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We study the influence of the existence of large cardinals on the existence of wellorderings of power sets of
infinite cardinals κ with the property that the collection of all initial segments of the wellordering is definable by
a Σ1-formula with parameter κ. A short argument shows that the existence of a measurable cardinal δ implies
that such wellorderings do not exist at δ-inaccessible cardinals of cofinality not equal to δ and their successors.
In contrast, our main result shows that these wellorderings exist at all other uncountable cardinals in the minimal
model containing a measurable cardinal. In addition, we show that measurability is the smallest large cardinal
property that imposes restrictions on the existence of such wellorderings at uncountable cardinals. Finally, we
generalize the above result to the minimal model containing two measurable cardinals.
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1 Introduction

We study the interplay between the existence of large cardinals and the existence of very simply definable
wellorders of power sets of certain infinite cardinals. In this paper, we focus on the following type of defin-
able wellorders:

Definition 1.1 Fix sets y0, . . . , yn−1.

1. A set X is Σ1(y0, . . . , yn−1)-definable if there is a Σ1-formula ϕ(v0, . . . , vn) satisfying

X = {x | ϕ(x, y0, . . . , yn−1)}.

2. A wellordering C of a set X is a good Σ1(y0, . . . , yn−1)-wellordering of X if the set

I(C) = {{x ∈ X | xC y} | y ∈ X}

of all proper initial segments of C is Σ1(y0, . . . , yn−1)-definable.

Note that, if C is a good Σ1(y0, . . . , yn−1)-wellordering of a Σ1(y0, . . . , yn−1)-definable set X , then C is
also Σ1(y0, . . . , yn−1)-definable, because C consists of all pairs 〈x, y〉 in X × X with the property that there
is an A ∈ I(C) with x ∈ A and y /∈ A. Moreover, given a good Σ1(y)-wellordering C, the statement “x
is the α-th element of C ” can be expressed by a Σ1-statement with parameters α, x and y. In particular, if κ
is an infinite cardinal and C is a good Σ1(y)-wellordering of P(κ) with y ∈ H(κ+), then the Σ1-Reflection
Principle implies that C has order-type κ+ and hence the GCH holds at κ. Classical results of Gödel show
that in his constructible universe L, there is a good Σ1(κ)-wellordering of P(κ) for every infinite cardinal κ. In
contrast, the results of [1] show that stronger large cardinal axioms imply the nonexistence of such wellorderings
for certain cardinals. For example, a combination of [1, Theorem 1.7] with [1, Lemma 5.5] shows that there is
no good Σ1(κ)-wellordering of P(κ) if κ is a measurable cardinal with the property that there are two different
normal ultrafilters on κ. Moreover, [1, Theorem 1.2] states that no wellordering of P(ω1) is Σ1(ω1)-definable if
there is a measurable cardinal above a Woodin cardinal.

In this paper, we study the influence of measurable cardinals on the existence of good Σ1-wellorderings. The
following two lemmas provide examples of such implications. The results of this paper will show that it is
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possible that a measurable cardinal exists and good Σ1-wellorders exists at all cardinals that are not ruled out by
these two lemmas.

Lemma 1.2 If there is a measurable cardinal and x ∈ H(ω1), then no wellordering of P(ω) is Σ1(x)-
definable.

P r o o f. Assume, towards a contradiction, that there is a Σ1(x)-definable wellordering of P(ω) for some
x ∈ H(ω1). By [2, Lemma 25.25], this assumptions implies that there is a Σ1

2-wellordering of the reals and
hence there is Σ1

2-subset of the reals without the Baire property. Classical results of Solovay (see [3, Corollary
14.3]) show that this conclusion implies that there are no measurable cardinals.

The following results show that the existence of a measurable cardinal also imposes restrictions on the exis-
tence of good Σ1-wellorderings at many cardinals above the measurable cardinal. Remember that, given cardinals
δ < κ, we say that κ is δ-inaccessible if λδ < κ holds for all λ < κ.

Lemma 1.3 Let δ be a measurable cardinal and let ν > δ be a δ-inaccessible cardinal with cof (ν) 6= δ. If κ
is a cardinal with ν ≤ κ ≤ ν+, then there is no good Σ1(κ)-wellordering of P(κ).

P r o o f. Assume that there is a good Σ1(κ)-wellordering C of P(κ). Pick a Σ1-formula ϕ(v0, v1) with
I(C) = {A | ϕ(A, κ)}. Let U be a normal ultrafilter on δ and let jU : V −→ M = Ult(V, U) denote the
induced ultrapower map.

Claim jU (ν) = ν.

Proof of the Claim. First, assume that cof (ν) > δ. Pick f : δ −→ ν. Then there is λ < ν with ran(f) ⊆ λ.
Since our assumptions imply that the set of all functions from δ to λ has cardinality less than ν and all elements of
the ordinal jU (f)(δ) are of the form jU (g)(δ) for some function g : δ −→ λ, we can conclude that jU (f)(δ) < ν.
This argument shows that jU (ν) = ν holds in this case, because every element of jU (ν) is of the form jU (f)(δ)
for some f : δ −→ ν.

Now, assume that cof (ν) < δ and fix a cofinal sequence 〈νξ < ν | ξ < cof (ν)〉 in ν. Pick f : δ −→ ν.
Since the normality of U implies that U is <δ-complete, we can find ξ∗ < cof (ν) with f−1[νξ∗ ] ∈ U . In
particular, every element of the ordinal jU (f)(δ) is of the form jU (g)(δ) for some function g : δ −→ νξ∗ . Since
our assumptions imply that the set of all functions from δ to νξ∗ has cardinality less than ν, this shows that the
ordinal jU (f)(δ) has cardinality less than ν. As above, we can conclude that jU (ν) = ν.

Claim jU (κ) = κ.

P r o o f. By the above claim, we may assume that κ = ν+. Then the above claim implies that jU (ν) < κ and
therefore κ ≥ (ν+)M = jU (ν+) = jU (κ) ≥ κ.

