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ABSTRACT. This paper deals with the question whether the assumption that
for every inaccessible cardinal x there is a well-order of H(x1) definable over
the structure (H(x1), €) by a formula without parameters is consistent with
the existence of (large) large cardinals and failures of the GCH. We work
under the assumption that the SCH holds at every singular fixed point of
the J-function and construct a class forcing that adds such a well-order at
every inaccessible cardinal and preserves ZFC, all cofinalities, the continuum
function and all supercompact cardinals. Even in the absence of a proper class
of inaccessible cardinals, this forcing produces a model of “V = HOD” and
can therefore be used to force this axiom while preserving large cardinals and
failures of the GCH. As another application, we show that we can start with
a model containing an w-superstrong cardinal x and use this forcing to build
a model in which k is still w-superstrong, the GCH fails at k and there is a
well-order of H(x™T) that is definable over H(k1) without parameters. Finally,
we can apply the forcing to answer a question about the definable failure of
the GCH at a measurable cardinal.

1. INTRODUCTION

The outer model programme aims to obtain desirable structural features of
Godel’s constructible universe in generic extensions of the ground model while pre-
serving large cardinals. A related objective is to obtain desirable structural features
of Godel’s constructible universe in generic extensions of the ground model while
not only preserving large cardinals, but also other features that are incompatible
with the assumption “V = L”. This paper focuses on the existence of well-orders
of H(k™) definable over the structure (H(k™), €) by a formula without parameters,
large cardinals and failures of the GCH. Our main result shows that it is possible
to add such well-orderings at every inaccessible cardinal x using a class-forcing that
preserves ZFC, all cofinalities, the continuum function and supercompact cardinals.
As a corollary, we also obtain a result on the relative consistency of the statement
“V =HOD?” together with the existence of large cardinals and possible failures
of the GCH. Before we state our results, we fix some definitions and give a brief
overview of related existing results.

Definition 1.1. Let x be an infinite cardinal, X C H(xT), p € H(s™) and n < w.
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e The set X is lightface 2, -definable (respectively, is X,,-definable in param-
eter p) over H(k™) if X is definable over the structure (H(x¥), €) by a
¥, -formula without parameters (respectively, with parameter p).

e We say that X is boldface X, -definable over H(x™) if it is ¥,-definable in
some parameter (in H(k™)) over H(x™).

e The set X is lightface ¥,,-definable (respectively, is X,,-definable in param-
eter p) in H(k™) if X is lightface ¥,-definable (respectively, ¥,-definable
in parameter p) over H(k%) and X is an element of H(k™).

e We say that there is a lightface ¥,,-definable well-order (respectively, a
boldface 3, -definable well-order) of H(k™) if there is a well-order of H(x™)
which is lightface (respectively, boldface) ¥,,-definable over H(k™).

o Lightface definable abbreviates lightface X, -definable for some n € w,
boldface definable or simply definable abbreviate boldface X,,-definable for
some n € w.

In [2] and [3], David Asper6 and the first author showed that assuming the GCH,
there is a cofinality-preserving class forcing which introduces a lightface definable
well-order of H(k™) for every regular uncountable x while preserving all instances
of supercompactness, many other large cardinals and the GCH. In [9], the first and
second author independently obtained (as a side result) that assuming GCH, there
is a cofinality-preserving forcing which introduces a boldface definable well-order
of H(k™) for every regular uncountable s while preserving many large cardinals
(including w-superstrong cardinals) and the GCH. While this result is basically
weaker than the aforementioned, enhancements of the techniques developed in the
proofs of this statement will be made heavy use of in the following.

The first and third author have shown in [11] that assuming the SCH holds at
singular limits of inaccessibles (but not the GCH),! there is a cofinality-preserving
forcing which introduces a boldface definable well-order of H(k™) for every inacces-
sible k and preserves all supercompacts, many instances of supercompactness and
the continuum function. This construction is based on results of the third author
from [13] that allow us to add boldface definable well-orders of H(k™) by forcings
which preserve the value of 2%. These forcings will be another ingredient of our
construction.

Our main result improves the result of [11] by obtaining lightface instead of
boldface definable well-orders (starting from a slightly stronger SCH-assumption).

Theorem 1.2. Assume SCH holds at singular fized points of the 3-function. There
is a ZFC-preserving class forcing P definable without parameters that satisfies the
following statements.
(i) If « is inaccessible and G is P-generic over V then there is a lightface
definable well-order of H(at)VICl,
(i) P is cofinality-preserving.
(iii) P preserves the continuum function: If G is P-generic over V, then (2%)V =
(2)VISl for every a.
(iv) P preserves the supercompactness of supercompact cardinals.
In [5], Andrew Brooke-Taylor has shown that assuming GCH, there is a cofinality-
preserving forcing to obtain “V = HOD?” in the generic extension while preserving

1f X is a class of singular strong limit cardinals, SCH at X abbreviates the statement that
2% = kT for every k € X.
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various large cardinals and the GCH. In order to obtain this, he codes a class-
function F': On — 2 into the validity of the principle ¢} at various regular car-
dinals s, making use of the fact that under the GCH, the validity of the principle
OF can be “switched on and off 7 by mild (<k-closed and r'-c.c.) forcings.

In the proof of the above theorem, we improve this technique and develop a
finer coding which does not rely on the GCH. This coding uses the fact that the
existence of boldface definable well-orders of H(x™) for uncountable x with x = k<*
can be “switched on and off ” by mild (again <k-closed and x*-c.c.) forcing that
preserves the value of 2°. This follows from results contained in [13] that will be
restated in Section 2 of this paper. Hence one could define a Boldface Definable
Well-order Oracle Partial Order similar to the O*-Oracle Partial Order defined in
[5, Definition 5] and use it to start with a model where the SCH holds on a proper
class of singular strong limit cardinals? and force the statement “V = HOD” while
preserving all cofinalities and the continuum function. The class forcing constructed
in the proof of Theorem 1.2 contains such a Boldface Definable Well-order Oracle
Partial Order and uses it (in combination with other coding forcings) to make
certain sets locally lightface definable. This construction will allow us to run the
argument sketched above and derive the following corollary.

Corollary 1.3. If P is the partial order from Theorem 1.2, then in any P-generic
forcing extension, “V = HOD ” holds.

In particular, if the SCH holds at singular fixed points of the 3-function, then
we can force the statement “V = HOD” with a class forcing that preserves ZFC,
all cofinalities, the continuum function and every supercompact cardinal. This
generalizes a result of Arthur Apter and Shoshana Friedman from [1], where the
above has been obtained under the assumption of (and preserving) GCH.

Moreover one could replace the coding based on modifying the number of normal
measures on measurable cardinals that is used in Section 3 of [1] by the boldface
definable wellorder existence coding to obtain, under the assumption of the SCH at
singular fixed points of the J-function, a version of [1, Theorem 3.2] that does not
need the assumption of the GCH (and preservation of the GCH is to be replaced by
preservation of cofinalities and the continuum function). Since the SCH assumption
above is only needed to ensure preservation of cofinalities, this also provides an
alternative proof of [6, Theorem 4]. Under the assumption of SCH at singular fixed
points of the J-function, we obtain the following version of that theorem (see [6]
for the definition of HOD-supercompactness):

Theorem 1.4. Assume k is supercompact and SCH holds at all singular fized
points of the J-function. Then there is a set-forcing extension that preserves both
cofinalities and the continuum function, in which k is still supercompact, but not
HOD-supercompact.

We discuss other applications of the forcing construction from Theorem 1.2. In
[10], Radek Honzik and the first author show that it is possible to obtain a model

2Note that a classical theorem of Solovay (see Theorem 1.9) implies that this assumption
becomes void in the presence of a strongly compact cardinal.

3Note that if there are unboundedly many inaccessibles, then the corollary follows directly
from Theorem 1.2. Only in the case that the inaccessibles are bounded in the universe do we need
to argue as above.
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containing a measurable cardinal x with a lightface definable well-order of H(x™)
and 2" = gt starting with a kT -strong cardinal k. The iteration of their paper
cannot be used to make 2" bigger than ™. This raises the question whether it is
consistent to have a measurable cardinal x with 2% > k™" and a lightface definable
well-order of H(x™). Starting from a much stronger large cardinal assumption, we
use the forcing from Theorem 1.2 to establish this consistency and thus answer [10,
Question 6.1].

Corollary 1.5. Assume that the SCH holds at singular fized points of the 13-
function. Let k be a reqular cardinal and 6 be the least singular strong limit cardinal
of cofinality k. If k is §-supercompact, then there is a cofinality-preserving set forc-
ing which introduces a lightface definable well-order of H(k™) and preserves the
d-supercompactness (and thus the measurability) of k and the value of 2%.

With the help of a folklore result (see Lemma 1.8), this immediately gives rise
to the following.

Theorem 1.6. The consistency of ZFC plus

(i) “There is a §-supercompact cardinal x such that § is the least singular
strong limit cardinal of cofinality x ”

implies the consistency of ZFC plus

(11) “There is a measurable cardinal £ with 2% > k™* and a lightface definable
well-order of H(k™) 7.

We also show that the w-superstrength of a given w-superstrong cardinal (see [9,
Definition 5]) may be preserved while forcing with P, which in particular yields the
following result (again with the help of Lemma 1.8).

Theorem 1.7. The following statements are equiconsistent over ZFC.

(i) There is an w-superstrong cardinal.
(ii) There is an w-superstrong cardinal k with 2% > k™ (or 25 > k*1) and a
lightface definable well-order of H(k™T).

Throughout this paper, we assume that the SCH holds at singular fixed points
of the J-function. This will imply that the partial order PP constructed in the proof
of Theorem 1.2 is cofinality-preserving. The following folklore result says that this
assumption can be obtained by mild forcing (i.e., collapsing all “ counterezamples”
while preserving the continuum function and large cardinals).

Lemma 1.8. There is a class-sized iteration S which satisfies the following:

e S forces SCH at singular fized points of the J-function.

e S preserves the cofinality of k whenever there is no singular fixed point A
of the J-function with A\t < k < 2*.

o S preserves the value of 2 whenever it preserves k and k is not a singular
fized point of the 3 function with 2% > xt.

e S preserves the inaccessibility of all inaccessible and the supercompactness
of all supercompact cardinals.

e If~ is a singular strong limit cardinal but not a fized point of the J-function
and k 1s y-supercompact with v<* = ~, then forcing with S preserves the
y-supercompactness of K.

o If Kk is w-superstrong, then there is a condition in S which forces that the
w-superstrength of k is preserved by forcing with S.
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Sketch of the proof. Let S be the reverse Easton iteration which at stage x adds a
Cohen subset of kT if 2¢ > k% and k is a singular fixed point of the J-function.
That S forces SCH at singular fixed points of the 3-function, preserves the relevant
cofinalities, the relevant parts of the continuum function and all inaccessibles are
standard arguments. That it preserves all instances of supercompactness as in the
statement of the lemma can be shown by arguments similar to (but easier than)
those in the proof of supercompactness preservation provided later in this paper
for P. The w-superstrength preservation can be shown similar to (but easier than)
the proof of w-superstrength preservation provided later in this paper for P. For
those reasons and because this lemma is not actually essential to the content of this
paper, we will not provide a detailed proof. ([

Several computations in the following proofs will rely on the following classical
theorem by Robert Solovay (see [12] for the refined statement below).

Theorem 1.9 (Solovay). If v > k, v is a singular strong limit cardinal and k is
~-strongly compact, then 27 = v+,

In particular, this result shows that the assumptions of our main result auto-
matically hold above the first supercompact cardinal.

2. PREREQUISITES

In this section we will introduce several concepts and results contained in [11]
and [13] that we will make use of in later sections. Given an ordinal A, we let *\
denote the set of all functions f : A — X and <*X denote the set of all functions g
with dom(g) € A and ran(g) C A\. We let <-,-> denote the Godel pairing function
on ordinals.

