CHOICELESS RAMSEY THEORY OF LINEAR ORDERS

PHILIPP LUCKE, PHILIPP SCHLICHT, AND THILO WEINERT

ABSTRACT. We investigate symmetric and asymmetric partition relations for linear orders with-
out choice, i.e. the existence of a subset in one of finitely many given order types which is homo-
geneous for a given colouring of the finite subsets of a linear order. More specifically, we consider
linear orders of the form (72, <i,), where « is an ordinal and <., denotes the lexicographical
order. We obtain stronger partition relations than what is possible with choice, for instance it
is consistent that (2, <o) — ((*2, <lez>)§ where k<" = k > w. Motivated by work of Erdds,
Milner and Rado, we prove various negative partition relations with finite exponents for linear
orders of the form (72, <;.;). We use these results to determine which partition relations of the
forms (2, <jep) — (K, M)™ and (¥2, <iez) — (Vo Kv, V My)™ for n < 4 and linear

orders K, M, K,,, M, are consistent. v
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1. INTRODUCTION

In this paper, we study Ramsey theory of linear orders without the axiom of choice in the
theory ZF. We work in this theory throughout the paper.

1.1. Some Ramsey theory. We begin with some definitions and facts from Ramsey theory.
Structures with finitely many relations (usually linear orders) are denoted as K, L, M and a struc-
ture is identified with its underlying set. We use greek letters to denote ordinals, i.e. a cardinal v
is always assumed to be an ordinal.

Definition 1.1. Suppose that L, M are structures in the same signature and v is a cardinal.
2010 Mathematics Subject Classification. 03E02, 03E25, 03E60, 05D10, 06 A05.
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(i) [L]™ denotes the set of substructures of L which are isomorphic to M.
(ii) Suppose that f: [L]M — v is a colouring and i < v. A set H C L is (f,4)-homogeneous if
f(z) =i for all x € [HM.
(iii) Suppose that f: [L]™ — v is a colouring and i < v. A set H C L is f-homogeneous if it is
(f,1)-homogeneous for some i < v.

We will consider the following partition relations.

Definition 1.2. Suppose that K, L, M are structures and v is a cardinal.

H e [LM.

(ii) L — [M]X states that for every f: [L]® — v, there is some H € [L|™ with range(f |
[H]®) #v.

(iii) L — (Mo, ..., M, _1)¥ states that for every f: [L} — n, there are i < n and H € [L]Mi
such that H is (f,)-homogeneous.

(iv) L — (Moo V...V Moggs--osMp—10V ...v My_15, )5 states that for every f: [L]X —

n, there are i < n, k < k;, and H € [L)i* such that H is (f,i)-homogeneous.

If L is a linear order and each M; ; is an ordinal o j, then Definition is equivalent to
L — (ag,...,an_1)% where a; := minjgg, oy ; for every ¢ < n.

We consider partition relations with exponent at least 2, and Proposition below motivates
the focus on linear orders. Let us first mention the case of exponent 1.

A structure L is indivisible if it satisfies L — (L)3. If L is an indivisible structure with only
one unary relation, then the relation is trivial, i.e. either full or empty. If L is any non-scattered
countable linear order, i.e. L contains a copy of Q, then L is indivisible. There are many interesting
indivisible structures, for instance some countable metric spaces [007D].

If on the other hand L is a structure with a single binary relation, L — (L)% holds, and the
domain of L can be linearly ordered (by a linear order which may be unrelated to L), then L is
necessarily a linear order or trivial, by the following result. We will identify a relation with its
restriction to the set of tuples with pairwise different coordinates.

(i) L — (M)E states that for every colouring f: [L}X — v, there is some f-homogeneous

Proposition 1.3. Suppose that L is an infinite structure with a single binary relation and L —
(L)3.
(1) If the domain of L can be linearly ordered (by a linear order which may be unrelated to
L), then L is a linear order or trivial, i.e. either full or empty.
(2) If the domain of L can be wellordered, then L is a wellorder with order type w or a weakly
compact cardinal.

Proof. Note that L — (L)3 implies L —» (L)? for all n € w. For the first claim, suppose that
Ry, is the binary relation of L and R is a linear order on the domain of L. Let

folz,y) =0if [(z,y) € R= (x,y) € Rr] and [(y,z) € R = (y,x) € Ry]
fi(z,y) =0if [(z,y) € R= (y,z) € Rr] and [(y,z) € R = (z,y) € Ry]

and choose the value 1 otherwise in each case. Let f(x,y) = 2fo(z,y) + fi(z,y). The remaining
claims follow. 0

This generalises to dimensions n > 3 as follows.

Definition 1.4. Let P(S,) denote the power set of the symmetric group S,,.

(i) If L is a structure whose only relation is a linear order <p, and t € P(S,,), let L) denote the
structure whose only relation is the set of tuples (T4, ..., Ton—1)) With o) <L Te1) <L
<+ <L Ty(n—1) ond o € 1.

(il) If M is a structure whose only relation is n-ary, then M is induced by a linear order if there
is a linear order L with the same domain as M and some t C P(n) with M = L),

Proposition 1.5. (1) If N is the structure of the natural numbers with the standard order
and t € P(S,), then N — (NI for all k,m € w.
(2) Suppose that L is a structure whose only relation is n-ary relation for some n > 2, L —»
(L)%, and the domain of L can be linearly ordered. Then L is induced by a linear order.
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Proof. The first claim follows from Ramsey’s theorem. The second claim is proved as in Proposi-
tion 0

In this paper, we consider the following problem.

Problem 1.6. Suppose that n > 1. For which pairs (L, M) of linear orders is there a linear order
K with K — (L,M)"?

Since the answer depends on whether the axiom of choice holds, we consider Problem in
the following contexts.
(1) For arbitrary linear orders, assuming the the axiom of choice.
(2) For linear orders on “k, the set of functions f: K — &, assuming that k< = &, so in
particular #x is wellordered for all u < k, but assuming that “x is not wellordered.
(3) For arbitrary linear orders without the axiom of choice, and more specifically for linear
orders on “k assuming that #2 is not wellordered for some p < k.

For instance, the situation in [2| occurs in the model L(P(x)) after forcing with Col(k, < A),
where A > k is inaccessible, and [3]is fulfilled for linear orders of size at least X7 in models of the
axiom of determinacy.

The lexicographical order ("k,<e;) is defined by <.y if z # y and z(a) < y(«) for the least
a < k with z(a) # y(a).

Section [2| is concerned with partition relations for (72, <;.;). Sections |3| and |4| is concerned
with asymmetric negative partition relations without choice. The combined results of Section
and Sections [3| and [4] determine which partition relations of the form (“2, <j;) — (L, M)™ with
n > 2 are consistent without choice.

The results in Sections [3| and [d] were proved by the last author together with the second author
and extend results from [014We2]. We would like to thank Paul Larson for letting us include his
Theorem [L.25

1.2. Partition relations assuming the axiom of choice. We recall some known results on
partition relations with choice. Partition relations for linear orders, in contrast to well-orders,
were studied in [956ER, [963EH, [065Kx], [971E| [972EM, [974La].

Lemma 1.7. Suppose that ZFC holds. Then L—/~(w*,w)? for all linear orders L.

Proof. The proof is similar to the proof of w;—(w1)3 in [93351]. We consider a well-order on the
domain of L and colour a pair depending on whether the well-order agrees with the natural order
on this pair. O

This strongly limits the possibilities for positive partition relations under the axiom of choice. In
particular, in any partition relation of the form K — (L, M)?, we can assume that L, M are well-
ordered, or that M is finite. Even for well-orders K, L, M, there are many difficult open questions
for these relations (see [0I0HL] [979Nol [993B] [008J0l [010Scl [014We]). Instead of considering these
relations, we focus on linear orders L such that L, L* are not well-ordered.

For partition relations with exponent at least 3, similar ideas as in Lemma led to the
following results.

Theorem 1.8. [965Kx, [971E] Suppose that ZFC holds. For any linear order L
(1) L+ (w* +w,4)% and
(2) L= (w+w*,4)3.

The linear orders on the right side of the arrows are optimal, since w — (w)7 and w* — (W*)™
hold by Ramsey’s theorem.

A further problem is to determine the valid partition relations which allow finitely many order
types linked by a disjunction, instead of a single order type. For example, in the context of choice,
the occurence of w* v w in a partition relation for a linear order states that there is an infinite
homogeneous set with arbitrary order type. The occurence of w* +w v w + w* in a partition
relation for a linear order states that there is an infinite homogeneous set L such that L and L*
are not well-ordered.

Theorem 1.9. [971E] Suppose that ZFC holds. Then L—/+(w* +w v w + w*,5)3 for all linear
orders L.



4 PHILIPP LUCKE, PHILIPP SCHLICHT, AND THILO WEINERT

Question 1.10. [971E] Suppose that ZFC holds. Is there a linear order L with L — (w* +w v
w+w*,4)3?

Let us mention two negative relations for (¥2, <,.,) with choice. In the following proof, the
topology on “k is given by the basic open sets Ny = {z € “x | t C a} for t € <"k. A perfect subset
of "k is a set of the form [T] = {x € "k | Va < k(z | a € T)}, where T' C <"k is a perfect tree, i.e.
a < k-closed tree whose splitting nodes are cofinal in 7.

Theorem 1.11. [908Be] Suppose that ZFC holds and k<% = k. Then (%2, <jer) ("2, <iez))3-

Proof. The counterexample is a k-Bernstein set, i.e. a set A C "k such that A and its complement
do not have perfect subsets. The set is constructed by diagonalization along an enumeration of
the perfect subsets of “k. O

A meagre subset of *k is a union of k¥ nowhere dense subsets of “x, and a comeagre set is such
that its complement is meagre.

Theorem 1.12. Suppose that ZFC holds and k<% = k. Then ("2, <iez) ({2, <iex), 3)*.

Proof. Suppose that (C, | a < 2%) enumerates all perfect subsets of #2. We choose an injective
sequence (Ta,Ya)a<2~ as follows. In step o, we find distinct x4, yo € Co with o # 23, 2o # Ys,
Yo 7 28, and yo # x for all § < . Let

G= {(Imya) | a < QH} U {(yomxa) | a < 2H}'

Let f:["2]> — 2 denote the characteristic function of G, i.e. f(x,y) = 1 if (z,y) € G and
f(z,y) = 0 otherwise. Note that every order preserving injection f: ("2, <jez) < ("2, <jeg) is
discontinuous in at most « points for the following reason. Every point in which f is discontinuous
defines a nontrivial interval in ("k, <j.;), and the intervals from two distinct such points are are
disjoint. It follows that f is continuous on a perfect set. This implies that for every isomorphism
Fi (72, <pex) = ("2, <iex), there is a perfect set C such that f | C is a homeomorphism (see e.g.
[014L, Cor. 5.3]). Hence ("2,G) contains no independent set isomorphic to ("2, <;.,) and no
complete subgraph of size 3. O

1.3. Partition relations assuming x<" = k. We consider the lexicographical order (%2, <o)
for cardinals s such that k<% = k, but "k is not necessarily well-ordered. The following is our
first main result.

Theorem 1.13. Suppose that V is a model of ZFC and k is reqular. There is a symmetric
extension of V by a < k-closed K -c.c. forcing in which ("2, <je) — (("2, <jez))3 holds.

It follows from Theorem [3.3] and Theorem [3.1] that Theorem [I.13] cannot be extended to expo-
nent 3. For instance, the colouring which maps a triple to its splitting type does not have a large
homogeneous set. The splitting type is defined as follows.

Definition 1.14. Suppose that v € Ord.

(1) Let
bry = 0(z,y) = min{a < | z(a) # y(a)}
for x,y € M.
(2) Let
Aa:,y = A(l‘,y) =z (5({1}73/)
forx,y € 7.
(3) Let

B = Bu(z,y) = h(d(z,y))

forxz,y € 7y and h: v < || one-to one.

(4) Suppose that A, B € M,(Z) and A = {A;; |i,j <n}, B={B;; |i,j <n}. Then A,B
are (order) isomorphic if A can be converted into B by a composition of a permutation of
the indices with an order isomorphism m: A < B.

(5) The branching type or splitting type of a tuple £o<iex...<iezZn—-1 1 (12, <iez) is the
isomorphism type of the matriz (Ag, 2, <)ij<n-

(6) (2, <iez) —+ ({72, <iez))* holds if for every colouring f: [12]™ — n, there is a set
isomorphic to (72, <ie;) which is separately homogeneous for f in each branching type.
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Therefore we consider sets which are separately homogeneous in each splitting type. Partition
relations —, for the linear order (“2, <,.,) were considered by Blass [981B1].

Lemma 1.15. Suppose that k is a reqular cardinal.

(1) The linear orders ("2, <jez) and ("k, <je;) are bi-embeddable.
(2) The linear orders (“2, <jez), (“w, <iez), and (R, <) are bi-embeddable.

Proof. The linear order ("k, <j) is embeddable into (¥2, <;.,) by the map f: "k — "2, where
f((@i)i<x) is the concatenation of 1(*)70 for all i < .
The linear order (R, <) is isomorphic to (“w, <jez) - (Z, <). O

Since these linear orders are bi-embeddable, they satisfy the same partition relations.
Theorem 1.16. [981BI] (R, <) —; (R, <) holds for continuous colourings for all m,n.

Proof. This is proved in [981BI] using the Halpern-Lauchli theorem. To see that this holds without
choice, suppose that a real x codes the continuous colouring. We apply Blass’ theorem in L[z] and
obtain a closed set coded by a tree T. The statement that [T] is homogeneous up to the branching
type for the colouring coded by x is a II} statement in 2 and T, and hence this holds in V. O

For uncountable cardinals x, the analogue of Blass’ theorem is connected with large cardinal
properties of k.

Theorem 1.17. If k > w and ("2, <jex) —¢ (K* v k)3, then K is weakly compact.

Proof. 1f f: [k]?> — 2 is a colouring, we define gs: [*2]> — 2 as follows. Suppose that z,y, z € 2
are distinct and A = {x,y, z}. Let Ay := {A(x,y), Ay, 2), A(z,2)}. Note that |[As| = 2. Let
gf(A) == f(Aa). Suppose that H C "2 is homogeneous for g; up to the branching type and
that H is isomorphic to x* or to k. Then I := {A(x,y) | ,y € H} has order type x and is
homogeneous for f. O

Note that (2, <je;) —¢ (k* v k)3 does not imply that k is weakly compact, by Theoremm

Question 1.18. (1) Is it consistent that k = k<% > w and ("2, <jez) —> ((*2, <iex))?* holds
for all m,n?
(2) If k = k<% > w and ("2, <jez) —>1 (%2, <iez))3, is k measurable?