Define J = jU (C).

Claim J = C ∩M and P(κ)M is C-downwards closed in P(κ).

P r o o f. By the above claim and elementarity, we know that

I(J)M = {A ∈M | ϕ(A, κ)M}

and therefore Σ1-upwards absoluteness implies that I(J)M ⊆ I(C).
Pick x, y ∈ P(κ)M . First, assume that x J y. Then there is A ∈ I(J)M with x ∈ A and y /∈ A. By the

above remarks, we have A ∈ I(C) and therefore x C y. In the other direction, assume that x C y holds and set
A = {a ∈ P(κ)M | a J y}. Then A,A ∪ {y} ∈ I(J)M ⊆ I(C) and therefore A = {a ∈ P(κ) | aC y}. Since
x C y, we have x ∈ A and therefore x J y. Finally, these arguments also show that P(κ)M is C-downwards
closed in P(κ).
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Since ν > δ is δ-inaccessible, we have 2δ < ν ≤ κ and therefore there is a subset x of κ that is not contained
in M . Set β = rnkC(x). By elementarity, we have

otp
(
P(κ)M ,J

)
> jU (β) ≥ β

and we can find y ∈ P(κ)M with rnkJ(y) = β. Since the above claim shows thatJ ⊆ C, we have rnkC(y) ≥ β
and hence x 6= y implies that xCy. But the above claim also shows that P(κ)M isC-downwards closed in P(κ)
and we can conclude that x ∈M , a contradiction.

In models of the GCH, the statement of the last lemma greatly simplifies.
Corollary 1.4 Assume that GCH holds above a measurable cardinal δ and κ ≥ δ is a cardinal with the

property that there is a good Σ1(κ)-definable wellorder of P(κ).

1. There is a cardinal ν with cof (ν) = δ and ν ≤ κ ≤ ν+.

2. There are no measurable cardinals in the interval (δ, κ].

P r o o f. (i) We may assume that κ > δ+. If κ is a limit cardinal, then our GCH-assumption implies that κ is
δ-inaccessible and therefore Lemma 1.3 shows that cof (κ) = δ. Now, assume that κ = ν+ with ν > δ. Then
ν is singular, because otherwise κ would be δ-inaccessible and Lemma 1.3 would imply that there are no good
Σ1(κ)-wellorderings of P(κ). Since the GCH holds above δ, this implies that ν is δ-inaccessible and Lemma
1.3 implies that cof (ν) = δ.

(ii) Assume, towards a contradiction, that there is a measurable cardinal ε in the interval (δ, κ]. By applying the
first part of the corollary to both δ and ε, we find cardinals µ and ν with cof (µ) = δ, cof (ν) = ε, µ ≤ κ ≤ µ+

and ν ≤ κ ≤ ν+. But then µ = ν and hence δ = ε, a contradiction.

In order to show that the above lemmas can consistently state all limitations that a measurable cardinal imposes
on the existence of good Σ1-wellorders, we will use classical results of Kunen and Silver to prove the following
result in Section 3.

Theorem 1.5 Assume that δ is a measurable cardinal and U is a normal ultrafilter on δ such that V = L[U ]
holds. Given an infinite cardinal κ, there is a good Σ1(κ)-wellordering of P(κ) if and only if either ω < κ < δ
or ν ≤ κ ≤ ν+ for some cardinal ν with cof (ν) = δ.

The above result directly shows that the desired characterization of the class of all cardinals κwith the property
that there is a good Σ1(κ)-wellordering of P(κ) holds true in models of the form L[U ].

Corollary 1.6 In the setting of Theorem 1.5, if κ is an infinite cardinal, then the following statements are
equivalent:

1. Either κ is countable or there is a δ-inaccessible cardinal ν with cof (ν) 6= δ and ν ≤ κ ≤ ν+.

2. There is no good Σ1(κ)-wellordering of P(κ).

P r o o f. The implication from (i) to (ii) is proved in Lemma 1.2 and Lemma 1.3. We now assume that (i)
fails and (ii) holds. Then Theorem 1.5 implies that κ > δ+. Since the GCH holds in L[U ] (see [3, Theorem
20.3]) and every limit cardinal greater than δ is δ-inaccessible, we know that κ is not a limit cardinal, because
otherwise Theorem 1.5 would imply that cof (κ) 6= δ and (i) would hold. Hence κ = ν+ with ν > δ and ν
is singular, because the GCH implies that successors of regular cardinals above δ are δ-inaccessible. In this
situation, Theorem 1.5 implies that cof (ν) 6= δ and hence (i) holds, a contradiction.

Motivated by the above results, we will prove the following result in Section 2. It uses the Dodd-Jensen
core model KDJ (see [4]) to show that measurability can be considered the smallest large cardinal property that
implies the non-existence of good Σ1-wellorders at certain uncountable cardinals.

Lemma 1.7 Assume that V = KDJ holds. If κ is an uncountable cardinal, then there is a good Σ1(κ)-
wellordering of P(κ).

Finally, we consider the influence of the existence of two measurable cardinals on the existence of good Σ1-
wellorders at uncountable cardinals. Section 4 contains the proof of the following result that directly generalizes
Theorem 1.5 to this setting.

Copyright line will be provided by the publisher



6 P. Lücke and P. Schlicht: Measurable cardinals and good Σ1(κ)-wellorderings

Theorem 1.8 Let δ0 < δ1 be measurable cardinals, let U0 be a normal ultrafilter on δ0 and let U1 be a
normal ultrafilter on δ1. Assume that V = L[U0, U1] holds. Given an infinite cardinal κ, there is a good
Σ1(κ)-wellordering of P(κ) if and only if either ω < κ < δ0 or ν ≤ κ ≤ ν+ for some cardinal ν < δ1 with
cof (ν) = δ0.

