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Chapter 1

Introduction

The method of forcing was first introduced by Cohen in [Coh63|/Coh64] to show that the continuum
hypothesis is independent from ZFC. Now, sixty years later, forcing is one of the most important
tools in set theory and is used in almost all areas of set theory; one area particularly affected by
forcing is set theory of the reals: the study of set theoretic properties of the real number line and
its definable subsets. In this work, we shall study three different aspects of forcing in this area with
connections to descriptive set theory and computability theory.

First, in Chapter [2] entitled “Regularity properties for forcing notions not living on the reals”,
we shall investigate regularity properties that are defined from forcing notions. Such regularity
properties have been a major object of study in descriptive set theory (cf., e.g., [Sol70,1S89, BL99,
BHLO05|Tke10LBL11,[Kho12|). However, most of the studied regularity properties are defined on the
real line, or more specifically on Cantor space and Baire space. We shall investigate three regularity
properties that are defined on other Polish spaces.

Second, in Chapter[3] entitled “Descriptive choice principles”, we shall construct symmetric sub-
models to separate descriptive fragments of the axiom of choice from each other. The construction
of a symmetric submodel is essentially a forcing construction, but with an extra step of permuting
the names. This extra step allows us to construct models in which the axiom of choice can fail.
Symmetric submodels were also first introduced by Cohen in [Coh63}/Coh64].

Third, in Chapter [4 entitled “Set-theoretic forcing notions in computability theory”, we shall
leave the area of descriptive set theory and study forcing in the closely related area of computability
theory. Forcing in computability theory was first introduced by Feferman in |Fef64], shortly after
Cohen’s work was published. We shall investigate the relationships between some set-theoretic
forcing notions in computability theory.

1.1 Summary of results

In this section, we shall describe how this thesis is organized and list the main results of each
chapter. Note that most of the terms and notations we shall use in this section have not yet been
introduced. The reader is not expected to understand them at this point. They will be defined
later in this thesis and in each case, a reference is given to the definition.

In Chapter[2] we shall define a general framework for regularity properties. We shall then use this



framework to study three different regularity properties. First, we shall study amoeba regularityﬂ
which was first introduced by Judah and Repicky in [JR95]. Our main result for amoeba regularity
is the following corollary.

Corollary 2.3.20. The following are equivalent:
(a) every BL(R) seﬂ is amoeba Teqular,
(b) for every r € w*, the set {P € R : P is not an amoeba reaf’| over L[r]} is Co-meager[l] and
(c) for everyr € w”, le[rl <Ny

Second, we shall define a topological space for amoeba forcing for categoryﬂ and study its Baire
property. Finally, we shall do the same for localization forcingﬂ The following corollary and
theorem are our main results for these regularity properties.

Corollary 2.4.11. The following are equivalent:
(a) every $1(U) set has the Baire property in the UM-topologym

(b) for every r € w*, the set {x € UM : x is not a UM-generic real over L[r|} is meager in the
UM-topology, and

(c) for every r € w¥, N]f[r] <N
Theorem 2.5.10. The following are equivalent:
(a) every Bi(Loc) set has the Baire property in the localizing topologyﬁ

(b) for every real v € w*, the set {f € Loc : f is not a LOC-generic real over L[r|} is meager in
the localizing topology,

(c) for every real r € w®, the set {f € Loc : f is not a localizing reaﬂ over L[r]} is meager in
the localizing topology, and

(d) for every real r € w*, N]f[r] <N

In Chapter [3] we shall compare the consistency strength of descriptive choice principles, i.e.,
fragments of the axiom of choice which are defined using descriptive pointclasses. Such choice
principles have already been studied by Kanovei in [Kan79]. Our main result is the following
theorem which generalizes a separation theorem of Kanovei.

Theorem 3.2.10. For every n > 1, there is a model of ZF + DC(w*; II,) + —~AC,, (w*; unifTI} , ;) +
—AC,, (w*; ctbl) [T

IFor the definition, cf. p.

2For the definition, cf. p.

3For the definition, cf. Definition & p.
4For the definition, cf. p.

5For the definition, cf. Definition [2.4.1
5For the definition, cf. Definition [2.5.1
"For the definition, cf. p.[6]
8For the definition, cf. p.
9For the definition, cf. p.
10For the definition, cf. Definitions [3.2.1} [3.2.4] & [3.2.6]




Moreover, using a compactness argument, we get the following corollary.
Corollary 3.2.11. There is a model of ZF + DC(w*; Proj) + =AC, (w*; ctbl).

In Chapter 4] we shall study set-theoretic forcing notions in computability theory and compare
their n-generic realsE Although much can be transferred from set theory, there are also differences.
For example Cholak, Dzhafarov, Hirst, and Slaman proved in [CDHS14] that Mathias n-generic reals
compute Cohen n-generic reals. Miller proved in |[Mil81] that the analogue does not hold in set
theory. We shall generalize their result. In particular, we shall show that Laver n-generic reals
compute Cohen n-generic reals.

Corollary 4.2.40. Let n > 3. Then every Laver n-generic real computes a Cohen n-generic real.

Remarks on co-authorship. Parts of Chapter|[3 are co-authored with Raiean Banerjee; Chapter|[3
is co-authored with Ned Wontner; Chapter |4] is the sole work of the author. Details about the
contribution to these chapters are given at the very beginning of each chapter.

1.2 Preliminaries

1.2.1 Set theory

Our basic theory is Zermelo-Fraenkel set theory together with the axiom of choice ZFC. In some
instances, we shall drop the axiom of choice and work in Zermelo-Fraenkel set theory ZF. More
specifically, we shall work in ZFC in Chapters [I} 2] and [ and in ZF in Chapter [3] Moreover, in
Chapter [3 we shall also deal with models of set theory in which the power set axiom fails. We
write ZF~ for ZF without the power set axiom and the collection scheme instead of the replacement
scheme and ZFC~ for ZF~ together with the axiom of choice. For a discussion of set theory without
the power set axiom, we refer the reader to [GHJ16].

We assume that the reader is familiar with basic concepts of set theory, such as functions,
relations, ordinals, cardinals, the universe of all sets, etc. In addition, we assume a basic knowledge
of elementary set-theoretic topology and mathematical logic and its role in the formalization of set
theory. Our notation follows classical textbooks such as [Jec03] and [Kan03].

Let us fix some basic notation. We denote the universe of all sets by V and the class of all
ordinals by Ord. A sequence is a function whose domain is an ordinal. We often call the domain
of a sequence s its length and denote it by lh(s). Let (4 : 8 < a) and (A; : 8 < o) be
sequences. We denote the concatenation by (Ag: f < a>“<A29 : B < ay. If Ais a set, then we set
(Ag: B <a)y”A:=(As: B < a)"(A). Let S be a non-empty set and let o be an ordinal. We write
S for the set of all sequences from S with length o and S<¢ for the set of all sequences from S
with length < . Moreover, we denote the set of all countably infinite subsets of S by [S]* and the
set of all finite subsets of S by [S]<“. The quantifiers 3°° and V°° are short for “there are infinitely
many” and “for all but finitely many”, respectively.

Let S be a non-empty set. A set I C P(S) of subsets of S is an ideal on S if I is non-empty
and is closed under subsets and finite unions. An ideal is a o-ideal if it is additionally closed under
countable unions. We say that an ideal is proper if it contains all singletons, but not S itself. Let
I be an ideal on S and let A C S. We call A I-small if A € I and I-positive otherwise. A set
F C P(S) of subsets of S is a filter on S if F' is non-empty and is closed under supersets and

HFor the definition, cf. Definition



finite intersections. If F is a filter on S, then {S'\ A: A € F} is an ideal on S and the other way
around. A set S C P(S) of subsets of S is an algebra on S if S is non-empty and is closed under
complements and finite unions. An algebra is a o-algebra if it is additionally closed under countable
unions.

1.2.2 Choice principles

The axiom of choice AC states that every family .# of non-empty sets has a choice function, i.e.,
a function f : F — [JZ such that for every A € F, f(A) € A. In set theory, we often work
with fragments of the axiom of choice so called choice principles. More precisely, a choice principle
is a statement ® such that ZFC - &, but ZF t/ ®. There are many different choice principles in
the literature (cf. [HR98]). In the following, we introduce a few choice principles which will be
important throughout this thesis.

The axiom of choice can be stratified into fragments by requiring the existence of a choice
function only for certain families. Let X and Y be non-empty sets. We write ACx(Y) for the
statement “every family {A, : z € X} of non-empty subsets of Y has a choice function”. Then AC
holds if and only if ACx (YY) holds for every non-empty X and Y. The axiom of countable choice
AC,, states that AC,(Y") holds for every non-empty Y.

Another well-known choice principle is the axiom of dependent choice DC. It states that for
every non-empty set X and every total relation R C X x X (i.e., for every z € X, thereisay € X
such that = R y), there is a sequence (xy : k € w) € X¥ such that for every k € w, 2 R xp41. Just
as the axiom of choice, the axiom of dependent choice can be stratified into fragments. Let X be a
non-empty set. We write DC(X) for the statement “for every total relation R C X x X there is a
sequence (x : k € w) € X¥ such that for every k € w, z R xx41”. Then it is clear that DC holds
if and only if DC(X) holds for every non-empty X. It is well-known that DC implies AC,,,.

Proposition 1.2.1 (ZF, Folklore). For every non-empty set X, DC(X) implies AC,(X).

Proof. Let X be a non-empty set and let {Ay : k € w} be a family of non-empty subsets of X. We
define X := X \ Upcy, Ak, Xpy1 := Ag for every k € w, and R := {J; ¢, X X Xgq1. Then R is
a total relation on X. By assumption, there is a sequence (zj : k € w) € X*“ such that for every
k € w, x; R xp41. Without loss of generality, g € Xo. Then f := {(Ag,2k+1) : k € w} is the
desired choice function. O

In this thesis, we follow the convention that all results are ZFC-results unless the theorem is
specifically marked with a different axiom system in which case, they are theorems in this axiom
system.

1.2.3 Real numbers and Polish spaces

The real numbers have always been of special interest in mathematics and set theory is no exception.
There are many different approaches to define the real numbers. However, up to isomorphism, they
all produce the same field. The two most common approaches use either equivalence classes of
Cauchy sequences or Dedekind cuts to define the real numbers from the rationals. We call the
set of all real numbers equipped with the topology generated by the open intervals with rational
endpoints the real line and denote it by R. Mathias forcing will be also denoted by R, but it will
always be clear from the context whether we are talking about the real line or Mathias forcing.



Compared to the natural or rational numbers, the real numbers are rather complicated objects
when considered as sets. Here, it does not really matter whether we use equivalence classes of
Cauchy sequences, Dedekind cuts, or something else to define the real line. For this reason set
theorists often work with different spaces that share most properties with the real line, but whose
elements are much less complicated as sets. Let X be a non-empty set. For every s € X<“ we
define [s] := {x € X¥ : s C x}. Then {[s] : s € X<¥} is a topology base on X“. We call the
topology which is generated by this set the standard topology on X“. Unless otherwise specified, we
always assume that X¢ is equipped with the standard topology. The spaces w* and 2“ are called
Baire space and Cantor space, respectively. They are not homeomorphic to each other, but both
share many relevant and important structural and topological properties with the real line; e.g.,
they have the same cardinality and they have a countable topology base (see also Theorem .
It should be noted, however, that neither the Baire space nor the Cantor space is homeomorphic to
the real line. Nevertheless, it is common practice in set theory to work with the Baire and Cantor
space instead of the real line since their elements are very simple objects. Following set-theoretic
conventions, we shall call the elements of the Baire and Cantor space reals.

Most of the time in this thesis we shall be working with the reals. In Chapter [2| we shall also
consider a more general class of topological space called Polish spaces. Before we define them, we
need a couple of definitions. A set is dense in a topological space if it meets every non-empty open
set. We say that a topological space is separable if it contains a countable dense set. A topological
space X is completely metrizable if there is a metric d on X such that (X, d) is a complete metric
space which has the same open sets as X. We say that a topological space is a Polish space if it is
separable and completely metrizable. The Baire space, the Cantor space, and the real line are all
Polish spaces. In the rest of this section, we state some basic facts about Polish spaces. For further
information, we refer the reader to [Kec95|.

Proposition 1.2.2.

(a) The (possibly countably infinite) Cartesian product of Polish spaces with the product topology
is Polish.

(b) A subset of a Polish space with the induced subset topology is a Polish space if and only if it
s a countable intersection of open sets.

Proof. Cf., e.g., [Kec95, Proposition 3.3 & Theorem 3.11]. O

Being Polish is a very restrictive property. One can show that every Polish space is either count-
able or has the cardinality of the continuum. Moreover, two Polish spaces of the same cardinality
are isomorphic in the following sense.

Definition 1.2.3. Let X and Y be Polish spaces. A function f : X — Y is called Borel if
the preimage of every Borel set in Y (cf. Section [1.2.5)) is Borel in X. A function f is a Borel
isomorphism if f is bijective and both f and f~! are Borel.

Theorem 1.2.4. Two Polish spaces are Borel isomorphic if and only if they have the same cardi-
nality. Moreover, any two uncountable Polish spaces are Borel isomorphic.

Proof. Cf., e.g., [Kec95, Theorem 15.6]. O



1.2.4 Trees

Trees play an important role in set theory. Let X be a non-empty set. A tree on X is a non-empty
set T C X<“ which is closed under initial segments, i.e., for every t € T and every n < 1h(t),
tln € T. We call the elements of a tree nodes. A branch through a tree T C X<% is an x € X%
such that for every n € w, z[n € T. We denote the set of all branches through T by [T]. Let T
be a tree on X and let t € T. We write Ty for the subtree {s € T : s Ctor t C s}. An immediate
successor of t in T is a node t' € T such that there is some z € X with ¢/ = t"x. We say that ¢
is splitting in T if ¢ has more than one immediate successor in T" and non-splitting in T" otherwise.
We denote the set of all immediate successors of ¢ in T' by succr(t). The stem of T is the unique
node of the smallest length which is splitting. We denote it by stem(7T').

In this work we shall only consider trees on 2 or w. The following kind of trees will play a more
important role.

Definition 1.2.5.
(a) A tree T on 2 or w is pruned if every node in T has an immediate successor in 7.

(b) A tree T on 2 is uniform if for every ¢,¢' € T with lh(¢) = (') and every i € 2, t7i € T if
and only if t'~i € T.

(c) A tree T on 2 or w is perfect if every node in T has a successor in T' which is splitting.

(d) A tree T on w is super-perfect if every node in T has a successor in T which has infinitely
many immediate successors.

Especially important for the Baire and Cantor space are pruned trees.

Proposition 1.2.6. Let X be a non-empty set. A set A C X% is closed if and only if there is a
pruned tree T on X such that [T]| = A. Moreover, for every closed set, the pruned tree is unique.

Proof. Cf., e.g., [Kec95| Proposition 2.4]. O

1.2.5 Borel sets and projective sets

Classical descriptive set theory is the study of well-definable subsets of the reals or more general
topological spaces. It is based on the work of Borel, Lebesgue, Luzin, and Suslin in the early 20th
century. The following is intended to provide a brief introduction. For a more detailed introduction,
we refer the reader to [Kan03|, [Kec95|, or [Mos09]. Most of basic descriptive set theory does not
require the full axiom of choice and can be carried out in ZF + DC or even in ZF + AC,,. However,
even some of the most basic theorems of descriptive set theory require some amount of the axiom
of choice and are not provable in ZF. In Section [3.1] we shall point out which of the results in this
section are still true in ZF and which are not. To avoid defining everything again in ZF, we make
sure that all definitions in this section are still well-defined in ZF. For this purpose, we highlight
each use of the axiom of choice in this section.

In a topological space, the most easily definable sets are the open sets. The open sets are
closed under unions and finite intersections. But in general they are not closed under comple-
ments and countable intersections. By closing the open sets under complements and countable
unions/intersections, we obtain the Borel sets. More formally, for a topological space X, the collec-
tion of Borel sets in X is the smallest o-algebra containing the open sets in X. We denote the set



of Borel sets in X by B(X). If X is clear from the context, then we sometimes omit X and write B
instead of B(X). Every Borel set can be built from the open sets by repeatedly taking complements
and countable unions. For every Borel set, we can count the minimal number of steps it takes to
construct it. This defines a hierarchy on the Borel sets we call the Borel hierarchy.

Definition 1.2.7. Let X be a topological space. For an ordinal £ > 1, we recursively define the
classes Eg(X), Hg(X), and Ag(X):

»(X):={0O C X :0 is open in X},
II)(X) :={X\A: Aec ZYX)},
0X) = { | An :Vn3g, < £(A, €T (X))} if &> 1, and

new

A(X) == Z2(X) NIIY(X).

We say that a subset of X is a (X)) set, II(X) set, and AZ(X) set if is an element of 32(X),
Hg(X ), and Ag (X), respectively. If X is clear from the context, then we sometimes omit X and
write 3¢ instead of 32(X) and similarly for IT{ and A.

It is clear that a set B C X is Borel in X if and only if there is some ordinal £ such that B is
ZE(X). In ZF + AC,, one can show that B(X) = X2 (X) = IIJ (X). Moreover, if Y C X is a
subspace, then for every £ > 1, Z2(Y) = {BNY : B € ¥2(X)} and similarly for IT(Y').
Theorem 1.2.8 (ZF + AC,). Let X be an uncountable Polish space. For every 1 < & < wy, we
have that EQ(X) # Hg(X) and Ag(X) C EQ(X) U Hg(X) - A(§)+1(X)'

Proof. Cf., e.g., [Kec95, Theorem 22.4]. O

Proposition 1.2.9 (ZF 4+ AC,,). Let X be a topological space. For every & > 1, the classes Eg(X),
Hg(X), and Ag(X) are closed under finite unions and intersections and continuous preimages.
Moreover, ZQ(X) is closed under countable unions, Hg(X) under countable intersections, and
Ag (X) under complements.

Proof. Cf., e.g., [Kec95, Proposition 22.1]. O

The set of all Borel sets is closed under countable unions and intersections, complements, and
continuous preimages. In ZF+AC,,, however, the Borel sets are not closed under continuous images.
In fact, there are even continuous images of the Baire space which are not Borel.

Definition 1.2.10. Let X be a Polish space. A set A C X is analytic in X if either A is empty or
there is a continuous function f : w* — X such that f[w*] = A.

Theorem 1.2.11 (ZF 4+ AC,, Suslin). Let X be an uncountable Polish space. Then every Borel set
in X s analytic in X, but not vice versa.

Proof. Cf., e.g., [Kec95, Theorem 14.2]. O

There are many different equivalent ways to define analytic sets. One of the most common ones
uses projections. Let X and Y be sets. The projection onto X is the function projx : X — Y
with projy(z,y) := x. One can easily check that if X and Y are topological spaces, then projy
is continuous. The projection of a set A C X xY onto X is the set projy(A) == {x € X : Jy €
Y(x,y) € A}.



Proposition 1.2.12 (ZF + AC,). Let X be a Polish space and let A C X. The following are
equivalent:

(a) A is analytic,
(b) there is a Polish space Y, a Borel set B in'Y, and a continuous function f : Y — X such
that f[B] = A,
(c) there is a closed set F C X X w* such that projy (F) = A, and
(d) there is a Polish space Y and a Borel set B in X xY such that projx(B) = A.
Proof. Cf., e.g., [Jec03, Lemma 11.6]. O

The analytic sets are not closed under complements. We call the complements of analytic sets
co-analytic.

Theorem 1.2.13 (ZF + AC,, Suslin). Let X be an uncountable Polish space. Then a set is Borel
in X if and only if it is analytic and co-analytic in X.

Proof. Cf., e.g., [Kec95, Theorem 14.11]. O

There is no reason to stop here. We can define a second hierarchy similar to the Borel hierarchy,
using projections instead of countable unions. This hierarchy is called the projective hierarchy.

Definition 1.2.14. Let X be a Polish space. For a natural number n > 1, we recursively define
the classes X1 (X), ITL (X), and AL (X):
> (X):={AC X : Ais analytic in X},
I, (X) = {X \ 4+ 4 € EL(X)},
3541(X) = {projx(4) : A € I, (X x &)}, and
AL (X) =2, (X) NI (X).
We say that a set A C X is a 3L (X) set, ITL (X) set, and AL(X) set if A is an element of 1 (X),
ITL(X), and AL(X), respectively. Moreover, we call A projective if A is 3L (X) for some n > 1.

If X is clear from the context, then we sometimes omit X and write X! instead of X1 (X) and
similarly for IT} and Al.

Note that if Y C X is a Polish subspace, then for every n > 1, ZL(Y)={ANY : A € L (X)}
and similarly for ITL(Y).

Theorem 1.2.15 (ZF + AC,). Let X be an uncountable Polish space. For every n > 1, we have
that 3,,(X) # I, (X) and AL (X) € 3, (X) UILL(X) € AL (X).

Proof. Cf., e.g., [Kec95, Theorem 37.7]. O

Proposition 1.2.16 (ZF + AC,). Let X be a Polish space. For every n > 1, the classes XL (X),
IIL(X), and AL(X) are closed under countable unions and intersection and preimages by Borel
functions. Furthermore, 1 (X) is closed under images by Borel functions and AL (X) under com-
plements.



Proof. Cf., e.g., Proposition [Kec95, Proposition 37.1 & Exercise 37.3]. O

So far, we only looked at easily definable sets from a topological point of view. In the rest of this
section, we give an alternative, more syntactic approach. Let A% := (w,w®,ap,+,-,<,0,1) be the
structure of second-order arithmetic, where ap : w* X w — w is the function with ap(z,n) := z(n)
and +, -, and < are the addition, multiplication, and order on the natural numbers, respectively.
We denote the first-order quantifiers and second-order quantifiers by v°, 3% and V!, 3!, respectively.
We say that a formula is bounded if contains no second-order quantifiers and every first-order
quantifier is bounded by a term. The formulas in the language of second-order arithmetic are
classified according to the number of alternating quantifiers.

Definition 1.2.17. Let n € w. We say that a formula in the language of second-order arithmetic

is
(a) XJ if it is bounded,

(b) TIO if it is of the form —¢ for some %0 formula ¢,

()

(d

(e

(f) TIL if it is of the form —¢ for some L formula ¢, and
)

291+1 if it is of the form 3% for some 12 formula ¢,

) arithmetical if it is X0 or II2 for some n € w,
)

Y1 if it is of the form 3z for some arithmetical formula ¢,

(g) XL, if it is of the form 3'zy for some II}, formula ¢.

That means a formula ¢ in the language of second-order arithmetic is X0 (or I12) if and only if
there is a bounded formula 1 such that ¢ is of the form

F0koVOky ... Q% (or VOko3ky ... Q ko),

where QYk,, is 3° if n is even (or odd) and V° otherwise. The same is true for ¥} and II}, formulas
if we replace bounded, V¥, and 3°, with arithmetical, V!, and 3!, respectively. Note that in ZF 4
AC, (w*) every formula in the language of second-order arithmetic is logically equivalent to some
formula of this form. In the following, if we say that a statement is X¢, (or IT?), we mean that it is
logically equivalent to a ¢, (or IT¢) formula.

Each formula in the language of second-order arithmetic with at least one free second-order
variable defines a subset of the reals. We can use this to classify subsets of the reals into another
hierarchy.

Definition 1.2.18. Let k, /¢ € w such that max{k,¢} > 0, let n € w, and let i < 1.

(a) We say that a set A C wk x (w@)? is ¢, (or II%) if there is a 3¢, (or IT%) formula ¢ with k free
first-order variables and ¢ free second-order variables such that A = {w € w* x (w*)!: A% =
¢(w)}. Furthermore, a set A is Al, if A is X¢ and II},. We call a set recursive if it is AY and
arithmetical if is definable by an arithmetical formula.

(b) Additionally, let € w® be a real number. We say that a set A C w* x (w¥)? is ¥ (1) (or
I (r)) if there is a 3¢ (or IIY) formula ¢ with k free first-order variables and ¢ + 1 free
second-order variables such that A = {w € w* x (w*)’ : A% = @(w,r)}. We define Al (7),
recursive in r, and arithmetical in r analogously to the case without parameters.
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The hierarchies from Definition [1.2.18] are also called the lightface hierarchies and the Borel
and projective hierarchies are called the boldface hierarchies. This comes from the typographical
convention that lightface letters are usually used for the lightface hierarchy and boldface letters for
the boldface hierarchy. The following theorem shows that the lightface and boldface hierarchies are
talking about the same sets.

Theorem 1.2.19 (ZF + AC,(w*)). Let k,£ € w such that max{k,l} >0, let n >0, and let i < 1.
A set A C wF x (W)t is B (or TIY)) if and only if there is some r € W such that A is XI (r) (or

IT;, (r))-
Proof. Cf., e.g., [Kan03, Proposition 12.6]. O

1.2.6 The Baire property and Lebesgue measurability

The Baire property and Lebesgue measurability are two of the best-known regularity properties.
They were introduced by Baire and Lebesgue at the beginning of the last century in [Bai99] and
|[Leb02], respectively. Regularity properties in general separate the well-behaving sets from those
which are not. It is well-known that every Borel set has the Baire property and is Lebesgue
measurable. However, there are also sets which neither have the Baire property nor are Lebesgue
measurable; e.g., Vitali [Vit05] and Bernstein sets [Ber0§]. Both Vitali and Bernstein sets are
constructed with explicit use of the axiom of choice and so do not have simple definitions. We shall
talk about this in more detail in Section [[.2.14] Here, we give the definitions of the Baire property
and Lebesgue measurability and discuss some basic properties of these. For further details, we refer
the reader to classical textbooks such as [Kec95| or [Oxt80]. We begin with the Baire property.

Definition 1.2.20. Let X be a topological space.

(a) A set A C X is nowhere dense in X if its closure A has empty interior. A set which is a
countable union of nowhere dense sets in X is called meager in X. We denote the o-ideal of
meager sets in X by M x. For the reals, we omit the X and just write M.

(b) A set A C X has the Baire property in X if there is an open set O C X such that OAA :=
(O\ A)U(A\ O) is meager in X.

By definition, every nowhere dense set in X is contained in a closed nowhere dense set in X and
every meager set in X is contained in a meager $9(X) set. Hence, My is Borel generated, in the
sense that every meager set in X is contained in a meager Borel set in X. In general, we say that
an ideal I on a topological space X is Borel generated if for every I-small set A C X, there is an
I-small Borel set B in X such that A C B.

Proposition 1.2.21. Let X be a topological space. The collection of all sets with the Baire property
in X is the smallest o-algebra containing all Borel and meager sets in X. Moreover, if X is Polish,
then every analytic set has the Baire property.

Proof. Cf., e.g., [Kec95, Proposition 8.21 & Theorem 29.5]. O

In descriptive set theory, one often works with an equivalent definition of the Baire property
and nowhere dense sets.

Proposition 1.2.22 (Folklore). Let X be a topological space.
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(a) Then a set A C X is nowhere dense in X if and only if for every non-empty open set O C X,
there is a non-empty open set O' C O such that O' N A = .

(b) If every family of pairwise disjoint open sets in X is countable, then a set A C X has the
Baire property in X if and only if for every non-empty open set O C X, there is a non-empty
open set O" C O such that O’ \ A or O’ N A is meager in X.

Proof. First, we prove (a) and start with the forward direction. Let A C X be nowhere dense in X
and let O C X be a non-empty open set. Since A is nowhere dense in X, A contains no non-empty
open set. Hence, O’ := O N (X \ A) C O is a non-empty open set and O’ N A = .

Next, we prove the backward direction. Let A C X be such that for every non-empty open set
O C X, there is a non-empty open set O’ C O such that O'N A = (). We suppose for a contradiction
that the closure A contains a non-empty open set O. By assumption, there is a non-empty open
set O’ C O such that O'N A = (. Then O’ C A\ Aandso A C AN (X \ O') C A. But this is a
contradiction.

Now we prove (b) and start with the forward direction again. Let A C X be a set with the
Baire property and let O C X be a non-empty open set. Since A has the Baire property in X,
there is some open set U C X such that UAA is meager in X. We make a case-distinction:

Case 1: ONU is non-empty. Then O’ := ONU is a non-empty open set and O'\ A C U\ A C
UAA. Therefore, O' \ A is meager in X.

Case 2: ONVU is empty. Then ONAC (ONU)U(A\U) CUAA. Therefore, ON A is meager
in X.

Finally, we prove the backward direction. Let A C X such that the assumption holds and let
D := {O C X : O is non-empty open and O \ A or O N A is meager}. Then D is dense in the
set of all non-empty open sets ordered by inclusion. Hence, there is a maximal antichain A C D.
By assumption, A is countable. Let U := [J{O € A : O\ A is meager}. Then U is open and
U\ A is meager in X. It remains to show that A\ U is meager in X. Let D' := {O C X :
O is non-empty open and O N (A \ U) is meager} and let O C X be a non-empty open set. Then
there is some O" € A such that O N O’ is non-empty. Since O’ \ A or O’ N A is meager, we have
ONO’ CU or (ONO’)NA is meager. In both cases, (ONO’)N(A\U) is meager and so ONO’ € D’.
Therefore, D’ is dense in the set of all non-empty open sets ordered by inclusion. Let A" C D’ be
a maximal antichain and let A’ := Jyc 4 O N (A\ U). By assumption, A is countable and so A’ is
meager. It is enough to show that (A\ U) \ A’ is nowhere dense. Let O C X be a non-empty open
set. Then there is some O’ € A’ such that ON O’ # . Since ONO’' C O, (ONO')N(A\U) C A'.
Therefore, (ONO)YN((A\U)\ A’) =0. By (a), (A\U) \ A’ is nowhere dense. O

Proposition [1.2:22] is also true for general topological spaces. However, the proof is somewhat
more involved. In the following, we shall only consider topological spaces which satisfy the additional
assumption and therefore omit the proof.

