S1-DEFINABILITY AT UNCOUNTABLE REGULAR CARDINALS

PHILIPP LUCKE

ABSTRACT. Let r be an infinite cardinal. A subset of (“x)™ is a £1-subset if it
is the projection p[T)] of all cofinal branches through a subtree T of (<#k)™+1
of height k. We define X}-, IT}- and A}-subsets of (“x)™ as usual.

Given an uncountable regular cardinal k with xk = k<® and an arbitrary
subset A of "k, we show that there is a <r-closed forcing P that satisfies the
xT-chain condition and forces A to be a A%—subset of "k in every P-generic
extension of V. We give some applications of this result and the methods used
in its proof.

(i) Given any set x, we produce a partial order with the above properties
that forces = to be an element of L(P(k)).

(i) We show that there is a partial order with the above properties forcing
the existence of a well-ordering of ®x whose graph is a A%—subset of "k X "K.

(iii) We provide a short proof of a result due to Mekler and Véaénénen by
using the above forcing to add a tree T' of cardinality and height x such that
T has no cofinal branches and every tree from the ground model of cardinality
and height x without a cofinal branch quasi-order embeds into T'.

(iv) We will show that generic absoluteness for X} (*k)-formulae (i.e., for-
mulae with parameters which define Zé—subsets of k) under <k-closed forc-
ings that satisfy the x*-chain condition is inconsistent.

In another direction, we use methods from the proofs of the above results
to show that 2{— and A%—subsets have some useful structural properties in
certain ZFC-models.

1. INTRODUCTION

Let x be an uncountable regular cardinal. The set of all functions f : kK — k is
called generalized Baire space for k. We study the definable subsets of this space
and their structural properties. A systematic study of this space was initiated by
Alan Mekler and Jouko Vaanénen (see [17] and [22]) and was extended by Philipp
Schlicht, Samuel Coskey and others. A discussion of some of these results can
be found in [8] Chapter IV]. In addition, a number of publications revealed deep
connections to infinitary logic and model theory (see, for example, [8], [12], [18] [20]
and [21]).

Before we start a more detailed introduction to this paper, we give a brief review
of our notation.

e Given a nonempty set X and A C X"*!, we define
FA={{x0,...,Tn-1) € X" | Fz,) {x0,...,2,) € A}.
e Given a cardinal  and a class C, we let [C]<" denote the class of all sets

x of cardinality less than xk with  C C.
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e For all A € On, we let * X denote the set of all functions f with dom(f) = A
and ran(f) € X. We set <*X = J,_, *X. If  is a cardinal, then we let
£<? denote the cardinality of <*s.

e Given a nonempty set X, we call a set T" a tree on X" if there is a v € On
such that T'C (<7X)™ and the following statements hold.

(1) If (so,...,Sn—1) € T, then lh(sg) = --- = lh(sp_1).

(2) If (so,...,8n—1) € T and a < lh(sp), then (so [ o,...,8p—1 [ @) €T.
In the above situation, we call T a subtree of (S7X)". Given a tuple
t = (to,...,tn—1) € T, we define lh(t) = lh(to) and call the ordinal ht(T) =
lub{lh(t) | t € T'} the height of T.

e We say that a tree Ty on X is an end-extension of a tree T3 on X if
Ty = Tp N <h*(T) X holds.

e Given a tree T on X, a tuple of functions (xg,...,Tn—1) € (ht(T)X)n is
called a cofinal branch through T if the tuple (z¢ | «,...,T,—1 | @) is an
element of T for every oo < ht(T"). We let [T'] denote the set of all cofinal
branches through 7. If T is a tree on X" of height A, then we define
p[T) =3*[T] € (*X)™

We equip the spaces (“k)™ with the usual topological structure induced by basic
open sets of the form

Usg,ovsm1 = {20y s Zn-1) € ("K)" | 50 C 20y, Sn—1 C Tpn_1}

with sg,...,8,-1 € <"k. Note that closed sets in this topology are of the form [T
for some tree T" on k" of height k.

Definition 1.1. Let x be an infinite cardinal. A subset A of ("k)" is a k-Borel
subset if it is contained in the smallest algebra of sets on (“x)™ that contains all
open subsets and is closed under unions of size k.

The following definition directly generalizes the notion of a projective subset of
Baire Space to our setting.

Definition 1.2. Let s be an infinite cardinal.

(1) A subset A of (k)™ is a X1 -subset if there is a tree T on "1 with A = p[T].

(2) A subset A of ("k)" is a IT}-subset if ("k)" \ A is a X} -subset.

(3) A subset A of ("k)™ is a B}, -subset if there is a II}-subset B of (*x)"*?
with A =3"B.

(4) A subset Aof ("k)™ is a Aj-subset if it is both a 3} -subset and a IT}-subset.

Fix an uncountable regular x with k = k<%. In Section [2 we will present a

folklore result showing that the 3{-subsets are exactly the subsets of (k)" that
are definable in the structure (H(x"), €) by a ¥;-formula with parameters. This
shows that the 31-subsets form an interesting and rich class of subsets. Moreover,
this result can be used to show that the k-Borel subsets of “« form a proper subclass
of the class of Al-subsets (see [8, Theorem 18]).

The initial motivation of this work was to find generalizations of the following
coding result due to Leo Harrington to uncountable regular cardinals .

Theorem 1.3 ([10, Theorem 1.7]). Assume wy = w¥. For every subset A of “w,
there is a partial order P with the following properties.

(1) P satisfies the countable chain condition.
(2) If G is P-generic over V, then A is a II-subset of “w in V[G].
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We give a brief overview of related existing results. If “V = L{z]” holds in the
ground model for some x C k, then we can apply Solovay’s almost disjoint coding
forcing (see [14]) to make an arbitrary subset of “x 31-definable in a forcing exten-
sion of L[z] and in any further forcing extension in which « remains a cardinal. This
follows from the absoluteness properties of this coding and the fact that ("/-@)L['T] is
a X1-subset of “k in all such extensions. Section |4 of this paper contains a detailed
outline of the properties of this forcing.

Now, assume that the (GCH) holds at . If A is an arbitrary subset of "k,
then results of Sy-David Friedman show that there is a <k-closed partial order
that satisfies the £ -chain condition and adds a ¥{-definition of A. Moreover, this
coding is absolute with respect to all further forcing extensions that preserve the
regularity of x and x*. This coding technique is called Canonical Function coding.
A detailed discussion of this technique can be found in [1], [6] and [7].

We will present a coding result which only requires the assumption that the
set of bounded subsets of x has cardinality & in the ground model. In particular,
the hypothesis “2% = k*” is not needed. Before we state this result, we need to
introduce some vocabulary.

Definition 1.4. Let x be an infinite regular cardinal and I' be a class of partial
orders that contains the trivial partial order. We say that a subset A of "k is I'-
persistently 31 if there is a tree T on & x & such that lp I “A = p[T]” holds for
every Pin T'.

We are now ready to state our first main result. See [4, Definition 5.14] for the
definition of a-strategically closed partial orders. As usual, we write o-strategically
closed instead of (w + 1)-strategically closed.

Theorem 1.5. Let k be a regular uncountable cardinal with k = k<*. For every

subset A of "k, there is a partial order P that satisfies the following statements.

(1) P is <r-closed, satisfies the k1 -chain condition and has cardinality at most
2%,

(2) If G is P-generic over V, then A is T-persistently X1 in V[G], where T is
the class of all o-strategically closed partial orders in V[G] that preserve the
reqularity of k.

By combining the above absoluteness properties with uncountable versions of
results from the proof of Theorem[1.3 in [10], we are able to prove our second main
result.

Theorem 1.6. Let k be a reqular uncountable cardinal with k = k<%. For every
subset A of "k, there is a partial order P that satisfies the following statements.

(1) P is <r-closed, satisfies the k™ -chain condition and has cardinality at most
2%,
(2) If G is P-generic over V, then A is a Al-subset of "k in V[G].

This coding will also have certain absoluteness properties.

Definition 1.7. Let x be an infinite regular cardinal and I' be a class of partial
orders that contains the trivial partial order. We say that a subset A of "k is I'-
persistently Al if there are trees T and T} on k x k such that Ty witnesses that A
is T-persistently 31 and Tp I- “p[Ty] = *# \ p[Tp]” holds for all P in T.
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The proof of this result will show that there is a nontrivial class I' of <k-closed
partial orders that satisfy the x*-chain condition such that the set coded in The-
orem is actually I-persistently Al in the generic extension. Both the forcing
Add(k, 1) that adds a Cohen-subset of x and the almost disjoint coding forcings
at k are contained in this class I' and this allows us to analyze certain structural
properties of A in V[G].

In the following, we present some applications of the above results and the meth-
ods used in their proofs.

The Anticoding Theorem, proven by Itay Neeman and Jindfich Zapletal (see
[19]), says that in the presence of large cardinals proper forcings do not code any
set of ordinals from the ground model into L(R) of the forcing extension unless
that set is already an element of L(R) of the ground model. Given an uncountable
regular cardinal x with Kk = k<", an easy application of the above results shows that
it is possible to code new sets of ordinals into L(P(k)) by forcing with a x-proper
partial order (see [11, Definition 3.4] for a definition of this class of partial orders).

Corollary 1.8. If k is a reqular uncountable cardinal with k = k<% and X is an

arbitrary set, then there is a partial order P with the following properties.

(1) P is <k-closed and satisfies the k-chain condition.

(2) If G is P-generic over V, then lg I+ “X € L(P(k)) 7 holds in V|G| for every
o-strategically closed partial order Q in V[G] that preserve the regularity of
K.

Next, we consider definable well-orders of *k. In [7], Sy-David Friedman and
Peter Holy construct a class-sized partial order preserving ZFC and large cardinals
that forces (GCH) and adds a well-order of *x whose graph is a Al-subset of “x x "k
for every uncountable regular cardinal x. In another direction, David Asper6 and
Sy-David Friedman showed in [2] that there is a class-sized partial order with the
above preservation properties that forces (GCH) and adds a well-order *x that is
definable in the structure (H(k™'),€) by a formula without parameters for every
uncountable regular cardinal k. A detailed discussion of the above results and the
related problem of obtaining lightface well-orders of low quantifier complexity can
be found in the first part of [6].

In the following result, we apply Theorem [1.5 to add a definable well-order of
"k with a forcing that preserves both cofinalities and the value of 2.

Theorem 1.9. If s is a reqular uncountable cardinal with k = k<%, then there is
a partial order P with the following properties.

(1) P is <k-closed, satisfies the k+-chain condition and has cardinality 2.
(2) If G is P-generic over V, then there is a well-ordering of (")) whose
graph is a Al-subset of "k x "k in V[G].

Our next application deals with a quasi-ordering of trees that arises naturally in
infinitary model theory (see [12] and [23]). Remember that a structure (T, <it)
is a tree if < is a well-founded strict ordering on T and the set precp(t) =
{ueT | t<ru} is well-ordered by <r for each ¢ € T. As usual, we will just
write T instead of (T, <y). As above, a branch through a tree T is a linearly or-
dered subset of T. Given an infinite cardinal k, we let 7,, denote the class of all
trees T of cardinality at most x such that every branch through T has length less
than k.
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Let Ty and T, be elements of 7,,. We say that Tq is order-preserving embeddable
into Tq(abbreviated by To < T4) if there is a function f : Tg — T; such that

to <, t1 — f(to) <1, f(t1)

holds for all tg,t; € Ty. Note that f need not be injective.

There is a natural correspondence between elements of 7, and countable ordinals
and the above ordering of trees is equal to the ordering of the ordinals under this
correspondence. We may therefore think of elements of 7,; as analogs of ordinals.
We can combine Theorem [1.5] with the Boundedness Lemma for "k to get an easy
and short proof of the following statement that was proved in [17] Proof of Theorem
15] in the case “k = w1 ”.

Theorem 1.10. If k is a reqular uncountable cardinal with k = k<", then there is
a partial order P with the following properties.
(1) P is <r-closed, satisfies the k+-chain condition and has cardinality at most
2%,
(2) If G is P-generic over V, then there is a Tg € ’]}V[G] such that T < Tgq
holds for every tree T € T,Y.

Next, we consider generalizations of notions of projective absoluteness to our
uncountable setting. Given an uncountable regular cardinal x with k = k<%, the
constructions carried out in the proof of Theorem show that we can define a
S1-subset of ®k that is empty in every Add(k, x")-generic extension of the ground
model and nonempty in a generic extension of the ground model by a certain
<r-closed forcing that satisfies the x*-chain condition. This shows that generic
absoluteness for $i(*k)-formulae under forcings with the above properties is incon-
sistent with the axioms of ZFC for such cardinals .

Theorem 1.11. Let k be an uncountable reqular cardinal with k = k<*

and a C K
such that <"k € L[a]. Then there is a tree T on r* contained in Lla] and a partial

order P such that the following statements hold.