Definition 2.1. Let x be an uncountable cardinal with kK = k<%. A pair (A, s) is
a k-coding basis if A is a subset of “k and s = (s, | @ < k) is an enumeration of
<#k such that lh(s,) < a for all @ < k and the set {« < K | sq =t} is unbounded
in x for each t € <Fk.

Given an uncountable cardinal £ with Kk = k<" and a k-coding basis (4, s), we

define P5(A) to be the partial order consisting of conditions p = (T}, gp, hp) with
the following properties.
(i) T, is a subtree of <*2 that satisfies the following statements.
(a) T, has cardinality less than x.
(b) If t € T}, with Ih(¢) +1 < ht(7},), then ¢ has two immediate successors
in T,
(ii) gp : A part, [T,] is a partial function such that dom(g,) is of cardinality
less than K.
(ili) hyp: A 297 k is a partial function with the following properties.
(a) dom(hy) = dom(g, ).
(b) For all z € dom(h,) and «, 8 < ht(T},) with a = <h,(z), 8>, we have

sg Cx = gp(z)(a) =1
We define p <p_(4) ¢ to hold if the following statements are satisfied.

(a) T, is an end-extension of T,.*

“In the sense that T, = {t € T}, | Ih(t) < ht(Ty)}.



6 SY-DAVID FRIEDMAN, PETER HOLY, AND PHILIPP LUCKE

(b) For all x € dom(g,), =z € dom(g,) and g4(x) is an initial segment of g,(z).
(¢) hq = hyp | dom(hg).
Proposition 2.2. If k is an uncountable cardinal with £ = k<% and (A,s) is a

k-coding basis, then Py(A) C H(k™), P,(A) satisfies the k*-chain condition and is
<k-directed closed with infima®.

Proof. The first statement is immediate from the definition of the partial order and
the second one is proven in [13, Lemma 3.2]. To show that the third statement
holds, let D be a directed subset of P;(A) of cardinality less than k. Define T' =

{7, | p € D},

9 = {@,( Hop(@) | pe D, x €dom(g,)}) | Ip € D & € dom(gy)}

and h = |J{h, | p € D}. Then T is a subtree of <"2 of size less than x and
dom(g) = dom(h) is of size less than . Given pg,p1 € D, x € dom(g) and
a < ht(T), there is a ¢ € D with ¢ < pg,p1, * € dom(gy) and ht(T,) > a. If
x € dom(gp, ), then g, (z) C gq(z) and h,,(x) = hy(x). This shows that g and h
are partial functions and g(z) € [T] for all z € dom(g). In particular, the triple
pp = (T, g,h) is a condition in Ps(A) and it is easy to check that pp is the infimum
of D in P4(A). O

In the above setfcing, we let T}, and F,, denote the canonical P,(A)-names with
the property that 7¢ = (J{T}, | p € G} and
EC A — [TEVIE) 41— U{gp(x) | p€ G, z €dom(g,)}

whenever G is Ps(A)-generic over V.
Theorem 2.3 ([13, Corollary 3.7]). Let r be an uncountable cardinal with k = /Q.<F",
(A, s) be a k-coding basis and G be Py(A)-generic over V. Then [TC]VIC] = ran(FS)
and the following statements are equivalent for all x € (“/@)V[G].

(i) x is an element of A.

(ii) There is a z € [TC|VIC! and an a < k such that

sg Cax <= z(<a,0>)=1
holds for all B < k.

In particular, A is made boldface ¥;-definable over H(K+)V[G]. In the proof of
Theorem 1.2, we will make use of the following direct consequence of Theorem 2.3.

Corollary 2.4. Let k be an uncountable cardinal with k = k<", (A, s) be a k-coding
basis and G be Ps(A)-generic over V. If W is an outer model of V|G] such that k
is a cardinal in W and [TV = [TCVIC]] then A is ¥, -definable in parameters s

and TS over (H(kH)W, €). O
Given functions x,y € "k, we let <z, y> denote the unique function z € “x with
z(B), ifa=0,
2(=a, B=) =< y(B), ifa=1
0, otherwise.

SWe say that a subset D of a partial order P is directed if for all pg,p1 € D there is a p € D
with p < po,p1. Given an infinite regular cardinal x, a partial order P is <k-directed closed with
infima if every directed subset of P of cardinality less than « has an infimum in P.
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We say that A C "k codes a well-order of "k if there is a well-order < of ®x such
that
A={=<z,y> | z,y € "k, x < y}.
The following, which is notationally adapted from the original theorem in [13],
provides us with a forcing to introduce a boldface definable well-order of H(k™).

Theorem 2.5 ([13, Theorem 6.1]). Assume that k is an uncountable cardinal with
k= K<", (A, s) is a k-coding basis and A codes a well-order of "r. If G is Ps(A)-
generic over V, then there is a well-ordering of H(k1)VIC that is Ay-definable over
(H(x)VIE €) in parameters s and TS .

In the other direction, we also need a forcing that allows us make sure that there
are no definable well-orders of H(x%). The following result is folklore. A proof of
this statement can be found in [13, Section 9].

Theorem 2.6. If r is an uncountable cardinal with k = k<% and G is Add(k, kT)-
generic over V, then the Axiom of Choice does not hold in (L(P(k)VI]), €). In
particular, there is no boldface definable well-order of H(k)VIC],

3. LIGHTFACE DEFINABLE WELL-ORDERS OF H(x™)

In this section, we commence the proof of Theorem 1.2. Let B denote the class
of all singular fixed points of the J-function, I" be the class of all successor cardinals
of elements of By and (by | v € On) be the monotone enumeration of I'. We will
start by introducing a variant C(i) of the canonical function coding. This coding
was first introduced in [2] and [3] and also made use of in [9].

Given an inaccessible cardinal o, v € [, a™), a bijection f: o — v and i < 2,
a set t is a condition in Cy(¢) if the following statements hold.

e tis a closed, bounded subset of o and
o If n € t, then c(otp f[n]) =4, where ¢ : On — 2 is defined by

o(8) = 1, if there is a definable well-order of H(bs™).
| 0, otherwise.

Conditions in C(i) are ordered by end-extension.

Definition 3.1. Given a set X, the lottery of X is the forcing poset consisting
of a weakest condition 1 and all elements of X, where it is assumed that 1 ¢ X.
Elements of X are pairwise incompatible in the lottery. If G is generic for the
lottery of X, G will be of the form {z,1} for some z € X; we say that G decides
for x in that case.

Before we commence with the details of the proof of Theorem 1.2 by stating
the definition of our forcing iteration P, we want to give a rough idea of what the
iteration [P will do, as some of the basic ideas seem to be in danger of being buried
by technicalities in the actual definition.

Our iteration will basically be Easton supported (but with an additional restric-
tion on the supports) and we only force nontrivially at stage & and o+ 1 for « € T’
and stages in the interval [a, « - «) for inaccessible . We perform a lottery of
the set {0,1} at stage o € T'. If the lottery decides for 0, then we ensure at stage
a+1 (by forcing, using Theorem 2.6) that there is no definable well-order of H(a™).
Otherwise, we ensure at stage a + 1 (by forcing, using Theorem 2.5) that there is
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a definable well-order of H(a*). This way we obtain a generic predicate ¢ that is
coded by the boldface definable well-order existence pattern.

If « is inaccessible, then we will first perform the lottery of all a-coding bases
(A, s) such that A codes a well-ordering of “«, to choose such an a-coding basis
(Aa, 8a). In the next step, we force with Py (A,) (as defined in Section 2) to
introduce a well-order of H(a") that is definable over H(a") in some generically
added parameter z, C «a. In the next « - a-many stages, we perform an iteration
S ,.» Using supports of size less than «, which applies appropriate instances of
the forcing C(i) to make sure that z, and the generic for S, itself are both
definable from cNa. This will allow us to infer that H(a1) has a lightface definable
well-order in any P-generic extension.

For the sake of large cardinal preservation, we must in fact not allow for the
lottery of {0,1} if « is of the form b,124s for some inaccessible k and § < &, but
choose either 0 or 1 (non-generically) depending on the generic for the iteration
below «. This will be made use of in the proof of Claim 20.

Throughout the following, for every inaccessible k we fix a uniformly (in pa-
rameter k) definable recursive sequence (f | v € [k, k - k]) such that every f, is a
bijection from k to 7.

Proof of Clauses (i)-(iii) of Theorem 1.2. Our forcing P will be an “ Easton-like it-
eration”% of the form (P, P, | a € On). P, denotes the trivial forcing unless
a€el,a=p0+1and 5 €T or carda = & is inaccessible and « € [k, k- k). f a € T,
let Pa and Pa+1 both denote the trivial forcing if <% > « or « is singular in the
P_,-generic extension.” Similarly, if card o = & is inaccessible, a € [k, % - k) and &
is not inaccessible in the P.,-generic extension, let P, denote the trivial forcing.”
Given a generic G for P or a generic G for some P.g and an ordinal a < 3, we let
G <, denote the generic on P, induced by G or G respectively.

Case (« is inaccessible and remains so in the P.o-generic extension). We let P,
denote the canonical P.,-name for the lottery of (the set of) all a-coding bases
(A, s), where A codes a well-order of “« in the P.,-generic extension. If G is Pc,-
generic over V, a generic for PS over V[G] decides for an a-coding basis (Aq, Sa),
where A, codes a well-order of (*a)VIE]. Let A, and $, be canonical P-4 -names
for A, and s,.

Let Pa+1 be a canonical P.,i-name for Py (A,l) If G is P.4qo-generic over
V, 80 = 855, Ay = AS<**" and G is the filter in P, (A,) induced by G, then
the well-ordering of (“a)VIGa+1l given by A, is ¥i-definable in some parameter
ZTo € *2 coding the sets s, and Tf, where T, is the P, (A )-name in V[G<o41]
constructed in Section 2. Let @, be a canonical P.,2-name for such a parameter
Zo. Working in W = V[G], by Proposition 2.2 we have H(«) C V[G<q+1] and
at = (at)VIG<anl Let <® denote the well-ordering of (“a)VIG<e+1) determined
by the parameter 2&. There is a canonical surjection o of (*2) onto H(a™) that
is ¥j-definable in parameter o in H(a®).® Since the definition of this function

6This name of course refers to the supports used - those will be specified just before Definition
3.2. A related forcing construction is used in [9].

"We will later show by induction that this is never the case (see Claim 7).

8Fix = € ®2. We define a binary relation €; on a by setting 8 €5 v if (<0, <8,vy>=>) = 1.
If (o, €z) is well-founded and extensional and 7 : @« — y is the corresponding collapsing map,
then we define o(z) = {m(8) | z(<1,8>) = 1}. Otherwise, we define o(z) = 0. If z € H(a™)
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is absolute, the set H(at)VIG<at1] is equal to the image of (*2)VIG<e+1] under o.
Hence <@ induces a well-ordering <, of H(at)VI¢<a+1l in a canonical way.? <,
induces a well-ordering of H(a)VI¢<e+1] of order-type &€ € [a,a™) and, by using
the <,-least bijection from «a to &, <, actually induces a well-ordering <, of
H(a)VIG<et1l = H(a) of order-type a. Let < (8) denote the 6" element of H(a)
in this ordering. We define by induction

e an auxiliary forcing iteration 5S¢, of the form (S%;, S¢ |6 < a-a) with

<a-support,
e a sequence (R%; | § < a-«a) such that R2 5 C S for each § < a -, and
e asequence (a§ | § < « - a) such that af is an S¢s-name for each § < a-a.

If S5 is defined, let

s = {peSs | 3w, : 0 — [~ Vy < plyIFpy) = wy(7)}.

Note that given p € S5, if w, as desired exists, then it is uniquely determined.
This allows us to define an injection p : R25 — H(c) by setting p(p) = g if ¢ is a
function with domain £} supp(p) and ¢(v) = Wp(fa-a(7y)) for all v € dom(q).
We define a¢ as follows. If § is of the form a - §, then we let G be the canonical
S¢s-name for G (5). If 6 is of the form - § + 1+~ for some v < «, then we choose

a canonical Sg s-hame such that

(.Q)K_ 1, lf<7a(’y)€K
@) = 0, otherwise.

holds whenever K is S¢;-generic over W and K = p” (K N R%). Finally, choose
Sg‘ such that

(S(?)K = (Ofa+2+5((d?)K))W[K]

whenever K is S¢s-generic over W.