This theorem shows that, parallel to the above results, it is possible that there are two measurable cardinals
and good Σ1-wellorderings exists at all cardinals that are not ruled out by the above lemmas.

Corollary 1.9 In the setting of Theorem 1.8, if κ is an infinite cardinal, then the following statements are
equivalent:

1. Either κ is countable or there is an i < 2 and a δi-inaccessible cardinal ν with the property that cof (ν) 6= δi
and ν ≤ κ ≤ ν+.

2. There is no good Σ1(κ)-wellordering of P(κ).

P r o o f. The implication from (i) to (ii) is proved in Lemma 1.2 and Lemma 1.3. Assume that (i) fails and (ii)
holds. Then Theorem 1.8 implies that κ > δ+

0 .
First, assume that κ is a limit cardinal. Then cof (κ) = δ0, because otherwise the GCH in L[U0, U1] (see [5,

Theorem 3.6]) would imply that κ is a δ0-inaccessible cardinal of cofinality different from δ0, contradicting the
failure of (i). In this situation, Theorem 1.8 implies that κ > δ1 and the GCH implies that κ is δ1-inaccessible,
contradicting our assumptions.

These computations show that κ = ν+ with ν > δ0. Then ν is not regular, because otherwise the GCH would
imply that κ is δ0-inaccessible. Since ν is a limit cardinal greater than δ0, we know that ν is δ0-inaccessible
and therefore our assumption implies that cof (ν) = δ0. Then Theorem 1.8 shows that ν > δ1 and hence ν is a
δ1-inaccessible cardinal with cof (ν) 6= δ1, contradicting our assumption that (i) fails.

We outline the structure of this paper. In Section 2, we briefly introduce some terminology to talk about the
structure of so-called short core models and then show that the canonical wellorders of these models are good
Σ1-wellorders. Section 3 contains the proof of Theorem 1.5 that relies on classical results of Kunen and Silver
on the structure of models of the form L[U ]. In Section 4, we use results of Koepke on the structure of short core
models to generalize the previous results to models of the form L[U0, U1] and prove Theorem 1.8. We close this
paper by listing some open questions motivated by these results in Section 5.

2 Models of the form K[D]

In this section, we construct good Σ1-wellorderings in certain canonical models of set theory called short core
models. These models were studied by Koepke in [6] and [7]. Our results will rely on the outline of the structure
theory of these models presented in [7]. Even though we will only consider short core model whose measure
sequence has length at most two, we introduce the general terminology needed to construct and study these
models. This will allow us to directly refer to the results presented in [7].

Definition 2.1 Let D be a class.

1. D is simple if the following statements hold:

(a) If x ∈ D, then there is δ ∈ On with x = 〈δ, a〉 with a ⊆ δ.

(b) If 〈δ, a〉 ∈ D, then 〈δ, δ〉 ∈ D.

In the above situation, we define dom(D) = {δ ∈ On | 〈δ, δ〉 ∈ D} and D(δ) = {a ⊆ δ | 〈δ, a〉 ∈ D} for
all δ ∈ dom(D).

2. D is a sequence of measures if D is simple and D(δ) is a normal ultrafilter on δ for every δ ∈ dom(D).

Definition 2.2 Let D be a simple set.

1. We say that M = 〈|M |, FM 〉 is a premouse over D if the following statements hold:

(a) |M | is a transitive set and FM is a simple set with sup (dom(D)) < min (dom(FM )) ∈ |M |.
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(b) 〈|M |,∈, FM 〉 |= “FM is a sequence of measures ”.

(c) |M | = Jα(M)[D,FM ] for some ordinal α(M) with ω · αM = |M | ∩On.

In the above situation, we set meas(M) = dom(FM ) ∩ (ω · α(M)) and lp(M) = H(min (meas(M)))|M |.

2. Given a premouseM overD and δ ∈ meas(M), a premouseM∗ overD is the ultrapower ofM at δ if there
is a unique map j : |M | −→ |N | with the following properties, and M∗ = N holds for this N .

(a) j : 〈|M |,∈, D, FM 〉 −→ 〈|N |,∈, D, FN 〉 is Σ1-elementary.

(b) |N | = {j(f)(δ) | f ∈ δ|M | ∩ |M |}.
(c) FM (δ) ∩ |M | = {x ∈ P(δ) ∩ |M | | δ ∈ j(x)}.

If such a premouse exists, then we denote it by Ult(M,F (δ)) and we call the corresponding map j the
ultrapower embedding of M at δ.

3. Given a premouse M over D and a function I : λ −→ On with λ ∈ On, a system

It(M, I) = 〈〈Mα | α ≤ λ〉, 〈jα,β | α ≤ β ≤ λ〉〉

is called the iterated ultrapower of M by I if the following statements hold for all γ ≤ λ:

(a) M = M0 and Mγ is a premouse over D.

(b) Given α ≤ β ≤ γ, jβ,γ : |Mβ | −→ |Mγ | is a function, jγ,γ = id|Mγ | and jα,γ = jβ,γ ◦ jα,β .

(c) If γ < λ and I(γ) ∈ meas(Mγ), then Mγ+1 = Ult(Mγ , FMγ
(I(γ))) and jγ,γ+1 is the ultrapower

embedding of Mγ at FMγ
(I(γ)). In the other case, if γ < λ and I(γ) /∈ meas(Mγ), then Mγ = Mγ+1

and jγ,γ+1 = id|Mγ |.

(d) If γ is a limit ordinal, then 〈〈Mγ ,∈, D, FMγ
〉, 〈jβ,γ | β < γ〉〉 is a direct limit of the directed system

〈〈Mβ ,∈, D, FMβ
| β < γ〉, 〈jα,β | α ≤ β < γ〉〉.

In this situation, we let MI denote Mλ and let jI denote j0,λ.

4. A premouse M over D is iterable if the system It(M, I) exists for every function I : λ −→ On with
λ ∈ On.

5. A premouse M over D is short if one of the following statements holds:

(a) D = ∅ and otp(meas(M) ∩ γ) < min(meas(M)) for all γ ∈ |M | ∩On.