(1) P is <k-closed and satisfies the k*-chain condition.
(2) MplF “(3x € *&)(Vy € *&) (x,y) € p[T] .
(3) Madaew+) - “(Va € *R)(Jy € ") (z,y) ¢ p[T]”.

Again, the above result was known in the case where (GCH) holds at k. The
Canonical Function coding mentioned above can be applied to construct such trees
and extensions under this assumption.

In the last section, we will construct ZFC-models in which generic absoluteness
for 33-subsets of ®x under certain classes of <k-closed forcings holds for a regular
uncountable cardinal x with x = k<®. Together with methods developed in the
proofs of the above results, this will allow us to show that various statements about
the lengths of 31-definable well-orders of subsets of ®x (whose consistency can be
established with the help of the above coding results) are independent from the
axioms of ZFC.
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thor’s Ph.D. thesis supervised by Ralf Schindler. The author would like to thank
him for his support and many valuable comments. In addition, the author is in-
debted to Sy-David Friedman and Philipp Schlicht for helpful discussions of the
subject of this paper. Finally, the author would like to thank the anonymous ref-
eree for numerous useful suggestions and corrections.
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2. SOME PRELIMINARY BASIC RESULTS

Given an uncountable regular cardinal k, it is a well-known that a subset of
"k is 31 if and only if it is definable in the structure (H(k™), €) by a X;-formula
with parameters. In this section, we will give a proof of this folklore result that
emphasises the absoluteness properties of this correspondence.

Before we start, we fix some more notation. We let <-,->= : On x On — On
denote Godel’s Pairing function. Given an ordinal A closed under Godel-Pairing,
f € *X for some nonempty set X and a < )\, we define (f), to be the unique
function g € *X with g(3) = f(=a, 3>~) for all 8 < \.

Using Godel-Pairing to code k-many branches into one branch, it is easy to prove
the following proposition.

Proposition 2.1. Let k be an infinite cardinal.

(1) If (T, | @ < k) is a sequence of trees on k™1, then there are trees Ty and
Tr on k"1 such that

plTu] = | plTa) and p[Ty] = () plTa]

a<k a<lk

hold in every transitive ZFC-model that contains V.
(2) If T is a tree on k™2, then there is a tree T, on k™1 such that p[T.] =
Ip[T] holds in every transitive ZEC-model that contains V. O

Given a limit ordinal A closed under Godel-Pairing and x € *2, we define €, to
be the unique binary relation on A such that

a€, f = x(<a,0-)=1
holds for all «, 3 < .

Proposition 2.2. Let k be an uncountable reqular cardinal. There is a tree T on
K X Kk such that

(1) p[T] = {z € "2 | (k, €;) is well-founded and extensional }
holds in every transitive ZFC-model that contains V and has the same <"k as V.

Proof. Given A < s closed under Goédel-Pairing, we define 7> to be the set of all
pairs (s,t) € *2 x *k such that (), €,) is well-founded and, if o, 3,7 < A\ with
a # f and t(<a, B>) = 7, then s(<v,a>) # s(<vy,0>). We define T to be the
tree on K x K consisting of all (s, t) with Ih(s) = lh(¢) and (s [ A\, [ A) € T* for all

A < lh(s) closed under Godel-Pairing. O
Proposition 2.3. Let k be an infinite cardinal, p(vg,...,vn—1) be a formula in
the language of set theory and ag,...,an—1 < k. There is a tree T on Kk X k such
that

(2) plT] ={z €2 (k &) F @lao,...,an-1)}

holds in every transitive ZFC-model that contains V and has the same <"k as V.

Proof. We can assume that ¢(vo, ..., v,—1) is in prenex normal form. We construct
the corresponding trees inductively. If ¢ is atomic (or the negation of an atomic
formula), then T is simply the tree of all (s,t) € <"r x <"k with lh(s) = lh(¢) and
either 1h(s) < <ap, a1 or s(<ag,a1>) =1 (or s(<ag,a1>) = 0 in the case of a
negated atomic formula).
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If o(vg,...,vn—1) = (32) wolvo,...,vn—1,2) and @ < k, then we can use the
induction hypothesis to find a tree T, on x x x such that

plTa] ={z € "2 | (r, &) F vo(ao, ..., an-1,2)}
holds in every transitive ZFC-model that contains V and has the same <"k as V. By
Proposition (2.1} there is a tree T" on  x x with the property that p[T] = U, .. p[T4]
holds upwards-absolutely. This implies that 7" satisfies (2) in every transitive ZFC-
model that contains V and has the same <"k as V.
The trees in the universal quantifier case, the disjunction case and the conjunc-
tion case are constructed in the same fashion using Proposition 2.1. (]

Note that the sets mentioned in (1) and (2) are actually x-Borel subsets of “x.
In particular, if £ has uncountable cofinality, then the set of codes for well-founded
relations on « is closed in "k.

Lemma 2.4. Let k be an uncountable reqular cardinal. Given a 31-formula ¢ =
O(Ugy -+ Up—1,V0, -+, Vm) and po, ..., pm € H(kT), there is a tree T on k"1 such
that

(3) p[T) = {(x0,...,7n_1) € ("k)" | (H(kT),E) E (0, ,Tn_1,P05-++,Pm)}

holds in every transitive ZFC-model that contains V and has the same <"k as V.

Proof. Fix bijections b; : K — tc({p;} Uk) for all j < m. Let M be a transi-
tive ZFC-model containing V with the same <"k as V and zg,..., 2, 1 € ("x)M.
Now, (H(k+)M, €) is a model of ¢(zq,- -, Tn_1,P0,---,Pm) if and only if there is a
transitive N € H(kT)™ with », 20, ..., Zn_1,D0,---,Pm € N and (N, €) is a model
of this statement. If (i, ¥) = (3x)po (¥, x, V), then the above statement is equiv-
alent to the existence of x € ("2)™ and y,z20,...,2m € (k)M with the following
properties.

(1) (k,€y) is well-founded and extensional and
(K, €z) E wo(0,...,n,w,...,w+m).

(2) (k,€s) F “w?€0n”, (k,€) F “w?+j=tc({w+j}Uw?)” forall j <m
and (K, €,) F “i:w? — w3 for all i < n.

(3) For all o, 3 < K, (K,E;) E “a€B A BEW3” if and only if a = y() and
8 = y(0) for some v < § < k.

(4) For all o, < k and i < n, (k,€;) = “i(a) = 7 if and only if o = y(v)
and = (y o z;)(7) for some v < k.

(5) For all , 8 < k and j < m, (k, ) FE “a€B A BE(W? + 5)” if and only if
a=(zjob;)(y) and 8 = (z; 0 b;)(d) for some 7,0 < k with b;(7y) € b;(9).

Using Proposition [2.2] and [2.3] there is a tree Ty on £™+"*3 with the property

that, for all M as above, (zg,...,Tn_1,T,Y, 20, - -, 2m) € [T if and only if =, y, 7
witness that (H(kT)M, €) = ¢(#,p) holds. By Proposition [2.1, this completes the
proof of the lemma. O

Let x be an infinite cardinal with k = k<%. Given n < w, there is a X;-formula
o(ug, . .., Un_1,v0,v1) such that for every tree T on x"*! the equality (3) holds
with m = 2, pg = k and p; = T in every transitive ZFC-model that contains V.
This shows that X{-subsets of "« correspond to X1 (H(kT))-subsets in a way that
is upwards-absolute between transitive ZFC-models with the same <*x. We will
often use this folklore fact to keep constructions in our proofs simple.



8 PHILIPP LUCKE

There is a similar correspondence for x-Borel subsets: a subset A of "k is k-
Borel if and only if there is a transitive set M of cardinality x, a formula ¢ =
©(vg, - .., vn—1) in the language of set theory expanded by an unary relation symbol
and parameters zo, ..., zn—1 € M such that k € M, (M, €) = ZF~ and

r€A = (M, e,z) Eo(z0,...,2n-1)

holds for all z € "k.

3. GENERIC TREE CODING

This section contains the proof of Theorem For the rest of this paper,
we fix a regular uncountable cardinal x with k = k<* and an enumeration
(sa | @ < k) of <Fk with Ih(s,) < aforall @ < k and {a < K | s = s, } unbounded
in k for all s € <F.

Our coding forcing will be a modification of the standard forcing that adds a
Kurepa tree (see [13| §3]). The main idea behind this modification is that it is
possible to code information about the elements of a subset A of “x into the cofinal
branches of the generic tree.

Definition 3.1. Given a nonempty subset A of “x, we define P(A) to be the partial
order consisting of conditions p = (T}, fp, hp) with the following properties.

(1) T, is a subtree of <"2 that satisfies the following statements.
(a) T, has cardinality less than x.
(b) If t € T,, with 1h(t) + 1 < ht(7}), then ¢ has two immediate successors
in T,
(2) fp: part, [T,] is a partial function such that dom(f,) is a nonempty set

of cardinality less than .
(3) hy: A Part, s a partial function with the following properties.
(a) dom(h,) = dom(f,).
or all z € dom and o, 0 < ht with o = <h,(z), 5>, we have
(b) For all z € dom(hy) and «, § < ht(T}) with hy(x), B>, we h
sg Cx <= fplx)(o) = 1.
e define p <p(4) q to hold if the following statements are satisfied.
We defi (A) hold if the followi isfied
(a) T, is an end-extension of T,.
or all x € dom , T € dom an x) 1s an initial segment o x).
b) For all d fq d fp d f, i initial f fp
(c) hq = hyp | dom(hg).

Lemma 3.2. P(A) is <r-closed, satisfies the kT -chain condition and has cardinal-
ity at most 2% .

Proof. If X € Lim N« and (p, | < A) is a strictly <p(4)-descending sequence in
P(A), then we define 7' =, Tp,, h = U, < hy and

f@) =, (@) | p < Az € dom(fy,,)}

for all € dom(h). It is easy to see that p = (T, f,h) € P(A) and p <p(a) p, holds
for all p < A.

Next, assume that (p, | u < k) enumerates an antichain in P(A). By our
assumptions, we can assume T;,, = T}, for all u,p < kt. A A-system argument
allows us to assume the existence of an r C A with r = dom(f,,) N dom(fy,),
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Jp 17 =1fp, Trand hy, [ 1 =nhy [rforall p<p< x*. But this shows that
(Tpos fpo YU fprs hpy U By, ) is a common extension of py and p1, a contradiction.
Finally, the assumption x = k<" implies that there are only x-many subtrees of

<2 of height less than x and 2%-many partial functions with the above properties.
O

The next lemma will allow us to show that various subsets of P(A) are dense.

Lemma 3.3. Fiz a condition p in P(A) and a sequence (c; € *2 | x € dom(f)).
There evists a <p(a)-descending sequence (p, € P(A) | ht(T},) < pu < k) such that
D = Pny(T,,) and the following statements hold for all ht(T,) < p < k.

(1) dom(fp,) = dom(fp) and ht(T},) = pu.
(2) If x € dom(f,) and p # <hy(x), B> for all B < K, then

Spir (@) (1) = 2 (p)-
(3) If p € Lim, then ran(fp,) = Tp,,, NH2.

Pu+1

Proof. We construct the sequences inductively. If y € Lim, then we define T},, =
UL}, | ht(T},) < i < p}. Given z € dom(f,), we define

Fou (@) = J{fon (@) | B(T,) < i < pu}.

If p = 41 with fi ¢ Lim, then T}, has a maximal level and there is only one
suitable tree T},, of height p end-extending it. In particular, f,. (z) € T}, for all
r € dom(fp). For all € dom(f,), we define f, (x) to be the unique element ¢ of
#2 with f, () €t and

1, if i = <hy(z), 5> and sg C z,
t(a) =< 0, if i = <hy(z), B~ and sg € ,
c(), otherwise.

Finally, if 4 = fi + 1 with i € Lim, then we set T}, = T}, Uran(f,,) and define

I

fp, as in the first successor case. O

Corollary 3.4. The following sets are dense subsets of P(A).
(1) Cp={peP(A) | ht(T}) > p} for all p < k.
(2) D, ={peP(A) | x € dom(f,)} for all x € A.

2)
(3) Ezy ={peP(A) | 2,y € dom(fy), f(x) # fp(y)} for all z,y € A.
4) F.={pePA) | W(T,) =p+1, z | p¢ Ty} for all z € *2.

Proof. (i) This statement follows directly from Lemma/3.3!
(ii) Given p € P(A) with z ¢ dom(f,) and b € [T},] # 0, we define

q = (Tp, fp U {{x,0)}, hp U {(2, 1t(T},)) })-

Then q € D, and q <p(4) p-

(iii) Given p € P(A), we can apply the above result to find ¢ <p(4) p with
x,y € dom(fy). There is ht(T;) < p < k with <hq(z), Bo> # 1 # <hq(y), 81> for
all fo, /1 < k and we can use Lemma 3.3/ to find ¢* <p(4) ¢ with ht(T,-) = p+1
and fo-(x)(1) 7 fo= () ().