We now want to define the iteration P in the interval [a+ 2, o - ) by induction.
Assume § < a -« and Pcy424¢ is already defined. Let G be P24 45-generic over
V and let W = V[Gcq42]. Work in W. Define S¢5, R% 5 and a§ as above. We will
sometimes use ag to also denote a canonical P.,2-name for the actual S¢s-name
ag in the Pc,yo-generic extension. We say that an element ¢ of RZ; is induced by

an element r of G if
rila+2,a+2+7) Fr(a+2+7) =d,(7).
holds in W for all v < 4. Let

K = {peS%s|3qge€ RS (¢ <p A gisinduced by an element of G)}.

and b: o — tc({z} U a) is a bijection, then there is an « € *2 with €.,= {(8,7) | b(8) € b(y)},
z = {b(B) | (<1, 8>) = 1} and hence o(z) = =.
Mefine z <a y to hold if
3z,5€ (*2)VC<atillz <o g A o(@) =2 A o(f) =y
A VE e (“2)VIG<atl(z < 7 - 0(F) # @)

A Vg e (@2)VIG<arl(G < 5 — o(5) £ y)]-
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Then K is a filter in 525.10 Choose a canonical P 2,5-name K for K and define

P, 1245 to be a canonical P<,o4s-name such that

5 el aroxKC
Pliars = (Cpapays ((§)Fser=i))Vie]

holds whenever G is Pcq4o4s-generic over V. We will later show inductively (see
Clause 7 of Claim 7) that P42 * S25 can be densely embedded into Pcqyo4s
by a canonical embedding. We will thus sometimes identify a§ not only with a
Pcoyo x S¢s-name, but also with a Py 25-name.

Case (a € T, a<* = « in the P<,-generic extension). If there is no inaccessible
% such that o is of the form b, .5 for some § < &, let P, denote the lottery of 0
and all triples (1, A, s) where (4, s) is an a-coding basis and A codes a well-order
of “a in the P.,-generic extension. If G is P.,-generic over V, a generic for PaG
over V[G] decides for either 0 or 1 and if it decides for 1 it also decides for an
a-coding basis (Aq, so) where A, codes a well-order of (*a)VICl. If o = by 4245 for
some inaccessible x and § < k, we demand that P, decides for 1 if and only if ay
is decided by the filter on P2 * S%; induced by G to be 1 (it shall decide for
0 otherwise) and only in that case'® let P, also perform a lottery of all a-coding
bases (A, s) where A codes a well-order of “k in the P.,-generic extension, and
thus choose an a-coding basis (A, sq) as above. Let A, and $, be canonical
P_11-names for A, and s,. Let both denote @ if no a-coding basis was chosen.

Assume G is P.q41-generic. Let A, = Ag and s, = saG Let Pa+1 be a Pegy1-
name such that ng_l = Add(a,a™) if G decided for 0 at stage o and such that
PG =P, (A,) if G decided for (1, A,,s,) at stage a, with both Add(a,at)
and P,_(A,) defined in the sense of V[G]. Note that by Theorem 2.6, Add(a, a™)
ensures that H(a™) has no definable well-order in the generic extension, while
P, (A,) ensures that H(a™) has a definable well-order in the generic extension
by Theorem 2.5. Both Add(a,a™) and P, (A,) are <a-closed and satisfy the
at-chain condition.

For p € P, A inaccessible and « € supp(p) N [A+2, A+ A), we write p2* for p(7).
As a notational convention, we say p}* = 1 otherwise. We define the club support
of p to be the set C-supp(p) = {7 | p3* # 1}.

It remains to declare the supports used in the construction of our iteration.
Assume « is a limit ordinal, P is defined for v < «, T is the inverse limit of
(P<y | ¥ < ca)and peT. Then p € P, if

e if a is regular, supp(p) is bounded in o and
e for every inaccessible 6, card (C-supp(p) N 0F) < 0. 12
Let P be the direct limit of (P, | & € On).

Definition 3.2. If « is inaccessible and v C [, « - o] is of size less than «, we say
that C, is the canonical separating club for v if

Cyo={n<a|¥y,71 €v v <y — fy[n] is a proper initial segment of f,[n]}.
As defined, C, is easily seen to be a club subset of «. Note that if v; D vy, we

have that C,, C C,,. We will tacitly make use of this in the following.

10We will prove later that K is in fact generic for SZ; (see Clause 7 of Claim 7).
Hgee Claim 20 for a motivation of this extra condition.
12The former condition is the reason why we called our iteration “Faston-like” earlier on.
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Definition 3.3. If p € P, and n < «a is a cardinal, we define u,(p) as follows:*

1 ify<n
L ifyemn’)
p(y) otherwise

We will usually assume that for every v € supp(p), 1p_., IF p(7) € P,; therefore
Uy (p) € Pco. We let uy(Pco) = {un(p) | p € Pcal}

The following claim will often be tacitly used.

Claim 1. Ifp € P.,, n < « is a cardinal and q < p, then there is r < q such that
q <r (i.e. ¢ and r are equivalent) and u,(r) < uy(p).

Proof. Assume p € P.,, n < « is a cardinal and ¢ < p. We want to construct
r < g such that u,(r) < u,(p). We define r by induction on i < a. For i < 1, let
r(i) = q(i). If i > n, r[iis defined, 7 [i < q [, uy(r i) < uy(pli) and G g is the
canonical name for the P ,-generic, let
r(i) = { Q(Z:)a ifrle 6 Gea.
p(i), otherwise.

Then r [ ¢ - r(i) = q(i) < q(i). Let A be a maximal antichain below wu,(r | %)
that refines r | 7, i.e. for every a € A either a < r[iora L r i Ifa <7r]Ji,
then a IF r(i) = ¢(i) < p(i). If a L r |4, then a IF r(2) = p(i) < p(i). Hence
un(r [1) IF r(2) < p(i). This handles successor stages of our induction. The limit
stages are immediate. O

Definition 3.4. If < a is a cardinal and p € P, we define ,,(p) as follows:
if v >t

if v=mn.
p(7y), otherwise.

j‘?
L) =13 1,

We call I,,(p) the n-sized or the lower part of p. Note that [;,(p) complements u,(p)
in the sense that it carries exactly all information about p not contained in u,(p).

Definition 3.5 (stable below n*). Assume (p’ | i < §) is a decreasing sequence
of conditions in P, of limit length § < n* where n < « a cardinal. We say that
(p* | i < 6) is stable below T iff
e (I,(p") | i < &) is eventually constant or
e 7 is singular and for every cardinal p < 1, (I,(p’) | i < d) is eventually
constant.

The following definition will be the key ingredient for Claim 3 below. The basic
idea is that if p and ¢ are conditions in P, for ¢ to be strategically below p means
that ¢ is (in a sense that is detailed below) sufficiently strong w.r.t. p.

Definition 3.6. Assume o’ < « and 6 is inaccessible. If p € P.,, ¢ € Py and
q < pld, we say that g is strategically below p at 0 if C-supp(p) N[0,07) = 0, if
6 > o or all of the following hold, letting 6* = min({c/,671}):

3we will usually use 1 to denote the canonical name for the weakest condition of a poset in
a forcing extension, where both the poset and the forcing extension should always be clear from
context.
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(i) for all v € C-supp(p) N [0,6%), q [~ forces that af has a P up(supp(q)ne)-
name, where ¢ is such that v =60+ 2+ &,
(ii) for all v € C-supp(p) N[0,0%), [~ forces that max ¢5* > sup(supp(p) N 6)
and that sup(supp(q) N #) > maxp2*,
(iii) sup(supp(g)N#) is larger than or equal to some element of Ct - supp(p)n[e,6+)
above sup(supp(p) N 9) and
(iv) sup(supp(q) N ) is greater than the cardinality of C-supp(p) N[0, 07).
(v) Let v := card sup(supp(p) N 6). Then sup(supp(q) NG) > 7.
If n < o' < a, nis acardinal and g < p[a’, we say that ¢ is nT-strategically below
p if for every inaccessible 6 > 7, ¢ is strategically below p at §. It is immediate
that if n9 < n; are both cardinals and ¢ is nyT-strategically below p then ¢ is
n1 T-strategically below p.

The common case will be when o’ = « in the above. If p € P.y, ¢ € Pcyr,
o < a and q is nT-strategically below p, then ¢ is nT-strategically below p [ o/.
The reverse direction of this implication will usually not hold, as in general (iii) and
(iv) get weaker as « gets smaller. A couple more trivial facts that will be useful
later on are the following.

Claim 2. o Ifa < a*, p,q € Peo~ and q is nT-strategically below p, then
q o is nT-strategically below p|«.
e Forp,q,r € P<y and a cardinal n < «, if q is nT-strategically below p and
r < g, then r is nT -strategically below p.
e Forp,q,r € Pcy and a cardinal n < «, if ¢ < p and r is n*-strategically
below q, then r is nt-strategically below p.

Proof. Straightforward from Definition 3.6. O

Notation. Given a decreasing sequence of conditions (p’ | i < 6) in P, of limit
length 0, we say that a sequence r = (r(y) | v < «) is the componentwise union of
(p* | i < 0) if the following statements hold.

o If v < a with v € [0 4 2,0 - 0) for some inaccessible 6, then 7(7) is the
canonical P.-name for the set |J;_5(p")%*; we denote r(7y) by r2*.
e Otherwise, r(7) is the canonical P-.-name for inf{p’(v) | i < 6}.

The sequence r is usually not a condition in P<, as the r* are not necessarily

names for closed sets, but the supports of r can be calculated as if r» were a condition
by letting
supp(r) = {7 | r(v) # 1} = | supp(p’)
<0
and
C-supp(r) = {y | r2* # 1} = | C-supp(p’).
<0
If v € I', & is a P<y-name for either 0 or 1 and p € P., for some a > v, we
write p [v IF p(y) = & to abbreviate the following: there is a maximal antichain A
below p [+ which decides & such that if a € A and a IF & = 0 then a IF p(y) = 0,
and if a € A and a I ¢ = 1 then there exist P.,-names $ and A such that

alFp(7) = (1A, ).

Definition 3.7 (Strategic lower bound). Given a cardinal 7 < « and a sequence
{p* | i < §) of conditions in P, of limit length § < ™ which is stable below n*,
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form their componentwise union r, which exists by our assumptions. supp(r) is
bounded below every regular cardinal and C-supp(r) N @ has size less than 6 for
every inaccessible §. We would like to obtain a condition ¢ € P.,, with the following
properties for every v € C-supp(r), v > n", v = cardy + 2 + &:

(1) g1 IF q(botp £, (suprz-)) = a7 and

(2) qlvIF g :=7r* U{supri*}.
Components of ¢ other than the above should be equal to the respective components
of r. If such ¢ exists, we call ¢ the nT-strategic lower bound for (p* | i < §).
Whenever we want to apply the above, we will be in a situation where each sup 73"
will have been decided (by any lower bound of (p’[+v | i <)) to equal an actual
ordinal value (and is not just a name for an ordinal). Note that (1) implies that g [~y
. card

forces that c(otp f,[supr3*]) = a7, It is immediate from the definitions that if

our desired ¢ exists as a condition in P, then ¢ is a lower bound for (p | i < §),
i.e. ¢ < p* for each i < 4.

Claim 3. Ifn < « is a cardinal and (p* | i < &) is a decreasing sequence of con-
ditions in P., of limit length 6 < nT which is stable below nt such that p'*! is
0T -strategically below p' for everyi < &, then the sequence of conditions (p' | i < 4)
has an n™ -strategic lower bound.