(b) D 6= ∅ and otp(meas(M)) ≤ min(dom(D)).

6. A D-mouse is an iterable short premouse over D.

7. If either D = ∅ or otp (dom(D)) ≤ min (dom(D)), then we define

K[D] =
⋃
{lp(M) |M is a D-mouse}

and, given x, y ∈ K[D], we write x <K[D] y to denote that x <L[D,FM ] y holds for every D-mouse M with
x, y ∈ lp(M).

In the following, we omit the parameter D from the above notations if it is equal to the empty set, i.e. mouse
means ∅-mouse, we write K instead of K[∅] etc.

Lemma 2.3 Assume that D is a simple set such that either D = ∅ or otp (dom(D)) ≤ min (dom(D)). If
V = K[D] holds and κ is an uncountable cardinal, then there is a good Σ1(κ,D)-wellordering of P(κ).

P r o o f. By [7, Theorem 3.4], we know that <K[D] is a wellordering of V. Let C denote the restriction of
<K[D] to P(κ).
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Claim If M and N are D-mice and x0, x1 ∈ lp(M)∩ lp(N), then x0 <L[D,FM ] x1 implies x0 <L[D,FN ] x1.

Proof of the Claim. We have that x and y are comparable in<K[D]. Assuming that x0 <L[D,FM ] x1, it follows
that x0 <K[D] x1. Thus also x0 <L[D,FN ] x1 by the definition of <K[D].

The above claim shows that xCy holds if and only if there is aD-mouseM with the property that x, y ∈ lp(M)
and x <L[D,FM ] y. Moreover, every D-mouse M with κ ∈ lp(M) is C-downwards closed. In particular, a set
X is contained in the set I(C) of all initial segments of C if and only if there is a D-mouse M such that
κ,X ∈ lp(M) and X is an initial segment of the restriction of <L[D,FM ] to P(κ) in 〈|M |,∈, D, FM 〉.

Since [7, Theorem 2.7] shows that there is a finite fragment F of ZFC such that the statement “M is a D-
mouse ” is absolute between V and transitive models of F containing ω1 ∪ {D,M} as a subset, we can conclude
that it is possible to define the collection of all D-mice by a Σ1-formula with parameters κ and D. By the
above computations, this shows that the set I(C) can be defined by a Σ1-formula that uses only κ and D as
parameters.

Proof of Lemma 1.7. Assume that V = KDJ holds and let κ be an uncountable cardinal. If there are no mice,
then the results of [4, Section 6] show that KDJ = L and the restriction of the canonical wellordering of L to
P(κ) is a good Σ1(κ)-wellordering. Hence we may assume that there is a mouse. In this situation, results of
Dodd and Jensen (see [8, p. 238]) show that KDJ is equal to the union of all lp(M), where M is a mouse with
otp (meas(M)) = 1. In particular, KDJ = K holds in this case. In this situation, Lemma 2.3 directly implies
that there is a good Σ1(κ)-wellordering of P(κ).

The above result allows us to construct good Σ1-wellorderings in canonical inner models at uncountable
cardinals that are less than or equal to the unique measurable cardinal in these models.

Corollary 2.4 Assume that δ is a measurable cardinal and U is a normal ultrafilter on δ such that V = L[U ]
holds. If κ ≤ δ is an uncountable cardinal, then there is a good Σ1(κ)-definable wellorder of P(κ).

P r o o f. By [4, Section 6], we know that our assumptions imply that KDJ is equal to the intersection of all
iterated ultrapowers of 〈V,∈, U〉. In particular, we know that H(δ+) ⊆ KDJ . Since the Σ1-Reflection Principle
implies that Σ1-statements are absolute between H(δ+) and V, Lemma 1.7 directly shows that there is a good
Σ1(κ)-definable wellorder of P(κ) for every uncountable cardinal κ ≤ δ.

Corollary 2.5 Let δ0 < δ1 be measurable cardinals, let U0 be a normal ultrafilter on δ0 and let U1 be a
normal ultrafilter on δ1. Assume that V = L[U0, U1] holds. If κ ≤ δ0 is an uncountable cardinal, then there is a
good Σ1(κ)-definable wellorder of P(κ).

P r o o f. Since P(δ0) ⊆ Ult(V, U0), we know that for every subset x of δ0, there is a mouse M with
x ∈ lp(M) and otp (meas(M)) = 2. Hence P(δ0) ⊆ K and Lemma 2.3 shows that there is a good Σ1(κ)-
wellordering of P(κ) for every uncountable cardinal κ ≤ δ0.

3 Models of the form L[U ]

In this section, we will prove Theorem 1.5. Throughout this section, we will work in the setting of the theorem:
δ is a measurable cardinal and U is a normal ultrafilter on δ with the property that V = L[U ] holds.

We start by showing that the unique normal filter in L[U ] is Σ1-definable from certain cardinals above the
unique measurable cardinal of L[U ]. These arguments heavily rely on results of Kunen and Silver (see [9] and
[10]) on the structure of models of the form L[U ]. In the following, we will refer to the presentation of these
results in [3, Section 20].

Lemma 3.1 In the setting of Theorem 1.5, if ν > δ is a cardinal with cof (ν) = δ, then the set {U} is
Σ1(ν)-definable.

P r o o f. Pick a Σ1-formula Φ(v0, . . . , v3) with the property that Φ(M, ε, F, ν) is equivalent to the conjunction
of the following statements:

1. M is a transitive model of ZFC− with ν ∈M .
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2. ε < ν is a measurable cardinal in M with cof (ν)
M

= ε.

3. F ∈M is a normal ultrafilter on ε in M and M = Lα[F ] for some α ∈ On.

Then our assumptions imply that Φ(Lν++ [U ], δ, U, ν) holds.