(iv) Fix p € P(A) and ht(7T,) < p < k with p # <hy(z), 5> for all x € dom(f,)
and 8 < k. Using Lemma we can find ¢ <p4) p with ht(7,) = pu + 1,
dom(f,) = dom(f,) and f,(z)(p) =1 — 2z(n) for all z € dom(f).



10 PHILIPP LUCKE

In particular, z [ (x+ 1) ¢ ran(f,). Another application of the above lemma
gives us conditions s <p(a) r <p(a) ¢ with ht(7s) = ht(T,) + 1 = ht(T,) + w + 1,
dom(fs) = dom(f,) and Ty N **T)2 = ran(f,). Since z | ht(7,) # f.(x) for all
x € dom(fp), we have z [ ht(T}.) ¢ Ts. O
Corollary 3.5. Let G be P(A)-generic over V. The following statements hold true
in V[G].

(1) Te = Upeq Ty is subtree of <*2 of height k with [Tg] NV = 0.
(2) If we define Fg(z) = U{fp(z) | p € G,z € dom(f,)} for all x € A, then
Fe : A — [T¢] is an injection.
(3) Let Hg = U,eq hg- Then Hg : A — K and
(4) sg Cx <= Fg(z)(=Hg(z),p>-) =1
forallx € A and § < K. O

We now show how the branches of T correspond to elements of A in an absolute
and bijective way.

Lemma 3.6. Let Q be a P(A)-name such that

Tpcay IF “Qis a o-strategically closed partial order and

(5)

forcing with Q preserves the reqularity of & 7.
If Gox Gy is (P(A)xQ)-generic over V, then Fg, : A — [Ta, VGG is surjective.

Proof. Fix names F,T € VEA*Q guch that FHoHi — Fy, and THoH1 — Ty
holds whenever Hy x H; is (P(A) * Q)-generic over V. Assume, toward a contradic-
tion, that there is a name 7 € VF(4)*Q and a condition (p,§) in P(A) * Q with

(p,@) IF “T e [T]AT ¢V AT ¢ ran(F)”.

For each r <p(A)x0 (p,q), we define a partial function ¢, : k Pt o in V by

setting
tr=|Hse=r2rirescr).

We have t,, € <*2 for all r <p(A)0 (p,q), because r |- “7 ¢ V. Moreover, since
(p,¢) IF “Wa< k) 7 aeV”, the set {r <pcayq P, 4) | @ € dom(t,)} is dense
below (p, ¢) for all a < k.

Let (p',q") <p(A)«0 (p,q) and d = dom(f,). Since

e cardinality of d is less than cof(%) and T (z) for allz € d”

(p, @) - “ The cardinality of d is less than cof (%) and T # F(z) for all z € d”,

there is an r <p(a)x0 (p',¢’) and an « < k such that

ik (Ve € d)(38 < @) 7(8) # F(2)(8)”.
Then there is a condition 7. = (p”,¢") <p(4).q 7 such that o € dom(t,,) and
ht(T,) > «. This implies that for all z € dom(f,/) there is a 8 € dom(¢,,) such

that fp (2)(8) # tr.(8).
Let 6 be a P(A)-name with

lpcay IF “6 is a winning strategy for Player Even in G, 11(Q)”.
Given (po, 1) <p(4)+0 (p, 4), the above remarks allow us to construct a strictly
<p(a)«o-descending sequence ((pn; G2nt1) | 7 < w) of conditions in P(A) Q and a



31-DEFINABILITY AT UNCOUNTABLE REGULAR CARDINALS 11

sequence (go, € VE() | n < w) of names such that the following statements hold
for all n < w.

(1) do = Ty, Tpay I “Gon € Q7 pu Ik “dang1 <g don” and

PnIF “dont2 = d(do, -+, Gont1) "
(2) ht(T},,) € dom(t(p, . donss)) @and dom(te,, o.n0y) S hE(Th,, ).
(3) If x € dom(fy, ), then there is an a € dom(t, y) with

DPn+1,42n+3

fpn+1 (17)(04) 7é t(pn+17d2n+3> (Ol)
By the proof of Lemma/[3.2] the sequence (p,, | n < w) has a greatest lower bound
pw in P(A). Note that T, = J,,,, Tp, and dom(f,,) = U, ., dom(fy,) hold. If
R € VP(4) is the canonical name for the sequence (¢, | n < w), then

po IF “R is a run of the game G, (Q) in which Even played according to ¢7.

Hence there is a name ¢, € VP4) with Tpcay IF “q4u € Q” and Pw IF “qu <g dn 7
for all n < w. This implies (py, 4w) <p(4)+0 (Pns Gan+1) for all n < w. We define
t =ty .q) | D6(T,,) € [Tp,]. Since (pu,du) Ik “6CTATE [T]” holds, we can
conclude (p,,¢u) - “i e T”.

By our construction, we have ht(7}, ) € Lim and ¢ ¢ ran(f,,). We can apply
Lemma 3.3[to find a condition p* <p(a) po, with ht(7},-) = ht(T,_ )+ 1 and t & T)p-.
This obviously implies (p*,¢,) - “& ¢ T, a contradiction. O

Corollary 3.7. Let Q be a P(A)-name such that (5) holds. If GoxGy is (P(A)+Q)-
generic over V, then the following statements are equivalent for ally € (”K;)V[GOHGl],
(1) ye A.
(2) There is z € [Tg,|VICIE] and v < K such that

(6) s Cy <= z(=v,0-)=1
holds for all B < k

Proof. If y € A, then the equivalence (6) holds with z = Fg,(y) and v = Hg, (y)
by Corollary [3.5

In the other direction, let z € [T, ]VI0C1] and v < k witness that (6) holds for
y € (%k)VIGIG] By Lemma [3.6) we have z = Fg,(x) € V[Gy] for some = € A.
Pick p € Gy with = € dom(f,).

Assume, toward a contradiction, that v # hy,(z) = Hg,(z). By Lemmal3.3, this
implies that the set

is dense below p for all s € <"k and there is a ¢ € Go N D1 with ¢ <p(a) p- Then
there is a § < k with ht(T,) = <v,8> + 1, 2(=<v,0>~) =0and sg =y [ 1 C g,
contradicting (6). This shows v = Hg,(z) and we can conclude that

s Cy <= z(=7,0>) =1 <= Fg,(v)(<Hg,(z),0-)=1 < sz Cx

holds for all 8 < k. This proves y = x € A. (]

We are now ready to prove our first main result.
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Proof of Theorem[1.5. Let Gy be P(A)-generic over V. In V[Gy], define T to be
the set consisting of pairs (¢,u) such that t € <*k, u € <Fk and there is v < x and
v € Tg, with 1h(z) = lh(u) = lh(v), u(a) = <vy,v(a)> for all @ < 1h(s) and
s Ct <= v(=v,0-)=1
for all 8 < 1h(s) with <7, 8> < 1h(s). It is easy to check that T is a tree.
Let Q be a o-strategically closed partial order in V[Gp] and G; be Q-generic
over V[Gg]. There is a name Q € VF(4) such that Q = Q% and (5) holds in V.
If (z,y) € [T)VICIG ] then there is z € [Tg,]VI®C] and v < k with y(3) =
=, 2(8)>= and
s Cx <= z(=v,0-)=1
for all 5 < k. By Corollary[3.7] this implies z € A.
Conversely, if 2 € A and y € (“x)VI%] with y(a) = <Hg,(2), Fa, (z)(a)>, then
(z,y) € [T]VIGoll1] by our assumptions on s and Corollary (3.7 O

We close this section by showing that Theorem 1.5/directly implies the statement
of Corollary 1.8. Given functions z,y € "k, we let <z,y> denote the unique
function z € *k with = (2)o, y = (2)1 and (2), = id,; for all 1 < a < k.

Proof of Corollary[1.8. Let v be the cardinality of tc({X}) and let é € VAdd(k,pT)

be a name for an injection of te({X}) into *x \ {id.}. Let A € VAdd(FrT) pe 4
name such that

A9 = [<e%(b),e%(c)- | byc € te({X}), be e} U {<id,,eC(b)~ | be X}

holds whenever G is Add(k,v")-generic over V. Pick a name P e vAdd(srh)

with Tagd(e,+) IF “P =P(A)”. The partial order Add(x,v") * P is <k-closed and
satisfies the kT -chain condition.

Let Go * G1 be (Add(k,vt) % P)-generic over V, Q be a o-strategically closed
partial order in V[Go][G1] that preserve the regularity of x and H be Q-generic
over V[Go][G1]. By Theorem 1.5, A% is a B{-subset of “x in V[G][G1][H]. This
shows that both ran(é%°) and the relation

E = {{¢B0(b), 8 (c)) | byc € te({XD), bec}

are elements of L(P(x)) in V[Gol][G1][H]. Since this model can compute the tran-
sitive collapse of the well-founded and extensional relation (ran(b%°), E) and this

function is equal to the inverse of ¢¥°, we can conclude that tc({X}) is an element
of L(P(k)) in V[Gy][G1][H]. Finally, we have

X = {betc({X}) | <id,, % (b)~ € AC0}
and we can conclude that X is also an element of L(P(x)) in V[Go][G1][H]. O

4. ALMOST DISJOINT CODING

In [10; Section 1], Leo Harrington uses the method of almost disjoint coding forc-
ing invented by Robert Solovay (see [14]) to prove Theorem [1.3] Working towards
a proof of Theorem [1.6, we generalize this approach to uncountable cardinalities.
Note that all results of this section are also true if s is countable.

Definition 4.1. Given A C “x, we define Q(A) to be the partial order consisting

of conditions p = (t,,a,) with t, € <*2 and a,, € [A]<". The ordering p <g(a) ¢ is
defined by the following clauses.
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(1) tq Ctp and aq C ay.
(2) (Vx € aq)(VYa € dom(t,) \ dom(ty)) [sa € — t,(a) =0].

It is easy to check that this is in fact a partial order. In addition, it is easy to see
that two conditions p and ¢ are compatible if and only if ¢, and ¢, are compatible
as elements of <*2 and (t, Uty,a, Uag) <g(a) P, q-

Lemma 4.2. Q(A) is <r-closed, satisfies the k*-chain condition and has cardi-
nality at most 2%.

Proof. If i < k, (pa | a < p) is a <g(a)-descending sequence, t = Ua<# tp, and
a = Uq<, @p., then (t,a) € Q(A) and (t,a) <g(a) pa for all & < p. It is easy to
see that any two conditions in Q(A) with the same first coordinate are compatible
and this shows that any antichain in Q(A) has cardinality at most k<% = k. The
cardinality statement follows directly from our assumptions on k. O

Proposition 4.3. The following sets are dense subsets of Q(A).
(1) C,={peQA) | p€dom(ty)} for all p < k.
(2) Do ={pecQ(A) | z €ap} forall xz € A.
(3) Eay = {p € Q(A) | (35 € dom(t,) \ ) [tp(8) = 1 A sy C y} for all o <
and y € "\ A.
Proof. (i) Given o < k and p € Q(A) with o ¢ dom(¢,), we define

t(3) = { tp(3), if B € dom(ty),
0, if € (a+1)\ dom(sy).
Obviously, (t,a,) <ga) p and (t,a,) € C,.
(ii) For all p € Q(A), p* = (tp,a, U{x}) <ga) p and p* € D,.
(ill) Given p € Q(A), there is an oo < § € k \ dom(s,) with z [ 8 # y | § for all
x € ap. We can find § <y <k with sy =y [ § and definet: v +1 — 2 by

tp(8), if § € dom(sy),
t(6)=< 0, if 6 € v\ dom(tp).
1, if 6 =+.

Then (t,a,) <gca) p and (t,ap) € Eq y. O
The following theorem summarizes the properties of Q(A).

Theorem 4.4. Let G be Q(A)-generic over V. If we define t¢ = J{tp | p € G},
then tg € "2 and

(7) r€A= (B <) (VB < a<k) [sqa Cz—tg(a) =0]
for all z € ("k)V. Moreover,
(8)

G={peQ(4) | t, Cte A (Va € K\ dom(t,))(Vx € ap) [sa C x — ta(a) =0]}.

Proof. By Proposition tg is a function with domain s and for every =z € A
there is a p € G with x € a,.

Assume, toward a contradiction, that tg(a) = 1 and s, C z holds for some
a € k\ dom(t,). There is a ¢ € G with ¢ <g(a) p and a € dom(t,). But this
means 0 = ¢,(«) = tg(a), a contradiction. Given <€ "k \ A and 8 < k, there is
p € GNEg, and this shows that there is an § < @ < k with tg(a) =1 and s, C y.
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Given p € G, the above argument shows that p is also an element of the right
set. Next, assume p € Q(A) is a member of the set on the right. There is a ¢ € G
with a, C a4 and ¢, C t,. If a € dom(¢,) \ dom(¢,) and = € a, with s, C x, then
tq(a) = tg(a) = 0. This shows g <gay p and p € G. O

We close this section by introducing two forcing-theoretical properties and in-
vestigating their relevance to Q(A).