1.4. Partition relations in models of determinacy. Partition relations for cardinals in models
of determinacy have been intensively studied. Let us recall some results.

Definition 1.19. (1) The strong partition property holds for a cardinal k if kK — (k);; for all
u<K.
(2) Let 0 denote the supremum of the ordinals « such that there is a surjection f: P(w)—» a.

Note that the strong partition property for w is equivalent to the statement that all subsets of
[w]¥ are Ramsey.

Theorem 1.20. (1) [976Px] The axiom of determinacy of games of reals ADg implies that w
has the strong partition property.
(2) Martin [003Kal, Theorem 18.12], [004JM, [990Jal [981K] The aziom of determinacy AD im-
plies that wy has the strong partition property.
(3) [008KW,[983KW] Suppose that V' = L(R). Then AD holds if and only if there are unboundedly
many strong partition cardinals below 6.

It is open whether the strong partition property for w follows from AD [003Kal, Question 27.18]
and what is its consistency strength [003Ka, Question 11.16]. The strong partition property for
wy has more consistency strength than the strong partition property for w by the next result.

Theorem 1.21. (1) [97TMa)] It is consistent from an inaccessible cardinal that w has the strong
partition property.
(2) [9TOKI] Every uncountable cardinal with the strong partition property is measurable.

We ask which partition relations for linear orders hold if AD holds and V' = L(R). Note that
the strong partition property for x implies that (22, <,.,) is indivisible.
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Theorem 1.22. Suppose that k has the strong partition property. Then (%2, <jer) — ({2, <jez))3
holds.

Proof. The claim follows from the strong partition property by identifying elements of [«]* with
their characteristic functions in 2~. O

We ask if this generalises to exponent 2.

Question 1.23. Suppose that the axiom of determinacy holds in V.= L(R). Does this imply
<w12’ <lex> — (<w12’ <lex>)% ¢

1.5. Embedding linear orders into ("2, <;;). Every linear order of size x embeds into ("2, <j.;)
by a result of Hausdorff (see [949Ha, Chapter 6, Section 8]). If (k,<p) is a linear order, we map
each v < k to the characteristic function in *2 of the set of predecessors of v in <p with a < 7.

The negative partition results for suborders of ("2, <j,) in the following sections suggest the
question whether every linear order embeds into (2, <) for some cardinal x. In models such
that every linear order embeds into ("2, <.,) for some cardinal x, Theorem and Theorem
[£26] hold for all linear orders.

Let P denote the forcing P(w) ordered by inclusion up to finite error. We asked whether in a
P-generic extension of L(R), there is a linear order which does not embed into (2, <j.,) for any
cardinal &, if L(R) is a model of determinacy. This was solved by Paul Larson in unpublished
work (see Theorem below).

The following is stated in [0I1CK, Section 1.1] without a proof.

Lemma 1.24. Suppose that there is a measurable cardinal above w Woodin cardinals. Let (x,y) €
Ey if x(n) = y(n) for all but finitely many n, for x,y € “w. Then there is no linear order in L(R)
of the equivalence classes of E.

Proof. Suppose that in L(R), ¢(z,y, z,a) defines a linear order on the equivalence classes of Ey,
where z € “2 and a € Ord. Let Q denote Cohen forcing. Suppose that (z,y) is Q2-generic over
L(R).

There is an elementary embedding L(R) < L(R)Y[*¥ which fixes the ordinals by [001NZ,
Theorem 1] . Therefore in L(R)[xz,y], ¢ defines a linear order on the equivalence classes of Fy
from «. Suppose that (p,q) Ikg2 d*®) (2,5, z,a). Suppose that (z,z) € Ey, (7,y) € Eo, p C 7,
and ¢ C Z. Then (p,q) IF(SZ #*®) (7,%,z,a). Since the definition of the linear order from « is

invariant under Ey, this implies (p, q) Il—& ¢*®) (y, x, z, @), contradicting the assumption. O
Let (“w, <) denote “w partially ordered pointwise.

Theorem 1.25 (Paul Larson). Suppose that there is a measurable cardinal above w Woodin
cardinals and that U is P-generic over L(R). Then in L(R)[U], the linear order (*w/U,< [U)
does not embed into ("2, <ie;) for any cardinal k.

Proof. Forcing with P preserves measurable cardinals by the Levy-Solovay theorem [010Cu, Theo-
rem 9.6] and Woodin cardinals by [000HW]. Therefore M7 is absolute between V and V[G], where
G is generic over V for a forcing in Vs, where § is the least Woodin cardinal. Then the supremum
of the Woodin cardinals of M,, is countable. Therefore M, satisfies the assumption A, in [00INZ,
Theorem 1], where & is below the least Woodin cardinal. Hence forcing with P does not add new
sequences of ordinals, and in particular (%2, <je,) = (%2, <jez)" ¢! for any P-generic filter G' over
V.

The theories of L(R) and L(R)VI#] are both determined by M, by [010St, Theorem 7.19]
and hence equal, where H is Col(w, < k)-generic over V and « is the least inaccessible cardinal.
Therefore we can apply [003DT, Corollary 7.4] to any colouring in L(R).

Suppose that p € P forces that f is such an embedding. Let P/p = {q € P | ¢ < p}. Let
g: W] x (P/p) = 2, g(x,q) = 0 if ¢ decides f(z), and g(x,q) = 1 otherwise.

There is an infinite set A C w and a sequence (¢;);cw Of subsets of w of size 2 such that g
is constant on [A]* x [], ¢; by [003DT]. It follows from the definition of g that the value is 0.
Therefore in L(R), there is a linear order on the equivalence classes of Ey, contradicting Lemma
1L 24! O
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Note that if there is a supercompact cardinal, then every Ramsey ultrafilter is P-generic over
L(R) by a result of Todorcevic [998Fal, Theorem 4.9].

2. PARTITION RELATIONS FOR (", <jez)

We consider the linear orders (“k, <je;) and ("2, <.,) for cardinals £ with k<% = k > w. These
two linear orders are bi-embeddable and hence satisfy the same partition relations.

Definition 2.1. (1) A perfect subtree of <"k is a < k-closed subtree of <"k whose branching
nodes are cofinal.
(2) A perfect subset of “k is a set of the form [T|, where T is a perfect subtree of <"k.

We identify [#2]™ with the set of injective n-tuples (zg, ..., Z,—1) in "2 with 20<jez . . - <jealn—1-

2.1. Partition relations for (“2, <j.;). We first consider the linear order (2, <;c;). The follow-
ing is a variant of a theorem of Mycielski and Taylor.

Lemma 2.2. If f: [“2]™ — “2 is Baire measurable, then there is a perfect set C' C “2 such that
f 1[C]™ is continuous.

Proof. Suppose that (U, )ney is a sequence of open dense subsets of (“2)™ such that f is continuous
on their intersection. We construct a family (¢s)se2n, new by induction on n such that

(1) ts Cty if s Cuand

(2) Nyg x -+ X Ny, , CUpiftg, ..., ty—1 €w™ and t; #¢; for all i < j < m.
This is achieved by enumerating the tuples (to,...,tm—1) with t,...,t;m—1 € W™ and t; # t; for
all i < j < m in step n and shrinking the sets U, for ¢ € w™ successively for each tuple. Let T
denote the downwards closure of the set of ¢s for s € 2<“. Let C' = [T]. Then f is continuous on
the set of m-tuples of distinct elements of C, and thus on [C]™, by the construction. O

Theorem 2.3. Suppose that all sets of reals have the property of Baire. Then (“2,<je;) —
((“2, <iex))2 for all n.

Proof. Note that (“2, <je.) — ((“2, <jez))3 implies (2, <jor) — ((“2, <pes))? for all n € w.
Suppose that f: (¥2)2 — 2 is Baire measurable. There is a perfect set C' such that f | [C]™
is continuous by Lemma Since C' is order isomorphic with (2, <j.;), we can assume that
C = “2. We can assume that no interval is homogeneous for f in colour 0.
Using this assumption, we construct a family (¢s)se2n, new by induction on n such that

(1) ts Cty if s Cw and

(2) fIN:_., x N ] ={1} for all s € 2"
This is possible since f is continuous. Let T denote that downwards closure of the set of ¢s for
s € 2<%, Then f | [T)? is constant with value 1. O

Note that the assumption in Theorem is consistent relative to ZF by [984Sh]. The consis-
tency also follows as a special case of the result for cardinals k with k<% = x below.

The next two results are consequences of Theorem and Lemma The following result
is used together with the negative partition relations in Section [3| to determine the consistent
partition relations for (“2, <;.;) with exponent 3.

Theorem 2.4. Suppose that all sets of reals have the property of Baire. Then
<]‘) <w2, <l€I> — (<w2, <lez>7 1+w* vw+ 1)3
(2) (“2, <tex) — ((*2, <jex),n)? for all natural numbers n.

Proof. Suppose that f : [(*2, <;;)]> — 2 is a colouring. We can assume that f is continuous
by Lemma Moreover we can assume that the colour f(Z) of a triple # depends only on the
splitting type of ¥ by Theorem Let X; for i = 0,1 denote the set of x € “2 such that
z(n) =i for at most one n. Then X and X; have order types w+ 1 and 1+ w*, respectively and
are homogenous. If the colour of the splitting types for triples in Xy and in X3 is 0, then there is
a homogeneous set of order type (“2, <je;) in colour 0.

Otherwise one of the splitting types has colour 1. In this case, there is a homogeneous set in
colour 1 of order type 1 + w* or w + 1. This shows

follows directly from =
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The following results are used in Section [4] to determine the consistent partition relations for
(¥2, <jez) With exponent 4.

Theorem 2.5. Suppose that all sets of reals have the property of Baire. Then (“2,<jez) —
(w=+ 1) for all natural numbers m and n.

Proof. Suppose that there is a colouring of [“2]™ in n colours. By lemma and theorem m
we may assume that the colour is given by the splitting-type. Consider the set

S:={zxe“2||{n<w|z(n) =0} <2}

S has order-type w + 1 and [S]™ only contains one splitting-type, the one where A(t;,t;41) C
A(tiy1,tit2) whenever i +2 < m where (¢; | ¢ < m) is an order-preserving enumeration of an
element of [S]™. So S provides what was demanded. O

Note that the above is also a theorem in ZFC, cf.[970Gal, [086MP]. As stated before, a further
problem is to determine the relations which allow finitely many order types linked by a disjunction,
instead of a single order type. For example, assuming a fragment of choice, the occurence of
w* v w in a partition relation for a linear order states that there is an infinite homogeneous set
with arbitrary order type. The occurence of w* + w v w + w* in a partition relation for a linear
order states that there is an infinite homogeneous set such that L and L* are not well-ordered.

Theorem 2.6. Suppose that all sets of reals have the property of Baire. Then (“2,<jez) —
(1+w' +w+1vm+w*vw+n,6)* for all natural numbers m and n.

Proof. Let m,n < w be given and assume towards a contradiction that f is a colouring of [“2]*
in two colours not admitting any homogeneous set of a relevant order-type. By Lemma and
Theorem [1.16| we may assume without loss of generality that the f depends only on the splitting
type. Consider the six possible splitting types of a quadruple {to,...,t3}<,,. We write lt(s) for
the length of s.

(1) A(to,t1) C A(t1,t2) C A(ta, t3),
(2) A(ta,t3) C A(t1,t2) C A(to, t1),
(3) A(to,t1) C A(ta,q3) T A(ty, t2),
(4) A(ta,t3) T Ato, 1) C A(ty, t2),
(5) A(t1,t2) E A(to, t1), A(ta, t3) and 1t(A(ts,t3)) < 16(A(to, t1),
(6) Aty t2) C Alto,t1), Alta. ts) and 16(A(to, t1)) < 16(A(ts, t3).

Since it is easy to define arbitrarily large finite sets which either only contain quadruples of
type or we may assume without loss of generality that f(7) = 0 for any such quadruple
T. Consider the following sets:

Zi={we“2||{k <w| a(k) # ()} < 2},
M ={ze“2|{kew\m|zk) =1} <2AVE<m(z(k)=0—>VIiew\k:z(l)=0)},
N:={zxe?2|{kew\n|zk) =0} <2AVk<n(zk)=1—-Viecw\k:z() =1},
Hy:={z €“2 Vi <6Vk < w(x(6k+i) =x(i)) AN Ji < 2(x(3i) =x(3i+ 1) =2(3i+2) =0)
Az(0)=0—z(1) =2(2) =0AFi < 3(z(i) =0)},
Hy:={zx €“2 Vi< 6Vk <w(x(6k+1i) =2() AT < 2(x(3i) =23i+1)=x(3i+2)=1)
ANz(0)=1—=2(1)=2(2) =1AFi<3(x@) =1}
Note that Z has order-type 1 + w* + w + 1, both Hy and H; are sextuples and M has order-type
m + 1+ w*, even more than neccessary as does N which has type w +n + 1. Note that in [Z]*
only the sphttmg—types (1I(2)U(5)| and |(6)| appear.

Consider Z. Since the splitting-types |(1)[ and - (2)| got colour 0 and there is a T' € [Z]* with
f(T) =1 either splitting-type [(5)] or [(6)] get colour 1.

Now consider M, only the splitting-types and [(3)] appear in [M]. Since both the
splitting-types . (1) and |(2)| . get colour 1 and by assumptlon there is a T € [M]* we may assume
that quadruples of the splitting-type|(3)| get colour 1

Simlarly consider N, only the splitting-types [(1)I(2)| and |(4) . appear in [N]%. Since both the
splitting-types and get colour 1 and by assumptlon there is a T € [N]* we may assume
that quadruples of the splitting-type get colour 1.
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But now notice that [Hy]* only contains the splitting types and while [H;]* only
contains the splitting types[(3)][(4)]and[(6)} So either Hy or Hj is a sextuple which is homogeneous
in colour 1. O

Note that in contrast to Theorem the above theorem fails under ZFC by Theorem

Theorem 2.7. Suppose that all sets of reals have the property of Baire. Then (“2,<jez) —>
(W+14+w* v1+w +w+1,5)* holds.