Next, we introduce the Lebesgue measure on the real line. We define it in the standard way by
first defining it for open intervals and then extend it to more sets via the outer measure.

Definition 1.2.23. We say that an open (a,b) C R has Lebesgue measure u(a,b) := b — a. For a
set A C R, we define the outer measure

pr(A) = inf{z w(Ip) : (I : m € w) is a sequence of open intervals with A C U I.}.

new new
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A set A C R is called Lebesgue measurable if for every set A’ C R, p*(A") = p*(A'NA) + p*(A'N
(R\ A)). In this case, we set u(A) := p*(A4). A Lebesgue measurable set A C R is called Lebesgue
null if p(A) = 0.

The Lebesgue null sets and the Lebesgue measurable sets form a o-ideal and o-algebra, respec-
tively. Moreover, it is well-known that every analytic set is Lebesgue measurable. Nowadays, it is
common in descriptive set theory to work with the Lebesgue measure on Baire and Cantor space
instead of on the real line. In this work, we focus on the Cantor space.

Definition 1.2.24. For s € 2<“, we say that the basic open set [s] has Lebesgue measure p([s]) :=
2-1(s)  Using standard methods of measure theory, i can be extended to all Borel sets (cf.,
e.g., [Kec95, p. 103]). We say that a set A C 2¢ is Lebesgue null if there is a Borel set B C 2¢ such
that A C B and p(B) = 0 and Lebesgue measurable if there is a Borel set B C 2 such that BAA
is Lebesgue null. In this case, we set u(A) := u(B).

As before, the Lebesgue null sets and the Lebesgue measurable sets form a o-ideal and o-algebra,
respectively. Moreover, every analytic set is Lebesgue measurable. We denote the Lebesgue null
ideal by N. Clearly, N is Borel generated.

Definition 1.2.25. Let (X, u) be a measure space and let Z be an index set. We say that a family
{A; 1 i € I} of sets of reals is independent if for every finite set J C 7, u((;c7 4;) = [L;e 7 #(4;).

Definition [T.2:25] defines independent families for general measure spaces. However, in this thesis
(X, u) will always be either the Cantor space or the real line together with the Lebesgue measure.
Independent families will be important in Section 2.3] In the rest of this section, we prove two
lemmas which will be helpful later.

Lemma 1.2.26. Let (X,u) be a measure space and let {A} : n,k € w} be a family of open
independent sets of reals with p(A) = 2=+ and let x € w*. For every k,m € w, if k # x(m),
then p(A7 \ Uy ew Abny) > 0.

Proof. Let k,m € w such that k # z(m). Then

p(AT 0 Any) = p(J (AT 0 AL )

new new
< p((J AT N Az + (| (A7 N AL )
ne2 n>1

< Z p(AT N AL ) = (AT N AD ) N Ag ) + Z m(AF N AL G)

ne2 n>1

m n 1 1 1 1

= Z :U‘(Ak N Am(n)) - gm+4 = om+1 - 9om+4 < om+1"

new

Hence, (A" \ U, e A7(ny) > 0 O

In Section we shall need a recursive family {A7 : k,n € w} of open independent subsets of
2% with certain measures. By a recursive family, we mean that the statement “x € A}}” is recursive.
Let {PF : k,n € w} be a disjoint partition of w such that |P{*| = n + 1 for every k,n € w. We
define A} := {x € 2% : Vi € PJ(x(i) = 1)}. Then {A} : k,n € w} is a recursive family of open
independent sets such that for every k,n € w, u(Ay) = 2~ (n+1),
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Lemma 1.2.27. Let A C 2¥ be measurable. Then for every n € w, limp_o (A} N A) =
2= (1) 4(A).

Proof. We first prove the lemma for basic open sets. Let n € w and let s € 2<%, Then there are
only finitely many k € w such that dom(s) N P¥ # §. Let m € w such that for every k > m,
lh(s) N P¥ = . Hence, for every k > m,

. 11 1
,U/(Ak N [S]) = on+1 211’1(3) = on+1 /’L([S])

and so limy_o0 (A} N [s]) =z p([s]).
Now let O C 2% be open. Then O is a disjoint union of basic open sets O,, C 2*. Without loss
of generality, this union is infinite. Then

Jim (A} N 0) = lim U(mgw(Ak NOp)) = lim mzez)u(flk NOn) = m%; Jim (A} N Op)

=3 SO = g 3 00w = 5uO),

mew mew

Finally, we prove the assertion for A. Since A is measurable, for every € > 0, there is an open set
O C 2¥ such that A C O and p(O\ A) < e. Hence, we can find a decreasing sequence (O, : m € w)

of open sets such that for every m € w, A C Oy, and pu(A) = pu(),,cp, Om). Then
s n 1 : n — 1 1 — !
Jim n(AgNA) = Jim - lim 1(AR N O) = Jim Wﬂ(()m) = WM(A)- 0

1.2.7 Constructible sets

The constructible universe L was introduced by Godel in [G6d38|. It is an inner model of ZFC, i.e.,
a transitive model of ZFC containing all ordinals. Moreover, the generalized continuum hypothesis
holds (GCH) in L. The constructible universe is constructed similarly to V, but in successor steps
we do not take the entire power set, but only definable subsets.

Definition 1.2.28. A set X C M is definable over a set M if there is a formula ¢ in the language
of set theory and some rg,...,r, € M such that X :={z € M : (M,€) E o(x,ro,...,r)}. We
denote the collection of all definable sets over M by def(M).

Since M is a set, the satisfaction relation for M can be defined in V. Hence, def(M) is a set.
Moreover, M € def(M) and def(M) C P(M). Using the definable sets, we can now define Godel’s
constructible universe.

Definition 1.2.29. We define by transfinite recursion:
LO = @,
Lo+1 = def(Ly),

Ly := U L, if § is a limit, and
a<d

L:= U L.

aeOrd
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The class L is called the constructible universe and the elements of L are called constructible. The
statement “every set is constructible” is the azxiom of comstructibility and is denoted usually by
V=L.

Theorem 1.2.30 (Godel). The constructible universe L is a transitive model of ZFC+GCH+V=L.
Moreover, L is an inner model and every inner model of ZF contains L.

Proof. Cf., e.g., |Jec03, Theorems 13.3, 13.16, 13.18, & 13.20]. O

The construction of the constructible universe can be relativized to a given set. Let A be a set
and let £’ be the language of set theory augmented with an additionally unary relation symbol.
A set X C M is definable over a set M relative to A if there is a formula ¢ in the language £’
and some 7g,...,r, € M such that X :={x e M : (M, e, ANM) = ¢(z,ro,...,7n)}. We denote
the collection of all definable sets over M by def 4(M). In analogy to L, we define by transfinite
recursion:

LO [A] = @,
Lat1[A] := def a(La[A]),

Ly[4] = U L,[A4] if ¢ is a limit, and
a<d

U Lal4].

acOrd

L[A]:

The elements of L[A] are called constructible from A.

The class L[A] shares many properties with L, e.g., L[A] is a transitive model of ZFC and if
M is an inner model of ZF such that AN M € M, then M contains L[A]. For more information
about this or L and L[A] in general, we refer the reader to [Dev17], [Jec03], [Kan03|, or [Mos09]. In
the remainder of this section, we highlight a few properties of L and L[A] that will be particularly
useful later. An important property of L is that one can construct a well-ordering of the whole
constructible universe. The rough idea is to build this well-ordering recursively using the structure
of L: assume that we already have constructed a well-ordering <y, of L,. Since there are only
countably many formulas, they can be well-ordered. Then we can use <i,, and a well-ordering on
the formulas to define a well-ordering <1, +1 of Loy1. Finally, we set <r:= UaGOrd <1, Godel
showed that <y, is definable.

Theorem 1.2.31 (Godel).

(a) There is a sentence oq in the language of set theory such that for every transitive class M,
(M, €) & og if and only if either N =L or N = Ls for some limit ordinal § > w.

(b) There is a formula @q in the language of set theory such that for every limit ordinal § > w
and every x,y € Ly, x <p, y if and only if Ls E vo(x,y).

Proof. Cf., e.g., [Kan03, Theorem 3.3]. O

Just as for L, one can also construct a definable well-ordering of L[r] for every r € w®. Using
these well-orderings, one can then show that for every r € w“, the set of reals in L[r] is X1 (r).
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Theorem 1.2.32 (Godel).
(a) The relation {(x,r) € W¥ x wW¥ : x € L[r]} is a $i set of reals.
(b) For every r € w*, in L[r], there is a AL(w* x w®) well-ordering of the reals.

Proof. Cf., e.g., [Mos09, 8F.23 & 8F.24]. O

1.2.8 Absoluteness

Let M be a model of set theory and let N be a submodel of M. A formula ¢ is absolute between
M and N if for every x1,...,2, € N, M = @(x1,...,2,) if and only if N | o(x1,...,2,). Tt
is well-known that every formula in the language of set theory without unbounded quantifiers is
absolute between any transitive models of set theory (cf., e.g., [Jec03, Lemma 12.9]). However,
we are more interested in the absoluteness of formulas in the language of second-order arithmetic.
Since arithmetical formulas have no unbounded quantifiers, any arithmetical formula is absolute
between transitive models of set theory. But there are also formulas in the language of second-
order arithmetic which are not absolute. Let ¢ be a ¥ formula such that ¢(z) is true if and only if
z € LNw* and let 7 € w® be not in L. Such a formula exists by Theorem Then Fz—p(z)
is false in L, but it is true in L[r]. Therefore, there are ¥} formulas which are not absolute. But
¥1 (and I1}) formulas are.

Theorem 1.2.33 (Analytic absoluteness). Every X1 (and 11} ) formula is absolute between transi-
tive models of ZF 4+ AC,, (w*).

Proof. Cf., e.g., [Jec03, Theorem 25.4]. O

The analogous result does not hold for X3 (or I1}) formulas: suppose it does. Let ¥ be a finite
fragment of ZF + AC,,(w*) which proves it. By reflection, there are countable transitive models of
V. Let M be such a model of minimal height. Then the statement “there is a transitive model of
U” is true in V but not in M. It remains to check that the statement is equivalent to a X3 formula.
Let 7 : w? — w be the canonical bijection. For every x € 2¥, we define a relation E, by (n,m) € E,
if and only if z(7(n,m)) = 1. By Mostowski’s collapsing Lemma, there is a transitive model of ¥ if
and only if there is a real « € 2 such that (w, F,) is well-founded and (w, E,) = V. Hence, “there
is a transitive model of ¥” is equivalent to a ¥} formula.

However, by Theorem every Y3 formula is upwards absolute and every I1} formula is
downwards absolute between transitive models of ZF 4+ AC,, (w*). In addition, Shoenfield has proven
that they are absolute between sufficiently large models.

Theorem 1.2.34 (Shoenfield). Every ¥ (and 113) formula is absolute between inner models of
ZF + AC,, (w®).

Proof. Cf., e.g., [Jec03, Theorem 25.20]. O

1.2.9 Borel codes

The concept of coding Borel sets as reals was first formalized by Solovay. In [Sol70], he coded
every Borel set as a real by giving a surjection from the reals onto the Borel sets. There are many
different ways to define such a coding function. The explicit choice does not really matter as long
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as the decoding process is not too complex. In the following, we introduce a coding function which
can be defined in ZF. Our codes are well-founded trees (which can be coded as reals). A tree T is
well-founded if (T, D) is well-founded. Then a tree T on w is well-founded if and only if [T] = .
This is even true without the axiom of choice since w<¥ is well-orderable in ZF. For every well-
founded tree T on w, there is a unique rank function rp. If wy is regular, then sup(ran(ry)) < wy.
However, it is not provable in ZF that w; is regular. Still, one can show that sup(ran(rr)) < wy
(cf. [Fre08, 562A]). A Borel code is a real ¢ € 2¢ such that T, := {s,, : ¢(n) = 1} is a well-founded
tree on w. We denote the set of all Borel codes by BC.

It remains to define the decoding procedure. We do this for the Baire space. But this can be
done for any other second countable topological space in the same way. Let {s, : n € w} be the
canonical enumeration of w<*. For every Borel code ¢ € BC, we decode ¢ by recursion on rr.: we
define for every t € T,

0 if rr (t) =0 and t =0,

[sn] if rr (t) = 0 and ¢(lh(t) — 1) = n,
Bt = . ) /!

X\ By if rp () > 0 and sucer, (t) = {t'},

Ut/esuccTc (t) By otherwise.

Finally, we set B. := By. A set B C w* is codable Borel if there is a Borel code coding it. We
denote the set of all codable Borel sets by B*(w®). Since r7(f) < wi, one can show inductively
that every codable Borel set is Borel. The converse is also true in ZF + AC,(w*). However, it is
not provable in ZF. We shall take a closer look at this in Section [3.1}

In descriptive set theory, Borel codes are often used when working with more than one model.
The advantage of Borel codes over Borel sets is that being a Borel code is absolute.

Lemma 1.2.35 (Solovay). The set BC is I} and the set {(x,¢) € w* x BC : € B.} is Al
Therefore, for every ¢ € BC and every x € w*, the statements “c is a Borel code”, “z € B.”, and
“x ¢ B.” are absolute between transitive models of ZF + AC,,(w®).

Proof. Cf., e.g., [Jec03, Lemmas 25.44 & 25.45]. O

1.2.10 Hereditarily countable sets

Let x be a cardinal. We denote the collection of all sets whose transitive closure has cardinality
< Kk by Hx. Then it is clear that H, is transitive for every cardinal x. Moreover, if 8 is an infinite
regular cardinal, then Hy is a transitive model of ZFC~ (cf., e.g., [Kunll, Theorem I1.2.1]). We are
mostly interested in the case where § = X;. If § = Xy, then we write HC instead of Hy, and call the
elements of HC hereditarily countable. In the following, we highlight a few properties of HC which
will be import later. For more information about HC and H,, we refer the reader to [Kunll].

The reason we are mainly interested in HC is that it can be used to characterize the projective
sets on the reals. To do this, we have to define the Lévy hierarchy first. As with the language of
second-order arithmetic, the formulas in the language of set theory can be classified by the number
of alternating quantifiers they contain. A formula in the language of set theory is called bounded if
every quantifier is bounded by a variable.

Definition 1.2.36. Let n € w. We say that a formula in the language of set theory is
(a) Yo if it is bounded,
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(b) II,, if it is of the form —¢ for some ¥, formula ¢, and
(¢) ¥p41 if it is of the form Jzy for some II,, formula .

Now we can use the Lévy hierarchy to define a hierarchy of sets. However, we do not define this
hierarchy in V, but in HC.

Definition 1.2.37. Let n € w.

(a) A set A C HC is XHC (or ITHC) if there is a X, (or II,,) formula ¢ with only one free variable
such that A = {z € HC : HC |= o(z)}. We say that 4 is AHC if it is ©HC and T1HC.

(b) A set A C HC is ZHC (or ITHC) if there is a X, (or II,,) formula ¢ with at least one free
variable and 7o, ..., € HC such that A = { € HC : HC | ¢(x,r9,...,7r%)}. We say that
Ais AHC if it is THC and TTHC.

The following well-known theorem connects the Lévy hierarchy in HC to the lightface projective
hierarchy.

Theorem 1.2.38. Letn > 1. A set of reals is E}H_l if and only if it is YHC.
Proof. Cf., e.g., [Jec03, Lemma 25.25]. O

We conclude this section with a fact about HC in L. It is well-known that HC = L, in L (cf,,
e.g., [Kunl1, Theorem I1.6.23]). Moreover, in L, the restriction of <1, to HC is A€, The proof is
essentially the same as the proof of (b) of Theorem [1.2.32

Lemma 1.2.39 (Folklore). The set <1, N(HC x HC) 4s AHC.

Proof. We first show that <1, N(HC x HC) is X¥¢. By Theorem there is a formula g in the
language of set theory such that for every limit ordinal 6 > w and every z,y € Ly, © <y, y if and
only if Ls = ¢o(z,y). Let 2,y € HC. Then x <y, y if and only if there is a limit ordinal w < § < wq
such that z,y € Ls and Ls | ¢o(z,y). By Theorem there is a sentence g in the language
of set theory such that for every transitive class M, (M, €) = oy if and only if either N = L or
N = L; for some limit ordinal § > w. Then = <p, y if and only if there is a pair (M, E) such that
E is well-founded on M, (M, E) = oy, and there are a,b € M such that 7(a) = z, 7(b) = y, and
(M, E) = ¢o(a,b), where 7 is the transitive collapsing function. The statement “E is well-founded
on M7 is Ay (cf., e.g., [Jec03, Lemma 13.11]). Hence, the statement “x <y, y” is ;. Therefore,
the set <1, N(HC x HC) is XHC.

It remains to show that <y, N(HC x HC) is I¥C. Let z,y € HC. Then = <y, y if and only if
for every limit ordinal w < 0 < wy, if 2,y € Lg, then Ls = ¢o(z,y). With a similar argument as
before, the latter statement is IT; and so <y, N(HC x HC) is IT}€. O

1.2.11 Forcing and symmetric submodels

The method of forcing was first introduced by Cohen in [Coh63,/Coh64] to produce a model of ZFC
in which the continuum hypothesis does not hold. 15 years earlier, Gédel had already constructed
a model of ZFC in which the continuum hypothesis holds (cf. Section . Thus the continuum
hypothesis can neither be proved nor disproved in ZFC, which means that it is independent from
ZFC. This solved one of Hilbert’s millennium problems. Cohen also showed that the axiom of
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choice cannot be proved in ZF. Combined with Goédel’s work, this means that the axiom of choice
is independent from ZF. After Cohen’s discovery, many others started to use forcing. They extended
Cohen’s work and created a more general framework. Today, forcing is one of the most important
tools for set theorists and is used in almost all areas.

Thus, of course, forcing plays an important role in this thesis. We assume that the reader is
familiar with the basic concept and method of forcing. For a detailed introduction, we refer the
reader to [Kunll]. Let us fix some notation. Let M be a transitive model of ZF~ and let P be
a partial order in M. Then we call P a forcing notion and the elements of P forcing conditions.
We say that a forcing condition p is stronger than another ¢ if p < g. Two conditions p,q € P are
compatible if there is a condition which is stronger than p and ¢ and incompatible otherwise. We say
that P satisfies the countable chain condition (c.c.c.) if every antichain in P is countable. Let G be
a P-generic filter over M. We denote the forcing extension of M by G by M[G] and for a P-name
o, we denote the interpretation of ¢ by G by og. For x € M, we denote the standard P-name for
x by Z.

We shall also work with products and iterations of forcing notions. Let Z be an index set and
let (P; : i € Z) be a family of forcing notions in M. The Z-product of (P; : i € I) with finite (or
countable) support is the set of all partial functions p such that dom(p) C Z is finite (or countable)
and for every i € dom(p), p(i) € P; ordered by

q < p: <= dom(p) C dom(q) A Vi € dom(p)(q(i) < p(7)).

Let P be the Z-product of (P; : i € Z) with finite (or countable) support. We say that Z is the
domain of P. Let G be a P-generic filter over M. Then for every i € Z, {p(i) : p € G Ai € dom(p)}
is a IP;-generic filter over M. We denote it by G;. Let J C Z. We define P[J to be the J-product
of (P, : j € J) with finite (or countable) support. Then G|J := GNP|J is a P[J-generic filter
over M. Iterations of forcing notions are a generalization of products, where the index set is an
ordinal. The main difference between iterations and products is that with iterations, the forcing
notions do not necessarily have to be in the ground model. The idea is that we recursively define
a sequence of models by successively forcing with the forcing notions. But in order to handle limit
steps we define the iteration as a single forcing notion in the ground model. For a formal definition
and more details on products and iterations, we refer the reader to [Kunll, Chapter V].

Formally, forcing requires a countable transitive model as the ground model. For example, it is
easy to show that there are no generic filters over V for non-atomic forcing notions. Nevertheless,
it is common practice to talk about generic extensions of the whole universe V or other transitive
class-sized models. The idea is that we pretend to be in the same situation as the people who live
in a countable transitive model M. From their point of view there is nothing outside of M and so
generic filters over M cannot exist. But from our perspective there are such generic filters. Now
to force over V, we imagine that there is a model much bigger than V in which V is a countable
transitive model. For a formalization of this argument and other approaches, we refer the reader
to [Kunll, Section IV.5].

Forcing notions satisfying the c.c.c. have the nice property that they preserve Rj, i.e., RM =
Nivj[c] for every generic filter G over M. But the c.c.c. is a rather strong property and many of
the standard forcing notions do not satisfy it. However, there is another class of forcing notions
which preserve X;. Let P be a forcing notion, let 6 be a regular cardinal, and let M be a countable
elementary substructure of Hy containing P. A condition g € P is an (M, P)-master condition if for
every maximal antichain A4 C P in M, the set AN M is predense below q. We say that a IP is proper
if for every sufficiently large regular cardinal 6, every countable elementary substructure M of Hy
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containing P, and every p € PN M, there is an (M, P)-master condition below p. Every forcing
notion that satisfies the c.c.c. is proper. In this thesis, the most forcing notion will be proper.

To construct a model of ZF in which the axiom of choice fails, Cohen started with a model M of
ZFC, performed a forcing extension M[G], and then carefully chose an inner model M C N C M[G].
The rough idea is not to evaluate all names, but only those that are symmetric with respect to a
group of automorphisms. Therefore, such models are called symmetric submodels. The advantage
of symmetric submodels over normal generic extensions is that they do not necessarily preserve the
axiom of choice. In the following, we give a brief introduction to symmetric submodels. For more
details, we refer the reader to [Jec08, Section 5.2]. Let M be a transitive model of ZFC and let P
be a forcing notion in M. We say that m : P — P is an automorphism if P is bijective and order-
preserving. Note that we can extend every automorphism 7 to the set of P-names. We recursively
define 7(0) := 0 and 7(0) := {(x(7),7(p)) : (1,p) € o}. Then n(0) is a P-name and since P is a
dense embedding, for every sentence ¢ in the forcing language and every condition p € P, p IF ¢
if and only if 7(p) I+ w(p), where 7(p) is the formula we get by replacing every P-name o in ¢ by
7(0). Let G be a group of automorphisms of P in M. A filter F on the subgroups of G is normal
if for every m € G and every K € F, nKn~! € F. We fix a normal filter . A P-name o is
called symmetric if sym(o) := {m € G : n(0) = o} € F and hereditarily symmetric if it itself and
every P-name in it is symmetric. Let G be a P-generic filter over M. The symmetric submodel N
associated to F and G is defined by N := {o¢ : o is a hereditarily symmetric P-name in M}. In
general, N might not be a model of ZFC, but still will be a model of ZF.

Theorem 1.2.40. Let M be a transitive model of ZFC, let P be a forcing notion in M, let G be a
group of automorphisms of P in M, let F C G be a normal filter in M, and let G be a P-generic
filter over M. Then the symmetric submodel N associated to F and G is a transitive model of ZF
and M C N C M[G].

Proof. Cf., e.g., [Jec08, Theorem 5.14]. O

We conclude this section with a list of standard forcing notions. We assume that the reader is
somewhat familiar with these. For more details, we refer the reader to [BJ95| and |[Hall7.

Definition 1.2.41.

(a) Cohen forcing, denoted by C, is the set 2<% (or w<*“) ordered by reverse inclusions. For every
transitive model M of ZFC and every C-generic filter G over M, z¢ :=|J G is a real in M[G].
We call such reals Cohen reals over M. Conversely, G = {s € C : s C z¢} and so every
C-generic filter over M constructs a unique Cohen real over M and vice versa.

(b) Random forcing, denoted by B, is the partial order of all Lebesgue positive Borel sets of reals
ordered by inclusion. For every transitive model M of ZFC and every B-generic filter G over
M, there is a unique real x¢ such that for every Borel set coded in M, zg € B if and only if
B € G. Here by “x¢ € B” and “B € G” we mean that if we take a Borel code ¢ € M for B,
then zq € Bé\/[[G] and Bé\/[[G] € G. We call such reals random reals over M. Then xg =[G
and G = {B € B : z¢ € G} and so every B-generic filter over M constructs a unique random

real over M and vice versa.
(¢c) Hechler forcing, denoted by D, is the partial order of all pairs (n, f) € w x w* ordered by

(n, f) < (m,g) <= n=m, flm=glm, and Yk > m(f(k) = g(k)).

20



For every transitive model M of ZFC and every D-generic filter G over M, z¢ = U{f[n :
(n, f) € G} is a real in M[G]. We call such reals Hechler reals over M. Conversely, G =
{(n,f) € D: fin C z¢ and Vk > n(f(k) < zg(k))} and so every D-generic filter over M
constructs a unique Hechler real over M and vice versa.

(d) Eventually different forcing, denoted by E, is the partial order of all pairs (s, F') € w<% X [w*]<%
ordered by

(,F) < (t,F) <= s2t, F D E,and Vf € FVn € dom(s\ t) (s(n) # f(n)).

For every transitive model M of ZFC and every E-generic filter G over M, z¢ :=|J{s:3IF €
[w]<“((s, F) € G)} is areal in M[G]. We call such reals E-generic reals over M. Conversely,
G={(s,F)€E:sCuxqgand Vf € FVk > lh(s)(f(k) # zc(k))} and so every E-generic filter
over M constructs a unique E-generic real over M and vice versa.

(e) Sacks forcing, denoted by S, is the partial order of all perfect trees on 2 ordered by inclusion.
For every transitive model M of ZFC and every S-generic filter G over M, z¢g := |J{stem(T) :
T € G} is a real in M[G]. We call such reals Sacks reals over M. Conversely, G = {T € S :
ze € [T]} and so every S-generic filter over M constructs a unique Sacks real over M and
vice versa.

(f) Miller forcing, denoted by M, is the partial order of all super-perfect trees on w ordered
by inclusion. For every transitive model M of ZFC and every M-generic filter G over M,
zg = U{stem(T) : T € G} is a real in M[G]. We call such reals Miller reals over M.
Conversely, G = {T € M : z¢ € [T} and so every S-generic filter over M constructs a unique
Sacks real over M and vice versa.

(g) Laver forcing, denoted by L, is the partial order of all perfect trees on w such that every node
above the stem splits infinitely often ordered by inclusion. For every transitive model M of
ZFC and every L-generic filter G over M, z¢ = J{stem(T) : T € G} is a real in M[G].
We call such reals Laver reals over M. Conversely, G = {T € L : z¢ € [T]} and so every
L-generic filter over M constructs a unique Sacks real over M and vice versa.

(h) Silver forcing, denoted by V, is the partial order of all perfect, uniform trees on 2 ordered
by inclusion. For every transitive model M of ZFC and every V-generic filter G over M,
xg = U{stem(T) : T € G} is a real in M[G]. We call such reals Silver reals over M.
Conversely, G = {T € V: z¢ € [T]} and so every V-generic filter over M constructs a unique
Silver real over M and vice versa.

(i) Mathias forcing, denoted by R, is the partial order of all pairs (F, E) € [w]<¥ x [w]* such that
max(F') < min(E) ordered by

(F/.E')< (F,E) < F'Nn(max(F)+1)=F, E' CE,and F/\ F C E'.

For every transitive model M of ZFC and every R-generic filter G over M, z¢ := |J{F : IE €
[wW]“((F, E) € G)} is an infinite subset of the naturals in M[G]. We call such objects Mathias
reals over M. Conversely, G = {(F,E) e R: F C z¢ and ¢ C FUFE} and so every R-generic
filter over M constructs a unique Mathias real over M and vice versa.

Cohen, random, Hechler, and eventually different forcing all satisfy the c.c.c. and the other five
do not. However, all of them are proper.
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1.2.12 Idealized forcing notions

The theory of idealized forcing was developed by Zapletal. In |Zap04] and |Zap08], he defined a
forcing notion for every o-ideal on a Polish space and studied the properties of these forcing notions.
Moreover, he showed that many of the classical forcing notions are forcing equivalent to a forcing
notion which is defined from a o-ideal. In the following, we give the basic definition and state a
few results. For a complete introduction, we refer the reader to Zapletal’s work.

Definition 1.2.42. Let X be an uncountable Polish space and let I be a proper o-ideal on X. We
write P; for the partial order of all I-positive Borel sets in X ordered by inclusion.

The partial orders of Definition|1.2.42|are called idealized forcing notions. 1t is clear that random
forcing is an idealized forcing notion. Moreover, every forcing notion of Definition is forcing
equivalent to an idealized forcing notion.

Example 1.2.43.

(a) Cohen forcing is forcing equivalent to B(2¢)\ M, where M is the meager ideal in the Cantor
space.

