,, for
all n.

There is a chain map from the chain complex mentioned in the first example above to the chain complex
D, that is concentrated in degree zero and has Dy = Z/NZ.

(L5.1) j T = T j
0 0 Z/NZ——0—— ...

Note, that Ho(f) is an isomorphism and hence all H;(f) are isomorphisms.
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Definition 1.5.13. A chain map f.: (Ck,d) = (Dx,d’) is a quasi-isomorphism if f, induces an isomorphism
on homology.

Definition 1.5.14. A chain homotopy H between two chain maps f,g: C, — D, is a sequence of homo-
morphisms (H,,)nez with Hy,: C,, — D,,+1 such that for all n

dr?—H oH,+H, 10 dg = fn — Ggn-

d§+2 dg+1 ds g,
e o C Cs
Hyq1 H, H, 1
fn,+1 In+1 fn gn fn-1 gn—1
d5+2 d5+1 d>? db_,
LT p D, Doy

If such an H exists, then f and g are (chain) homotopic: f ~ g.
Remark 1.5.15. Being chain homotopic is an equivalence relation.

Definition 1.5.16. Let f: C, — D, be a chain map. We call f a chain homotopy equivalence, if there is a
chain map ¢g: D, — C, such that go f ~id¢, and f o g~ idp,. The chain complexes C, and D, are then
chain homotopy equivalent.

Note, that such chain complexes have isomorphic homology. However, chain complexes with isomorphic
homology do not have to be chain homotopy equivalent. The chain map in (.5.1]) is an example of this
phenomenon.

Proposition 1.5.17. If f., g« are chain homotopic, then they induces the same map on homology. Every
chain homotopy equivalence is a quasi-isomorphism.

PROOF. Let (H,,)nez be a chain homotopy from f, to g., so Hy,: C;, = Dypiq and dyy10Hy+H,—q10d, =
fn — gn. We define
hp :=dpy10H, + Hyp_10d,.
Then h,, restricted to ker(d,) gives d,,+1 o H,. Thus on the level of homology groups h,, induces the zero
map and therefore H,(f.) = H,(g.) for all n.

If f. is a chain homotopy equivalence with homotopy inverse g., then H,(f.) o Hy,(g+) = Hp(idp,) and
H,(g«) o Hy(f«) = H,(ide, ) by the first part of the proof. d

Dual to chain complexes are cochain complexes.

Definition 1.5.18. Let C be an abelian category. The category of cochain complezes in C has as objects
sequences of objects (C™),ez of C together with morphisms d* € C(C™, C"*1) for n € Z, such that d"*lod" =
0.

A morphism between two cochain complexes C* and D* is called a cochain map f: C* — D*. It consists
of a sequence of momorphisms f™ € C(C™, D") such that d"” o f* = f**! o d" for all n.

You can shift back and forth between the two notions. If C, is a chain complex, then C? := C_; is a
cochain complex and vice versa.
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CHAPTER 1II

Derived functors

Lecture 9
I1.1. Definition of left and right derived functors
Homological algebra works because of the following crucial result:

Lemma II.1.1 (Fundamental Lemma of Homological Algebra). Let C be an abelian category and f €
C(M,N). Assume that

; di_
p—tip (Lot B p Mg
is a chain complex such that the objects P; are projective for all i and let
d d_ d
N;— N, —— Ly Ng—2 s N 0

be an exact sequence.

(a) Then there is a chain map f., extending f, i.e., the diagram

di di— d
P P, Y ap M
fli fill foJ{ fJ
d’ d,_ d’
Ny, — N ——  — 3 Ny -2 N

commautes.
(b) Any two such extensions f.,g.« of f are chain homotopic.

Remark I1.1.2. There is, of course, a dual statement that ensures the existence of cochain maps from an
exact cochain complex to a cochain complex of injectives.

PrOOF. Consider the diagram
Pp—M oM
m lf
EN
Ng ——— N.

As Py is projective, we can lift the map f oeys to an fy: Py — Np such that ey o fo = foep:

Pp— M
fo N lf
]\?0 N 3N
For the next step we consider the kernels
0 e p ey
fo m J{f
0 N N e Yy
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As

eno fooker(ep) = foep oker(en) =0,
the universal property of the kernel ensures that there is a morphism h: M’ — N’ with fy o ker(eps) =
ker(en) o h. As epr ody = 0, the property of the kernel ensures that there is a g; € C(Py, M’) that makes
the following diagram commutative:

P

g1
d1

, 1 ker(ear)

M Py —25 M.

Similarly, as ey o d} = 0, there is an hy € C(Ny, N'). with ker(en) o hy = dj.
Consider the diagram

P2 M

h

hl

Ny — N

As the image of d is the kernel of e, the map h; is an epimorphism and therefore there is an f; € C(Py, N1)
with
hiofi=hog.

dy
x %
M/

f1 fo

As the diagram
Py

&)

N1 NO

x%

N/

commutes, we can read off that
dj o fi =ker(en)ohyiofi
= ker(en)ohog;
— fooker(ear) o g1
= fo o) dl.

This construction can be repeated for all n and this proves (a).
For (b) it suffices to show that every extension f, of the zero map 0 € C(M, N) is chain homotopic to
the trivial chain map, i.e., we want (H,),>0 with

fn - d,n+1 o Hn + Hn—l o dn-
Consider
Py— s M

L

Ny —— Ny —25 N.
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As ey o fo =0 and as the bottom row is exact the image of fy has target ker(ex) = im(d}) and we can
lift fy to N7, so there is an Hy: Py — Nj with
dy o Hy = fo.
We know that
dll(f1 — Hpody) = foody —d’loHoodl =0.

But as the complex N, — N is exact, there is an H; € C(Py, No) with

déOHl :fl —Hoodl
and this yields the desired

fi =d0 Hy+ Hyod.

Again, an iteration proves the claim. O

Definition I1.1.3. Let C and D be abelian categories and let F': C — D be additive.
(a) If F is right-exact and if C has enough projectives, then the left-derived functors, L, F, n > 0, of
F' are defined as
(Ln F)(M) := H,, (F(F.)),
where P, is any projective resolution of M.

(b) Dually, if F is left-exact and if C has enough injectives, then the right-derived functors, R*F, n > 0,
of F are defined as

(R"F)(M) := H"(F(I")),

where I* is any injective resolution of M.

Remark II.1.4.
e As F is additive, F(P,) is a chain complex, but not exact in general. Similarly, F(I*) is a cochain
complex and not exact in general.
e Lemma implies that (L, F)(M) and (R"F)(M) are well-defined up to isomorphism: Assume
that epr: P — M and €}, : P, — M are two projective resolutions of M, then there are chain maps
f«: P. — P, and g.: P, — P, compatibel with 5, and ¢/,. The composites f. o g. and g. o f.
both extend the identity map of M and therefore

gx © fx = idp, and fi 0 g« ~idp;.
As F is additive, this yields that F/(g.) o F(f.) ~idp(p,) and F(f.) o F(g.) ~ idg(ps). Therefore
H,F(P,) = H,F(P.) for all n.

e L,F and R"F are actually functors. For an f € C(M, N) and injective resolutions I* of M and J*
of N we obtain a map of cochain complexes f*

M- o I
1A
Ny g0 Jt

by Lemma [I.1.1} As F is an additive functor the induced map F(f*) is again a map of cochain
complexes in D and we obtain induced maps

H"F(f*): (R"F)(M)=H"F(I*) - H"F(J*) = (R"F)(N).
In degree zero, we do not loose any information:

Proposition I1.1.5. In the situation of Definition|I1.1.3: LoF = F if F is right-exact and ROF = F if F
is left-exact.
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PROOF. Let

M d° d!

0 M I° It

be an injective resolution of M. As F' is left-exact, the sequence

F(na) F(d%)

0—— F(M) F(I°) F(im(d°))

is exact. Therefore
Flir) = ker(d) = HO(F(I"))

which we identify with s(F(nar)) = F(M).
In the dual case, the right-exactness of F' gives that HyF(P,) = F(Py)/im(F(d1)) = F(M). O

Lecture 10
Two very important examples of derived functors are Tor- and Ext-functors.

Definition I1.1.6. Let R be a ring.
(a) Let M be a right R-module and

Fp: R-mod — Ab, N+— M ®pg N.
Then Tor(M, N) is defined as
Tor® (M, N) i= (Lo Far) (V).
(b) Let N be an R-module and let G5 be the functor
Gg: R-mod — Ab, N + Homg(N,N).
Then Exty(N, N) is defined as
Exth(N,N) := (R"Gg)(N).

Example I1.1.7. You will determine Torf(A, B) for all finitely generated abelian groups and also the groups
Exty(Z/nZ,7/mZ) for all natural numbers n and m in an exercise.

Example I1.1.8. Let C,, be the cyclic group with n elements and we write C,, = (t) = {1,¢,...,t""1}. We
can view Z as a module over the group ring Z[C,,] by defining ¢*.z = z for all i. Then a projective resolution
of Z as a Z[C}]-module is

N 1-t N

z[C,] 5 Z(C,] < 7.

Z[Cy]

Z[Cy)]

Here, (t') = 1 for all i and N = Z?;Ol t'. So in this case we actually find a free resolution. In order to
calculate Torf[o"] (Z,7) we have to determine the homology groups of the complex

id®(1-t) ideN id®(1—t)

Z ®z[Cn] Z[Cn] Z ®z[Cn] Z[Cn] — 7 ®z[Cn] Z[Cn]

As Z ®z)c,,) Z|Cy] = Z, the above complex is isomorphic to the complex

0 0

LN/ 7—57 Z.
and hence the homology groups are
Z? * = Oa
Tor?lC)(7,72) = L 7./nZ, * odd
0, otherwise.

Thus in this example we have infinitely many non-trivial Tor-groups.
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I1.2. The long exact sequence for derived functors

Remark I1.2.1. Working in the general context of abelian categories is cumbersome, because we cannot in
general assume that objects have elements. But now we want to do several proofs that use the method of
diagram chase, where you prove things by playing pin-ball with elements.

There is the famous Freyd-Mitchell theorem, saying that if C is a small abelian category, then there exists
aring R and a (full, faithful and) exact functor F': C — R-mod. In this case we can think of the objects of
C as modules and these have element. However, note the smallness assumption.

From now on we will assume that our abelian categories are of this type. As we will mostly consider
categories of modules anyway, this assumption is not too absurd.

Definition I1.2.2. If A, B,, C, are chain complexes in an abelian category C and f,: A, — B, g: B. — C.
are chain maps, then we call the sequence
e g
A, ——B,——C,
exact, if the image of f,, is the kernel of g, for all n € Z.

Thus such an exact sequence of chain complexes is a commuting double ladder

d d d
An+1 das Bn+1 it C7L+1
d d d
A, B, L c,
d d d
A;fl fno anl % C’n+1
d d d

in which every row is exact.

Example I1.2.3. Let p be a prime, then
0 0 0

has exact rows and columns, in particular it is an exact sequence of chain complexes. Here, m denotes varying
canonical projection maps.
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Construction II.2.4. Assume that 0 A, ! B, g

complexes.

We define 6 € C(H,(Cy), Hn—1(AL)):

For a ¢ € C,, with d,,(c¢) =0, we choose a b € B,, with g,b = c¢. This is possible because g,, is surjective.
We know that dg,b = dc = 0 = g,,_1db thus db is in the kernel of g, _1, hence it is in the image of f,,_1.
Thus there is an a € A,_1 with f,_1a = db. We have that f,_sda = df,_1a = ddb = 0 and as f,_o is
injective, this shows that a is a cycle.

We define d[c] := [a].

C, 0 is a short exact sequence of chain

B,>b—2 sceC,

frn—
Ap13ar—5db € B,_1

The map ¢ is called the connecting homomorphism.
Lemma I1.2.5. The morphism 0 is well-defined.

PROOF. Assume that there are b and b’ with g,b = g,0' = ¢. Then g, (b — b") = 0 and thus there is an
a € A, with f,a=b—"¥". Define a’ as a — da. Then

foo10' = faora— fo1da = db—db+db' = dVf

because f,_1da = db — db'. As f,_; is injective, we get that o’ is uniquely determined with this property.
As a is homologous to a’ we get that [a] = [a'] = 0[], thus the latter is independent of the choice of b.

In addition, we have to make sure that the value stays the same if we add a boundary term to c, i.e.,
take ¢’ = ¢+ dé for some ¢ € C,,11. Choose preimages of ¢, ¢ under g, and g,.1, i.€., b and b with gnb=c
and gn_HlN) = ¢. Then the element b’ = b+ db has boundary db’ = db and thus both choices will result in the
same a.

Therefore 6: H,(C.) = Hp_1(Ay) is well-defined. O

Proposition I1.2.6. The morphism ¢ is natural, i.e., if

0 A, —— B, C. 0
[
0 AN ) 0

is a commutative diagram of chain maps in which the rows are exact then H,_1(a)od =6 o Hy,(v),
H,(C,) —25 H,_1(A,)
Hn (v) Hp—1(a)
Ho(CL) — Hooa (A1)

PRrROOF. Let ¢ € Z,(C,), then d[c] = [a] for a b € B,, with g,b = c and an a € A,,_; with f,_j1a = db.
Therefore, H,,_1(a)(d[c]) = [an—1(a)].

On the other hand, we have

f'r/Lfl(anfla) = ﬂnfl(fnfla) = anl(db) = dﬁnb
and
g;z(ﬁnb) = Yngnb = Tnc
and we can conclude that by the construction of §
[vn(c)] = lom—1(a)]

and this shows 6 o H,,(v) = H,_1(a) 0 6. O

With this auxiliary result at hand we can now prove the main result in this section:
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Proposition I1.2.7. For any short exact sequence

0— A1 B2, 0

of chain complexes we obtain a long exact sequence of homology groups

D g By g () — o H 1 (AL)

Lecture 11

S HL (AL Hnoalf)

PROOF. a) Exactness at the spot Hy,(Bx):

We have H,(g) o H,(f)[a] = [gn(fn(a))] = 0 because the composition of g, and f,, is zero. This proves
that the image of H,,(f) is contained in the kernel of H,(g).

For the converse, let [b] € H,(B,) with [g,b] = 0. Then there is a ¢ € Cy,11 with dc = gpb. As gp41 is
surjective, we find a b’ € B, 11 with g,11b" = ¢. Hence

gn(b—db') = gnb — dgp 1’ = dc — dc = 0.

Exactness gives an a € A, with f,a = b — db’ and da = 0 and therefore f,a is homologous to b and
H, (f)[a] = [b] thus the kernel of H,,(g) is contained in the image of H,(f).

b) Exactness at the spot H,(C\):

Let b € H,(Bx), then 6[g,b] = 0 because b is a cycle, so 0 is the only preimage under f,_1 of db = 0.
Therefore the image of H,(g) is contained in the kernel of 4.

Now assume that d[c] = 0, thus in the construction of J, the a is a boundary, a = da’. Then for a
preimage of ¢ under g, b, we have by the definition of a

d(b— fna') =db—df,a’ =db— f,_1a=0.

Thus b — fra’ is a cycle and ¢, (b — fna’) = gnb — gnfnad’ = gnb — 0 = g,b = ¢, so we found a preimage for
[c] and the kernel of § is contained in the image of H,(g).

¢) Exactness at H,_1(A,):

Let ¢ be a cycle in Z,(C,). Again, we choose a preimage b of ¢ under g,, and an a with f,_;(a) = db.
Then H,_1(f)d[c] = [fn—1(a)] = [db] = 0. Thus the image of ¢ is contained in the kernel of H,_1(f).

If a € Z,_1(As) with H,_1(f)[a] = 0. Then f,_1a = db for some b € B,,. Take ¢ = g,b. Then by
definition §[c] = [a]. O

With the help of the results above, we can deduce a long exact sequence for derived functors:

Theorem I1.2.8. Let C,D be abelian categories, assume that C has enough projectives and injectives and
f g

let F' be an additive functor. Let 0 M’ M M 0 be a short exact sequence in C.
(a) If F is right-exact, then the sequence
(LlF)(g)(LlF)(M,,) 5 (LoF)(M’) (LoF)(f) (LoF)(M) (LoF)(9) (LoF)(M”) 0

1S exact.
(b) If F is left-exact, then the sequence

(R°F)(f) (R°F)(9) (R'F)(f)

0——(ROF) (M) (ROF)(M) (ROF)(M")—>—(R'F)(M’)

18 exact.
PROOF. We prove the claim in (a); the one for (b) is dual.