Proof. Suppose that there is a colouring f with no homogeneous sets of order types w + 1 + w*
or 1 +w*+w+1 in colour 0 and no homogeneous sets of size 5 in colour 1. We can assume that
the colour of a tuple depends only on the splitting type by Lemma [2.2] and Theorem [1.16]

If tuples (qo, q1, 92, g3) With o <iezq1 <iezG2<iezq3 and type Agy 4, < Ag, .0 < Agsy g have colour
1, then any set {g; | i < 5} with qo<iezq1 <iez@2<iezq3<iezGa and Ay 51 < Dy gs < Dgags < Dgags
is homogeneous in colour 1, contrary to our assumption. So the tuples of this type have colour
0. For the same reason, the tuples (qo,q1,¢2,93) With go<iezq1 <iezG2<iezqs and type Ay, 4, <
Agy.qr < Ag g, have colour 0.

Let z(n) =0 if n is even and z(n) =1 if n is odd. We consider the sets

X ={xze“2|Vi<j[(z(i) <z()=z({)=0)A (i) > 2(i) = z(j) =0)]}
Vi={ye“2[[{n|y(n) #y(0)} <1}
s with order types w 4+ 1 4+ w* and 1 + w* + w + 1, respectively. Consider the following types of
triples (qo, q1,q2) With qo<iezq1<iexGo-
(1) (a) Ath,qz < qu,qa < Aqo,tn
(b) Ath,qz < Aqoﬂh < AQQJJS
(2) (a) Alm#h < AQ27(I3 < Afh,qrz
(b) Aqm% < Aqo#h < Ath#lz

There is no triple in [X]? with a type in and no triple in [Y]? with a type inThis implies
that some type in[(1)] and some type in[(2)|has colour 1. If the types[(1)}[a)] and [(2){(a)| have colour
1, then any set {¢; | i < 5} with the type Ay, 4o < Agsqn < Dgorgs < Ago,q s homogeneous in
colour 1. All other cases are symmetric, and in each case we obtain a homogeneous set of size 5
in colour 1. (]

The Theorem above is not provable in ZFC by Theorem or Theorem [1.9] The following is
analogous to Lemma for Lebesgue measurable colourings.

Lemma 2.8. Suppose that the Aziom of Dependent Choices DC holds. Suppose that f: [“2]™ — “2
is a colouring such that f | A is Lebesgue measurable for all closed sets A C [“2]™. Then there is
a perfect set C C “2 such that f | [C]™ is continuous.

Proof. We construct a family (7s)seon, new of perfect subtrees of <“2 by induction on n such that
(1) T, C T, if s Cu,
(2) Ts,T, have the same it" splitting levels for all i < n if s C v and s € 2", and
(3) If s0,...,8m—1 € w" and s; # s; for all i < j < m, then there is some u € 2" such that
fHTSO] Koo X [Tsmq]] C Ny.
If A C (“2)" has positive measure, then there are perfect sets Cy,...,Cp_1 with [[,C; € A
by [967Myl Theorem 1]. This is used in the successor step as follows. We enumerate the tuples
(80y---s8m—1) With sg,...,$m—1 € w™ such that each s; is on the nth splitting level of some tree
T, for s € 2" and s; # s; for all i < j < m in step n. We shrink the trees T above s; for each
i to perfect subtrees, successively for each tuple, and thus preserve the k** splitting levels for all
k < n. Let T denote the tree of nodes s such that s € T,, for some n and some u € 2", and s is
below the n'" splitting level of T,,. Let C = [T]. Then f is continuous on the set of m-tuples of
distinct elements of C, and thus on [C]™, by the construction. O

Theorem 2.9. Suppose that the Aziom of Dependent Choices DC holds and that all sets of reals
are Lebesque measurable. Then the conclusions of Theorem [2.3, Theorem [2.4), and Theorem [2.7]
hold.

Proof. The proofs are identical to those for Baire measurable colourings, using Lemma [2.8| instead
of Lemma 2.2 O
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2.2. Partition relations for ("2, <;.). We now consider the analogous questions for ("2, <jc.).

Lemma 2.10. Suppose that k is reqular and V' is a model of ZFC.
(1) Suppose that G is Add(k,1)-generic over V.. Then in V|G|, for every function f: [°2]™ —
"2 definable from ordinals, there is a perfect set C such that f | [C]™ is continuous.
(2) Suppose that H is Add(k, \)-generic over V and A > x%. Then in V[H], for every function
f:["2]" — #2 definable from ordinals and subsets of k, there is a perfect set C such that
fT[CT™ is continuous.

Proof. For the first claim, note that there is a perfect set C of Add(k,1)-generics in V[G] such
that the quotient forcing in V[G] of each n-tuple & = (xo,...,2p—1) of distinct elements of
C is equivalent to Add(k,1) by [014Sc]. Suppose that ¢(Z,,t) holds in V[G] if and only if
f(@) | a = t, where ¢ is a formula with an ordinal parameter, which we omit. Then V|G| F

(T, 0,t) & LIFyL | 6(F, 1) for all 7 € [C]". Therefore f(z) € V[z] for all & € [C]".

Let ¥(&, a,t) denote the formula 1 ”_Xc[ii](m 1 o(Z,a,t). Let o denote an Add(k,1)™-name for

the n-tuple of Add(k,1)-generic reals, so that o = & for all Z € [C]".
Claim 2.11. f [ [C]™ is continuous.

Proof. It Z € [C]™ and « < &, then there is a condition p € Add(x,1)™ with p C & and p “_de(n,l)"
Y(oya, f(Z) [ ). So f(Z) | = f(§) | aforall ¥ € C with p C g. This proves that f | [C]" is
continuous. O

The proof of the second claim is analogous. We force with Add(k,1)™ over an intermediate
model which contains the parameters and whose quotient forcing is equivalent to Add(k, ). O

Theorem 2.12. Suppose that x is reqular and V is a model of ZFC.
(1) Suppose that G is Add(k,1)-generic over V. Then in V|[G]

<H27 <lea:> — (<n2’ <lez>)%

holds for all n and for all colourings f: [*2]?> — 2 definable from ordinals.
(2) Suppose that H is Add(k,\)-generic over V and A > k™. Then in V[G]

<H27 <lea:> — (<n2’ <lez>)721
holds in HODp,) and therefore in L(P(x)) for all n.

Proof. 1t is sufficient to prove ("2, <jo;) — (("2, <e4))3. Suppose that f: [*2]? — 2 is a colouring
definable from ordinals in V[G]. There is a perfect set C' such that f | [C]? is continuous by
Lemma Since (C, <jez) is order isomorphic to (¥2, <j;), we can assume that f is continuous.
We can assume that no interval in (®2, <) is homogeneous for f in colour 0. Using this
assumption, we construct a family (¢s)se2e, a<x by induction on « such that
(1) ts Cty if s Cuand
(2) fINe_., x N ]={1} for all s € 2%,
The successor step is straightforward, since f is continuous. If v € 27 and 8 < & is a limit, let
ty = Uycy ts- Let T denote the downwards closure of the set of ¢, for s € 2<%. Then f | [T]? is
constant with value 1.
The proof of the second claim is analogous from the second claim in Lemma [2.10) O

The size of 2" is measured by the ordinal 6, in contexts without choice.
Definition 2.13. Let 0, denote the supremum of the ordinals « such that there is a surjection
f: P(k)— «.

The following result shows that the partition relation (®2, <je;) — ({(*2, <jes))2 is not linked

to the size of 6,,.

Corollary 2.14. Suppose that k is reqular and V' is a model of ZFC.

(1) There is a < k-closed forcing P such that for any P-generic filter G over V, HODZES)]

and L(P(k))VIC) satisfy
(a) kK =K<",



CHOICELESS RAMSEY THEORY OF LINEAR ORDERS 11

(b) 0, = kT, and
() ("2, <iew) — ({2, <lex>)$r
(2) For any cardinal X\, there is a < k-closed forcing Q such that for any Q-generic filter H

over 'V, HOD;([Z)] and L(P())VIC) satisfy
(a) kK =kK<H,
(b) 6, = A, and
(C) <H27 <leac> — (<K27 <lex>)72L'

Moreover HODZ([S)} and L(P(k))VIC) satisfy dependent choice DC, for sequences of length k.

Proof. For the first claim, we force GCH at x with Add(k™*,1) and then apply Theorem for
A=rt.

For the second claim, we force 6,, > A\ with the forcing P given by [012Ld, Theorem 1.5] and
again apply Theorem for A = k™. Forcing with P followed by < r-closed forcing does not
decrease 0.

The model H ODg([S)] in Theorem is closed under k-sequences in V[G] and therefore satisfies

DC,. Every element of L(P(x))"I¢ is definable in L(P(x))V!¢! from an ordinal and a subset of .
To prove DC,, in L(P(x))Y €] for a given relation, we construct a witnessing sequence in V[G] with
the ordinals in the definitions chosen as minimal. This sequence is an element of L(P(x))VI¢l. O

3. NEGATIVE PARTITION RELATIONS FOR TRIPLES
Theorem [2.3| cannot be improved to exponent 3 for asymmetric partition relations.
Theorem 3.1. (%2, <;.,)—~~>(w*,w)? for all ordinals a.

Proof. Suppose that z,y,z € *2 with <je;y<ieoz. Let f(z,y,2) = 0if A, < A, . and let
f(z,y,z) = 1 otherwise. Suppose that H is homogeneous in colour 0 with order type w* and that
(%i)icw is the decreasing enumeration of H. Let a; = Ay, 4., ;. Then (a;)ie., is decreasing. The
argument for colour 1 is symmetric. O

Theorem shows that Theoremis optimal. The relation (“2, <) — ({2, <jez))2 holds
for all n if all sets of reals have the property of Baire by Theorem [2.3] This cannot be improved
to exponent 3 in symmetric partition relations (see Theorem below).

Lemma 3.2. If a regular initial ordinal k embeds into (*2, <je;), then k < a.

Proof. Suppose that this were false. Let x be the smallest counterexample. Then « is regular and
there is an o < k such that k embeds into (*2, <;.,) via an embedding which we call +. Recall
that in (*2, <j.,), every strictly ascending sequence (r, | ¥ < ) has a supremum. This is because
the supremum can simply be defined as the function mapping an ordinal § < a to lim, < 7, (5).
These limits exist, since if there were a 5 < « on which this were not the case, then there would be
the least one having this property, thus contradicting the assumption that (r, | v < ) is strictly
ascending.

Consider the supremum s of the image of x under ¢ in (%2, <;.;). Since k is regular, it is in
particular a limit ordinal, so s is not attained, and k even embeds into X := ({t € *2 | t<jezs}, <iex)
via ¢. Note that the cofinality of (*2\ {s}, <jez) is equal to v := cof(a) < & by the following
argument. Let (€, | v < ) be cofinal in a. For v < v, we define f, : « — 2, where

£.8) = {s(ﬁ) if 8 <&,

0 otherwise.

Then (f, | v < 7) is cofinal in X and has order type 7. Let p, := otyp(t'x N f,) for all v < 7.
Then the sequence (p, | ¥ < 7)is cofinal in &, contradicting the assumption that  is regular. O

Theorem 3.3. Let k be an infinite initial ordinal and o < k%. Then (*2, <jex)—7/>(2 + k* v
w,w* v K+ 2)" for all m > 3.

Proof. Suppose that m = 3. Let h: a <> Kk be a bijection and S(z,y) := h(lt(A(z,y))) for
x,y € “2. We consider the following colouring f : [*2]* — 2. If x,y,2 € ®2 and <, Y<ies?, let

fH{z,y,2}) = 0if B(y, 2) < B(z,y).
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In the first case, suppose that X = {z, | v < & + 2} € [*2]>*"*" and that =, < z5 when-
ever B < v < k + 2. In the first subcase, suppose that S stabilises at s € <*2 from v < &k
onwards. Then Lemma [3.2] implies that [{lt(A(zy11,2,)) | v € £\ 7v}| = k. Since h is one-to-one,
HB(zvt1,20) | v € K\ v} = K, so we may choose a & € k\ v with S(zeq1,2¢) > h(1t(s)). Then
f{@wt1, xeq1, 2z¢}) = 1. Now suppose that S does not stabilise. The sequence (A(z,,zg) | v < k)
stabilises at some s. Since S does not stabilise, Lemma implies that [{lt(A(zxt1,2,)) | v <
k}| = k. Since h is one-to-one we have |{f(zx+1,2,) | v < K}| = K, so we may choose a £ < Kk
with B(xx+1,xe) > h(lt(s)). Then f({zxt1,ze,0}) = 1.

In the second case, consider a set Y = {z; | i < w} € [*2]* with z,, < z, for m < n < w.
Assume towards a contradiction that Y were homogeneous in colour 0. Then for any i < w, we have
B(wiy1, ziv2) < B(xi, xiy1), by considering the triple {z;, 741, zi12}. Then (B(xi, 1) |1 < w)
is an infinite decreasing sequence of ordinals, a contradiction.

The remaining cases in the proof for m = 3 are analogous.

The proof for m > 4 works similarly by considering the following colouring f : [*2]™ — 2. If
Z e [*2]™ and xg <jeg - < Tin—1, let f(Z) =0 if B(xo, x1) < B(Xm—2, Tm—1)- O

Unlike in other cases, assuming the Axiom of Choice, there is a linear ordering, even a well-
ordering, satisfying the partition relation in Theorem [3.3] In fact, by the Erdds-Rado-Theorem
[956ER, Theorem 39] the cardinal (2°)" is such a well-ordering and even (22m)+ — (k1)2. We do
not know whether in some model of ZFC, the partition property considered in Theorem holds
for a linear order L such that neither wy < L nor w3 < L.

The following result shows that the previous theorems solve the case of triple-colourings in the
Cantor space completely, given that all sets of reals have the property of Baire.

We will only consider partition relations such that in no disjunction there are linear orders K, L
with K < L, since in this case L can be omitted without changing the truth value of the partition
relation.

Theorem 3.4. Suppose that the principle of dependent choices DC holds true and all sets of reals
have the property of Baire. Suppose that K, and L, are suborders of (“2, <jez)) for all 4 < r and
v < A. Then the partition relation

(“2, <iea) — (\/ Koy \/ M,)?

V<K v<A
holds true if and only if one of the following cases applies.
(i) Ke <w+1and K, <1+ w* for some &, p <k,
(i) Mg <14+w* and M, <w+1 for some &, p < A,
(i) K¢, M, <w+1 for some & < K, p <A,
(iv) K¢, M, <14 w* for some & <k, p < A.

Moreover, if none of these cases applies, then the relation is inconsistent with ZF.