Claim If Φ(M, ε, F, ν) holds, then cof (ν)
L[F ]

= ε, ε is a measurable cardinal in L[F ] and F is a normal
ultrafilter on ε in L[F ].

Proof of the Claim. Since ν is a strong limit cardinal greater than ε in V, the condensation principle for
L[F ] implies that H(ν)L[F ] ⊆ Lν [F ] ⊆ M . This shows that ε is a measurable cardinal in L[F ] and F is a
normal ultrafilter on ε in L[F ]. Moreover, since ε is regular in L[F ], we know that ε = cof (ν)

L[F ], because
otherwise cof (ν)

L[F ]
< ε would imply that cof (ε)

L[F ]
< ε = cof (ε)

M holds and this would imply that
P(ε)M 6= P(ε)L[F ].

Claim If Φ(M, ε, F, ν) holds, then δ = ε and F = U .

Proof of the Claim. Assume that δ 6= ε holds. Since we have δ = cof (ν) ≤ cof (ν)
L[F ]

= ε, we can conclude
that δ < ε. By our assumptions, 〈L[U ],∈, U〉 is the δ-model (in the sense of [3, Section 20]) and the above claim
shows that 〈L[F ],∈, F 〉 is the ε-model. Then [3, Theorem 20.12] allows us to find a 0 < τ ≤ ε with the property
that, if

〈〈〈Nα,∈, Fα〉 | α ≤ τ〉, 〈jα,β : Nα −→ Nβ | α ≤ β ≤ τ〉〉

denotes the corresponding system of iterated ultrapowers of 〈L[U ],∈, U〉, then we have Nτ = L[F ], j0,τ (δ) = ε
and F = Fτ . In this situation, we can use [3, Corollary 19.7] to see that j0,τ (µ) < ν holds for every µ < ν
and therefore cof (ν) = δ > ω implies that the set of all µ < ν with j0,τ (µ) = µ is unbounded in ν. Since
crit(j0,τ ) = δ = cof (ν), this allows us to find a continuous, cofinal and strictly increasing map c : δ −→ ν
with the property that j0,τ (c(γ)) = c(γ) holds for every γ < δ. But then we have c = j0,τ (c) � δ ∈ L[F ] and
therefore cof (ν)

L[F ] ≤ δ < ε, contradicting the above claim.
The above computations show that δ = ε. Using [3, Theorem 20.10] and the above claim, we can conclude

that we also have F = U .

The last claim shows thatU is the unique set F such that there areM and εwith the property that Φ(M, ε, F, ν)
holds. This shows that the set {U} is definable by a Σ1-formula with parameter ν.

In the following lemma, we prove the analog of the above result for successors of singular cardinals of cofi-
nality equal to the unique measurable cardinal in L[U ].

Lemma 3.2 In the setting of Theorem 1.5, if µ ≥ δ is a cardinal with cof (µ) = δ, then the set {U} is
Σ1(µ+)-definable.

P r o o f. Set κ = µ+ and let

〈〈〈Nγ ,∈, Fγ〉 | γ < κ〉, 〈jβ,γ : Nβ −→ Nγ | β ≤ γ < κ〉〉

denote the corresponding system of iterated ultrapowers of 〈V,∈, U〉. We define δγ = j0,γ(δ) and µγ = j1,γ(µ)
for all 0 < γ < κ. Since µ is a strong limit cardinal greater than δ, we have δ1 < µ and this implies that δγ < µγ
for all 0 < γ < κ.

Claim If 0 < γ < κ, then cof (µγ)
Nγ = δ and κ = (µ+

γ )Nγ = j1,γ(κ).

Proof of the Claim. We prove the claim by induction on 0 < γ < κ.
Since N1 = Ult(V, U), we have δN1 ⊆ N1, cof (µ)

N1 = δ and

κ = µ+ = µδ ≤ (µδ)N1 = (µ+)N1 ≤ µ+ = κ.

Next, assume that γ = γ̄+1. ThenNγ = Ult(Nγ̄ , Fγ̄) and jγ̄,γ : Nγ̄ −→ Nγ is the corresponding ultrapower
embedding in Nγ̄ . Our induction hypothesis implies that µγ̄ > δγ̄ is a strong limit cardinal of cofinality δ in Nγ̄ .
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Then jγ̄,γ(α) < µγ̄ for all α < µγ̄ and there is a cofinal function c : δ −→ µγ̄ in Nγ̄ with the property that
jγ̄,γ(c(β)) = c(β) holds for all β < δ. Since δ < δγ̄ = crit(jγ̄,γ), we have jγ̄,γ(c) = c and this implies that

µγ = j1,γ(µ) = jγ̄,γ(µγ̄) = µγ̄ < κ

and cof (µγ)
Nγ = j1,γ(δ) = δ. Finally, we have

κ ≥ (µ+
γ )Nγ = jγ̄,γ

(
(µ+
γ̄ )Nγ̄

)
= jγ̄,γ(κ) ≥ κ.

Now, assume that γ ∈ Lim ∩ κ. Since δ < δ1 = crit(j1,γ), elementarity and our induction hypothesis imply
that

cof (µγ)
Nγ = j1,γ

(
cof (µ)

N1

)
= j1,γ(δ) = δ.

If β < µγ = j1,γ(µ), then we can find γβ < γ and αβ < µγβ with β = jγβ ,γ(αβ). This yields an injection of
µγ into γ · supγ̄<γ µγ̄ . Since our induction hypothesis implies that this product of ordinals is smaller than κ and
κ = (µ+)N1 , we can conclude that µγ < κ and this implies that

κ ≥ (µ+
γ )Nγ = j1,γ

(
(µ+)N1

)
= j1,γ(κ) ≥ κ

holds.

Pick a Σ1-formula Ψ(v0, . . . , v4) with the property that Ψ(M, ε, F, ν, κ) is equivalent to the conjunction of
the following statements:

1. M is a transitive model of ZFC− with κ ∈M .

2. ε < κ is a measurable cardinal in M .