(b) Hechler forcing is forcing equivalent to B(w®) \ Mp, where Mp is the meager ideal in the
dominating topology. The dominating topology is the topology generated by {[n, f] : (n, f) €
D}, where [n, f] :=={z € w* : fIn C x and Vm > n(f(m) < x(m))}. For more details about
the dominating topology, we refer the reader to [ER95|.

(c) Eventually different forcing is forcing equivalent to B(w*) \ Mg, where Mg is the meager
ideal in the eventually different topology. The eventually different topology is the topology
generated by {[s,F] : (s,F) € D}, where [s,F] := {x € w¥ : s C z and Vf € FVn >
Ih(s)(f(m) # x(m))}. For more details about the eventually different topology, we refer the
reader to [Lab96].

(d) Sacks forcing is forcing equivalent to B(2“) \ ctbl, where ctbl is the ideal of countable sets
of reals.

Idealized versions of Miller, Laver, Silver, and Mathias forcing can be found in [Zap04]. We shall
prove in Proposition [2.2.26] that a wide class of forcing notions that includes every forcing notion
of Definition [I.2:41] are forcing equivalent to an idealized forcing notion. To do so, we shall need
the following proposition.

Proposition 1.2.44 (Folklore). Let X be an uncountable Polish space and let I be a proper o-ideal
on X. Then there is a dense embedding from Pr to (B(X)/I)*.

Proof. Let j : Pr — (B(X)/I)" be defined by j(B) := [B], where [B] is the equivalence class of B
in B(X)/I. We show that j is a dense embedding. Let B and B’ be I-positive Borel sets in X.
It is clear that if B C B’, then j(B) < j(B’). If B and B’ are compatible, then C := BN B’ is
I-positive and so j(C) < j(B),j(B’). Hence, j(B) and j(B’) are compatible. If j(B) and j(B’)
are compatible, then there is some I-positive Borel set C' in X such that B\ C and B’ \ C are
I-small. Then C N BN B’ is I-positive and so in particular, BN B’ is an I-positive Borel set in X.
Hence, B and B’ are compatible. Moreover, ran(j) is dense in (B(X)/I)". Therefore, j is a dense
embedding. O
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Similar to random forcing, each generic filter of an idealized forcing notion is uniquely determined
by a single element: let X be an uncountable Polish subspace of the Baire space and let I be a
proper o-ideal on X. We say that an element x € X is P;-generic if there is a P;-generic filter G
over V such that for every Borel set B in X coded in V, g € B if and only if B € G. Again, by
“rq € B” and “B € G” we mean that if we take a Borel code ¢ € V for B, then xg € BX[G]
BY e q. Zapletal showed that for every P;-generic filter there is a unique P;-generic element.

and

Theorem 1.2.45 (Zapletal). Let X be an uncountable Polish subspace of the Baire space, let I be
a proper o-ideal on X, and let G be a Pr-generic filter over V. Then in V|G|, there is a unique
element xg € X such that for every Borel set B in X coded in V, xg € B if and only if B € G.

Proof. Cf., [Zap08|, Proposition 2.1.2]. O

Let G be a Pj-generic filter and let ¢ be the corresponding Pr-generic element. By Theorem
{z¢} = NG and conversely G = {B € P; : x¢ € B}. Hence, ¢ € V[G] and G € V[zg]
and so V[G] = V[zg]. Therefore, forcing with an idealized forcing notion is the same as adding an
element to X.

1.2.13 Cardinal characteristics of the continuum

Cardinal characteristics of the continuum are cardinal numbers which typically measure the size
of certain sets related to the reals. Usually, cardinal characteristics of the continuum have values
between X; and 2%° and their actual size may be different in different models of ZFC. The best known
cardinal characteristic is the size of the continuum. In the following, we introduce a few cardinal
characteristics which will be important later. For more details, we refer the reader to [Bla10].

Definition 1.2.46. Let I be a proper o-ideal on a Polish space X.

(a) The additivity number of I, denoted by add(I), is the least size of a family .% C I such that
J & is I-positive.

(b) The uniformity number of I, denoted by non([), is the least cardinality of an I-positive set.

(¢) The covering number of I, denoted by cov(I), is the least size of a family % C I such that
Uz =X.

(d) The cofinality number of I, denoted by cof(I), is the least size of a family .%# C I such that
every [-small set is contained in some element of ..

It is clear that Ry < add(I) < non([),cov(I) < cof(I) for every proper o-ideal I on a Polish
space X. Moreover, if I is also Borel generated, then cof (I) < 2%o.

Definition 1.2.47.
(a) Let f,g € w*. We say that f dominates g if for all but finitely many n € w, g(n) < f(n).

(b) A family # C w* is called dominating if every real is dominated by some element of #. The
dominating number, denoted by 0, is the least size of a dominating family.

(¢) A family & C w¥ is called unbounded if there is no real which dominates all elements of .%.
The unbounded number, denoted by b, is the least size of an unbounded family.
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Note that every dominating family is unbounded. Hence, ®; < b < 2 < 2%, The relationships
between the dominating and unbounded numbers and the cardinal characteristics for the meager
and Lebesgue null ideal are well studied in descriptive set theory. For more details, we refer the
reader to [BJ95, Chapter 2].

There are many more cardinal characteristics defined in a similar way to ? and b using other
kinds of families of reals. However, they are not important for this thesis. Nevertheless, some of
these families of reals are. We list two of them which play a crucial role later.

Definition 1.2.48.

(a) A family .7 C [w]“ is called almost disjoint if for every z,y € %, x Ny is finite. We say that
F is a maximal almost disjoint family if .% is additionally infinite and there is no #' 2 %
which is almost disjoint.

(b) We say that f, g € w* are eventually different if for all but finitely many n € w, f(n) # g(n).
A family .# C w® is called pairwise eventually different if every f # g € % are eventually
different.

Next, instead of dominating and unbounded families, we consider reals with similar properties.
It is clear that there cannot be a single real which dominates all reals or which is not dominated
by any real. However, if M is a model of set theory, then there may be a larger model containing a
real that dominates all reals in M. For example, if M is a countable transitive model of ZFC, then
V contains a real which dominates all reals in M. Note that this real is not in M.

Definition 1.2.49. Let M be a transitive model of ZFC.
(a) A real f € w” is called dominating over M if f dominates all reals in w® N M.
(b) A real f € w¥ is called unbounded over M if there is no real in w* N M which dominates f.

(c) We say that a real z € [w]“ splits another real y € [w]* if both y Nz and y \ = are infinite. A
real z € [w]“ is called splitting over M if it splits all reals in [w]* N M.

It is clear that every dominating real over M is also unbounded over M. Moreover, it is well-
known that if there is a dominating real over M, then there is also a splitting real over M (cf.,
e.g., [Hall7, Fact 21.1]).

1.2.14 Regularity properties and Ikegami’s Theorem

In descriptive set theory, forcing notions are often used either to characterize already known regu-
larity properties or to define new ones. In the following, we consider regularity properties associated
with our standard forcing notions from Definition [T.2:41]

Example 1.2.50.

(a) Cohen forcing can be used to characterize the Baire property in the Cantor space: a set
A C 2% has the Baire property if and only if for every s € C, there is some s’ < s such that
either [s'] \ A or [s'] N A is meager in the Cantor space (cf. Proposition [1.2.22)).

(b) Random forcing can be used to characterize Lebesgue measurability: a set A C 2¢ is Lebesgue
measurable if and only if for every B € B, there is some B’ < B such that either B’ C A or
B'NA=40.
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(c) Hechler forcing can be used to characterize the Baire property in the dominating topology:
a set A C w* has the Baire property in the dominating topology if and only if for every
(n, f) € D, there is some (n’, f') < (n, f) such that either [0/, f'] \ A or [0/, f'] N A is meager
in the dominating topology.

(d) Eventually different forcing can be used to characterize the Baire property in the eventually
different topology: a set A C w® has the Baire property in the eventually different topology
if and only if for every (s, F) € E, there is some (s', F') < (s, F') such that either [¢', F'] \ A
or [s', F'] N A is meager in the eventually different topology.

Next, we introduce a class of regularity properties which are defined from forcing notions whose
conditions are trees.

Definition 1.2.51. A forcing notion P is called arboreal if its conditions are perfect trees on 2
(or w) ordered by inclusion and for every T' € P and every t € T there is a 7" < T such that
t C stem(T”).

Clearly, Sacks, Miller, Laver, and Silver forcing are arboreal forcing notions. Recall that generic
filters for these forcing notions are uniquely determined be reals. The same is true for arboreal
forcing notions: let P be an arboreal forcing notion and let G be a P-generic filter over V. Then
zg = U{stem(T) : T € G} is a real in V[G]. Conversely, G = {T € P : z¢ € [T]} and so
V[G] = V[z¢]. We call such a real a P-generic real over V.

Definition 1.2.52. Let P be an arboreal forcing notion.

(a) A set A C w* is P-null if for every T' € PP, there is some S < T such that [T]NA = (. We
denote the set of all P-null sets by MVp and the o-ideal generated by the P-null sets by Ip.

(b) A set A Cw” isin I} if for every T € P, there is some S < T such that [T] N A is Ip-small.

(c) A set A Cw¥ is P-measurable if for every T' € P, there is some S < T such that either [T\ A
or [T]N A is Ip-small.

We have already seen in Section [I.2.6] that every analytic and co-analytic set of reals has the
Baire property and is Lebesgue measurable. Both Vitali and Bernstein sets are constructed with
explicit use of the axiom of choice and so do not have simple definitions. However, Gédel showed
in [G6d38| that, in L, there is a 33 set of reals which neither has the Baire property nor is Lebesgue
measurable. Hence, in ZFC it is neither provable that every 1 set of reals has the Baire property
nor that every 33 set of reals is Lebesgue measurable. In the 1960s, Solovay constructed a model of
ZFC in which every X1 set of reals has the Baire property and is Lebesgue measurable. Therefore,
the statements “every 31 set of reals has the Baire property” and “every X1 set of reals is Lebesgue
measurable” are independent from ZFC. The same is true for most other regularity properties. Since
these statements are independent of ZFC, one can ask how strong they are viewed as set-theoretic
axioms. Solovay proved the following characterization.

Theorem 1.2.53 (Solovay).

(a) Every X3 set of reals has the Baire property if and only if for every real r € w*, the set
{z € 2% : z is not a Cohen real over L[r]} is meager.
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(b) Every i set of reals is Lebesque measurable if and only if for every real r € w®, the set
{x € 2¥ : x is not a random real over L[r]} is Lebesgue null.

Proof. Cf., e.g., [Sol70, Section ITI]. O
Later, Judah and Shelah proved a similar characterization result for Al sets of reals.
Theorem 1.2.54 (Judah-Shelah).

(a) Every A} set of reals has the Baire property if and only if for every real r € w¥, there is a
Cohen real over L[r].

(b) Every A} set of reals is Lebesgue measurable if and only if for every real r € w*, there is a
random real over L[r].

Proof. Cf., e.g., [IS89, Theorem 3.1]. O

There were many Solovay- and Judah-Shelah-style characterization results for other regularity
properties and forcing notions; see, e.g., [BL99BHLO5|/BL11], and it had been suggested that there
must be an underlying general result that can be proved abstractly. This result was finally obtained
by Ikegami in [Ike10] where he proved a general Solovay- and Judah-Shelah-style characterization for
arboreal forcing notions. This is nowadays called Tkegami’s Theorem. To prove his characterization
result, Tkegami generalized a concept which was first introduced by Brendle, Halbeisen, and Lowe
for Silver forcing in [BHLO5).

Definition 1.2.55. Let X be an uncountable Polish space and let I be a proper o-ideal on X,
and let M be a transitive model of ZFC. An element x € X is I-quasi-generic over M if for every
I-small Borel set B in X whose code is in M, z ¢ B.

Ikegami proved that every P-generic real over M is I;-quasi-generic over M and that both terms
coincide if IP satisfies the c.c.c. We shall talk about quasi-generics in more detail in Chapter 2] Table
lists the quasi-generics for our standard forcing notions.

Forcing notion Regularity property Quasi-generics over Lr]
Cohen Baire property Cohen reals
random Lebesgue measurable random reals
Hechler Baire property dom. topology Hechler reals
eventually different Baire property ev. diff. topology E-generic reals
Sacks S-measurable reals not in L[r]
Miller M-measurable unbounded reals
Laver LL-measurable dominating reals
Silver doughnut property Iy-quasi-generic reals
Mathias Ramsey property [Jec03, pp. 201ff.] ?

Table 1.1: Forcing notions and associated regularity properties

Theorem 1.2.56 (Ikegami). Let P be a proper arboreal forcing notion such that {c € BC : B, € I}
is 33(2%).
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(a) Every AL(w®) set of reals is P-measurable if and only if for every real r € w* and every
T € P, there is an Ij-quasi-generic real over L[r].

(b) If Np = Ip or Ip is Borel generated, then every X3(w®) set of reals is P-measurable if and
only if for every real v € w*, the set {x € w¥ : x is not I}-quasi-generic real over Lir|} is
Ip-small.

Proof. Cf., [IkelO, Theorems 4.3 & 4.4]. O

Theorem can be used to obtain Solovay- and Judah-Shelah-style characterizations for all
of the forcing notions in Table [I.I] except Mathias forcing. In fact, it is not known whether the
Ramsey property for the second level of the projective hierarchy can be characterized using Mathias-
quasi-generics. A reason for this is that for the Ramsey-null ideal Iry, the set {¢c € BC: B, € Irn}
is not 33(2%) (cf. [Sab12]). Therefore, we cannot apply Ikegami’s Theorem. However, Judah and
Shelah had already proved in the 1980s a characterization for the Ramsey property using different
kinds of reals (cf. [IS89]).

Let P be a forcing notion from Table and let ' be a projective pointclass, i.e., I' is X1, TT},
or Al for some n > 1. We write I'(P) for the statement “every I' set has the associated regularity
property”. For example A}(C) stands for the statement “every Al(2) set has the Baire property”.
The statements I'(P) for the first and second level of the projective hierarchy are well studied. It
is known that 31(P) and ITj(P) are provable in ZFC and that Al(P) and 31(P) are independent
from ZFC. Figure summarizes what is known about their consistency strengths for the second
level. The diagram is complete in the sense that if there is no arrow from a statement to another,
then the implication does not hold in ZFC[™|

Another well-known regularity property is the perfect set property. A set of reals has the perfect
set property if it is either countable or contains a perfect set, i.e., a closed set which has no isolated
points. Unlike the other regularity properties we have considered so far, the perfect set property is
an asymmetric property. By this, we mean that it is not provable in ZFC that the sets which have
the perfect set property are closed under complements. Nevertheless, it is provable in ZFC that
every analytic set has the perfect set property. However, the question whether all co-analytic sets
of reals have the perfect set property cannot be answered in ZFC.

Theorem 1.2.57. The following are equivalent:
(a) every co-analytic set of reals has the perfect set property,
(b) every X3 set of reals has the perfect set property, and

[r]

(c) for every r € w*, le < Ny

Proof. Cf. |Jec03, Theorem 25.38]. O

Let T be a projective pointclass. We write I'(PSP) for the statement “every I'(w*) set has the
perfect set property”. By Theorem [1.2.57, Ai(PSP) and X1(PSP) are equivalent. Moreover, they
imply the existence of an inaccessible cardinal in L.

Theorem 1.2.58. If for every r € w*, NIfM < Ny, then for every r € w¥, Wy is inaccessible in L|r].

12For a long time it was not known if Al(L) implies Al(V). This was recently solved in the negative by Banerjee
and Gaspar [BG22].
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T (R) = A3(R) %5(C) = A3(D) AL (E) A5 (B)
/
25(L) = A3(L) A5(0)
(V)
%5 (M) = Aj(M) A5(V)
/

25(S) = A3(S)

Figure 1.1: Regularity properties for Al and 31 sets

Proof. Cf. [Kan03| Proposition 11.5]. O

We shall see later that for every forcing notion P from Table if for every r € w®, le[r] < Ny,
then 31 (P) holds. In fact, we shall show that this is true for most regularity properties which can
be defined using forcing notions (cf. Proposition . Hence, the statement “for every r € w®,
NIf[T] < N;” is consistency strength wise an upper bound for statements of the form Al(P) and
31(P). The converse is not true for most forcing notions P from Table Only (D) and Z3(E
imply that for every r € w®, N%[r] < W;. In particular, for every forcing notion P from Table

AL(P) does not imply that for every r € w®, le[r] < Wy. This is also true for regularity properties
for which we have Judah-Shelah-style characterizations in the sense of Theorem The idea
is to extend L using an wj-iteration of P with countable support. Then by the Judah-Shelah-style
characterization, AL(P) is true the extension. Hence, we can use forcing to produce a model of
AL(P). Since the existence of an inaccessible cardinal in L cannot be forced, AL(P) does not
imply that for every r € w*, NIfM < N;. Note that this means that there is no Judah-Shelah-style
characterization for the perfect set property.
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1.2.15 Computable sets

We assume that the reader is familiar with basic concepts of computability theory. For a detailed
introduction, we refer the reader to |[Soal6|. Let us fix some notationE We fix a universal oracle
Turing machine. Let e,n,m,0 € w and let s € 2<“. We write ®; ,(n)l = m if e,n,m < o and
the universal oracle Turing machine running the eth program with oracle s and input n halts after
< o many steps and outputs m. Moreover, we write ®¢ ,(n)] if there is some m € w such that
®; ,(n)l =mand ®; ,(n)? otherwise. Let A C w and let f € 2* be the characteristic function of A.
Then we write @20 for q)éc[;’ and write ®2(n)] = m if there is some ¢ € w such that @ég(n)i =m.
Moreover, we write ®Z'(n){ if there is some m € w such that ®2(n)| = m and ®2(n)? otherwise.
If A = (), then we usually omit it. Then ®2 is a partial function from w to w. We say that a partial
function p is computable in A if there is some e € w such that p = ®2. If A = (), then we call p just
computable. A set B C w is called computable (in A) if its characteristic function is computable (in
A). In this case, we write B <t Aand A =1 Bif A <p B and B <t A. Then =7 is an equivalence
relation. We call the equivalence classes Turing degrees.

For A,B C w, we write A@® B for the set {2n :n € A}U{2n+1:n € B}. Let A Cw. A
set B C w is called computably enumerable (in A) if B is the domain of a partial function which is
computable (in A). For e € w, we define WA := dom(®) = {n € w: ®A(n)|}. Then a set B C w
is computably enumerable in A if and only if there is some e € w such that B = WA. Moreover,
the computably enumerable sets can be approximated by computable sets. Let e, 0 € w. We define
Wa, ={n <o :®2,(n)l}. Then W2, is computable in A and for every n € w there is some
o € wsuch that WANn = W;}g Nn. The jump of A is defined by

Ai={ecw: dM(e)l}.

Let n € w. We recursively define the nth jump of A, denoted by A by A© = A and A"+ =
(A™)’. Note that A" = A’

We conclude this section with a theorem about the connection between descriptive set theory
and computability theory.

Theorem 1.2.59 (Post’s Hierarchy Theorem). Let n € w, let x € w* and let A C w. Then
(a) A is computable in x if and only if it is recursive in x,
(b) A is computable in ™ if and only if it is AY, | (z), and
(¢) A is computably enumerable in ™ if and only if it is 9, (z).

Proof. Cf., e.g., |Soal6, Theorem 4.2.2]. O

13Note that we introduce most notation only for sets of natural numbers. However, it can be easily generalized to
the reals by identifying reals with sets of natural numbers.
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Chapter 2

Regularity properties for forcing
notions not living on the reals

Remarks on co-authorship. The results of this chapter are partly due to a collaboration between
Raiean Banerjee and the author. More specifically, all results in Sections[2.2.6, and[2.5
are, unless otherwise stated, joint work with Raiean Banerjee. In the listed sections, both authors
contributed equally. The results in the other sections are, unless otherwise stated, solely due to the
author. In particular, the results of Sections[2-1] and [2.31] and the ideas of Sections[2.2.3, [2.2.3,
and [2.2.]] can be found in the author’s Master’s thesis [Wan19).

Regularity properties on the reals are a well-studied field of descriptive set theory. However,
there are also regularity properties which are not defined on the reals. One of the better known
examples is amoeba regularity. Amoeba regularity was first introduced by Judah and Repicky
in [JR95]. They used amoeba forcing to define a regularity property on a Polish space whose
clements are pruned trees T C 2<% such that u([T]) = 3. Similar to the most other regularity
properties, the amoeba regular sets form a o-algebra containing all analytic sets and the statement
“every A} set is amoeba regular” is independent from ZFC.

In this chapter, we shall study amoeba regularity and two other regularity properties which
do not live on the reals, but on uncountable Polish subspaces of the Baire space. More precisely,
in Section [2.1) we shall prove a variant of Tkegami’s Theorem for uncountable Polish subspaces of
the Baire space. In Section [2.2] we shall use a generalization of category bases to define a general
framework for regularity properties. In particular, we shall prove a variant of Ikegami’s Theorem
for this framework in Section Then in Section we shall use this framework to investigate
the consistency strength of the statements “every Al set is amoeba regular” and “every X3 set is
amoeba regular”. In Sections and we shall define a regularity property for amoeba forcing
for category and localization forcing, respectively. Moreover, we shall investigate the consistency
strength of the statements “every Al set is regular” and “every 33 set is regular” for both regularity
properties. Figure[2.]]illustrates our main results from Sections [2.3] 2.4} and 2.5 by adding amoeba
regularity and the regularity properties for amoeba forcing for category and localization forcing to
Figure

In Figure 2] the letters A, B, C, D, E, L, LOC, M, R, UM, and V stand for amoeba, random,
Cohen, Hechler, eventually different, Laver, localization, Miller, Mathias, amoeba for category,
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and Silver forcing, respectively. Moreover, AL(P) is short for the statement “every Al satisfies
the regularity property which is associated to P” and analogously for 31(P) (cf. Table . The
diagram is complete in the sense that if there is no arrow from a statement to another, then the
implication does not hold in ZFC. It should be noted that all implications and non-implications not
involving A, LOC, or UM were already known before this work (cf. Figure .

Z5(S) = A3(S)

Figure 2.1: Regularity properties for Al and X1 sets

2.1 Ikegami’s Theorem for general Polish spaces

2.1.1 Regularity properties for ideals

The goal of Section [2.1]is to generalize Ikegami’s Theorem to uncountable Polish spaces. However,
we shall not generalize Theorem [I.2.56] directly, but a version of Tkegami’s Theorem for regularity
properties which are defined from o-ideals.

Definition 2.1.1. Let X be an uncountable Polish space and let I be a proper o-ideal on X. A
set A C X is called I-regular if for every I-positive Borel set B in X, there is an I-positive Borel
set B’ C B such that either B’ C A or B'N A = ().

The notion of I-regularity was first introduced by Khomskii in [Khol2]. In his work, Khomskii
focused only on o-ideals on the reals. We shall investigate I-regularity for o-ideals on general
uncountable Polish spaces in Section Here, we discuss a few of Khomskii’s results, which will
be helpful later.
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Proposition 2.1.2 (Khomskii). Let I be a proper o-ideal on w* such that Pr is proper.
(a) The I-regular sets form a o-algebra on w* containing all analytic and co-analytic sets.

(b) In L, there is a AL(w*”) set which is not I-regular.

(c) If for every r € w*, le[r] < Ny, then all £ (w®) sets are I-regular.

Proof. Cf. [Khol2, Lemma 2.2.2, Propositions 2.2.3 & 2.2.4, and Corollary 2.2.7]. O

Item (b) of Proposition utilizes the fact that one can use the Al(w* x w*) well-ordering
of the reals to construct a Al(w*) Bernstein set, i.e., a set A C w® such neither A nor w* \ A
contains a non-empty perfect set. Such a set never can be I-regular: let I be a proper o-ideal on
w®, let A C w* be a Bernstein set, and let B be an I-positive Borel set. Since every Borel set has
the perfect set property, B contains a perfect set. Therefore, B meets both A and w* \ A and so A
cannot be I-regular.

A highlight of Khomskii’s work was a version of Ikegami’s Theorem for idealized forcing notions.
For this, Khomskii defined a second ideal which coincides with I on Borel sets.

Definition 2.1.3. Let X be an uncountable Polish space and let I be a proper o-ideal on X. A
set A C w® is called I-null if for every I-positive Borel set B in X, there is an I-positive Borel set
B’ C B such that B’ N A = (). We denote the collection of all I-null sets by N7.

Proposition 2.1.4 (Khomskii). Let I be a proper o-ideal on w* such that Pr is proper.
(a) Then N7 is a o-ideal which coincides with I on Borel sets.
(b) If I is Borel generated and P; satisfies the c.c.c., then Ny = I.
Proof. Cf. [Khol2, Lemma 2.1.10]. O

Theorem 2.1.5 (Khomskii’s version of Tkegami’s Theorem). Let I be a proper o-ideal on w* such
that Py is proper and {c € BC: B, € I} is 33(2%).

(a) Every AL(w®) set of reals is I-reqular if and only if for every r € w* and every I-positive
Borel set B, there is an I-quasi-generic real over Lr] in B.

(b) Every X (w®) set of reals is I-regular if and only if for every r € w¥, the set {x € W : x is
not I-quasi-generic over Llr|} is I-null.

Proof. Cf. [Khol2, Theorem 2.3.7 & Corollary 2.3.8]. O

2.1.2 TIkegami’s Theorem for o-ideals on general Polish spaces

In this section, we generalize Khomskii’s version of Ikegami’s Theorem (Theorem to un-
countable Polish spaces. This was done by the author in his Master’s thesis [Wanl9|: a proof of
Theorem can be found there. While the proof from [Wan19] was a modification of Khom-
skii’s proof of Ikegami’s Theorem, we provide an alternative, much simpler proof by reducing
Theorem [2.1.12] to Khomskii’s version of Tkegami’s Theorem.

Before we can generalize Khomskii’s version of Ikegami’s Theorem, we have to first investigate
I-regularity for o-ideals on general uncountable Polish spaces and establish some basic properties.
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The idea is to define a second o-ideal on the reals and then to derive the desired properties for our
original o-ideal from it. More precisely, let X be an uncountable Polish space. By Theorem [1.2.4]
there is a Borel isomorphism f : X — w®. Let I be a o-ideal on X. We define I := {f[A] : A € I}.
Then Iy is a proper o-ideal and f induces an isomorphism between P; and Py,. Hence, Py and Py,
are forcing equivalent and a set A C X is I-regular (or I-null) if and only if f[A] is Ij-regular (or
Iy-null). Let I' be a projective pointclass. Since f and f~1 are Borel, every I'(X) set is I-regular
if and only if every I'(w*) set is I¢-regular. Using this fact, we obtain the following proposition.

Proposition 2.1.6. Let X be an uncountable Polish space and let I be a proper o-ideal on X such
that Py is proper.

(a) The I-regular sets form a o-algebra on X containing all analytic and co-analytic sets in X.

(b) In L, there is a AL(X) set which is not I-reqular.

(c) If for every r € w*, N%[T] < Ny, then all £3(X) sets are I-regular.
(d) The set N7 is a o-ideal on X which coincides with I on Borel sets in X.

(e) If I is Borel generated and P satisfies the c.c.c., then Ny = 1.
Proof. Follows directly from Propositions 2.1.2] and 2.1.4] O

Moreover, we obtain Solovay- and Judah-Shelah-style characterizations for o-ideals on uncount-
able Polish spaces.

Proposition 2.1.7. Let X be an uncountable Polish space, let f : X — w® be a Borel isomorphism,
and let I be a proper o-ideal on X such that Py is proper and {c € BC: B, € Iy} is $3(2%).

(a) Every AL(X) set is I-reqular if and only if for every r € w* and every I¢-positive Borel set
B in w*, there is an Iy-quasi-generic real over L[r] in B.

b) Every $1(X) set is I-reqular if and only if for every r € w*, the set {x € w® : x is not
2
I+-quasi-generic over L{r]} is Ip-null.

Proof. Follows directly from Khomskii’s version of Ikegami’s Theorem (Theorem [2.1.5) and the
definition of I;. O

Proposition links I-regularity to I;-quasi-genericity. However, we would prefer Solovay-
and Judah-Shelah-style characterizations that link I-regularity directly to I-quasi-genericity. This
inconvenience cannot simply be fixed by replacing I¢-quasi-genericity with I-quasi-genericity since
we do not know whether f maps I-quasi-generics to I;-quasi-generics and vice versa. Recall that
an element from X is I-quasi-generic over an inner model M of ZFC if it omits all I-small Borel
sets coded in M and similarly for Iy. Clearly, f maps I-small sets to I;-small sets, but still there
is no reason why f should map Borel sets coded in M to Borel sets coded in M. Hence, it might
be possible that f does not preserve quasi-genericity.