Proof. Note that K¢ = K, is finite if { = p in and similarly in

We first consider cases in which the partition relation fails. First assume that K, £ w + 1 for
all p < k and M, £ 1+ w* for all v < \. We claim that the partition relation in question fails.
Note that by DC, for any linear order K, K < w + 1 is equivalent to w* £ K Aw+ 2 £ K, and
symmetrically, K < 1+ w* is equivalent to w £ K A2+ w* £ K. Hence the partition relation in
question implies (“2, <jez) — (W* v w + 2,2 + w* v w)?, contradicting Theorem for k = w.
Second, assume that K, £ 1+ w* for all 4 < x and M, £ w + 1 for all v < X\. This can be dealt
with symmetrically.

The remaining cases are as follows, and in each case the partition relation holds. If there are
&, p < k such that K <w+1 and K, < 1+ w*, then the relation holds by Theorem The
argument is analogous if there are £, p < A such that My < w+ 1 and M, < 14 w* If there are
§ <rkand p <A with K¢ <w+1and M, < w+ 1, then the relation holds by Theorem An
analogous argument works if there are { < x and p < A with K¢ <1+4+w* and M, <1+w*. O

4. NEGATIVE PARTITION RELATIONS FOR QUADRUPLES

In this section, we prove several negative partition theorems for partitions of [*2]* by providing
colourings avoiding sets of certain order types in one colour and avoiding quintuples, sextuples,
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septuples, octuples or nonuples in the other. We first give an overview over the negative partition
relations.

Theorem 4.1. If « is an ordinal, then the following statements hold.
(92, <o) = (W* +w,5)*,
(%2, <iea)7+(w + w*, 5)",
(%2, <jez) 7> (W* +w v w+w*, T
Theorem 4.2. If k is an infinite initial ordinal and o < k™, then the following statements hold.
(2, <pee) 4+ (2 + K* vE+2 Vv, 5)4,
9, <per) (W Fw v K+ 24+ K v (K2)F v K2,5)%,
9, Cper) (W Fw v K+ wvwt + K%, 6)%,
s

22, <lex (WHw*v2+r*vK+26)7

(
(
(
(92, <pex) 7+ (K* + K v (K2)* v K+ 2 v w*w, 6)4,
(2, <pee) (K + KV E+2v2+K v, T),
{<a2, <ler) (W WV 2+ RV E+w 7)Y

{<a2, <tea) 7 (K + KV 2+ K v K2V ww* 6)

(92, <jez) (W +w v w* + K v e+ 2,7)4
(%2, <jea) 7> (W* +w v w +w* v (k2)* v K2,8)%,
(92, <pee) (K Fwvw +hv2+ K VE+2vww vww 8
(%2, <jez) (W +wvwtw ve+2v2+ k5914
4.1. Various lemmata. We first define some sets with respect to A as defined above.

Definition 4.3. We consider the following sets.

Ey ={7 | A(zo,71) E A(z1,72) E A(z2,73)},
Ey ={7 | A(zo,71) E A(z2,73) E A(z1,72)},
By ={% | A(z2,73) T A(zo,71) C A(w1,22)},
E3 ={7 | A(z2,23) € A(x1,22) E Azo, 1)},
E, ={Z| A(z1,72) C A(wo, 1), A(w2,73) },

Note that there is a symmetry between every pair of F; and F3_;.
Lemma 4.4. Let o be an ordinal number. Then for every set Z € [*2]“ ¥, there is some

{z0, 21, 22,23} <, € [Z]* N E4.

Proof. Let (x, | n < w) be the order-reversing enumeration of the lower half of Z and (y,, | n <
w) the order-preserving enumeration of its upper half such that A(zg,yo) is minimised. Then
{z1, 0, Yo, y1} provides what was demanded. O

Lemma 4.5. Let o be an ordinal number and h : o — |a| be an injection. Then for ev-
ery Z € [*2]“" T and both i < 2, there is some ¥ = {xq,x1, 72,23} € [Z]* N By such that
Br(w1,22) < Br(Tai, Tuaiv1), or there is a ¥ = {xg, 1,72, 23} € [Z]*NE3_3; such that By (x1,22) <
Br(w2i; T2i41) < Bn(T2—2i, T3-2:)-

Proof. Let Z € [*2)"** and s € <®2 be the lowest splitting node of elements of Z. So let
(n | n < w) be the enumeration of {x € Z | x T s7 (i)} which is order-respecting(order-reversing
for i = 0 and order-preserving for i = 1). Let y,z € Z be such that y,z 20 s7(1 —4). If there
is an n < w for which B (Znt1,2n) > Br(@n,y) then {xp41,2n,y,2} € E4 provides what was
demanded. If not then by finitude of decreasing sequences of ordinals there has to be an n < w
such that B (xpt2, Tnt1) > Bn(Tn+1, 2n). Then {x,19,Tnt1,Tn,y}t € E3_3; provides what was
demanded. ]
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Lemma 4.6. Let « be an ordinal number and h : o < |a an injection. Then for every @ € [*2]"
there is both an i < 2 and a § = {qo0,q1,92,q3}<,. € [Q]* N Eiy1 such that Br(qai, qeir1) <
Br(d2—2i, q3—2i) < Br(q1,g2)-

Proof. Consider a @Q € [*2]". Let s € <*2 be such that there are pg,79 € Q with A(pg,r09) = s
and h(1t(s)) is minimised. Now inductively in step n < w by density of @ there has to be a
t €]pn, rn[NQ. If A(pn,t) = s then p,11 := py, and 1,41 := t, otherwise A(¢,7,) = s and we define
Prt1 :=t and r, 41 := r,. At most one of the sequences p= (p, | n < w) and ¥ = (r, | n < w)
can stabilise. Suppose without loss of generality that p does not stabilise. Then there is an n < w
such that Bp(pn, Pnt1) < Br(Pn+1,Pnt2). Then {pn, pui1,Pnte, 7o} € E2 and provides what was
demanded. O

Lemma 4.7. Let a be an ordinal number and h : a — |a| an injection. then for every Q € [*2]"
there is a ¢ = {qo, 41,92, 43} <,.. € [Q)* N Ey such that Bu(q1,¢2) < min(Br(qo, 1), B (az: 43))-

Proof. Let s € <*2 be a splitting node of elements of @ such that h(lt(s)) is minimised. Obviously
for both i < 2 one has Q; := otyp({g € Q | ¢ 3 s7(i)}) = n. For both i < 2 take {a;, b;}<,, € [Q:]*.
Then {ag, by, a1, b1} provides what was demanded. O

Lemma 4.8. Let a be an ordinal number and h : a < |a|. Then for every A € [*2]*%" there is

a {ag,a1,a2,a3}<,, € [A* N (E1 U E3) such that Br(q0, 1) < Br(g2,93) < Br(q1,q2). Then also,
symmetrically, there is a {ag,a1,as,a3}<,, € [A]* N (EqU Ey) such that By(q2,93) < Bn(qo,q1) <
Br(qr,q2) for every A € [*2]5F2,

Proof. Since the first half of the lemma is a symmetric statement, only the second half is going to
be proved.

First let x := |a| and consider a B € [*2]"*2. Let (b, | v < K + 2) be the order-preserving
enumeration of B. We distinguish two cases. First assume that the sequence § := (A(b,,bx+1) |
v < k) stabilises, say at s € <*2 from ( < k onwards. Since the domain and the range of
h share their respective cardinality and by lemma there has to be a p € k\ ¢ such that
Br(bp,bpr1) > h(1t(s)) and |[{v < k| b, T A(by,bp+1)}| = . Then choose a € &\ p such that
B (be, bey1) > Br(bp,bpt1). Now {b,,be,bes1,bet1} € Eo provides what was demanded.

So assume that §does not stabilise. Then, using lemma pick a ¢ < x such that 85 (b¢, bey1) >
B (bi, bet1) and b, T A(be, bey1). After that again pick a p € £\ with B, (by, byt1) > Br(be, bey1)
and b, 3 A(by,bpy1). Then {b¢,b,, by, buy1} € Ey provide what was demanded. O

Lemma 4.9. Let « be an ordinal number and h : a — |a| an injection. Then for every
Z € [*2]" ¥ there is a {20, 21,20, 23} <, € [Z]* N Ey with B (21,2) < Bn(z0,21). Then also,
symmetrically, there is a {20,21,22,23}<,, € [Z]* N Ey with Br(21,22) < Bn(22,23) for every
Z € [e2]w s,

Proof. Since the two halves of the lemma are symmetric to one another, we are only going to prove
the second one. So let Z be as in the lemma and let s € <*2 be the minimal splitting node of
elements of Z. Since Z has no least element there are zp, 21 3 s7(0). Let (2, | v < k) be the order-
preserving enumeration of {z € Z | z 1 s7(1)}. Let ¢ < k be such that 8, (z¢, zc+1) > h(lt(s)).
Then {zg, 21, z¢, 2c+1} € E4 provides what was demanded. O

Lemma 4.10. Let « be an ordinal number and h : o < |«| an injection. Then for every Z €
[*2]%" 4% there is a {20, 21, 20, 23} <., € [Z]* N Ey such that B, (21, z2) < min(By (20, 21), Bn (22, 23)).

Proof. Let Z be as in the lemma and let s € <2 be the minimal splitting node of elements of
Z. Let (x, | v < k) be an order-reversing enumeration of elements of Z extending s~(0) and let
(yy | v < K) be an order-presering enumeration of elements of Z extending s~(1). Thenlet (,p < Kk
be such that Sy (zcq1,2¢) > h(1t(s)) and Br(Yp, Yp+1) > h(t(s)). Now {zci1,2¢,Yp, Ypr1} € Ea
provides what was demanded. O

Lemma 4.11. Let « be an ordinal number and h : o < |«a| be an injection. Then for every
X € [*2]“%" there is an ¥ = {xo, 1,72, 23}<,, € [X]* N Ey such that By(x1,12) < Bu(wo,r1).
Then also, symmetrically, there is an & = {zg,x1,T2,23}<,, € [X]|* N Ey such that By(x1,22) <
B (2, 23) for every X € [*2]“"«.
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Proof. Since the two halves of the lemma are symmetric to each other we only need to prove the
first one. So let X € [*2]““". Let so be the first splitting node of elements of X and for every
k < wlet sp41 be the first splitting node of elements of X extending s, (0). Note that for infinitely
many k < w we have otyp{z € X |z 35, (1)} > w, otherwise we would have 1 + w* < X which
is false. So let (k; | ¢ < w) be an enumeration of these k. Since there is no decreasing sequence
of ordinals there has to be an i < w such that h(lt(sk,,,)) > h(lt(sk,)). So pick an a € X with
a 3 sy, ,(0), some b € X such that b T sp;, (1) and {c,d}<,, € [X]? satisfying ¢,d 3 s (1). Now
clearly {a,b, c,d} provides what was demanded. O

Lemma 4.12. Let a be an ordinal number and h : o < || be an injection. Then for ev-
ery X € [“2]°Y there is some T = {xo, 21,72, T3}<,, € [X]* N Ey such that Bu(x1,20) <
min (B (7o, 1), Bu(we,x3)) or a & = {wo,21,72,704}<,, € [X]* N Ey such that By(z1,72) <
Bu(xa,x3) < Bn(xo,x1). Then also, symmetrically, for every X € [*2]* “there is an & =
{x0, 71,72, 23}<,, € [X]* N Ey such that Bp(x1,22) < min(B(wo, 1), Bu(wa, x3)) or a &
{x0, 71,2, T4} <,, € [X]* N B3 such that By (z1,72) < Bn(wo, 1) < Bul(wa, x3).

Proof. Since the two halves of the lemma are symmetric, it suffices only to prove the first one.
Suppose that X € [0‘2]““*. Let sg be the first splitting node of elements of X and for every k < w
let 5541 be the first splitting node of elements of X extending s, (0). Note that as in the proof of
Lemma for infinitely many k < w we have otyp{z € X |z 25, (1)} > w. So let (k; | i < w)
be an enumeration of these k. Since there is no decreasing sequence of ordinals there has to be an
i < w such that h(lt(sg,,,)) > h(lt(s,;)). If there are c,d 1 s, (1) with By (c,d) > h(lt(sy,;)) then
for a O 51:1-+1<0> and b 13 Sl:i+1<1> the quadruple {a,b,c,d} € E4 provides what was demanded. So
suppose now that for all ¢,d 3 s, we have ¢ = d or Bj,(c,d) < h(lt(sk,;)). Let {¢; | i < w) be an
ascending enumeration of elements of {z € X [z 3 s (1)}. The finitude of decreasing sequences
of ordinals implies that there has to be an n < w such that By (cn, cnt1) < Br(Cnt1, cnt2). But
then for any b 3 s, ,, the quadruple {b, ¢,,, ¢11,cni2}t € Eo provides what was demanded. [l

i+1
Lemma 4.13. Let «a be an ordinal number and h : o < |a| an injection. Then for every
A € [%2“" 5 there is a {ag,a1,a,a3}<,, € [A]* N B3 such that Br(q1,q2) < Bulqo,q1) <
Br(gz,qs), or both a {ag,a1,a2,as}<,, € [A]* N Ey such that Bu(qo, q1) < Br(ge,q3) < Br(qr,q2)
and a {ap,a1,a2,a3}<,, € [A]* N Ey such that Br(q1,q2) < Bn(qo,q1). Then also, symmetri-
cally, there is a {bg,b1,ba,b3}<,.. € [B]* N Ey such that Bn(q1,q2) < Bu(q2,q3) < Brlqo,q1)
or both a {bg,b1,b2,b3}<,. € [B]* N Ey such that Bn(q2,q3) < Bu(qo,q1) < Bn(qi,q2) and a
{bo,bl,bg,b3}<m S [3]4 N E4 such that ﬁh(ql,(&) < Bh(q2,q3).