3. F ∈M is a normal ultrafilter on ε in M and M = Lα[F ] for some α ∈ On.

4. ν is a cardinal in M with ε < ν < κ, ε = cof (ν)
M and κ = (ν+)M .

Note that our assumptions imply that Ψ(Lκ++ [U ], δ, U, µ, κ) holds.

Claim If Ψ(M, ε, F, ν, κ) holds, then ν is a cardinal in L[F ], κ = (ν+)L[F ], cof (ν)
L[F ]

= ε, ε is an
inaccessible cardinal in L[F ] and F is a normal ultrafilter on ε in L[F ].

Proof of the Claim. Since κ is a regular cardinal greater than ν in V, we can use the condensation principle
for L[F ] to show that P(ν)L[F ] ⊆ Lκ[F ] ⊆ M . Together with our assumptions, this observation implies the
above conclusions.

Claim If Ψ(M, ε, F, ν, κ) holds, then δ = ε and F = U .

Proof of the Claim. First, assume that δ 6= ε. Since the above claim shows that 〈L[F ],∈, F 〉 is the ε-model,
[3, Theorem 20.12] shows that either 〈L[F ],∈, F 〉 is an iterate of 〈L[U ],∈, U〉 or 〈L[U ],∈, U〉 is an iterate of
〈L[F ],∈, F 〉. But we also know that F is an element of L[U ] and this implies that the first option holds. Hence our
assumption yields 0 < γ ≤ ε < κwith L[F ] = Nγ , ε = δγ and F = Fγ . In this situation, the above claims imply
that µγ is a cardinal of cofinality δ in L[F ], ν is a cardinal of cofinality ε in L[F ] and (ν+)L[F ] = κ = (µ+

γ )L[F ]

holds. But this implies that µγ = ν and hence δ = ε, a contradiction.
Since these computations show that δ = ε, a combination of the last claim and [3, Theorem 20.10] allows us

to conclude that F = U .

Using the above claim, we see that U is the unique set F with the property that Ψ(M, ε, F, ν, κ) holds for
some M , ε and ν. In particular, it is possible to define the set {U} using a Σ1-formula with parameter κ.
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Proof of Theorem 1.5. Assume that δ is a measurable cardinal and U is a normal ultrafilter on δ such that
V = L[U ] holds and κ is an infinite cardinal.

First, assume that there is a good Σ1(κ)-wellordering of P(κ). Then Lemma 1.2 implies that κ is uncountable.
Since the GCH holds in L[U ], we can use Corollary 1.4 to conclude that either ω < κ < δ or there is a cardinal
ν with cof (ν) = δ and ν ≤ κ ≤ ν+.

In the other direction, if ω < κ < δ, then Corollary 2.4 directly implies that there is a good Σ1(κ)-wellordering
of P(κ). Finally, assume that there is a cardinal ν with cof (ν) = δ and ν ≤ κ ≤ ν+. Then Lemma 3.1 and
Lemma 3.2 show that the set {U} is Σ1(κ)-definable. Since the restriction of the canonical wellordering of L[U ]
to P(κ) is a good Σ1(κ, U)-wellordering of P(κ), we can conclude that there is a good Σ1(κ)-wellordering of
P(κ).

The above arguments also allow us to prove the following non-definability result for predecessors.
Corollary 3.3 The following statements hold in the setting of Theorem 1.5:

1. If ν is a cardinal with cof (ν) = δ, then the set {δ} is both Σ1(ν) and Σ1(ν+)-definable.

2. If µ ≤ ν are cardinals with cof (µ) = cof (ν) = δ, then the sets {µ} and {µ+} are not Σ1(ν++)-definable.

P r o o f. (i) This statement follows directly from Lemma 3.1 and Lemma 3.2.
(ii) Assume, towards a contradiction, that there are cardinals µ ≤ ν with cof (µ) = cof (ν) = δ and either

the set {µ} or the set {µ+} is Σ1(ν++)-definable. Then the above lemmas show that the set {U} is Σ1(ν++)-
definable and this implies that the restriction of the canonical wellordering of L[U ] toP(ν++) is a good Σ1(ν++)-
wellordering. This contradicts Corollary 1.6.

4 Models of the form L[U0,U1]

In this section, we study the provable restrictions that the existence of two measurable cardinals imposes on the
existence of good Σ1(κ)-wellorders. Throughout this section, we work in the setting of Theorem 1.8: there are
measurable cardinals δ0 < δ1 and V = L[U0, U1] holds, where U0 is a normal ultrafilter on δ0 and U1 is a
normal ultrafilter in δ1.

We start by proving the analog of Lemma 3.1 for two measurable cardinals.
Lemma 4.1 In the setting of Theorem 1.8, if δ0 < ν < δ1 is a cardinal with cof (ν) = δ0, then the set {U0}

is Σ1(ν)-definable.

P r o o f. By [7, Theorem 2.7], there is a finite fragment F of ZFC such that for every simple set D, the state-
ment “M is a D-mouse ” is absolute between V and transitive models of F containing ω1 ∪ {D,M} as a subset.
This shows that there is a Σ1-formula Φ(v0, . . . , v5) with the property that the statement Φ(M, ε0, ε1, F0, F1, ν)
is equivalent to the conjunction of the following statements:

1. M is a ({ε0} × F0)-mouse with ν, F0, F1 ∈ |M | and FM = {ε1} × F1.

2. |M | is a model of ZFC−.

3. ε0 < ν < ε1 and lp(M) contains a strictly increasing cofinal function from ε0 to ν.

Then our assumptions imply that Φ(M, δ0, δ1, U0, U1, ν) holds for some set M .

Claim If Φ(M, ε0, ε1, F0, F1, ν) holds and D = {ε0} × F0, then H(ν)K[D] ⊆ |M |.