To fix this problem, from now on we only consider o-ideals on uncountable Polish subspaces
of the Baire space. Let X be an uncountable Polish subspace of the Baire space and let I be a
proper o-ideal on X. We can extend I to a o-ideal I on w® by putting everything which does not
meet X in I. Formally, we define I := {ACw¥: AN X € I}. Then I is a proper o-ideal on w
which coincides with I on subsets of X and for every I -positive Borel set B C w®, BN X is still an
I-positive Borel set. Hence, P; is a dense subset of P ; and so they are forcing equivalent. Moreover,
even their generics coincide.
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Proposition 2.1.8. Let X be an uncountable Polish subspace of the Baire space and let I be a
proper o-ideal on X. A real is Pr-generic over V if and only if it is P;-generic over V.

Proof. We start with the forward direction. Let z € w“ be Pj-generic over V. Then there is a
Pj-generic filter G over V such that for every Borel set B C X coded in V, B € G if and only if
x € B. Let H:={BeP;:3B" € G(B' C B)}. Since Py is a dense subset of P;, H is a IP;-generic
filter over V. It remains to check that for every Borel set of reals coded in V, B € H if and only
if x € B. Let B C w*” be a Borel set coded in V. If B € H, then there is some B’ € G such
that B’ C B. Since B’ € G, x € B’ C B. On the other hand, if x € B, then x € BN X. Thus,
BNnXeGandso Be H.

We prove the backward direction. Let x € w“ be IPj-generic over V. Then there is a P;-generic
filkter H over V such that for every Borel set B C w“ coded in V, B € H if and only if z € B.
Let G := HNP;. Then G is a Pj-generic filter over V and for every Borel set B C X coded in V,
B € G if and only if x € B. O

The fact that Py is a dense subset of P; also tells us that I-regularity and I -regularity coincide
on subsets of X. In fact, we can prove even more.

Proposition 2.1.9. Let X be an uncountable Polish subspace of the Baire space and let I be a
proper o-ideal on X. A set of reals A C w® is I-regular if and only if AN X is I-regular.

Proof. Let A C w® be a set of reals. We start with the forward direction. Let B be an I-positive
Borel set in X. Then B is also Borel in w* and by definition I-positive. Since A is I -regular, there
is an I-positive Borel set B’ C B such that either B’ C A or BN A= 0. Then B’ C B C X and
so B’ is an I-positive Borel set in X such that either B C ANX or BN (ANX) = 0.

We prove the backward direction. Let B be an I -positive Borel set in w¥. Then B’ := BN X
is an I-positive Borel set in X. Since AN X is I-regular, there is an I-positive Borel set B” C B’
such that either B” C AN X or B N(ANX) = 0. Then B” is an I-positive Borel set in w® such
that either B” C Aor B"NA=10. O

Since X is a Polish subspace of the Baire space, X is a TI3(w®) set of reals. Let I' be a projective
pointclass. Then A is in I'(w®) if and only if AN X is in I'(X). This means that every I'(X) set is
I-regular if and only if every I'(w®) set is I-regular. As before, we get Solovay- and Judah-Shelah-
style characterizations for I-regularity. Again, these do not really depend on I, but on I. To change
this, we need to investigate the connection between I-quasi-genericity and I-quasi-genericity.

Proposition 2.1.10. Let X be an uncountable Polish subspace of the Baire space, let I be a proper
o-ideal on X, and let M be an inner model of ZFC such that X is coded in M. Then a real is
I-quasi-generic over M if it is I-quasi-generic over M.

Proof. By definition, w® \ X is I-small. Hence, every I -quasi-generic real over M is in X. Further-
more, a subset of X is I-small if and only if it is /-small. Therefore, a real is I-quasi-generic over
M if and only if it is I-quasi-generic over M. O

Before we can prove a variant of Ikegami’s Theorem for o-ideals on uncountable Polish subspaces
of the Baire space which only depends on I, we need one last lemma.

Lemma 2.1.11. Let X be an uncountable Polish subspace of the Baire space and let I be a proper
o-ideal on X such that {c € BC: B, € I} is 3(2¥). Then {c € BC: B, € I} is $1(2*) as well.
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Proof. Let ¢ € BC be a Borel code. By definition, B, is I-small if and only if B, N X is I-small.
Hence,

B.el <« 3¢ €BC(By € IANVz € X(z € B, ¢ & € Bo NX)).

By Lemma 1.2.35, {c € BC: B, € I} is Z}(2%). O

Now we can put everything together and get a variant of Ikegami’s Theorem for uncountable
subspaces of the Baire space which only depends on 1.

Theorem 2.1.12. Let X be an uncountable Polish subspace of the Baire space and let I be a proper
o-ideal on X such that Py is proper and {c € BC: B, € I} is 31(2v).

(a) Every AL(X) set is I-regular if and only if for every r € w* such that X is coded in L[r] and
every I-positive Borel set B in X, there is an I-quasi-generic element over L[r] in B.

(b) Every X3(X) set is I-regular if and only if for every r € w* such that X is coded in L[r], the
set {x € X : x is not I-quasi-generic over L[r]} is I-null.

Proof. We start with proving (a). By Khomskii’s version of Ikegami’s Theorem (Theorem ,
we only have to check that for every r € w® such that X is coded in L[r] and every I-positive
Borel set B in X, there is an [-quasi-generic element over L[ ] in B if and only if for every
r € w* and every I-positive Borel set B in w®, there is an I-quasi-generic element over L[r] in

B. The backward direction follows directly from Proposition 2.1.10] Hence, we only have to show
the forward direction. Let r € w® and let B be an I- positive Borel set in w“. Without loss of
generality, we can assume that X is not coded in L[r] since otherwise we can Just use Proposition
Let a € w* such that X is coded in L[a]. By assumption, there is an I-quasi-generic element
x € B over L[r,a]. Then z is also I-quasi-generic over L[r]. The proof of (b) is analogous. O

2.1.3 The special case for idealized forcing notions satisfying the c.c.c.

In this section, we consider Theorem [2.1.12]in the special case that P; satisfies the c.c.c. Recall that
Ikegami has shown that for forcing notions satisfying the c.c.c. generics and quasi-generics coincide.
However, before we can replace I-quasi-genericity with P;-genericity in Theorem [2.1.12] we have
to make sure that for inner models, P;-genericity is well-defined. Let X be an uncountable Polish
subspace of the Baire space. Since X is a Polish subspace of w*, X is II3(w®). Let ¢ be a II9
formula with parameter a € w* which defines X and let M be an inner model of ZFC containing a.
Then XNM = {z: M | p(z,a)} is II3(w*) in M. Hence, X N M is an uncountable Polish subspace
of the reals in M. Next, let I be a proper o-ideal on X such that Igc := {¢c € BC: B, € I} is
31(2%) and let ¢ be a ¥} formula with parameter a’ € w* defining Igc. By Shoenfield absoluteness,
if a’ € M, then Igc N M = {c: M [=(c,a’)} is in M. Let I™ be the ideal on X, in M, generated
by {B.:c € IgcNM}. Then I'M is a Borel generated, proper o-ideal on X in M. We write P} for
the idealized forcing notion defined from I in M. Then for every ¢ € BC, BM € PM if and only
if c€ M and BY € P;. In the following, we often omit the M in P} if it is clear from the context,
e.g., we write P;-generic over M if we mean ]P’y -generic over M.

Proposition 2.1.13 (Tkegami). Let X be an uncountable Polish subspace of the Baire space, let
I be a Borel generated, proper o-ideal on X such that {c € BC : B, € I} is X3, let a € w* such
that X and Igc are I13(a) and $i(a), respectively, and let M be an inner model of ZFC such that
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a € M. If Py satisfies the c.c.c. in M, then an element of X is Pr-generic over M if and only if
it is I-quasi-generic over M.

Proof. By definition, every P;-generic over M is I-quasi-generic over M. Let x € X be an I-quasi-
generic element over M and let G, := {B € P; : x € B}. We have to show that G, is a P;-generic
filter over M. It is clear that G, is a filter. Let D C P; be dense in M. Then there is a maximal
antichain A C D. Since P; satisfies the c.c.c. in M, B :=|J.A is a Borel set coded in M. Moreover,
X \ B is I-null in M. By Proposition X \ B is I-small in M. Since {c € BC: B, € I} is
»1(2%), X \ B is I-small in V by Shoefield absoluteness. Hence, z ¢ X \ B. Then z € B and so
there is some B’ € A such that x € B’. Therefore, B’ witnesses that G meets D. O

Proposition 2.1.13] is not necessarily true if P; does not satisfy the c.c.c.: note that every real
which is not in M is ctbl-quasi-generic over M. Since every Borel set has the perfect set property,
we can find a dense embedding from Sacks forcing into Petp). Hence, S and Peyp) are forcing
equivalent. Let « be a Cohen real over M. It is well-known that M]z] does not contain any Sacks
reals over M. Therefore, z is ctbl-quasi-generic over M but not Pep1-generic over M.

Using Proposition [2.1.13] we can replace I-quasi-genericity with P;-genericity in Theorem [2.1.12}
We can simplify Theorem [2.1.12] even more if we also assume that I is Borel generated. Recall that
if I is Borel generated and P; satisfies the c.c.c., then by Proposition N7 = I. Hence, in
this case, we can replace I-null with I-small in the Solovay-style characterization. To simplify the
Judah-Shelah-style characterization, we use another result of Khomskii.

Proposition 2.1.14 (Khomskii). Let I be a proper, Borel generated o-ideal on X such that {c €
BC: B. € I} is Xi(a). If for every r € w* with a € L[r], there is a Pr-generic real over L[r], then
every Al (w®) set of reals is I-regular.

Proof. Cf. [Khol2| Proposition 2.2.5]. O

By Proposition we can formulate the Judah-Shelah-style characterization without quan-
tifying over I-positive Borel sets. Putting it all together, we get the following version of Ikegami’s
Theorem.

Corollary 2.1.15. Let X be an uncountable Polish subspace of the Baire space, let a € w* such
that X is 113(a), and let I be a proper, Borel generated o-ideal on X such that {c € BC: B. € I}
is ¥3(a) and P; satisfies the c.c.c. in every inner model of ZFC containing a.

(a) Every AL(X) set is I-reqular if and only if for every r € w* with a € Lr], there is an
P;-generic element over L[r].

(b) Every £3(X) set is I-reqular if and only if for every r € w* with a € L[r], the set {v € X : z
is not Pr-generic over L[r]} is I-small.

Proof. Follows directly from Propositions [2.1.6} .1.13] 2.1.14] and Theorem ]

2.2 A general framework for regularity properties

2.2.1 Category bases

The goal of Section[2:2]is to provide a general framework for regularity properties. A good candidate
for such a framework are category bases, which were first introduced by Morgan in [Mor77] to
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generalize the Baire property. They were also used by Judah and Repicky in [JRI5] to define
amoeba regularity. In this section, we shall give a brief introduction to category bases and discuss
some of Morgan’s results. For a complete introduction, we refer the reader to [Mor90].

Definition 2.2.1. Let X be a set and let C C P(X) be a set of non-empty subsets of X. We say
that (X,C) is a category base if

(a) X =C and
(b) for every A € C and every non-empty disjoint family ¢’ C C with |C’| < |C|,

(i) if ANYC contains some element of C, then there is a C' € C’ such that AN C contains
some element of C, and

(ii) if ANYC’ does not contain an element of C, then there is some A’ € C such that A’ C A
and A'NnJC" =0.

We call the elements of C regions.

Category bases are a generalization of topological spaces. In fact, every topological space induces
a category base: let X be a topological space and let C be the set of non-empty open sets in X. It
is clear that |JC = X. Let O € C be a non-empty open set and let C’ C C be a family of disjoint
open sets. If ON|JC’ contains a non-empty open set, then there is some open set U € C’ such that
oNnU # 0. It ANYC’ does not contain a non-empty open set, then AN|JC’ = 0. Therefore, (X,C)
is a category base. Note that if C' C C is a basis for C, then (X, (’) is a category base as well.

Morgan defined for every category base a regularity property which coincides with the Baire
property for topological spaces. For this purpose, he first generalized the concept of meager sets.

Definition 2.2.2. Let (X,C) be a category base. A set A C X is C-singular if for every region
C € C, there is a region C’' C C such that C' N A = 0. A set is C-meager if it is a countable union
of C-singular sets. We denote the o-ideal of all C-meager sets by Ic.

Note that for topological spaces this is the alternative definition of nowhere dense sets from
Proposition Therefore, a set is nowhere dense if and only if it is singular and so the meager
sets coincide as well. But there is a big difference between topological spaces and category bases.
Unlike open sets, the intersection of two regions is in general not necessarily either region or empty
(cf. Theorem [2.3.4). However, Morgan proved something slightly weaker. Let (X, C) be a category
base. Two sets are essentially disjoint in (X,C) if their intersection is C-meager.

Theorem 2.2.3 (Morgan). Let (X,C) be a category base. The intersection of two regions either
contains a region or is essentially disjoint in (X,C). In fact, it either contains a region or is
C-singular.

Proof. Cf. [Mor90, Chaper 1, Section II, Theorem 2]. O

In what follows, we will often use category bases ordered by inclusion as forcing notions. Let
(X,C) be a category base such that every region is not C-meager. By Theorem two regions
are incompatible in (C, C) if and only if they are essentially disjoint in (X, C). Therefore, a family
of regions is an antichain in (C, Q) if and only if its elements are pairwise essentially disjoint in
(X,C). This leads us to the following definition.
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Definition 2.2.4. Let (X,C) be a category base. We say that (X, C) satisfies the countable chain
condition (c.c.c.) if every family of pairwise essentially disjoint regions is countable.

Note that Morgan defined a category base to satisfy the c.c.c. if every disjoint family of regions
is countable. Morgan’s definition may seem a bit weaker at first sight, but he showed that it is
equivalent to Definition [2:2:] if every region is non-meager.

Proposition 2.2.5 (Morgan). Let (X,C) be a category base such that every region is non-C-meager.
Then (X,C) satisfies the c.c.c. if and only if every disjoint family of regions is countable.

Proof. The forward direction is clear. We prove the backward direction. Let C’ C C be a pairwise
essential disjoint family of regions. We assume for a contradiction that C’ is uncountable. Without
loss of generality, we can assume that [C'| = X;. Let {C,, : @ < w;} be an enumeration. We define a
disjoint family {C? : @ < wi} C C such that for every o < wy, CY, is a subregion of C,, by recursion.
We set Cf := Co. If Cj is already defined for every 8 < «, then {C} : 8 < a} is a countable disjoint
family. We make a case-distinction:

Case 1: C, NU{C}j : B < a} contains a region. Then there is a 3 < «, such that C,, N Cj
contains a region. But this is not possible since C, and Cjs are essentially disjoint.

Case 2: Co NU{C} : B < a} contains no region. Then there is a subregion C' C C, such that
for every < a, CNCs = 0. Weset Cj :=C.

Then {C!, : @ < wy} is an uncountable disjoint family of regions. But this is not possible by
assumption. Therefore, (X, C) satisfies the c.c.c. O

Most of the time we are only interested in category bases whose regions are non-meager. There-
fore, it does not really matter which definition we choose for category bases. The reason we use the
“stronger” version as our definition is that in Section [2.2.2| we deal with a generalization of category
bases for which the author does not know whether Proposition holds.

Note that a category base (X, C) whose regions are non-C-meager satisfies the c.c.c. as a category
base if and only if (C,C) satisfies the c.c.c. as a forcing notion. Other non-trivial examples of
category bases satisfying the c.c.c. are Polish spaces.

Proposition 2.2.6. Let X be a Polish topological space and let C be the set of non-empty open
sets. Then (X,C) satisfies the c.c.c.

Proof. Let C' C C be an essentially disjoint family of non-empty open sets. In a Polish space every
non-empty open set is non-meager. Hence, the elements of C’ are pairwise disjoint. Let D C X be
a countable dense set and for every C € C, let xc € CND. Then for every C # C' € C', x¢ # .
Therefore, C’' is countable. O

Recall that Morgan introduced category bases as a more general carrier for the Baire property.
Recall that in a topological space, a set has the Baire property if its symmetric difference with
some open set is meager. If we apply this definition one-to-one to category bases, then the sets
with the Baire property may not form a o-algebra: let X be an infinite set and let C be the set of
all singletons of X. Then (X,C) is a category base and only the empty set is C-meager. Hence, a
subset of X has the Baire property if and only if it is a singleton. Then the collection of sets having
the Baire property is neither closed under complements nor under unions. However, there are many
other equivalent definitions of the Baire property (cf., e.g., [Kur66, §11.1V]). Morgan used one of
them to define the Baire property for category bases.
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Definition 2.2.7. Let (X,C) be a category base. A set A C X is C-Baire if for every region C € C,
there is a region C’ C C' such that C'\ A or C’' N A is C-meager. We denote the collection of all
C-Baire sets by B(C).

Note that this is the alternative definition of the Baire property from Proposition [I.2.22] There-
fore, a subset of a Polish space has the Baire property if and only if it is Baire and so the Baire
sets form a o-algebra. Morgan showed that the latter is even true for general category bases.

Theorem 2.2.8 (Morgan). Let (X,C) be a category base. Then B(C) is a o-algebra containing all
regions. Moreover, if (X,C) satisfies the c.c.c., then B(C) is the smallest o-algebra containing all
regions and C-meager sets.

Proof. Cf. [Mor90, Chaper 1, Section III, Theorems 6 & 8]. O

2.2.2 Weak category bases

In this section, we introduce a generalization of category bases, which we then use as the basis of
our framework. The reason why we use a generalization of category bases rather than category
bases themselves is that we want to include I-regularity and P-measurability in our framework and
it is not known whether they can always be expressed in terms of category bases. By this, we mean
that it is not known whether for every proper o-ideal I on a topological space X, there is always
a category base whose Baire sets are the [-regular sets and similarly for arboreal forcing notions
P on 2 (or w). Natural candidates for such category bases would be (X,P;) or (2¢,{[T]: T € P})
(or (w¥,{[T] : T € P})). However, it is not known whether these are always category bases (cf.

Question [2.6.1)).

Definition 2.2.9. Let X be a set and let C C P(X) be a set of non-empty subsets of X. We say
that (X,C) is a weak category base if

(a) X =UC and

(b) for every A, A’ € C, AN A’ contains an element of C or for every C € C, there is some C’ € C
such that ' CC and C"'N (AN A") =0.

We adopt the terms region, C-singular, C-meager, C-Baire, and c.c.c. from category bases.

In other words, (b) of Definition says that the intersection of two regions must contain
a region or be C-singular. Thus, by Theorem [2.2.3] every category base is a weak category base.
Next, we show that all regularity properties considered so far, except the perfect set property, can
be characterized using weak category bases.

Proposition 2.2.10.

(a) Let X be a topological space and let C be the set of non-empty open sets or a basis for the
topology of X. Then (X,C) is a weak category base. Moreover, if (X,C) satisfies the c.c.c.,
then a set A C X has the Baire property if and only if it is C-Baire.

(b) Every category base is a weak category base.

(¢) Let I be a proper c-ideal on a topological space X such that Py is proper. Then (X,Pr) is a
weak category base and a set A C X is I-reqular if and only if it is P;-Baire.
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(d) Let P be an arboreal forcing notion on 2 (or w) and let Cp := {[T'] : T € P}. Then (2¥,Cp)
(or (w¥,Cp)) is a weak category base and a set A C X is P-measurable if and only if it is
Cp-Baire.

Proof. Ttem (a) follows directly from (b) and Proposition and (b) follows directly from
Theorem So we only have to prove (c) and (d). We start with proving (c). Let B, B’ be
I-positive Borel sets such that B N B’ is I-small. Since P; is proper, B N B’ is I-null. Hence,
(X,Py) is a weak category base. It remains to show that a subset of X is I-regular if and only if
it is P;-Baire. The forward direction is clear. Let A C X be P;-Baire and let B be an I-positive
Borel set in X. Then there is an I-positive Borel set B’ C B such that either B’\ A or BN A
is P;-meager. Note that a set is P;-singular if and only if it is I-null. Since P; is proper, N7 is a
o-ideal. Hence, a set is P;-meager if and only if it is [-null and so either B’ \ A or B’ N A is I-null.
Then there is an I-positive Borel set B” C B’ such that either B” N (B’ \ A) or B" N (B’ N A) is
empty. In the former case B” C A and in the latter case B” N A = (). Therefore, A is I-regular.

It remains to prove (d). Let T,7" € P be incompatible and let S € P. Since T and T’ are
incompatible, there is some s € S\ (I'NT"). Let S’ € P such that S’ < S and s C stem(S’). Then
[S'IN([TTN[T']) = 0 and so (2¥,Cp) (or (w*,Cp)) is a weak category base. The second part follows
directly from the definitions. O

We shall investigate the converse of (c) of Proposition in Section [2.2.3] Here, we show
that the converse of (b) is not true, i.e., we show that there are weak category bases which are not
category bases: let X = wy and let {4, : @ < wy} be a partition of X in wy many disjoint sets
with cardinality wy and let {7, : @ < w1} be an enumeration of A,,. For every o < wy, we define
Al = Ay, U{v4}. Let

C={As:a<w}U{A :a<w JU{ACA,,: A, \ A is finite}.

We show that (X,C) is a weak category base. Let C,C’ € C be regions such that C N C" # (.
Then C or C’ is a subset of A,,. Without loss of generality, C C A,,. If ¢/ C A, as well, then
C N C'is co-finite in A, and so C N C" € C. Hence, we can assume that C' ¢ A,,,. Then there
is some « < wy such that C' = A!. Thus, |C N C’| < 1. By definition, every finite set F C A,,, is
C-singular. Therefore, (X,C) is a weak category base. Now let C' := {A! : a < wy}. Then C' is a
pairwise disjoint family of regions with |C’| < |C|, Moreover, A, NJ{A4L : 0 < a < w1} contains a
region, namely A,,,. However, there is no o < wy such that A,,, N A/, contains a region. Therefore,
(X,C) is a weak category base but not a category base.

In the following, we prove some basic properties of weak category bases. It should be noted
that although the concept of weak category bases is new, most of the proofs in this section and
Sections[2.2.3|and 2:2.4] are not. They can be found in a less general setting in the author’s Master’s
thesis [Wanl9).

It is clear that the C-singular sets and the C-meager sets form an ideal and a o-ideal, respectively.
More complicated is the question of whether the C-Baire sets always form a o-algebra. To answer
it, we use a concept which was also used by Ikegami for arboreal forcing notions in [Ikel0].

Definition 2.2.11. Let (X,C) be a weak category base. A subset of X is C-abundant if it is not
C-meager. Let C' € C be a region. We say that a set A C X is C-abundant in a region C if CN A
is abundant and that A is C-abundant everywhere in C if A is C-abundant in every subregion of
C. We define I} as the set of all A C X such that there is no region in which A is C-abundant
everywhere.
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In other words, a set A C X is in I} if for every region C' € C, there is a subregion C’ C C such
that C" N A is C-meager. Therefore, I} is an ideal containing all C-meager sets. We can use I} to
obtain an alternative characterization of the C-Baire sets.

Lemma 2.2.12. Let (X,C) be a weak category base. Then a set A C X is C-Baire if and only if
for every region C € C there is a subregion C' C C such that either C'\ A or C' N A is I}-small.

Proof. The forward direction is clear. We prove the backward direction. Let A C X and assume
that for every region C' € C there is a subregion C’ C C' such that either C"\ A or C'N A is I}-small.
Then there is a subregion C’ C C such that either C'\ A=C'"N(C\A)or C'NA=C"N(CNA)
is C-meager. O

Lemma 2.2.13. Let (X,C) be a weak category base such that 1} is a o-ideal. Then B(C) is a
o-algebra.

Proof. We only have to check that B(C) is closed under countable unions. Let A,, C X be C-Baire,
let A :=J,c,, An, and let C' € C be a region. Without loss of generality, C' N A is not [3-small.
Then there is some n € w such that CN A, is not I3-small. Hence, there is a region B € C such that
CN A, is C-abundant everywhere in B. In particular, BN C is C-abundant. Thus, there is a region
C’' C BNC. Since A, is C-Baire, there is a subregion C”" C C” such that either C”\ A,, or C"NA,, is
C-meager. The latter is not possible because C” is a subregion of B and so C"NA, = C"N(CNA,)
is C-abundant. Therefore, C" \ A,, is C-meager. O

Lemma [2.2.13|reduces the question of whether the C-Baire sets form a o-algebra to the question
of whether I} is a o-ideal.

Question 2.2.14. Let (X,C) be a weak category base. Is I} is always a o-ideal?

In the rest of this section, we give partial answers to Question [2:2.14 We start with category
bases. The following theorem shows that for every category base (X,C), Ic = I}. Therefore,
Question [2.:2.14] can be answered positively for category bases.

Theorem 2.2.15 (Morgan). Let (X,C) be a category base. Then every C-abundant set is C-
abundant everywhere in a region.

Proof. Cf. [Mor90, Chapter 1, Section II, Fundamental Theorem]. O

Theorem [2.2.15| does not hold for weak category bases: let X = w; and let {A, : a < w;} be a
partition of X in w; many disjoint sets with cardinality R;. We define

Co ={AC A, :|Au \ A] < Np} for a < wy,
C={ACX Va<w (|[ANA, <D A{a<w;: ANA, # 0} =Ry}, and
c=|J cuc.

a<wi

Then (X,C) is a weak category base. We shall show that a subset of X is C-meager if and only
if it is countable. Then every set A C X which meets every A, in exactly Ny many elements is
C-abundant and I3-small. It is clear that every finite set is C-singular. Hence, every countable set
is C-meager. Let A C X be uncountable. Then [{a < wy : AN A, # 0} = ¥y or there is some
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a < wj such that |[AN A,| = N;. In both cases there is a region with no subregion which is disjoint
from A. Hence, A cannot be C-singular and so every C-meager set is countable.

However, Theorem [2.2.15] holds for large classes of weak category bases including those satisfying
the c.c.c. To show this, we first prove a lemma characterizing the singular sets for weak category
bases satisfying the c.c.c.

Lemma 2.2.16. Let (X,C) be a weak category base such that every region is C-abundant and let
AC X. Then A is C-singular if and only if there is a mazimal family A C C of pairwise essentially
disjoint regions such that A C X \ Upe 4 C-

Proof. We start with the forward direction. Since A is C-singular, the set D :={C € C: CNA = 0}
is dense in (C, C). Let A C D be a maximal antichain. Then A C X\|Joc 4 C and every C # C' € A
are essentially disjoint.

We prove the backward direction. Let A C C be a maximal family of pairwise essentially disjoint
regions such that A € X'\ Js 4 C and let C € C be a region. Since A is maximal, C' is compatible
with some element B € A. Let C' C BN C be a witness. Then C' N A = (. Therefore, A is
C-singular. O

Note that in the statement of Lemma [2.2.16] we can exchange maximal family of pairwise essen-
tially disjoint regions with maximal antichain in (C,C). In fact, if every region is C-abundant, then
both terms coincide. In the following, we shall use both interchangeably.

Proposition 2.2.17. Let (X,C) be a weak category base such that every region is C-abundant. If
(X,C) satisfies the c.c.c. or every C-meager set is C-singular, then Ic = 1.

Proof. Let A C X be Ij-small. First, we assume that (X,C) satisfies the c.c.c. Let D := {C € C:
C'N A is C-meager}. Then D is dense in (C,C). Let A C D be a maximal antichain. Since (X,C)
satisfies the c.c.c., A is countable and so M := Jc 4 C N A is C-meager. We shall show that A\ M
is also C-meager. By Lemma X\ Ucea C is C-singular. Since A\ M = A\ UgesC, A\ M
is also C-singular and so A is C-meager.

Now we assume that every C-meager set is C-singular. Let C' € C be a region. Since A is
I}-small, there is a subregion C’ C C such that C’' N A is C-meager. By assumption, C' N A is
C-singular. Hence, there is a subregion C”" C C’ such that C"" N A = C" N (C’' N A) = 0. Therefore,
A is C-singular. O

Next, we introduce a class of weak category bases for which we can show that I3 is a o-ideal.

Definition 2.2.18. A weak category base (X,C) is proper if (C,C) is a proper forcing notion, I¢
is a proper o-ideal, and every region is C-abundant.

Note that for every Polish space X, X together with the set of non-empty open sets forms a
proper weak category base. Moreover, every proper arboreal and every proper idealized forcing
notion defines a proper weak category base.

Proposition 2.2.19. Let (X,C) be a proper weak category base. Then I} is a proper o-ideal and
every region is C-abundant everywhere in a region, i.e., every region is I;-positive.

Proof. First, we show that I3 is a o-ideal. It is enough to check that I3 is closed under countable
unions. Let A, C X be Ig-small, let A := J,, An, and let C € C be a region. Then for
every n € w, the set D, := {B € C : BN A is C-meager} is dense in (C,C). For every n € w,

42



we fix a maximal antichain A, C D,. Let M be a countable elementary submodel of a large
enough structure containing P, C, and every A,. Since (C,C) is proper, there is a (M, (C, C))-
master condition C’ C C. Hence, for every n € w, A, N M is predense below C’'. We define
N :=U,co U{BNA, : Be A, NM}. Then N is C-meager. It is enough to show that (C'NA)\ N
is C-meager. Let n € w and let B € C be a region. We make a case-distinction:

Case 1: B and C’ are compatible. Without loss of generality, we assume that B < C’. Since
A,, N M is predense below C’, there is some element in B’ € A,, N M which is compatible with B.
Let B” C BN B’ be a witness. Then B" N A,, C B'N A, C N. Hence, B"N((C’'NA,)\ N) =0.