Proof. By induction on o > n*. If o = nT, the claim follows by stability of
(p* | i < d) below n*. Given that the claim holds below «, we want to show that
there exists an 7t -strategic lower bound ¢® for (p’ | i < §). Inductively, for v < «,
let ¢ be the nT-strategic lower bound of (p’[~v | i < §). We will also use that if
Yo < 11 < @, then ¢" [v9 < ¢?. Thus we also have to show that if v < «, then
q“ v < q". Let r be the componentwise union of (p’ | i < §). We first show that
the sequence (p’ | i < &) has the property that for every inaccessible § € (1, ),
either C-supp(p?) N [0,67) = 0 for all i < § or the following hold:

(i) sup(supp(r) N @) > sup(supp(p’) N ) for all i < 4,
) for v € C-supp(r) N [0,07), ¢7 IF supr2* = sup(supp(r) N #) and

(iii) fy[sup(supp(r) N #)] D sup(supp(r) N6),
(iv) for 79 < 71 both in C-supp(r) N [6,0%), f.,[sup(supp(r) N 6)] is a proper
initial segment of f,, [sup(supp(r) N 6)],

(v) for v € C-supp(r)N1#,07), q7 forces that dg has a P gup(supp(r)ng)-name,

where £ is such that § +2 4+ £ = v,

(vi) sup(supp(r) N @) > card (C-supp(r) N [#,67)) and
(vii) there is no inaccessible A < 6 such that sup(supp(r) N6) € [\, A ).

Property (i) immediately follows from property (v) in Definition 3.6. Property (ii)
follows from Property (ii) in Definition 3.6, using that ¢ is stronger than p’ | v
for every i < 4. Property (iii) follows from Property (v) in Definition 3.6 as the
latter implies that sup(supp(r) N @) is a cardinal. Property (iv) follows as Property
(iii) in Definition 3.6 implies that sup(supp(r) N @) belongs to Cc-supp(r)nio,o+)-
Property (v) follows from Property (i) in Definition 3.6, Property (vi) follows from
Property (iv) in Definition 3.6. We are thus left with proving Property (vii). Note
that sup(supp(r) N @) cannot be equal to A for some inaccessible A < 6 as Property
(v) in Definition 3.6 implies that sup(supp(r) N #) has cofinality < 7, but stability
of (p' | i < &) implies that sup(supp(r) N @) > n and equality can only occur if 7
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is singular. Moreover Property (v) in Definition 3.6 implies that it cannot be in
(A AN,

Now we show, using (i)-(vii), that we can form the T -strategic lower bound ¢*
of (p' | i < d). This is trivial (using induction) if card o is not inaccessible. Note
that if we can form ¢® € P-, out of r as in definition 3.7, then ¢“ [ v < ¢” for
every 7 < a. Assume 6 € (n,«) is inaccessible and v € [0 + 2,0 - §). Given
(i)-(iv), ¢” decides supr2* and otp f.,[supr>*] > sup(supp(r) N #) is distinct from
otp fe[sup 7“2*] for every £ < 7. By (v), if £ is such that 0 +2 4+ & = v, ¢" forces
that ag has a P gup(supp(r)ng)-name, allowing us to satisfy (1) as in definition 3.7,
as botp £, [sup(supp(r)ne)] = Sup(supp(r) N ) and as by (vii) and (iii), there cannot be
some inaccessible A < 6 with otp f,[sup( suppr N g)] € [\, A A). (2) in Definition
3.7 can obviously be satisfied. Finally (vi) implies that supp(¢®) \ supp(r) (and
hence supp(g®)) is bounded below every regular cardinal and hence ¢* actually is
a condition in P,. O

Claim 4. Assume 1 is a cardinal, o > n is a limit ordinal, p and q are conditions
in Pcqo, (0 | j < cof(a)) is cofinal in o and increasing with ag > 1 s.t. for every
J < cof(a), qlay is nt-strategically below p. Then q is n* -strategically below p.

Proof. Immediate from Definition 3.6. (]

Claim 5. Assume n < « is a cardinal, « is a limit ordinal, (p* | i <d) is a
decreasing sequence of conditions of limit length § < n™ in P, which is stable
below n™, (o | j < cof(e)) is cofinal in o and increasing such that ag > 1 and:

o Vi < § there exists j < cof(a) such that p'™' | a; is n*-strategically below
p' and p"aj, @) = pilaj, a).
e Vj < cof(a) there are unboundedly many i < & for which there exists k > j
such that p*+1 [ ay is nt-strategically below p'.
Then the n*-strategic lower bound for (p* | i < &) exists.

Proof. By Claim 3, we know that for every j < cof(a), the nT-strategic lower
bound for (p’ [ | i < d) exists and denote it by ¢’. It is easily observed that the
componentwise union of the ¢/ is a condition in P.,'# and is the nt-strategic lower
bound for (p? | i < §). O

Definition 3.8. If D is a dense subset of P., and 1 < « is a cardinal, we say that
g reduces D below 7 if for every r € P, with u,(r) < u,(q), there is s < r with
Uy(s) = uy(r) and such that s meets D in the sense that 3d € D s < d.

Definition 3.9. If P is a notion of forcing and D C P, we say that D is an
equivalent dense subset of P if for every p € P, there is d € D so that d < p and
p <d, i.e. p and d are equivalent.

Definition 3.10. Let y(«) denote the supremum of the cardinals v < « such that
P’y does not denote the trivial forcing, i.e. assuming that (as we will show later on
inductively) initial segments of our iteration preserve cofinalities, inaccessibles and
the continuum function,

~v(a) =sup({f < | € T or 6 is inaccessible}).

Mg for every v < o, ((¢9)%* | § < cof(a)) is eventually constant.
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Let S : On — Card be defined as follows:

1 if < min(T),
S(a) — @ if a is inaccessible,
() = y(a)t if () is a singular limit point of T,

203(@)*)  Gtherwise.

We will show later that for every «a, P., has a dense subset of size S(«).
Claim 6. VG €T S(8) < 5.
Proof. If 8 € T, B = AT for some A\ € B,. If A is a (singular) limit point of T,

S(8) =

S(A) = B. If X is not a limit point of I, then v(8) < A and therefore

S(B) <27 < A< 4. 0

Claim 7. Suppose w < 1 < a, kK = carda and 1 is a cardinal such that either
S(n) <n ormnis a limit point of {v | S(v) <v}.

1.

[Strategic Successors, Strategic Closure]

If o > a, p € Peog- and ¢ < p | «, then there is v < q which is n™-
strategically below p such that 1,(r) = 1,(q). Consequently, u,(P<q) is
n*-strategically closed.

[Smallness of the iteration]

P, has a dense subset E«, of size S(a).

[Early Club Information]

If p € P, then there is ¢ < p so that l,(q) = l,(p) and q[i forces that
q;* has a P<carai-name whenever i € C-supp(q), i > n*. If q is such, we
say that q has early club information above 7.

. [Chain Condition]

Assume 1 is regular. If J is an antichain of P<o such that u,(p) || u,(q)
whenever p and q are in J, then |J| < 1.
[Reducing dense sets]

o Assumen is regular and (D; | i < n) is a collection of dense subsets of
P... Then any condition in P., can be strengthened to a condition q
with the same n-sized part so that for every i < n, q reduces D; below
7.

o Assume n < « is singular and (D; | i <n) is a collection of dense
subsets of P<y. Then for any cardinal { < n, any condition in P,
can be strengthened to a condition q with the same (-sized part so that
for every i < n there exists n; < n so that q reduces D; below ;.

[Early names]

o Assume n is reqular and f is a Pco-name for an ordinal-valued func-
tion with domain n. Then any condition in P., can be strengthened
to a condition q with the same n-sized part forcing that for every
1 <, there is a mazimal antichain of size at most n below q deciding
f(@), where for every element a of that antichain, u,(a) = u,(q). In
particular, q forces that f has a Py-name for some v < n*.

o Letn < « be a singular cardinal. Letf be a P.n-name for an ordinal-
valued function with domain n. Then for any cardinal { < n, any
condition in P-, can be strengthened to a condition q with the same
(-sized part, forcing that for every i < mn, there is a mazximal antichain
of size less than n below q deciding f(z), where for every element a
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of that antichain, uy,(a) = u,(q). In particular, q forces that f has a
P,-name.

7. [Factoring] If k is inaccessible, o € (k+ 2,k - k] and @ = kK +2+ 6, then
there is an embedding w: Pcyyo % SEs — Pcqo such that 7" P, o % R is
dense in Pcq, with SE5 and RE 5 as defined at the beginning of this section.
Hence Peo = Pepyo* SE5 = Peyyox RE 5.

8. [Covering, Preservation of Cofinalities]

For every cardinal 0, for every p € P<, and every P.y,-name & for a set
of ordinals of size 6 there is a set X in 'V of size 0 and an extension q of p
such that q \F & C X. Therefore forcing with P~ preserves all cofinalities.

9. [Preservation of the continuum function]

Forcing with P, preserves the continuum function and thus in particular
all inaccessibles.

10. [Club Eztendibility]
If I C «ais s.t. card(I NOF) < @ for every regular 6, T C |J{[0 + 2,6 -
0) | 0 inaccessible} and (5 | i € I) is such that 6* < cardi for everyi € I,
then for every p € P, there is ¢ < p such thatVi € I q[i IF maxq}* > §°.
Moreover if n < card min I is regular, there is such q with 1,(q) = 1, (p).

Proof. We will proceed by induction on «.

Proof of 1. This is trivial if n = k. Thus assume 1 < «. We distinguish several cases
for . Note that (iii), (iv) and (v) in Definition 3.6 can easily be satisfied by choosing
r such that sup(supp(r) N ) is sufficiently large whenever C-supp(p) N [0,07) # 0
and 6 € (n, «) is inaccessible. We will thus ignore (iii), (iv) and (v) in the following
and concentrate only on (i) and (ii).

Case 1: a« =+ 1 is a successor ordinal

This is trivial by 1 inductively if k is not inaccessible or a < k + 2. We thus
assume that k is inaccessible and 5 > k + 2. Assume first that 7 is regular. Let
¢ be such that 8 = kK + 2 + & Using 6 inductively, we may strengthen ¢ to ¢*
so that (¢*)5" = ¢5* and ¢* | B forces that ag and sup g5* have P qup(supp(g*)nm)-
names while ;(¢*) = l,,(¢). Now use 1 inductively to find r < ¢* such that r [ is
n*-strategically below p while [, (r) = 1,,(¢*). Choose a cardinal § <  such that

*k

® >, § > sup(supp(p) N k), ¢* [ B forces § > sup gz* and

e otp f3[0] > sup(supp(r) N k).
The former is possible as by our (inductive) use of 6, there is a maximal antichain
of size at most n < k of conditions below ¢* [ 3 deciding sup ¢3*. Let r3* be such
that r [ B Ik rg* = g5" U {6} and set 7(botp r4(5)) such that r [ B 1 r(bey f,061) = ag-
Then r < ¢ is nT-strategically below p and I, (r) = 1,,(¢), as desired. The case when
7 is singular is similar.

Case 2: « is a limit ordinal, cof(a) = Kk

Let & = sup(supp(q)Na) < . Now use 1 inductively to find r < g such that r [ @
is nT-strategically below p and r[a@,a) = g[@,a). Then r < ¢ is nT-strategically
below p, as desired. The additional lower parts agreement requirements are easy to
satisfy using induction.

Case 3: « is a limit ordinal, cof(a) < k
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Let n* = max{n, cof(a)}. Let («; | i < cof(a)) be an increasing sequence cofinal
in a with ag > n*. We build a decreasing sequence of conditions (¢* | i < cof(a))
as follows.

e Let ¢° be so that ¢° g < ¢l ap is n-strategically below p and ¢°[ag, o) =
Q[QOa Oé) .

e Given ¢, let ¢'*! be so that ¢'*! [ a; is (n*)T-strategically below ¢ and
qi—H[aiﬂ a) = qi[ah ).

e If § < cof(a) is a limit ordinal, let ¢° be the (*)*-strategic lower bound
of (¢* | i < &), which exists by Claim 5.

q°°f(®) < ¢ is (n*)*-strategically below p by Claim 5, hence by our assumption on
q° above, ¢°°f(®) is nt_strategically below p, as desired. The additional lower parts
agreement requirements are easy to satisfy using induction. (I

Proof of 2. We will show that D, = {p € P-,, | V8 € Card supp(p) N (0,0") #
0 — pl6I-p(d) # 1} has an equivalent dense subset E.,, of size S(a). Note that
D_,, itself is dense in P., and that for different o, the D., cohere. The claim is
trivial if @ < min(T"), as P~ denotes the trivial iteration of length « in this case.