Proof of the Claim. Pick x ∈ H(ν)K[D]. Since ν is a strong limit cardinal, the definition of K[D] yields a D-
mouse N such that |N | has cardinality less than ν and lp(N) contains a surjection s : ξ −→ tc({x}) with ξ < ν.
By [7, Theorem 2.12], there is a simple E and iterated ultrapowers j0 : M −→ M∗ and j1 : N −→ N∗ such
that |M∗| = Jα(M∗)[D,E] and |N∗| = Jα(N∗)[D,E]. Moreover, [7, Lemma 2.4] implies that the corresponding
embeddings j0 : 〈|M |,∈, D, FM 〉 −→ 〈|M∗|,∈, D,E〉 and j1 : 〈|N |,∈, D, FN 〉 −→ 〈|N∗|,∈, D,E〉 are both
Σ1-elementary. Hence we can find ζ ∈ |N | with ζ = min (meas(N)) and j0(ε1) = j1(ζ). Since we have

ζ = min (meas(N)) < ν < ε1 ≤ j0(ε1) = j1(ζ)
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12 P. Lücke and P. Schlicht: Measurable cardinals and good Σ1(κ)-wellorderings

and the GCH in L[U0, U1] implies that ν is a strong limit cardinal, we know that ν appears as an image of ζ in
a model in the sequence given by the above iterated ultrapower of N . In particular, ν is regular in |N∗|. Since
lp(M) contains a strictly increasing cofinal function from ε0 to ν and [7, Lemma 2.4] implies that lp(M∗) also
contains such a function, we can conclude that α(N∗) < α(M∗). In this situation, we can conclude that s ∈ |M |,
because [7, Lemma 2.4] shows that j1 � lp(N) = idlp(N) and lp(N) ⊆ H(ν)|M∗| = H(ν)|M |.

Claim If Φ(M, ε0, ε1, F0, F1, ν) holds and D = {ε0} × F0, then ε0 is a measurable cardinal in K[D], F0 is
a normal ultrafilter on ε0 in K[D] and cof (ν)

K[D]
= ε0.

Proof of the Claim. Our assumptions imply that the first two statements hold in H(ν)|M | and therefore the
above claim shows that they also hold in H(ν)K[D] and hence also in K[D]. Now, assume, towards a contradiction,
that cof (ν)

K[D]
< ε0. Since [7, Theorem 3.2] shows that K[D] is a model of ZFC and lp(M) ⊆ K[D], this

assumption implies that ε0 is singular in K[D] and this contradicts the above conclusions.

Claim If Φ(M, ε0, ε1, F0, F1, ν) holds, then δ0 = ε0 and F0 = U0.

Proof of the Claim. Set D = {δ0} × U0 and E = {ε0} × F0. First, assume, towards a contradiction, that
δ0 6= ε0. Then δ0 < ε0, because δ0 = cof (ν) ≤ cof (ν)

K[E]
= ε0. Since V = L[U0, U1], we can apply [7,

Theorem 2.14] to show that the assumptions of [7, Theorem 3.16] are satisfied. Since bothD andE code measure
sequences of length 1, this result shows that 〈K[E],∈, F0〉 is an iterate of 〈K[D],∈, U0〉 given by an iteration of
length 0 < τ < ν. Let j : K[D] −→ K[E] denote the corresponding elementary embedding j(δ0) = ε0 and
j(U0) = F0. Then [3, Corollary 19.7] implies that j(µ) < ν holds for all µ < ν and there is a continuous, cofinal
and strictly increasing map c : δ0 −→ ν in K[D] with the property that j(c(γ)) = c(γ) holds for every γ < δ0.
But then c = j(c) � δ0 ∈ K[E] and cof (ν)

K[E] ≤ δ0 < ε0, contradicting the above claim.
The above computations show that δ0 = ε0. In this situation, we can apply [7, Theorem 3.14] to conclude that

K[D] = K[E] and F0 = U0.

The above claim shows that the filter U0 is the unique set F0 such that there are M , ε0, ε1 and F1 with
the property that Φ(M, ε0, ε1, F0, F1, ν) holds. This allows us to conclude that the set {U0} is definable by a
Σ1-formula with parameter ν.

Next, we also generalize Lemma 3.2 to the two-measurable-cardinals setting.
Lemma 4.2 In the setting of Theorem 1.8, if δ0 < µ < δ1 is a cardinal with cof (µ) = δ0, then the set {U0}

is Σ1(µ+)-definable.

P r o o f. Set κ = µ+ and D = {δ0} × U0. Then our assumptions imply that K[D] is a model of ZFC,
U0 ∈ K[D] is a normal ultrafilter on δ0 and H(δ1) ⊆ K[D]. In particular, cof (µ)

K[D]
= δ0 and κ = (µ+)K[D].

Let
〈〈〈Nγ ,∈,Wγ〉 | γ < κ〉, 〈jβ,γ : Nβ −→ Nγ | β ≤ γ < κ〉〉

denote the system of iterated ultrapowers of 〈K[D],∈, U0〉. Since µ is a strong limit cardinal greater than δ0, we
have j0,1(δ0) < µ and hence j0,γ(δ0) < j1,γ(µ) for all 0 < γ < κ. The following statement is shown in the
proof of Lemma 3.2.

Claim cof (j1,γ(µ))
Nγ = δ0 and κ = (j1,γ(µ)+)Nγ = j1,γ(κ) for all 0 < γ < κ.

Using [7, Theorem 2.7], we find a Σ1-formula Ψ(v0, . . . , v6) with the property that Ψ(M, ε0, ε1, F0, F1, ν, κ)
is equivalent to the conjunction of the following statements:

1. M is a ({ε0} × F0)-mouse with ν, κ, F0, F1 ∈ |M | and FM = {ε1} × F1.

2. |M | is a model of ZFC−.

3. ε0 < ν < κ < ε1, κ = (ν+)|M | and lp(M) contains a strictly increasing cofinal function from ε0 to ν.

Note that our assumptions imply that the statement Ψ(M, δ0, δ1, U0, U1, µ, κ) holds for some set M .