Proof. Since both halves of the the Lemma are symmetric to each other we are only going to prove
the second one. First suppose that there is an s € <*2 such that otyp(By) > « and otyp(B1) > w
where B; := {b € B | b 1 s7(i)} for i < 2. Let (x, | v < k) be an ascending enumeration of
elements of By and (y, | n < w) an ascending enumeration of elements of B;. Then, using Lemma
[3-2) one can pick a { < k such that 8y, (z¢,zc41) > h(l6(s)) and {b € By | b 3 A(x¢,z¢41)} has
size k. After that one can choose a p € x\ ¢ such that S8 (z,, 2,41) > Br(x¢, x¢41). Then for any
Y,z € By the sets {z,,2,11,y,2} € Eq and {x¢,x,,2,41,y} € E2 provide what was demanded.
Now assume that there is no such s. The nonexistence of infinite decreasing sequences of ordinals
yields m, n < w such that A(Yrm, Ym+1)" (1) E A(Yn, Yn+1) and B (Ym, Ym+1) < Br(Yns Yns1). Now
using Lemmaone can find a ¢ < ksuch that A(ze, zc41) (1) & A(Yn, Yn+1) and Br(ze, xe41) >
Bh(Yns Yn+1). Now {Z¢, Ym, Un, Yn+1} € Eo provides what was demanded. |

Lemma 4.14. Let « be an ordinal number and h : « < |a| be an injection. Then for any

set A € [2]"2)7 ) there is some ¥ = {xo,21,29,23}<,. € [A]* N Ey such that By (1, 22) <

min(By, (zo, 1), Br(x2,x3)) or for all of the following Bp,-relations there is a {xo,x1, T2, x3}<,, €
[A]* N E3 satisfying them.:

Br(z1,22) < Br(xo, 1) < Br(z2,3)

Br(x1,72) < Br(w2,73) < Bu(wo,21),

Br(z2,3) < Br(wo, 1) < Br(w1,22)

( ) ( ) ( )

< Bu(w2,3) < Br(T1, 22

)
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FicUre 1. Colouring of the splitting types for the proof of theorem

Symmetrically for any B € [*2]"? there is an & = {xo,x1, T2, 23} € [B]*NEy4 such that By, (z1,x2) <
min(B(zo, x1) < Bn(x2,23)) or for all of the By-relations above there is a {xg,r1,%2,T3}<,, €
[B]* N Ey satisfying them.

Proof. As the two halves of the lemma are symmetric to each other, it suffices to prove the second
one. So let B € [*2]*? and suppose that for all {to,t1,t2,t3}<,. € [B]*N Ey there is an i < 2 with
Br(tai,tair1) < Br(t1,ta). Via Lemmathis implies that thereis a {b, | v < K2}, € [B]"? such
that A(be, bet1) (1) E A(by, bpt1) for every {¢, p}< € [k2]2. Now for every Sj,-relation mentioned
above it is easy to choose (,v,&, p such that {b¢,b,,be, b,} provides what was demanded. O

Lemma 4.15. Let « be an ordinal number and h : o < |a| an injection. Then for every
X € [*2]“t" there is ani € 3\ 1 and an T = {xg, x1, T2, 23} € E; such that B (z4_2i, T5_2;) <

5}1(901,%2)'

Proof. Let X € [*2]*t*" and let s € <®2 be the least splitting node of elements of X. Then with
X, ={r e X |z s (j)} we have otyp(Xy) > w or otyp(X;7) > w*. Suppose the former holds
and let (x, | n < w) be an ascending enumeration of elements in X,. There is an I € [w]*¥ such
that A(zg, xe41) 3 A(xg, k1) (1) for all {k, ¢}~ € [I]?. The finitude of decreasing sequences of
ordinals implies that there is a pair {m,n}. € [I]? with B4 (Zm,Tm+1) < Br(Tn,Tni1). Now for
any y € X; the quadruple {a,,, ., Tni1,y} provides what was demanded for i = 2. ([

4.2. Quintuples. In this section, we prove several negative partition relations with 5 on one side
of the relation. These results are used in the classification in Section .6l

Theorem 4.16. (1) (*2, <jep) 7 (W* +w,n+ 1),
(2) (2, <pex) 7~ (w+w*,n+1)".

Proof. Suppose that & = (zg, ..., Tp—1) is a tuple in [*2]"™ with 2¢<jez®1 ... <jexZn—1. For the first
claim, let f(Z) = 11if Ay, 2, T Agy 2y and Ay, o T Ay, 5y, and f(zo, 21, T2, 23) = 0 otherwise.
We claim that there is no homogeneous set for f.

Suppose that there is a homogeneous set H isomorphic to w* + w in colour 0. Suppose that
s is the largest common initial segment of all elements of H and that s has length 8. Let
H; = {x € H| z(8) = i} for i < 2. Then Hyp has order type w* and H; has order type w.
Suppose that xg,x1 € Hy with xg<jezx1 and za, ..., 2,1 € Hi with 29<je;...<jezZn_1. Then
f(&@) =1, contradicting the choice of H.

Suppose that there is a set H of size n + 1 homogeneous in colour 1. Suppose that H = {¢; |
i <n+1} with ¢;<jeq; for i <j <n+1. If Ay, 4o C Ay, 4., then {g; € H | i # n} has colour 0,
contradicting the assumption. If Ay, 4, C Ay, 44, then {¢; € H | i # 0} has colour 0, contradicting
the assumption.

For the second claim, let g(Z) = 1 if 1t(As, | 2,) < WAz ) < -+ < W6(Ag, 52, 1) OF
I6(Aggzr) < - 16(Agy, 1z s) < - <It6(Agy.20), and g(Z) = 0 otherwise. We claim that there is
no homogeneous set for g.

Suppose that there is a homogeneous set H isomorphic to w + w* in colour 0. Suppose that
s is the largest common initial segment of all elements of H and that s has length 3. Let
H; ={x € H| z(B) = i} for i < 2. Then Hy has a subset isomorphic to w or H; has a
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FicUre 2. Colouring of the splitting types for the proof of theorem

subset isomorphic to w*. We can assume that Hy has a subset isomorphic to w. Then there are
T, ... Tpog € Ho With 20<jeg...<iegZn-2 and Az, 2, E Az, 2., for all i < n — 2. Suppose
that x,_1 € Hy. Then ¢g(Z) = 1, contradicting the choice of H.

Suppose that there is a set H of size n + 1 homogeneous in colour 1. Suppose that H = {q¢; |
i <n+1} with ¢;<jesq; for ¢ < j <n+ 1. Since {g; | i # n} has colour 1, 1t(A, q,) < 1t(Ag, 45)-
Then {g; | i # 0} has colour 0, contradicting the assumption. [l

Theorem implies that Theorem [2.4(2)| does not lift to higher exponents. In the following,
we weaken the requirement of an infinite homogeneous set in colour 0 to the requirement that the
set has one of two, three, four, five and, in the case of Theorem six given order types.

Theorem 4.17. If k be an infinite initial ordinal and oo < k™, then
(“2, <jeg) (W +w v E+ 24K v (K2)" v K2, 5)4.

Proof. Suppose that there is an infinite initial ordinal x and an « < k™ such that the first partition
property holds. Suppose that h: o <+ & is bijective. Let 8, , = B(x,y) = h(1t(A,,y)) for z,y € *2.
If @« = Kk, we can choose 3,y = A;, and obtain a simplified version of the following proof. We
write & for (zg, €1, 2, 3) With 20<je;T1 <jexZ2<iexT3.

Fo = Fy :={Z | Bn(z1,22) < Bn(w2, x3) < Br(xo,21)},
Fy := F3 :={Z | Bn(x1,22) < Br(xo, 1) < Br(xe,x3)},
Fy IZ{f \ ﬁh(ﬂfl,xz) < min(,@h(xo,xl),ﬁh(xg,acg))}.

Let f(Z) = 1if  is in E; N F

for an i < 5 and f(Z) = 0 otherwise. We will prove that there is no

homogeneous set of the required type for f.

To see that there are no sets which are homogeneous for f in colour 0 of order-type w* + w, see
Lemma In order to see that there are no such sets of order-type (k2)* or k2 use Lemma

Now consider a C' € [*2]*t2+%" We distinguish three cases. First assume that there is an
s € <*2 such that k < otyp({t € C' | t 3 s7(0)}) and x* < otyp({t € C |t 3 s7(1)}). Then one
proceed essentially as in the proof of before and find an element Q in [C]* N EyN Fy. Then, again,
Q) =1.

For the second case, assume that there is no such s. Let (¢, | ¥ < £+ 1) be an ascending
enumeration of the left half of C' and let (d, | ¥ < k+ 1) be a descending enumeration of its right
half. Then, using Lemma [3.2]it is easy to choose {v,(} € [x]? such that

{clhcnadﬁadg} S U (EZ ﬂFfL)
i€3\1

Finally consider a p'= {po,...,pa}<,, € [*2]°. Assume towards a contradiction that fp]* =
{1}. There are fourteen cases to check half of which are mirror images of the other half, to
parameterise this let ¢ < 2.

‘We assume in the first case that A(p3i7p3i+1) C A(pi+1,pi+2) C A(p2—i,p3—i) C A(pg_gi,p4_3i).
Then {p; | j < 4},{p; | j > 0} € Ey and by assumption EqN[p]* C Fy so Br(p1,p2) < Br(p2,p3) <
Br(p1,p2), a contradiction.
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In the second case, we assume that A(ps;,p3iv1) & Apit1,p +i+2) T A(p3—3i,p4-3;) C
A(pa—i;p3—i). Then {p; | j < 4} € Eq; so {p; | j < 4} € Fy. Also {p; | j > 0} € Es;+1 so
{pj | j > 0} € Fait1. But then By(p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

In the third case, assume that A(p3i7p3i+1) E A(p3—3i7p4—3i) E A(pg_i,pg_i) E A(pi+17pi+2)~
Then {pj |j < 4} € Fi_; and {p] |] > 0} € F3_; so {pj I] < 4} € Fi_; and {pj |] > O} € F3_;.
This implies 81 (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

In the fourth case, assume that A(ps;, p3i+1) C A(p3—3i,Pa-3:) T A(pig1, piv2) E A(p2—i, p3—i).
Then {p; | j <4} € E; and {p,; | 1 > 0} € E;1o 50 {p; | i <4} € F; and {p; | j > 0} € F;12 and
hence By (p1,p2) < Bu(p2,p3) < Br(p1,p2), a contradiction.

In the fifth case, assume that A(p;y1,pit2) C A(psi, p3it1), A(p2—i, p3—i) and A(pz—;,p3—) C
A(ps—3i,pa—3;). Then {p; | j < 4} € Es_; and {p; | j > 0} € Ey; so {p; | j < 4} € Fy_; and
{pj | j >0 €5} € Fy;. But this means that 8 (piy1, pive) < min(Bu(psi, p3it1), Bu(p2—i,P3—i)) <
Br(p2—i,p3—i) < Br(pit1,Pite), a contradiction.

In the sixth case, assume that A(pi+1,p,’+2) C A(po,pl),A(pg,]M) and A(pg_gi,p4_3i) C
A(pg_i,pg_i). Then {pj | 7 < 4} € FE4_o; and {pj ‘ 7 > 0} € E3i+1 and hence {pj | 7 <
4} € Fy_o; and {p; | j > 0} € F3;11. So Br(Pit1,Piv2) < min(Bh(pai, p3it1)s Bu(pa—isp3—i)) <
Br(p2—iyD3—i) < Br(Pit1,Pit2), a contradiction.

In the final case, assume that A(ps;,psi+1) & A(pa—i,p3—i) and A(p2—i,p3—i) T A(pita,
pi+2)aA(p3—3i’p4—3i)- This means that {p]‘ ‘ j < 4} S E3i+1 and {pj | 7 > O} € E4_9;. So
Br(p2—i> p3—i) < min(Bp(pit1,Piv2), Bu(P3—i;Pa—i)) < Bn(pit1,piv2) < Bu(p2—i,p3—i), a contra-
diction. [l

For the following Theorem (and Theorem [4.27)) recall that n denotes the order-type of the
rational numbers, the countable dense linear order without endpoints.

Theorem 4.18. If k is an infinite initial ordinal and o < k7, then (“2, <jee) /(2 +K* vE+2 v
n,n+ 1)" for alln > 4.

Proof. We write & for (zg,...,Zn—1) With 0<jez ... <fez®n—1. Let
Fy:=Fy :={Z| fr(xn—2,Tn-1) < Br(zo,21) <+ < Br(Tn-3,Tn-2)},
Fi = Fy :={Z | Bn(z0, 1) < Brn(@n—2,Tn-1) < --- < Bn(x1,22)}.

Let
Ey ={Z| A(zp,21) C ... C A(xp—2,Tn-1)}
={7 | A(xg,71) C A(xn 2,Zn-1) E ... C A(x1,22)},
Ey ={Z| A(zp—2,2n-1) C A(zg,21) E ... C A(zp_3,Zn-2)},
={Z| A(zp—2,2n-1)E...C A(mo,xl)},

Then E; = E; for n = 4. Let f(Z) = 1if ¥ € J,_,(E:i N F;) and f(Z) = 0 otherwise.

i<4
Claim 4.19. There is no set homogeneous for f in colour 0 with order type 2 + xk* or K* + 2.

Proof. Tt is sufficient to consider the case k + 2 by symmetry. Let (b, | ¥ < k + 1) be the
order-preserving enumeration of a subset of “2 of order type x + 2. We distinguish two cases.

First assume that the sequence §:= (A(b,,be41) | ¥ < k) stabilises, say at s € <*2 from ¢ < k
onwards. By Lemma[3.2} there is some pg € x\ ¢ with 81, (bp,, bpo+1) > h(lt(s)) and {v <k |b, 3
A(bpo,bp0+1)}\ = k. Similarly, we can find py, .. s Pr2 with A(by,,b,,) T ... C A(bp, 4, bp, )
and S (bp,bp,) T ... C Br(bp,_5:0p, ). Now b= = {bygs---bp, »,but1} € E2 N F» and hence
fb)=1,a contradiction.

Second, assume that § does not stabilise. By Lemma there is some (3 < & such that
Br(beysbegt1) > Br(be,bey1) and by I A(bey, beg1). Similarly, we can find (i, ...,{,—3 with
A(bco,bcl) E E A(bcn747bgn73) and Bh(bCoﬂbQ) E E ﬁh(anfuanfs)' Now we have b :=
{beys - b, arbrsbrg1} € Eo N Fy and hence f(b) = 1, a contradiction. O

Claim 4.20. There is no set of order-type n homogeneous for f in colour 0.
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Proof. This is analogous to the proof of Lemma [4.6 O
Claim 4.21. There is no set {qo,---,qn-1} in [®2]" T with qo<iex- - - <iexGn homogeneous in
colour 1.

Proof. We first consider the case n = 4. Suppose that {po,...,pn_1}<,. € [*2]""! and assume

towards a contradiction that it were homogeneous for f in colour 1. Regarding the splitting
structure, one has to check eight cases, half of which are mirror images of the other half. We
consider them using a parameter i < 2.

In the first case, assume that A(ps;, p3it1) & A(Pit1,Pit2) & A(pa—i, p3—i) E A(ps—3:, Pa—3i)-
Then {p; | j < 4},{p; | j > 0} € E3;, so {p,; | j < 4},{p; | 7 > 0} € F3; and hence 8, (p1,p2) <
Br(p2,p3) < Br(p1,p2), a contradiction.