Let PL%M’ be a projective resolution of M’ and let PL’%M” be one for M"”. We set Py :=
Py @ PY. Consider the diagram

0 P Py Py 0
EAI/J/ lEM//
0 ML 0.

35



As Pj is projective, we obtain a & € C(Py, M) with go & = eprr. We define
EM: P():P(Q@PélﬁM

by setting 5M|pé = foep and EM\pé/ = £. We view the resulting diagram

0 0 0
0 P} Py 4 0
€/ EM Enmrt
0 YRR Y SRRV 0
0 0 0

As a short exact sequence of chain complexes and thus we obtain a long exact sequence on homology groups
0——ker(epy)——ker(ep ) ——ker(epr) ——coker(epr) = 0.

In the next step we set again Py := P] ©@ P;’ and we define d;: P — ker(ens) by setting di|p; = dj and by
using the projectivity of P’ to obtain a morphism in C(P;’, ker(eas)) that yields di|py. An iteration of this
argument for P, = P} & P}/ for all n gives a projective resolution of M such that

0 p P, p 0

is a short exact sequence of chain complexes. Note that by the very construction of P, as P} @ P,/ we obtain
a splitting in every degree

0——P,——P, =P, & P/ ——P/——0.

Sn

Applying F' therefore gives a short exact sequence of chain complexes in D whose corresponding long exact
sequence of homology groups gives the desired long exact sequence for the left derived functors of F'. O

Remark II.2.9.
e The long exact sequences in Theorem [[T.2.8 are natural with respect to morphisms of short exact
sequences.

f g

e For Tor we get for every short exact sequence 0 N’ N N 0 that

Tor (M,N") >

<—,\Tor1 (M, N") —— Tor®(M, N) —— Torf(M, N") )

<—> Tor® (M,N") —— Tor® (M, N) —— Tor | (M, N") >
)

<—>M®RN’—>M®3N—>M®RN”—>O
is a long exact sequence of abelian groups for every right R-module M.
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e Dually for Ext we obtain the long exact sequence

0—>HomR(]\7,N’) — HomR(N,N) —)HomR(N,N”) >

<—>Ext}%(]\7,N’)*>...

Proposition I1.2.10. For all R-modules N we have Tor,?(M, N) =0 for alln > 1 if and only if M is flat.

PROOF. We know that M is flat if and only if M ®p (—) is an exact functor, so
0—— MR N ——M R N—M @ N"——0
is an exact sequence for all short exact sequences

0 N’ N N" 0.

Assume that P, — N is a projective resolution. Then we claim that H,, (M &g P.) = 0 for all n > 1, because

ker(id®@ d,,: M ®p P, = M ®p Pn_1)
|m(1d &® dn+1M ®Rr Pn+1 — M ®pg Pn)
ker(d,,: P, — P,_

= M QR - er( - 1)
|m(dn+1Pn+1 — Pn)

=M ®gr H,(P:)

_ JM®RrN, forn=0,
B 0, otherwise.

as M is flat

In particular, Torf(M, N) =0 forn > 1if M is a projective right R-module.

I1.3. Balancing Tor and Ext

Our next goal is to show that we can also calculate Tor and Ext groups by resolving the left variable, so
Exti(M,N) = R"(N — Homg(M,N)) = R"(M ~ Homg(M, N))
and
Tor®™(M,N) = L,,(M + M ®p N) = L,,(N — M @z N).
Note for the first claim that a projective object in (R-mod)®°? is an injective object in R-mod.

Definition I1.3.1. Let C be an abelian category. A double complex in C is a Z x Z-graded family of objects
(Cij)i,jGZ of C together with d" € C(Cij, Cifl,j)a d’ € C(Cij, Ci,jfl) for i,] € Z such that

d"od'=0=d"od"
dVod® = —d¥ o d".

Morphisms of double complexes are families f;; € C(Ci;, D;;) that commute with d" and d°.
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av av av
- Coo - C1o - Ca0 =
v v av
——Co1¢——Cr 14— Oy 14—
d d d d
o o o
Lecture 12

In the following we denote the coproduct by .

Lemma I1.3.2. If (C. ., d",dv) is a double complex in an abelian category C that possesses all products and
coproducts, then the following Z-graded objects of C are chain complexes:

Tot(Cu)n = Tot?(Cu)n = P Cpy
ptg=n
and

Totl(Co)n =[] Cou-
ptg=n
In both cases the differential d is given by taking d" + d¥ in every component.

This is actually a differential because of the defining properties of d” and d¥ from Definition [I1.3.1
P =(d"+d)o(d"+d")=d" od" +d"od’ +d’od" +d"od’ =0.
The following two special cases are crucial for the properties of Tor and Ext:

Definition 11.3.3. Let (C,,d%) be a complex of right R-modules and let (D,,d”) be a complex of left
R-modules. Then (Cy ®g D.,dg) is the chain complex Tot(E, ,) with E, ; = Cp, ®g D, and for x € C,,
y € D, we have

d"(z®y) =d )@y, and d°(z @ y) = (-1)Pz @ dP (y).

d€ ®id d€ ®id d€ ®id d€ ®id
...(;C()@RDQ(;C&®RD2<;CQ®RD2(7...

d€ ®id d€ ®id d° ®id d€ ®id
~--<;CO®RD1<;01®RD1<;C2®RD1<;--~

d€®id d€ ®id d® ®id d° ®id
~--<¥CO®RDO<;CI®RDO<;CQ®RDO<;--~
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Thus, (Cx ® Di)n =D, 4 y=n, Cp ® Dq and dg(z @ y) = d°(x) @y + (~1)Pz @ dP(y) for x € C, and y € D,,.

Definition I1.3.4. If (C.,d“) is a chain complex and (I*,d;) is a cochain complex, then C(C., I*) is the
double cochain complex with

C(Cy, IM)P1 :=C(C, I7)
and for f € C(C,, I*)P? we define
d"(f) = fode, d(f)=(=1)"*""0;0f.
We consider the total cochain complex Tot!lC(C,, 1%).

We will mostly consider the latter construction in the category of R-modules. In this case one denotes
TotHC(C*,I*) often by Hom(C\, I'*), so

Hom(C,, I*)" := H Hompg(Cp, I7).
ptg=n
One often also considers the chain complex of homomorphisms between two chain complexes. This is doable

with our convention earlier: if (D,,d") is a chain complex, then D_, is a cochain complex. For this case we
obtain

Hom(C,, D.), := Hom(C,, D,)" = H Hompg(Cp, DY) = H Homg(Cp, D_,) = H Homg(Cp, Dp—p).
p+q=n pt+q=n p
If you want a chain complex, you need to consider Hom(C\, D), = Hp Homg(Cp, Dptn).

Lemma I1.3.5. Let C, . be a double complex in an abelian category with products and coproducts and assume
that for all ¢ € 7 the complex C, 4 is exact. If ther is an N € Z with C, , = 0 for all p < N, then both chain

complezes TotéB(C’*,*) and TotH(C*v*) are also exact.

PROOF. We give the proof for Tot®, but it should be clear how to adapt the proof in the other case.

Without loss of generality we can assume N = 0 and it suffices to show that Hy(Tot(Cs )) = 0.
Otherwise we can use the suspension functor that you know from the exercises.

By definition

Tot(Ci)o = @C —p
PEZL
and by our assumption this is equal to @ cy, Cp,—p- If © € Tot(Csx)o then we can write it as z =
(20, - -+ s ) With z; € C; _;. Assume that d(z) = 0. We have to show that « is a boundary. The condition
d(xz) = 0 is equivalent to

d"(z0) =0, d"(z;) +d'(zi1) =0, 0<i<mg, and d*(z,,,) = 0.

Y.

=

Tm
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As the rows are exact, we find an yg with dhyo = xg and iteratively there exist y;s with dhyi =x;—d"y;—1
because

d"(z; — d"(yi—1)) = d"w; — d"d"(y; 1)
=d"z; + d"d"(y;_1)
and by iteration this is equal to
d"z; + d(xi—1 +d"(yi—2)) = d"z; + d’z;_1 = 0.
Therefore y := (yo, . . ., Ym,) satisfies dy = x. O

Construction I1.3.6. Let M be a right R-module and N be a left R-module. Assume that P, is a projective
resolution of M and @, be a projective resolution of N. We set

—~R
TOI’,,L (M7 N) = HnTOt(P* QR Q*)
Theorem I1.3.7. For alln > 0:
—~R
Tor, (M, N) = Tor (M, N).

PROOF. Let P, be a projective resolution with ep;: Py — M. Define the chain complex X, with

Py, n =0,
Xn=(M, n=-1,
0, otherwise.

Then X, is an exact sequence. For a projective resolution Q). of N each @) is projective and hence X, ®r Q;
is also exact for all j > 0. By Lemma [I1.3.5| we obtain that Tot(X, ® Q) is exact. The sequence

0 SiM X P, 0

is a short exact sequence of chain complexes and it induces a short exact sequence of chain complexes
0——Tot(X'M @ Q.)——Tot(X, ®p Q.)——Tot(P. ®g Q.)——0
and a long exact sequence on the level of homology groups. As H, Tot(X, ®r Q.) = 0 for all n, this implies
that the connecting homomorphism is an isomorphism
~R
Tor,, (M,N) = H,(Tot(P, ®r Q+)) 2 Hp—1 (S 7'M @r Q)
but
(E_1M®R Q*))n—l =M® Qn
and hence
H, (7'M ®g Q,) = Torf(M, N).
O
Remark II1.3.8.
e A similar argument shows that Tor(M, N) = H,,(P, ®r N), where P, is a projective resolution of
M, thus it doesn’t matter whether you resolve M or N projectively.

e Using Hom instead of ® yields the analogous result for Ext: If P, is a projective resolution of M
and I* is an injective resolution of N, then

Extr(M,N) = H*(Homg(M,I")) =2 H"(Homg(P., N)) = H"(Hompg(P.,I")).
So for Ext you can resolve M projectively or N injectively or both.
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II.4. Ext and extensions
If we take R = Z then Tor?(M,Z/mZ) detects the m-torsion in M because

M®gr(m-)

Tor{(M,Z/mZ) = Hy(...——0——M = M ®3,Z M ®z 7= M——0)

and this is the kernel of -m: M — M, so the Tor is related to torsion.
For Ext the origin of the name comes from the following concept.

Definition II.4.1. Let M and N be R-modules.

(a) An extension of M by N is an exact sequence of R-modules

0O— s N— s X—" M 0.

v ’

(b) Two extensions of M by N 0 N— X" M 0 and 0 N——X'-" M 0
are equivalent, if there is an isomorphism ¢: X — X’ such that the diagram

commutes.
(¢) An extension is split if it is equivalent to

0— sN—"sNo M- 3sM——0.
Lecture 13

Examples I1.4.2. Let p be a prime. The sequence

0 Z/pZ —2s LI x TJpZ —"— T/ pZ, — 0
is a split extension of Z/pZ by Z/pZ but
0 ——Z/pZ —— Z/p*Z Z/pZ 0

is not split.
Lemma 11.4.3. If Ext}%(M, N) 20, then every extension of M by N is split.

PROOF. Let

(I1.4.1) 0 N— X" M 0.

be an arbitrary extension of M by N and assume that Ext}%(M ,N) = 0. As ([1.4.1) is a short exact sequence
of modules, it induces a long exact sequence when we apply Extp (M, —) by Theorem [I1.2.8] so in particular

Homp(M, X) — Hompg(M, M) — Exty(M, N)

is exact. As Extp(M, N) =0, the map Hompg(M, X) — Homp(M, M) is surjective and we find a lift of iday,
s: M — X. But then

is a split exact sequence. O

We want to strengthen the above result to an ’if and only if’. To this end we introduce another useful
concept from category theory.
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Definition I1.4.4. Let C be a category.

(a) Let f € C(A,C) and g € C(B,C). An object P of C together with morphisms g4 € C(P, A) and
oB € C(P, B) with fopa = goop is a pullback of f and g, if for every object W of C with morphisms
ag € C(W, A) and apiC(W, B) with foas = goap there is a unique £ € C(W, P) with g4 0 = a4
and popo& = ap.

'y
0
2 .B

P
AJ J/g
!
A——C
(b) Dually, for f € C(A,B) and g € C(A,C) an object P together with morphisms ig € C(B, P) and
ic € C(C,P) satisfying ig o f = ic o g is a pushout of f and g if for all objects D of C with
morphisms jp € C(B, D) and jo € C(C, P) satisfying jg o f = jc o g there is a unique (: P — D
with (oip = jp and (oic = jo.
A
e
C P

f
—

ic

—

Jjc
Remark I1.4.5. If they exist, then pullbacks and pushouts are unique up to isomorphisms. They are objects
that are ’as close to the defining diagram as possible’.

These two concepts are ubiquitous in mathematics:

Examples I1.4.6.
e If C is the category of sets, Sets, and f: X — Z and g: Y — Z are functions, then the pullback of
f and g is the set

P=XxzY :={(z,y) € X xY, f(x) =9g(y)}
together with the projection maps

QX:W)(:XXZY%X, Qy:FyZXXZY—}Y

P=Xx,Y-"5Y

| f P

X —7

This pullback always exists, but it can be empty. Take for instance two inclusions X — Z and
Y — Z with disjoint image.
e In the same category the pushout of f: X — Y and g: X — Z is given by

x99 .z
fl J{iz
Y —5 Y U Z/(f(x) ~ g(x).

e In the category of R-modules, R-mod, the pullback of two R-linear maps f: A — C and g: B — C
is again A X B as in the category of sets.
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e For two f € R-mod(A, B), g € R-mod(A, C) the pushout is the R-module P := B @® C/U where U
is the submodule generated by (f(a), —g(a)) for a € A.

With these constructions at hand we can now state the main theorem of this section:

Theorem I1.4.7. Let M and N be two R-modules. There is a bijection between the set of equivalence classes
of extension of M by N and Exth(M, N).

In the following proof we omit certain justifications that maps are actually well-defined. Otherwise, the
proof is complete.

SKETCH OF PROOF. We denote by £(M, N) the set of equivalence classes of extensions of M by N.
Let P, be a projective resolution of M with ep;: Py — M and let
0 N— XM 0
be an extension of M by N. By the fundamental lemma (Lemma [[I.1.1)) there are maps «g: Py — X and
a1: P; — N making the diagram

P p M p M
[ I
0 N— X" M

commutative. The equation ay o do = 0 should be read as
HomR(d27 N)(al) =0
hence a; € Homp(Py, N) is a 1-cocycle in the cochain complex whose cohomology is Exty (M, N).

We define ¢: E(M,N) — Ext}%(M, N) by setting

[0 N——X—"M 0] := [a1].

You check that v is well-defined, i.e., it is independent of the choice of Py, of the choice of o, and of
the representative of the equivalence class of the extensions.

For the inverse of 9 we observe that for a class [o;] € Extg (M, N) the representative a; is a cocycle, so
a1 o dy = 0. Therefore o factors through

aq: Pl/lm(dg) — N.
Let X be the pushout of

Py /im(ds) 2 P,

all J
. ¥

N Y. ¢
We define ¢: Extyp(M, N) — £(M,N) as

dlon] := [0 N— X" M 0]

where m: X — M is the R-linear map that exists thanks to the universal property of the pushout:

Py Jim(ds) ~2 Py




We show that 0 N—X—" M 0 is an extension. You know that X = N © Py/U, so if
i(n) = [(n,0)] = [(0,0)], then this is exactly the case if n = a;(y) and di(y) = 0, so some y € P;/im(dz).
But d; is a monomorphism, so y = 0 and hence n = 0. Therefore ¢ is a monomorphism.

It is clear from the construction of the extension that im(i) C ker(w). Denote by ¢ the isomorphism
w: ker(epr) = Py/im(dy).

Assume that 7[(n,p)] = 0. Hence eps(p) = 0, so

p € ker(epr) =2 P /im(dz).
Then
i(n — a1(e(p)) = [(n — a1 (p), 0)] = [(m.p)];
hence, [(n,p)] € im(i).

Last but not least we claim that 7 is an epimorphism, but as £;; is an epimorphism, we find for every

m € M ap € Py with epr(p) = m. But then

7[(0,p)] = em(p) = m.
You show that ¢ is well-defined. It is then not hard to see that ¢ is actually the inverse of 1.
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CHAPTER III

Homology of groups

Lecture 14

II1.1. Definition of group homology
Let G be a group and let M be a Z[G]-module. Then, often, M is called a G-module.

Examples II1.1.1.
e Let M be an arbitrary abelian group. Then we can consider the trivial G-action on M, i.e., g.m = m
for all g € G and all m € M. We can rewrite this and say that the Z[G]-module structure on M
factors through the Z-module structure on M via the augmentation map

e: ZIG) = Z, e(g)=1forallged.

e The ring Z[G] is of course a Z[G]-module.
e If X is a G-set, then the free abelian group with basis X, @, v Z, is a G-module.