Assume first that o = f+1 and D.g has an equivalent dense subset E.g of size
S(B) by 2 inductively. The only nontrivial cases are when Pg does not denote the
trivial forcing, i.e. when either § € I';, § = v+ 1 for some v € I" or card 8 = K is
inaccessible and therefore vy(a) = k.

If 8 € T, conditions in Q4 can canonically be identified with subsets of 81, hence
a P.g-name for a condition in Pg can be identified with a collection of ST-many
antichains of E.g, which is of size < § and hence this gives rise to an equivalent
dense subset F.,, of D, of size 28" = S(a).

If 3 =~ +1 for some v € I', conditions in ()3 can canonically be identified with
subsets of 4+, hence if p € D, we may assume that p| 8 € E<3 and p(8) can be
identified with a collection of 4"-many antichains of E.g below p| . Since for any
two elements ag,a; of such an antichain w,(ap) = u,(a1), such an antichain will
have size at most v by 4 inductively, giving rise to an equivalent dense subset F.
of D, of size 27" = S(a).

If card 8 = k is inaccessible, then S(5) < 25" and conditions in @ can canon-
ically be identified with subsets of x*, hence if p € D.,, we may assume that
pl B € Ecp and p(B) can be identified with a collection of £*-many antichains
of E.g below p [ 3. Since for any two elements ag,a; of such an antichain
ux(ag) = ug(ar), such an antichain will have size at most k by 4 inductively,
giving rise to an equivalent dense subset E., of D, of size o = S(a).

Now we consider the case that « is a limit ordinal. Since the F.g cohere for
B < a, if «a is a limit point of I" and p € D.,, we may assume that for every
B < a we have p[ 3 € E.g. We will thus either obtain an equivalent dense subset
F_.q of Do, of size a for « inaccessible by the boundedness of the supports or of
size o™ for a singular. If « is singular but not a limit point of I' or « is regular
but not inaccessible, we have that y(a) < o and the result is therefore immediate
inductively. O
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Proof of 8. This proof is similar to the proof of 1: Let p € P~ be given. We may
assume that k is inaccessible and a > Kk + 2 as 3 is immediate by 3 inductively
otherwise. We distinguish several cases for «.

Case 1: a« = [+ 1 is a successor ordinal

Strengthen p to p* so that p* [ § forces that pz* has a Pc,-name and so that
ly(p*) = ly(p), using 6 inductively, and let (p*)5" = pj*. Now use 3 inductively to
find ¢ < p* with 1,,(¢) = 1,,(p*) such that ¢ |8 has early club information above 7
and g5* = (p*)g* Then ¢ has early club information above 7, as desired.

Case 2: « is a limit ordinal, cof(a) = Kk

Let & = sup(supp(p) N @) < a. Now use 3 inductively to find ¢ < p such that
g | & has early club information above 1, {,,(¢) = I,(p) and ¢[&, o) = p[&, ). Then
q has early club information above 7, as desired.

Case 3: « is a limit ordinal, cof(a) < Kk

Let n* = max({n, cof(a)}). Let {(a; | i < cof(a)) be an increasing sequence cofi-
nal in o with g > n*. We build a decreasing sequence of conditions (p’ | i < cof(a))
as follows.

o Let p° < p be so that p° | ag has early club information above 1 and
1y () = 1) | o

e Given p’, let p**! be so that pi™! is (n*)T-strategically below p*, p**! |
has early club information above n* and I« (p*t1) = - (p*).

e If § < cof(c) is a limit ordinal, let p? be the (n*)T-strategic lower bound
of (p' | i < §), which exists by Claim 5.

cof (

q = pf(®) < p has early club information above 7, as desired. (Il

Proof of 4. We may assume that 7 is inaccessible or 7 € ', as otherwise 4 is imme-
diate from our assumption that S(n) < n and the fact that P is trivial in [n,n").
Assume J is an antichain of P, such that whenever p and g are in J, u,(p) || uy(q).
We may assume that all conditions in J are from E., and have early club infor-
mation. Assume for a contradiction that J has size at least n*. As E., has
size < m, p | n is the same for nT-many conditions in J and thus we may assume
it is the same for all conditions in J. As n<"7 = 5 in V by the SCH at singu-
lar fixed points of the J-function, we can apply a A-system argument and obtain
that there is W C J of size nT and a subset A of nT of size less than 7 such that
C-supp(p)NC-supp(q)N[n,n*) = A whenever p # g are both in W. Using <" = n
in the P.,-generic extension by 9 inductively, it follows that for n*-many condi-
tions p in W, (p;* | i € A) is the same (modulo equivalence). Using the assumption
that w,(p) || uy(g) it follows that W induces an antichain of P_(A,) of size k¥,
contradicting Proposition 2.2. (Il

Proof of 5. We will first show the following:

Claim 8. Assume p € P.,, D is a dense subset of P<, and v < « is reqular with
S(v) <v. Then there is ¢ < p such that 1,(q) = 1, (p) and q reduces D below v.

Proof. Build a decreasing sequence of conditions in P-, below p as follows: Let
p® = p. Choose ¢° so that ¢° < p® and ¢° € D. By possibly passing to an equivalent
condition, we may also ensure that u,(q%) < u,(p%). At stage j + 1, let p/ 1 < p°
be any condition incompatible with all ¢*, k < j, such that u, (p"*!) = u,(¢’) if
such exists and choose ¢! such that:
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o gt <pit

e ¢“t1 € D and

e u,(¢’*1) is chosen according to the strategy for v*-strategic closure below

<uu(qk) | & <3).

At limit stages j < vT, let p/ < p® be a condition which is incompatible with all
q*, k < j so that for all k < j, u,(p’) < u,(q") if such exists. Note that a p’
satisfying the latter condition can always be found by the strategic choice of the
u,(¢"). Choose ¢/ < p? so that ¢/ € D and u,(¢’) < u,(p’). Proceed until at some
stage j no condition p’ as above can be chosen. By 4, this will be the case for some
j < vt. We can then find ¢ € P, so that u,(q) < u,(q*) for every k < j and
l,(¢) = l,(p). By our construction, ¢ reduces D below v. O

Using 1 and the claim for v = 7, the case of regular n follows immediately. For
the case of 7 < « singular, choose a continuous, cofinal in 7, increasing sequence
(ni | i < cof(n)) of cardinals where 79 and each ;41 is regular with S(n;41) < 741,
S(no) < mo and 19 > ¢, cof(n). This is possible by our requirement that 7 is a
limit point of {v | S(v) < v}. Build a sequence of conditions (¢* | i < cof(n)) so
that ¢*T! = ¢* for limit ordinals 7 and otherwise ¢’*! reduces the first n;-many
given dense sets below n;, 1, (¢"™") = 1,,,(¢") and u,,(¢""") is chosen according
to the strategy for (n;)*-strategic closure of w,, (P<,) for each i < cof(n). At
limit stages i < cof(n), we may take lower bounds of the conditions obtained
so far using stability of the obtained sequence of conditions below 7; and Claim
reflowerbound. O

Proof of 6. Apply 5 to reduce the dense sets D; of conditions which decide f (1),
1< . O

Proof of 7. Using 8 for k+ 2 inductively, we let 7 be the canonical embedding from
Pey2%8%5t0 Peg - given (p,t) € Peyy2xS%;, let ¢ € Poo besothat ¢ (k+2) =p
and for £ < ¢ such that vy =k + 2+ ¢, ¢(v) is a P<,-name for ¢(§).

To show that 7(P,y2 * RZj) is dense in P, given p € Py let ¢ < p be
so that for all ¥ > & in C-supp(q), ¢ [ forces that ¢* has a P.,-name. This is
possible by 3. We can now find s € P.,yo * RE; such that 7(s) is equivalent to
q. ([

Proof of 8. Assume 0 is a cardinal, p € P., and & is a P.,-name for a set of
ordinals of size 6. If S(6) < 6, we may use 6 to reduce @ below 6 and obtain ¢ as
desired. Otherwise, let v > 6 be least such that S(v) < v. If v < «, we may use
6 to find p’ < p wich reduces = below . We let p’ = p otherwise. Note that our
iteration is trivial on [#,n] by the case assumption. But this means that p’ forces
that & has a P.,(g)+-name. If v(f) € T', we can find p” < p and a P.(g)-name g
for a set of ordinals of size € such that p” IF & C gy using that P,y(e)+1 is forced to
be <v(6)-closed and v(#)T-cc and Pﬂ/(g) does not add any new sets. The desired
result then follows using 8 inductively for P ).

Now assume ~(f) is inaccessible. For every d < () - v(0), Ps = Py 6)+2 * R;
with 6 = y(0) + 2+ 6 by 7. Rj has size y(f) < 0 in any P (g);2-generic extension

and therefore has the desired covering property for &. As P, )4 is forced to be

< y(#)-closed and ~(6)*-cc and Pv(g) does not add any new sets, the desired result
follows using 8 inductively for P, g as above.
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The remaining case is when () € Lim(T") is singular. Note that in this case
S(0) = S(v(8)) = v(0). Therefore the only relevant case is when 6 = () €
Lim(T"). But we may now use the singular case of 6 to reduce & below 6 and obtain
q as desired. [

Proof of 9. Let 0 be any infinite cardinal and let #* = min({6*, a}). All subsets of
6 which are added by P.,, are in fact added by Py~ by 6. If S(6*) < 6, our desired
result follows immediately. Otherwise, let v = v(6*) < 0. If v € T, our desired
result follows as P,,H is forced to be vT-cc, P,, does not add any new sets and thus
both preserve the value of 2¢ and P, preserves the value of 2¢ as S(v) < v. If
v is inaccessible, our desired result follows using 7 as RZ, , has size v and thus
preserves the value of 2°, Py+1 is forced to be vt-cc, Py does not add any new
sets and thus both preserve the value of 2¢ and P., preserves the value of 2¢ as
S(v) < v. Finally if v € Lim(T') is singular, then S(6%) = S(v) = v and thus
the only relevant case is v = #. But then any subset of 6 added by P-, is in fact
added by P.g as P, is trivial in [0,6"). The singular case of 6 shows that every
Pg-name for a subset of § can densely be reduced below 6 and the claim follows as
there are only §T-many inequivalent such reduced names by an easy cardinalities
argument using 3. ]

Proof of 10. Given p € P.,, I C a and (§' | i € I) as in the statement of the
claim, let p’ < p be such that for every 6 with I N [0,0%) # 0, we have that
sup(supp(p’) N6) > sup({6° | i € IN[0,07)}). Let ¢ < p’ be nT-strategically below
p’ (or wy-strategically below p’ if no n < card min I is specified). It follows that ¢
is as desired. If < card min I is regular, we may easily ensure that [, (¢) = l,(p)
in the above. (]

This completes the proof of Claim 7. [

Note: For every i € [k + 2, - k) with  inaccessible, (J,cqp;* is club in « for any
P-generic G. This is immediate from Clause 10 of Claim 7.

Corollary 3.11. P preserves ZFC, cofinalities and the value of 2% for every k.

Proof. For every cardinal k and P..-generic G, P/G is <k-distributive by Claim 7,
Clause 6 and the observations that if v = min{f > | S(0) < 6} > &, then P[x,x™)
is <k-closed (or even trivial) and PP is trivial in the interval [xT,v). By [7, Lemma
2.31], this implies that P is tame below k. Thus P is tame, which implies that
P preserves ZFC (see [7, pp. 32]). Preservation of cofinalities is immediate from
Claim 7, Clauses 8 and 6. Preservation of the continuum function is immediate
from Claim 7, Clauses 9 and 6. O

Claim 9. Assume a > vy are ordinals, let G~ be generic for P« over V and let
P[v, ) denote the iteration P from stage v to stage «, as defined in V[G<,]. Let
Plv, o) denote the canonical P<.,-name for this iteration. Then

Poo = Py x Ply,a).