In the second case, assume that A(pgi,pgi_;,_l) E A(pi+1api+2) E A(pg_gi,p4_3i) E A(pg_i,pg_i).
So {pi | j < 4} € Ey but {p; | j > 0} € Esi;1 and hence {p; | j < 4} € Fy and
{pj | j > 0} € Fait1. But then By(p1,p2) < Bn(p2,p3) < Br(p1,p2), a contradiction.

In the third case, assume that A(ps;, p3it1) C A(p3—3i,pa—3:) T A(p2—i, p3—i) & A(Dit1,Pit2)-
Then {pj |j < 4} € Fi_; but {pj |j > 0} € F3_;. So {pj I] < 4} € Fy_; and {pj |j > 0} € F5_;
and hence By, (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

In the final case, assume that A(psi, psi+1) E A(p3—3i, Pa—3i) E A(Pit1,Pi+2) E A(pa—i, P3—i)-
So{p; | j <4} € E; and {p; | j > 0} € Esy; which implies that {p; | j < 4} € F; and
(pj | j > 0) € Foyy. So actually B (p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

Now suppose that n > 4. Again, we consider a parameter i < 2.

In the first case, assume that

A(Pn—1)is P(n-1)i+1) E A(P(n-3)i+1: Pn-3)i+2) E -+ E AP (n—1)i+(n—1)s P—(n—1)i+(n—1))-
Then {p; | j < n+1}{p; | j >0} € Es3;, so{p; | j <n+1},{p; | 7 > 0} € F. If
i = 0, then By (pn-3,Pn—2) < Brn(Pn-2:Pn-1) < Bn(Pn—3,Pn—2), a contradiction. If i« = 1, then
Bn(p1,p2) < Br(p2,p3) < Br(p1,p2), a contradiction.

In the second case, assume that
A(p—(n—l)i-i-(n—l)ap—(n—l)i+(n—l)) C A(p(n—l)iap(n—l)i-i-l) e A(p—(n—B)i+(n—2)7p—(n—3)i+(n—2))'
Then {p; | j <n+1} € Ey_;and {p; | j >0} € E3;, 50 {pj | j <n+1} € F_; and {p; | j >
0} € Fs;. If i = 0, then Br(pn—3,Pn—3) < Bru(Pn-3,Pn—2) < Brn(Pn—a,Pn—3), a contradiction. If

i =1, then By (p1,p2) < Bu(p2,p3) < Br(p1,p2), a contradiction.
These are the only possible cases, since {g; | i < n + 1} and {g; | i > 0} are elements of

Ui Ei- O
This completes the proof of Theorem 4.1 (]
4.3. Choice, after all. The following result shows that Theorem fails in ZFC.

Theorem 4.22. Suppose that the Aziom of Choice holds. Then (“2, <jez)—7/~(w*+w v 2+ w* v
w+2,5)* for all @ < wy.

Proof. Let a < wq, let g : *2 < ~ be one-to-one for a suitable ordinal number v and let h : o — w
be one-to-one too, defining the function f: ®2 x *2 — w by (r,s) — h(lt(A(r,s))). For any
7= 1{490,q1,92, 33} <,.. € [*2]* let f(§) = 1 if and only if
(1) Vi < 2(A(g1,92) E A(g2i, g2i+1) A Blar, q2) < B(qais q2iv1) A 9(giv1) < g(gai)) or
(2) 3 <2(A(q2i,q2ir1) E Ag2—2i, 93-2:) & Alqr, g2)A

B(q2i, q2i+1) < B(q2—2i> @3—2i) < Bq1,q2) N 9(g3-3:) < 9(qa—i) < 9(git1)) or
(3) Fi < 2(A(q2i; q2it1) E Alq1, q2) E Alga—24, g3—2i)A

B(g2—2is q3—2i) < B(g2i, q2i+1) < Ba1,92) N 9(g2i) < 9(q2i+1))-

Note that the colouring f is defined in a symmetric way. In the first case the index i is just a
shorthand to define a situation where each of the two following cases each defines a pair of two
situations which are symmetric to each other.

So let Z € [*2]* "+, We have to find a ¢ = {qo,q1,¢2,q3}<,, € [Z]* for which f(q) = 1.

To this end, let (zflo) | n < w) the order-reversing enumeration of the lower half of Z and let
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(z,gl) | n < w) be the order-preserving enumeration of its upper half. Suppose without loss of
generality that for both i < 2 the sequence (g(zn 2 )| n<w)is ascending Note that there has

to be an k < w such that for all m € w \ k and both ¢ < 2 one has A(zm ,zﬁ)) C A(zm , m)+1)
Furthermore, observe that there is an m € w \ k such that for all n € w \ m and both i < 2 one

has B(q1,q2) < B(q2i; q2it1). Let ¢:= {27(311,21(3)727(5)7 7(13&} Then, by (1] . ), f(¢) =1.

Now let A € [*2]**%" and let {a, | ¥ < w + 2) be its order-reversing enumeration. We
distinguisgh two cases. First assume that the sequence §:= (A(an, ay+1) | n < w) is stabilising,
say at s € <*2 from k < w onwards. Because there is no infinite decreasing sequence of ordinals
there is an Ay € [A\ {au41}]*" such that g(c) < g(b) for any {b,c} € [Ag]?. Then there is an
Ay € [Ap]*” such that A(b, c) 3 A(c,d)™(0) for any {b,c,d} - € [A;]>. One can find an A € [A;]%"
such that 8(b,c) > h(lt(s)) for all {b,c}. € [As]?. Finally there is a {b,c,d}~ € [A2]® such that
B(e,d) < B(b,c). Then for ¢ := {ay+1,b,¢,d} we have f(§) =1 by for ¢ = 0. Now assume
that 5 does not stabilise. Then there is is an Ay € [A\ {aw;1}]*" such that A(b,c) 3 A(e,d)™(0)
for all {b,c,d}~ € [Ag]®. There is an A; € [Ag]*" such that g(c) < g(b) for every {b,c} € [41]>.
Since B(aw+1,ay) is finite there is an {b,c}~ € [A1]? such that B(b,c) > B(ay+1,a.). Then for
q:={aw+1,au,b,c} we have f(§) =1 by for i = 1.

Because f is defined in a symmetric way we do not have to deal with sets of order-type w + 2
separately.

Let {po,p1,D2,P3,Pa}<,, € [*2]°. We distinguish seven pairs of cases, let j < 2.

First assume that A(psj,psj+1) & A(pj41,pi42) © A(p2—j, p3—j) T Alps—sj, pa—3;). Applying
to both {py [ & < 4} and {py [ k € 5\1} one gets B(p2—j,p3—j) < B(pj+1,pj+2) < B(P2—j:P3—3),
a contradiction.

Second suppose that A(paj,psj+1) & A(pjr1,pj42) E Aps—3j,pa-3;5) & A(pa—j,p3—j). Ap-
plying with ¢ := j to {px | k € 5\ {4i}} and with ¢ :== j to {px | kK € 5\ {2}} one gets
B(P3—3i,pa—3i) < B(p1,p3) = B(pi+1,pi+2) < B(p3-3i,Pa-3i), a contradiction.

Third assume that A(ps;, psjr1) E A(ps—35,pa—35) C APjt1,pj42) E A(p2—j,p3—5). Applying
(B) with ¢ := j to {px | k¥ # 4 — 45} and with ¢ := j to {px | k¥ # 2j + 1} one gets
B(p2—j,p3—j) < B(psj. p3j+1) = B(p2j,p2j+2) < B(p2—j,p3—;), a contradiction.

Fourth suppose A(psj,psj1) & A(ps_3j,p4-35) E A(pa—j,p3—;) C A(pjt1,pj42). Applying
with i :=1—j to {px | k # 45} and (@) with i := j to {py | k # 3 — 25} yields B(pj+1,pj+2) <
B(p3-3j,pa—35) = B(p2—2j,Pa—2;) < B(Pj+1,Pj+2), a contradiction.

Fifth assume that A(psj,psj+1) E A(pe—j,p3—j) E A(p1—j,p2—j), A(ps—j,pa—j). Applying
to {px | k # 47} and with i := j to {py | k # 2} yields B(p3—3i,pa—3:) < B(p1,p3) =
B(pa—j,p3—;) < B(P3—3i,Pa—3:), a contradiction.

Sixth assume that A(pj+1,pj+2) C A(pj,pj+1),A(pj+2,pj+3) and further A(pg_j,pg_j) C
A(ps—3j,pa—3;). Applying with ¢ := j to {pr | k¥ # 45} and to {px | k # 2} yields
B(p3—3j;pa-35) < B(Pj+1,Pj+2) = B(P1,p3) < B(P3-35,Pa—3;), a contradiction.

Last assume that A(pjt11,pj42) & A(pj,pj+1), A(p3—3j,pa—3;) and that A(pz_szj,pa_3;) C
A(p2—j;,p3—;). Applying with ¢ := j to {pr | k¥ # 45} and to {pr | K # 2} yields
g(pg_gi) < g(p4_3i) < g(p3_3i), a contradiction. O

Note that since A and (“2, <;.,) are mutually embeddable, Theorem is a strengthening of
[956ER, Theorem 28] which states that A —/~(w + 2, 5)%.

In ZFC the statement of Theorem is also provable, but Theorems and are falsified
there by Theorem For Theorem [2.7] this can also be shown using Theorem

4.4. Sextuples. In this section, we prove several negative partition relations with 6 on one side
of the relation. Most of these results are used in the classification in Section

Theorem 4.23. If x is an infinite initial ordinal and o < s, then
(%2, <jea) > (K* + K v 2+ K* v K2 v ww*, 6)4,
(%2, <jea) 7> (K* + 1 v (K2)* v K+ 2 v w*w, 6)1.

Proof. Suppose that & is as in the theorem and there is an ordinal o such that the first partition
property holds. Suppose that h: a <+ & is bijective. Let 8, , = B(z,y) = h(1t(A; ) for z,y € “2.
If @« = Kk, we can choose 8,4 = A, and obtain a simplified version of the following proof. We
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write & for (zg, 21, 2, x3) With £0<jez21 <jezZ2<iezZ3. Let

Fo :={Z | Bu(21,72) < Br(z2,23) < Brn(wo, 1)},
Fy = I3 :={7 | Bn(wo, 1) < Bu(w2,23) < Bn(z1,72)},
Fy :={7 | Bp(z1,22) < min(By(wo, 1), Bu(2,23))}

Let f(&) =1ifZisin E;NF; for ani € 5\ {2} and f(Z) = 0 otherwise. We will prove that there
is no homogeneous set of the required type for f.

To see that there is no set of order-type x* + x which is homogeneous for f in colour 0 consult
Lemma [£.10] To show the nonexistence of such sets of order-type 2+ x* consider the first half of
Lemma and for the proof that f does not admit homogeneous sets in colour 0 of order-type
k2 use the second half of Lemma Finally, to see that there is no X € [*2]““" homogeneous
for f in colour 0 consider Lemma [4.12]

We consider sets homogeneous for f in colour 1. Assume towards a contradiction that h € [*2]6
is homogencous for f in colour 1. Since [h]* C [*2]*\ B, there is a quintuple {po . .., ps}<,. € [h]?
for which one of the following six cases applies.

First assume that A(po,p1) £ A(p1,pa) C A(pa,ps) C A(ps, pa). Then {p; | j < 4}, {p; | j >
0} € Eo So Br(p1,p2) < Bu(p2,p3) < Bu(p1,p2), a contradiction.

Second assume that A(ps,ps) C Aps,ps) E Alpr,p2) C Apo,pr). Then {p; | j < 4}, {p; |
j > 0} € E3 are elements of E3 hence 8;(p1,p2) < Br(p2, p3) < Br(p1,p2), a contradiction.

Third assume that A(pg,p1) © A(p1,p2) T A(ps,pa) T A(pe,ps). Then {p; | j < 4} € Ep
and {p; | i # 1} € E; from which we get By, (p2,p3) < Br(po,p1) = Br(po,p2) < Br(p2,p3), a
contradiction.

Fourth assume that A(po,p1) T A(p3,pa) & A(p2,p3) E A(pi, p2), then {p; | 7 > 0} € E3 and
{p; | 7 <4} € E;. It follows that 55 (p1,p2) < Br(p2,p3) < Bn(p1,p2), a contradiction.

Fifth assume that A(p1,p2) E A(po, p1), A(p2, p3) and A(pa, p3) E A(ps,pa). Then {p; | j >
0} € Eo and {p; | j < 4} € Ey hence Bp(p2,p3) < Bu(p1,p2) < min(Bn(po,p1), Bu(p2,ps)) <
Br(p2, p3), a contradiction.

Finally assume that A(pe,p3) © A(p1,p2), A(ps,pa) and A(p1,p2) E A(po,p1). This means
that {p; | j < 4} € B3 and {p; | j # 2} € Ey yielding Bu(po,p1) < Bn(p2,p3) = Bn(p1,p3) <
min(B(po, p1), Br(p3,04)) < Br(po,p1), a contradiction.

Once more the second part of the theorem follows immediately by consideration of symmetry.

O

Theorem 4.24. If x is an infinite initial ordinal and o < k™, then
(92, <peg) > (W* +w v w* + KV K+ w,6)%

Proof. Suppose that « is as in the theorem and there is an ordinal o < x* such that the theorem
holds. Suppose that h: a <> & is bijective. Let 8, = B(x,y) = h(Ay ) for x,y € *2. If a = &,
we can choose 8, = A;,, and obtain a simplified version of the following proof. We write & for
(20,1, T2, x3) With 20<jep®1<iezTo<iezTs. Let

Fo ={7| Bn(w1,22) < Br(we,w3) < Bu(xo,21)},
F3 ={Z | Br(x1,x2) < Br(xo,21) < Br(z2,23)},
Fy ={Z | Br(x1,22) < max(By(zo, 1), Br(z2,23))}.

Let f(Z) = 1if ¥ € U;eq0,3.4)(Ei N E;) and f(Z) = 0 otherwise. We will prove that there is no
homogeneous set of the required type for f.