Definition ITI.1.2. Let M be a G-module.

(a) Let U be the sub Z[G]-module of M generated by elements of the form m — gm for m € M and
g € G. Then

MG = M/U

are the G-coinvariants of M.
(b) The G-invariants of M are

MC :={m € M,gm =m for all g € G}.

Remark III.1.3. One can characterize M as the largest submodule of M on which G acts trivially and
Mg is the largest quotient on which G acts trivially.

The following result gives us descriptions of invariants and coinvariants in terms of Hom and tensor
functors.

Lemma II1.1.4. Let M be a G-module and denote by Z the trivial Z|G]-module. Then
(a) M® = Homyg)(Z, M) and
(b) Mg >=Z ®Qziq) M.

PROOF. In (a) an m € MY corresponds to f,: Z — M with f,,(1) = m. As m € M we get that
fm(9.1) = fm(1) = m and this is equal to g.m = g.f,, (1) so f,, is Z[G]-linear.
For (b) we consider the map

©: Mg = Z @z M, [m]—1@m.
Then ¢ is well-defined, because
1@(m—gm)=1dm—-10gm=1dm—-1gm=1m—1®m=0.
We also define ¥: Z ®z;q) M — Mg as ¢(x @ m) = [zm]. Then ¢ = ¢~ 1. O
Remark III.1.5. We therefore know that the functor
M — M = Homgyg(Z, M)
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is additive and left-exact and that the functor
M — Mg gZ@z[g} M
is additive and right-exact, so we can feed them into the machinery of derived functors.

Definition ITI.1.6. Let G be a group and let M be a G-module.
(a) We define the ith homology of the group G with coefficients in M for i > 0 as

Hi(G; M) = TorNz, M) = Ly(M — M¢).

(b) The ith cohomology of the group G with coefficients in M for ¢ > 0 is
H'(G; M) := Extyyg(Z, M) = R'(M — M©).
(c) If M = Z, then we abbreviate H;(G;Z) by H;(G) and H'(G;Z) by H'(G).
Example II1.1.7. We can calculate the homology and cohomology of every finite cyclic group:
Let C,, = (t) be a cyclic group of order n for 2 < n < co. You have established that the sequence

1-t

=N 70 Z[Cn] —Xs Z[C,] =25 7[00

is a projective resolution of Z as a Z[C,]-module and we have already calculated the homology groups of C,,
with coefficients in Z earlier as

Z="7c, i=0,
H;(Cy) = Tol%N(z,2) = { Z/nZ,  iodd,
0, otherwise.

Similarly, we obtain ‘ _
EthZ[Cn] (Z, Z) = HZ (Cn)

using this resolution. Note that Homzc,1(Z[Cy],Z) = Z, so we obtain that H*(Cl,) is the ith cohomology
of the cochain complex

(Z 72— 725 )
and this is
Z, 1=0,
HY(C,) =X Z/nZ, ieven,i> 0,
0, otherwise.

For coefficients in an arbitrary G-module M we consider the elements 1 —¢ and N := Z;:Ol t" in Z[C,,).
By definition

(1-t) oM ® (1-t) oM

NeM
H;(Cr; M) = Hy( ... Z[Cp] ®zic,) M —————— Z[Cy] ®zjc,) M Z[Cp] ®z1c,) M)

and this is isomorphic to

w2 g,

Thus we obtain
Me, = M/im(1—1), i=0,
H;(Cp; M) = ¢ ker(1 —t)/im(N), i odd,
ker(N)/im(1 —¢), i even, ¢ > 0.
As
(1-t)N=0=N(1-1),
we obtain an induced map N: Mg, = M/im(1 —t) — MY =ker(1 —t). We can rewrite the above result as
Me, = M/im(1—1t), i=0,
H;(Cp; M) = < coker(N), i odd,
ker(N), i even, i > 0.
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For cohomology we obtain with the dual calculation
MC =ker(1 —t), i=0,
HY(Cp; M) = { ker(N), i odd
coker(N), i even, i > 0.
Remark ITI.1.8. For a fixed group and an f € Homgz g (M, N) there are induced morphisms
Hi(G; f): Hi(G; M) — H;{(G; N) and H'(G; f): H'(G; M) — H'(G; N).

Definition IT1.1.9. We consider the category of pairs (G, M) where G is a group and M is a Z][G]-module.
A morphism (o, f): (G, M) — (G', N) cousists of a group homomorphism « € Gr(G,G’) and f € Ab(M, N)
such that

flgm) = alg)f(m)
for all g € G and m € M.

Lemma II1.1.10. A morphism («, f) as above induces a morphism
Hi(a, f): Hi(G; M) — H;(G'; N).
PROOF. Let P, be a projective resolution of M as a Z[G]-module and let Q. be a projective resolution
of N as a Z[G']-module. We can view every Q; as a Z[G]-module by defining
9-q:=a(g).q

for g € G and ¢ € Q;. We call the abelian group @; with this G-module structure a*(Q;) and therefore we
obtain a chain complex o*(Q.). Note that a*(Q;) is not necessarily projective as a Z[G]-module, but as we
didn’t change the underlying abelian group, we still get

0, x>0,

H, (™ (Qx)) = {N x=0.

By the fundamental lemma we obtain a chain map f.: P, — o*(Q.) extending f:

da dy

P, Py— oM

T

e —25 07 (Q1) —2 *(Qo) X N.

Note that there is a morphism Z®zqa*(Q;) — Z®z(c Qs, 50 in total we obtain a morphism from Z®zq P
to Z ®Z[G'] Q* O

Example II1.1.11. If G’ = {e} is the trivial group, then N is just an abelian group and any a: G — {e}
is constant. The condition on f in this case is

flgm) = alg)f(m) = ef(m) = f(m),
so f is constant on G-orbits. The induced map on homology H.(G;M) — H.({e}; N) has as target

H,({e}; N) which is N for * = 0 and which is trivial for * > 0. So the induced map has to be trivial
in positive degrees and is the map Mg — N induced by f in degree zero.

Example II1.1.12. In the other extreme case when G = {e} any a: {e} — G’ sends e to eg:. Here, M is
just an abelian group and f is just a homomorphism of abelian groups f: M — N. Now, the source has
trivial homology groups except in degree zero and there we obtain the map M — Ng/ which is the composite
ML>N*>NG/ . Here, the second map is the canonical projection N — Ng.

Of course, if the groups involved are non-trivial, then maps as in Lemma can be highly non-
trivial. We will see examples later in Section

Lecture 15
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ITI.2. Bar resolution and homology groups in low degrees

By the very definition of group (co)homology we have that Ho(G; M) = Mg and H°(G; M) = M%. Our
aim is to get explicit descriptions of Hy, H' and H?.

Definition I11.2.1. Let R be a ring, let M be a right R-module and N be a left R-module. The two-sided
bar construction of M and N over R is the chain complex B, (M, R, N) whose degree p part is

By(M,R,N) := M ® R®" @ N.
Here, the unadorned tensor products are over Z. We define a boundary operator by defining face maps

di: By(M,R,N) — B,_1(M,R,N),

mri @re®@ ... 1, @n), i=0,
di(mr®@...0rmen) =d{mer®...0rr®...0r,an, 0<i<p,
MmMRri®...rp_1 @rpn, t=p.

We let d: B,(M,R,N) — B,_1(M, R, N) be

d= zp:(—nidi.
i=0

Remark II1.2.2. The above definition ensures that d? = 0, because d; o d; = d;_1 o d; for i < j.

Traditionally elements in B,(M, R, N) are denoted by m[ry | ... | rpJnor [m |71 | ... | rp | n] and the
bars | give the construction its name.

For M = R, B.(R, R, N) is a chain complex of R-modules by setting
r(ro®@r®...0r,0n) = (rr) @M ..., On.

Lemma II1.2.3. For all R-modules N, the complex B.(R, R, N) is a resolution of N. If R and N are free
as abelian groups, then en: B(R,R,N) — N is a free resolution of N as an R-module.

PROOF. For the second claim note that the tensor product of free abelian groups is free abelian and
R®y @ 7 =~ @ R.
iel iel
For the first claim we construct a chain homotopy and set
H,: By(R,R,N) = Bp11(R,R,N), Hp(ro®ri®...0r,0n):=10r0r Q...0r, dn.
Then we get dH, + H,_1d = id. ]

We apply the above result in the case where R = Z[G] and N = Z and abbreviate B, (Z[G], Z[G], Z) by
B.(G). Here, the notation [go | g1 | ... | gp) for 9o @ g1 ® ... ® g, ® 1 is common.
We obtain the following description of Hy(G).

Proposition II1.2.4. For every group G
Hi(G) = G/[G, Gl
PRrROOF. In low degrees the bar construction B, (G) looks as follows
.. By(G) 2 Z[G]®*—L B, (G) = Z[G)®2—1— By(G) = Z[G].

Note that Z[G]®™ = Z|G™].
For a [go | g1] € B1(G) the boundary is

dlgo | 91] = 9091 — 90
and for a [go | g1 | g2] € B2(G) we obtain
dlgo | 911 921 = [9091 | 92] — 90 | 9192] + [90 | 91].
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Applying Z ®zj¢) (=) yields the chain complex
... Z|G x G|——Z|G)——Z
and the boundary maps are
(91.92) = 92 — 192+ g1, g1 0
and therefore
H\(G) = Z[G]/(92 — 9192 + 91, 91,92 € G) =: Z[G]/U.
We define p: G — H1(G) as ¢(g) = g+U. As H1(G) is an abelian group, ¢ factors through the abelianization
¢: G/|G,G] — H1(G)

G ¢ Hy(G)
=
G/[G, )
Then ¢ is an isomorphism with inverse ¢: H1(G) — G/|G,G], (g +U) := g + |G, G]. O

Proposition II1.2.5. For every group G and every trivial G-module M
HY(G; M) = Gr(G, M).

Note that as M is abelian, Gr(G, M) is Hom(G/|G, G|, M).

PROOF. We know that H'(G; M) is the first homology group of the cochain complex Homz (B« (G), M)
and this is the first cohomology group of

Homz) (Z[G], M )——Homz ) (Z[G x G|, M)——Homgz¢) (Z[G?], M)——. ..
We can identify this cochain complex with
M ——Homz(Z[G], M) ——Homz(Z[G?*], M) ——. ..

where the coboundary map sends an m € M to §(m)(g) = gm —m =m —m = 0. An f € Homz(Z[G], M)

corresponds to a map of sets f: G — M. Here, ¢ sends f to §(f)(g1,92) = f(g91) — f(g192) + f(g2). So f is
a cocycle if and only if

f(9192) = f(g1) + f(92)

and this is equivalent to f being a homomorphism. |

Next we want to identify H?(G; M) with a suitable set of equivalence classes of extensions. Here, we
consider extensions of the form

(I11.2.1) 0 M——E—"5G 1.

So, G is a given group, M is the given G-module viewed as an abelian group and the sequence (I11.2.1]
is a short exact sequence in the category Gr. The sequence is called split if there is a o € Gr(G, E) with
moo =idg. You know that in this case F = M x G.

Lemma II1.2.6. In any extension as in ({[11.2.1)) the group G acts on M by conjugation in E.

PROOF. As ¢ is a monomorphism, we can identify M with its image im(i) < E and as im(i) = ker(n)
we also know that im(i) <« E. The group E acts on itself by conjugation, and as M is abelian, im(i) acts on
itself trivially by conjugation, so the conjugation action by E on im(¢) factors through

E/im(i) x im(¢) — im(3).
As E/im(i) = G, the claim follows. O
We can now state the main result of this section. The proof will take a while...

Theorem II1.2.7. Let G be a group and let M be a G-module. There is a bijection between H?(G; M) and
equivalence classes of extensions as in ([11.2.1)) such that the induced G-action on M coincides with the given
G-module structure.
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Here, we consider the analogous equivalence relation on extensions as in Definition Two exten-

sions 0 M——E—"-G 1 and 0 M- B " 1 are equivalent if there is an
isomorphism of group ¢: EF — E’ such that the diagram
E
0—— M ¢ G——1
Nl
commutes.
For every extension 0 M——E- "G 1 we can find a set-level section s: G — E with

mos = idg and we can also choose s such that s(1g) = 1g. But of course this section won’t be a group
homomorphism in general. We measure its deviation from being one as follows:

Lemma II1.2.8. The function
[—,—=]: GXxG—=E, (91,92) — s(g1)5(g2)(s(9192)) "

has values in im(z) = M.
PROOF. As 7 is a group homomorphism and as 7w o s = idg, we obtain

7(s(g1)s(92)(s(9192)) ") = 9192(9192) " = Le.

|
The notation [—, —] goes back to Otto Schreier, 1901-1929.
Definition II1.2.9. The function [—, —] is called the factor set.
Beware that [—, —] actually depends on the extension and a choice of s. This is suppressed in the
notation.
Lemma III.2.10. If two extensions O M Y L Ya 1 (j = 1,2) with chosen set level sec-

tions s; yield the same factor set, then the extensions are equivalent.

PROOF. Both sections give bijections of sets F; & Gx M = E, where we send e € E; to (m;(e), e(s;(m;(e)) 1))
respectively (g,m) to i;(m)s;(g). Fixing the bijection defines a group structure on G x M by demanding
that the bijection be an isomorphism. This yields the relations

(i) (I,m)(1,n) = (1,m+n)
(i) (1,m)(g,0) = (g,m)

(iii) (g,0)(1,m) = (g,9m)
for1,g € G,0,m,n e M.

We prove (i) and leave the remaining relations as an exercise: The bijection above sends ((1,m), (1,n))
to (i;(m)s;(1),4;(n)s;(1)). We have s;(1) = 1, so if we multiply the values we obtain i,;(m)i;(n) = i;(m+n)
and this has as a unique preimage under the bijection the element (1, m + n).

So the above three relations give a group structure that is independent of the chosen section. We have
to know what (g1,0)(g2,0) is in order to understand what the group structure is on E; and Es.

The bijection sends ((g1,0), (92,0)) to

(i5(0)s;(g1),1;(0)s;(g2)) = (s5(91),8(92))
and this is sent back to the element

(9192, 5(91)55(92)(55(9192) ")) = (9192, [91, g2]s,)-

By assumption [g1,92]s, = [g1,92]s,, S0 the induced group structure on G x M agrees and we obtain the
desired equivalence of extensions. O
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Lecture 16

Remark IT1.2.11. The proof above gives the explicit group structure for given E and chosen s on G x M
as (g1, m1)(g2, m2) = (9192, m1 + gim2 + [g1, g2]) because we can unravel this as

(91,m1)(g2,m2) = (1,m1)(g1,0)(1,m2)(g2,0) by (ii)

1,m1)(g1, g1m2)(g2,0), Dy (iii)

1,m1)(1, g1m2)(g1,0)(g2,0), by (i)

1,m1 4+ g1ma2)(g192, [91,92]), by (i) and the argument above
L,mi 4+ gim2)(1, [g91,92])(9192,0), by (ii)

= (9192, m1 + g1ma + [91, 92]), by (i) and (ii).

= (
= (
=
= (

If s happens to be a group homomorphism, then [g1, g2] = 1 for all g; € G and then E = M x G, so that the
extension splits. In total we obtain that the extension splits if and only if [—, —] = 1.

Proposition I11.2.12. Let M be a G-module. A function [—,—]: G x G — M is a factor set if and only if
it satisfies
(a) [1,9] =1g,1] =0 for all g € G.
(b) For all g1,92,93 € G:
91192, 93] = (9192, 93] + 91, 9295] — 91, 92] = 0.
Functions that satisfy the two conditions above are called normalized 2-cocycles. Condition (b) just says

that [—, —] € Z%(G; M) and (a) is a normalization condition.

PROOF. If we assume that [—, —] is a factor set for a section s, then as s(1) =1 we get

[1,9] = s(1)s(g)s(1-9)7" = 1.

