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Introduction



In this lecture, we want derive strong consequences of the ultraexactness of

a cardinal.

These results will rely on arguments showing that, given an elementary
embedding j : X — V witnessing the ultraexactness of a cardinal A < (,

for certain ordinals A < a € X N ¢, we can find functions
i La(Vat1) — Lj)(Vas1)
in X with the property that

f [(XﬂLa<V>\+1)) =7 r(XmLoc(VAJrl))-

This will allow us to show that e.g., the successor of an ultraexacting

cardinal is measurable in HOD.



In the following, fix

e a cardinal \,
e an ordinal ¢ > A such that V is sufficiently elementary in V,
e an elementary submodel X of Vi with Vy U {A} C X, and

e an elementary embedding j : X — V¢ with j(A) = A, j [ A #idy
and JjIVyeX.



Extensions to V)



Remember that, if £ is an ordinal of countable cofinality and k& : V¢ — V¢ is an
elementary embedding, then the map

by Vey — Ve Av— | J{RANTVL) | < ¢}
is the unique o-elementary function from V¢ 1 to V¢ extending k.
If i : V— M is an |12-embedding with least non-trivial fixed point A, then
ETV)+ =41 Vasr: Vagr — Vo

is ¥1-elementary. Conversely, every non-trivial X;-elementary function from V1
to itself can be extended to an 12-embedding.



Lemma

The map
(G TVA)+: Vi — Vap

is an elementary embedding that is contained in X and satisfies

GITVA)+ T (XNVapr) = J T (XNVag).

Since j | V) € X, elementarity implies that (j | V)4 € X.

Moreover, the equality
IV T (XNVag) = 51T (XNVag).

holds by the definition of (5 | V).

The elementarity of j and the above equality then imply that (j [ V)4 is
an elementary embedding of V1 into itself in X. Finally, the correctness
properties of X ensure that (j [ V)4 also has this property in V. O

\.




Extensions below OFVr+1.5)




Lemma

Let v be an ordinal in X such that there is a surjection s: Vy;1 — v in
X with j(s) € X. Then there exists a unique function j., : v — j(v) that
is an element of X and satisfies

JTXNy) =4y [ (XNy).

Define j., : v — j(7) to be the unique function satisfying

Jy(s(@)) = §(s)((G [ Va)+(2))

for all z € Vay1. Then j, possesses all of the listed properties. O




Remember that, given E C V1, we let @F(Va+1.5) denote the least ordinal
such that L(V 41, E) does not contain a surjection from V41 onto 7.

The basic structure theory of L(V 1, F) now yields the following statement:

If E € X NVyyo with j(E) = E and v € X N OFV2+1:8) with j(y) € X,
then there is a surjection s: Vyy1 — v in X with j(s) € X.

If E € X N Vg with j(E) = E and v € X N OV +1.E) with j(v) = ~,
then there is a function j, : v — 7 in X with

JrX Ny =4y [ (XNy).




An application: the consistency
strength of ultraexactingness



Corollary

If B € X NVyy2 with j(E) = E and v € X NOXV2+1.E) s 3 |imit ordinal
with j(v) = 7, then there is a function

j’y : L'y(VA+1;E) — L'y(v)\+1aE)
in X with

I X NLy(Vars, E)) = 57 1 (XN Ly (Vg B)).




Definition (Woodin)

The Internal Axiom 10 holds at a cardinal X if for all A < v < @L(Vat1),
there exists a non-trivial elementary embedding

J:Ly(Vag1) — Ly(Vaga)

with crit(j) < A.

Corollary (Aguilera—Bagaria—Goldberg—L.)

Internal Axiom 10 holds at every ultraexacting cardinal.

| \

Theorem (Woodin)

The following statements are equiconsistent over ZFC:
e There exists an 10-embedding.

e Internal Axiom 10 holds at some cardinal.




An application: fragments of
HOD-Berkeleyness



Definition

Given an inner model N and ordinals p < ¢, the ordinal p is N--Berkeley if
for every @ < p and every transitive set M in N that contains the ordinal p
as an element and has cardinality less than ¥ in N, there exists a non-trivial
elementary embedding j : M — M with a < crit(j) < p.

Theorem (Aguilera—Bagaria—L.)

If E € VyioNX with j(E) = E, then X is HOD-©L(Vx+1.5)_Berkeley.




An application: Icarus sets




Definition

An element E of V)5 is a strong Icarus set if there exists a non-trivial
elementary embedding i : L(Vyy1, E) — L(Viy1, E) with the property
that crit(é) < A and i(E) = E.

Theorem (Aguilera—Bagaria—L.)

Let E € ViyoN X be such that j(E) = E. If E¥ exists, then there is an
elementary embedding i : L(Vyy1,E) — L(Vay1, E) withi [ V) =3 [ V)
and i(E) = E.

Corollary

If A is an ultraexacting cardinal with the property that Vf\#ﬂ exists, then
there is an 10-embedding j : L(Va11) — L(Vat1).




Pick E € X N V4o such that j(E) = E and E# exists.

Set © = OL(Vr+1:5) and @ = OLVa+1:E%)  Then © < © holds.

Moreover, we have E# ©,0" € X with j(E#) = E#, j(©) = © and j(©') = ©'.
Hence, our results yield a function 5© : Le(Vai1, E) — Le(Vas1, F) in X with

i® 1T Le(Vas, B)NX) = j I (Le(Vat1, E) N X).

If we define
U= {AeVip® | j1vyeP)} e X,

then it can be shown that U is a normal L(V 41, E)-ultrafilter and taking an
ultrapower of L(V 41, E) by U yields an elementary embedding

it L(Vas1, E) — L(Vay1, B)

withi [ Vy=j | V) and i(E) = E.



Thank you for listening]!
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