Definition 4.5. A partial order P is a g-lattice (“quasi-lower-semi-lattice”) if the
P-minimum py Ap p; exists for all compatible conditions py,p; € P. Let Q be a
suborder of P and a g-lattice itself. We call Q a sublattice of P if qo Ap 1 = qo No 1
holds for all qg, g1 € Q, which are compatible in Q.

The partial order Add(k,1) is clearly a g-lattice and the remark following the
definition of Q(A) directly implies that Q(A) is also a g-lattice with

D Ngea) 9 = (tp Uty ap Uag)

for all compatible p,q € Q(A). Moreover, if B C A, then Q(B) is a sublattice of
Q(A), every antichain in Q(B) is an antichain in Q(A) and every Q(B)-nice name
is a Q(A)-nice name.

Definition 4.6. Let P be a partial order. We call Q € VP a P-innocuous forcing
if there is a g-lattice Qg with lp IF “Q is a sublattice of Qy”.

We give a simple example of P-innocuous forcings that will be important later.
Proposition 4.7. If P is a <r-closed forcing and Q € VF with
I IF (3B) [B CArNQ=qB),
then Q is a P-innocuous forcing.

Proof. Set Qo = Q(A). We show 1p I+ “Q is a sublattice of Qy”. Let G be P-
generic over V. We have Qg = (@(A)V[G]7 _because P is <k-closed. An application
of the above remarks in V[G] shows that Q¢ is a sublattice of Qg in V[G]. O

5. INNOCENT FORCINGS

In this section, we complete the proof of Theorem [1.6. As mentioned in the
Introduction, the Al-coding we construct will have certain absoluteness properties.
We are now ready to introduce the corresponding class of partial orders.

Definition 5.1. Let M be an inner model, v be a cardinal, P be a partial order
contained in M and G be P-generic over M. We define I'y; (P, G, v) to be the class
of all <v-closed partial orders Q that satisfy the v"-chain condition and have the
property that there is a P-name (@ in M with Q = QG and

(M, €) = “Q is a P-innocuous forcing”.

If P is a partial order and G is P-generic over V, then results of Richard Laver
(see [16, Theorem 3]) show that V is a class in V[G]. In particular, I'v(P, G, v) is
a class in V[G] for every cardinal v.

In the following, we continue to modify coding results from [10] to our context
to prove the following absoluteness version of Theorem [1.6.
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Theorem 5.2. Let k be a reqular uncountable cardinal with k = k<%. For every
subset A of "k, there is a partial order P with the following properties.

(1) P is <r-closed, satisfies the k™ -chain condition and has cardinality at most
2%,
(2) If G is P-generic over V, then A is a I'v(P, G, k)-persistently Al in V[G].
Following [10], we start by introducing another notion of forcing.
Definition 5.3. Given A C “x, we define Q*(A4) = @, _,.+ Q(A) to be the K-
product forcing of Q(A) with <xk-support.

Lemma 5.4. Q" (A) is a <k-closed g-lattice that satisfies the k™t -chain condition
and has cardinality at most 2".

Proof. Since QT (A) is the product with <x-support and Q(A) is <k-closed, it
follows directly that Q*(A) is also <r-closed.

Given two compatible conditions gy = (q2)7<m+ and ¢ = (q'17)7<n+’ it is easy

0 1 : 0 1 ;
to check that ¢ and g, are compatible for all v < kT and (qv Ag(a) q7)7<ﬁ+ is the
Q™ (A)-minimum of gy and q;.

Assume, toward a contradiction, that (g5 | § < ™) enumerates an anti-chain in
QTt(A) with g5 = (qf/)«n* for each § < k™. By the A-System Lemma, we may
assume that there is an r C nJ_r of cardinality less than x such that supp(gs) N
supp(g5) = r holds for all § < 6 < k™. The set {(tg e ~"rlyer |é< kT} s
a subset of "(<*x) and this set has cardinality # by our assumptions. Hence there
are § < 6 < kT with tgs = tgs for all 4 € r. But this shows that ¢5 and g; are

Yy
compatible in Q*(A), a contradiction.

By our assumptions, the set S = {supp(q) | ¢ € QT (A)} has cardinality x* and
for each s € S there are at most 2-many ¢ € Q*(A) with supp(q) = s. O

Let G = @, ..+ Ga be QT (A)-generic over V and z € (®x)VI[C]. Since Q*(A)
satisfies the kT-chain condition in V, there is an § < v with € V[(Gs | v < d)].
Now, Theorem [4.4 shows that

(9) z€A <= (Vy<rh)EB<K)(VB<La<k)[sa Cz— ta, (a)=0]

holds in V[G]. This shows that a X-definition of the set {t¢, € "x | v <™}
would yield a IT}-definition of A in V[G]. In order to make the set of all tg ’s
S 1-definable, we need to show that the equivalence (9) also holds in certain forcing
extensions of V[G]. We introduce a class of forcings with this property.

Definition 5.5. Let P be a g-lattice. We call Qe VFa P-innocent forcing it
Tp IF “Q is a partial order” and there is a dense subset D C P x Q such that

po Ap p1 IF “q4o and ¢, are compatible in Q”
holds for all compatible (pg, 4o}, (p1,41) € D.
Lemma 5.6. Let P be an QT (A)-innocent forcing with
Ig+ay IF “Pis <i-closed and satisfies the kT -chain condition”.
If Go * Gy is (QT(A)  P)-generic over V with Gy = Sy I G.,, then
r€A = (Vy<rk)EB<k)(VB<a<k)[sa T — tg, (a) =0]
holds in V[Go)[G1] for all x € (*)VIGollGal,
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Proof. Let D be a dense subset of QT (A) P witnessing that P is a Q1 (A)-innocent
forcing. Let 79 be a Q*(A)-name with with the property that, whenever G is
Qt(A)-generic over V and G = P G, then

y<K*

i " — ()Y g,

)

Let 7) denote the canonical (Q1(A) % P)-name corresponding to 7.

(A)«P

Assume, towards a contradiction, that there is a name # € vaer and a

condition ro € Q1 (A) % P such that
rolF “@ € (FR\A) A (Vy<&T)EB < k) (VB < a<i) [5a € — n(y)(a) =0]"

holds. Given « < k, we pick a maximal antichain A, in {r € D | rlF “35 C 2"}
and define A = |J{Aa | @ < k}. Our assumptions imply that Q*(A) « P satisfies
the k*-chain condition and therefore A has cardinality x. This shows that there
is a 7. < k1 with the property that, whenever (¢,p) € A and ¢ = (¢,) then
0y, = lga).

We can find an r; € D and B, < k with rq §Q+(A)*P ro and

y<kt?

rilF (V0. < a < &) [8a @ — n(¥.)(a) =0]".

Let ry = (¢1,p1), ¢ = (q},)7<ﬁ+ and ¢! = (t1,a1).

Now, let Go * G be (Qt(A) % P)-generic over V with r; € Gy * Gy and set
x = %0*CG1 Since this partial order is <r-closed and every initial segment of z is
an element of V, we can find an «, < k with 8, < a,, dom(t;) < au, So, C x and
Sa, Ly for all y € ay.

Our construction ensures that there is an ro € A,, NG. Let ro = (g2, p2) and
G2 = (q3)7<ﬁ+. The conditions 1 and 79 are compatible and elements of D. Hence,
we can find an 7 = (. ) <g+(a).p 71,72 With = (¢,), ., and ¢, = 4} Ng(a) ¢ for
all v < k*. In particular, ¢,, = ¢}, = (t1,a1).

We define t, € <"k by setting

tl(é), if § € dom(tl),

t.(6) =4 0, if 0 € a, \ dom(¢y),
1, if § = a,.

By the choice of a.., we have (t.,a1) <ga) (t1,a1) = ¢4-. If we define

=1 ity # 7,

v (te,ar), ify =77,
then 7, = <(qf/)7<n+ ,p) < r. Let H be (QT(A) * P)-generic over V with H =
Hy « Hi, Hy = @v<n+ P_IW and r, € H. The above construction yields v € H,
54, C 2 and ta,, (a) = 1, a contradiction. O

Let P be a partial order, Q e VP with Tp IF “Q is a partial order ” and G be
P-generic over V. Using P, Q and G as parameters, we can recursively define a
class function

- NG
tq : VB @ — v[G]©
in V[G] that satisfies

te(0) = {{ta(7),4%) | (7, (p.4)) € 0.p € G}
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for all o € VE*Q. If H is QC-generic over V[G], then an easy induction shows that

o H = to (o) holds for all 0 € VP*Q. Given o € VP*Q, we let T(o) denote the
class of all 7 € VF such that 7% = tg(0) whenever G is P-generic over V.

Next, suppose R € VF*Q with Ip.q IF “R is a partial order ” and S € VE. We
write S = Q #p R if there is a o € T(]R) with Ip IF “S=Q o ”.
By the above remarks, there is a map
1:(P+xQ)*R —PxS

such that for every ((p,q),7) € (P % Q) % R there is an § € VF and p € T(+) with
(P, @),7) = (p,8) and Tp IF “$ = (¢, p) "

Lemma 5.7. The map ¢ is a dense embedding. O

Lemma 5.8. Let PP be a g-lattice, Qe VP bea P-innocuous forcing and R e VPQ
be a (PxQ)-innocuous forcing. IfS € VF satisfies S = Q#pR, then S is a P-innocent
forcing.

Proof. Let Qo witness that Q is a P-innocuous forcing and Ry witness that R is a
(P % Q)-innocuous forcing. We define Dy to be the set

{Up,d),7) € P*Q)*R | (3¢ € Qo)(3Fr eRy) [plF“G=¢" A(p,q) IF “7 =7"]}.
Pick ((po,qo),7) € (P* Q) * R. There is a (p1, §) <p.«g (Po,do) and r € Ry with

(p1,¢) IF “7=7". In addition, there is a p <p p; and a ¢ € Qp with pIF “¢=¢”.
This means <<p7 q>7’l°> € DO and <<p7 Q>7r> S(P*Q)*R <<p07q0>7T>

Let ((po, 4o}, 7o), ((p1, 1), 71), (P2 d2), 72) € (P* Q) * R with
<<p07 QO>7 TO> S([P*Q)*]R <<p17 41>, 7;1>u <<p27 42>, 7"2>

and {(p1,q1),71), ({p2,Ga),72) € Dg. Fix conditions ¢1,q2 € Qo and 1,72 € Ry
with p; IF “¢; = ¢;” and (p;, ¢;) I+ “7; = 7;”. Clearly, p1 Ap p2 exists and there is a
p € P and ¢ € Qg such that p <p pp and p IF “¢ = qo <@ q1, 42 ”. But this shows
that ¢ <g, q1,¢2 and q1 Ag, ¢ exists. If we pick ¢ € VP with 1p - “¢ € Q” and
(p1 Ap p2) IF ¢ = d1 Ag, G2, then (p1 Ap p2,q) <p.g (P1,d1), (P2, G2)-

In the same way, we can show that r Ag, r2 exists and there is an 7 € VR with
]IP*Q Ik “reR” and (p1 Ap p2,q) IF “7 =74 Ag, T2”. This means

({1 AB D2, @), ") < pugyu ((P1)G1),71), (P2, G2),72)-

Define D C P S to be the image of Dy under «. By the above Lemma, D is
a dense subset of D C P xS. Given two compatible conditions do,d; € D with
d; = t({pi, Gi),7;) = (pi,5;), we have shown that there are ¢ € VF and 7 € VF*Q
with
((p1 AP P2, @), ) S(pagyyur ((P1,d1),71), (D2, G2), 72)-
This gives us an § € V¥ with
(p1 Ap p2,3) = L((p1 Ap D2, 4),7) <p,g do,dy.
[l

The techniques developed above allow us to prove the absoluteness version of
our second main result.
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Proof of Theorem5.2. For the remainder of the proof, we fix a subset B of *x of
cardinality x* such that

(#)a = (Y)s = [t=yNa=/]
holds for all z,y € B and «, 8 < . In addition, we fix an injective enumeration
(by | ¥ < KT) of B.

By Theorem[1.5] there is a <r-closed forcing Pq of cardinality at most 27 satisfy-
ing the k*-chain condition with the property that, whenever Gy is Py-generic over
V and Q € V[Gy] is a <k-closed partial order, then both A and B are X}-subsets
of (%) VIGollGi] in every Q-generic extension V[Gy][G1] of V[Gy].

If Gy is Pg-generic over V, then Q(A)Y = Q(A)VIGl and Q+(A4)V = Qt(A4)VICol,
This shows that Py x Q1 (A4) is a <k-closed forcing that satisfies the x™-chain
condition in V. In addition, there are names C,R € VPoxQ"(4) with the property
that, whenever G x G is (Po x Q* (A))-generic over V with G1 = @, .+ G.,, then

OGoxGr — {(b'y)—<6¢,a>- c i ‘ a,a < K,y < l€+75¢ = tG’W(O‘)}

and RGoxG1 = Q(CG0*G1) in V[Gy|[G1]. Notice CGoxG1 C (%k)V and RG0*C1 is
a sublattice of Q("x)V in V[Go][G1]. We define

P = (Py x QT(A4)) *R.