As we write M as an additive group, this gives (a). As the composition in F is associative, we get in
particular that

((91,0)(g2,0))(93,0) = (g1,0)((92,0)(g3,0))
and this gives the condition

(919293, 91, 92] + 0 + [g192, 93]) = (919293, 0 + g1[92, 93] + [91, 9293])

and thus (b) holds as well.
Assume now that F is G x M as a set with multiplication

(g1,m1)(g92,m2) = (9192, m1 + g1m2 + [g1, g2])-
Then we obtain that
(9,m)(1,0) = (9,m) = (1,0)(g,m),
so (1,0) is a neutral element. We calculate that for an arbitrary (g, m)

'm—g g, g ) =0,m—g9 " 'm—gg 9,97+ [9.97"])

= (150)7

(g.m) (g~ ", —g~

so we have an inverse for every (g,m). You check that the product is associative.
Thus E is a group and we can embed M into E as {1} x M. Then {1} x M is normal in E and
E/{1} x M 2 G, so
0 M E G 1

is an extension. 0

Lemma II1.2.13. Two choices of s, s’ make the two corresponding factor sets [—, —]s and [—,—]s differ by
a coboundary.
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PRrROOF. We identify M again with i(M). Two sections s,s’ of m with s(1) = 1 = s’(1) result in the
same coset
s(9)i(M) = §'(g)i(M)
for all g € G because im(i) = ker(w). So for every g € G we find an m = my such that s(g) = i(mgy)s'(g).
This defines a function
B:G—=M, g mg.
A calculation now gives that [g, h|s = [g, h]s + (65)(g, h):

[, h]sr = §'(g)s"(h)((s(gh)) ")
= B(g)s(9)B(h)s(h)((B(gh)s(gh))™")
= B(g)s(g9)B(h)s(g)~"s(g)s(h)s(gh) " B(gh)~".

|
—
VA
=~

Here, 5(g), s(9)B(h)s(g)~", s(g)s(h)s(gh)~" and B(gh)~
therefore express the above term as

Blg) + s(g)B(h)s(g)~" + g, hls — B(gh).

The G-action on an element §(h) is given by conjugation, hence

s(9)B(h)s(g)~" = g.B(h)

are elements of the abelian group M and we can

and in total we obtain

[9, h]s +g.B(h) — B(gh) + B(g) = [g, h]s + 5(B)(g, h).
0

The normalization condition does not change the cohomology (see [12], Theorem 8.3.8]) and so we obtain
the claimed bijection between H?(G; M) and the set of equivalence classes of extensions.

II1.3. Shapiro’s Lemma and transfer

We now turn to the relationship between the (co)homology of a group G and the (co)homology of its
subgroups H < G. Again, we need some background from category theory.

Definition II1.3.1. Let C and D be categories. An adjunction between C and D is a pair of functors
L:C — D, R: D — C, such that for each pair of objects C of C and D of D, there is a bijection of sets

(I11.3.1) vo,p: D(L(C), D) = C(C, R(D)),

which is natural in C' and D.
The functor L is then left adjoint to R, and R is right adjoint to L. We call (L, R) an adjoint pair of
functors.

The naturality condition on the bijections ¢ ¢, p can be spelled out explicitly as follows: For all morphisms
f:C1y = Csin C and g: Dy — D5 in D, the diagram

D(Lf,D1) D(L(C1),9)

D(L(Cy), Dy) D(L(Ch), Dy)

@CQ,DIJ( lsﬂcl,Dl Jﬁcl,Dz
C(f,R(D1)) C(C,R(g))
C(Ca, R(Dy)) C(Cy, R(Dy)) —— 2" C(Cy, R(D2))

D(L(Ch), D2)

comimutes.

L
One often denotes adjunctions as C——D or as L: C——D: R.
R

Remark ITI.3.2. For every object C of C and D of D there are morphisms nc € C(C, RL(C)) and ep €
D(LR(D), D) that correspond to idpc and idrp under the above bijection ¢. One calls 7 the unit of the
adjunction and € the counit of the adjunction.
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Definition II1.3.3. Let F,G be two functors from C to D. A natural transformation T from F to G
consists of a class of morphisms 7o € D(F(C), G(C)), the components of T, such that for every morphism
f € C(Cl, Cg),

e, 0 F(f) = G(f) o 7ey,
that is, the diagram

F(Cy) — G(Cy)

F(f)J JG(f)

TC P

commutes.

For an adjunction (L, R) the morphisms n¢ are the components of a natural transformation n: Ide = RL
and the eps are the components of £: LR = Idp.

Examples III1.3.4.

e Let U be the functor that maps an abelian group A to the underlying set of A and let F' be the
functor that sends a set S to the free abelian group with basis S, @gZ. Then F' is left adjoint
to U: for any function f from S to the underlying set of an abelian group A, there is a unique
morphism of abelian groups from F(S) to A extending f that is determined by sending the basis
element of the copy of Z in component s € S to f(s).

e Let I: Ab — Gr be the functor that sends an abelian group A to A and an f € Ab(4, B) to I(f) = f.
Then I has a left adjoint, namely the functor that sends a group G to G/[G, G] because you know
from your lecture course in algebra that

Gr(G,I(A)) = Gr(G, A) = Ab(G/[G, G], A).

e Let Ri, Ry be rings and let f be a ring homomorphism f: R; — Ry. Then f defines a functor
f*: Re-mod — R;-mod by sending M to f*(M) whose underlying abelian group is the same as M,
but f*(M) carries an R;-module structure via r1.m := f(r1).m. If a: M; — M> is Rs-linear, then
« induces an R;-linear map

fr(a): f*(My) = My — My = f*(Ma)
with
fr(@)(rem) = f*(a)(f(r1)-m) = a(f(ri)m) = f(ri)a(m) = f(ri) f* (@) (m).
The functor f* is often called the restriction of scalars.
Lemma II1.3.5. Let f: Ry — Ro be a ring map. Then f* has a left adjoint L and a right adjoint R.

PROOF. We define L: Ri-mod — Re-mod as L(N) := Ra®pg, N, where we view Ry as a right Rj-module
via f, thus ro @ rin = rof(r1) @ n for r; € R; and n € N. Then Ry ®g, N is a left Ry-module and

Hompg, (R2 ®g, N, M) = Homg, (N, f*(M)) :
A g € Hompg, (N, f*(M)) is sent to §: Re ®r, N — M with
g(ra ®n) =rag(n)
and we map an h: Ry ®g, N — M to h with h(n) = h(1 ® n). This bijection is binatural.

For the right adjoint we define R as R(N) := Hompg, (R2, N) where we view Rz as an R;-module via f.
The Ro-module structure on R(N) is given by the right Ro-module structure of Ry. Then

HOI’an (f*(M)v N) = HomR2 (Mv Hole (R27 N))

and the bijection is given by sending a g € Hompg, (f*(M), N) to the map that sends an m € M to the
morphism 73 — g(rem). Conversely, an h € Homp, (M, Hompg, (Rg, N)) is mapped to

m— h(m)(1g,).
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Lecture 17

Example IT1.3.6. Every group homomorphism ¢: G; — G5 induces a ring homomorphism f = Z[p]: Z|G1] —
Z|Gs). In particular, if H < G, then the inclusion map i: H <— G induces a ring map i: Z[H| — Z[G].
Definition II1.3.7. Let G be a group and H < G.
(a) For any Z[H]-module N the Z[G]-module Z[G] @z N is the induced module and is denoted by
Ind% (V).
(b) The Z|G]-module Homyzx(Z[G], N) is the coinduced module and is denoted by Coind% (N).
(¢) The inclusion i: H — G gives rise to a ring map i: Z[H] — Z[G] and for a Z|G]-module M, i*(M)
is the restriction and is denoted by Res$ (M).

Remark ITI.3.8. So we already know that
Homyz¢(Z[G] ®zia) N, M) = Homy g (N, i* M) (= Homgz ) (N, M))

and
(HomZ[H] (M, N) :)HomZ[H] (i*M, N) = HomZ[G} (M, HomZ[H] (Z[G], N))

Often, i*(—) is suppressed from the notation.
Note that Z[G] is a free Z[H]-module because the decompositon of sets G = | |5 H gives

G] = @ Z[H]
G/H
Theorem II1.3.9 (Shapiro’s Lemma). Let G be a group, H a subgroup of G and N an H-module. Then

(a) H,(G;Ind%(N)) = H,(H;N).
(b) H*(G;Coind%(N)) = H*(H; N).

PROOF. As Z[G] is a free Z[H]-module, every projective resolution P, — Z by right Z[G]-modules is
also a projective resolution of Z by right Z[H]-modules. The claim now follows from the identifications

H,(G;Ind (N)) = Hy(P. ®z(c) (Z[G] @z N)) = Ho(Py @z N)
and
H*(G; Coind$ (N))

H*(Homgzg(Py, Homz 1) (Z[G], N)))
(Homgzic)(Ps ®z1m) Z[G], N))
(HomZ[H](P*vN))
(H;N).

I

1%

H*
H*
H

*

O
Lemma II1.3.10. Assume that H is a subgroup of G and that [G : H] < co. Let N be an H-module. Then
there is an isomorphism of Z|G)-modules
Ind% (N) 2 Coind%(NV).
PROOF. We define p: N — Coind%(N) as

(n)(g) gn, g€ H,
n =
4 g 0, otherwise.

We have to show that p(n) € Homgz ) (Z[G], N), but for every h € H we have that hg € H if and only if
g € H, so p(n) is Z[H]-linear because in this case ¢(n)(hg) = hgn = ho(n)(g).
We extend ¢ to a Z[G]-linear map

¢: Z|G] @zim) N — Homg 1 (Z[G], N)
by Lemma [[T[.35} this gives
o9 @n)(g) = g -v(n)(9).
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Conversely, we define

W Homz (Z[G], N) = Z[G] @zt N, (a) = > g@a(g™),

geXx
where X is a set of representatives for the left cosets of H in G.
The composite 1 o ¢ is the identity because
b(@lg@n) =Y e d(gen)(i)
gex
_Jg®glgn, §lgeH,
0, otherwise,
=g@n.

Here we use that if §~'g = h for some h € H, then § = gh™', so then the value is gh ™' @ hn = g @ n.
For the other composite we get

N =¢(> 9@ f(g)

geX
and
(I1L.3.2) P(N@) = Y e(fla™)(@9)-
geX
But there is only one g € X such that jg € H and again if jg = h € H, then g = g~ 'h and g~! = h™1§, so
that ([T1.3.2)) is equal to hf(h~1g) = f(g) because f is Z[H]-linear by assumption. O

Before we present some applications of Shapiro’s lemma, we use it first for defining transfer maps.

Definition II1.3.11. Let H be a subgroup of G with [G : H] < co and let M be a G-module. We denote
by ¢ the inclusion of H into G.
(a) The homological transfer is the map i': H,(G; M) — H,(H;Res% (M)) given by the composite

Nl

H,(G; M) t » H,(H;Res%(M))
H*(G;UM)J T’Z
H,(G; Coind$; (ResG (M))) ——— H,(G; Ind% (Res$ (M)))

where the isomorphism at the bottom is the one from Lemma[[T[.3.10] and the vertical isomorphism
comes from the Shapiro Lemma.
(b) Dually, the cohomological transfer is the map i,: H*(H;Res& (M)) — H*(G; M) that is the com-

posite
H*(H; Res$ (M) E » H*(G; M)
ul TH*(G;EJM)
H*(G; Coind$ (Res$; (M) ———— H*(G; Ind$; (ResS; (M)))

where the vertical isomorphism comes from the Shapiro Lemma and the horizontal isomorphism is
again the one from Lemma

Remark IT1.3.12. Often Res$; (M) is just denoted by M and then the transfer maps look like i': H.(G; M) —
H.(H; M) and 4,: H*(H; M) — H*(G; M), but this can be confusing.
The transfer maps are also often denoted by tré.
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Lemma I11.3.13. If again [G : H| < co and if M is a G-module, then the composite

H. (i;M)

H.,(G; M)—"— H,(H; M) H.(G: M)

is the multiplication by [G : H] and so is

(G M) — S e (| M)— B (G5 M),
PROOF. We unravel the maps that are used in the definition. The composite
EM

M%Coindfl(Resfl(M))j—ﬂndg(Resg(M))—)M

induces the map H,(i; M) oi' on homology. So we have to understand the unit and counit of the adjunction.
The unit

nar: M — Coind$ (Res% (M) = Homz g1 (Z[G], Res% (M))

is adjoint to the identity map on Resg(M)) and it sends an m € M to the map that sends a g € G to the
identity evaluated on gm. We call this map a,, so a.,(g) = gm.
The isomorphism : Coind% (Res$ (M)) — Ind$ (Res% (M) applied to a,, gives (compare the proof of

Lemma [[11.3.10))
Glam) =D 9@ am(g ) =Y gog 'm.

geX geX

The counit of the adjunction ey, : Ind% (Res$(M)) — M is adjoint to the identity map on Res$ (M) and it
maps a generator g @ m € Z[G| @z Res% (M) to gm. Therefore the composite &7 0 ¢ 0 1y is

m Zg@gflmr—) Zggilm:Zm:[G:H]m.

geX geEX geEX
O

In the following we state some consequences and for simplicity we state them only in the case of homology
groups. There are analogous statements for cohomology.

Corollary II1.3.14. Assume that [G : H] < oo and that the multiplication by the index is an isomorphism
in a G-module M. Then H,(G; M) is a direct summand in H.(H; M).
In particular, if p is a prime with p{ |G|, then H.(G;Z/pZ) = 0 for all * > 0.

PROOF. For the first claim we know that the composite

H, (i;M)

H.(G; M)—" H.(H; M) H,(G; M)

is the multiplication by [G : H], so it is an isomorphism, hence the claim follows.
If p does not divide |G|, then the multiplication by |G| is an isomorphism, but it is also the composite

H. (4;M)

H.(G; M)—H.({e}; M) H.(G; M)

But the trivial group does not have any non-trivial homology groups in positive degrees. (Il

Example IT1.3.15. The group X3 has order 6 and [X3 : C3] = 2, [¥3 : C3] = 3. Here, Cy is any group
generated by a transposition. Then we get that H,(X3;F5) is a direct summand of H,(Csq;Fs) and H, (X3;F3)
is a direct summand of H,(C3,Fs). We also get that H,(X3;F,) =0 for * > 0 and p a prime with p > 5.

Lemma II11.3.16. If M is any abelian group, then H,.(G;Z[G] ®z M) =0 for all * > 0.
PrOOF. Apply the Shapiro Lemma to H = {1}. Then
H.(G; Z[G) 5 M) = H.(G; Indy (M) = H.({e}; M) = 0
for positive *. O
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Example I11.3.17. If K C L is a finite Galois extension with Galois group G, then H,(G; L) = H*(G;L) =
0 for all * > 0 and of course H°(G; L) = L = K, but also K = Lg = Hy(G; L). We only show the claim
for homology.

One can show that there is an a € L such that (g(a))4ec is a basis of L over K (see for instance Jantzen-
Schwermer, Algebra, VI.3) and as a K-vector space we can identify L and K[G] by sending an element
> gec Ag9(a) to > o Agg. This is actually an isomorphism of G-modules and therefore

H.(G; L) = H.(G; K[G]) = H.(G; Z|G] @z K)
so we get the claimed result with Lemma
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CHAPTER IV

Hochschild homology

Lecture 18

Hochschild homology is a homology theory for associative algebras. Again, we will only cover some
basics. For more background and examples see [5], 12].

IV.1. Definition and basic examples

You start with a commutative ring with unit k& # 0, a k-algebra A, and an A-bimodule M, so M has
a compatible right and left A-action: aj(mas) = (aym)as for all a; € A and m € M and restricted to k
this module structure is symmetric. We denote the unit of the algebra A as n4: k — A and we denote the
multiplication in A by u: A ®; A — A and abbreviate u(a ® b) as usual to ab.

Definition IV.1.1. The ith Hochschild homology group of A over k with coefficients in M, HHf(A; M) is
defined as
Hi(CHAM)) = Hy(...— s Mo A®2 L s Mo A—"sM).
Here, the tensor products are over k and b= . (—1)"d;, where
G ®...0a;ai41 ®...an, fori<nand

V.11 di(ag® ... ®an) =
( ) (a0 ) {ana0®...®an_1, for i = n.

for ag € M and a; € A for 0 < i < n.

Again, we have d; od; = dj_; od; for i < j and this ensures that b is a boundary operator. The
Hochschild homology groups carry the structure of k-modules. You will show that this can be extended to
a module structure over the center of A, Z(A).

A nice way to visualize this is to draw elements in the Hochschild complex in a cyclic manner:

& 1@
ao
&

ap

® .

Then the ith face map in the Hochschild complex just multiplies the elements a; and a;41 together,
where now, the indices have to be read modulo n + 1. If we take A as an A-module, then this gives rise
to the important cyclic structure on the Hochschild complex [5]. For M = A we shorten the notation to
HH.(A) and use C¥(A) for the corresponding chain complex.

Remark IV.1.2. A morphism f: M — M’ of A-bimodules induces a chain map CF(A4; f): C*(4; M) —
CF(A; M') and therefore an induced map HH¥(A; f): HHF(4; M) — HH"(4; M").