Claim If Ψ(M, ε0, ε1, F0, F1, ν, κ) holds and E = {ε0} × F0, then H(κ)K[E] ⊆ |M |.
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Proof of the Claim. Fix x ∈ H(κ)K[E]. Since κ is a cardinal, there is an E-mouse N with the property
that |N | has cardinality less than κ and lp(N) contains a surjection s : ξ −→ tc({x}) with ξ < κ. Then [7,
Theorem 2.12] yields a simple set F and iterated ultrapowers j0 : M −→ M∗ and j1 : N −→ N∗ with the
property that |M∗| = Jα(M∗)[E,F ] and |N∗| = Jα(N∗)[E,F ]. Using [7, Lemma 2.4], we find ζ ∈ |N | with
ζ = min (meas(N)) and j0(ε1) = j1(ζ). Since κ is a regular cardinal, |N | has cardinality less than κ and

ζ = min (meas(N)) < κ < ε1 ≤ j0(ε1) = j1(ζ),

we know that κ appears as an image of ζ in a model in the sequence given by the above iterated ultrapower of N
and this implies that κ is inaccessible in |N∗|. Since κ = j0(κ) is a successor cardinal in |M∗|, we can conclude
that α(N∗) < α(M∗). In particular, we know that s = j1(s) ∈ H(κ)|M∗| = H(κ)|M |.

Analogous to the proof of Lemma 4.1, we can derive the following statement from the above claim.
Claim If Ψ(M, ε0, ε1, F0, F1, ν, κ) holds and E = {ε0} × F0, then ε0 is a measurable cardinal in K[E], F0

is a normal ultrafilter on ε0 in K[E], cof (ν)
K[E]

= ε0 and κ = (ν+)K[E].

Claim If Ψ(M, ε0, ε1, F0, F1, ν, κ) holds, then δ0 = ε0 and F0 = U0.

Proof of the Claim. Define E = {ε0} × F0. Since κ = (ν+)K[E], we have µ ≤ ν.
Assume that δ0 6= ε0. Then our assumptions and [7, Theorem 3.16] show that either 〈K[D],∈, U0〉 is an

iterate of 〈K[E],∈, F0〉 or 〈K[E],∈, F0〉 is an iterate of 〈K[D],∈, U0〉. If µ = ν, then δ0 6= ε0 implies that
cof (µ)

K[D]
= δ0 < ε0 = cof (µ)

K[E] and the second option holds. In the other case, if µ < ν, then ν is not
a cardinal in K[D] and the second option also holds. Hence we can find 0 < γ ≤ ε0 < κ with K[E] = Nγ ,
ε0 = j0,γ(δ0) and F0 = Wγ . By the above claims, we know that j1,γ(µ) is a cardinal of cofinality δ0 in K[E], ν
is a cardinal of cofinality ε0 in K[E] and (ν+)K[E] = κ = (j1,γ(µ)+)K[E]. This yields ν = j1,γ(µ) and δ0 = ε0,
a contradiction.

The above computations show that δ0 = ε0. As above, this allows us to use [7, Theorem 3.14] to show that
K[D] = K[E] and F0 = U0.

Using the above claims, we can conclude that the filter U0 is the unique set F0 such that there areM , ε0, ε1, F1

and ν such that Ψ(M, ε0, ε1, F0, F1, ν, κ) holds and this implies that the set {U0} is definable by a Σ1-formula
with parameter κ.

Proof of Theorem 1.8. Assume that there are measurable cardinals δ0 < δ1 and V = L[U0, U1] holds, where
U0 is a normal ultrafilter on δ0 and U1 is a normal ultrafilter in δ1. Let κ be an infinite cardinal. First, assume that
there is a good Σ1(κ)-wellordering of P(κ). Then Lemma 1.2 implies that κ is uncountable and, since the GCH
holds in L[U0, U1], Corollary 1.4 implies that either ω < κ < δ0 or there is a cardinal ν < δ1 with cof (ν) = δ0
and ν ≤ κ ≤ ν+. Next, if ω < κ < δ0, then Corollary 2.5 shows that there is a good Σ1(κ)-wellordering of
P(κ). Finally, assume that there is a cardinal ν < δ1 with cof (ν) = δ0 and ν ≤ κ ≤ ν+. Set D = {δ0} × U0.
Since H(δ1) ⊆ Ult(V, U1), we have H(δ1) ⊆ K[D] and Lemma 2.3 shows that there is a good Σ1(κ, U0)-
wellordering of P(κ). Since we can apply Lemma 4.1 or Lemma 4.2 to see that the set {U0} is Σ1(κ)-definable,
we can conclude that there is a good Σ1(κ)-wellordering of P(κ) in this case.

5 Open Questions

We conclude this paper by stating some question raised by the above results.
Our main results only talk about models of set theory in which the GCH holds. It is not clear whether a failure

of the GCH together with the existence of a measurable cardinal might impose more restrictions on the existence
of good Σ1-wellorderings than the ones given by the results of Section 1. In particular, it is natural to consider
the following question.

Question 1 Is it consistent that there is a measurable cardinal δ with 2δ > δ+ and there is a good Σ1(δ+)-
wellordering of P(δ+)?

Next, we consider slightly less simply definable wellorderings. The above proofs of the nonexistence of good
Σ1-wellorderings in L[U ] leave open the following question.
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Question 2 Assume that V = L[U ] for some normal ultrafilter U on a measurable cardinal. If κ is an
uncountable cardinal, is there a Σ1(κ)-definable wellordering of P(κ)?

The results of [1] mentioned in Section 1 show that certain large cardinals imply the nonexistence of good
Σ1-wellorderings at ω1 and the large cardinals themselves. It is not know whether similar implications also hold
for other uncountable regular cardinals.

Question 3 Is the existence of a good Σ1(ω2)-wellordering of P(ω2) consistent with the existence of a super-
compact cardinal?
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