This partial order is <k-closed and satisfies the xT-chain condition.
In V, we define

Do = {(p,d,7) € Po x Q(4) x Q("K) | (p,q ) I “7 € R"}.
For each d = (p, ¢, r) € Dy, there is an sy € (Po xQ(A))*R with s;= ((p,q),7) and

(p, @) IF “7 =7". Clearly, there is a subset D of P that is closed under descending
<p-sequences of length less than k, has cardinality at most 2 and contains the
dense subset {sy | d € Do}. The partial order (D, <p| (D x D)) satisfies the x*-
chain condition and is forcing-equivalent to P. We continue to work with P.

Let G = (Go x G1) * G2 be P-generic over V. There are trees Ty, Tp € V|G|
on x X K such that A = p[To]VIClE] and B = p[T]VIC0IE] hold in every generic
extension V[Go][G] of V[Gy] by a <k-closed forcing.

The results of Section [2/show that there is a tree Ts € V[G] on k x k such that
p[Ts] is the set of all x € "k with
(10) 3y € p[Ts])(Va,a < k) [z(a) =a «—— (3B < k)(VB < B < K)

[s5 € (¥)<a,a- — ta, (8) =0]]
in every transitive ZFC-model that contains V[G] and has the same <*x as V[G].

Fix a v < sk*. The definition of C' and the equivalence (7) imply that the
function b, € B = p[Tp] VI witnesses that ta, € p[Ts]VIC! holds.

By the results of Section (2] there is a tree 77 € V[G] on & X k such that
(A1) plf] ={z € "r | Gy € pTs)(VB < k)(FF < @ < k) [sa €z Ay(a) = 1]}
holds in every transitive ZFC-model that contains V[G] and has the same <"k as
VIG]. .

Let S be an element of I'v(P,G,x). We work in V[Gp]. Since RE0*%1 is a
sublattice of Q(")VI%], we can find a QT (A)-innocuous forcing Ry € V[Go)2"
with RS = RG>, By our assumptions, there is a (Q* (A)*Rg)-innocuous forcing
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S € V[Gp]@ o with § = §91+C2. Pick T € V[Go]2™ ™ with T = Ry #g+ () S.
This means
Ig+(ay I+ “T is <k-closed and satisfies the kT -chain condition”

and T is a Q7 (A)-innocent forcing by Lemma [5.8.

Let H be S-generic over V[G]. We have A = p[Tp]VICIH] B = p[Tp]VICIH] and
{te, | v < &} C p[Ts]VINHL.

Suppose x € p[Ts]VICIH], Then  satisfies (10) in V[G][H] and there is a v < x*
with

z(o) =a <= (36 <k)(VO < <K) [ss C (by)<a,a- — ta,(6) =0]
< (by)<aa- € CGoxG

for all o, < k. We can conclude z = {5 and p[Ts]VIGIH] = {te, |v<r'}

There is a H € V[G|[H] that is T -generic over V[G][G1] with V[G][H] =
V[Gy][G1][H]. The above remarks and Lemma 5.6 show that x € (*x)VICIH] is an
element of A if and only if

(Vy < kM) 3B < Kr)(VB< a<k)[sq Ca— te, (@) =0
By the above computations, = € (*x)VICIH] is not an element of A if and only if
(Fy eplTs)(VB < k)(FAB < a < k) [sa CxAy(a)=1]
holds in V[G][H]. Since the equality (II) still holds in V[G][H], we can conclude
p[Tl]V[G][H] - (KK)V[G][H] \ A.
(I

6. DEFINABLE WELL-ORDERS OF “k

This section is devoted to the proof of the following result that directly implies
the statement of Theorem 1.9l

Theorem 6.1. Let <1 be a well-ordering of "k,
A={=<z,y> | z,y € "k with either x =y or x Qy}
and G be P(A)-generic over V.
(1) There is a well-ordering of ("r)VICl whose graph is a Ab-subset of "r in
(2) \Jf“gcj]set (®k)VICl is T -persistently 1 in V[G], where T is the class of all
<k-closed partial orders in V[G].

The idea behind the proof of this statement is to use < in the P(A)-generic ex-
tension to define a well-ordering <1* of H(x ™)V in H(xT)VI) and well-order (#x)VIC]
by identifying functions in " with the <i*-least nice name in H(x)V representing
this function. We introduce some vocabulary needed in the following arguments.

Definition 6.2. Let I' be a class of partial orders that contains the trivial partial
order. We say that a set X is [-persistently 31(H(xT)) if there is a 3;-formula
© = p(u,vg, . ..,v,_1) and parameters yo, ..., y,_1 € H(kT) such that

X ={z e HEOYI | HEDV €) F o290, yn-1)}

holds whenever Q is a partial order in I and G is Q-generic over V.
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Proposition 6.3. Let A be a subset of “k and G be P(A)-generic over V. If Ty
denotes the class of all <r-closed partial orders in V|G|, then the sets A, P(A)Y,
G, P(A)V\ G and the relation

Lpcay = {(p.q) € P(A)V xP(A)" | p and q are incompatible in P(A)V}
are T, -persistently 3y (H(x+)VIED).

Proof. We work in V[G]. Theorem 1.5 directly implies that A is I',-persistently
>, (H(x1)VIC]), If V[G][H] is a generic extension of V[G] by a forcing in ', then
P(A)Y = P(A) = P(A)VICIH] C H(k) and the absoluteness of the definition of A
implies that P(A) is T'x-persistently 3 (H(x)VIE).

A pair {(p, q) of conditions in P(A) is an incompatible in P(A) if and only if one
of the following statements holds true.

(1) T, is not an end-extension of T, or Ty is not an end-extension of T),.
(2) T, is an end-extension of T, and there is an « € dom(f,) N dom(f,) with
either fy(x) € fp(x) or hy(x) # hy(x).
(3) Same as (2)), but with the roles of p and ¢ exchanged.
(4) T, is an end-extension of T, and there is an x € dom(f,)\dom(f,) such that
for all z € [T},] with f,(z) C z there is 8 < x with <h,(z), 8>~ < ht(T},) and
either sg C = and z(<hy(z),3>) =0 or sg € x and z(<hy(z),3>) = 1.
(5) Same as (4), but with the roles of p and ¢ exchanged.
Since all of those statements are absolute between V[G] and generic extensions of
VI[G] by forcings in T',, we can conclude that Lp(ayv is I'x-persistent 3; (H(xT)).

Given y € A and v < &k, the proof of Corollary [3.7] shows that Hg(xz) = v
holds if and only if there is a z € [T¢| such that (6) holds for all 3 < k. By
Lemma 3.6, [T¢] = [Tg]VICIH] holds whenever V[G][H] is a generic extension of
VIG] by a forcing in T';. This shows that the graph of Hg is I',-persistently
¥, (H(xT)). In combination with (4), this implies that the graph of Fg is T'-
persistently 31 (H(x™)).

The filter G consists of all conditions p in P(A) such that T is an end extension
of T, and, if z € dom(f,), then f,(x) = Fg(z) | ht(T},) and hy(z) = He(z). In
combination with the above computations, this allows us to conclude that G is
I'.-persistently X1 (H(xT)).

Finally, a condition p in P(A) is not an element of G if there is a ¢ in G that is
incompatible with p. Using the above computations, P(A)V \ G is I',-persistently
1 (H(kH)). O

Proof of Theorem[6.1. (1) Work in V[G] and let T'; denote the class of all <x-closed
partial orders in V[G]. We have
reV < H(x"),€) E (32 € A)(Va < k) z(a) = 2(<0, =)

for all 2z € ®k. This shows that (%x)V is T',-persistently 31(H(xT)).

Define 9 = ¢(u, v, w) to be the ¥;-formula
3f 1w — te({u} Uw) bijection) Vo, f < w)

[(v(=0, =, B=>) =1 < f(a) € f(B)) A (v(<1,a>) =1« f(a) € u)].

Let V[G][H] be a generic extension of V[G] by a forcing in T',,. Given a function
x € (%2)VICIH]  we let e, denote the relation on  defined by

(12)

a e, <= x(<0,<a,B>>) = 1.
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If (k, ey) is well-founded and extensional, then we let ¢, denote image of the corre-
sponding collapsing map ¢, and a, = {c,(a) | z(<1,a>) = 1}.

Given a € H(xt)VICIH] there is an x € (#2)VICIH] such that 1 (a,z, k) holds
in H(xT)VIGIH] Moreover, if ¢(a, z, k) holds in H(k*)VICIH] then (k,e,) is well-
founded and extensional, a = ay, tc({a} Uk) = t, and ¢, is the unique bijection
witnessing that t(a,z, ) holds. In particular, if a,b € H(xT)VICIH] and = €
(%2)VIGIH] such that both 1(a, z, k) and ¥(b, z, &) hold in H(x+)VICIH] then a = b.
Finally, these computations show that a is an element of H(xk")V if and only if
Y(a, x, k) holds in H(x+)VICIH] for some 2 € (%2)V. We can conclude that H(xk*)V
is I',-persistently X1 (H(xT)).

Let N denote the set of all functions n : Kk x K — P(A) in V with the property
that the set A7 = {n(«,3) € P(A) | 8 < k} is an anti-chain in P(A) for all o < &.
By Proposition [6.3 and the above computations, N is I',-persistently 1 (H(x")).

By the results of Section [2, there is a tree T' on w3 with the property that,
whenever V[G][H] is a generic extension of V[G] by a forcing in ', then p[T]VI¢IH]
is equal to the set of all (z,y) € (“x)VIEIH] x (%2)V such that

P,y k) A (Yo, B < k) [(2() = B = By < &) n(<e, 8>-,7) € G)

13

" A a(@) # 8 = (9 < §) n(<a B,7) ¢ ).
holds in (H(x+)VICIH] €) for some n € N. For every z € "« there is a y € (%2)V
with (z,y) € p[T], because there is an n € N such that

TS ={<a,0> | a, 8 < &, z(a)) = B},

where 7, is the P(A)-nice name |
then x¢g = x1.
Now, define a relation <1* on “x by setting

{a} x A%. Moreover, if (xo,y), (x1,y) € p[T],

a<k

T 1w (320, 21 € (K2)V) [<1‘0,Zo>, <ZE1, Z1> S p[T] N zo < z1
A (VZo, 21 € ("2)V)[(Z0 < 20 A 21 < 21) — ({20, Z0) & p[T] V (1, 21) € p[T])]].

By the above constructions and the results of Section [2, the graph of this relation
is a Xil-subset of "k x k. It is easy to check that this relation is linear, strict
and total. In particular, its graph is a Al-subset of "k x "x. Assume, toward a
contradiction, that there is a strictly <i*-descending sequence of elements in “x of
length w. The definition gives us a strictly <-descending sequence of elements in
(%2)V of the same length. Since P(A) is o-closed, this sequence is an element of V,
a contradiction.

(ii) By Proposition 2.1, there is a tree T, on x x & such that p[T,]VI¢IH] =
3= (p[T)VICIHT) holds whenever V[G][H] is a generic extension of V[G] by a forcing
in T.. Let V[G][H] be such an extension and z be an element of p[T]VCIH],
There is a y € (“x)VICIH] with (z,y) € p[T]VICIH]. By the construction of T,
y is an element of (%2)V and there is an n € N witnessing that (13) holds in
H(kT)VICIH] Tn V, we can construct the P(A)-nice name 7, and, since 75 € V[G],
we can conclude € V[G]. This shows that p[T,]VICIH] C (%k)VIE! and the above
computations already show (%x)VIE] = 3= (p[T|VIE)) = p[T,|VIE] C p[T,|VICIH], O
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7. THE PERFECT SUBSET PROPERTY AND ABSOLUTENESS

We generalize the perfect subset property of subsets of Baire space to subsets of
arbitrary function spaces "k and establish a connection between this property and
generic absoluteness.

Definition 7.1. Let A\ be a limit ordinal.
We say that a map ¢ : <*2 — (SA\)" is a continuous order-embedding if the
following statements hold for all sq,s; € <*2 with «(s;) = (t},...,t}_;).
(1) If so  s1, then t C ¢} for all k < n.
(2) If sp and s; are incompatible in <*2, then there is a k < n such that ¢ and
t1 are incompatible in <*\.
(3) If Ih(sp) € Lim N A and k < n, then

0 = U{u% | (Ba < 1h(sp)) t(so | @) = (ug,...,us_1)}.

Definition 7.2. Let A be a limit ordinal and A be a subset of *X. We say that A
contains a perfect subset if there is a continuous order-embedding ¢ : <*2 — <A\
such that [T,] C A, where T, is the tree

T,={te < | (3se<*2)tCus)}
on \.