A map of k-algebras g: A — B gives rise to a morphism idy; ® ¢®": M ® A®" — M ® B®" which is
compatible with the boundary maps for every B-bimodule M, so we obtain a chain map C¥(g; M) and an
induced map

HH..(g; M): HH.(A; M) — HH..(B; M)
where we view M as an A-bimodule via g.
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Definition IV.1.3. Consider A ®; A°P. This is a k-algebra with unit

bk 0k L nAQknNAop A 0k yes

and multiplication
(a1 ® az)(as ® aq) = ara3 ® agas for a; € A.
Then A¢ := A ®; A°P is the enveloping algebra of A.

Lemma IV.1.4. A left A°-module structure on a symmetric k-module M is the same as an A-bimodule
structure on M.

PROOF. The correspondence is given by

(a1 ® az).m = aymas.

This is also equivalent to the right A¢-structure on M given by
m.(a1 ® az) = agmay.

Proposition IV.1.5.
(a) For every k-algebra A and every A-bimodule M we have

HHE(A; M) = M/U

where U is the k-submodule of M generated by elements of the form am — ma for m € M and
a € A. In particular, for M = A we obtain

HHo(A) = A/[A, A],
where [A, A] is the k-submodule of A generated by ab — ba for a,b € A.

(b)
HHE(Ry = 4 # =0
0, otherwise.

PROOF. For (a) we consider b: C¥(A; M) = M ®@ A — CE(A; M) = M and get
b(m ® a) = ma — am.

For (b) we use that k¥l = [ for all n > 0, so the Hochschild chain complex in this case is isomorphic

to

b b b b

k k k k.

The face maps d; correspond to identity maps under this isomorphism, so the Hochschild complex is isomor-
phic to the complex

id id

E—2 sk E—2 sk

and hence the homology groups are as claimed. O

Example IV.1.6. If A is not flat over k, weird things can happen. Take for instance A = Z/nZ for some
2 < n € N. This is a ring, hence a Z-algebra. But as Z/nZ ®y Z/nZ = Z/nZ, the Hochschild complex
CZ(Z/nZ) is isomorphic to

id

Z/n7—27n7— 7 InZ— 27, /7
and

Z/nZ, *=0,

0, otherwise.

HHZ(Z/nZ) = {

One can avoid these pathologies by considering a derived version of Hochschild homology, called Shukla
homology.
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Example IV.1.7. For every group G, every commutative ring k and every k[G]-bimodule we can consider
the Hochschild homology of k[G] with coefficients in M, HH¥ (k[G]; M) but we can also view M as a G-module
by defining the G-action on M as

g.m = gmg ! for g€ G,m € M.
It is common to denote M with this G-action by M*€. You will show in an exercise that
HHE (kG M) 2 H.(G; M°),
so in particular for M = k with the trivial G-action we obtain
HH (k[G1: k) = H.(G).
Lecture 19

Remark IV.1.8. If A happens to be commutative, then HHS(A) = A. What about HHY(A; M) in this
case? The Hochschild complex in low degrees is

b b

M@ A®? M®A M

and this yields
ker(b: M @ A — M)
imb: M@ARA—-M®A)
Here, b: M ® A — M is zero, if M is a symmetric A-bimodule, i.e., if ma = am for all a € A and m € M.
In this case, HH’f(A; M) is the quotient of M ® A by the submodule generated by all ma; ® ag — m ®
aias + asm & aq.

Definition IV.1.9. Let A be a commutative k-algebra. The A-module of Kdhler differentials of A over k,
Qzl‘ll i 18 F/U, where F is the free A-module generated by symbols da for a € A and U is the A-submodule
generated by

(a) d(Aa+ pb) — Ada — udb, for a,b € A, A\, p € k.

(b) d(ab) — adb — bda for a,b € A.

HHY(A; M) =

Remark IV.1.10. Property (a) is the k-linearity of d(—) and property (b) says that d(—) is a derivation,
so it satisfies the Leibniz rule that you know from differentiation of real functions: (fg) = f'g + f¢’.

There is also an analogue of the property that constant function have trivial derivative: If A is an element
of k, then we obtain

d()\ . lA) = )\d(lA) = )\d(lA . 1,4) = )\1,4(1(1,4) + AlAd(lA) = 2)\d(1A)7
and hence, d(A-14) =0.

Proposition IV.1.11.
(a) If A is a commutative k-algebra, then

HHY(4) = Q) ;.
(b) If in addition M is a symmetric A-bimodule, then
HHY (A; M) = M ®4 Q.
PROOF. We know that for (a) the boundary map b: A® A — A is trivial because A is commutative and
b: A% 5 A® A is given by
blap ® a1 ® ag) = aga; ® ag — ap Q@ ajas + azag ® aj.
We define : HHY(A) — Q}Mk as

plag ® a1] := apd(ay).
This is well-defined, because aga; ® as — ag ® ajas + asag ® a; maps to

aoald(ag) — aod(alag) + agaod(al) = aoald(ag) — aoald(ag) — aoagd(al) + agaod(al) =0.
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The map : Q}4|k — HHY(A), ¢(adb) = [a®b] is an inverse to . It is well-defined, because a ® b is a cycle,
tensors are bilinear, and the relation coming from the Leibniz rule gives rise to boundaries.

In the case of coefficients in M as in (b) note that m®a is a cycle for all m € M and a € A because M is a
symmetric A-bimodule. Therefore [m®a] := m®da gives a map from HH; (A; M) to M ® 4 Qhk‘ It is well-

defined, because ¢ sends ma; ® as —m®ajaz +aam®a; to zero. The inverse of ¢ is Y(m®ad(b)) = [ma®b].
As p(ma @ b) = P(m @ ad(b)), this map is well-defined. O

Example IV.1.12. Let A be k[z]. For Q,lc[m”k we have to understand d of a general polynomial. But as

d(cpx™ + ...+ cax+c) = cpd(a™) + ... + c1d(x)

we only have to understand what d(z*) is for all i > 1. An induction shows d(2*) = @' d(z), s0 Q1.

is generated as a k[z]-module by dz and as there are no relations for dx we obtain an isomorphism of
k[z]-modules

Qg = Fl].

Example IV.1.13. Let A be F,[z]/(zP — x) for a prime p. Then again Q}le ]/ (7 —2)|F, is generated by dx,
but in this example the relation xP = z gives

d(x) = d(2?) = pa?~td(x) = 0

and hence Q]}p[z]/(zp_r)mp =0.

IV.2. Hochschild homology as a derived functor
We consider an auxiliary complex:

Definition IV.2.1. For any associative k-algebra A we consider the bar complex of A, CfaT’k(A), with
Chark(A) = A®+2 and differential b : CLark(A) = A®nH2 _ CPomR(4) = A®nHL B = S (_1)id;:

v A®4 v A®3 v A® A

Remark IV.2.2. Note that the last face map d, 11 does not occur!
There is an augmentation map e4: C2*"*(A) — A given by

c | My, M= 0,
bar,k =
Aot a) 0, otherwise.

Lemma IV.2.3. For any associative k-algebra the complex Cffw’k(A) is a resolution of A as a left A®-module.
PROOF. We define the A°-module structure on every CLe™*(A) as
(a®a)(a®a1 Q... 00, @apny1) =049 a1 @ ... R Ay @ api1a’.

As V' only involves the face maps dy up to d,, this module structure is compatible with &, and it is also
compatible with the augmentation.
We define s,,: CL"F(A) — C’Z‘ﬂk (A) as

SR ® ... 0, Qapt1) =1Rag®a1 Q... R ap ® Gpy1.

Then d;s,, = sp—1d;—1 holds for 1 <¢ < n + 1 and dys,, = id. Therefore b's,, + 5,10 = idcbaT,k(A a

)
Note the similarity to the proof of Lemma [[T1.2.3] The chain homotopy s = (s,,) if often called the extra
degeneracy.

Theorem IV.2.4. If A is an associative k-algebra whose underlying k-module is projective, then for every
A-bimodule M

e

HH* (A; M) = Tor" (M, A).
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PROOF. As A is projective over k, so is A®™ for all n > 1. Therefore, Cfar’k(A) is a projective resolution
of A as a A°-module, so

Tor (M, A) = H,(M ® 4. CP*F(A)).
We can identify
M @ac CLR(A) = M @4 A®"T2 2 M @ A",
because in M ® 4 CL%(A) we have that
MmMRag a1 ®...Qa, Qapt1 =apy1Me V1 R®a; ®...Qa, X1
and we identify the latter with
Ap+1Mag @ a1 Q... R ay.

Under this isomorphism the boundary map idy; ® 4 b’ is identified with b: for the face maps dy,...,d,_1
this is obvious.

The zeroth face map do(m®a; ®...®a,,) corresponds to dy(MR1®a; ®...Qa, ®1) in M ® 4 CL4E(A)
and this is m® a; ® ... ® a, ® 1 which again corresponds to ma; ® ... ® a, and d,(M @ a1 ® ... ® a,)
corresponds to d,(M®1R®a; ®...®a, ®1) in M @4 C27*(A) and thisis m®1®a; ®...® a, which is
identified with a,m Qa1 ® ... R ap_1. O

Remark IV.2.5. For Theorem to hold, it actually suffices to assume that A is flat as a k-module
[12, Corollary 9.1.5]. Thus if A is flat over k, then HH¥(A; M) is the derived functor of HHE(A; M) =
M/(am — ma,a € A,m € M). You might think of HHF(A; M) as the symmetrization of the A-bimodule
structure on M.

Example IV.2.6. Let A be k[z]. Then this is even free as a k-module, so
HHE (k[2]) 2 Tor®™) (k[z], k[]).
But as k[x] is commutative, we have
k[z]® = k[z] @ k[x]? = klz] @k k[z] = K[z, y].
The k[z,y]-module structure on k[z] is given by

foid

klz,y] @ k[z] k(2] @ klz] s k[z],

where f(z) =2 = f(y). We need a projective resolution of k[z] as a k[x, y]-module and
Bl y|————k[z, 9]

does the trick: Multiplication by x — y is injective and k[z,y]/(x — y) = k[z]. Therefore

(z—y)®id
and this is the homology of the complex
0 k[2x]—2 k).
Thus we obtain
k =0,1
HHE (b)) 2= 4 17 = =00
0, otherwise.

We already new that HH (k[2]) 2 k[z] and HHY (k[z]) 2 Q}
these are the only non-trivial Hochschild homology groups.

e = k[z], so the calculation above says that

Lecture 20
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Example IV.2.7. The above result can be generalized to quotients of the form A = k[x]/é(x), where
¢(x) € k[z] is any monic polynomial [2]. Let k # 0 be again an arbitrary commutative ring and let A be
klx]/(¢(x)) where ¢ is any monic polynomial. As A is commutative, we have A° = A ®; A and this is a
quotient of k[z,y]. We consider the complex of A°-free modules F, of A that is free of rank one over A¢ with
generator z,, in every degree n > 0. We define its boundary as
T
(z®1-1®y)xr,—1, nodd.

In [2] it is shown that this is actually a resolution of A. Assume that M is a symmetric A-bimodule (for
instance M = A). Then

@' () 0 ¢’ (2) 0 0

HH" (k[z]/(p(x)); M) = H.(.. M M M).

For instance, if k = M = F3 and A = F3[x]/(2%) then the boundary maps in the above complex are trivial
because (z3)" = 322 = 0 and hence

HHES By o] /o™ Fa) = Fa, - for all > 0.

M

IV.3. Morita invariance
You might have seen the following important definition in other contexts:

Definition IV.3.1. Let A and B be two associative k-algebras. Then A and B are Morita equivalent, if
there is an A-B-bimodule P and a B-A-bimodule @) together with isomorphisms

p: PRpQ=A, and ¥: Q®a P =B,
where ¢ is an isomorphism of A-bimodules and %) is an isomorphism of B-bimodules.

Remark IV.3.2. You know from an exercise that in the above situation P is projective as an A-module
and as a right B-module and dually, that @ is projective as a B-module and a right A-module.

Example IV.3.3. For all rings # 0 the ring R is Morita equivalent to the ring of n X n-matrices over R,
M,,(R) for every n > 1. Here, one can take P = R™ = @), but we view P as row vectors, (R™)*. Then

(R™) @, (r) R" = R, and R" ®p (R")" = M, (R).
Hochschild homology is Morita invariant:

Theorem IV.3.4. If A and B are two k-algebras that are Morita equivalent and if M is an A-bimodule,
then
HHZ(A; M) = HHE(B;Q @4 M @4 P).
In particular, for M = A:
HHE(A) = HHI(B; Q ©4 A ®4 P) 2 HHY(B).
We prove a special case for now and defer the full proof of Theorem [IV.3.4] to later (see Section [V.4)).

Theorem IV.3.5. Let A be an associative k-algebra and let M be an A-bimodule, then
HHY (M, (A); M,.(M)) = HHE(A; M) for all v > 1.
PRrROOF. We define the generalized trace map
tr: M.(M)® M,(A)®" - M @ A®"

as
tr(B°®B'®...® B") := Z by i ® ... @b
1<io,. - in <7
(So if you multiply tensor factors in the summands you actually get the trace of the product of the matrices.)
As d; otr =trod; for all 0 < i < n, the generalized trace map induces a chain map
trs CH(M, (A); Mo (M) — CH(A; M),

64



Define i: A — M,.(A) and i: M — M,.(M) as

0, otherwise.

<z’<m>>ij={“”’ B B

We extend ¢ to a map
it M®@A®" — M. (M)® M (A)®", i(m®a ®...0a,) =i(m)@i(a1) ®...Qi(a,).
Again, djoi =1io0d; for 0 < j < n, so ¢ induces a chain map.
The composite tr o i applied to an element m ® a1 ® ... ® a,, is
tr(i(m) ®i(a1) ® ... ®i(a,))

and this actually has a single non-trivial summand, namely the one for ioc = ... = i, = 1 and this returns
m®a; @...R an, so troi =Iidgka;n)-

The other composite 7 o tr places the result of the generalized trace map into the upper left corner of a
matrix, so this is not the identity map, but we show that it is homotopic to the identity map.

To this end we define for 0 < j < n

hi(B'@..@B") = > Eia(b):,)©Eb],)®. 0B 0], )©EL,,, ()BT e .oB".
1<i0,0myij 1 <7

Here, E;;(z) is the matrix that has « in spot (¢, j) and is trivial otherwise, and 4,1 = iy for hs,.
e We obtain dghg = id because
doho(B° @ ...® B") = do(>_ Eiy1(b), ;) © F1,(1) @ B'®...® B")
10,91
=Y Ei,(,)®B' ®...@B"
10,11
=B’9B'®...® B".

e For d, ;1 0h,(B°®...® B™) we obtain

dn+1 > Eia®) ) @Eab] ) ®... @B ,) ® B (1)

1<i0, . in <
but as
By iy (1) By 1 (]

10,01

)= Ep (b9 ;) =i(b?

10,01 1o,i1)
we obtain d,41h, =t o0 tr.
e These maps also satisfy the identities

dihj = hj_1d; for i < j,
d;h; = d;hi—q for 0 < i < n,
dih; = hjd;—y for i > j+1.
This ensures that the map H := Z;L:O(—l)jhj satisfies
bH + Hb =id — i o tr,
to that 7 o tr is chain homotopic to the identity. |

Corollary IV.3.6. For all r > 2 the trace map induces an isomorphism
M, (A)/[M(A), M,(A)] — A/[A, A].
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Proor. This follows from the case n = 0 from above: The trace tr: M,(A) — A can be prolonged to
M, (A)"—A——AJ[A, A] = HHf (A)
and this map in turn factors through HH{ (M,.(A))
M,.(A) v A A/IA, A] = HH; (4)
HHG (M, (4)) = M, (A)/[M,(A), M, (A)]
and the proof of Theorem shows that ¢r is an isomorphism. 0

IV.4. Hochschild cohomology

Definition IV.4.1. Let A be a k-algebra and let M be an A-bimodule. We set
Ci(A; M) := Hom 4 (CY*™k (A), M)
and define the Hochschild cohomology of A with coefficients in M as
HH (43 M) o= H* (CF(4; M),
Remark IV.4.2.
e The definition above implies directly that HH} (A; M) = Ext’.(A; M) if A is projective as a k-
module.
e We can simplify the description of C}(A; M). If g is an A°-linear map
G ARA® R A — M
then we can identify it with the k-linear map f: A®" — M where f(a1 ® ...®a,) = g(l®@ a1 @
...®a, ®1). The isomorphism
Hom zc (A ® A®™ @ A, M) = Homy (A®™, M)

also yields an identification of the coboundary operator which is given on an f € Homy(A®™, M) as

5(f)(a1®.. . ®ani1) = arf(02®. . .®ant1)+Y_(~1) f(@1®.. .®ia; 118 .. Rant1)+(—1)" f(a1®. . .@an)an1.
i=1
The next result follows directly from the definition of Hochschild cohomology and the above identifica-
tions.