Proof. The proof is a standard argument using the covering properties of P,
provided by Clause 8 of Claim 7. |

Corollary 3.12. Suppose w < n < nt < a,k = carda and n is a cardinal. If
n is not inaccessible, then Pn,a) is <n-strategically closed in every P, -generic
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extension. If moreover n & T, then P[n, ) is <n*-strategically closed in every
P, -generic extension.

Proof. The second statement follows from the first one since if 7 is not inaccessible
and not in T, then P[n,n™) is trivial. Work in a P.,-generic extension. The partial
order P[n,n™) is either trivial or <n-closed by Proposition 2.2. Tt is seen as in the
proof of Claim 9 that

Pln,a) = Plp,n") = Pln*, )

and it thus suffices to show that P[p™, «) is <n-strategically closed, but this follows
directly from Clause 1 of Claim 7. O

Claim 10. If k is inaccessible, G is P +-generic, K<, is the induced SZ. -generic
and af = (d:)G<”+2*K<W for every v < k- K, then the sequence (a5 | v < k- k) is
¥ -definable in parameter H(x)VIC] in H(xH)VIC],

Proof. Let ¢ denote the class function defined at the beginning of this section.
Then Clause 6 of Claim 7 implies ¢V | k = ¢VIG<t2l |k : kK — 2 and this
function is Ag-definable in parameter H(x)VI®! in H(s)VIE). Since the sequence
(fy 6 — | v €[k k- K]) is Ag-definable in parameter # in H(x+)VIE! and the
equivalence

ay =1 <= {0 <k | cotp fur2+410]) = 1} contains a club
holds in V[G], we can conclude the statement of the claim. O

Claim 11. Assume r 1is inaccessible and G is P, +-generic. Let p : RE, . —
H(k)VIC<rt2] denote the injection in V|G <o) constructed at the beginning of this
section. Then the set R, = p"RE is X1-definable in parameter H(k)VIE) in

<K'K
H(k+)VICl,

Proof. In V[G], a function w : k-x — [k]<" in V[G<,42] witnesses that some

condition in S%, .. is an element of RZ . if the following statements hold.

(i) card ({y < k- K | w(y) # 0}) < k.
(ii) w(y) is a closed, bounded subset of x for all v < & - k.
(iil) c(otp fut244[n]) = a5 for all v < k- k and n € w(y).
Clause 6 of Claim 7 shows that all bounded subsets of x added by forcing with P

already appear after forcing with P.,. This implies that R, is the set of all partial

functions q : k bart, []<* in H(x)V[C] such that ¢(a) is a closed, bounded subset

of k and c(otp frra1~[n]) = af for all @ € dom(q), n € ¢(a) and v = fi.x(a). By
Claim 10 and its proof, R, is ¥;-definable in parameter H(x)VI¢l in H(xT)VICl. O

Claim 12. If k is inaccessible, G is P .+-generic over V. and <" is the corre-
sponding well-ordering of (*r)VIG<<+1l in V[G], then the sets (*k)VIC<r+1l and <
are Y1 -definable in parameter H(k)VIE) over H(xT)VIC],

Proof. We will use the notation from Section 2. Let (Ay,ss) be the k-coding
basis chosen by G<,41 and let G be the filter in Ps,_(A,) induced by G. By the
definition of the a§’s and Claim 10, i< is ¥;-definable in parameter H(x)VIC]
in H(x™)VIC]. Let Fy and T denote the P, (A,)-names in V|G ,41] constructed
in Section 2. In this situation, Corollary 2.4 shows that the equality [7¢]V[¢) =
[TG)VIG<r+2] would imply the statement of the claim.
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Therefore, let us asssume for a contradiction that there is a condition pg € G
and a P_.+-name z with

po Ik z2e[Tx] A % ¢ ran(Fy).

We combine this assumption with Clauses 1 and 6 of Claim 7 and the fact that &
is a regular cardinal in every P_+-generic extension to construct
e a descending sequence (p, | n < w) of conditions in P+,
o strictly increasing sequences (o, | » <w) and (B, | n <w) of ordinals
smaller than k, and
e a sequence ($, | n < w) of P.,-names
such that the following statements hold for all n < w.

(i) pn1 is wy-strategically below p,,
(H) On41 > Bna
(111) Pn+1 r (IQ + 1) ‘F ht(Tpn(n—i-l)) = dn,
(iv) ppt1 Ik 2] & = $p, and ' ) ]
(V) Pn41 IFVz € dom(gp,,,(rc+1)) Fﬁ(x) rﬂn 7& z rﬂn

By Claim 3, there is a condition ¢ in P+ with ¢ < p, for all n < w and
gl (k+1) IF ¢(k+1)= inf {pa(k+1) | n <w}.

Pyt
Let H be P.,1-generic over V with ¢ [ (k+ 1) € H, a = sup,,,, &, € £ N Lim
and s = {8}/ | n < w}. Our construction ensures that ht(T,(,41y#) = o and
8 # Gq(rs1yn (v) for all z € dom(gq(KH)H). This allows us to construct a condition

Tyl N Prgkl with ht(T, ,,) = a+1, rep1 < q(k+1) and s ¢ T, . If r is the

condition in P[r+1, s)VIH with r(k+1) = 7 and 7 | [s42,67) = ¢ | [64+2,6T),
then the above construction ensures

rlilk+1,") IF 2€[Tx] A 2]la=3 A 5¢T,,
a contradiction. O

Claim 13. If k is inaccessible, G is P..+-generic over V, (A, s,) is the k-co-
ding basis chosen by G<.i1 and G is the filter in Py (A,)VIG<s+1] induced by G,
then the sets P, (A,)VIC<s+1l and G are $y-definable in parameter H(x)VIC over
H(k)VIE,

Proof. Py (A VLGl = P, (A,)VIG<r+1l as V[G] and V[G<,41] contain the same
bounded subsets of k by Clause 6 of Claim 7. The proof of Claim 12 shows that
A, is ¥1-definable in parameter H(x)VI¢ over H(x1)VI] and we can conclude that
P,, (A,.)VI is definable in the same way. Next, if T}, denotes the Py (A,)-name
in V[G<yx41] defined in Section 2, then Claim 10 and the proof of Claim 12 show
that the sets 7¢ and s, are also definable in this way and [T¢]VIC] = [TG]VIG <x+2]
holds. In this situation, the computations of [13, Proof of Proposition 6.3] show
that G is also definable in the desired way. O

Claim 14. If k is inaccessible, then every P-generic extension of the ground model
contains a well-ordering of H(k™) that is As-definable in parameter k over H(k™).

Proof. Let G be P-generic over V, G be the filter in P+ induced by G, (A, $«)
be the k-coding basis chosen by G, 1, G be the filter in P,_(A,)VI¢<~+1] induced
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by G and <* be the corresponding well-ordering of (“x)VI¢<~+1] in V[G . ;2]. By
the distributivity of the tails of P, we have H(xT)VICl C V[G].

By the remarks at the beginning of this section and Claim 12, there is a surjection
o (72)VIG<ril — H(xT)VIG<rt1] that is contained in V[G< 1] and ¥;-definable
in parameter H(x)VI®! in H(k*)VICl. Together with Claim 12, this shows that
H(kT)VIG<rt1l is ©)-definable in parameter H(x)VI) over H(k)VIE). We define

eo (KQ)V[G<N+1] N ’])(H)V[G<m+2]
to be the map with

eo() = {a<k| ek IB<k[o(y) € GAVy <k y(y) = z(<a, <B,v=>)]}

Claim 12 and Claim 13 show that eq is ¥;-definable in parameter H(x)V[] over

H(kT)VICl Since P, (A,)VIE<s+1] satisfies the xT-chain condition in V[G <. 1]
and every element of P(x)V[¢<r+2] is represented by a Pg, (A,)V!
of cardinality at most &, we have ran(eg) = P(x)VI¢<s+2] and this set is definable
in the above way.

Let <, be the canonical well-ordering of H(x™)VI¢<++1] induced by <*, £ be the
order-type of the restriction of <, to H(/{)V[G], f be the <,-least bijection from
K to &, <. be the corresponding well-ordering of H(/@')V[G] of order-type K be the
filter in S%, . induced by G. We define

<K'K
eq: P(/@')V[G“”] — P(H)V[G]

G<rt+1lnice name

by setting
e1(x) = {a<k|IB<k (R, € N<(B) €p’(KNRE,.))}-
Our construction ensures
<x(B)ep"(KNRL,.,) < arsi 1.5 =1 for somed < k.

Now Claim 10 shows that ey is Xi-definable in parameters H(K)V[G] and <, over
H(xk*)VIEl. By Clause 7 of Claim 7, every element in P(x)VI¢] has an R%,
name in H(x)VIG<s+2] and this implies that e; is surjective.

By using the surjection o constructed at the beginning of this section, we can
find a surjection 7 : P(k)VI¢ — H(k)VIE that is ¥;-definable in parameter x in
H(kT)VIC, Given z,y € H(xk1)VIC], we define  <* y to hold if

37,7 € ("2)VIG<n+] [Z <"y A (Toeroe)(@)=a A (Toeroey)(y) =y
A Vi e (R2)VIG<mnl(f < 7 — (Toe0ey)(E) # )
A Vg e (VICenl(g <ty — (roeroe)(®) £ ).

Then <* is a well-ordering of H(x+)VIC] that is Yy-definable (and hence also
IT-definable) in parameters H(x)VI¢! and < over H(kT)VICl. By its definition
and Claim 12, the well-ordering <, of H(xk%)VIG<s+1l is Ay-definable in parameter
H(k)VIS! over H(kT)VICl. This implies that the ordering <, | (H(x)VI¢ x H(x)VIC)
is Ap-definable in parameter H(x) VIl in H(xT)VIEl. We can conclude that the ordi-
nal &, the function f and the ordering <, are all ¥5-definable in parameter H(H)V[G]
in H(xH)VIl, Since H(x)VICl is II;-definable in parameter  in this model, the
above shows that <¥ is Ag-definable in parameter x in V[G]. O

-nice

Claim 15. If k is inaccessible, then every P-generic extension of the ground model
contains a well-ordering of H(k™) that is lightface Az-definable over H(k™).
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Proof. This follows directly from Claim 14 and the fact that the ordinal  is lightface
II,-definable in H(k™). O

This completes the proof of Clauses (i)-(iii) of Theorem 1.2. O

All that remains to prove Theorem 1.2 is to show that IP preserves supercompact
cardinals. We will do this in the next section.

4. SUPERCOMPACTNESS PRESERVATION

This section will be devoted to the proof of the remaining clause of our main
theorem.

Proof of Clause (iv) of Theorem 1.2. Tt will suffices to prove the following claim
that directly implies the last part of Theorem 1.2.

Claim 16. If v is a singular strong limit cardinal but not a fized point of the 3-
function and k 1s y-supercompact such that v<% =+, then forcing with P preserves
the y-supercompactness of k.

In the following, fix x and v as in the above claim, let
v = sup{a <y | a is inaccessible or a € T} < ~

and let j : V — M denote an elementary embedding witnessing the y-supercom-
pactness of k. We may assume that M = Ult(V,U), where U is a normal ultrafilter
on P (7). Note that we have 27 = 4T by Theorem 1.9 and our assumptions imply

that S(v) < 20"") < +.
Claim 17. If a <, then Pg/[a =P.o CV,.

Proof. Since « is a strong limit cardinal, the definition of the forcing iteration
directly implies P, C V,, for all o < v and hence P., C 7V,. The clauses defining
P_., are absolute between transitive ZFC-models with the same y-sequences and

we can conclude P., = Pgla holds for all o < . O

Claim 18. If G, is P<y-generic over V, then G, 1is Pyv-genem'c over M and
("M[G )Vl C M[G ).