Let C be a class of subsets of “x. We say that subsets in C have the perfect subset
property if every subset in C of cardinality bigger than x contains a perfect subset.
We present existing results related to the above definitions following [8, Chapter
Iv].

e We call a tree T on k a weak k-Kurepa tree if ht(T) = k, [T] has cardinality
at least kT and there are stationary many o < x such that 7'M “x has the
same cardinality as a. The idea of using Kurepa trees to construct closed
subsets without the perfect subset property goes back to [17, Section 5].

Let ¢ : "2 — <"k be a continuous order-embedding and T be a tree
on k of height x with [T,] C [T]. First, assume that there is an @ < K
such that "*2 ¢ <By for all f < k. Let o be minimal with this property.
By the regularity of &, there is a 3 < s with ”<%2 C <fk. The set
C = {s€*2 | 1h((s)) > B} has cardinality x and ¢(s) [ § € T for all
s € C. We can conclude that 7'Mk has cardinality at least x in this case.
Now, assume that for every o < & there is a § < & with 7*2 C T N <Pk,
Then the set {a <k | "*2 C T N*} is closed and unbounded in k. In
both cases, T is not a weak xk-Kurepa tree.

The existence of weak rk-Kurepa trees therefore provides examples for the
failure of the perfect subset property for closed subsets of “x. In particular,
if “V =L"” holds, then the perfect subset property for closed sets fails for
all uncountable regular cardinals (see [8| Section IV.2]).

o If all closed subsets of “k have the perfect subset property, then there are
no k-Kurepa trees and T is inaccessible in L by an argument of Robert
Solovay (see [13, Section 4]).

e Let v > k be an inaccessible cardinal and G be Col(k, <v)-generic over V.
An argument of Philipp Schlicht shows that 31-subsets of *x in V[G] have
the perfect subset property. We will provide a proof of this statement in
Section 9 (Proposition[9.9).
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e Large cardinal properties of k do not imply the perfect subset property for
closed subsets of “k. If k is a supercompact cardinal, then there is a partial
order that preserves the supercompactness of x and adds a weak k-Kurepa
tree (see [8) Section IV.2]).

To further investigate the perfect subset property for X1-subsets of %1, we need
a well-known result saying that ZFC proves generic absoluteness for X1-subsets
under <k-closed forcings.

Proposition 7.3. Let T' be a tree on k™ of height k and P be a <r-closed partial
order. If there is a p € P with pl- “[T] # 07, then [T] # 0.

Proof. Let p IF “(10,...,7Tn_1) € [T]” for some names To,..., 7,1 € V. Given
a < K, the set of conditions ¢ € P with

(El<t0a s 7tn—1> € T) [1h(t0) > a q I- “50 C (OAERIAY fn—l C Tn—1 ”:I

is dense below p. Since P is <xk-closed, we can define a <p-descending sequence
(pa € P | @ < k) and an ascending sequence ((t§,...,t%_ ;) € T | @ < k) in V such
that po = p, 1h(tg) > o and p, IF “£¢ C 7;” holds for all & < k and i < n. But this
construction implies that the tuple ((J, .. t5,. - Uqcy tn_1) is an element of [T]

in V. ([
We look at a stronger version of the perfect subset property for 31-subsets.

Definition 7.4. Let T be a tree on x""1. A 3-perfect (“projection-perfect”)
embedding into T is a continuous order-embedding ¢ : <F2 — (<"x)"*! with the
following properties.
(1) ran(t) C T.
(2) If sg,s1 € <F2 are incompatible sequences with «(s;) = (t},...,t%), then
there is a k < n such that the sequences tg and t,lC are incompatible in <*x.

The idea behind the above definition is that a 3*-perfect embedding into T
witnesses that the projection p[T] has a perfect subset.

Proposition 7.5. Let T be a tree on k X kK and ¢ be a 3F*-perfect embedding into
T. If we define T : <"2 — <Fk to be the continuous order-embedding such that
7(s) =to for all s € <2 with 1(s) = (to,t1), then T witnesses that p[T] has a perfect
subset in every transitive ZFC-model containing V. O

The following lemma establishes a connection between the existence of 3*-perfect
embeddings and absoluteness properties of X1-subsets of *x.

Lemma 7.6. The following statements are equivalent for every tree T on k X Kk of
height k.

(1

There is a 3*-perfect embedding into T'.

)
(2) If P is <k-closed partial order, then 1p - “P(i) € V — p[T] € V 7.
(3) Ladd(s,ny IF “p[T] L V7. o
(4) There is a <r-closed partial order P with Ip I- “p[T] € V 7.

Proof. Assume (i) holds, ¢ is a 3*-perfect embedding into 7" and P is a <k-closed
partial order that adds a new subset of x. If we define

S={{to [ a,t1 [ @) € T | {to,t1) € ran(¢), a < 1h(tg)},
then S is a subtree of T of height .
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Let G be P-generic over V, zo € (°2)VI¢\ V and define
Y= U{tO | (ElO[ < K/) L(IO [O{) = <t07t1>}7

Clearly, y € p[S]VIE! C p[T)VIE). Assume, toward a contradiction, that y € V holds.
Then the tree S, = {t € <" | (y | Ih(t),t) € S} is an element of V and [S, VI # 0.
By Proposition (7.3, there is a z € [S,]V and this means (y,z) € [S]V. But this
means that there is an 21 € (*2)V with y = U{to | G < k) t(z1 [ @) = (to,t1)}.
Given a < k with zg(a) # x1(a) and t(x; | (a+ 1)) = (t§,t}), we have tJ and t}
incompatible and ¢, ¢} C y, a contradiction.

Now, assume (iv) holds. Fix 79,7 € VF with Ip IF “79 ¢ V A (19, 71) € [T]”. We
inductively construct order-embeddings i : <2 — P and ¢ : <*2 — T with the
following properties.

(1) ¢ is continuous.

(2) If s € <*2 and «(s) = (tg,t1), then i(s) IF “fg CTo ATy C 717,

(3) If sg,s1 € <"2 are incompatible, then ¢(sg),¢(s1) € T are incompatible.
Assume that 7 [ <®2 and ¢ [ <*2 are already constructed for some o < k. If
a € Lim and s € *2, then there is a condition i(s) € P with p <p i(s | @) for all
@ < . Define (tg,11) € <"k X <Fk by setting

ti = J{t: | Ga<a) s a)=(fo,h)}.

By construction, i(s) IF “f; C 7,7 and this means (to,t;) € T. Moreover, given
incompatible sg,s1 € *2, there is an @ < « such that sg [ @ and s; [ a are
incompatible and our assumptions imply that ¢(sg) and ¢(s1) are also incompatible.

If « = a+1and s € *2, then there are conditions go,q1 <p i(s) and 38,79, 71 < &
with 3 > 1h(u(s)), ¢; IF “10(3) = 5" and vp # 71, because we have i(s) IF “m ¢ V7.
Given i < 2, we can find i(s™(i)) € Pand «(s7 (i) = (t}, %) € T withi(s™(i)) < g,
Ih(t)) = B+ 1 and i(s™ (i) Ik “f5 C 7o ALi C 7", Tt is easy to check that this
partial embedding also satisfies the above properties. (Il

In the following, we investigate the correlation between the existence of a perfect
subset of Al-subsets of the form p[Ty] and the existence of 3%-perfect embeddings
into Ty. We need another notion of absoluteness.

Definition 7.7. Let I" be a class of partial orders. We say that a subset A of "k is
weakly T -persistently Al if there are trees Ty and T} on & x & such that p[Tp] = A,
p[Ti] = *k\ A and 1p IF “p[T}] = #& \ p[Tp]” holds for all partial orders P in I

Proposition 7.8. Let P be a <k-closed partial order that adds a new subset of
Kk, A be a subset of "k and Ty, T1 be trees on Kk X k witnessing that A is weakly
P-persistently Al. Then A has a perfect subset if and only if Ip ¥ “A = p[Tp] 7.

Proof. Pick p € P with p IF “A # p[To] ”. Assume, towards a contradiction, that
there is a ¢ <p p with ¢ I “p[Ty] € V”. Let G be P-generic over V with ¢ € G
and pick y € p[Ty]VI€! \ A C V. Define T}, = {t € <"x | (y [ Ih(t),t) € Tp} € V.
Then [T,]VI¢) # () and this means [T}]V # () by Proposition |7.3. But this implies
y € p[To]V = A, a contradiction. Therefore p I- “p[Tp] ¢ V” and A has a perfect
subset by Lemma 7.6l

In the other direction, let ¢+ : <¥2 — <Fk witnesses that A has a perfect subset
and assume, toward a contradiction, that lp I- “A = p[Tp]” holds. Let G be P-
generic over V. By construction, [T,]VI¢ ¢ V, p[Ty]VI¢l = A C V and p[T3]VI¢] =
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(%)VIE \ pITy Vi€l = (5)VIG)\ A, Tf we define T = {{to,t1) € T3 | to € T} € V,
then [T]VIC! 2 () and therefore [T]Y # (). But this shows that § # [T,]V N p[T1]Y C
p[To]Y Np[T1]V = 0, a contradiction. 0

Corollary 7.9. Let A be a subset of "k that is weakly T-persistently Al, where T
is a class of <k-closed partial orders that contains both the trivial partial order and
a partial order that adds a new subset of k. Then A contains no perfect subset if
and only if it is T-persistently Al. O

In particular, if A is a subset of "k and G is P(A)-generic over V, then A contains
no perfect subset in V[G].

In combination with Theorem (6.1}, the above results allow us to show that generic
absoluteness for 31-subsets of "k under <x-closed forcings that satisfy the x-chain
condition is inconsistent.

Proof of Theorem[1.11. We fix an a € P (k) with <"k € L[a] and bijections

[ — {{to,t1) € <"k x <"k | Ih(tg) = 1h(t1)}

and g : kK — <2 contained in L[a]. Given x € ", we define ¢, = foxzog~! and

T, = {f(a) | z(a) = 1}. By the results of Section 2, there is a tree T € L[a] on 3
such that
plT] = {{(z,y) € "k x "k | “Ty is a tree on Kk X K” A y € p[Ty]
A “uy is not a 3%-perfect embedding into T,” }

holds in every transitive ZFC-model that contains L[a] and has the same <*

L[a]. This implies that in any ZFC-model with the above properties
(14) (Fz € "K)(Vy € "r) (z,y) € p[T]

is equivalent to the existence of a tree T, on k X k such that “p[T,] = “k” holds
and there is no F*-perfect embedding into 7.

We show that Taqqes,.+) b “ (Vo € "k)(y € "k) (z,y) ¢ p[T]” holds in V. As-
sume, toward a contradiction, that G is Add(x, T )-generic over V and T, € V[G]
witnesses that (14) holds in V[G]. Since T, = T, for some = € (*2)VIC] there is an
a < k1 with T, € V[G N Add(k, «)] and V]G] is an Add(k, k)T -generic extension
of V[G' N Add(k, a)] with (%x)VIENAdd(s.e)] C (kg)VIE = p[T,]VIE] This means

(V[G N Add(k, )], €) = [(3p € Add(k, xT)) pIF “p[T.] € V7]

and there is a 3%-perfect embedding into T} in V|G N Add(k, )] by Lemma
But this map is also a 3*-perfect embedding into T} in V[G], a contradiction.

In the other direction, define A C "« as in Theorem6.1 and let G be P(A)-generic
over V. By the second part of the Theorem, there is a tree Ty on k X k in V[G]
such that p[T,]VICIH] = (%K) VIC] holds whenever V[G][H] is a generic extension of
VIG] by a <k-closed forcing in V[G]. This obviously implies that “p[T,] = *k”
holds in V[G] and we can apply Lemma [7.6] to show that there are no 3*-perfect
embeddings into T} in V[G]. We can conclude that

TIpa) I “(3z € “i)(Vy € ") (x,y) € p[T]”
holds in V. O

K as

In the remainder of this section, we generalize the notion of 33-absoluteness to
our uncountable context and investigate its structural implications.
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Definition 7.10. Let I" be a class of partial orders. We say that generic absolute-
ness holds for Xi-subsets of *r under forcings in T if the implication

Pl Bwo, .. T € ") YY1y -y Ym € TENT0s - Ty Yos -+ -5 Ym) & [T]7
— (Ell'o,...,l'n € KH)(vy07"'aym € ’i’%)<$0?"'axn7y07""yM> ¢ [T]

holds true for every partial order P in I, every condition p € P and every tree T on
Hm+n+2'

In Section 9] we will show that the consistency of generic absoluteness for X3-
subsets of ®x under forcing with <x-closed partial orders can be established from a
relatively mild large cardinal assumption (Lemmal9.7). We will also show that such
generic absoluteness for Cohen forcing Add(x, 1) holds in every Add(k, k™ )-generic
extension of the ground model (Corollary[9.3).