Proposition I1V.4.3. For any k-algebra A and any A-bimodule M we obtain

(a)

HHY(A; M) = {m € M,am = ma for all a € A},
and in particular

HHY(A) = {a € A,ab = ba for allbe A} = Z(A),
where Z(A) denotes the center of A.

(b) HHL(A; M) is the quotient of the k-module of derivations from A to M modulo the k-submodule
of inner derivations. Here a k-linear map D: A — M s a derivation, if D(ab) = aD(b) + D(a)b
for all a,b € A. A derivation D is an inner derivation if there is an m € M such that D(a) =
ma — am =: [m, al.

Lecture 21

Remark IV.4.4.
e Check that inner derivations are actually derivations!
e Compare this notion of derivations with the one for Kéahler differentials. Beware that here the
Leibniz rule is different: D(a) and D(b) are elements of M and for aD(b) we use the left A-module
structure on M whereas for D(a)b we use the right A-module structure.

66



e HH;(A) is actually a Lie-algebra with Lie bracket
[Dl,DQ] = D1 o DQ - DQ (e} Dl,
where D1, Do are (classes of) derivations.

As for groups, we can relate the second Hochschild cohomology groups to equivalence classes of suitable
extensions. We consider short exact sequences

0 M—" BT A 0

that are split as sequences of k-modules. The objects M, E, A are algebras where M is without unit and
carries the trivial multiplication: m -m’ = 0 for all m,m’ € M.

Let s: A — E be a k-linear section. Hence £ =2 A @ M as k-modules. Then M can be viewed as a
submodule of E and carries an induced A-bimodule structure via

vV:AQRE®A— A, ve®e®b):=s(a)-e-sb).
As m(s(a) - e- s(b)) = am(e)b =0 for e € i(M), this restricts to an A-bimodule structure on M.

Proposition IV.4.5. For every k-algebra A and every A-bimodule M there is a bijection between HHi(A; M)
and the set of equivalence classes of extensions as above where the induced A-bimodule structure on M 1is the
given one.

SKETCH OF PROOF. Assume that f: A®? — M is a Hochschild cocycle. Then we define a multiplication
on the k-module E(f) := A® M as:

(a1,m1)(ag, ma) := (a1a2,a1m + myaz + f(a1 ® az)).
The cocycle condition for f ensures that this multiplication is associative.
If f1 = fa+d(g) for some g € Homy (A, M), then the corresponding extensions are equivalent, i.e., there
is an isomorphism of k-algebras ¢: E(f1) — E(f2) such that

00— M —" B f1 ) A——0

00— M —24 B f2 )2 A——0

commutes. Explicitly, ¢ is given by ¢(a,m) := (a,m + g(a)).
Vice versa, given an extension, we define f: A®2 — M by the requirement that

(a1,0)(az,0) = (a1az, f(a1 ® az)).

Then the fact that the multiplication is associative implies the cocycle condition. Isomorphisms of extensions
are always of the form ¢(a,m) = (a,g(a) + m) and this implies that equivalent extensions give rise to two
cocycles that differ by a coboundary. O

IV.5. Additional structure

Hochschild (co)homology has some rich structure that is similar to features of singular (co)homology. In
the following we just present a few basics.
The first feature exploits the duality between homology and cohomology.

Definition IV.5.1. Let A be a k-algebra and let My, M be A-bimodules.
The map

(= =) CR(A; My) @ CF(A; M) — My @ ac My
that sends an f € Homy(A®™ M;) and an ms ® a1 ® ... ® ay, to
(fima®a1 ®...Qa,) = fla1 ®...®a,) ® may

is the Kronecker pairing.
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Remark IV.5.2. A direct calculation shows that
0(f)yme®a1 ®...Qapt1) = (f,b(Ma®a1 ® ... ant1)),
so that we get an induced map
(—, =) HHZ(A; My) @ HHE (A; M) — My @4 Mo.

Definition IV.5.3. Let A be a k-algebra and let f € CJ'(A), g € C;'(A). The cup-product of f and g is
the cochain fUg € CJ7(A) with

(fUP@1®...Q0ap ®Upt1 ® ... R Anym) = fla1®...@an) g(ant1 @ ... Gnpm)-
Lemma IV.5.4. The cup-product satisfies a Leibniz rule:
6(fUg)=6(f)Ug+ (=1)"fUd(g)
PROOF. Let us write down, what 6(f U g) is:
(fUP(1®...00, @ apt1 ® ... Q antmi1)
=a1f(a2® ... @ ant1)  glant2 ® ... ® Gpgmt1)
—fla1a2® ... ®ant1) - g(Ani2 @ ... ® Anpmi1)
...+ =-D"f(ar1®... @ anant1) g(Ani2 @ ... @ Gngm1)
+ (D" f (a1 @ ... ®an)g(Gni10ns2 @ ... @ Angms1)
+. (D) ® . ®a0)g(Ang 1 @ - ® A ) At

In the sum (0(f)Ug+ (—1)"fU9))(a1 ® ... ® ap @ Apt1 ® ... ® Gpymyt1) We get the additional two
summands (—1)""(f(a1 ® ... ® ap)an+1)g(@ni2 @ ... @ anime1) as the last coface map of §(f) U g and
(—D)"fla1®...®ap)(@n+19(An+2 ® ... @ Aptm+1)) from the zeroth coface map in (—1)"f U d(g), but their
sum cancels. O

Definition IV.5.5. Let p and ¢ be natural numbers. A (p, q)-shuffle is a o € ¥,, with n = p + ¢ such that
cl)<...<o(p)and o(p+1) <...<o(p+q).
We denote the set of (p, ¢)-shuffles by Sh(p, q).
So think of such a shuffle as shuffeling a deck of p cards and a deck of ¢ cards.

Example IV.5.6. For n = 3 the (1,2)-shuffles are all permutations with o(2) < ¢(3), so the identity,
o=1(1,2) and (1,3,2).

Remark IV.5.7. Note that |Sh(p,q)| is just the binomial coefficient (p:;q) = (p;'q) because a shuffle is

completely determined by the set {o(1),...,0(p)}. So you know that there are 6 (2,2)-shuffles in ¥4. It’s a
good exercise to draw them.

We define shuffle maps on the level of Hochschild chains:
Definition IV.5.8. Let

shp,q: Cr(A; M) ® Cr(A M) = Cf;

pig(A® A M@ M)

be defined as

shp(M®a1®...®a,) ® (M @a,,, ®...0a,,,) =

mem'® | Y signo)e(mel)®...®(@el)@(leag,,)e... 0 [1@ad,,)
c€Sh(p,q)

Here, 0.(c1 ® ... @ Cpyq) = Co-1(1) @ .. @ Co—1(ptq)-
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So for instance shy2((m ® a1) ® (M’ ® ab ® aj)) has three summands, namely
(meam)@(a1®1)®(1®a) @ (1®a) —(1®ay) ® (a1 ®1)@(1®as)+(1®ay) ®(1RQas) @ (a1 ®1)).
A proof of the following Proposition can be found in [5][ref].
Proposition IV.5.9. For all z € C¥(A; M) and y € CF(A'; M'):
b(shp,q(z @ y)) = shp—1,4(b(z) @ y) + (=1)Pshp g—1(z @ b(y)). T

Remark IV.5.10. If A is a commutative k-algebra, then the multiplication p: A ®; A — A is a morphism
of k-algebras, so in this case we can prolong the above shuffle map with u.

Definition IV.5.11. Let A be a commutative k-algebra, the we define
x: CF(A)® CE(A) = CF, ,(A)
as the composite C¥, (1) 0 shy g

C;;Jrq(”)

(A A)——"——=C} (A).

Corollary IV.5.12. If A is a commutative k-algebra, then the shuffle map induces a graded commutative
product on HHY(A):

chia) @ Cha) ",

x: HHE (A) ® HHE(A) — HHE

p+q(A)
This map actually factors through the tensor product over A:

1 HHY (A) ®4 HHE (A) — HHY

p+q(A)

Remark IV.5.13. Why is this graded commutative and not just commutative? Consider the permutation

X € Ypyq that is given by
. p+i, 1<i<g,
x(i) = .
qg—1t, g+1<i<qg+p.

Then y has sign(x) = (—1)P? and a o is in Sh(p, ¢) if and only if oo x € Sh(g,p). So x induces a bijection
on the indexing set for the shuffle product and therefore

(a0 ®a1 ®...®ap) * (a) @ apt1 @ ... @ aprq) = (—1)PY(a) @ apt1 ® ... ® aprq) * (A Qa1 ® ... ® ap).
We saw that for commutative k-algebras A the module of Kéhler differentials describes HH’f(A).

Definition IV.5.14. Let n be a natural number and let A be a commutative k-algebra. The module of
differential n-forms on A over k is

1
Elements in QZ‘ . are of the form agda; A ... A da,, and for every o € ¥,, we have the relation
aogda,—11y A ... Nda,—1(,) = sign(o)agday A ... A day,.

Example IV.5.15. For A commutative we know that HHY(A) = Q}L“k Let ¢: thk ® Q}4|k — HHE(A) be
the map

Q4 © QY — HHY(A) @ HHY(A) —— HH3(A).
The graded-commutativity of * implies that ¢ factors through Qi‘ &

Remark IV.5.16. We know that HH* (k[z]) = Qe If we agree to set Qk[T x = klz]. For k[z1,... 2]
one can similarly show that

HHE (k[z1, ..., 2,]) = O
By the Theorem of Hochschild-Kostant-Rosenberg [5, Theorem 3.4.4] this can be generalize to smooth k-
algebras: If A is smooth over k, then

T1,..,Tn]|k"

HHY(4) 2 3.
Lecture 22
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Remark IV.5.17. The Hochschild cochain complex of a k-algebra has a very rich structure which is struc-
tural similar to that of a double based loop space: If X is a pointed topological space, then 92X is the
space of basepoint preserving maps from the 2-sphere to X. Pierre Deligne conjectured that a structure that
Murray Gerstenhaber established on HHj,(A) [4] refines to such a structure on the level of cochains. Jim
McClure and Jeff Smith proved that conjecture in 1999 [8].

You will investigate the Gerstenhaber algebra structure on HHy (A) in an exercise.

IV.6. Cyclic homology

Let A be a k-algebra. If we take the Hochschild chain complex with coefficients then we already noticed
the cyclic symmetriy of C¥(A). Alain Connes was the first to exploit that symmetry: In 1981 he noted that
the quotients A®"*1/(1 — t) still give rise to a chain complex. Here (t) = Z/(n + 1)Z. This chain complex
has good properties if Q@ C k. There is a definition of cyclic homology that does not need this restrictive
assumption, but that works in any characteristic, for any commutative ring k.

Definition IV.6.1. Let ¢, be a generator of Z/(n + 1)Z < ¥,,11 = Yo, n}, tn = (0,1,...,n). We define
Z)(n+1)Z x CF(A) — Ck(A)
by
th(ap®...Q0a,) =(-1)"a, ®ag® ... ® an_1.

Note that sign(t,) = (—1)", so this definition is consistent with the earlier action of the symmetric
groups on the Hochschild complex, because

Up Rag R ... Q0 Ap_1 = atgl(o) ®...®at;1(n).

Recall our earlier notation. We had

n n n—1
N=>th, b=> (-1)'diand ¥ =) (~1)'d;.
=0 i=0 =0

These maps are compatible in the following sense:
Lemma IV.6.2.
(1—t) =b(1—1t)
W' N = Nb.
PROOF. The claims follow from the relations d;t, = —t,_1d;—1 for 0 < i < n and dot, = (—1)"d,, and

these are checked by a direct computation. O

Definition IV.6.3. Let A be a k-algebra.
(a) The cyclic bicomplex of A over k is CCF (A) defined as CCF (A) = A®4+! and

|

id—t N id—t
A®? — A®2 A®? — A®?
A id—to=0 A N=id A id—tp=0 l N=id

(b) The nth cyclic homology group of A over k, HCF (A), is
HCE (A) = H,(TotCC¥ , (A)).

Note that 1
(TotCCE (A)), = €D CC,(A) =P A"
p+qg=n =1
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Example IV.6.4. As ¥ is the trivial group, we get that id — tg = 0, so
HCG(A) = HHG (A) = A/[A, A].

If you stare at the zeroth column of the cyclic bicomplex, you see the Hochschild complex of A, and the
same repeats in all even columns to the right. This periodicity gives rise to the following important exact
sequence, that allows us to relate cyclic homology to Hochschild homology.

Theorem IV.6.5 (Connes’ Periodicity Sequence). For any k-algebra A there is a long exact sequence

HC} 1 (4)
)

CL HHE (4) —L— HCE(4) —25 HCE_,(A) >
CLHH'C (4) —— .

n—1

This is often called the BIS-sequence.

Proor. Consider the bicomplex CCEL (A) that has as non-trivial entries only the first two columns of

the bicomplex CC¥ (A), so
ccl(ay= : : :
id—ty 0 0
0 0

We know that the b’-complex is contractible and you can adept the chain homotopy to this bicomplex.

Therefore
H,(Tot(CCPL(A))) = HHE (A4).

Denote by I: C’CEL (A) — CC¥ ,(A) the inclusion of the bicomplex C’CEL (A) into CC¥ ,(A). We get a
short exact sequence of bicomplexes

0——CCPl(A)—L ok (A)——coker(I)——0

and a resulting short exact sequence of chain complexes after applying Tot.

Note that
CCk A > 2,
coker(I)p.q = p-24(4), P
0, p <2
Hence H,,(Tot(coker(I), ) = HC,,_2(A). If we abuse notation and use I and S also for the maps induced
on homology and if we denote by B the connecting homomorphism, then the result follows. |

In many cases Hochschild homology is easier to calculate than cyclic homology, so the above sequence
helps in these cases.
In low degrees we recover the result that HHE(A) = HCE(A).

Example IV.6.6. We saw in Proposition [[V.1.5] that HHf(k) is only non-trivial for * = 0 where it is k.
The Periodicity Sequence then gives us immediately that

(k) k, * >0 and even,
|0, otherwise.

HCE

*
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Example IV.6.7. If A is commutative, then we know that HH5(A) = A = HCE(A) and HHY(A) =~ Q}4|k'
You can check that the map
B: HCG(A) = A — HHJ(A) = )y,

sends an a € A to da. This implies that HC}f(A) is isomorphic to Q}Mk/U where U is the k-submodule of
le « generated by the elements da for a € A.

Remark IV.6.8. If cyclic homology is harder to calculate than Hochschild homology, why should we bother?
One reason is, that it is used as an approximation to algebraic K-theory.

The algebraic K-groups of a ring R, K,(R), contain arithmetic information about the ring, such as the
units of R, and if R is commutative, then the Picard group of R and its Brauer group. The groups K. (R)
are really hard to compute. For instance K,(Z) is not completely known.

The zeroth group, Ko(R), is the so-called group completion of the monoid of isomorphism classes of
finitely generated projective R-modules. If R is a field or a PID, then Ky(R) & Z.

The next one, K;(R) is

Ki(R) = GL(R)/|GL(R), GL(R)]
where GL(R) = |,,5; GLn(R) and GL,(R) is viewed as a subgroup of GLy1(R) by identifying an A €

(1)> € GL,4+1(R). You know by Proposition [[11.2.4] that you can also

GL,(R) with the block matrix (81

describe K;(R) as H1(GL(R);Z). In K;(R) you find the units of R. For example K;(Z) = Z/27.
The group K3(R) can be expressed in terms of group homology as
K3(R) = Hy(E(R); Z)

where E(R) is the normal subgroup of GL(R) generated by elementary matrices, i.e., by quadratic matrices
ei;j(r) for r € R and ¢ # j with

r, (p,q) = (4,5),
(€i(r)pg =1 P=q
0, otherwise.
For higher n, K, (R), still contains important information, but it is defined as the higher homotopy
groups of a rather complicated space. For instance, it was shown in 2019 that Kg(Z) is trivial [3].
There are ’trace maps’ (called the Dennis trace map to Hochschild homology and the Chern character
to negative cyclic homology)
K.(R)

PN

HC; (R) HHZ(R)

*

In this sense Hochschild homology and HC (R), the negative cyclic homology of R, a slight variant of
HC.(R), can be thought of as approximations of algebraic K-theory. For more about algebraic K-theory and
its relation to Hochschild and cyclic homology see [10].