Proof. Let 2 € P(y)VI¢<2]. By Clause 2 of Claim 7, P—., has a dense subset of
cardinality S(y) < v and therefore satisfies the y-chain condition. Let

i = J 4. x {a},

a<ly

be a P..-nice name with = #%<». Then the sequence (A4, | @ < 7) is an element
of M, & € M and z = #%<» € M[G,].

Next, let X € V[G<,] be a set of ordinals with (card X)VI®<+] <. Clause 8 of
Claim 7 shows that there is X in V with (card X)V =~ and X C X. Then X € M
and (card X)M = 4. Let (a, | @ <) be an enumeration of X in M. By the above
computations, the set {a < v | an € X} is an element of M[G.,| and this shows
that X € M[G.,]. We can conclude (YOn)VI¢<~] C M[G.,] and this implies the
statement of the claim. g

Claim 19. If G, is P<-generic over V, then there is a set D € M[G<,| such
that the following statements hold.
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(i) If D € D, then D is a dense subset of Py, j(vt))MG<,
(ii) Every D-generic filter for Ply, j(vT))MIE<l is Ply, j(v))MIE<l_generic
over M[G,].
(iii) The set D has cardinality at most v in V[G<,].

Proof. Clause 2 of Claim 7 implies that Pyj(ﬁ)
dinality less than j(y) in M. Clauses 8 and 9 of the same claim show that j(v) is

still a strong limit cardinal in M[G <, ]. In M[G,], we define
Ely,jw*)) = {a€ Ply,j(r"))Me=) | 3pe Gy pUq e B

Then E[y,j(v")) is a dense subset of P[y,(vt))M@<2] of cardinality less than
Jj(v) in M[G<,). In M[G,], let D denote the set of all subsets of Ely, j(v")) that
are dense in P[y, j(vT))MIG<+]. By the above remarks, D has cardinality less than
J(7) in M[G,] and it clearly satisfies the first two statements of the claim.

To complete the proof of the claim, it suffices to show that j(v) has cardinality
at most v+ in V. If a < j(7), then « is represented in M = Ult(V,U) by a function
f:Ps(y) — v in V. In V, the set P.(y) has cardinality v and the set of all such
functions has cardinality 27 = v+ by Theorem 1.9. ([l

contains a dense subset E of car-

We will need a strengthening of Claim 3 in order to handle directed sets in
suitable tails of the iteration P instead of decreasing sequences of conditions in P.

Notation. Work in a P.,-generic extension of the universe. Given a > v and a
directed set D of conditions in P[y, «) of size less than v, we say that a sequence
r=(r(d) | J € [y,a)) is the componentwise union of D if the following statements
hold.

e If 6 € [y,a) with § € [# + 2,0T) for some inaccessible 6, then 7(d) is the
canonical P[y,d)-name for the set (J, p p5*; we denote r(5) by r5™.
e Otherwise, 7(8) is the canonical P—s-name for inf({p(d) | p € D}).'®

The sequence r is usually not a condition in P[vy, ) as the r}* are not necessarily
names for closed sets, but the supports of r can be calculated as if » were a condition
by letting

supp(r) = {6 | r(6) # 1} = | J supp(p)
peD
and
C-supp(r) = {6 | r;* # 1} = | C-supp(p).

pED

Definition 4.1 (Strategic lower bound). Assume that G+ is P, +-generic over
V (and hence over M by Claim 17). Note that P is trivial in the interval [vT,~)
and therefore we can identify G-, and G, +. For every a € [, j(v1)], let

Do = {ip) Iy, 0) | peGaps}-

Fix some particular o € [v,7(v1)]. Let r be the componentwise union of D,.
supp(r) is bounded below every regular cardinal, C-supp(r) N 0" has size less than
0 for every inaccessible 6. If for some ordinal &, h is the bijection from card ¢ to &
chosen by some condition or generic in M, we denote this bijection by ng, in order
to be able to distinguish it from its V-counterpart f.

15This infimum exists by Proposition 2.2.
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Working in M[G<.,] = M[G,+], we would like to obtain a condition q € P[y, a)M
that satisfies the following properties for every § € C-supp(r) with § = card 6+24-&.

(1) If § > j(k)™T, then
q f5 I= q( otpr[supr**]) = agardé'

(2) qldIF g5 ==r* U {supry*}.
(3) Components of ¢ other than the above should be equal to the respective
components of r.

If such q exists, we call ¢ the strategic lower bound of D,.

Claim 20. In M[G ], if our desired q exists as a condition in Ply,a)M, then q
is a lower bound for D, i.e. ¢ < p for every p € D,.

Proof. Work in M[G.,]. The only thing to check is that if 6 € C-supp(r) N
[j(k),7(k)T) with 6 = j(k) + 2 + &, then there is p € G-, such that

q F(S I+ ( otp fM[sup r}* ) = (a’é(ﬁ))M
Note that
C-supp(r)N[j(x U{] )| AC [k+2,kk) Acard A < Kk} = j"[K+2, K K)

and hence such § will be of the form j(§) for some 6 € [k +2,k-x) and fM = j(f5).
Similarly, (ag('{)) = j(ag) where £ = §(€) and 6 = k+2+&. Note that sup73* = k,
and hence

otp f3'lsuprs*] = otpj(f5)lk] = otpj”fs5lk] = otpj"d =14
as j is order-preserving. Now the claim follows as ¢(b5) = (zg by the definition of
our iteration. (]

Claim 21. Assume G+ is P, +-generic over V. Then for every « € [y,j(v)],
the set Do = {j(p) IV, ) | p € G+ } has a strategic lower bound in M[G<.].

Proof. By induction on a > v in M[G.,]. If @ = ~, the claim is trivial. Given
that the claim holds below «, we want to show that there exists a strategic lower
bound ¢ for D, which is a directed set. Inductively, for < a, let ¢® be the
strategic lower bound for Dg. We also assume inductively that if 5y < 51 < «,
then ¢”' [ By < ¢ . Thus we also have to show that if 3 < a, then ¢® | 8 < ¢®. Let r
be the componentwise union of D,. We first show that either for every inaccessible
6 € (j(r),a), C-supp(p) N [6,6") =0 for all p € D, or the following hold:

(o) sup(supp(r)Né) >,

(i) sup(supp(r) N @) > sup(supp(p) N ) for all p € D,

(ii) for & € C-supp(r)N[6,6™), we have

¢° IF sup r3* = sup(supp(r) N )
(iii) for 6 € C-supp(r) N[#,0"), we have
M [sup(supp(r) N 0)] D sup(supp(r) N 6)
(iv) for 6 < 61 both in C-supp(r) N[0, 67), the set f3'[sup(supp(r) N )] is a

proper initial segment of fé\f [sup(supp(r) N 6)],
(v) for 6 =0+ 2+ ¢ € C-supp(r) N [6,6%), we have

¢ IF (ag)M has a P[y, sup(supp(r) N 6))ME<2lname,
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(vi) sup(supp(r) N @) > card (C-supp(r) N [6,6%)),
(vii) there is no inaccessible A < 6 such that sup(supp(r) N @) € [A\, A+ A).

Proof of (0): Let p € D, such that C-supp(p)N[0,07) # @ and p = 5(¢) [ [, @) for
some t € G_.,+. Define X to be the set consisting of all s € P_,+ such that
C-supp(t) N [n,n") #0 — sup(supp(s) Nn) > &
holds for all inaccessible 7 > k. X is dense below ¢t. Pick s € X NG, ,+. Then
sup(supp(j(s)) N0) > j(k) > v

and hence sup(supp(r)) NG > ~. O
Proof of (i): Assume p € D,. Then p = j(t) | [y, @) for some ¢t € G_,+. Define X
to be the set consisting of all s € P+ such that

C-supp(t) N [n,n") #0 — sup(supp(s) N n) > sup(supp(t) Nn)
holds for every inaccessible . X is dense below ¢. Then

sup(supp(r) N #) > sup(supp(j(s)) N#) > sup(supp(p) N0)
forall se X NG p+. O
Proof of (ii): Assume £ < sup(supp(r) N@). Then we can find a p € D, such that
& < sup(supp(p)N0), § € C-supp(p) and p = j(t) [ [y, @) for some t € G_,+. Define
X to be the set consisting of all s € P+ such that
s[¢ I sup(s¢™) > sup(supp(t) N card Q)

holds for all ¢ € C-supp(t). X is dense below ¢. Let s € X N G.,+. Then

@® <j(s)[[7.0) I+ supj(s);* > sup(supp(p) N 6)

and hence ¢° I sup rf* > sup(supp(r) N6). That also ¢° I suprz* < sup(supp(r) N
6) is shown similarly. O

Proof of (iii): We show that sup(supp(r) N ) is a cardinal in M, which clearly
implies (iii). But the former follows as for every t € G+, the set consisting of all
s € P+ such that

C-supp(t) N [n,n") # 0 — sup(supp(s) Nn) > (sup(supp(t) Nn))*

holds for every inaccessible 7 is dense below ¢. O

Proof of (iv): Assume & < sup(supp(r) N#). Then we can find a p € D, such that
& < sup(supp(p) N O), dp,01 € C-supp(p) and p = j(t) [ [v,«) for some t € G+
Define X to be the set consisting of all s € P+ such that

feolsup(supp(t) N )] S f¢, [sup(supp(s) N7)]
and
fe[sup(supp(t) N )] N Go € fe, [sup(supp(s) Nn)]

hold for every inaccessible n and all {5 < (3 both of cardinality  and both in
C-supp(t). X is dense below ¢. Let s € X N G,+. Then f3!(£) is an element of
f3Hsup(supp(r) N0)] and f3(€) is an element of f3¥[sup(supp(r) N6)] if the former
is less than §g. But this means that fé\é[ [sup(supp(r)NA)] is a proper initial segment
of f}[sup(supp(r) N 0)], as desired. O
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Proof of (v): Pick p € D, with § € C-supp(p) and t € G+ with p = j(¢) [ [, @).
Define X to be the set consisting of all s € P+ such that

5 TC I agardc has a P< sup(supp(s)Ncard ¢)~1aIme
holds for all ¢ € C-supp(t) with ¢ = card¢ +2 + €. X is dense below . Pick
s € X NG,y+. Then

](5) [5 I= (ag)M has a Pg/[sup(supp(j(s))ﬂe)_namev

hence in M[G-,], ¢ < j(s) [ [7,9) IF (dg)M has a Py, sup(supp(r) N 6))M-name,
as desired. O
Proof of (vi): We have

card (C-supp(r) N [0,67)) = card ( U C-supp(j(t)) N6, 07)).
teG_ 4

There are only 2¥ < v < j(k) < f-many possiblities for C-supp(p) for p € G, +.
This implies that

card (C-supp(r) N [0,01)) = sup({card (C-supp(j(t)) N[0,07)) | t € G, +}).
Pick some t € G+ and define X to be the set consisting of all s € P+ such that
sup(supp(s) Nn) > card (C-supp(t) N [n,1™))
holds for every inaccessible 7. X is dense below t. Let s € X NG _.,+. Then
sup(supp(j(s)) N ¢) > card (C-supp(j(t)) N [6,67))
and (vi) follows by the above. O
Proof of (vii): Let us say that F C On is Easton iff E is bounded below every
regular cardinal. In M, we have
sup(supp(r) N @) = sup(U{j(E) N6 | E C v Easton}).

It follows that sup(supp(r) N #) has cofinality < 2” <  while sup(supp(r) N6) >~
in M as j(k) € supp(r) and therefore sup(supp(r) N 6) cannot be inaccessible.

sup(supp(r) N @) & (A, A- A) for any inaccessible A as for every t € G+, letting
&, = sup(supp(t) N n), the set

{s € P_,+ | Vn inaccessible (C-supp(t)N[n,n") # 0 — sup(supp(s)Nn) > 5;{5"'5")}

is dense in P, +. ]

Now we show, using (0)-(vii), that we can form the strategic lower bound ¢ of D,.
This is trivial (using induction) if card o is not inaccessible. Note that if we can
form ¢® € Ply,a)M out of r as in Definition 4.1, then ¢* < ¢® [y < ¢ for every
v < . Assume 0 € (j(k), a) is inaccessible and 6 € [0 4+ 2,6 - §). Given (i)-(iv), ¢°
decides sup r;* and forces that
otp f3'[suprs*] > sup(supp(r) N )

is distinct from otp féw [sup r¢*] for every £ < 6. By (v), if € is such that 0+2+§ =6,
q° forces that (dg)M has a PM[y, sup(supp(r) N #))-name, allowing us to satisfy (1)

as in Definition 4.1, as

botpfg“[Sup(supp(r)ne)] > sup(supp(r) N@) > v
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by (o) and as by (vii) and (iii), there cannot be some inaccessible A < 6 with
otp f}*[sup(supp(r) N O)] € [A, A+ \).