The referee pointed out that it is possible to establish the consistency of X3-
absoluteness under certain classes of <x-closed partial orders without the use
of large cardinals. Let I" be a class of <k-closed partial orders such that ele-
ments of I satisfy the xT-chain condition and I' is closed under forcing iterations
with <k-support in the ground model and every generic extension by a forcing
in I'. If “2® = k™" holds in the ground model, then there is a forcing iteration
((Peo | a < k1), (P, | a < k™)) of partial orders in T’ with <k-support and a se-
quence (f, € VF<a | a < kT) of names such that the following statements hold
whenever a < kT with a = <<3,v>,6>, G is @<a—generic over V and G is the
corresponding filter in @< 8-

(1) tg is an enumeration of all subtrees of <% in V[G] of length .
(2) If tg(v) =T and (3Q € T) 1g IF “p[T] # %" holds in V[G], then ]lpg I+
“p[T] # *&” holds in V[G].
If Gis ﬁ<n+—generic over V, then generic absoluteness for X1-subsets of “x under
forcings in I" holds in VI[G].

Proposition 7.11. Let T" be a class of <k-closed partial order that contains the
trivial partial order and assume that generic absoluteness holds for X3-subsets of
®x under forcings in . Then every Al-subset of "k is weakly T-persistently Al.

Proof. Let Ty and Ty witness that p[Tp] is a Ai-subset of *x. By Proposition
there is a tree T such that “p[T] = p[Tp] U p[T1]” holds in V and every generic
extension of V by a forcing in T'.

Assume, toward a contradiction, that Tp ¥ “%% = p[Ty] U p[T1]” holds for some
P € I'. Then there is a p € P with

plF “(3x € *&)(Vy € Fk) (x,y) & [T]”.
By Xi-absoluteness, there is an = € "k with x ¢ p[T] = "k, a contradiction.

In the same way, we can use Proposition (7.3 to see that 1p IF “p[Ty] N p[T1] = 07
holds for every partial order P in I'. (Il

Proposition 7.12. Assume that generic absoluteness holds for X3-subsets of *k
under Add(k,1). If T is a tree on k X k of height k, then p[T| contains a perfect
subset if and only if Iagace1) b “p[T] € V7.

Proof. Let ¢ : <"2 — <fg witness that p[T] has a perfect subset and assume,
toward a contradiction, that there is a p € Add(k, 1) with p IF “p[T] C V”. By the
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results of Section [2| there is a tree T} on x X £ such that p[T] = p[T] U ("x \ [T,])
holds in V and every Add(k, 1)-generic extension of V. Since p IF “[T,] £ V7, we
get p Ik “(3z € *k)(Vy € *k) (x,y) ¢ [T.]” and absoluteness gives us an = € "k

with x ¢ p[T,] = "k, a contradiction. O

We apply the above results to prove statements about the length of definable
well-orders on subsets of "k in the presence of 3i-absoluteness.

Definition 7.13. A Xi-well-ordering of a subset of " is a Xi-subset R of "k x "k
such that (dom(R), R) is a well-ordering, where

dom(R) = {a € & | (3y) [R(z,9) v R(y, 2)]}-

Clearly, every Xi-well-ordering of a subset of “x has order type less than (2%)*
and for every v < xT there is such a well-ordering with order type . Moreover,
Theorem shows it is consistent to have a Xi-well-ordering of a subset of “x of
order-type greater than 2~.

Proposition 7.14. Let T' be a class of <k-closed partial orders and assume that
generic absoluteness holds for $3-subsets of “k under forcings in T'. If T is a tree
on k3 of such that p[T] is a Xi-well-ordering of a subset of “x and P € T, then

»”

Ip - “p[T] is a E}-well-ordering of a subset of *Fk

Proof. We prove that p[T] is a linear and well-founded relation in every generic
extension by a forcing in I'; the other properties of a well-ordering can be deduced
in the same manner.

By the results of Section[2] there is a tree T, in k X & such that

plTw] ={z € "r | (Vn <w) (€)nt1, ()n) € p[TT}

holds in V and every generic extension of V by a forcing in I'. By our assumptions,
p[Tw] = 0 and Proposition [7.3 shows that llp = “p[T,] = 0” holds for all P in T.
This shows that p[T]VIS is a well-founded relation in every P-generic extension
VI[G] of V with P € T.

As above, there is a tree T} on x” such that p[T;] is equal to the set

{(z,z0,21,9,90,01) € (") | (x,y) € p[T]V (y,z) € p[T]]
V [z, 20, 21) & [T] A (0,2, 21) & [TV [y, y0,91) ¢ [T A (yo,y,v1) & [T1]}

in V and every generic extension of V by a forcing in I". Assume, toward a con-
tradiction, that there is a P in I" and a P-generic extension V[G] of V such that
p[T]VIE is not a linear order on its domain. Then there is a p € P with

pF “(ElxaanxlayayO,yl € RR)(V'Z € RR) <x7$0ax1ay,y07y1az> ¢ [Tl]’7

and, by X1-absoluteness, p[T] is not linear on its domain in V, a contradiction. [

The proof of the following lemma uses an idea of Philipp Schlicht to show that
1 absoluteness implies that X}-well-orders have small domains.

Lemma 7.15. Assume that generic absoluteness holds for Xi-subsets of "k under
Add(k,1). If T is a tree on k> such that p[T] is a Xi-well-ordering of a subset of
", then 3*p[T] contains no perfect subset.
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Proof. There is a tree T, on k x k such that p[T,] = dom(p[T]) holds in V and
every Add(k, 1)-generic extension of V. Assume, toward a contradiction, that p[T}]
contains a perfect subset and let G be Add(k, 1)-generic over V. We will construct
sequences (G, € V]G] | n < w) and (z,, € (“#)VI¢] | n < w) such that the following
statements hold true for all n < w.

(1) There is a G’ € V[G] such that (G,, x G) is (Add(k, 1) x Add(k, 1))-generic

over V[Go, ey Gn—l] and V[G] = V[Go, ‘e ,Gn—l][Gn] [G]
(2) We have z,, € V[Go,...,Gnl, (Tni1,2n) € p[T]VIE0Cnt1l and

(15) (V[Go,...,Gyul,€) E [Lagaw,n I Gx) [z ¢ VA (z,2,) € p[T]]].

There are Hy, Hy € V|G| such that Hy x Hy is (Add(k,1) x Add(k,1))-generic
over V with V[G] = V[Hy|[H1]. By our assumptions and Proposition[7.12, there are
Yo, y1 € V[G] with y; € p[T.]VIH:I\ V. Since V[Ho] N V[H;] =V, we have yo # y1
and there is an i, < 2 with (y1_;,,:.) € p[T]VIE). Define zg = y;, and Gy = H;,.
The homogeneity of Add(k, 1) in V[Gy] and y1—;, € V[G] \ V[Gy] imply (15).

Now assume Gy,...,G, and xy,...,x, with the above properties are already
constructed. Hence there are Hy, H; € V[G] such that (Hy x Hy) is (Add(k,1) x
Add(k, 1))-generic over V[Go,...,G,] and V|G| = V[Gy, ..., G,][Ho|[H1]. By (15),
there are yo,11 € V[G] with y; € V[Go,...,Gn, H;] \ V[Go,...,Gy] and (y;,x,) €
p[T]VIGorGn il - Again, there is an i, < 2 with (y1_;.,v:.) € p[T]VI¢! and we can
define G, 11 = H;, and x, 1 = y;,. As above, (15) holds true.

Our construction shows (2,41, 2,) € p[T]VIC! for all n < w. But p[T] is a
S1-well-ordering of a subset of “x in V[G] by Proposition[7.14] a contradiction. O

V[G]

Corollary 7.16. Assume that generic absoluteness holds for X}-subsets of "k un-
der Add(k,1). Then there is no well-ordering of ®r whose graph is a $1-subset of
"k X PR, O

8. EMBEDDINGS OF TREES

In this short section, we present an easy proof of Theorem with the help of
our first main result. Let 7O, denote the class of all x € *k such that T, = (k, €,)
is a tree that is an element of 7.

Let T be the set of all pairs (s,¢) in <®x x <"k such that lh(s) = Ih(t) = v + 1
for some v < k and either (X, €,;5) is not a tree for some A < « closed under
Godel-Pairing or t is injective and

(Va < B <9) [<t(a),t(B)- < v — s(=t(a), t(B)-) = 1].

We define T to be the tree {(s [ a,t | B) | (s,t) € T, a <1h(s)} on k x k. It is easy
to check that 7O, = "k \ p[T] holds in V and every generic extension of V by a
<k-closed forcing.

Given y € ®k, we define T(y) to be the tree {t € <*k | (y | lh(¢),t) € T} on
k. Ify € TO, and o < &, then ({a} U precy (@), €y) is a well-order of successor
length and we let t,(«) € <"k denote the corresponding uncollapsing map. Our
construction yields ¢,(a) € T(y) and the map [a — t,(a)] shows that T, is order-
preserving embeddable into (T'(y), ).

The following result was proved in [17] in the case “k = w;”, but the proof given
there directly generalizes to higher cardinalities. It is the uncountable version of
the classic Boundedness Lemma.
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Lemma 8.1 (Boundedness Lemma for %, [17, Corollary 13]). If A is a X1-subset
of *k with A C TO,, then there is a tree T in 7T,; such that T, < T holds for every
ye A

Proof. Let S be a tree on k X k with A = p[S] and T be the tree on x x x defined
above. Define S, to be the tree on k3 consisting of triples (s, t,u) with (s,t) € T and
(s,u) € S. Assume towards a contradiction, that there is a (z,y,2) € [Si]. Then
xz € p[S]Np[T] = AN(“k\TO,) = 0, a contradiction. If y € A with (y, z) € [S] and
t € T(y), then (y [ 1h(¢),t,z [ Ih(t)) € S, and the map [t — (y | Ih(t),t, z | 1h(¢))]
shows that (T'(y), C) is order-preserving embeddable into T = (S, <), where <,
is the natural order on S,. By the above remarks, this shows that T,, < T holds
for every y € A. O

Proof of Theorem[1.10. Let P = P(T O,) be the forcing given by Theorem 1.5/ that
codes the subset 7O, of "k and G be P-generic over V. By the above remarks and

Proposition [7.3, we have 7OY C TOY!“! and TOV is a Sl-subset of *x in V[G].
Lemma [8.1)shows that there is a Tg € ’T,{V[G} with T, < Tg for all x € TOY. For
every T € 7.V there is an € TOY with T isomorphic to T, and this completes
the proof of the theorem. O

9. TWO MODELS WITH A NICE STRUCTURE THEORY FOR X1-SUBSETS

We show that certain fragments of Xi-absoluteness hold in two well-known
classes of ZFC-models and derive some consequences about the possible length
of Xi-well-orders of subsets of *r in these models. We start with a standard result
about Cohen-generic extensions of a ground model.

Lemma 9.1. Let v > k be a cardinal and X be a subset of v of cardinality k1. If
G is Add(k, v)-generic over V and G = GNAdd(k, X), then there is an elementary
embedding )

J: L(P(r)VI) — L(P(x) V1)
with j | On = ido, and j | P(k)VIC] = idp (. yviar-

Proof. We define P = P(x)VI¢ and P = P(x)VICl. By the construction of L(P),
there is a surjection
5:[0On]<¥ x P — L(P)
definable in L(P) by a formula ¢ = ¢(u, vg,v1,w) and the parameter P. Define
jla) =b < (3z € P)(34 € [On]<¥)
[(L(P),€) | ¢(a,z, A, P) A (L(P), €) = ¢(b,z, A, P)].
In order to show that j is a well-defined function and an elementary embedding with
the above properties, it suffices to show that for all zg,...,x,-1 € P, A € [On]<¥
and every Le-formula v = ¥(ug, ..., Un—1,V0,. .., Um—1, W)
(L(P),€) E (&, A P) <= (L(P),€) F ¢(7, A, P).

holds. There exist Go, G1 € V[G] such that G is Add(k, 1)-generic over V and G4
is Add(k, ™ )-generic over V[Go] with & € V[Go] and V[G] = V[Go][G1]. Moreover,
there is G € V[G] that is Add(k, v)-generic over V[Gy] with V[G] = V[Go][G1].

Let F be Col(w,2%)V[¢l-generic over V[G]. We show that there is a H € V[G][F]
that is Add(k, x*)V-generic over V[Go] and satisfies P(x)VIC] = P(k)VIGollH],
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We work in V[G][F]. Let (z,, | n < w) enumerate P(x)V[] and let (o, | n < w) be
strictly increasing and cofinal in x*" . We define P = Add(k, )VIC P, =TT, P,
Q = Add(k,xT)VIG] and Q, = Add(k,a,)VI¢]. Using the factor-property of
Cohen-Forcing, it is easy to define a sequence (H, | n < w) of filters in P that
satisfy the following properties for all n < w.