Lecture 23
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CHAPTER V

Spectral sequences

Spectral sequences were first studied starting from 1946 in many different contexts, for instance by
Hochschild, Koszul, Leray, Lyndon, Serre and many more. They are an important tool for calculations, but
they can also be used for proofs in homological algebra, algebraic topology, algebraic geometry and many
other areas of mathematics. We will only cover an extremely concise introduction to spectral sequences. For
more details and examples see [12), [7), [6].

So what are they? A typical statement about a spectral sequence is of the following type:

If M is a G-module for some groups G, if N is a normal subgroup of G, then there is a spectral sequence

E]%,q = HP(G/N§Hq(N§M>) = Hp+q(G3M)~

So our goals are to understand what the above statement actually means, and then to do calculations
with the help of spectral sequences. In the above example you might want to calculate H,(G; M) and you do
that by calculating the homology groups of G/N with coefficients in Hy(N; M). So one has to understand
for instance how G/N acts on Hy(N; M), but then, of course, we need to know what the symbols Ef)’q and
= mean.

V.1. Definitions

Definition V.1.1.
o A Z-bigraded R-module is a family F = (E, )pqez of R-modules E,, ,.
o A differential d” of bidegree (—r,r —1) on E for r > 0is a family d": E, ; = Ep_y q4r—1 of R-linear
maps with d” o d” = 0. We denote the bidegree of d" by ||d"|| = (—r,r — 1).
So we have ||d°]| = (0,—1), ||d*|| = (—=1,0), ||d?|| = (=2,1), ||d®|| = (-3,2) and so on:

d3

d2

d! 0
e The homology of E with respect to d" is the Z-graded module
H(E, d"),y = l.ter(d:: Epg— Eprgir—1)
im(d": Epirg—ri1 = Epg)
o A spectral sequence E = (E",d") is a sequence of Z-bigraded modules E” (for r > 0, or 1 or 2)
together with a differential d” of bidegree ||d"|| = (—r,r — 1) such that

Ett = H(E",d").

o If E=(E",d") and E= (E", CZT> are two spectral sequences, then a morphism of spectral sequences
f: E— E is a family 3
foat Bpg = Epg
of R-linear maps such that
d"o fT = f"od" for all r
and such that f"*! is induced by f”.
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Remark V.1.2.

(a) The definition above describes a spectral sequence of homological type. The ones of cohomomological
type have differentials d, of bidegree ||d.|| = (r,1 — r) and the definition has to be modified
accordingly.

(b) Think of a spectral sequence Ej, , as an infinite stack of sheets of papers. You start with E° (or B!
or E?) and then you have to calculate E"T! from E" and d". This is a priori an infinite process...

(c) As we have E"T! = H(E",d") as bigraded objects, we can think of a spectral sequence in terms of
nested subobjects. For instance,

B3 =H(F? d* = 7?/B?
where we use Z2 for the Z-bigraded module of d?-cycles and B? for the Z-bigraded module of
d?-boundaries. Say we start with £2, then we get
0=B'cB*cBcC... .CZ¥cZ*c 7t =E~
The boundary map d"*': Z"/B" — Z"/B" has kernel
ker(d"t) = z"t1/B"
and image
im(d™™!) = B™/B".
How do we talk about this?
We call the elements of Z", the elements that survive until stage r + 1,
The elements of B" are the ones that are boundaries in stage r, so they ’die at stage r’.
We denote by Z*°
7=z
and call these the ’surviving cycles’. '
We set B> as
B> =|JB"

and call its elements the ones that eventually become boundaries. These are the elements that ’die’ in a
spectral sequence.

Note that B> C Z°°, so we can form

oo L oo [e’)
Epyq T Zp,q/Bp,q'

The E™ approximate E° and the E°°-term is called the abutment of the spectral sequence.

But what have we actually calculated with E°°?
Definition V.1.3. A spectral sequence (E",d") is first quadrant if E) = 0 for all negative p, g.

Remark V.1.4.

e If you fix a bidegree (p,q) in a first quadrant spectral sequence, then there are only finitely many
non-trivial differentials that start in the spot (p, ¢), but there are also only finitely many non-trivial
differentials that end in the spot (p,q). So for a fixed (p, q) you get at £, in finitely many steps!

e The elements in £ ; are special in such a spectral sequence: They can never be hit by a differential.
Therefore

(V.1.1) Ejtt =ker(d": B}, — E; ., ) CE},

and hence
EXy=Erttc...Cc B3, C E2,.
e Dually, the elements z € Ej , are always cycles, so d"z = 0. Therefore
(V.1.2) Ef, > ES g~ ...~ By,
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Definition V.1.5. The composite morphisms in (V.1.1) and (V.1.2)) are called edge homomorphisms.

o] 2
EO,q < EO,q

2
P Ep,o;

EOO

Definition V.1.6. If (E",d") is a spectral sequence, then we say that it collapses at the E®-term, if d" =0
for all r > s.

If that happens, then E° = E°° because all elements on the E*-term are cycles and there are only trivial
boundaries.

How do spectral sequences arise?

V.2. Filtered complexes

Definition V.2.1. Let M be an R-module.
(a) An increasing filtration (F,M)pez of M is a family of submodules F, M C M such that

..CF, .M CF,MCF,, MC...
(b) The associated graded module of (F,M)pez is grM with
grpM = F,M/F, 1M.

(c) Let (FyM)pez and (F,N)pez be two filtered R-modules. A morphism of filtered modules is an
R-linear map f: M — N such that f(F,M) C F,N for all p € Z.

If we reach the trivial submodule 0 to the left or the full submodule M to the right, we have reached the
constant part of the filtration. Beware that there might be infinite filtrations that never become stationary
in either direction.

Examples V.2.2.
(a)
..0=0CZ/AZ = 4Z/16Z C Z/16Z = Z/16Z = Z/16Z = . ..

and
...0C F1(Z/16) = 8Z/16Z C F»(Z/16) = 4Z/16Z C F5(Z/16) = 2Z/16Z C Fy(Z/16) = Z/16Z. ..

are two filtrations of Z/16Z.
The associated graded of the first one is trivial but for two degrees where we obtain Z/4Z
whereas the second one has four non-trivial terms:

grp(Z/16Z) 2 Z/2Z, 1< p<A4.
Lecture 24
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(b) Let M be Z/4Z and N = Z/27 x Z /27 with filtrations
.0CFAM=2Z/A7 C Z]AZ = F>M ...
and
...0CFN=Z/2Z CZ/2Z xZ/2Z = F5N ...

Then M and N have isomorphic associated graded modules, but of course M and N are not

isomorphic.
(¢) Also the filtrations

..0Cc2ZcCz...

and
.0CZ=Zx{0}CZBZ/2ZL...
have isomorphic associated graded modules, but again Z is not isomorphic to Z @ Z/27Z.
Remark V.2.3. We saw above that it can happen that the associated graded modules gr.M and gr.N
are isomorphic despite the fact that M and N are not. If we want to reconstruct a filtered module M from

its associated graded, we have to solve extension problems and you know that extensions are detected by
Ext!-terms.

Definition V.2.4. Let C, be a chain complex of R-modules. An increasing filtration of C, is a family of
subcomplexes F,C, C C, such that

. CFp1Cy CF,C, C Fp1Ci C
Remark V.2.5.

e For all p the diagram
F,1Cp, — F,C,

anle ldn |Fp

Fp_lcn_l —_— Fan_l.
commutes. Therefore, we get an induced filtration on the homology groups of C\:
F,H,(C,) =im(H,F,(C\) — H,(C,)).

You know that inclusions of subcomplexes don’t necessarily induce monomorphisms on the level of
homology groups. Thus we have to take the image.

o A filtration on a chain complex C, as above induces a filtration F,C,, of each C,, so in total we
obtain a Z-bigraded module.

Definition V.2.6. Let F,C, be a filtered chain complex. Then we define
(FC*)p,q = chp+q
and we call p the filtration degree and g the internal degree.

Example V.2.7. Let C, . be a double complex, so we have R-modules C), , together with horizontal and
vertical differentials d”, d”, such that

dhd" =0 =d"d" = d"d" +d"d".
There are two common filtrations on such a bicomplex. We define
F;(C*,*)n = @ Cr,nfr-
r<p
This gives rise to a filtration of the total complex TotC, ., where you consider all summands up to column

number p.
The second filtration counts rows:

F;/(C*pk)n = @ Cn—nr-

r<p

So on the total complex you consider all summands up to row p.
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Definition V.2.8. A filtration F,C, of a chain complex C, is bounded if for all n there is an s = s(n) <
t = t(n) such that F;C, =0 and F;C,, = C,,.

Thus in this case every module C), has a finite filtration
0=F;C, C Fs11C, C...C F;,_1C, C F,C,, = C,,.
Definition V.2.9. A spectral sequence (E",d") converges to a graded module H = @ H,, if there is a
filtration Fj,H on H and for every p there is an isomorphism E;° & F,H/F,_1H, ie.,
E;?q & FpHpyq/Fp1Hpig.
In this case one uses the notation
E., = Hyq
An important special case is the following.
Definition V.2.10. Let C, be a chain complex with C; = 0 for ¢ < 0. Then a filtration (F,C.), is
canonically bounded, if F_1C, = 0 and if for all n > 0:
0C FyC, C...C F,C, =C,.
Remark V.2.11. In the situation above the homology of C, has an induced filtration of the form
0=F_H,C, C FWH,C,C...C F,,H,C, = H,C..

So in order to reconstruct H, C, from the E°°-term, one has to solve extension problems because we want
to know H,,Cx from

F,H,C./F,_1H,C\,F,_1H,C\/F,_2H,C,,... F1H,C./FyH,C,, FoH,C./0 = F,H,C,.
Hence you can read off FyH,,C\, but not I} H,C, up to F, H,C,.
Theorem V.2.12. Let F,C. be a filtered chain complex. Then F,C, determines a spectral sequence (E",d"),
r =1 with
Ezl7,q = p+q(FpC*/prlc*)~
If the filtration is bounded, then there are natural isomorphisms

Eﬁfq = Fp(Hp+q(C*))/Fp—l(Hp+q(C*))-

SKETCH OF PROOF OF THEOREM We consider subobjects of the associated graded module and
define
Zpq =1{lc] € grpCpiq,dc € FyrCpig1}-
So these are elements whose boundary isn’t necessarily zero, but is in lower filtration. Thus one can think
of these elements as being cycles modulo Fj,_,.
The differential of C, restricts to morphisms of the form

d: Z;,q - Z;;*T,tﬁrfl
because the differential applied to a representative of [¢] € Zy, 4 has dc € Fj_,.Cpiq—1 and this gives rise to

a class in

r _ r
Zp—pr-i-q—l —pt+r Zp—nq—&-r— 1

Note that d(d(c)) = 0, because d was a differential.
We denote d(Z},, ,_+1) by B}, and by definition d(Z},, ,_,. 1) C Z} ;. Forr > 1 we set

Pyq
E; = Z;/B;.
It is consistent to set
Z,?,q = FpCpiq/Fp1Cpiq = Eg,q and 7%, :={c € F,Cpiq,dc=0}/F, 1Cpq

so we start with the associated graded and end up with the cycles in it.
We claim that
+1 _ .
Z;,q - ker(d. Z;,q - Z;—T,q-i-r—l)'
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An element ¢ € F,C) 1, represents an element in Z]  if dc € F)_.Cp14-1 and it represents an element in
Z;:*q‘l if the stronger condition dc € F,_,_1Cpi1q-1 C Fp_rCpyq—1 holds. But the second condition says
precisely that dc represents zero in the quotient F,_,Cpiq—1/Fp—r—1Cpiq—1. But this is equivalent to de
being zero in Z) . .. 1 C Fp v Cprg1/Fp v 1Cpiq1.
We obtain a tower of subquotients
_. o r - 1 0 _ p0
0=B,,C...CB,,C...CZ,,C...2,,CZ,,=E, .
We know that the differential of C, induces a differential on Z; +q and it induces one on E;y q which we
call d”, so
d": By g = By giro1-
For the fact that ‘ ,
ker(d": E) , — Ey . 1 r 1)

Ertl o
N O = 5T
and for the identification of the E°°-term, we refer to [6] Proof of Theorem 3.1 in Chapter IX]. Please beware
the non-standard notation in [6]. O

As an application we prove that Connes’ definition of cyclic homology agrees with the one given as the
homology of the cyclic bicomplex in characteristic zero:

Example V.2.13. Fix a k-algebra A. We defined the cyclic bicomplex C’C’i*(A) of A as

o

ne id—t ne N ne id—t ns N
A id—to=0 A N=id 1 id—to=0 1 N=id

We consider the second filtration on the associated total complex, so
F)Tot(CCY (A), =@ CCE_,,.
r<p
The filtration quotient
FTot(CCE  (A)). /-, Tot(CCE , (A)).
is isomorphic to C’C’fw and this is precisely the pth row of the bicomplex C’C’fi*. Therefore

ker(d": CCF (A) — CCE_, (A))
B}, = Hy(CCE ) = o il

im(dh: CC§+1,p(A) — C’C,ﬁp(A)) '
The horizontal chain complex is
id—t, N id—tp
A®ptl, P A®p+l, & A®p+l

with (t,) =Z/(p+ 1)Z =: Cpy1 < Xpy1 and therefore
E;JI = Hy(Cpyr; A®PHY).
If Q C k, then the group order of C,; is invertible in k£ and hence
A®PTL) /(id — ¢ =0
Hq(Cp+1;A®p+1) o~ ( )/(1 P): q ) .
0, otherwise.

by Corollary

So the spectral sequence is concentrated in one line. The next differential is induced by the b-differential,

say b, so we obtain the homology of the coinvariants with respect to this differential in bidegree (p,0):
H,(A®*F1/(id — t,),b).
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All higher differentials are trivial and there are no extension issues. We therefore obtain that if Q C k,
then
HCE(A) = H, (A% /(id — t.),b),

and hence we obtain the agreement of the homology groups of Connes’ chain complex and HC}:(A).

Lecture 25

V.3. Exact couples
Exact couples are a means for constructing spectral sequences.

Definition V.3.1. Let F and D be two R-modules for R # 0.
(a) Assume that we have R-linear maps i: D — D, j: D — E and k: E — D. We call

D—* D

N A

exact, if im(i) = ker(j), im(j) = ker(k) and im(k) = ker(i). Then (D, E, i, j, k) is an ezact couple.
(b) We set D' :=im(i) C D and E' := 24 for d := jo k.
We define i': D' — D’ as ¢/(i(z)) := i(i(z)), 7/ (i(x)) := [j(x)] = j(x) +imd and k'[y] := k(y).
Then (D', E',i',j', k') is the derived couple.
You showed that the maps are well-defined and that the derived couple is again and exact couple.
Exact couples give rise to spectral sequences with explicit control over d”. Given an exact couple as
above we define
El''=FE d' =d, E*=F ,d*=j0ok
and E” := E0—1 d" = j0-D o k(=1 where (D—1, =1 =1 5= Er=1) ig the (r — 1)-fold derived
couple of (D, E,i,3j,k).
Lemma V.3.2. Setting D) := im(i°") and E") := k= (i°"(D))/j(ker(i°")) gives the rth derived couple
of (D, E,i,j,k) where i, is the restriction i|p), jr is j|ory-1(Dy, S0 you take a preimage under the r-fold
composite of i and then apply j. The map k, is induced by the map k.
PROOF. Exactness is clear as long as EtY = H,(E™ j,.ok,). We show that
(a) ker(j, o k,) = k~1(i°"+1(D))/B
(b) im(j, o ky) = j(ker(i°"+1)) /B
with E(") = C/B where C = k~*(i°" (D)) and B = j(ker(i°")).
For (a) assume that (j, o k.)(c + B) =0 for ¢+ B € E™). Then k(c) = i°"(y) for some y € D, but this
implies
Thus if j, o k.(c + B) = 0, then j(y) € B, hence there is an x € ker( °") with j(y) = j(z). Then
j(y —x) = 0 and by exactness y — x = i(z) for some z € D. But this implies that
Ke) = () = 17 (2) = #7(2)
and ¢ € k=1 (°"t1)(D)).
For (b) we write j,. o k.(c+ B) again as j(y) + B as above with k(c) = i°"(y). But then
0 (y) = ik(c) =

because ¢ and k are consecutive maps in an exact couple. This shows one subset relation.
Assume conversely that i°"+1)(y) = 0. Then by exactness there is a ¢ with k(c) = i°"(y). But then
J(y) + B = jrk(c) = jr(kr(c + B)). O

The techniques and results above transfer to the Z-bigraded setting as follows:
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Corollary V.3.3. Let (D, E,i,j,k) be an exact couple of Z-bigraded R-modules with
lill = (1, =1), |ljll = (0,0) and [|k[| = (-1,0).