Case 2: B and C' are incompatible. Then B N C’ is C-singular. Thus, there is a subregion
B’ C B such that B'NC" =@ and so B'N((C"'NA,)\N)=0.

Therefore, (C' N A,,) \ N is C-singular for every n € w and so (CN A)\ N is C-meager. O

Corollary 2.2.20. Let (X,C) be a proper weak category base. Then B(C) is a o-algebra.
Proof. Follos directly from Lemma [2:2.13] and Proposition 2:2.19] O

2.2.3 Ikegami’s Theorem for weak category bases

In this section, we prove a version of Tkegami’s Theorem for weak category bases. The rough idea
is to show that for a weak category base (X,C) a subset of X is C-Baire if and only if is I}-regular.
Then we can use our version of Ikegami’s Theorem for uncountable Polish spaces (Theorem
to obtain Judah-Shelah- and Solovay-style characterizations for the C-Baire sets. However, this is
only possible if there is already a topology on X that is compatible with C.

Definition 2.2.21. Let X be an uncountable Polish space and let (X,C) be a weak category base.
We say that (X,C) is Borel compatible with X if every region is Borel in X and every Borel set in
X is C-Baire.

If X is an uncountable Polish space and (X,C) is a proper weak category base (X,C) which
is Borel compatible with X, then I3 is a proper o-ideal on X and so Ij-regularity is well-defined.
Moreover, by Proposition (X,Prs) is a weak category base and a subset of X is Iz-regular
if and only if it is P7;-Baire. Hence, we only have to check that B(C) = B(P;;). In fact, we show
something even stronger.

Definition 2.2.22. We say that two weak category bases (X,C) and (X,D) are equivalent if
I} = I and B(C) = B(D).

Note that Morgan defined two category bases (X,C) and (X, D) to be equivalent if they produce
the same meager and Baire sets, i.e., I = Ip and B(C) and B(D). Since for category bases, Ic = I},
this is equivalent to Definition for category bases. In the following, we show that (X,C) and
(X, Plg) are equivalent as weak category bases. We start with a lemma about idealized forcing
notions.

Lemma 2.2.23. Let X be an uncountable Polish space, let I be a proper o-ideal on X such that
Py is proper. Then a subset of X is I-null if and only if it is Iy -small.

Proof. By definition, a subset of X is I-null if and only if it is P;-singular. Since P; is proper, N7
is a o-ideal. Hence, a subset of X is I-null if and only if it is P;-meager. So in particular, every
[P;-meager set is Pr-singular. By Proposition 2.2.17] a subset of X is P;-meager if and only if it is
I -small. Therefore, a subset of X is [-null if and only if it is I -small. O
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Thus, by Proposition 2.2.10and Lemma |2.2.23 to show that (X,C) and (X, Prs) are equivalent,
we only need to show that I5 = N 1z and that a subset of X is C-Baire if and only if it is Iz-regular

(or P7z-Baire). This is clear if C is a dense subset of Py+. Since (X,C) is Borel compatible with X,
C is always a subset of P 1z However, there is no reason to think that C is always a dense subset.
In fact, we can characterize the weak category bases for which C is a dense subset.

Lemma 2.2.24. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base such that (X,C) is Borel compatible with X. Then C is a dense subset of Pr; if and only if
every C-meager set is C-singular.

Proof. We start with the forward direction. Since C is a dense subset of Prx, a subset of X is C-
singular if and only if it is /3-null. By Proposition the C-singular sets form a o-ideal. Hence,
ever C-meager set is C-singular.

We prove the backward direction. Let B be an I3-positive Borel set in X. Then there is a
region C such that for every subregion ¢/ C C, C' N B is not C-meager. Since B is C-Baire, there
is a subregion C’ C C' such that C’\ B is C-meager. By assumption, C’ N B is C-singular. Hence,
there is a subregion C” C C’ such that C” N (C’ N B) = (. Then C” is a subset of B and so C is
dense in P Iz ]

Next, we give an example of a weak category base (X,C) such that C is not dense in P 1z Let
X = w® and C be the set of non-empty open sets of reals. It is well-known that there are meager
sets which are not nowhere dense (take any countable dense set of reals). By Lemma there
is a non-meager Borel set of reals which does not contain a non-empty open set. However, since
every Borel set has the Baire property, for every non-meager Borel set B, there is a non-empty
open set O such that O \ B is meager. We have already seen in the proof of Lemma that
something similar also is true for general weak category bases.

Lemma 2.2.25. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base such that (X,C) is Borel compatible with X. Then for every I}-positive Borel set B in X,
there is a region C € C such that C'\ B is C-meager.

Proof. Let B be an I3-positive Borel set in X. Then there is a region C such that for every subregion
C’' C C, C' N B is not C-meager. Since B is C-Baire, there is a subregion C’ C C such that C' \ B
is C-meager. O

By Lemma [2.2.25] every Ij-positive Borel set in X contains a region modulo a C-meager set.
Therefore, C can be densely embedded into the quotient algebra (B(X)/I})™".

Proposition 2.2.26. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base such that (X,C) is Borel compatible with X. Then

i:(C,C) —(B(X)/I¢)",
C —IC)

is a dense embedding, where [C] is the equivalence class of C' in B(X)/I5. In particular, Pr- is
proper and forcing equivalent to (C,C).

Proof. Let C,C’ € C be regions. It is clear that if C C C’, then i(C) < i(C"). If C and C’ are
compatible, then there is some region C” € C such that C” C CNC’. Then i(C") < i(C),i(C").
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Conversely, if i(C) and i(C") are compatible, then there is some I3-positive Borel set B in X such
that B\ C and B\ C' are I3-small. By Lemma [2.2.25| there is a region C" € C such that C" \ B
is C-meager. Then C' N C" is either C-singular or contains a region. We suppose for a contradiction
that C N C" is C-singular. Then

C"C(C"\B)u(B\C)Uu((CnC") el

But this is impossible since (X, C) is proper. Hence, we can assume without loss of generality that
C” C C. Analogously, we can assume that C” C C’. Therefore, C and C’ are compatible.

Let B be an Ij-positive Borel set in X. Again by Lemma there is some region C € C
such that C'\ B is C-meager. Therefore, ran(i) is dense in (B(X)/I;)". Altogether, i is a dense
embedding. The second part follows directly from Proposition O

Now we are finally ready to prove that (X,C) and (X, P;:) are equivalent.

Theorem 2.2.27. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base such that (X,C) is Borel compatible with X. Then (X,C) and (X, PI;) are equivalent.

Proof. Let A C X. We have to show that A is I3-small if and only if A is I3-null and that A is
C-Baire if and only if A is I3-regular. We start with the former. First assume that A is I7-null. Let
C € C be a region. Then there is an Ij-positive Borel set B C C such that BN A = (. By Lemma
there is a region C’ € C such that C"\ B is C-meager. Then C' N C” is not C-singular and so
there is a region C”" C C' N C’. Then C” is a subregion of C and C" NA = (C'"\ B)U(BNA) is
C-meager. Therefore, A is I3-small.

Next we assume that A is C-singular. Let B be an Ig-positive Borel set in X. By Lemma [2.2.25]
there is a region C' € C such that C'\ B is C-meager. Since A is C-singular, there is a subregion
C" C C such that C"N A= 0. Then C’\ B is I}-small and so C' N B is an I}-positive Borel set in
X which is disjoint from A. Therefore, A is I-null. By Proposition Ni; is a o-ideal. Hence,
every C-meager set is also J3-null. Now assume that A is I3-small. Let B be an I3-positive Borel
set in X. Again by Lemma there is a region C' € C such that C'\ B is I}-small. Since A is
I}-small, there is a subregion C’ C C' such that C' N A is C-meager. Then C’ N B is an I}-positive
Borel set in X and (C’ N B) N A is C-meager. In particular, it is I3-null. Thus, there is an I3
positive Borel set B' C ¢’ N B such that B’ N ((C'NB)N A) =0 and so B'N A = (). Therefore, A
is I3-null.

Now assume that A is C-Baire. Let B be an I3-positive Borel set in X. By Lemma [2.2.25] there
is a region C' € C such that C'\ B is C-meager. Since A is C-Baire, there is a subregion ¢’/ C C
such that either C' \ A or C’ N A is C-meager. Without loss of generality, we assume the former.
Then M := (C'\ B)U (C’\ A) is C-meager and so I}-null. Hence, there is an I}-positive Borel set
B’ C C’ such that BN M = . Then B’ < B and B’ C A. In the case C' N A is C-meager, we
deduce that there is some B’ < B such that B’ N A = (). Therefore, A is I}-regular.

Finally, we assume that A is I3-regular. Let C' € C be a region. Since A is I3-regular, there is
an I3-positive Borel set B C C' such that either BC Aor BNA = (). By Lemma there is
a region C’ € C such that C’ \ B is C-meager. Then either C'\ A or C' N A is I-small. If CNC’
contains a region, we are done. Thus, we suppose for a contradiction that it does not. Then CNC’
is C-singular and so

C'C(C'\B)u(C'nB)C(C'\B)U(C'nC) e L.

But this is impossible since (X,C) is proper. Therefore, A is C-Baire. O
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Since (X,C) and (X, ]P’Ié) are equivalent as category bases, we can now apply our results from
Section to (X,C). Hence, C-Baireness behaves similarly to the most other regularity properties
for the first two levels of the projective hierarchy.

Corollary 2.2.28. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base such that (X,C) is Borel compatible with X .

(a) The C-Baire sets form a o-algebra on X containing all analytic and co-analytic sets in X.

(b) In L, there is a AY(X) set which is not C-Baire.

(¢) If for every r € w*, le[r] < Ny, then all £3(X) sets are C-Baire.
Proof. Follows directly from Proposition [2.1.6] and Theorem [2.2.27] O

Moreover, we can use our version of Tkegami’s Theorem for uncountable Polish space (Theo-
rem [2.1.12)) to obtain a version of Tkegami’s Theorem for weak category bases.

Corollary 2.2.29 (Ikegami’s Theorem for weak category bases). Let X be an uncountable Polish
subspace of the Baire space and let (X,C) be a proper weak category base which is Borel compatible
with X such that {c € BC: B, € I}} is £3(2¥).

(a) Every AL(X) set is C-Baire if and only if for every r € w* such that X is coded in Llr] and
every region C' € C, there is an I}-quasi-generic element over L[r] in C.

(b) Every £3(X) set is C-Baire if and only if for every r € w* such that X is coded in L[r], the
set {x € X : x is not 1}-quasi-generic over L[r]} is I;-small.

Proof. We start with proving (a). By Theorems[2.1.12|and [2.2.27] every Al(X) set is C-Baire if and
only if for every r € w® such that X is coded in L[r] and every I3-positive Borel set B in X, there is
an I}-quasi-generic element over L{r] in B. Hence, it is enough to show that for every r € w* such
that X is coded in L[r] and every I}-positive Borel set B in X, there is an I}-quasi-generic element
over L[r] in B if and only if for every r € w* such that X is coded in L[r] and every region C € C,
there is an I}-quasi-generic element over L[r] in C. The forward direction is clear. Let r € w® be a
real such that X is coded in L[r], let B be an I}-positive Borel set in X, and let ¢ € BC be a Borel
code for B. By Lemma [2.2.25] there is a region C € C such that C'\ B is C-meager. Let ¢ € BC be
a Borel code for C. Then there is some = € C which is I5-quasi-generic over L[r, ¢, ¢]. Since C'\ B
is an I3-small Borel set coded in Llc, ], ¢ C'\ B. Hence, x € B and z is I}-quasi-generic over
L[r].

Item (b) follows directly from Theorems [2.1.12] and [2.2.27] O

2.2.4 Weak category bases satisfying the c.c.c.

In this section, we improve two of the results of Section [2.2.3] for weak category bases which satisfy
the c.c.c. First, we show that if the weak category base in the statement of Theorem [2:2.27] also
satisfies the c.c.c., then (X, Py, ) is a category base. Second, we prove a version of Ikegami’s Theorem
for weak category bases satisfying the c.c.c., which links C-Baireness to (C, C)-generic objects. We
start with the former.
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Proposition 2.2.30. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base which satisfies the c.c.c. and is Borel compatible with X. Then (X,Pr.) is a category base.
In particular, (X,C) is equivalent to a proper category base which satisfies the c.c.c. and is Borel
compatible with X .

Proof. Since (X,C) satisfies the c.c.c., I} = Ic. Hence, (X,P;,) is a weak category base. By
Theorem it is enough to show that (X, Py, ) is a category base satisfying the c.c.c. We first
show that (X, Py, ) satisfies the c.c.c. Since (X, C) satisfies the c.c.c. as a weak category base, (C, C)
satisfies the c.c.c. as a forcing notion. By Proposition (C,C) and Py, are forcing equivalent.
Hence, Py, satisfies the c.c.c. as a forcing notion and so (X,Pj,) satisfies the c.c.c. as a weak
category base. It remains to check that (X,P;.) is a category base. Let B be an I¢-positive Borel
set in X and let A C Py, be a disjoint family. Since (X, Py, ) satisfies the c.c.c., A is countable. We
make a case-distinction:

Case 1: BN|JA contains a region from P7.. Then BN|J A is I¢-positive. Since A is countable,
there is some C' € A such that BN C is I¢-positive. Therefore, B N C contains a region from Py, .

Case 2: BN |JA does not contain a region from Py,. Since A is countable, BN |J.A is a Borel
set in X. Hence, BN|JA is I¢-small. Then B\ (BN|[J.A) is a subregion of B which is disjoint
from |J A.

Therefore, (X, Py, ) is a category base. O

Next, we work on our version of Ikegami’s Theorem for weak category bases satisfying the
c.c.c. Our goal is to replace I¢-quasi-genericity with some kind of C-genericity in the statement of
Ikegami’s Theorem for weak category bases (Corollary. We do this in two steps. First, we use
our version of Tkegami’s Theorem for idealized forcing notions satisfying the c.c.c. (Corollary
to replace I¢-quasi-genericity with P, -genericity. However, to use Corollary m I¢ must to be
Borel generated.

Lemma 2.2.31. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base satisfying the c.c.c. such that (X,C) is Borel compatible with X. Then I¢ is Borel generated.

Proof. Tt is enough to show every C-singular set is contained in some C-singular which is Borel. Let
A C X be C-singular. By Lemma there is an essentially disjoint family A C C such that
AC X\ UgeaC and X \ Ugey C is C-singular. Since (X,C) satisfies the c.c.c., A is countable
and so X \ Jgey C is Borel in X. O

Corollary 2.2.32. Let X be an uncountable Polish subspace of the Baire space, let a € w such that
X is IY(a), and let (X,C) be a proper weak category base which satisfies the c.c.c. and is Borel
compatible with X such that {c € BC: B, € Ic} is X3(a) and P1. satisfies the c.c.c. in every inner
model of ZFC containing a.

(a) Every AL(X) set is C-Baire if and only if for every r € w® with a € L[r], there is a P, -generic
element over L[r].

(b) Every ¥£3(X) set is C-Baire if and only if for every r € w* with a € L[r], the set {z € X : x
is not Py, -generic over L[r]} is Ic-small.

Proof. Follows directly from Corollary [2.1.15] Theorem [2.2.27] and Lemma [2:2.31] O

47



Now the next step is to replace P.-genericity with some kind of C-genericity to get character-
izations which can be fully expressed in terms of weak category bases. To do this, we must define
C-genericity first.

Definition 2.2.33. Let X be an uncountable Polish space and let (X, C) be a proper weak category
base such that (X,C) is Borel compatible with X. We say that an element x € X is C-generic over
V if there is a (C, C)-generic filter G, over V such that for every C € C, C € G, if and only if
xeC.

Recall that (C, C) and P;, are forcing equivalent by Proposition [2.2.26] We can even show that
they produce the same generic elements.

Proposition 2.2.34. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base such that (X,C) is Borel compatible with X and the ideal of C-singular sets is Borel generated.
Then an element in X is C-generic over V if and only if it is Py -generic over V.

Proof. We first show that every C-generic omits all I3-small Borel sets in X. We start with C-
singular Borel sets. Let © € X be C-generic over V, let G, := {C € C : x € C}, and let B be a
C-singular Borel set in X. Then the set D := {C € C : C N B = (J} is dense in (C,C). Hence,
G, meets D. Let C € G, N D be a witness. Then z € C and C N B = (). Hence, x ¢ B. Now
let B be a C-meager Borel set in X. Then there are C-singular sets N,, such that B = Unew Ny,.
By assumption, there are C-singular Borel sets B,, such that N,, C B,. Then B C UnEw B,, and
for every n € w, x ¢ B,. Thus, z ¢ B. Finally, let B be an I}-small Borel set in X and let
D:={CeC:CnNBel}} Then D is dense in (C,C) and so there is a region C € G, N D. Since
C N B is C-meager, x ¢ C'N B. Hence, x ¢ B. Therefore, x omits all I3-small Borel sets in X.

Now we show that an element in X is C-generic over V if and only if it is P7;-generic over V. Let
J P — (B(X)/I5)" and i : (C,C) — (B(X)/1})" be the dense embeddings from Propositions
Im'fand [2.2.26], respectively. We start with the forward direction. Let z be a C-generic element
over V. Then G, :={C € C:z € C} is a (C,C)-generic filter over V. Let i*(G,) be the upwards
closure of i[G]. Since i and j are dense embeddings, H := j~1(i*(G,)) is a Py;-generic filter over
V. Hence, it is enough to show that H = {B € Prs:z € B}. Let B be an I}-positive Borel set in
X. First assume that « € B. Since B is C-Baire, the set D := {C € C: CNB or C\ B is C-meager}
is dense. Let C' € G, N D. Then = € C and either C N B or C'\ B is C-meager. Since z € C'N B,
C N B is not C-meager. Hence, C'\ B is C-meager. Then i(C') < j(B) and so B € H. Now assume
that = ¢ B. We suppose for a contradiction that there is a region C' € G, such that i(C) < j(B).
Then € C'\ B and C'\ B is I}-small. But this is not possible. Therefore, there is no C' € G, with
i(C) <j(B)and so B ¢ H.

We prove the backward direction. Let x be a Pj;-generic element over V and let Hy := {B €
Pyt w € B} be the Prz-generic filter witnessing it. By a similar argument, as in the forward
direction, it is enough to show that G := i~'(j*(H,)) = {C € C : x € C}, where j*(H,) is the
upwards closure of j[H,]. Let C' € C be a region. If x € C, then clearly C € G. So we can assume
that © ¢ C. We suppose for a contradiction that there is an I3-positive Borel set B € H, such that
J(B) <i(C). Then z € B\ C and B\ C is [i-small. But this is not possible since z is P;;-generic.
Therefore, there is no B € H, such that j(B) <4(C) and so C' ¢ G. O

Note that the proof of Proposition [2.2.34] even shows that (C, C)-generic filters are uniquely
determined by C-generic elements: let G be a (C, C)-generic filter over V. We have shown that
H = j71(i*(GQ)) is a P;:-generic filter over V. By Theorem |1.2.45| there is a unique Pr;-generic
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element x € X such that H = {B € Pr; : € B}. Since G C H, every C € G contains .
Let C' € C be a region containing z. Then C € H and so there is a region C' € G such that
i(C") < j(C). Then C’\ C is I}-small. Let D be the set of all subregions of C’ N C. For every
subregion C" C C’, C" \ C is I}-small and so C” N C' is I}-positive. Since the intersection of two
regions is either C-singular or contains a region, D is dense below C’. Hence, there is some C” € G
which is a subset of C' and so C' € G. Therefore, G = {C € C : x € C'} and by Proposition
x is C-generic. Next, we show that = is unique. Suppose there is another y € X which is C-generic
and G ={C € C:z € C}. Then H = {B € Pr: : y € B}. Since H is uniquely determined by z,
y = x. Therefore, G is uniquely determined by a C-generic element over V.

Now we are almost ready to prove a version of Tkegami’s Theorem for weak category bases
which links C-Baireness to C-genericity. The only thing missing is to make sure that C-genericity
over inner models is well-defined. To ensure this, we consider a class of definable weak category
bases.

Definition 2.2.35. Let X be an uncountable Polish subspace of the Baire space and let (X, C) be
a proper weak category base such that (X,C) is Borel compatible with X and let a € w*. We say
that (X,C) is provable ¥1(a) if there are formulas ¢ x and e with parameter a such that

(a) px is 19 and @¢ is X3,
(b) X = {o: px(z,0)} and C = {B. : pe(c,a)},
(c) every inner model M of ZFC containing a proves that (X™ CM) is a proper weak category

base which is Borel compatible with X where X™ = {z : M = ¢x(v,a)} and CM :=
{BM: M |= ¢c(c,a)}, and

(d) the statement “c is a Borel code and B, is Ic-small” is X3 (a).

In the following, we often omit the M if it is clear from the context, i.e., if we say that “(X,C)
is a category base in M7, we mean “(X™ CM) is a category base in M”, where X™ and CM have
the same definition as in Definition Similarly, we say that an element z € X is C-generic
over M if it is CM-generic over M, i.e, if {C € CM : z € C} is a filter meeting all dense subsets of
(CM,C) which are in M.

Corollary 2.2.36 (Ikegami’s Theorem for weak category bases satisfying the c.c.c.). Let X be an
uncountable Polish subspace of the Baire space, let a € w*, and let (X,C) be a provable Xi(a),
proper weak category base which is Borel compatible with X such that (X,C) satisfies the c.c.c. in
every inner model of ZFC containing a.
(a) Every AL(X) set is C-Baire if and only if for every r € w* with a € L[r], there is a C-generic
element over L[r].

(b) Every £3(X) set is C-Baire if and only if for every r € w® with a € L[r], the set {z € X : x
is not C-generic over Lr]} is C-meager.

Proof. By Corollary [2.2.32] we only have to check that any element from X is C-generic over M if
and only if it is Pj.-generic over M. Let M be an inner model of ZFC containing a. Since (X,C)
is provable Xi(a), in M, (X,C) is a proper weak category base which is Borel compatible with X.
Let ]P’% be P;, defined in M. By Proposition [2.2.34} an element from X is C-generic over M if and
only if it is ]P’% -generic over M. Moreover, I, defined in M, coincides with I on Borel sets. Thus,
a Borel set coded in M is in P} if and only if it is in P;, and so an element from X is P}’-generic
over M if and only if it is P;.-generic over M. 0
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2.2.5 Dichotomies

Besides I-regularity, Khomskii also introduced a second class of regularity properties for o-ideals
in [Khol2]. While I-regularity is a generalization of the Baire property, this second class is a
generalization of the perfect set property. In this section, we compare both types of regularity
properties for the I3-ideal in weak category bases. Our main result is that they coincide for
projective pointclasses. We start with the definition.

Definition 2.2.37. Let X be an uncountable Polish space and let I be a proper o-ideal on X. We
say that a set A C X satisfies the I-dichotomy if A is either I-small or there is an I-positive Borel
set in X which is a subset of A.

While it is clear from the definition that the set of sets satisfying the I-dichotomy is closed
under countable unions, it is not clear whether it is closed under complements. For this reason,
these regularity properties are sometimes called asymmetric. Note that for I-regularity it is exactly
the other way around. It is clear from the definition that the set of I-regular sets is closed under
complements, but not whether it is closed under countable unions. By Proposition if Py is
proper, then the I-regular sets form a o-algebra. However, this is not necessarily true for the set
of sets satisfying the I-dichotomy: if an uncountable set A C w® satisfies the ctbl-dichotomy, then
there is an uncountable Borel set B C A. Since every Borel set has the perfect set property, there is
a perfect set FF C B C A. Hence, a set of reals has the perfect set property if and only if it satisfies
the ctbl-dichotomy. By Theorem it is not provable in ZFC that the set of sets having the
set property is closed under complements. Hence, it is not provable in ZFC that the sets satisfying
the ctbl-dichotomy form an algebra. Moreover, it is not provable in ZFC that every co-analytic set
of reals has the perfect set property. Therefore, it is not necessarily true that for every projective
pointclass I', every T set is I-regular if and only if every I set satisfies the I-dichotomy. However,
the backward direction is true if I is Borel generated.

Proposition 2.2.38 (Folklore). Let X be an uncountable Polish space, let I be a proper o-ideal
on X which is Borel generated, and let T be a projective pointclass. If every T'(X) set satisfies the
I-dichotomy, then every T'(X) set is I-reqular.

Proof. Let A C X be a I'(X) set and let B be an I-positive Borel set in X. Then BN A is also
in I'(X). Hence, either BN A is I-small or there is an I-positive Borel B’ C BN A. In the latter
case, we are done. So we can assume that BN A is I-small. Since [ is Borel generated, there is an
I-small Borel set C' C X containing BN A. Then B\ C is an I-positive Borel set which is contained
in A. O

We have already seen that the converse of Proposition [2.2.38]is not true in general. However, it
is true for the Ij-ideal in weak category bases (X,C). We can even show something stronger.

Proposition 2.2.39. Let X be an uncountable Polish space and let (X,C) be a proper weak category
base such that (X,C) is Borel compatible with X and I} is Borel generated. Then every C-Baire set
satisfies the I;-dichotomy.

Proof. Let A C X be C-Baire which is I}-positive. Then there is a region C' € C such that C'\ A
is C-meager. Since I} is Borel generated, there is an I3-small Borel set M C X containing C'\ A.
Then C \ M is an I}-positive Borel set which is contained in A. O
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Corollary 2.2.40. Let X be an uncountable Polish space, let (X,C) be a proper weak category base
such that (X,C) is Borel compatible with X and I} is Borel generated, and let ' be a projective
pointclass. Every I'(X) set is C-Baire if and only if every T'(X) set satisfies the I}-dichotomy. In
particular, every analytic set in X satisfies the I} -dichotomy.

Proof. Follows directly from Corollary [2:2.28 and Propositions [2.2:38 and [2.2:39} O

2.2.6 Direct implications between regularity statements

In this section, we study implications between regularity statements for weak category bases. There
are many such implication results in the literature, especially for the second level of the projective
hierarchy (cf. Figure . Many of the proofs of these implications go via ITkegami’s Theorem.
Hence, one could argue that these proofs are “indirect”, since they actually prove statements about
quasi-generic reals. However, there are also a few proofs that work directly with the regularity
properties. These “direct” proofs have the advantage that they often work not only for the second
level of the projective hierarchy, but for all projective pointclasses. For example, Brendle and
Léwe showed, in [BL99], that for every projective pointclass T, I'(D) implies I'(C). The goal of
this section is to generalize Brendle and Léwe’s result to obtain a sufficient criterion for when the
analogue is true for weak category bases. To prepare this, we first give a sketch of their proof.
Roughly speaking, they turned the standard proof that Hechler forcing adds Cohen reals into a
topological version. More precisely, let h : w* — 2% be defined as

h(z)(n) := z(n) (mod 2).

It is well-known that if « is a Hechler real, then h(x) is a Cohen real. Moreover, h has many nice
topological properties, e.g., h is continuous, & maps basic open sets to basic open sets, etc. Here it
does not matter whether we equip w® with the standard or the dominating topology, however for
obvious reasons we are more interested in the dominating topology. Brendle and Loéwe used these
topological properties to show that for every set of reals A C 2, if h=1(A) has the Baire property
in the dominating topology, then A has the Baire property in the standard topology. Since h is
continuous, this directly implies their theorem. For more details, see [BL99, Theorem 3.1].

So the core of Brendle and Léwe’s proof was the function h. The following definition generalizes
the key property of h to general weak category bases.

Definition 2.2.41. Let (X,C) and (Y, D) be proper weak category bases. We say that a function
h: X — Y is weakly category preserving if for every A C Y for which h=1(A) is C-Baire, A is
D-Baire. Let a > 0 be an ordinal. A sequence (hs : § < «) of functions from (X,C) to (Y,D) is
called weakly category preserving if for every A C 'Y for which hgl(A) is C-Baire for every 8 < a,
A is D-Baire.

Note that if (X,C) and (Y, D) are proper weak category bases and h : X — Y is a bijection, then
h is weakly category preserving if and only if for every C-Baire set A C X, f[A] is D-Baire. Hence,
for bijective functions, the definition of a weakly category preserving function is equivalent to the
definition of what one would usually call a preserving function for weak category bases. In the words
of Definition Brendle and Lowe used a continuous weakly category preserving function to
show that for every projective pointclass I'; T'(D) implies I'(C). Using the same argument, we can
show that the existence of a weakly category preserving sequence of Borel functions is enough to
prove the analogous implications for weak category bases.
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Lemma 2.2.42. Let X and Y be uncountable Polish spaces, let (X,C) and (Y, D) be proper weak
category bases such that (X,C) and (Y, D) are Borel compatible with X and Y, respectively. If there
is a weakly category preserving sequence of Borel functions from X to Y, then for every projective
pointclass T, if every T'(X) set is C-Baire, then every T'(Y) set is D-Buaire.