(1) H, e VIG].
(2) H, is P-generic over V[Gy|[Ho, ..., H,_1] and z,, € V[Go][Ho, .., Hy,).
(3) There is a G’ € V[G] that Add(k,v)-generic over V[Go|[Ho, ..., H,] and
satisfies V[G] = V[Go|[Ho, - . ., H,][G"].
For all n < w, we let e, : P,, — P, ;1 denote the natural inclusion. In V[C_v'o], there
are isomorphisms i, : P, — Q,, with ¢, = 4,41 oe, for all n < w. For all n < w,
Hy x --- x H,_1 is P,-generic over V[Gy] and we can define

H= ] in"(Hyx - x Hy_y) € P(QVIFIF],
nw

Since Qn c @n+1 c Un<w Qn = Qa eﬁl”(Ho X X Hn) = HO X X Hn—lv
in"Hy X -+ x H,_1 = HNQ, is a filter in Q,, for all n < w, it is easy to see that
H is a filter in Q. We show that H is also Q-generic over V[Gy]. If A € V[Gy] is a
maximal antichain in Q, then A C Q,, for some n < w, because the Q satisfies the
kT -chain condition in V[Gy]. By the above remarks, HNQ,, = i,,” (Ho X - - X H,,_1)
is Q,,-generic over V[Gy]. Therefore, we get AN H # (). Since Q satisfies the x-
chain condition, it is easy to see that P(x)VIE = P(k)VIGollH] holds.

The weak homogeneity of Add(x, k%) in V[G)] yields the following equivalences.

(L(P),€) F ¥(#. A, P)
= (VIGA[G].€) = (3p) [p="P(r) Av(& A,p)")]

<~ (L(P),e) Ev(&, A, P).

This result has two useful corollaries in our context.

Corollary 9.2. Let v > k be a cardinal and G be Add(k, v)-generic over V. Then
the axiom of choice fails in (L(P(k)VI]), €). In particular, the graph of a well-order
of "k is not a B -subset of "k x "k in V[G].

Proof. This follows directly from Lemmal9.1 and [15] Proposition 5.1(b)]. O

Corollary 9.3. Let A and v be cardinals with v > k. If G is Add(k,v)-generic
over V, then generic absoluteness for Xi-subsets of ©r under Add(k,\) holds in

VI[G].

Proof. Let T € V[G] be a tree on x™+"*! and assume

]lAdd(fs,A) I- “(33:0; <oy Tp € RR)(VZ‘/M <oy Ym € RR)<5E0) <o Ty Yoy - - ,ym,> ¢ [T] 7
holds in V[G]. We may assume that T' € V[G] with G = G N Add(k, xT).
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Let v = max{\*,v"} and F be Add(k, )-generic over V with G = FNAdd(k, v).
There are Hy, H; € V[F] such that Hp is Add(k, A)-generic over V|G|, H;y is
Add(k,v)-generic over V[G][Hy] and V[F] = V[G][Ho|[H1]. By the above assump-
tion, the statement

(El.TO,...,ZEn € HKJ)(Vylﬂ"'aym S K’%)<x0’"'7x7l7y0""7ym> ¢ [T]

holds in V[G][Hy]. An application of Proposition[7.3 shows that this statement also
holds in V[F] = V[G][Ho][H1] and hence in L(P(x)VI¥!). By Lemmal9.1, it holds in
L(P(x)VI€]) and in V[G]. Since V]G] is either equal to V[G] or an Add(k, v)-generic
extension of V[G], we can use Proposition[7.3 again to conclude that the statement
holds in V[G]. O

Proposition 9.4. Let v > k be a cardinal. If G is Add(k,v)-generic over V and A
is a B1-subset of "k of cardinality bigger than (2%)V in V|G|, then A has a perfect
subset in V[G].

Proof. Fix a tree T on k x x with A = p[T]VIE]. There are Gy, G; € V[G] such that
Gy is Add(k, xT)-generic over V, T € V[Gy], G; is Add(k,v)-generic over V|G|
and V[G] = V[Gy][G4]. Since (2%)VIGl = (2%)V we get p[T]VI¢] C p[T]VIC] and
there is a 3%-perfect embedding into T in V[Gy] by Lemma [7.6l Proposition [7.5
implies that p[T] has a perfect subset in V[G]. O

By combining the above results with Lemma|7.15, we derive the following corol-
lary. Note that the absoluteness property Theorem [1.5] shows that this bound on
the cardinality of order-types is optimal.

Corollary 9.5. Ifv > k is a cardinal, G is Add(k, v)-generic over V and R is 31-
well-ordering of a subset of “ in V]G], then dom(R) # (“k)VIE! and the order-type
of (dom(R), R) has cardinality at most (2%)V in V[G]. O

Using large cardinals and the Levy-Collapse, models with a nice structure theory
for X1-subsets of "k can be obtained by mimicking classical constructions. We will
repeatedly use the following folkloristic fact.

<K

Lemma 9.6. Let v be a cardinal with v = v=" and P be a <k-closed partial order.

(1) If P has cardinality at most v, then Col(k,v) and P x Col(k,v) are forcing
equivalent.

(2) If P has cardinality less than v and A<" < v holds for all A < v, then
Col(k, <v) and P x Col(k, <v) are forcing equivalent.

Proof. See [9 Corollary 2.3] and [9, Corollary 2.4]. O

Generic absoluteness for 33-subsets of “w is equiconsistent with the existence
of a Xy-reflecting cardinal, i.e. an inaccessible cardinal v such that (V,,€) is
a Yg-elementary submodel of (V, €) (see [3] and [5]). The consistency of generic
absoluteness for X1-subsets of #x under forcing with <x-closed partial orders follows
from a direct generalization of the proof of this result.

Lemma 9.7. Let v > & be a Xa-reflecting cardinal and v be a cardinal. If G x H is
(Col(k, <v) x Add(k,~))-generic over V, then generic absoluteness for X3-subsets
of "k under <k-closed forcings holds in V|G|[H].
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Proof. In V[G][H], let T be a tree on k™1 and Q be a <k-closed partial order
such that

plF “Fwo, ... 20 € FF) (YY1, s Ym € FR)(T0s - ooy Ty Yoo -+ -5 Ym) & [T]7
holds for some p € Q.

We can find F € V[G][H], 7 < v and i < 2 such that F' is (Col(x, 7) x Add(k, 7))-
generic over V, T' € V[F] and V[G][H] is a (Col(k, v) x Add(k, ¥))-generic extension
of V[F] for some ¥ € {0,v}. Then v is a Yo-reflecting cardinal in V[F]. Let
Q € V[F] be a (Col(k,v) x Add(k,7))-name for Q such that

Neol(r,v)x Add(r,5) IF “Q is a <k-closed partial order”.

By Lemma [9.6] there is a cardinal A > 7 such that the partial order

((Col(k,v) x Add(k,7)) * Q) x Col(k, <))
is forcing equivalent to Col(k, <A) in V[F]. Proposition [7.3 and the weak homo-
geneity of Col(k, <) imply that

(IX > v)(3P) [A is a cardinal, P = Col(k, <)) and
Ip IF “(3zo,..., 20 € “R)Y (YY1, -, Ym € “R)T0,s .. Ty Y0s - - - > Ym) & [T ”}

holds in V[F]. We can apply Yo-elementarity to see that (16) holds in V,[F] and
hence there is a cardinal A, < v that witnesses that (16) holds in V[F]. There
is F. € V[G][H] such that F, is Col(k, <A.)-generic over V[F] and V[G][H] is a
generic extension of V[F][F,] by a <x-closed partial order. A final application of
Proposition [7.3 shows that

(16

(Elx07-~-7xn € Kﬁ)(Vyo,---,ym € EH) <J)0,...,.13ny0,...,ym> ¢ [T]
holds in V[G][H]. O

Note that the consistency strength of the above assumption is bounded by the
existence of a Mahlo cardinal. Another generalization of the proof of the absolute-
ness result mentioned above shows that the consistency strength of 3i-absoluteness
under <k-closed partial orders is exactly a Xo-reflecting cardinal.

Lemma 9.8. Assume that generic absoluteness holds for Xi-subsets of "k under
<r-closed forcings. Then k™ is a Yo-reflecting cardinal in L.

Proof. Let v = xT. First, assume, toward a contradiction, that there is an o < &+
such that v = (o). By the results of Section[2, there is a tree T on k x & such
that p[T] is equal to the set of all x € ®2 with

(H(k™), €) = “(K, €,) is a well-order of order-type 3 and there is a

surjection f : o« — B that is an element of L”

in V and every generic extension of V by a <k-closed forcing.

Let G be Col(k, v)-generic over V and z € (%2)VI¢] such that (k, €,) is a well-
order of order-type v. Then z ¢ p[T]VI¢] and there is a zo € ("x)Y with zo ¢ p[T]V,
a contradiction. Hence v is inaccessible in L.

Let o(u,v,wp,...,w,—1) be a Ap-formula, zg,...,2,—1 € L, and p > v such
that

(L, €) = (vy) ¢(x,y,20,- - Zn-1)
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holds for some = € L,,. By the results of Section (2, there is a tree T" on x x x such
that p[T] is the set of all zy € 2 with

(H(k1),€) = Br,y)[z,y € LA =p(2,y, 20, - - -, 2n_1) AN Y(0, 7, k)]

in V and every generic extension of V by a <k-closed forcing, where ¢ = 9 (u, v, w)
is the 3;-formula defined by (12) in Section[6. Let G be Col(k, uT)-generic over V.
Then 2 € H(kT)VIC! witnesses that p[T]VI¢] # (%x)VIC]. By Zl-absoluteness, we
have p[T]V # (“x)V and there is an z, € L, with

<LV7 €> ': (Vy) @(f*,y, 20y - - - 7zn—1)-

Since (L,, €) is a Xj-elementary submodel of (L, €), we can conclude

(Lu, €) | G2)(vy) ¢(2,y, 20, s 2n—1)-
O

Next, we present an argument due to Philipp Schlicht showing that it is consistent
that the class of all 3i-subsets of ®x has the perfect subset property.

Proposition 9.9. Let v > k be an inaccessible cardinal and v be a cardinal. If
G x H is (Col(k, <v) x Add(k,v))-generic over V and A is a Xi-subset of “r of
cardinality greater than r in V|G|[H], then A contains a perfect subset in V|G][H].

Proof. Let A = p[T]. As above, there is a 7 < v, i < 2 and F' € V[G][H] such
that F is Col(k, <v) x Add(k, 7)-generic over V, T' € V[F] and V[G][H] is a generic
extension of V[F] by a <k-closed forcing. The set p[T]VIF] has cardinality # in
V[G][H] and this means p[T]VIF] C p[T]VICIH], By Lemma/7.6, there is a 3%-perfect
embedding into T in V[F] and p[T]VI¢!I7] contains a perfect subset in V[G][H] by
Proposition [7.5. O

As above, we can combine these results with Lemma[7.15]

Corollary 9.10. Let v > k be an inaccessible cardinal, v be a cardinal and assume
that either v > v holds or v is a Yo-reflecting cardinal. If G x H is (Col(k, <v) X
Add(k,v))-generic over V and R is ¥1-well-ordering of a subset of "k in V|G][H],
then the order-type of (dom(R), R) has cardinality at most k in V|G|[H]. O

10. OPEN PROBLEMS

We close this paper with some questions motivated by the above results.
It is natural to ask whether Theorem/1.6lis optimal with respect to the complexity
of the coded subset in the generic extension of the ground model.

Question 10.1. Is there a partial order P with the following properties?

(1) P preserves cofinalities and cardinalities.
(2) If G is P-generic over V, then (“k)V is a k-Borel subset of "k without a
perfect subset in V[G].

A positive answer to this question would imply that every subset of “k is k-Borel
in a cofinality-preserving generic extension of the ground model, because such a
forcing could be combined with almost disjoint coding. In the other direction, an
answer to the following question might provide a negative answer to Question[10.1]
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Question 10.2. Does ZFC (plus large cardinal axioms) prove nontrivial statements
about the possible lengths of well-orders of subsets of "k whose graph is a k-Borel
subset of "k X "k ¢

A positive answer to Question|10.1lwould also show that the absoluteness state-
ment of Theorem [5.2 holds for other classes of partial orders.

Question 10.3. Does the statement of Theorem!5.2 hold if we replace T'y (P, G, k)
by the class of all <k-closed partial orders?

If we restrict the canonical well-order of L to "k, then we get a well-order whose
graph is a Al-subset of ®x x *k. Results of Sy-David Friedman and Peter Holy in
[7] show that there is a partial order that forces “2% = k1”7 and the existence of a
Al-well-order of k. We may therefore ask whether the existence of a Aj-well-order
of "k is compatible with a failure of the (GCH) at .

Question 10.4. Does the existence of a well-order of "k whose graph is a A} -subset
of k x ®k imply that 2 = kT holds?
There are many open questions concerning the perfect subset property and weak-

enings of it. We present two interesting examples.

Question 10.5. Is it consistent that all TI}-subsets of "k have the perfect subset
property?

Question 10.6. Is it consistent that every subset of "k in L(P(k)) either has
cardinality less than 2% or contains a perfect subset?
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