Then (D, E,i,j,k) determines a spectral sequence (E",d") of homological type with E" = EC=Y gnd d" =
jrfl © k;r71~

PROOF. It remains to check the bidegree of d". As i,_7 is just a restriction of 7, it still has bidegree
(1,—1). As j,_; takes a preimage under °"~1 and then applies j to it, we get a bidegree

]l = (=r+ 1,7 = 1).

The map k,_1 is again just a restriction of k, so it still has bidegree (—1,0).
Thus we obtain for d” = j,_1 o k,_1:

Nd"|| = [[r—1 0 krea|| = (=7 + 1,7 — 1) + (=1,0) = (—r,7 — 1).
O

We can now define an exact couple associated to a filtered chain complex C, with filtration (F,C\)pez.
Then for each p we get a short exact sequence of chain complexes

0—>Fp_10* FpC* FpC*/Fp_1C*4>O

and an induced long exact sequence on homology groups

H,(F,C/Fp1C)
P p )

Csi) Hn_l(Fp_lC*) l*) Hn_l(FpC*) 4J> Hn_l(FpC'*/Fp_lC*) >

%

O=hy Hyo(Fp i Cy) ————— ...

Definition V.3.4. In the situation above we define

Dpq = Hp+q(FpC*)7
Ep,q = p+q(FpC*/Fp—1C*)

Then i: Hptq(Fp—1Cy) = Dp_1,q+1 = Hpyq(F,Cx) = D, 4 has bidegree (1,
H, i q(FpCy/F,_1Cy) has bidegree (0,0) and k = §: Hpiq(FpCi/Fp_1Cy)
D,_1,4 has bidegree (—1,0).

—1), the map j: Hpq(FpCy) —
=FE,q & Hpyq-1(Fp—1Cy) =

This is an exact couple associated to the filtration F},C, and we get a spectral sequence as above. This
spectral sequence is isomorphic to the one in Theorem

A prototypical situation is that you have a long exact sequence on homology that you can reinterpret as
an exact couple.

Examples V.3.5.
e Let C, be a chain complex of abelian groups such that every C,, is torsionfree (for instance the
singular chains on a topological space). Consider the short exact sequence

0 7—"7 Z/nZ 0.

This gives a short exact sequence

0 C.,——C,—C\ ® Z/nZ——0

80



of chain complexes and hence a long exact sequence on homology groups

H,,(C. ® Z/nZ) >

<—>Hm 1(Cy) —— Hypyo 1(C)L1(7>T)Hm 1( *®Z/nZ)>

(—M Hpo(C,) ——s

In this case we can define D as the homology of C., E as the homology of C, ® Z/nZ, the map
i is the one that’s induced by the multiplication by n, j is H.(7) and k is again the connecting
homomorphism. The associated spectral sequence is the Bockstein spectral sequence.

e Let X be a topological space with a filtration

GCXgC...CX, CXpp1C...CX.

For every p we obtain a long exact sequence of singular homology groups

Hp+q+1 (Xpa Xp—l) >

< 5
Hp+q(Xp—1) ? Hp+q(Xp) ’ Hp+q(Xp’ Xp—l) )
5
<—> Hprg 1(Xp 1) —— ...

that gives rise to the exact couple and to a spectral sequence. What do you obtain when X is a
CW complex and X, is the p-skeleton?

Lecture 26

V.4. The two spectral sequences associated to a bicomplex

We have already seen a non-trivial example of one of these spectral sequences in Example How
do they look like in general?
We start with a bicomplex (Cy ., dr ,d?) and consider the filtrations of Tot(C, .)

(F‘C;* eiaczwzqﬂand ]W/ ** €£)Ck,rr

r<p r<p

so in the first case we take everything in Tot(C. .) up to column p and in the second case we throw away
everything in Tot(C, .) beyond row p.
For the first filtration we obtain IES,q :=Cp 4 and d° = d”. Therefore the E'-term in this case is

'E) ,=HY(Cp.).
The d'-differential on the E'-page is induced by the horizontal differential, so
d': H)(Cpy) = HY(Cpo1,),  [c] — [d"(c)].
It is common and suggestive to denote the resulting E?-term as
T2 h v
E,,=H,(H](Csx)).

If C, . is for instance concentrated in the first quadrant we get

IEZ; = F;;(HerqTOt(C*,*))/lez—l(Hp+qT°t(C*,*))

and this is denoted by
IE;q = H;(H;)(C*,*)) HypyqTot(Cyx)
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but beware that the ! Ep,-term only contains filtration quotients, so we only know the associated graded of
H,.,Tot(C, «) and might need to solve extension problems to get the final result.

Dually, the second filtration has
IT 120
Epq = Cap

d°=d"
and
IT 1 h
E,q=H{(Cip)
and d' is induced by dv:
d': HM'C, ) = HY(C.po1), [d] = [d°(c)).
The resulting E2-page is
B2, = HYH!(C.,)
and in good cases we get
"E  =HYH}(C. ) = HygTot(Cy ).

As a non-trivial example of a proof that uses these spectral sequences we prove the general version of
Morita invariance of Hochschild homology from Theorem

If A and B are two k-algebras that are Morita equivalent and if M is an A-bimodule, then we show that

HHY(A; M) = HHY(B;Q ©4 M @4 P).
In particular, for M = A this yields.
HHZ(A) 2 HHE(B; Q ®4 A®4 P) = HHY(B).

Before we start the actual proof, we need a lemma:
Lemma V.4.1. Let A be a k-algebra and let P and M’ be symmetric k-modules. If M’ is a right A-module
and if P is projective as an A-module, then HH* (A; P@y M') 2 0 for « > 0 and HHE (A; P&y M') = M’ @4 P.

Dually, if Q is projective as a right A-module and M" is an A-module, then HH*(A; M” @5, Q) = 0 for
x>0 and HHS (A; M" @, Q) =2 Q @4 M".

ProOF. The Hochschild complex has

CEA; PR M) =P M @ A®P = M' @ A®P @ P

and the complex is isomorphic to the two-sided bar construction B(M', A, P). If P is free as an A-module
then we know that this complex is a resolution of M’ ® 4 P by an adaption of the argument in the proof of
Lemma [[11.2.3] The general case follows by finding a free R-module F' with P ® P’ = F. |

We consider the bicomplex C . with
Cpg =B @ N® A% @ P
and with N :=Q ®4 M.
We define the horizontal differential
d":Cpy=(N®A®" @ P)® B®? — (N® A®" @ P) @ B®"~' =C,_,,
as the Hochschild differential b and the vertical differential
d’: Cpy 2 (PR B*? @ N)® A®? - (P® B®? @ N) ® A®1™!

as d¥ = —b.

We know that P is projective as an A-module and as a right B-module.

In a first step we calculate first the horizontal and then the vertical homology. The projectivity of P as
a right B-module gives with Lemmathat H;}C*,q is trivial for p # 0. For p = 0 we get an isomorphism
to

Pop(Q@aM®A®P) = (PepQ)@a M A 2 A4 M@ A% = M @ A®P

and the vertical differential can be identified with the negative of the Hochschild boundary for C¥(A4; M).
Therefore the E2-page is concentrated in the (p = 0)-line with terms HH"(A4; M).
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Taking first the vertical homology and using that P is projective as an A-module gives something that
is concentrated in the (¢ = 0)-line isomorphic to

N®s(P®B®)=2(Q®s M ®4 P)® B®P
and the horizontal differential is the Hochschild boundary of C*¥(B;Q ®4 M ®4 P), so the E%-page is
E? (2 HHE(B;Q ®4 M @4 P).
and this proves Theorem |[V.3.4]

V.5. The Lyndon-Hochschild-Serre spectral sequence

This is actually the example from the very beginning of this chapter. Let G be a group with normal
subgroup N and factor group G/N. We want to calculate H,(G) from H.(N) and H.(G/N).

Lemma V.5.1. If M is a G-module, then G/N acts on H,(N; M).

PROOF. Let F, be a Z[G]-free resolution of Z, for instance the bar resolution. Then F is also a Z[N]-free
resolution of Z because Z[G] = @/ y Z|N]. Let g € G and define

g+ Fe @zin) M — Fi Qg M, ge(x ®@m) = zg~! @ gm.

As F, is a chain complex of right Z[G]-modules, g, is a chain map. If n € N, then n, = id, because
an~t ®@nm =x ®@n"nm = x @ m. Therefore the G-action via g, factors through G/N. O

On the zeroth homology we get the correct result:
Lemma V.5.2. For any G-module M and any normal subgroup N in G:
(MN)a/n = Mg.
ProoF. Recall that Mg = Z ®z(c) M. We obtain directly that
Z ®ziq) M 2 Z ®zi6/n) ZIG/N] @z16) M.

We claim that Z[G//N] ®z;q) M = My and this proves the lemma.
We define ¢: My — Z[G/N] ®ziq) M as o(m +U) := 1 ® m, where U is the submodule generated by

{nm —m,n € N,m e M}.
Note that 1 = 1z;g/n)j=n = N. This is well-defined: If n € N, then
pnm+U)=10nm =1 m.
Conversely let ¢: Z[G/N] ®ziq) M — My be 9(gN @ m) := gm + U. Then
Yopm+U)=9y(1@m)=m+U
and pop(gN @ m) = p(gm+U) =1® gm = gN @ m. O
Remark V.5.3. If F, is a free Z[G] resolution of Z, then
(Fy @z M)g = Fi @z M
if the G-action on the left hand side is defined as g.(r ® m) = zg~! ® gm.
With Lemma [V.5.2] one therefore obtains on the level of resolutions
Fy ®ziq) M = (F @z M) = (F« ®z M)N)g/nN-

Theorem V.5.4. For every group G with a normal subgroup N and every G-module M there is a spectral
sequence
z;q Hp(G/N; Hy(N; M)) = Hpyq(G; M).

This is the Lyndon-Hochschild-Serre (LHS) spectral sequence. On the p-axis you have the groups
H,(G/N; My) whereas on the g-axis you get (H,(N; M))g/n-
Lecture 27
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PROOF. Let F, be a Z[G|]-free resolution of Z and let F, be a Z[G/N|]-free resolution of Z.
We consider the bicomplex

Cpg = Fp ®zic/n) (Fg ® M)).
Here we take as the horizontal differential dz ® id and adjust the sign for the vertical differential which is

d" = #+id ® dr, ® id so that we actually obtain a bicomplex with d"d” + d*d" = 0.
As each Fy is free over Z[G] we get

F, =P z6) = zG) @z X,
Iq

with X, = @Iq Z.
We get a similar description of Fp as

F, 2 Z|G/N] ®z Y,.

We can also express (F, ® M)y as
(Fa@M)N =Z@zin) (Fy @ M) 2 Z Qzin) Z[G] @7 X @ M 2 Z|G/N]® X, @ M
and
Cpq=F, ®z[G/N Z|G/N]® X, @M.

But as Z[G/N] @ X, is free over Z[G/N] Lemma [II1.3.16| yields

0, p#0,

h o
fp(Cra) = {((Fq @ M)n)ey = (Fg® Ma, p=0.

If we then take the vertical homology we obtain the terms H,(G; M) concentrated in the (p = 0)-line. Hence
the spectral sequence has no more non-trivial differentials and there are no extension problems.
If we take vertical homology first for fixed horizontal degree p, this gives the homology of the complex

Yp 4 (F* ®Z[N] M)
with d¥ = id ® d ® id and thus
Hpy =2Y,® Hy(N; M) = F, ®za/n) Hy(N; M).
Taking horizontal homology therefore yields
E2, = H,(G/N;Hy(N; M)).

A typical application of the Lyndon-Hochschild-Serre spectral sequence is the following result.

Proposition V.5.5. Let G be a finite group and assume that a prime p divides |G|. Assume that G has a
normal p-Sylow subgroup S. Then

H,(G;Fp) = (H, (S5 IE?p))G/S“
ProOOF. We have the LHS spectral sequence with
Erz.s = H.(G/S; Hs(S;Fp)) = Hry5(G;Fp).

The groups H,(S;F,) are all F,-vector spaces. You can actually deduce from the bar resolution that each
H,(S;F,) is finite-dimensional. We know that |G/S| is prime to p, hence |G/S| is invertible in M =
H,(S;F,). Therefore the spectral sequence is concentrated in the (r = 0)-line with

0, r >0,

(Hs(S:Fp))grs, r=0.

There are no further non-trivial differentials and no extension problems. (]

H,(G/S; Hy(S;Fp)) = {
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Example V.5.6. Take G = Y3. Its 3-Sylow subgroup is the alternating group Az = C3 and this is a normal
subgroup. Applying the above result gives

Hy(X3;F3) = Hp(C35F3) 1413

With the calculation from Example [ITI.1.7| we get that H,(Cs;F3) = F5 for all n > 0. But we still have to
take coinvariants and to this end we have to understand the {£1}-action on H, (Cs5;F3) = F3. This is done
in the following example.

In the following we apply the LHS in order to calculate group homology in a case that we couldn’t do
before.

Example V.5.7. We want to determine H,(X3;Z). We view X3 as the dihedral group with 6 elements, Dsg.
This is the symmetry group of a regular triangle, so we have a normal rotation subgroup isomorphic to C
and a subgroup generated by a reflection and this is isomorphic to Z/2Z.

We have to understand the LHS spectral sequence
E? , = Hy(Z/2Z; Hy(C3; Z)) = Hpyq(Dg; Z).
We know by Example that

Z, q=0,
Hy(Cs3;Z) = S Z/3Z, q odd,
0, otherwise.

so we have to calculate Hy,(Z/2Z;Z) and H,(Z/27Z;Z/3Z). As the group order of Z/27Z is invertible in Z/3Z,
we obtain that the groups H,(Z/2Z;7Z/3Z) are trivial for p > 0, but we need to understand the Z/2Z-action
on Hs,—1(C3;Z) in order to understand the coinvariants for p = 0.

The group {+1} acts by conjugation on C3 and this is easier to understand if we switch to the X3-picture
and write

Cs=((1,2,3)), {1} =(7)

and we choose 7 = (1,2). All the other transpositions are conjugate to (1,2) and conjugation induces the
trivial action on homology.

As (1,2)(1,2,3)(1,2) = (1,3,2), the action is non-trivial. We denote (1,2, 3) by ¢ in the following. We
take the standard resolution

Po=..— " s gie) N z(0y) Z[C5)-

We need a chain map from P, to (7(=)771)*(P.). As Totor~! =2 the boundary map id — ¢ in P, turns
into id — ¢2 in the twisted complex. We need maps f,, such that the diagram

N id—t

9t 72(0s] -2 Z[Cs] — 2 7Z[Cy]
Jf‘z lfl lfo
id—t2 id—t2

Z[Cs) —~— Z[Cs] ———— Z[C5)

commutes.
We claim that the definitions

f2n = (_1)ntn7 f2n71 - (_1)ntn
work. We have fa, o (id — t) = (—=1)™" — (—=1)"t"*1. On the other hand
(id — %) o fopyp1 = (id — %) o (=1)" Ll = (1) Flgntd _ (q)ntlgnts,

As t"T3 =t both terms agree.
For the squares involving the norm map we get

f2n71 oN = (—1)ntnN = (—1)”N
and N o fo, = (=1)"Nt" = (=1)"N, so these agree as well. Therefore these f, constitute a chain map.
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We are only interested in the effect in odd degrees. If the degree is of the form 4n + 1, then fy,41 is
the multiplication by —#2"*1, so we get an action by a minus sign. For degrees of the form 4n + 3 f4,.3 is
multiplication by t2("+1) | so no sign is introduced.

Therefore

(Hin1(C3;2))z/22 = (Z/32) [(x ~ —x) =0,  (Hany3(C3;2))z/02 = (Z/3Z) [ (x ~ x) = Z/3L.

We have the terms H,(Z/2Z;Z) on the (¢ = 0)-line and the above terms in the (p = 0)-line and nothing
in the middle. In the picture O stands for Z in (0,0), e for Z/27Z for odd p and ¢ = 0 and a A stands for a
7,/37 in g-degrees of the form 4n + 3 and ¢ = 0. The lines indicate constant total degree.

There cannot be any non-trivial differentials for degree reasons. We don’t actually get extension problems
because the elements in total degree of the form 4n + 3 give a Z/27Z x Z/3Z = Z/6Z.

So in total we obtain:
7, n =0,

Z/2Z, n=1mod 4,
7Z/6Z, n=3mod 4,

0, otherwise.

H, (Dg¢,7) =

Remark V.5.8. You actually get a similar answer for all dihedral groups Ds,, with m odd:
Z, n =20,

7/27, n =1 mod 4,

Z/2mZ, n =3 mod 4,

0, otherwise.

Hn(D2maZ) =
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