Proof. Let a > 0, (hg : f < a) be a weakly category preserving sequence of Borel functions from
X to Y, let I be a projective pointclass such that every I'(X) set is C-Baire, and let A C Y be
I'(Y). We have to show that A is D-Baire. Let 5 < . Since I' is closed under preimages by Borel
functions, hEI(A) is in I'(X) for every 5 < a. Hence, hgl(A) is C-Baire for every 8 < a. Since
(hs : B < ) is weakly category preserving, A is D-Baire. O

Next, we investigate the question of when weakly category preserving functions exists. To show
that the modulo 2 function h is weakly category preserving, Brendle and Léwe used the fact that
h maps basic open sets in the dominating topology to basic open sets in the Cantor space and so
induces a function A’ : D — C. This function is order preserving and for every p € D and every
s < B/(p), there is a p’ < p such that h/(p’) < s. We call such a function a projection.

Definition 2.2.43. Let P and Q be forcing notions. A projection from P to Q is an order preserving
function f : P — Q such that for every p € P and every ¢ < f(p), there is a p’ < p such that

h(p') <gq.

Note that if there is a projection from P to Q, then forcing with P adds a Q-generic filter: let
f : P — Q be a projection, let G be a P-generic filter, and let H be the upwards closure of f[G].
We shall show that H is a Q-generic filter over V. It is clear that H is a filter. Let D C Q be open
dense. It is enough to show that G meets f~1(D). Let p € P. Then there is a ¢ € D such that
q < f(p). Since f is a projection, there is a p’ < p such that f(p’) < g. Then f(p') € D and so
f~1(D) is dense. Therefore, G meets f~1(D).

In the following, we consider projections from and to weak category bases. Let (X,C) and (Y, D)
be weak category bases. We say that a function from C to D is a projection if it is a projection
from (C,C) to (D, C). The rough idea is to show that if (hg : B < ) is a sequence of functions
from X to Y and (hg : B < «) is a sequence of projections from C to D such that for every 8 < a,
hgs interacts nicely with hg, then (hg : 8 < a) is weakly category preserving (cf. Theorem
To prepare this, we first prove two lemmas about small sets.

Lemma 2.2.44. Let (X,C) and (Y, D) be proper weak category bases, let h: X —'Y be a function
and let h : C — D be a projection such that for every C' € C, there is some region C'" C C such that
h[C'] C h(C), and let A C Y. Then if A is I}y-small, then h™1(A) is I5-small.

Proof. First, we assume that A is D-singular. Let C' € C be a region. Since A is D-singular, there
is some region D C h(C) such that D N A = (). By assumption, there are subregions C"” C C’ C C
such that h[C”] C R(C') € D. Then C" Nh~Y(A) C Y (D)Nh Y (A) = h"{(DNA) =0
and so h=!(A) is C-singular. Next, we assume that A is D-meager. Then there are D-singular
sets N, C Y such that A = {J,c, Nn. Let M, := h™'(N,). Then all M, are C-singular and
h™(A) = Upew My Therefore, h='(A) is C-meager. Finally, we assume that A is I}-small. Let
C € C be a region. Since A is I}-small, there is some region D C h(C) such that D N A is C-
meager. By assumption, there are subregions C” C ¢’ C C such that h[C"”] C h(C’) C D. Then
C"Nh (A Ch Y(D)Nnh Y(A) =h 1 (DN A)and h=}(D N A) is C-meager. Therefore, h=1(A)
is I3-small. O
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The question of whether the converse of Lemma holds is more complicated. We shall
answer it later (cf. Corollary [2.2.47). For now, we investigate the special case in which A is D-
Baire. This can be proved if we additionally assume that the image of h is dense in (D, C).

Lemma 2.2.45. Let (X,C) and (Y, D) be proper weak category bases, let o > 0 be an ordinal, let
(hg : B < a) be a sequence of functions from X to Y, let (hg : f < a) be a sequence of projections
from C to D such that

(a) for every B < a and every C € C, there is some region C' C C such that hg[C'] C hg(C) and
(b) for every D € D, there are 3 < a and C € C such that hg(C) C D,

and let A CY. Then if A is I} -positive and D-Baire, then there is some < a such that hEl(A)
is I3 -positive.

Proof. Since A is D-Baire but not Ij-small, there is a region D € D such that D\ A is D-meager.
Let 8 < aand C € C such that hg(C) C D and let C’ C C be a subregion such that hs[C’] C hs(C).
By Lemma c'\ hgl(A) - hgl(D \ A) is C-meager. Since C' is I}-positive, hgl(A) has to
be Ij-positive as well. O

Now we are done with the preparations for the main theorem of this section.

Theorem 2.2.46. Let X and Y be uncountable Polish spaces, let (X,C) and (Y, D) be proper weak
category bases such that (X,C) and (Y, D) are Borel compatible with X and Y, respectively, and I},
is Borel generated, let o > 0 be an ordinal, let (hg : B < a) be a sequence of Borel functions from
X toY, and let (hg : B < ) be a sequence of projections from C to D such that

(a) for every B < a and every C € C, there is some region C' C C such that hg[C'] C hs(C) and
(b) for every D € D, there are B < o and C € C such that hg(C) C D.

Then (hg : B < «) is weakly category preserving. Moreover, for every projective pointclass T', if
every I'(X) set is C-Baire, then every I'(Y') set is D-Baire.

Proof. The second part follows directly from the first part and Lemma Hence, it is enough
to prove the first part. By Theorem 2.2.27|, it is enough to show that if for every g < «, hl(A)
is I5-regular, then A is Ij-regular. Let B be an Ij-positive Borel set in Y. By Lemma
there is a f < « such that C := hgl(B) is I3-positive. Since hg is Borel, C' is an Ij-positive
Borel set in X. Hence, there is an [3-positive Borel set C’ C C' such that either C’ C hgl(A) or
c'n h/}l(A) = (). Then hg[C’'] C B and hg[C’] is analytic in Y. By Lemma and Corollary
hg[C'] is I-positive and satisfies the I$-dichotomy. Hence, there is an I} -positive Borel
B’ C hg[C']. Then B’ C hg[C'] C B and it remains to check that either B’ C A or BN A = (). We
make a case-distinction:

Case 1: C’/ﬂhgl(A) = (). We assume for a contradiction that hg[C']NA # 0. Let y € hg[C']NA.
Then there is some & € C’ such that hg(z) = y. Since hg(z) € A,z € hgl(A). But this is impossible
since C' N hgl(A) = (). Therefore, B'NA C hg[C'|NA=1.

Case 2: C' C hg'(A). Then B’ C hg[C'] C hglhy'(A)] C A. O
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Note that Theorem implies Brendle and Loéwe’s result: let C and D be the set of non-
empty basic open sets in the dominating topology and the Cantor space, respectively. Then (w®,C)
and (2¥, D) are category bases satisfying the c.c.c. and a set is C-Baire (D-Baire) if and only if it
has the Baire property in the dominating topology (in the Cantor space). Let h : w* — 2% be the
modulo 2 function from above and let h : C — D be the function induced by h. It is clear that h
and h satisfy the requirements of Theorem Hence, for every projective pointclass I', I'(D)
implies T'(C).

We conclude this section with two corollaries of Theorem [2.:2.46] The first corollary answers the
question whether the converse of Lemma [2.2.44] is true.

Corollary 2.2.47. Let X andY be uncountable Polish spaces, let (X,C) and (Y, D) be proper weak
category bases such that (X,C) and (Y, D) are Borel compatible with X and Y, respectively, and I},
is Borel generated, let o > 0 be an ordinal, let (hg : f < a) be a sequence of Borel functions from
X toY, let (hg: B < a) be a sequence of projections from C to D such that

(a) for every B < o and every C € C, there is some region C' C C such that hg[C'] C hg(C), and
(b) for every D € D, there are 3 < a and C € C such that hs(C) C D,
and let ACY. Then A is I} -small if and only if for every 8 < a, h[;l(A) is I%-small.

Proof. The forward direction follows directly from Lemma We prove the backward direction.
Assume that for every 8 < a, h;l(A) is I3-small. Then for every § < a, hgl(A) is C-Baire. By

Theorem [2.2.46] A is D-Baire and so by Lemma A is I}-small. O

In their proof that for every projective pointclass I', I'(D) implies I'(C), Brendle and Lowe left
it to the reader to verify that if a set A C 2% is non-meager in the Cantor space, then h=1(A) is
non-meager in the dominating topology, where h is the modulo 2 function from above (cf. [BL99,
Theorem 3.1]). Note that this follows directly from Proposition let (w*,C), (2¢,D), h, and
h be defined as before. Since (w*,C) satisfies the c.c.c., 15 = Ic. Hence, a set is C-meager if and
only if it is meager in the dominating topology. Analogously, a set is D-meager if and only if it is
meager in the Cantor space. Clearly, h and h satisfy the requirements of Proposition Hence,
a set A C 2% is meager in the Cantor space if and only if h=!(A4) is meager in the dominating
topology.

The second corollary is about the relationships between the cardinal characteristics of I and
1.

Corollary 2.2.48. Let (X,C), (Y, D), (hs: B < a), and (hs : B < ) be as in Proposition|2.2.47%
Then

(a) add(1}) < add(I3),
(b) cov(1}) < cov(l}), and
(c¢) non(I}) > non(Iy).

Proof. We start with proving (a). Let .# be a family of I}-small sets such that | J.# is I} -positive
and let < a. By Proposition 2.2.47, .Z' = {hEl(A) : A e Z} is a family of Ij-small sets and
U# = hgl(U F) is I}-positive. Therefore, add(1}) < add(I3).
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Proposition 7 F = {hEI(A) : A e .Z}is a family of I3-small sets and |J.#' = X. Therefore,
cov(If) < cov(I%).

Finally, we prove (c). Let A C X be I}-positive and let 5 < a. By Proposition
A" := hg[A] is I}-positive. Moreover, |A’| < |A|. Therefore, non(I}) > non(I3). O

Next, we prove (b). Let .# be a family of I}-small sets such that |J.# =Y and let § < a. By
b i

Question 2.2.49. Under the assumptions of Corollary is cof (I}) > cof (Ip)?

2.3 Amoeba forcing

2.3.1 Definitions and basics

In Section [2:3] we study Judah and Repicky’s amoeba regularity. The main goal is to show that
if every 31 set is amoeba regular, then for every r € w®, le[r] < Nj. We shall prove this in
Section In this section, we introduce amoeba regularity and prove Solovay- and Judah-
Shelah-style characterizations for it. Amoeba forcing was first introduced by Martin and Solovay in
their paper [MS70], where they also introduced Martins’s axiom. They used amoeba forcing to show
that Martin’s axiom implies that the additivity number of the Lebesgue null ideal is 2%°. At that
time, however, it was not yet called amoeba forcing. The name “amoeba” was first mentioned by
Truss in [Tru77], a few years later. The idea behind this name is the following: originally, amoeba
forcing was introduced as the set of open sets of Lebesgue measure less than some fixed positive
number ¢, ordered by reversed inclusion. Now for every open set O C R with ©(O) < ¢ and every
Lebesgue null set N C R, one can find a bigger open set O’ O O with u(0’) < e containing N as a
subset. So amoeba conditions can “absorb” Lebesgue null sets.

Nowadays, many different versions of amoeba forcing can be found in the literature. Truss had
shown in [Tru88| that the most common variants are all forcing equivalent. In this work, we shall
mostly work with the following variant:

Definition 2.3.1. Amoeba forcing is the partial order of all pruned trees T C 2<% with u([T]) > 3,
ordered by inclusion. We denote it by A.

The size of the bound in Definition does not really matter. We can be replace % with any
other positive number € < 1 and obtain a variant of amoeba forcing A, which is forcing equivalent
to A (cf. [Tru88| Theorem 3.3]). Later in Section [2.3.2] we shall introduce another variant of amoeba
forcing. Here, we study some basic properties of A and amoeba regularity.

Proposition 2.3.2 (Martin-Solovay). Amoeba forcing satisfies the c.c.c.
Proof. Cf., e.g., [Kunll, Proof of I11.3.28]. O

Perhaps the most important property of amoeba forcing is that forcing with amoeba forcing
causes the union of all ground model Lebesgue null to be Lebesgue null: let M be a transitive
model of ZFC, let N'M be the ideal of Lebesgue null sets in M, and let G be an A-generic filter
over M. Then for every Lebesgue null set N € N'M | the set Dy := {T' € A : [T]N N = 0} is dense
in A. Hence, there is a T € G such that [T]NN = 0. Let Tg := [\ G. Then T is a pruned tree,
n([Te]) = 4, and [Te] NN = 0. Hence, [Te] N JN™M =0 and so, in M[G], p(UNM) < 1. Since
A and A, are forcing equivalent for every 0 < € < 1, there is an A.-generic filter G, in M[G] for
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every 0 < € < 1. We can repeat the above argument for these filters. Then for every 0 < ¢ < 1,
p(UNM) < ¢ in M[G]. Therefore, | JNM is Lebesgue null in M|[G].

We call the tree T from above an amoeba real over M. Note that G = {T' € A : T C T}
and so every A-generic filter over M is uniquely determined by an amoeba real over M. Strictly
speaking amoeba reals are trees, not reals. However, trees can be coded as reals. To do this, we fix
a recursive enumeration (s : k € w) of 2<¥. Let T' C 2<% be a tree. Then there is a unique real
¢ € 2¥ such that c(k) =1 if and only if s, € T. We say that this ¢ codes T. From now on, we shall
often identify trees with their code and so treat them as reals. Let R be the set of all pruned trees
T C 2<% with pu([T]) = 4. Then we can think of R as a subset of the reals and every amoeba real
lives in R. Moreover, R with the induced topology is even a Polish space.

Proposition 2.3.3. The set R is a 113 subset of the Baire space. In particular, R equipped with
the induced topology is a Polish space.

Proof. A real ¢ € 2¥ is in R if it is a code for a pruned tree 7. on 2 with u([T]) = 1. Clearly, the
statement “T, is a pruned tree” is I13(c). Moreover, u([T%]) < % if and only if for every n > 0, there
are pairwise different sg,...s, € 2<%\ T, with length k such that 25 > 1 — L and p([T.]) > 1

if and only if for every sg,...,s, € 2<%\ T. with length k, = < % Hence, the statement
“u([Te]) = 37 is II3(c) as well and so R is II3. By Theorem R equipped with the induced
topology is a Polish space. O

Additionally, we can use A to define a second structure on R. First, we need a function from
A to P(R). We define (T') := {S € R: S C T} for every T € A. Note that for every T,T" € A,
T' < T if and only if (T") C (T'). Hence, for all incompatible conditions T, T’ € A, there is no
T" € A such (T") C(T) N (T"). Therefore, Cy := {(T") : T € A} is not a base for a topology on R.
However, Judah and Repicky showed that (R,Ca) is a category base.

Theorem 2.3.4 (Judah-Repicky). The pair (R,Ca) is a category base.
Proof. Cf. [JR95, Lemma 1.1]. O

Since (R, Cy) is a category base, Ca introduces a regularity property on R. Judah and Repicky
used this regularity property to define amoeba regularity. We say that a set A C R is amoeba
reqular if it is Cp-Baire. Thus, a set A C R is amoeba regular if and only if for every T € A there is
a T" < T such that (T") \ A or (T') N A is Cy-meager. Recall that a set A C R is Cx-singular if for
every T' € A there is a 7" < T such that (T') N A = () and that a set is Ca-meager if it is a countable
union of Cyx-singular sets. We have already seen in Section that for every category base, the
Baire sets form a o-algebra containing all regions. So, in particular, the amoeba regular sets form
a c-algebra and every region is amoeba regular. Next, we compare (R,Cy) with the topology
on R.

Lemma 2.3.5. For every T € A, (T is closed in R and Cx-abundant.

Proof. We start with the former. Let T € A and let S ¢ (T). Then there is a k¥ € w such that
sp € S\ T. Let ¢ € 2% be the code for S. Then [c[k + 1]N R is an open set in R which contains S
and is disjoint from (T"). Hence, (T) is closed in R.

It remains to show that for every T € A, (T') is Cy-abundant. We suppose for a contradiction
that there is a T € A such that (T') is Cy-meager. Then there are Cy-singular sets N,, such that
(T') = U,,co, Nnu- We shall define a decreasing sequence of conditions (7}, : n € w) by recursion: let
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Ty :=T. If T,, is already defined, then let T, 11 < T, such that (T, 1) "N, = 0. Such a T),11
exists since IV, is Cy-singular.

Then for every n € w, (T;,41) N N, = 0. Let S := (), o, Tn then S is a pruned tree on 2 and
1([S]) > 3. Without loss of generality, p([S]) = . Then for every n € w, S € (T},). In particular,
S e (T). Hence there is some n € w such that S € N,,. But this is not possible since S € (T}, +1).
Therefore, every region is Cy-abundant. O

By Lemma [2.375] every region is closed. However, the converse is not true. For example, for
any T,T' € A with u([T] N [T']) = 3, (T) N (T") is closed, but there is no 7” € A such that
(T"y = (T) N {T"). Nevertheless, we can show that every Borel set in R is amoeba regular.

Proposition 2.3.6. Every Borel set in R is amoeba regular. Moreover, (R,Cys) is Borel compatible
with R.

Proof. The second part follows directly from the first part and Lemma [2.3.5] So we only have to
show that every Borel set in R is amoeba regular. Since the Cy-Baire sets form a o-algebra, it is
enough to show that every open set in R is Cy-Baire. Let s € 2<%, let T € A, and let ¢ € 2% be
the code for T. We make a case distinction:

Case 1: s C cand u([T]N[s]) > 0. Let T < T be such that u([T']\[s]) < 3. Then (T) C ([s]NR)
and so (T)\ ([s]NR) = 0.

Case 2: s C cand pu([T]N[s]) = 0. Let 7" be the unique pruned tree such that [T'] = [T\ [s].
Then T < T and (T") N ([s] N R) = 0.

Case 3: there is some n < lh(s) such that s(n) = 0 # c¢(n). Let TV < T be such that
n([T]\ [eIn 4+ 1]) < 1. Then for every S € (I"), s, € S and so (I") N ([s] N R) = 0.

Case 4: there is some n < lh(s) such that s(n) =1 # ¢(n). Then (T) N ([s] " R) = 0. O

)
Proposition 2.3.7. The category base (R,Cy) is proper. So in particular, (R,Cy) is a proper
category base which satisfies the c.c.c. and is Borel compatible with R.

Proof. The second part follows directly from the first part and Propositions [2.3.2)and [2:3.6] Hence,
we only have to show that (R,Cya) is proper, i.e., we have to show that (Cs, C) is a proper forcing
notion, I¢, is a proper o-ideal, and that every region is Cy-abundant. Since (R,C,) satisfies the
c.c.c., (Ca,C) satisfies the c.c.c. and is therefore proper. By Lemma [2.3.5] every region is Ca-
abundant. Hence, we only have to show that every singleton is Cy-meager. But this is clear. O

Corollary 2.3.8.

(a) The amoeba regular sets form a o-algebra on R containing all analytic and co-analytic sets
in R.

(b) In L, there is a ALY(R) set which is not amoeba regular.

L[r]
1

(c) If for every r € w¥, X" < Ny, then all 3(R) sets are amoeba regular.

Proof. Follows directly from Corollary [2.2.28 and Proposition O

By Corollary [2.3:8] we are in the same situation as for most other regularity properties, i.e.,
every analytic set is amoeba regular and the question whether every Al(R) set is amoeba regular
cannot be answered in ZFC. We write I'(A) for the statement “every I'(R) set is amoeba regular”,
where I' is a projective pointclass. We conclude this section with Solovay- and Judah-Shelah-style
characterizations for amoeba regularity.
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Theorem 2.3.9.

(a) Every AY(R) set is amoeba reqular if and only if for every real r € w*, there is an amoeba
real over L[r].

(b) Every £3(R) set is amoeba regular if and only if for every real r € w*, the set {S € R : S is
not an amoeba real over Llr]} is Cp-meager.

Proof. Tt is enough to check that (R, Cy) satisfies the requirements of Tkegami’s Theorem for weak
category bases satisfying the c.c.c. (Corollary [2.2.36). By Proposition (R,C,) is a proper
category base which is Borel compatible with R. Hence, it remains to show that (R, Cy) is provable
Y1 and that (R,C,) satisfies the c.c.c. in every inner model of ZFC. Let pr be the II9 formula
defining R from the proof of Proposition and let p¢, (¢) be the statement “c is a Borel code
and there is a T' € A such that B. = (T)”. Then ¢, is 33 and Cy = {B. : ¢c,(c)}. Let M be an
inner model of ZFC. By Proposition in M, (R,C,) is a proper category base which satisfies
the c.c.c. and is Borel compatible with R.

It remains to show that the statement “c is a Borel code and B.. is Cy-meager” is ¥2. By Lemma
2.2.16] a set A C R is Cy-meager if and only if there are maximal antichains A,, C A such that
A C Unew R\Ureq, (T). Since A satisfies the c.c.c., every antichain can be coded as a single real.
Moreover, two conditions T,7" € A are incompatible if and only if p([T] N [T7]) < % Hence, the
statement “A is a maximal antichain” is II}. Therefore, the statement “c is a Borel code and B, is
Ca-meager” is 1. O

2.3.2 Amoeba forcing and inaccessibles

In this section, we determine the consistency strength of the statements Al(A) and Z1(A). We
start with the former. By Theorem every Al(R) set is amoeba regular if and only if for every
r € w, there is an amoeba real over L[r]. The consistency strength of the latter is well-known.

Theorem 2.3.10 (Folklore). For every real v € w*, the set {x € 2* : x is not a random real over
L[r]} is Lebesgue null if and only if for every real r € w*, there is an amoeba real over L[r].

Corollary 2.3.11. The following are equivalent:
(a) Every $3(2%) set is Lebesque measurable,
(b) every AL(R) set is amoeba regular, and

(c) for every real r € w¥, there is an amoeba real over L[r].

Proof. Follows directly from Theorems [1.2.54] [2.3.9] and [2.3.10} O

Theorem [2.3.10] is an old folklore result. However, it has never been properly documented in
the literature. A proof of the forward direction can be found implicitly in [BJ92] and a full proof
can be found in Beese’s Master’s thesis [Beel7]. We include a proof for the sake of completeness.
Before we can start with the proof, we need some additional definitions and lemmas.

Lemma 2.3.12 (Truss). Let M be a transitive model of ZFC. If there is an open set O C 2% with
1(0) < 3 such that for every open set U C 2 coded in M with n(U) < %, there is a finite set
F C 2% such that OUU = OU|J,p[s], then for every Cohen real x over M[O], M[O][z] contains
an amoeba real over M.
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Proof. Cf. [BJ92, Lemma 4.1.6]. O

Let Sy be the set of function from w to P(2<%) such that for every n € w, f(n) C 2™ and
>new | f(n)]- 27" < 1. For f,g € Sy, we say that f eventually covers g, denoted by <*, if

f<*g <= Imewin>m(f(n) C g(n)).

Then <* is an ordering on Sy. Let M be a transitive model of ZFC. A function f € Sy is called a
covering real over M if it eventually covers all functions in So N M, i.e., if for every g € Sy N M,
g <* f. We can reformulate Lemma [2.3.12| using covering reals.

Lemma 2.3.13. Let M be a transitive model of ZFC, let f € Sy be a covering real over M, and let
x be a Cohen real over M[f]. Then M|f][x] contains an amoeba real over M.

Proof. Let O := U, ., Use f(n)ls]- It is enough to show that O satisfies the requirements of Lemma

2.3.12, Let U C 2“ be an open set coded in M with u(U) < 3. Then U is a disjoint union of basic
open sets. Let U = J,,c,,[sn] be such a union. We define g € Sy by

s € g(n) < 1lh(s) =n and Im € w(s = sy).

Since f is a covering real over M, g <* f. Hence, there is an m € w such that for every n > m,
g(n) C f(n). We define F := J, ., 9(n). Then OUU = O UJ,p[s]. Therefore, O satisfies the
requirements of Lemma [2.3.12] and so there is an amoeba real over M. O

Lemma [2.3.13| provides an alternative approach to prove Theorem the crucial point is to
show that if every Al(R) set is amoeba regular, then for every r € w®, there is an amoeba real
over L[r]. By Lemma it is enough to show that if A3(A) holds, then for every r € w*, there
is a Cohen real and a covering real over L[r]. We shall show later in this that AJ(A) implies A}(D)
and so AL(C). Hence, if AL(A) holds, then the necessary Cohen reals exists. Moreover, we shall
show in the proof of Theorem that if X3(B) holds, then the necessary covering reals exist.
By Corollary AL(A) implies X3(B). However, this uses Theorem [2.3.9] which we want to
prove.

Question 2.3.14. Can we show, without using Theorem that if A3(A) holds, then for every
r € w¥, there is a covering real over Lir].

Brendle and Lowe have done something similar for Hechler forcing. In [BL99], they showed
that A}(D) implies that for every r € w*, there is a Hechler real over L[r]. Instead of Lemma
2313 they used a different result from Truss. Truss also showed for every transitive model M of
ZFC, if f € w* dominates all reals in M and x € w® is a Cohen real over M[f], then g defined
by g(n) := f(n) + x(n) is a Hechler real over M (cf. [Tru77, Lemma 6.2]). In order to show that
AL(D) implies that the necessary dominating reals exists, Brendle and Léwe showed that Al(D)
implies A}(IL). By the Judah-Shelah-style characterization for Laver forcing, this provides us the
necessary dominating reals. To try something similar for A}(A) and covering reals, we would need
a forcing notion whose quasi-generics are covering reals. Unfortunately, it is not known if such a
forcing notion exists.

The idea for proving the backward direction of Theorem is to show that if 31(B) holds,
then the requirements of Lemma [2:3.13] are satisfied. In order to show that the necessarily covering
reals exist, we need one last lemma.
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Lemma 2.3.15 (Bartoszynski). There are functions a : So — N and o* : N — Sy such that for
every f € Sy and every N € N, if a(f) C N, then f <* a*(N). Moreover, if f € L[r|, then a(f)
is a Borel set coded in L[r].

Proof. Cf. [BJ95, Lemma 2.3.3] O
Now we are ready to prove Theorem [2.3.10

Proof of Theorem[2.3.10, We start with the backward direction. Let r € w* and let N be the set
of non-random reals over L[r]. Then N is the union of all Lebesgue null Borel sets coded in L[r].
We shall show that for every 0 < e < 1, u(N) < e. Let 0 < £ < 1 and let B be a Lebesgue null
Borel set coded in L[r]. Then the set Dp := {T € A, : [T] N B = (} is dense and in L[r]. Since
there is an amoeba real over L[r], there is an A.-generic filter G, over L[r]. Let S := (| G.. Then
there is some T € Dp such that S € (T'). Hence, [S]N B = 0 and so [S]N N = @. Therefore,
w(N) < e. Since € was arbitrarily chosen, N is Lebesgue null.

We prove the forward direction. Since every Xi(w®) set is Lebesgue measurable, for every
r € w*, there is a Cohen real over L[r]. By Lemma it is enough to show that for every
r € w*, there is a covering real over L[r]. Let r € w”. By Theorem the set of non-random
reals over L[r] is Lebesgue null. Hence, there is a Lebesgue null set N which contains every Lebesgue
null Borel set coded in L[r]. Let o : Sy — A and o* : N' = Sy be the functions from Lemma[2.3.15
We define f := a*(IN). We shall show that f is a covering real over L[r]. Let g € So N L[r]. Then
a(f) is a Lebesgue null Borel set coded in L[r] and so a(f) C N. Therefore, g <* o*(N) = f. O

Next, we investigate the consistency strength of the statement 331(A). We show that 31(A)

holds if and only if for every r € w*, NIfM < N;. We have already proved the backward direction
in Corollary So we only have to show the forward direction. Brendle and Lowe have shown
that the analogue is true for X3(D) and X1(E).

Theorem 2.3.16 (Brendle-Lowe). The following are equivalent:
(a) every Bi(w*) set has the Baire property in the dominating topology,
(b) every X3 (w®) set has the Baire property in the eventually different topology, and
(c) for everyr € w*, le[r] <Ny,
Proof. Cf. BL99, Theorems 11 & 12] and [BL11, Theorem 7]. O

The proofs that the statements (D) and 23(E) both imply that for every r € w®, le[r} <Ny
are similar. Both of them use something we call a Brendle-Labedzki Lemma.

Lemma 2.3.17 (Labedzki-Repicky). For every A € [w]¥, the set X4 := {z € w¥ : ran(zx)N A = 0}
is meager in the dominating topology. Moreover, for every mazimal almost disjoint family &7 and
every D-meager set M C w®, there are only countably many A € of such that X4 C M.

Proof. Cf. [ER95|, Theorem 6.2]. O

Lemma 2.3.18 (Brendle). For every g € w¥, the set X, := {zx € w* : 3%k € w(z(k) = g(k))} is
meager in the eventually different topology. Moreover, for every pairwise eventually different family
& and every E-meager set A C w®, there are only countably many g € & such that X, C A.
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Proof. Cf. [Lab96, Theorem 4.7]. O

So roughly speaking, a Brendle-Labedzki Lemma consists of a function f mapping a real x to
a small Borel set which is coded in L[x], a notion of canonical families, and the statement “if A is
small and .Z is a canonical family, then there are only countably many x € % such that f(x) C A"
The idea is the following: if r € w* and {z, : a < N]fm} is a canonical family in L[r], then for
every a < N]f[r], f(z4) is a small Borel set coded in L[r]. Let A := J{f(zq) : @ < N%M}. If Ais
small, then there are only countably many « € N%m such that f(z,) C A and so N%[T] has to be
countable. In the case of Hechler forcing, A does not contain any Hechler reals over L[r]. So by the
Solovay-style characterization, A is meager in the dominating topology if X3(ID) holds. Therefore,
31(D) implies that for every r € w®, N]fm < ¥; and analogously for X1(E).