The statement (2) in Definition 4.1 can obviously be satisfied. Finally (vi) im-
plies that supp(¢®) \ supp(r) (and hence supp(¢®)) is bounded below every regular
cardinal and hence ¢® actually is a condition in P[y, a)M. O

Proof of Claim 16. Let G, be P,-generic over V. Corollary 3.12 shows that the
partial order P[y,j(vT))MIG<1l is yt_strategically closed. Let ¢ be the strategic
lower bound of
Djw+y = {i®) I'[%i(") [ pe Gy}

in M[G <] provided by Claim 21 and let D denote the collection of dense subsets of
Py, j(v)ME <] provided by Claim 19. Work in V[G.,] and fix an enumeration
(Do | 1 < a <) of D. By the yF-strategic closure of P[y, j(v))MI¢<+]  we can
construct a decreasing sequence (p® | a < v*) of conditions in P[y, j(v1))ME <]
such that p° = ¢ and o > 0 implies that p® < d,, for some dy € D,. Define

H = {pePly,jw"))M) | 3a <yt p* <p} € VIG,,].

By Claim 19, H is P[y, j(v+))M@<]_generic over M[G,]. Since the partial order
P[j(v"),j(v)) is trivial in every P.j(,+)-generic extension of M, G x H induces
a filter H ;) in Pyj(v) that is generic over M. Our constructions ensure that

JlG<4] € H.j(yy and we can extend j to an elementary embedding j. : V[G<,] —
M[H_j(]. By Claim 18, we have

("On)VIE<l C M[G.,] C M[H_ ()]

and this implies (VM[HQ(A,)])V[G@] C M[H_j(y)]. Since H_j() is contained in
V[G<,], this shows that & is still y-supercompact in V[G<,].

Now, let G be P-generic over V and let G« be the filter in P, induced by G.
By our assumptions, P[y,y") is the trivial forcing in V[G<,] and Corollary 3.12
implies that P(P,(7))VI¢l € V[G.,]. The above computations now show that there
is a normal ultrafilter on P, (y) in V]G] and hence s remains ~y-supercompact in
V[G]. O

We will now derive Clause (iv) of Theorem 1.2 from Claim 16. Let s be super-
compact, @ > k and let v denote the least fixed point of the J-function that is > a.
We let v = 3,1« denote the smallest strong limit cardinal of cofinality x above v.
Then y<* =+, ~ is singular and 27 = 4T by Theorem 1.9. Moreover v is not a
fixed point of the J-function. Hence by Claim 16, x remains a-supercompact in
every PP-generic extension of the ground model. O

We have thus finished the proof of Theorem 1.2.

5. OMEGA-SUPERSTRONGS

This section is devoted to the proof of Theorem 1.7. We will make use of the
following folklore theorem, which we provide a sketch of the proof for sake of com-
pleteness.

Theorem 5.1. If k is w-superstrong and the GCH holds, 2% = k™ holds in a set
forcing extension which preserves the w-superstrength of k and preserves SCH.
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Proof. Let P be the reverse Easton iteration that adds A*+-many Cohen subsets
of X for every inaccessible A < j¥(x). This obviously forces 2¢ = s and preserves
SCH by standard reduction arguments. Hence it suffices to prove the following
statement.

Claim 22. Some condition in P forces that P preserves the w-superstrength of k.

Proof. Let j: V — M witness the w-superstrength of x in V. We may assume that
j is given by an extender ultrapower embedding.'® For every n < w, Pojniey =
P<j7L(K)M, latter denoting the M-version of P_jn(,). Let G be the canonical name for
the P-generic. By the closure properties of our iterands, (j”G) | [k, j¥(k)) gives rise
to a condition in P (a “master condition”) which forces that j”G C G. Furthermore
G N PM is PM_ generic over M, using that j is given by an extender ultrapower
embedding (the argument is given in the proof of 1 in the proof of Theorem 23
below). This enables us to lift j to j*: V]G] — M[GNPM]. V[G]ju(s) € M[GNPM]
follows as every element of V[G];. () has a P-name in Vjn(, for some n < w by
the closure properties of tails of P. O

This completes the proof of the theorem. ([l

Proof of Theorem 1.7. Assume & is w-superstrong in V. By [8], we can force the
GCH to hold while preserving the w-superstrength of x. Using Theorem 5.1, we may
force further to obtain 2% = x™+ while preserving SCH and the w-superstrength of
k. In this situation, the assumptions of Theorem 1.2 hold.

Claim 23. There is a condition in P which forces that the w-superstrength of k is
preserved.

Proof. Let j : V — M witness the w-superstrength of x in V. Let P and P,
denote the iteration and its restriction to a as defined in the proof of Theorem 1.2,
let PM and P%l denote their respective M-versions. For every n < w, P jn(,) =

Pyjn(ﬁ). Moreover if § < j*(x) and § = card §+2+¢, f5 = fM, agar“ = (dzard‘s)M,
ngw(ﬁ) = P_jo(x) MM and also the extension relations of those two forcings agree.

We will use those facts tacitly in the following. We want to find a V-generic G C P
and an M-generic G* C PM such that j”G € G* and V[G]ju(,) C M[G*]. After
finding a suitable P ;o (,)-generic G «jw (), we will let Gij“’(n) be G < jo () N Pejo(k)-
We will let G* be the filter generated by G*<jw () together with the image of G under
J. The inclusion V[G];u(.) € M[G*] follows as every element of V[G];u(.) has a
P-name in V;n () for some n < w by Clause 6 of Claim 7.
It remains to show the following statements.

1. szw(,{) is ngw(n)-generic over M.

2. G* is P*-generic over M.

3. We can choose G jw () in such a way that j"Gju(.) C szw(ﬁ).

We will assume 3 for the moment and prove 1 and 2 using 3. We will then prove
3 without using either 1 or 2. Assume that j is given by an extender ultrapower
embedding.

16This means that each element of M is of the form j(f)(a), where a belongs to Vjw(x) and f
is a function in V with domain Vjw (). This assumption is harmless as if the initial j: V. — M
does not satisfy it, we can replace M by the transitive collapse M of H, the elementary submodel
of M consisting of all j(f)(a) of the above form and replace j by ko j, where k: H = M.
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Proof of 1. Suppose D € M is dense on ngw(ﬁ
dom(f) = Vju(x) and a € Vjni1(,) for some n € w. Choose p € Gju(,) such
that p reduces f(a) below j"(x) whenever a belongs to Vjn(.) and f(a) is dense on
P_jo gy The existence of p follows from Clause 5 of Theorem 7, using that Vin (.
has size j"(x). Then j(p) belongs to j"Gju(x) C GZ ju(sy Py 3 and reduces D
below j"*! (k). Hence E = {q € Pjn+2(y) | ¢ j(p)[""(x),j*(k)) € D} is dense
below j(p) [ 7"72(k) in P jn+2(,). Since G jntz(,) contains j(p) | j"7?(k) and is

P_ jnt2(,)-generic over M, G jn+2(,) N E # (. Choose ¢ in that intersection. Then
IR, 57 (R) € DNGL . -

Proof of 2. Like 1, using that j”G C G* as an immediate consequence of 3. (]

) and write D as i(f)(a) where

Proof of 3. We will specify a master condition q € P.ju(,) so that ¢ € G () en-
sures j”' G jo () C szw(ﬁ). Let G be the canonical name in V for the P-generic. We
define 7 as the componentwise union of (j”G)[j(x),j*(x)) and define the strategic
lower bound ¢ for this (directed) set to be - similar to Definition 4.1 - the condition

obtained by letting, for every § € C-supp(r) with § = card§ + 2 + &:
(1) If § > j(k)™", then
q [5 I q(botpf(;[suprg* ) = agardé.
(2) qldIF g5 ==r* U {supr;*}.
(3) Components of ¢ other than the above should be equal to the respective
components of r.

If such ¢ exists as a condition in P<jw(ﬁ)717 we call ¢ the strategic lower bound
of (j"G)[j(k),j¥(x)). In this case, it is seen as in the proof of Claim 20 that ¢ is a
lower bound for (7”G)[j(k),j*(x)). Furthermore it is seen similar to the proof of
Claim 21 that such ¢ exists as a condition in P<jw(,{).18 ‘We will finish the proof of
3 by showing the following claim.

Claim 24. Whenever p < q, p € G, then p < j(p); hence if ¢ € Gju(,) and p is

any condition in G oy, then j(p) € Gojo(y), i.e. J"Gjor) C G%(H).

Proof. Assume p < q. Then p < j(p) as p | 5 = j(p) [ %, j(p) | [k, j(k)) = 1 and
p 1) I pLi(), 5% () < ali(), 5 (%)) < F(P)F(), j* () by our choice of g. Now
if p is any condition in Gju(,) > ¢, then there is p’ € Gjv(,) which is stronger
than both p and ¢q. By the above, p’ < j(p'), but by elementarity j(p') < j(p)
and therefore j(p) € Gjw(y). Since j(p) € M, the last statement of the claim

follows. 0
If we now choose G« () containing g, the above implies that 3 holds. ([l
This completes the proof of Claim 23. O

In the situation assembled above, we can now combine Theorem 1.2, Theorem
5.1 and Claim 23 to force the existence of a lightface definable well-order of H, +
together with a failure of the GCH at x. O

Note that we could have similarly obtained 2* > s in the above proof.

17In contrast to Section 4, we do not claim here that either r or g are elements of M.
18The only difference is that for every n < w, the intervals [j7(k), 7771 (k)) have to be treated
separately.
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6. COROLLARIES

This short section contains the proofs of the two corollaries mentioned in the
Introduction.

Proof of Corollary 1.8. We show that in any P-generic extension, for any ordinal a
and x C «, there is an ordinal £ so that for all v < «,

YTET = ceqpqy =1

Let a, x C av and p € P be given. By the distributivity properties of IP, it follows
that there is a condition p’ < p which forces that  has a P.,+-name &. Let & be
greater than both sup(supp(p’)) and a. We may extend p’ to ¢ so that for every
v < «, q forces that ¢(§ +v) = 1 iff v € &. But this means that ¢ forces that z is
ordinal-definable. (I

Proof of Corollary 1.5. As in the proof of Clause (iv) of Theorem 1.2 at the end of
Section 4, letting o = k. O

7. OPEN QQUESTIONS

One could ask whether the results of [2] and [3] can be generalized to a non-GCH
context without any restrictions (like in the case of Theorem 1.2 the restriction to
inaccessible k). It seems like completely new techniques would be neccessary to
provide an answer.

Question 7.1. Does every model of set theory (which satisfies SCH?) have a
cofinality-preserving forcing extension in which for every regular uncountable K there
is a lightface definable well-order of H(k™)? Can this be done at least for boldface
definable well-orders?

Easier questions are the following.

Question 7.2. Can one force to add a boldface definable well-order of H(k™) when
K<F > Kk and K is reqular while preserving cofinalities?

Question 7.3. Can one force to add a lightface definable well-order of H(k™) when
k<F = Kk but k is not inaccessible while preserving cofinalities?

The latter question will be answered positively in the forthcoming [4].

While answering [10, Question 6.1], Corollary 1.5 still left open the following
question, which again seems cannot be answered using the techniques introduced
in our paper.

Question 7.4. Starting from a large cardinal assumption weaker than a strong
cardinal, is it possible to obtain a model with a measurable cardinal k with 2% > kT

and a definable well-order of H(k™)?
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