To see that there are no homogeneous sets of order-type w* + w in colour 0, consider Lemma
[45 For sets of order-type w* + k* or k + w, apply Lemma [£.13]

Finally consider a sextuple i = {h, ..., hs}<,. € [*2]°. Since we have [h]* C [*2]*\ (Ey U E,)
by the definition of f and f is symmetric it suffices to consider the following cases for i < 2:

First suppose that A(hg,hg) E A(h17h2)7A(h3,h4) and A(h2j+1,h2j+2) E A(h4j7h4j+1) for
j < 2. Then {h; | j ¢ {4j,4j + 1}} € E3; for j < 2 and {hg,h1,hs,hs} € Es. Then
ﬁh(h4j, h4j+1) < ﬂh(hg, hg) fOI"j < 2 hence max(ﬁh(ho, h1),6h(h4, h5)) < ﬁh(hg, hg) = ﬁh(hl, h4)
But {ho, h1, ha, hs} € E4, a contradiction.
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F1aUrE 3. Colouring of the splitting types for the proof of theorem [4.26

Now suppose that there is a quintuple {po,...,ps}<,, € § and suppose that A(pz;,psir1) C
A(pit1,piv2) E Alpe—i,p3—i) & A(pz—3i,pa—3i). Then {p; | j < 4},{p; | j > 0} € E3; so
Bn(p2,p3) < Br(p1,p2) < Br(p2,ps), a contradiction. 0

Theorem 4.25. If k is an infinite initial ordinal and o < k™, then

(°2, <pea) 7~ (w + w* v 2+ K" v £ +2,6)".

Proof. Suppose that « is as in the theorem and there is an ordinal o < x* such that the theorem
holds. Suppose that h: a <> « is bijective. Let 8, = B(z,y) = h(A, ) for z,y € *2. If a = &,
we can choose 8, , = A, and obtain a simplified version of the following proof.
We write & for (zq, 21, X2, T3) With 0<jez21<jexl2<iezZ3. Let
Fo ={Z| Bu(w2,73) < Bp(z0, 1) < Bu(w1,72)},
By ={% | Bu(w2,23) < Bn(z1,72)
Fy ={Z | Br(xo,71) < (w1, 22)
( ) ( )

F3 ={Z | Bn(xo,x1) < Bn(x2,23) < Br(x1,22))}.

}’
}

)

Let f(Z) =1if ¥ € U, ,(E: N F;) and f(Z) = 0 otherwise.

To see that there are no sets of order-type w 4+ w* which are homogeneous for f in colour 0
consider Lemma [£.15] In order to show that there are no such sets of order-type 2 + k* or k + 2,
see Lemma (4.8

So consider a sextuple h e [*2]6 and suppose towards a contradiction that it were homoge-
neous for f in colour 1. Then clearly [A]* C [*2]*\ E4. Let i < 2. Then for some quintuple
{po,..-,pat<., € [71]5 one of the following three cases holds.

First assume that A(psi,psi+1) & A(pit1,pi42) E A(p2—i;p3—i) & A(ps—si,pa—3:). Then
{p; | 7 <4},{p; | 7 > 0} € E3; and hence B, (p1,p2) < Brn(p2,p3) < Bn(p1,p2), a contradiction.

Second assume that A(pss, psit1) E A(p3—3i,p1-3:) E A(pa—i, p3—i) T A(piy1,Pir2). Then
{pj | j <4} € By1_; while {p; | j > 0} € E3_;. This implies 5 (p1,p2) < Bn(p2,p3) = Bu(p1,p2),
a contradiction.

Last assume that A(psi, psi+1) & A(p3—3i,pa—3i) & A(pit1,Pi+2) & A(p2—i, p3—;). Then {p; |

j < 4} € E; while {p; | j > 0} € Esy;. This implies S (p1,p2) < Bu(p2,p3) = Bu(p1,p2), a
contradiction. O

4.5. Septuples. In this section, we prove several negative partition relations with 7 on one side
of the relation. Most of these results are used in the classification in Section (.6l

Theorem 4.26. If a is an ordinal, then (°2, <jep)—/~(W* + w v w + w*, 7)%.

Proof. Suppose that (xg,21,22,73) is a tuple in [*2]* with 20<jee?1<iex¥3<iext4. We define
h(xzo, 21,2, 23) = 1if f(xo, 21,22, 23) = 1 or g(20, 21, T2, x3) = 1, where f and g are the colourings
in the proof of Theorem and h(zg,x1,z2,23) = 0 otherwise. It was shown in the proof of
Theorem [L.16] that there are no sets with order type w+w* or w* + w homogeneous for h in colour
0.
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Suppose that H € [*2]” is homogeneous for A in colour 1. Suppose that H = {z; | i < 7} and
Ti<jee; for i < j < 7. Choose i < 5 such that Ay, ..., is least in {Ag; ., ,, | j < 5}. We can
assume that n < 2. If Ay, o0 < Ay, 0 < Agy gy, then A({z; | 3 < j < 6}) = 0, contradicting
the choice of H. Otherwise, there is some j with 3 < j <5 and Ay, ., < A4, Ay ,. Then
h({zi,z;, 241, 2j42}) = 0, contradicting the choice of H. O

A variation of this theorem is the following.

Theorem 4.27. If k is an initial ordinal number and o < k™, then
(2, <peg) > (K* + kv E+2v2+ K vy 7))

Proof. Suppose that there is an ordinal « such that the first partition property holds. Suppose
that h: o <> £ is bijective. Let 8, = B(z,y) = h(A,,y) for z,y € “2. If a = k, we can choose
Ba,y = Agy and obtain a simplified version of the following proof.

We write & for (20, x1, T2, x3) With 20<iez1<jezTo<iezL3. Let

Fo := Fy :={7 | Bn(x2,73) < Br(z0,21) < Bu(w1,72)},
By = Fy o ={Z | Bu(wo,21) < Bn(x2,3) < Bn(w1,72)},
Fy ={Z | Br(x1,22) < min(Bh(xo, x1), Br(z2, x3))}.

Let f(Z) = 1if & € U;,(E; N F;) and f(Z) = 0 otherwise. We will prove that there is no
homogeneous set of the required type for f.

We can use Lemma [£.10] to show that there are no sets of order-type x* + x which are homoge-
neous for f in colour 0, Lemma[£.8] to see that there are no such sets of order-type 2 + £* or  + 2
and Lemma [£.6] or Lemma [4.7] to see that there are no such sets of order-type 7.

Finally consider some S € [*2]7. Let (s; | i < 7) be the order-preserving enumeration of S. Note
that [S]*N(EoUE;) 2 0. Without loss of generality suppose that [S]*NEy 2 (. Assume towards a
contradiction that fS]* = 1. Now notice that this implies that for no [S]®> with order-preserving
enumeration (g; | ¢ < 6) we have A(qi,¢iv1) T A(Git1, qiy2) for all i < 3 or A(git1,¢it2) C
A(gi, gi+1) for all 7 < 3 since this would imply B(q1,q2) < B(q2,43) < B(g0,q1) < B(q1,¢2) in
the first case and S(q1,q2) < B(qo,q1) < B(qe,q3) < B(q1,42) in the second. But then there is a
Q € [S]® with order-preserving enumeration (g; | i < 5) such that one of the two cases applies.

In the first case, A(go,q1) C A(gs,q3) T A(q1,92), A(gs, q4), in this case consider the fact that
To:={{q |ie€b\{1}} € Epand Ty :={¢; | i € 5\1} € E4. So Ty € Fy and T} € Fy) so
B(g3,q4) < B(qo,q2) < B(q2,93) < min(B(q1,q2), 5(g3,q4)) < B(g3,94), a contradiction.

In the second case, A(q1,¢2) C A(qo,q1), A(g2,g3) and A(ge, q3) C A(gs,qs). Let Tp := {q; |
i €5\1} € Egand Ty := {¢q; | 5\ {1}} € E4. Then Ty € Fy and Ty € Fy, hence 5(g3,q1) <
B(q1,a2) < B(g2,q3) < min(B(qo, g2), 843, q4)) < B(g3,q4). O

Theorem 4.28. If k is an initial ordinal and oo < k™, then

(%2, <jea) > (W +w v 2+ K v E+w T4

(92, <pee) (W +wvw' + kv E+2,7)4
Proof. Suppose that there is an ordinal « such that the first partition property holds. Suppose
that h: o ¢ & is bijective. Let 8, = S(z,y) = h(Ay,y) for x,y € “2. If a = K, we can choose

Be,y = Ay and obtain a simplified version of the following proof.
We write @ for (29, z1, T2, x3) With 20<iez1<iezT2<iesT3. Let

Fo :={Z | Bu(w1,22) < Bn(z2,73) < Bn(wo,71)},
Fy = F3 :={Z | Bn(x0,21) < Br(z2,23) < Br(x1,x2)},
Fy ={Z | Bn(x1,22) < max(By(zo, 1), Br(r2,23))}.

Let f(Z) = 1if & € U5 () (B N Fi) and f(Z) = 0 otherwise. We will prove that there is no
homogeneous set of the required type for f.

One can use Lemma [£.5 with ¢ = 1 to show that there are no sets of order-type w* 4+ w which
are homogeneous for f in colour 0, the first half of Lemma to see that there are no such sets
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of order-type 2 + «* and the second half of Lemma to see that there are no such sets of
order-type kK + w.

Finally consider some 5 € [*2]7 and assume towards a contradiction that it were homogeneous
for f in colour 1. Note that § € [*2]* \ E,. We distinguish some cases:

First suppose that there is a {ho,...,hs}<,. € [5]° such that A(ha,h3) C A(hy, ha), A(hs, hs)
and A(h2i+1,h2i+2) C A(h4i,h4i+1) for i < 2. Then {ho,hl,hz,h3} € FEs, {h27h3,h4,h5} S
FEy and {ho,hl,h4,h5} € FE4. Together this implies /Bh(hla h4) < max(ﬁh(ho,hl),ﬁh(h4,h5)) <
Br(ha, h3) = Br(h1, ha), a contradiction.

Now consider some {po,...,ps}<,. € [5]°.

Second suppose that A(po,p1) E A(p1,p2) C A(ps, pa) C A(p2,p3). Then {po,p1,p2,p3} € Eo
while {po,p2, p3,pa} € E1 50 Br(po, p1) < Br(p2,p3) < Br(po,p1), a contradiction.

Third suppose that A(po,p1) T A(ps,ps) E A(p2,p3) T A(p1,p2). Then {po,p1,p2,p3} € Er

while {p1,p2,p3,pa} € E3 50 Br(p1,p2) < Bu(p2,p3) < Bu(p1,p2), a contradiction.
The two remaining cases are very similar to each other so we can shorten the discussion by

using a parameter i < 2.

So suppose that A(psi,psi+1) & A(pit1,piv2) E A(p2—i;p3—i) T A(ps—3i;pa—3:). Then
{po, p1,p2,p3}, {1, P2, P3, P4} € E3i 50 Br(p1,p2) < Br(p2,p3) < Bu(p1,p2), a contradiction.

The second half of the theorem can be proved in an analogous way. (]

4.6. The classification. We will determine which partition relations of the forms
(“2, <jez) — (K, L)"
<w2, <lem> — (\/ K,, \/ Lu)4
v<A v<p

for linear orders K, L, K,, L, are consistent with ZF + DC. We have the following positive
relations by Theorems and

(“2, <pe) — (w+1)3,

(“2, <jeg) — 1+ W +w+1vw+1+w*5)

(“2,<pez) — 1+ " +w+1vm+w” vw+n76)4.
We have the following negative relations by Theorem

(“2, <peg) A2 (W +w v K+ 24 1" v (K2)* v K2,5),
(“2, <peg) > (2 + K* v +2vn,5)4

(%2, <pea) > (K* + K v 2+ K v K2 v ww*, 6)4,
(%2, <jer) 7> (K* + kv (K2)* v K+ 2 v wrw, 6)3,

(“2, <jea) = (K* + kv R+2v2+K v, T)%

Theorem 4.29. Suppose that the principle of dependent choices DC holds true and all sets of
reals have the property of Baire. Suppose that K and L are suborders of (“2,<ie;) and n > 4.
Then the partition relation

(“2, <iex) — (K, M)"

holds true if and only if K, M < w+1 or K, M <1+ w*. Otherwise the relation is inconsistent
with ZF.

Proof. Suppose that K L w+1and L £ 1 +w*. Thenw+2 < K or w* < K and 1 +w* < M or
w < M, using DC. Then the partition relation fails by Theorem[3.3] If K £ 1+ w* and L € w+1,
again the partition relation fails by Theorem

If K <w+1and L <w+ 1, then the relation holds by Theorem Similarly, if K <14 w*
and L <1+ w*, then the relation holds by Theorem

In the other cases K < w+1 and K < 1+w*, so that K is finite, or in the remaining symmetric
case that M is finite, which we omit. Suppose that |K| =n+ 1. We can assume that none of the
previous cases applies, so w +2 < M, 24+ w* < M, or w* +w < M. If w* +w < M, then the
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relation fails by Theorem Ifw+2< M or2+w* <M, then the relation fails by Theorem
4. 18 U

The following result shows that the previous theorems solve the case of quadruple-colourings in
the Cantor space completely, given that all sets of reals have the property of Baire. We will only
consider partition relations such that in no disjunction there are linear orders K, L with K < L,
since in this case L can be omitted without changing the truth value of the partition relation.

Theorem 4.30. Suppose that the principle of dependent choices DC holds true and all sets of
reals have the property of Baire. Suppose that K,, and L, are suborders of (“2, <jeg) for all p < K
and v < A. Then the partition relation

<w2, <lez> — ( \/ Kﬂ’ \/ Mu)4

n<K v<A
holds true if and only if one of the following cases applies.
(i) Ke, M, <w+1 for some & < k, p <A,
(i) K¢, M, <14 w* for some £ <k, p < A.
(iil) k=1, Ko <6, A =3, and for some i,j,k < 3 and some m,n

M <l+w'+w+1, M <w+m, M <n+w".
(iv) A=1, My <6, k=3, and for some i,j,k < 3 and some m,n
K <l+w'+w+1l, K;<w+m, K <n+w".
(v) k=1, Koy <5, A =2, and for some i,j < 2
M <l+w'+w+1l, M <w+14+w"
(vi) A=1, My <5, k =2, and for some i,j < 2
K, <l+w'4w+l, Kj<w+1+w"
Moreover, if none of these cases applies, then the relation is inconsistent with ZF.

Proof. Suppose that K, £ w+1and M, £ 1+ w* for all p < x and v < A. Thenw +2 < K, or
w* < K, forall u <r,and 2+w* <M, or w<M, for all v < A, using DC. Then the partition
relation fails by Theorem

FK,Z1l+w" and M, £ w+1 for all u < x and v < A, again the partition relation fails by
Theorem

If K, <w+1 for some p < x and M, < w+ 1 for some v < A, then the relation holds by
Theorem Similarly, if K, <1+ w* for some p < k and M, < 1+ w* for some v < A, then
the relation holds by Theorem These are the first two cases in the classification.

It follows that K,, <w +1 and K, <1+ w* for some p, v < K, or the symmetric case for M,,,
M, and p,v < A, which we omit. We can assume that none of the previous cases applies.