We shall prove a Brendle-Labedzki Lemma for localization forcing in[2.5.2] However, for amoeba
forcing we take a different approach using Theorem We shall show that for every projective
pointclass T, T'(A) implies I'(D).

Theorem 2.3.19. For every projective poiniclass T, if every T'(R) set is amoeba regular, then every
['(w®) has the Baire property in the dominating topology.

Corollary 2.3.20. The following are equivalent:
(a) every BI(R) set is amoeba regular,

(b) for every r € w¥, the set {P € R : P is not an amoeba real over Lr]} is Ca-meager, and
(c) for every r € w®, le[r] <Ny

Proof. Follows directly from Corollary [2:3.8|and Theorems [2.3.9] [2.3.16] and [2.3.19] O

Note that 33(A) and X3(D) are equivalent. However, the converse of Theorem is not
true in general: by Corollary AL(A) is equivalent to X3 (B). Moreover, it is well-known that
AL(D) does not imply 23(B) (cf. Figure . Therefore, Al(D) does not imply AL(A).

We spend the rest of this section proving Theorem The idea is to define a regularity
property for a different variant of amoeba forcing A, and then use Theorem twice. First
to show that T'(A) implies I'(A) and then again to show that I'(A,,) implies I'(D), where T" is a
projective pointclass.

Definition 2.3.21. Let A, be the set {(O,e) : O C R is open, ¢ € RU {o0}, and u(0) < €}
ordered by

(0, <(0,e): <= OCO and &' <e.

Like A, A, also satisfies the c.c.c. and adds an open set which contains every Lebesgue null
set from the ground model. The only difference is that the open set for A, lives on the real line
and not on the Cantor space. However, this makes no difference; Truss showed in in [Tru88] that
A and A, are forcing equivalent. Nevertheless, it is sometimes more convenient to work with A
instead of A. For example, we shall use in the proof of Proposition [2.3.24] that the real line can be
partitioned in infinitely many parts of the same positive Lebesgue measure. Obviously, this cannot
be done for the Cantor space.

61



Next, we define a regularity property for A.,. We start with the topological space. Let R, :=
{U C R : U is open}. Then for every transitive model M of ZFC and every A.-generic filter G
over M, Ug := |J{O : Fe((0,¢) € G)} € R and G = {(O,¢) : O C U and u(U) < €}. Hence,
generic filters for A, can be uniquely determined by elements from R.,. As before, we can code
the elements by reals: For the rest of this section, we fix a recursive enumeration ((ay,bx) : k € w)
of the basic open intervals with rational endpoints. By this we mean a recursive enumeration of
pairs of rational numbers. We can find such an enumeration since we can recursively code rational
numbers as naturals. For every U € R, there is a unique real ¢ € 2% such that for every k € w,
c(k) = 1 if and only if (ax,br) C U. We say that ¢ codes U. As usual, we shall often identify the
elements of R, with their codes.

Lemma 2.3.22. The set Ry, with the induced topology is a Polish space.

Proof. A real ¢ € 2% codes a set in Ry, if and only if for every k,¢ € w, if ¢(k) = 1 and (ag, by) C
(ag,br), then c(¢) = 1. Hence, Ry is TI9(w*) and so a Polish subspace of the Baire space. O

In order to define a regularity property for A, we shall again define a category base and then use
its regularity property. We define Ca__ := {[O,¢] : (O,¢) € A}, where [O,e] :={U € R:0CU
and p(U) < e}.

Lemma 2.3.23. The pair (Roo,Ca.) i a proper category base which satisfies the c.c.c. and is
Borel compatible with Ro.. Moreover, the ideal of Cy__ -meager sets is Borel generated.

Proof. The second part follows directly from Lemma Hence, we only have to show the first
part. We start with proving that (Reo,Ca, ) is a category base. It is clear that Reo = (JCa.,.
Let C € Cy_ and let C C Cy_ be a disjoint family such that |C| < |Ca_|. Since A, satisfies the
c.c.c., C is countable. We first assume that C N|JCy_, contains some [O,¢] € Cy . If there is no
[0',€'] € C such that [O,e] N[O, €’] contains some element from C,__, then for every [0',¢'] € C,
p(OUO') > min{e,e'}. Hence, for every [0',¢'] € C, either [O,e] N [O’,&’] is empty or for every
U €[0,e]N[0,¢], u(U) = min{e,e'}. Let U € [0, ¢] such that u(U) < € and p(U) # € for every
[0',¢'] € C. Such a U exists since C is countable. Then U ¢ [O, ]\ |JC. But this is a contradiction.

We now assume that C'N|JCy_, does not contain any element from Cy__. Hence, [O,e] N[O, €']
also contains no element from Cn_, for every [O’, ] € C. Then for every [0',¢'] € C, p(OUO’) >
min{e,e’}. Since C is countable, we can find some U € [O, €] such that pu(U) < e and for every
[0 €' € C, u(UUO') > min{e,e'}. Then [U,¢]| C [0, €] and for every [0, '] € C, [U,e]N[0'e'] = 0.

Next, we show that (R, Ca_ ) is proper. Let [O,¢] € Cy__ be a region. It is clear that (Ca__, C)
is proper since A, satisfies the c.c.c. We show that every singleton is C4_-meager. Let U € R
and let [0, ¢] € Cy_, be a region. Without loss of generality, we can assume that U € [O,]. Then
we can either increase O or decrease € to find a (O’,&") < (O, ¢) such that U ¢ [0',¢']. Therefore,
{U} is Cy__-singular. So it remains to show that every region is Cy_-abundant. We suppose for
a contradiction that there is some (O,¢) € Ay such that [O,¢] is Ca_-meager. Then there are
Ca,-singular sets N,, C Ry such that [O,e] = |, ¢, Nn. Since the N, are Ca_-singular, there
is a decreasing sequence ((O,,e,) : n € w) such that (Op,e9) = (0,¢) and for every n € w,
(Ont1,6n41) < (On,en) and [Opq1,6n41]) NN, = 0. Let U := J,,¢,, On- Then for every n € w,
O, C U and p(U) < e,. Hence, U € [Oy,ey] for every n € w. But this is impossible since
[0,e] NU,,50[On,en] = 0. Therefore, [O, €] is non-Cy__-meager.

Finally, we show that Ca_ is Borel compatible with R,. First, we show that every region is
closed in Ro.. Let [O,¢] € Ca_, be a region, let U ¢ [O,e] € Cp__, and let ¢ € 2¢ be a code for U.
Then O € U or p(U) > e. We make a case-distinction:
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Case 1: O ¢ U. Then there is some n € w such that (an,b,) € O and (an,b,) € U. Hence,
[e[(n+1)] N Re is open in R, contains U, and is disjoint from [O, &].

Case 2: p(U) > e. Then there is some n € w such that u(J{(ax,br) : k <nand c(k) = 1}) > e.
Hence, [¢[n] N Ry is open in Ry, contains U, and is disjoint from [O, €].

In both cases there is an open set containing U which is disjoint from [O, e]. Therefore, [O, €] is
closed in R..

It remains to show that every Borel set in R, is Cp_-Baire. By Theorem the Cy__-Baire
sets form a o-algebra. Hence, we only have to check that every basic open set is Cy_-Baire. Let
s € 2<% let [O,€] € Cp_. be a region, and let ¢ € 2¢ be a code for O. We make a case-distinction:

Case 1: s C ¢. Let ¢ € R be such that for every n < lh(s) with s(n) = 0, u(0) < &’ <
w(O U (an,by)). Then (O,e') < (0,¢) and [0,€'] C [s] N Reo.-

Case 2: There is some n < lh(s) such that s(n) = 1 # ¢(n). Let ¢ € R be such that
u(0) <& < (O U (an,by)). Then (0,€') < (0,¢) and [0,€'] N ([s] " Ry) is empty.

Case 3: There is some n < lh(s) such that s(n) = 0 # ¢(n). Then [0, e]N([s] R ) is empty. O

We associate the regularity property defined from (Roo,Cs. ) with As. As usual, for every
projective pointclass I', we write I'(A,) for the statement “every I'(R) set is Cp__-Baire”. Now
we are ready to show that for every projective pointclass I', I'(Ay,) implies I'(D).

Proposition 2.3.24. For every projective pointclass T', if every I'(Ry,) set is Ca_ -Baire, then
every I'(w®) has the Baire property in the dominating topology.

Proof. Let Cp := {[n, f] : (n, f) € D}. Then (w*,Cp) is a proper category base which satisfies the
c.c.c. and is Borel compatible with w®. Moreover, the meager ideal in the dominating topology
is Borel generated. Note that for every dense subset D C Ao, (Roo, {[O,€] : (O,e) € D}) is a
proper category base which is Borel compatible with R, and equivalent to (Reo,Ca__ ). Hence, by
Theorem [2.2.46] it is enough to find a dense subset D C A, a Borel function h : R, — w® and a
projection h : D — D such that

(a) for every (O,¢) € D, h|O,¢] C [h(O,¢)] and
(b) h[D] is dense in D.

We start with the definition of h. Let {I) CR : k,n € w} be a recursive family of pairwise disjoint
open intervals with rational endpoints such that for every k,n € w p(I}}) = 2727 We define
h: Ry — w® by

WU (n) = {0 | | ) i (U7) = oo,
min{k € w: V¢ > k(I} € U)} otherwise.
We show that h is Borel. Let (m, f) € D. We have to show that h=!([m, f]) is Borel in R.
Let U € Ry. Then U € h™Y([m, f]) if and only if u(U) = oo and (0 : n € w) € [m, f] or
w(U) < oo and for every n < m, f(n) = min{k € w : VI > k(I* ¢ U)} and for every n € w,
f(n) <min{k € w:Vl > k(I £ U)}. Hence, h=*([m, f]) is Borel in w* and so also Borel in R.
Next, we define the dense subset of A that will be the domain of A. Let

D :={(0,¢) € A, : In € w( Z 272m < o — 1 (0) < 22—,

m>n
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The domain of 7 will be a subset of D. Before we define it, we first show that D is dense in A..
Let (0,¢) € A \ D. Without loss of generality, we can assume that ¢ — u(0O) < 1. Let n € w be
minimal such that e — x(0) > 272("=1_ Hence,

0) > 9-2(n—1) 272(n—1) _ 9—2m
e—pn(0) > >—F—= Z )

m>n

Since 272(*~1) > 3~ 272" we can find an ¢/ > 0 such that

m>n
Z 272m <& — pu(0) < 272,

m>n

Then (0,¢’') < (0,¢) and (0,e) € D. Therefore, D is dense in A,,. For every (O,e) € D, let
n(0,e) € w such that

Y 27 <e—p(0) < 272D,

m2>no,e)
Now we define the domain of h. Let
D = {(0,6) e D:VU e [O,E‘Z](h(O) [77,(075) = h(U) [n(o,s))}.

We show that D’ is dense in A,. Let (O,e) € D. Without loss of generality, we can assume that
no,) > 0. Let g € w* such that for every n € w, g(n) := max{k € w : p(I \ O) < 2'72"}. We
define

O :=0U U{I;’(n) SN > NOe )
Let €’,¢” > 0 such that €” < & < ¢, there is some n € w such that

Z 272 <& — u(0') < € — p(0') < 2172,

m>n

and for every n < n(o ) and every k > h(O’)(n), p(O'UI%Y) > €’. Then (O’e”) < (0',¢) < (O, ¢) and
(0'e"),(0',¢) € D. We show that (O',¢"”) € D'. Let U € [O',&"] and let n < nior o). If n < no o),
then by choice of &', for every k > h(O')(n), p(U U IF) > &' > ¢”. Hence, h(O')(n) = h(U)(n).
If n > no.e, then h(0')(n) = g(n). Since n < n(oreny, €’ — p(0’) < 2'72". Hence, for every
k> g(n), p(O'UIP) >¢e"” and so h(O')(n) = g(n) = h(U)(n). Therefore, (O',¢") € D' and so D’
is dense in A.

Now we are ready to define h. Let h : D' — D be defined by h(O,¢) := (no.), h(0)). It
remains to show that h is a projection and that (a) and (b) from above are satisfied. We first
show that h is a projection. Let (O,¢),(0’,e’) € D’ be such that (O,e) < (O',&'). Then for
every n € w, h(0)(n) < h(O')(n). Since ¢’ — p(0') < e — p(0), no,e) < norery. It remains
to check that h(O)[no ) = h(O')Ino. But this follows directly, since (O,e) € D'. Therefore,
h(0,e) < h(O',€") and so h is order-preserving.

Let (O,¢) € D' and (n, f) € D such that (n, f) < h(0,¢). We define O’ := OU {1} : n/ >
no,e) A f(n') =k +1}. Then (O',¢) < (0,¢) and h(O’) = f. By decreasing ¢, we can find some
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h(O")(n), n(O' UTY) > ¢
")y < (0',&"). Then for every
and fln = h(O")In. Hence,

g’ < e such that (O',¢') < (0,¢) and for every n’ < n and every k 2
Since D’ is dense in A, there is some (O”,&”) € D’ such that (0”&’
n' € w, f(n') = KO )(n) < h(O")(n'). Moreover, n < nor o
h(O",&") < (m, f) and so h is a projection.

Next, we show (a). Let (O,e) € D’ and let z € h[O,e]. Then there is some U € |
such that A(U) = z. Since O C U, h(O)(n) < h(U)(n) for every n € w. Since (0,¢) €
h(O)[n o,y = h(U)[no,e). Hence, z € [R(O,¢)].

Finally, we show (b). Let (m, f) € D. Without loss of generality, m > 0. We define O := [J{I} :
f(n)=k+1} and € := p(0) +272("=D. Then (O,¢) € D’ and h(0,¢) = (m, f). O

O, ¢l
!/

It remains to show that for every projective pointclass T, T'(A) implies T'(Ay ). To do so, we
fix a recursive family {A? : n,k € w} of open independent subsets of 2 with p(Jp) = 2=+ (cf.
Section _ for the rest of this section. Moreover, let Z%™ be the set of finite unions of intervals
with rational endpoints with measure < 4/=" and let {U}’ Enktn e w} be a recursive family of

open sets such that for every {,n € w, {Ue ™.k € w} enumerates 7" and each element of Z%"
occurs infinitely often in this enumeration. For every ¢ € w, we define functions hy : RUA — R
and hy : A — A by

o(S) = J{Ug™ : w(AR 0 [S]) = 0} and
Ez(T) i=(he(T),sup{p(he(5)) : S < T}).

Truss used these functions to show that if there is a A-generic filter, then there is also an A ,-generic
filter over the same model. We shall use them as the functions which are required for Theorem
2.2.46l Before doing so, let us study some properties of hy and hy. We start with a lemma that
summarizes the properties from Truss’ proof which are relevant to us.

Lemma 2.3.25 (Truss).
(a) For every { € w, hy is a projection.

(b) For every £ € w, if T € A and u(he(T)) < &, then there is some S < T such that hy(S) <
(he(T), ).
(c) For every S € RUA and every n € w, the set {k: u(A7 N [S]) = 0} has size < 2"+1.

We define K,,,(S) := {(n, k) € m x w : u(Ax N[S]) = 0} for every pruned tree S on 2 and every
meEw.

(d) For every T € A and every n < m € w, there is some k € w such that for every j > k,
Ky (T') = Knn(T)U{(n, 5)}, where S C T is the unique pruned tree such that [S] = [T\ A7.

Proof. Cf. [Tru88| Proof of Theorem 4.3 and Lemmas 4.4, 4.5, and 4.8]. O

In [Tru88], (a) and (b) of Lemma [2.3.25| are only proved for £ = 0. However, the proofs for
£ > 0 are exactly the same. We leave it to the reader to verify this. Items (a) and (b) of Lemma
2.3.25| make sure that requirements (a) and (c) of Theorem [2.2.46| are satisfied. To check (b), we

need another lemma.

Lemma 2.3.26. Let T € A, let { € w, and let hy(T) = (O,€). Then there is some T" < T such
that for every S € (T"), p(he(S)) <e.

65



Proof. Let m € w such that

2n+1

p(he(T)) + Z = <e.

n>m

By Lemma we have for every T” € A and every n < m, that

1 ) 11 1
st M) > 5513 2 gt

lim p(ApN[T7]) =
k—o0

Now we can use (d) of Lemma [2.3.25| repeatedly to find a 77 < T such that K,,(T") = K, (T)
and p([T]) — % < mrr Then there are only finitely many pairs (n,k) € m X w such that 0 <

p(AE N [T']) < w([T']) — 5. We can again use (d) of Lemma [2.3.25| repeatedly to find a 7" < T’
such that K, (T") = Km( ) and for every k € w and every n < m, if u(A¢ N [I']) > 0, then

p([T") N AY) > p([T"]) — 5. Then for every S € (T"), K (S) = Kin(T") = K, (T). Hence, by (c)
of Lemma 2.3.25] we have

{F - p(AR N [S]) = 0} antt
n(he(8)) < p(he(T)) + e < ulhe(T) + Y G <&
n>m n>m

Therefore, T"” < T and for every S € (T"), u(he(S)) < e. O

Now we are ready to show that for every projective pointclass I, T'(A) implies I'(A,,). This
completes the proof of Theorem [2.3.19

Proposition 2.3.27. For every projective pointclass T', if every I'(R) set is amoeba regular, then
every I'(R) set is Ca__-Baire.
Proof. By Theorem [2.2.40] it is enough to show that

a : £ € w) is a sequence of Borel functions from R to R,

(a) (e
(b) (he : £ € w) is a sequence of projections from A to A,
(c) for every £ € w and every T € A, there is a T" < T such that h[(T")] C [he(T)], and
(d) Uyen, he[A] is dense in Ay

We start with proving (a). Let £ € w. We have to show that hy[R is Borel. Let ¢(.5,7) be a formula
for the statement

Tk, (AL N [S]) = 0 A (ai, bi) € UL,

and let ¢'(S,x) := Vi € w(¢(P,i) — x(i) = 1). Then ¢’ is arithmetical. Let ¢ € 2* be a code for
an element from R... Then

(9,¢) € IR <= ¢'(S,c) AVz € w*(¢(S,y) = Vi € w(c(i) =1 — z(i) = 1))
< (S, ¢) AVi(e(i) = 1 — Tz € w?(Vn((S, 2(n))) A (a;, b;) C U (az(n), b2(n))))-

new

Hence, h¢[R is a Af((w*)?) set and so it is a Borel function.
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Item (b) follows from Lemma Now we show (c). Let ¢ € w, let T € A, and let
he(T) = (O,¢). By Lemma there is a 7" < T such that for every S € (T"), u(he(S)) < e.
Then ho[(T")] C [he(T)].

It remains to show (d). Let (O, ¢) € As. Then there is some ¢ € w and some z € w* such that
O =U,>1 Uf’(z). Let T' C 25* be the unique pruned tree such that [T] =2\ |, 47 ,). Then
T € A and by Lemma he(T) = O. By (b) of Lemma there is some 7”7 < T such that
he(T") < (he(T"),€) = (O,¢€). Hence, hy(T") < (O, ¢). O

Note that by the Brendle-Labedzki Lemma for Hechler forcing (Lemma [2.3.17), add(Mp) = X,
and cof(Mp) = 2%, where My is the meager ideal in the dominating topology. In general, the
existence of a Brendle-Labedzki Lemma implies that the additivity number of the corresponding
ideal is N; and that the cofinality number is 2%°. However, we have no Brendle-Eabedzki Lemma

for amoeba forcing. Nevertheless, we can show that the additivity number of the amoeba ideal is
N;.

Corollary 2.3.28. Let Iy be the o-ideal of all Cy-meager sets. Then add(Iy) = Ny.

Proof. Let Iy be the o-ideal of all C5__-meager sets. By Corollary add(Iy) < add(I_)
and add(l,_ ) < add(Mp). Since add(Mp) = Ry, add(ln) = N;. O

2.4 Amoeba forcing for category

2.4.1 Definitions and basics

In addition to showing that Martin’s axiom implies that the additivity number of the Lebesgue
null ideal is 2%, Martin and Solovay also showed in [MS70] that Martin’s axiom implies that the
additivity number of the meager ideal is 28°. Nowadays, it is well-known that the additivity number
of the Lebesgue ideal is smaller than the additivity number of the meager ideal (cf. [BJ95, Theorem
2.3.7]). So it would be enough to show it for the Lebesgue null ideal. However, this was not known
at that time and was only proven more than ten years later by Bartoszynski in [Bar84]. Still, Martin
and Solovay’s proofs for the Lebesgue null ideal and the meager ideal are very similar. The only
difference is the forcing notion which is used. For the Lebesgue null ideal they used amoeba forcing
and for the meager ideal they used a forcing notion which is called amoeba forcing for category or
sometimes universally meager forcing. The goal of this section is to define a regularity property for
amoeba forcing for category and to prove Judah-Shelah- and Solovay-style characterizations for it.
We start with the definition of amoeba forcing for category.

Definition 2.4.1. Amoeba forcing for category is the partial order of all pairs (¢, E), where o is a
finite sequence of elements from 2<“ and E is an open dense subset of 2<%, ordered by

(¢/,E") < (0,F) < o' Do, E' CE, and Vn € dom(c’ \ 0)(c'(n) € E).
We denote it by UM.

Note that the intersection of two open dense subsets of 2<“ is open dense as well. Hence, for
every (0, E),(0,E') € UM, (0,ENE’') < (0,E),(0,E") and so (0, E) and (o, E') are compatible.
Since 2<% is countable, UM satisfies the c.c.c. In fact, UM is even o-linked, i.e, there are countably
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many sets A, C UM such that UM =
compatible.

We have already seen in Section [2:3:1] that forcing with amoeba forcing causes the union of all
ground model Lebesgue null sets to be Lebesgue null. The same is true for amoeba forcing for
category and the meager ideal: let M be a transitive model of ZFC, let MM be the meager ideal
in M, let G be a UM-generic filter over M, and z¢ := |J{o : IE((0, E) € G)}. Then zg € (2<¥)~.
For every n € w, we define OF := (J{[s] : Im > n(s = zg(m))}. Let n € w. Then for every
s € 2<%, the set {(0,E) € UM : 3m < lh(o)(m > n A s C o(m))} is dense in UM. Hence, OF is
open dense. Let Og :=(1,,c,, O%. By the Baire Category Theorem, Og is dense. Let A € M be
nowhere dense in the ground model. Then the set {(o, E) € UM : Vs € E(AN[s] = 0)} is dense in
UM. Hence, there is some n € w such that for every m > n, AN [zg(m)] = 0 and so OF is disjoint
from A. Then Og is disjoint from A as well. Since A was arbitrarily chosen, M is disjoint from
Og. Therefore, MM is meager.

We call z¢ from above a UM-generic real over M. Note that G = {(¢0,F) € UM : ¢ C zg
and Yn > lh(o)(zg(n) € E)} and so every UM-generic filter over M is uniquely determined by a
UM-generic real over M. As for amoeba reals, z¢ is not a real, but we can identify every element
of (2<¥)¥ with a real using the canonical enumeration of 2<“. So we can think of the element of
(2<¥)“ as reals. Let U be the set of all z € (2<¢)* such that for every s € 2<“ and every n € w,
there is some m € w such that s C x(m), i.e., {s: In € w(s = x(n))} is dense in (2<¥, C). Hence, U
is a 19 set of reals and so a Polish subspace of the Baire space. We call this topology the standard
topology on U. Note that the sets of the form [o] := {x € U : 0 C z} for 0 € (2<%)<% form a
clopen basis for the standard topology on U. Unless otherwise stated, U will be always equipped
with the standard topology.

We can use amoeba forcing for category to define a second topology on U. For every (o, E) €
UM, we define [0, E] :={z € U: 0 C x and VYn > lh(o)(z(n) € E)} and let Cy := {[o, E] : (0, F) €
UM}. Unlike Ca, Cu generates a topology.

new An and for every n € w, any two conditions in A,, are

Proposition 2.4.2. The set Cy is a basis of a topology on U. Moreover, every element of Cy is
clopen in this topology.

Proof. For the first part, we have to show that the intersection of two elements of Cy is either
empty or in Cy. Let (0, E), (¢, E') € UM such that [0, E] N[0/, E'] # (. Then ¢ C ¢’ or ¢/ C 0.
Without loss of generality, we assume the former. Let = € [0, E] N [0/, E']. Then ¢’ C z and for
every n > lh(o), z(n) € E. Hence, for every n € dom(o’ \ o), 0’(n) € E and so (¢/, ENE’) <
(0,E), (¢, E"). Therefore, [¢', ENE'] = [0, E]N [0, E].

For the second part, we have to show that every element of Cy is closed in the topology generated
by Cu. Let (0, E) € UM. Then we have

U\ [0, E] = U{[a',2<“] (0 € o' ANo' € o)VInedom(c'\o)(o'(n) ¢ E)}.
Therefore, [0, E] is clopen in this topology. O

We call the topology generated by Cy the UM-topology on R.. Note that for every o € (2<%)<¥/
[0,2<%] = [0]. Hence, every open set in the standard topology is also open in the UM-topology and
every basic open set in the UM-topology is closed in the standard topology. However, U equipped
with the UM-topology is not a Polish space.

Proposition 2.4.3. The cardinality of a dense set in the UM-topology is at least 0. In particular,
the set U equipped with the UM-topology is not separable.
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Proof. Let D C U be dense and let h: U — w® be defined by
h(z)(n) := min{lh(s) : s € ran(x) AVm < n(s(m) = 0) A s(n) = 1}.
We define .7 := {h(z) : x € D}. Let y € w* and let
E, :={s€2¥:VYn € w((Ym < n(s(m) = 0) A s(n) =1) = 1h(s) > y(n))}.

Then E, is open dense in 2< and so (0, E,) € UM. Since D is dense, DN[0, E,] # 0. Let © € DNE,,.
Then h(x) eventually dominates y. Hence, .# is a dominating family and so 0@ < [Z| < |D|.
Therefore, the cardinality of any dense set in the UM-topology is at least 0. O

In the rest of this section, we prove some basic properties for Baire property in the UM-topology.
To do this, we first show that (U, Cy) is proper a category base which is Borel compatible with U.

Lemma 2.4.4. The pair (U,Cy) is a proper category base which is Borel compatible with U.

Proof. Since Cy is a basis for a topology on U, (U,Cy) is a category base. By Proposition
a subset of U has the Baire property in the UM-topology if and only if it is Cy-Baire. Moreover,
a subset of U is nowhere dense or meager in the UM-topology if and only if it is Cy-singular or
Cu-meager, respectively. We have to show that (U,Cy) is proper and Borel compatible with U.
We start with the latter. Recall that every region in Cy is closed in U. Hence, we only have to
check that Borel set in U has the Baire property in the UM-topology. Let B C U be Borel in U.
Since every open set in U is open in the UM-topology, B is Borel in the UM-topology. Hence, B
has the Baire property in the UM-topology. Therefore, (U, Cy) is Borel compatible with U.

It remains to show that (U,Cy) is proper. Since UM satisfies the c.c.c., (Cy, C) is proper as
a forcing notion. Clearly, every singleton in U is Cy-singular. So we only have to check that
every region is Cy-abundant. We suppose for a contradiction that there is some (o, E') such that
(0, F) is Cu-meager. Then there are Cy-singular sets N, C U such that Unew N,,. Since the
N,, are Cy-singular, we can recursively define a decreasing sequence ((oy,, Ep,) : n € w) such that
(00, Eo) = (0, E) and NN [opy1, Eny1] = 0. Let 2 :=J,,c,, 0n. Then for every n € w, = € [0y, E,].
Thus, = € [0, E] and so there is some n € w such that z € N,,. But this is not possible since
N, N [ont1, Ent1] = 0. Therefore, every region is Cy-abundant. O

Corollary 2.4.5.

(a) The sets which have the Baire property in the UM-topology form a o-algebra on U containing
all analytic and co-analytic sets in U.

(b) In L, there is a AY(U) set which does not have the Baire property in the UM-topology.

(c) If for every r € w*, le[r] < Ny, then all 3(U) sets have the Baire property in the UM-
topology.

Proof. Follows directly from Corollary [2.2:28 and Lemma [2.4:4] O

By Corollary [2:4.5] the Baire property in the UM-topology behaves similarly as most other
regularity properties, i.e., every analytic set has the Baire property in the UM-topology and the
question if every Al(U) set has the Baire property in the UM-topology cannot be answered in ZFC.
As usual, for every projective pointclass I', we write I'(UM) for the statement “every I'(U) set has
the Baire property in the UM-topology”. We conclude this section with Solovay- and Judah-Shelah-
style characterizations for the Baire property in the UM-topology.
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Theorem 2.4.6.

(a) Every AL(U) set has the Baire property in the UM-topology if and only if for every real
r € w¥, there is a UM-generic real over Lr].