We first suppose that u # v, or that © = v and K, > 7. Let us consider the linear orders
on the right side of the relation. Since none of the previous cases applies, the linear orders are
neither embeddable into 1 4+ w™ nor into w 4+ 1. Hence for each v < A\, w+2 < M,,, 2+ w* < M,
or w* +w < M,. Then the relation fails by Theorem

Second, we suppose that kK = 1 and Ky = 6. Again, we consider the linear orders on the right.
If every linear order contains w + 2 or 2 + w*, then the relation fails by Theorem [£.2] If every
linear order contains w* + w or w + 2, then the relation fails by Theorem If every linear order
contains w* +w or 24 w*, then the relation fails by Theorem [£.2] Any linear order which contains
w* 4+ w, but neither 2 + w* nor w + 2, is contained in 1 + w* + w + 1. Hence the linear orders on
the right side of the relation are contained in 1 + w* +w + 1, w + m, and n + w* for some m,n.
Then the partition relation holds by Theorem [2.6] This is the third case in the classification. The
fourth case is symmetric and occurs when we exchange the left and right sides of the relation.

Finally, we consider the case k = 0 and Ky = 5. If every linear order contains w + 2 or 2 + w*,
then the relation fails by Theorem If every linear order contains w* + w, w + 2 + w*, w2, or
(w2)*, then the relation fails by Theorem 4.2

Otherwise, there are p1, v < X such that M, contains neither w* 4+ w, w4+ 2 +w*, w2, nor (w2)*,
and M, contains neither 2 + w* nor w + 2. Then M,, is embeddable into w + 1 + w™.
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First, suppose that M, contains w* + w. Then M, is contained in 1 +w* +w+ 1. If u # v, the
relation holds by Theorem This is the fifth case in the classification. The sixth case occurs
symmetrically when the left and right sides in the relation are exchanged. If y = v, then M,
embeds into w + 1 or 1 + w*, so the relation holds by Theorem [2:4] This is one of the first two
cases of the classification.

Second, suppose that M, does not contain w* + w. Then M, is contained in w + n + w* for
some n, and therefore M, embeds into w+1 or 1+w*, so the relation holds by Theorem [2:4] This
is one of the first two cases of the classification. O

4.7. Octuples. In the remaining sections, we prove three negative partition relations for octuples
and nonuples. These relations follow from Theorem for k = w, but are new for £ > w.

Theorem 4.31. if k is an initial ordinal and o < kT, then
(%2, <jez) 7= (W* +w v w +w* v (k2)F v K2,8)%

Proof. Suppose that there is an ordinal « such that the first partition property holds. Suppose
that h: a < k is bijective. Let 8, = B(z,y) = h(Ay,y) for z,y € “2. If a = k, we can choose
Ba,y = Ag,y and obtain a simplified version of the following proof.

We write @ for (2o, z1, T2, x3) With 20<iez1<jezT2<iezL3. Let

Fo :={Z | Bu(x1,22) < Br(w2,23) < Bn(wo, 1)},

Fy :={Z | Bu(x2,23) < Bn(z1,22)},

Fy :={Z | Bn(xo, 1) < Bn(21,22)},

Fy i={& | B (w1, 22) < Bu(wo, 1) < Bu(wa, 3)},

Fy :={Z| Bn(21,x2) < min(Br (o, 1), B (w2, x3))}.

Let f(Z) = 1if & € U5 (23 (B N F;) and f(Z) = 0 otherwise.

We will prove that there is no homogeneous set of the required type for f. One can use Lemma
[45] to show that there are no sets of order-type w* 4+ w which are homogeneous for f in colour 0,
Lemma to see that there are no such sets of order-type (k2)* or k2 and Lemma to see
that there are no such sets of order-type w + w*.

Finally consider some & € [*2]® and assume towards a contradiction that it were homogeneous
for f in colour 1. There is an i < 2 and a quintuple {po,...,ps}<,, € [6]° for which one of the
following three cases obtains:

First suppose that A(psi,psit1) & APiy1,piv2) & A(pa—i,p3—i) & A(ps—3i;pa—3i). Then
{pj | j<4},{p; | j >0} € E3; so Br(p1,p2) < Br(p2,p3) < Pn(p1,p2), a contradiction.

Second suppose that A(psi,p3i+1) & A(p3—3i,p4-3i) E A(p2—i;p3—i) & A(piy1,piv2). Then
{pj | j # i+ 1} € Ejpy while {p; | j # 4i} € E3_3; 50 Bn(p2—i;p3—i) < Bn(ps—si,pa—3i) <
Br(pa—i, p3—i), a contradiction.

Last suppose that A(pii1,pit2) & A(psispsit1), A(p2—i, p3—i) and further A(pz—i,p3—i) &
A(ps—3i,pa—3i). Then {p; | j < 4} € Es_y and {p; | j > 0} € Ey so Br(pit1,pit2) <
min(Br (psi, P3i+1)s Br(P2—is P3—i)) < Br(p2—isp3—i) < Br(Pit1,Pit2), a contradiction. O

Theorem 4.32. If x is an infinite initial ordinal and o < s, then
("2, <jeg) (K  +wvw + kv 24K vE+2vww' vww,s)t
Proof. Let a be any ordinal.
Fo = Fy i ={Z | Bn(w2, v3) < Bu(zo,21) < B(w1,72)},
Fy = Fy :={7 | Bn(z0,21) < Bulw2,73) < Bp(z1,72)},
Fy :={Z| Bn(x1,22) < max(Bh(zo, 1), Bn(w2,23))}.

For # € [*2]* let f(¥) =1 if Fisin E; N F; for an i < 5 and f(Z) = 0 otherwise. We will prove
that there is no homogeneous set of the required type for f.
In order to see that there is no homogeneous set of the required type in colour 1, consider the

Lemmata [4.94.8 and [4.11]
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Now consider an octuple O € [*2]® with order-preserving enumeration (o; | i < 8). Note
that O has has to contain one of the following splitting types of quintuples or sextuples. So let
{p07 s 7p4}<lea, € [0]5 and {hOa B h5}<lez‘ € [0]6

First suppose that A(hg,h3) T A(hy,ha), A(hs, hs) and A(hoiy1, h2iv2) © A(hai, haiy1) for
i < 2. Then {h; | i < 4} € E3 and {s; | ¢ € 6\ 2} € Ey. This implies Sy (ho, h1) < Bn(he, hs3)
and (54, hs) < Bu(he, hs) so min(By(ho, hi), Bu(ha, hs)) < Bn(ha, hs) = Br(hi,hs). But {h; |
i €6\ {1,4}} € E4, a contradiction.

The remaining cases come in two flavours, one for each i < 2.

Second suppose that A(psi,p3i+1) & A(pit1,piv2) E A(p2—i;p3—i) E A(p3—3i;pa—3:). Then
{pili <4}, {pi|i> 0} € Ez; 50 Bu(p2—isps—i) < Br(pit1,Pi+2) < Bn(p2—i, p3—i), a contradiction.

Third assume A(ps;,psiv1) E A(Piv1,Pive) E A(p3—3i,pa-3:) T A(pa—i,p3—s). Then {p; |
i < 4} € Ez; and {p; | i > 0} € Eiy1 50 Bu(p2—i;p3—i) < Bu(piy1,Pive) < Bn(pa—i,p3—i), a
contradiction.

Fourth suppose that A(psi,psitv1) E A(psi;pait1) & A(pe—i,p3—i) & A(pit1,piy2). Then
{pi|i<4} € Eixq and {p; | i > 0} € E5_3; 80 Bn(Pit1,Pit2) < Br(p2—i,p3—i) < Br(Dit1,Pit2), &
contradiction.

Finally assume A(psi, p3it1) & A(ps—3i,p4-3:) T A(piy1,Piv2) T A(p2—i,p3—i). Then {p; |
i <4} € Bz and {p; | i > 0} € Ey; s0 Bn(p2—isp3—i) < Br(pit1,piv2) < Bn(p2—i;p3—i), a
contradiction. 0

4.8. Nonuples. In the final section of this chapter, we prove negative partition relations for
nonuples. These relations follow from Theorem for kK = w, but are new for Kk > w.

Theorem 4.33. If k is an infinite initial ordinal and o < k™, then
(%2, <jez) (W +wvwtw' vE+2v2+ K5 9)N

Proof. Suppose that & is as in the theorem and there is an ordinal o < k™ such that the Theorem
holds. Suppose that h: a <> & is bijective. Let 8, = B(x,y) = h(A; ) for z,y € *2. If a = &,
we can choose 3, , = A, and obtain a simplified version of the following proof.

We write & for (zq, 21, 2, £3) With £0<je;21 <jexl2<iezZ3. Let

Fo = Fy :={Z | Bn(x2,23) < Bn(wo, 1) < Bu(x1,22)},
Fy = F3 :={Z | Bn(z0,21) < Br(x2,23) < Bp(x1,22)}.

Let f(¥) =1if ¥ € B4, U;,(E; N F;) and f(Z) = 0 otherwise. We will prove that there is no
homogeneous set of the required type for f.

By Lemmata [£.4] and there are no homogeneous sets of the order types w* + w, 2+ k*, and
K+ 2 in colour 0.

Now suppose that there is a Y € [*2]“T%" and assume towards a contradiction that it were
homogeneous for f in colour 0. We distinguish three cases. First assume that there is an s € <2
such that min([{y € Y | vy 2 s7~(0)},{ly € Y | y T s7(1)}|) > 1. Choose y2;,Y2i+1 I $7(i)
for i < 2. Then {yo,y1,y2,y3} € Es4. Now assume that there is no such s. This implies that
all splitting nodes lie on a single branch. Let (nyO ) | n < w) be the ascending enumeration of

the lower half of Y and <yn1) | n < w) the descending one of the upper half. Consider the

parameters 7; := sup,, ., 5(y7(L),y7(L+1) and ¢; := limsup, ., B(y,(ll),yﬁllj_l) for i < 2. Now the

second case applies if 79 < 71 <> (1 < (p, otherwise the third case apphes Let 2 < 2 be such that

Y < Y1—i- NOW choose m < w such that A(y,% 1)7y7(,1+i)) > A(yo 73/1 ) and B(ym (1= 2),y,(n+1)) €

G- z\ﬁ(yo 73/1 ) Now choose an 1 € w \ m such that B(yn ),y&rf)) > By 7(,1 l),yfﬁﬁ)) Then

{yo 7y7(,1 l) %1 ”,y(l_i)} € E3_; N F5_;. In the third and final case let k¥ < w be such that

5(yl(€1 Z)7yl(<:1-i-11)) > ;. Then choose m < w such that B(ym ,ymﬂ) € ( \B(yk 7ka) and finally

n € w\msuch that By, y\)1) > By, yi 1), Then {y, v,y ™yt "} € BN F.

Finally assume towards a contradiction hat there were a nonuple N € [*2]° homogeneous for f
in colour 1. We consider the following four cases, specified by a parameter ¢ < 2:
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First suppose that there is some quintuple p’'= {po, ..., P1}<,. € [IN]® such that A(ps;, p3isr1) C
A(pi+1,pit2) E A(pa—i;p3—i) T A(ps—3i,pa-3:). Now {p; | j < 4},{p; | j > 0} € Ez; so
Br(p1,a2) < Br(a2,93) < Bulq1, g2), a contradiction.

Second suppose that there is such a ﬁWlth A(p3i7p3i+1) E A(pH_l,pH_Q) E A(pg_gi,p4_3i)
A(p2—i,p3—i). Then {p; | j < 4} € Ey; while {p; | j > 0} € Eit2 so Br(p1,p2) < Br(p2.p3)
Br(p1,p2), a contradiction.

Third suppose that there is such a p with A(psi, psi+1) & A(p3—3i,Pa—3i) T A(pit1,Dit2)
A(p2-i,p3—i). Then {p; | j < 4} € E; while {p; | j > 0} € Ei;2 hence B4(p1,p2) < Bu(p2,p3)
Br(q1,q2), a contradiction.

Finally suppose that there is such a P’ with A(ps;, psi+1) E A(ps—si,pa—3:) C A(p2—i, P3—i)
A(pit1,pi+2). Then {p; | j < 4} € E1_; while {p; | j > 0} € E5_; so Bn(p1,p2) < B(p2,ps)
Br(p1,p2), a contradiction.

These four pairs of cases exhaust all possibilities, since at least one of them occurs in every
nonuple. U

AN A M

A M

5. QUESTIONS

We conclude this paper with the main open questions. The strong partition property for w;
implies (“12, <jez) — ((*12, <jez))3. This motivates the following question.

Question 5.1. Does the axiom of determinacy imply (12, <jer) — ((*12, <jex))3?

The following question asks about an uncountable analogue of Blass’ theorem. This seems
necessary to generalise the positive partition results from (“2, <je;) to ("2, <jes).

Question 5.2. Is it consistent that k = k<% > w and ("2, <jep) —>¢ (("2, <iez))* for all m,n?
We ask whether the classifications in Theorems [3.4] and generalise to exponent 5.

Question 5.3. Which partition relations of the form

(“2, <iea) — (\/ Ko, \/ L)

v<A v<p

hold if all subsets of (2, <jes) have the property of Baire?
It seems harder to generalise the classification to uncountable k.

Question 5.4. Which partition relations of the form

<n2, <lez> — (\/ Ky; \/ Ly)n

v<A v<p

for n = 3 are (jointly) consistent with ZF (+DCy), and which of the relations for k = wy are
provable in the theories ZF + AD +[V = L(R)] and ZF + DC+ ADgr?

Theorems [1.20] 2:3] 2:4) and [2.7] suggest that models of determinacy are good candidates for
obtaining positive partition relations. In particular L(R) is a canonical model of ZF + DC+ AD,
provided that there are infinitely many Woodin cardinals and a measurable cardinal above them
all, cf.[988MS].

The partition relations in Question for which all K, for v < X are well-ordered hold for
large ordinals on the left side of the relation by the Erdés-Rado Theorem. On the other hand it
is unclear whether the existence of linear orderings K such that K — (2 +w* + w v w + w*, 5)*,
K— (W+wvw+2+w,5)*or K — (W'+wv w4+ w*,6)* is consistent with ZF. The
relations fail in ZFC by Theorem Moreover, if one of the relations holds for a linear order K
of the form K = (72, <), then 7 > w; by Theorem [4.2

Finally, we ask about partition relations in the context of strong failures of the Axiom of Choice.
The assumption in the following question is consistent from a proper class of strongly compact
cardinals by [980Gi].

Question 5.5. Which partition relations for linear orders hold if all uncountable cardinals are
singular?
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