(b) Every $3(U) set has the Baire property in the UM-topology if and only if for every real r € w*,
the set {x € U : z is not a UM-generic real over L[r]} is meager in the UM-topology.

Proof. By Ikegami’s Theorem for weak category bases satisfying the c.c.c. (Corollary , it is
enough to show that (U, Cyy) is provable ¥3 and that (U, Cyy) satisfies the c.c.c. in every inner model
of ZFC. Let ¢y be the IS formula defining U and let ¢¢,, (c) be the statement “c is a Borel code
and there is some (o, E) € UM such that B. = [0, E]”. Then ¢c,, is ¥4 and Cuy = {B. : ey (c)}.
Let M be an inner model of ZFC. By Lemma (U,Cy) is a proper category base which is
Borel compatible with U in M. Since UM satisfies the c.c.c. in M, (U, Cy) satisfies the c.c.c. in M
as well.

It remains to show that the statement “c is a Borel code and B, is Cy-meager” is ¥3. By Lemma
[2:2.16] a set A C U is Cy-meager if and only if there are maximal antichains A,, C UM such that
ACUnew UNU{lo, E] : (0, E) € Ay} Since UM satisfies the c.c.c., every antichain can be coded
as a single real. Moreover, two conditions (o, E), (¢/, E’) are compatible if and only if ¢ C ¢’ and
for every n € dom(o’\ o), o'(n) € E or vice versa. Hence, the statement “A4 is a maximal antichain”
is TI} and so the statement “c is a Borel code and B, is Cy-meager” is 33. O

2.4.2 Amoeba forcing for category and inaccessibles

In this section, we investigate the consistency strength of A}(UM) and X3(UM). The goal is to
show that AL(UM) is equivalent to 2£3(C) and that X1(UM) holds if and only if for every r € w®,

N%[r] < Nj. We start with the former. Brendle and Léwe proved the following characterization of
»1(0).

Theorem 2.4.7 (Brendle-Léwe). The following are equivalent:
(a) every $1(2) set has the Baire property in Cantor space,
(b) every AY(w¥) set has the Baire property in the dominating topology, and
(c) for every r € w*, there is a Hechler real over L[r].
Proof. Cf. BL99, Theorem 5.8]. O

Therefore, it is enough to show that Al(UM) holds if and only if for every r € w¥, there is a
Hechler real over L[r]. By Theorem Al(UM) holds if and only if for every real r € w*, there
is a UM-generic real over L[r]. Truss showed that amoeba forcing for category adds Hechler reals.

Theorem 2.4.8 (Truss). Let M be a transitive model of ZFC. If there is a UM-generic real over
M, then there is a Hechler real over M. Moreover, if x is a Cohen real over M and f is a Hechler
real over M[x], then M[z][f] contains a UM-generic real over M.

Proof. Cf. [Tru77, Theorem 6.5]. O
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The converse of the first part of Theorem [2.4.8]is not true in general. We have already seen that
after forcing with amoeba forcing for category the union of all ground model meager sets is meager
and this is not true for Hechler forcing (cf. [BJ95, Theorem 3.5.4]). Therefore, amoeba forcing for
category and Hechler forcing are not forcing equivalent. However, by the second part of Theorem
[2:4:8 the two step iteration of Hechler forcing adds UM-generic reals. This is enough to show that
AL(UM) holds if and only if for every r € w*, there is a Hechler real over L[r].

Corollary 2.4.9. The following are equivalent:
(a) every $1(2¥) set has the Baire property in Cantor space,
(b) every A(w”) set has the Baire property in the dominating topology, and
(c) every AL(U) set has the Baire property in the UM-topology.

Proof. By Theorems [2.4.6] and [2.4.7] we only have to show that for every r € w*, there is a Hechler
real over L[r| if and only if for every r € w*, there is a UM-generic real over L[r]. The backward
direction follows directly from Theorem So we only have to prove the forward direction. Let
r € w¥. By assumption there are f, f’ € w* such that f is a Hechler real over L[r] and f’ is a
Hechler real over L[r, f]. Then L[r, f] contains a Cohen real x over L[r]. Note that f’ is also a
Hechler real over Lr, z]. By Theorem [2.4.8] there is a UM-generic real over L[r]. O

It remains to show that 33(UM) holds if and only if for every r € w®, NIf[T] < Ry. To do this,
we take a similar approach as for amoeba forcing. The idea is again to use Theorem to show
that for every projective pointclass ', I'(UM) implies T'(D).

Theorem 2.4.10. For every projective pointclass T', if every T'(UM) set has the Baire property in
the UM-topology, then every I'(w*) set has the Baire property in the dominating topology.

Proof. For every n € w, let t,, be the binary sequence of n consecutive 0’s followed by a a single 1.
We define h: U — w® and h: UM — D by

li(x)(n) :=min{lh(s) : s € ran(z) A t,, C s} and

h(U, E) = (n(G,E)v f(o‘,E'))7

where n(, g) is maximal such that for every x,z" € [0, E], h(z)[n = h(z')[n and f, g)(n) =
min{h(z)(n) : « € [0, E]}. By Theorem [2.2.46] it is enough to check that

(a) h is a projection,

(b) for every (o, F), hlo, E] C [h(o, F)],
(¢) h[UM] is dense in D, and

(d) h is Borel.

We start with proving (a). It is clear that h is order-preserving. Let (o, E) € UM and let (n, f) <
h(o, E). Then for every n(, gy < m < n, there is an s,, € E such that t,, C s, and Ih(s) = f(m)
We define 0’ := 07 (s, : Nopy < m < n) and E' := {s € E: Im € w(t, C s Alh(s) > f(n))}
Then E' is still dense in 2<% and so (¢/, E’) < (0, E). By definition, n,/ gy > n, for.gy[n = fn,

and for every m > n, f(,1,g/)(m) > f(m). Hence, h(c’, E') < (n, f).
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Next, we show (b). Let (0, E) € UM and let = € [0, E]. Then h(x)[n, ) = f(o,5)70,p) and

for every n € w, h(z)(n) > f(o,p). Hence, x € [h(o, E))].

Now we prove (c). Let (n, f) € D and let for every m < n, s, € 2<% such that ¢,, C s,, and
Ih(sy,) = f(m). We define o := (s, : m < n) and F := {s € 2<% : Im € w(t,;, C sAlh(s) > f(m))}.
Then n(, gy = n and for every m € w, f(, g)(m) = f(m). Hence, h(o',E") = (n, f).

Finally, we show (d). Let s € w<“. Then

h([s]) = m{[U] 15 C fo,B)INm,E)}
and so h~1([s]) is closed in U. Hence, h is Borel. O
Corollary 2.4.11. The following are equivalent:
(a) every $3(U) set has the Baire property in the UM-topology,

(b) for every r € w¥, the set {x € UM : x is not a UM-generic real over L[r|} is meager in the
UM-topology, and

(c) for everyr € w”, le[r] < Nj.
Proof. Follows directly from Theorems [2.3.16] [2.4.6] and [2:4.10] and Corollary [2:4.5] O

We conclude this section with a corollary about the additivity number of the meager ideal in
the UM-topology. As for amoeba forcing, we do not have a Brendle-f.abedzki Lemma for amoeba
forcing for category. However, we can again use Corollary

Corollary 2.4.12. Let Muyy be the meager ideal in the UM-topology. Then add(Muym) = Ni.
Proof. By Corollary [2.2.48) add(Myy) < add(Mp). Since add(Mp) = Ry, add(Mym) =Ry, O

2.5 Localization forcing

2.5.1 Definitions and basics

In this section, we introduce a regularity property for localization forcing and prove some basic
properties for it. In particular, we prove Judah-Shelah- and Solovay-style characterizations. We
start with some definitions.

A slalom is a function f from w to [w]<% such that for every n € w, |f(n)] < n+ 1. We write
Loc for the set of all slaloms. We say that a slalom f € Loc localizes a real x € w? if for all but
finitely many n € w, x(n) € f. Let M be a transitive model of ZFC. A slalom is called a localizing
real over M if it localizes all reals in M. This concept was used by Bartoszynski in [Bar84] to show
that the additivity number of the Lebesgue null ideal is smaller than the additivity number of the
meager ideal. The canonical forcing notion to add a localizing real is localization forcing.

Definition 2.5.1. Localization forcing is the partial order of all pairs (o, F) € (Jw]<%)<% x [w®¥]<¥
such that for every n € dom(o), |o(n)| =n+1 and |E| < 1h(o) + 1 ordered by

(0',E'Y<(0,E): <= 0 Co'ANEC E' AVz € EVn € dom(d’ \ 0)(z(i) € o'(4)).

We denote localization forcing by LOC and write dom(LOC) for the set {o : IE € [w*]<“((0, E) €
LOC)}.
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Let M be a transitive model of ZFC and let G be a LOC-generic filter over M. We say that
fo :=U{o : 3E((0,E) € G)} is a LOC-generic real over M. Since G = {(0,E) € LOC : ¢ C fg
and Vo € EVn > lh(o)(z(n) € fa(n))}, M[G] = M[fg] and so every LOC-generic filter over M
is uniquely determined by a LOC-generic real over M. Moreover, every LOC-generic real over M
is a localizing real: let x € w® be a real in M. Then D, := {(0,FE) € LOC : z € E} is dense in
LOC and so there is some (0, E) € G such that € E. Hence, for every n > lh(o), z(n) € fa(n).
Therefore, f¢ is a localizing real over M.

The converse is not true in general. Amoeba forcing adds localizing reals, but no LOC-generic
reals (cf. [Tru88, Theorem 4.1] and [BJ95| p. 106]). Therefore, not every localizing real is a LOC-
generic real. Conversely, localization forcing adds amoeba reals (cf. [Tru88|, Theorem 4.2]). More-
over, localization forcing satisfies the c.c.c.: for every o € dom(LOC), let A, := {(¢/, E) : (¢, E) <
(0,E) and 2|E| < 1h(o) 4+ 1}. Then LOC = {4, : 0 € dom(LOC)} and so it is enough to show
that for every o € dom(LOC), the elements in A, are pairwise compatible. Let o € dom(LOC).
We only have to show that for every E, E’ € [w*]<¥ with (o, F), (0, E’') € A,, (0,F) and (o, E’)
are compatible. Since |E|+ |E'| < lh(o) + 1, (0, EUE’) € LOC and (0, EUE’) < (0, E), (0, E").
Therefore, localization forcing satisfies the c.c.c. In fact, this even shows that localization forcing
is o-linked.

From now on, we shall often identify slaloms with reals using the canonical bijections between
w and [w]="*+1. This identification induces a topology on Loc, which we call the standard topology.
Thus, by definition, Loc equipped with the standard topology is homeomorphic to the Baire space
and so the set {[o] : 0 € dom(LOC)} is a clopen basis, where [0] := {f € Loc : ¢ C x}. Unless
stated otherwise, we always assume that Loc is equipped with the standard topology. Next, we
use LOC to define a second topology on Loc. For every (o, E) € LOC, let

[0, E] :={f € Loc: f|lh(c) = o and Vx € EVn > lh(o)(z(n) € f(n))},
and let Croc := {[o, E] : (0, F) € LOC}.

Proposition 2.5.2. The set Croc s a basis of a topology on Loc. Moreover, every element of Croc
is clopen in this topology.

Proof. For the first part, it is enough to show that the intersection of two elements from Croc is
either empty or a union of elements of Croc. Let (0, E), (07, E') € LOC such that [o, E]N[o’, E'] # 0
and let m := |E|+|E’|. We show that [0, E|N[o’, E'] = A .= J{[fIm,EUE’] : f € [0, E]N[o’, E']}.
It is clear that [0, E]N[¢’,E'] C A. Let f € Aand let f’ € [0, E]N[0o’, E'] such that [f'[m, EUE'].
Then for every x € EU E’, for every n > lh(o), z(n) € f'(n) and for every n > lh(o’), z(n) €
f'(n). Moreover, flm = f'Im and for every x € EU E’ and every n > m, x(n) € f(n). Hence,
felo,ElN[o’, E].
We show the second part. Let (o, E) € LOC. Then

Loc\ [0, E] = U{[a’,@] (0 € o' Vo' € o)VIzr e Ean e dom(c’\ o)(z(n) ¢ o'(n))}.

Therefore, [0, E] is closed and so clopen. O

Note that for every o € dom(LOC), [o,0] = [o]. Hence, every basic open set in the standard
topology is clopen in the localizing topology and so every Borel set in the standard topology is
Borel in the localizing topology. Conversely, by the proof of Proposition for every (o, F) €
LOC, [o, E] is closed in the standard topology. However, there are open sets in the localizing
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topology which are not even Borel in the standard topology: let A C 2¥ be not X1 (w*) and let
O :=U,cal0,{z}]. Then O is open in the localizing topology. We suppose for a contradiction that
O is Borel in the standard topology. Then

A={ze€2¥:3f € OVn(z(n) € f(n) N2 ¢ f(n))}.

and so A is 1 (w*). But this is a contradiction. Therefore, O is not Borel in the standard topology.
Moreover, the localizing topology is not even Polish.

Proposition 2.5.3. The cardinality of a dense set in the localizing topology is at least 0. In
particular, the set Loc equipped with the localizing topology is not separable.

Proof. Let D C Loc be dense. We define & := {z € w* : 3f € DVn(z(n) = max(f(n)) +1)}.
Let € w¥. Since D is dense, there is some f € DN [0, {z}]. Then for every n € w, x(n) € f(n).
Hence, there is some y € % such that y eventually dominates x and so .# is a dominating family.
Therefore, 0 < |.#| < |D| and so every dense set is uncountable. O

In the rest of this section, we prove some basic properties for Baire property in the localizing
topology. To do this, we first show that (Loc,Croc) is proper a category base which is Borel
compatible with Loc.

Lemma 2.5.4. The pair (Loc,Croc) is a proper category base which is Borel compatible with Loc.

Proof. Since Crec is a basis for a topology on Loc, (Loc,Crec) is a category base. By Proposition
2.2.10 a subset of Loc has the Baire property in the localizing topology if and only if it is Crec-
Baire. Moreover, a subset of Loc is nowhere dense or meager in the LOC-topology if and only if it
is Cpoc-singular or Cpoc-meager, respectively. We have to show that (Loc, Crec) is proper and Borel
compatible with Loc. We start with the latter. We have already seen that every region is closed
in Loc. Moreover, every Borel set in the standard topology is Borel in the localizing topology.
Hence, every Borel set in the standard topology has the Baire property in the localizing topology.
Therefore, (Loc,Croc) is Borel compatible with Loc.

It remains to show that (Loc,Crec) is proper. Since LOC satisfies the c.c.c., (CLoc, C) is proper
as a forcing notion. Clearly, every singleton in Loc is Croc-singular. So we only have to check
that every region is Cproc-abundant. We suppose for a contradiction that there is some (o, F) such
that (o, F) is Croc-meager. Then there are Croc-singular sets N, C Loc such that Unew N,,. Since
the N,, are Cpoc-singular, we can recursively define a decreasing sequence ((o,, E,) : n € w) such
that (oo, Eo) = (0, E) and N, N [0y11, Eng1] = 0. Let  := |J,c,, 0n- Then for every n € w,
x € [on, Ey]. Thus, z € [0, E] and so there is some n € w such that x € N,,. But this is not possible
since Ny, N [op41, Ene1] = 0. Therefore, every region is Cpoc-abundant. O

Corollary 2.5.5.

(a) The set which have the Baire property in the localizing form a o-algebra on Loc containing
all analytic and co-analytic sets in Loc.

(b) In L, there is a AL(Loc) set which does not have the Baire property in the localizing topology.

(c) If for every r € w¥, N%[T] < Ny, then all £}(Loc) sets have the Baire property in the localizing
topology.
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Proof. Follows directly from Corollary [2.2.28 and Lemma O

Thus, the Baire property in the localizing topology behaves similarly as most other regularity
properties, i.e., every analytic set has the Baire property in the localizing topology and the question
if every Al(Loc) set has the Baire property in the localizing topology cannot be answered in ZFC.
As before, we write I'(LOC) for the statement “every I'(Loc) set has the Baire property in the
localizing topology”, where I is a projective pointclass. We conclude this section with Solovay- and
Judah-Shelah-style characterizations for the Baire property in the localizing topology.

Theorem 2.5.6.

(a) Every Al(Loc) set has the Baire property in the localizing topology if and only if for every
real v € w¥, there is an LOC-generic real over L[r].

(b) Every Xi(Loc) set has the Baire property in the localizing topology if and only if for every
real r € w¥, the set {f € Loc : f is not an LOC-generic real over L[r]} is meager in the
localizing topology.

Proof. By ITkegami’s Theorem for weak category bases satisfying the c.c.c. (Corollary [2.2.36)), it
is enough to show that (Loc,Croc) is provable ¥ and satisfies the c.c.c. in every inner model
of ZFC. Let ¢roc be any II3 formula which is always true and let ¢c, . (c) be the statement “c
is a Borel code and there is some (o, E) € LOC such that B. = [0, E]”. Then ¢c,,. is ¥3 and
CLoc = {B: : ¢cr..(c)}. Let M be an inner model of ZFC. By Lemmain M, (Loc,Croc) is a
proper category base which is Borel compatible with Loc in M. Since LOC satisfies the c.c.c. in
M, (Loc,Croc) satisfies the c.c.c. in M as well.

It remains to show that the statement “c is a Borel code and B, is Croc-meager” is Z%. By
Lemma [2.2.16] a set A C Loc is Cypoc-meager if and only if there are antichains A,, C LOC such
that A C U,,c,, Loc\ U{[o, E] : (0,E) € A,}. Since LOC satisfies the c.c.c., every antichain can
be coded as a single real. Moreover, two conditions (o, F), (¢/, E') € LOC are compatible if and
only if 0 C ¢’/ and for every € E and every n € dom(c’ \ 0), x(n) € o’(n) or vice versa. Hence,
the statement “A is a maximal antichain in LOC” is I} and so the “c is a Borel code and B, is
CLoc-meager” is X1. O

2.5.2 Localization forcing and inaccessibles

In this section, we investigate the consistency strength of AJ(LOC) and 3(LOC). The goal is
to show that AL(LOC) is equivalent to X3(B) and that X3(LOC) holds if and only if for every
ﬁ

rew?, R < Ry We start with AL(LOC). By Theorem [2.5.6, AL(LOC) holds if and only if for
every r € w¥, there is a LOC-generic real over L[r]. Brendle and Lowe have shown that the latter
is equivalent to X1(B).

Theorem 2.5.7 (Brendle-Lowe). Every $1(2¥) set is Lebesque measurable if and only if for every
r € w¥, there is a localizing real over Lr].

Proof. Cf. [BL11} Lemma 10]. O
Corollary 2.5.8. The following are equivalent:

a) Every 1(2¢) set is Lebesque measurable
( ) ) 2 g )
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(b) every AL(R) set is amoeba regular, and
(c) every Al(Loc) set has the Baire property in the localizing topology.
Proof. This follows directly from Corollary [2:3.11] and Theorems [2.5.6] and [2.5.7} O

In the rest of this section, we show that 33 (ILOC) holds if and only if for every r € w*, N%[T] < Nj.
To do this, we take a different approach than for amoeba forcing and amoeba forcing for category.
The idea is to generalize the proof of the Brendle-Labedzki Lemma for eventually different forcing
(Lemma to obtain a Brendle-Labedzki Lemma for localization forcing. First, we need a
family of small sets. For every x € w*, we define X, := {f € Loc : 3%°n € w(z(n) ¢ f(n))}. Let
x € w¥. Then X, is Borel in Loc with Borel code in L[z]. Moreover, since D, := {(0,FE) : z € E}
is dense in LOC, X, is nowhere dense in the localizing topology.

Lemma 2.5.9. Let & be a pairwise eventually different family and let A C Loc be meager in the
localizing topology. Then there are only countably many g € & such that X, C A.

Proof. By Lemma [2.:2.16] there are maximal antichains A,, such that

An () JMlo. E): (0,E) € Ay} = 0.

new

Since LOC satisfies the c.c.c, for every n € w, A, is of the form A,, = {(o}},E) : m € w}. We
define for every finite M C w?, Ey = U{E" : (n,m) € M}. We say that M covers g € w* if
for all but finitely many k € w, there is a € Ej; such that (k) = g(k). Since & is a pairwise
eventually different family, each M C w? only covers finitely many g € &. Hence, there are only
countably many g € & such that g is covered by some M C w?.

Let g € & such that g is not covered by any M C w?. We shall construct a sequence (7, : n € w)
such that for every n € w,

(a)
(b)
(c) there is some k € dom(7,41 \ 7,) such that g(k) ¢ 7,41(k),
(d)

Tn € dom(LOC),

Tn & T+,

for every k < n, there is an my € w such that 0’5% C 7, and for every z € Efﬁlk and every
¢ € dom(r, \ o¥, ), x({) € 71,(¢), and

(€) (Tn, E{(kmp):k<n}) € LOC.

If (1, : n € w) is such a sequence, then | J, ., 7 € XyNN), ., U{[o, E] : (0, E) € A, } andso X, € A.
Thus, it is enough to show that such a sequence exists. We define the sequence recursively. Let
70 := (. Assume that 7, is already defined. Let M := {(k,my) : k < n}. Since M does not cover
g, there are infinitely many k € w such that for every x € Ey, x(k) # g(k). Let £ > lh(7,) be
minimal with that property. Then there is some 7, € dom(LOC) such that (7., Err) < (7n, Epr)
and g(¢) ¢ 7, (¢). Since A, is a maximal antichain, there is some m € w such that (7], Fps) and
(o E). Let (0, E) < (7}, En), (o, ET) be a witness. We set m,, := m and 7,41 := 0. O

Lemma [2.5.9] is our Brendle-Labedzki Lemma for localization forcing. We can use it to show
that 31(Loc) implies that for every real r € w®, R < .
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Theorem 2.5.10. The following are equivalent:
(a) every Bi(Loc) set has the Baire property in the localizing topology,

(b) for every real v € w*, the set {f € Loc : f is not a LOC-generic real over L[r|} is meager in
the localizing topology,

(c) for every real r € w¥, the set {f € Loc : f is not a localizing real over L[r]} is meager in the
localizing topology, and

(d) for every real r € w*, lem < Nj.

Proof. By Corollary and Theorem it remains to show that (b) implies (c) and that (c)
implies (d). The former is trivial. Let r € w*, let N be the set of non-localizing reals over L[r], and

let {go 1 < N%[T]} be a pairwise eventually different family in L[r]. Then for every a < N]f[r], Xg.,
does not contain any localizing reals over L[r]. Hence, for every o < le[r], Xg4, € N. By Lemma
NIfM has to be countable and so NIfm < Nj. O

Moreover, we can use Lemma to determine the additivity and cofinality numbers of the
meager ideal in the localizing topology.

Proposition 2.5.11. Let Mygc be the meager ideal in the localizing topology. Then add(Mpoc) =
N; and cof(Mypgc) = 2%°.

Proof. Follows directly from Lemma O

2.6 Open questions

We conclude this chapter with a few open questions concerning (weak) category bases, amoeba
regularity, and the regularity properties for amoeba forcing for category and localization forcing.
For the sake of having all questions in one place, we start by restating Questions [2.2.14] [2:2:49] and
2314

Question 2.2.14. Let (X,C) be a weak category base. Is I} is always a o-ideal?
Question 2.2.49. Under the assumptions of Corollary is cof (I}) > cof (If)?

Question 2.3.14. Can we show, without using Theorem that if AY(A) holds, then for every
r € w¥, there is a covering real over Lr].

Question 2.6.1.

(a) Let P be an arboreal forcing notion on 2 (or w) and let Cp := {[T] : T € P}. Is (2¥,Cp) (or
(w¥,Cp)) always a category base?

(b) Let X be an uncountable Polish space and let I be a proper o-ideal. Is (X,Pr) always a
category base?

Question 2.6.2. Does a proper weak category base satisfy the c.c.c. if and only if every pairwise
disjoint family of regions is countable? (Cf. Proposition )
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Question 2.6.3. Is every proper weak category base equivalent to a category base? (Cf. Proposition

EEELY

Question 2.6.4.
(a) Is there a Brendle-fabedzki Lemma for amoeba regularity?
(b) Is there a Brendle-Labedzki Lemma for the Baire property in the UM-topology?

Question 2.6.5. Let Iy be the o-ideal of all Cy-meager sets and let Muyy be the meager ideal in
the UM-topology. Are cof(Iy) = 280 and cof (Myy) = 2% 2 (Cf. Question|2.2.49.)

Question 2.6.6.
(a) Does T'(A) imply T'(B) for every projective pointclass T'?
(b) Are T(A), T'(Ax), and T(LOC) equivalent for every projective pointclass T'?

(c) Are T(D) and T'(UM) equivalent for every projective pointclass T'?
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Chapter 3

Descriptive choice principles

Remarks on co-authorship. The results of this chapter were obtained in collaboration between
Ned Wontner and the author. Therefore, all results in this chapter are, unless otherwise stated,
joint work with Ned Wontner. Both authors contributed equally.

The strength of the axiom of choice comes from its global nature. However, this universality
is usually not needed when working with concrete mathematical objects such as the reals. In fact,
most of basic descriptive set theory does not require the full axiom of choice, but a weaker fragment
such as AC(w*), DC(w*), or AC,(w*). As the axiom of choice, AC(w*), DC(w*), and AC,(w*)
can be stratified into smaller fragments. Descriptive choice principles are such fragments defined
using descriptive pointclasses. The first descriptive choice principles were introduced by Kanovei.
In [Kan79|, he studied descriptive choice principles for pointclasses in the projective hierarchy and
proved a first separation theorem.

In this chapter, we shall compare descriptive choice principles with each other. More precisely,
in Section we shall give a brief overview on what happens to basic descriptive set theory on the
reals if we drop the axiom of choice. In Section we shall introduce three families of descriptive
choice principles. Moreover, we shall prove a separation theorem which improves Kanovei’s result.
For this, we shall use special forcing notions which we call slicing. In Section [3.3] we shall introduce
a framework to construct forcing notions which have a special absoluteness property for products.
This framework generalizes a result from Kanovei and Lyubetsky |[KL20]. In Section we shall
define generalized versions of Jensen forcing and show that these generalizations have similar prop-
erties as ordinary Jensen forcing. Finally in Section we shall use the generalized versions of
Jensen forcing and the framework from Section to prove that slicing forcing notions exist in L.

3.1 Descriptive set theory without the axiom of choice

Most of basic descriptive set theory on the reals does not require the full axiom of choice and can be
carried out in ZF + DC(w*) or even in ZF + AC, (w*). However, if we drop AC,, (w”), strange things
can happen: Feferman and Lévy used a symmetric submodel construction to produce a model of
ZF in which the reals are a countable union of countable sets (cf. [FL63]). In this model, every
set of reals is a countable union of X9 sets. Hence, every set of reals is Borel. The length of the
Borel hierarchy is the least ordinal ¢ such that every Borel set is 22. It is well-known that in
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ZF + AC,, (w*) the length of the Borel hierarchy is always w;. However, this is not necessarily true
in ZF; in the Feferman-Lévy model, the length of the Borel hierarchy is finite. One might expect it
to be 2, since every set is a countable union of X9 sets. However, Miller showed in [Mil08] that even
in ZF the lowest possible length is 4. This means that 39 is not closed under countable unions in
the Feferman-Lévy model. The step of the standard ZF + AC,,(w*) proof that falls apart is where
we have to choose representations of infinitely many X9 sets as countable unions of closed sets at
once. This step may fail in ZF, since it is not guaranteed that there is a choice function that will
do the job for us. However, this does not post a problem when we are working with finitely many
sets. Hence, some closure properties of the Borel hierarchy can be preserved in ZF.

Proposition 3.1.1 (ZF). Let £ > 1 be an ordinal. Then the classes 22, Hg, and Ag are closed

under finite unions and intersections and continuous preimages. Moreover, Ag is closed under
complements.

Proof. Cf., e.g., |Kec95, Proposition 22.1] and check that the proof does not use any non-trivial
choice. O

Miller also showed that the length of the Borel hierarchy is not bounded by w; in ZF. He
produced a model of ZF in which the length is wy. This is possible because the standard ZF +
AC, (w*) actually shows that the length of the Borel hierarchy is bounded by the least uncountable
regular cardinal which happens to be wy in ZF + AC, (w*). In Miller’s model w; is singular and wo
is regular and so the length is not bounded by w;. Assuming large cardinals, Miller was even able
to produce models of ZF with arbitrarily long Borel hierarchies. For this purpose, he used a model
of Gitik [Git80] in which every cardinal is singular.

A key property of the Borel sets in ZF + AC, (w®) is that every Borel set can be coded as a
real (cf. Section. However, this not necessarily true in ZF. Recall that in the Feferman-Lévy
model every set is Borel. So if every Borel set were codable, then the decoding function would be
a surjection from the reals into their power set. But such a function cannot exist. Hence, it is
possible in ZF that the codable Borel sets are a proper subset of the Borel sets. The best we can
show is that every X9 set is codable Borel. Note that this means that the codable Borel sets are
not closed under countable unions in the Feferman-Lévy model. Nevertheless, it is provable in ZF
that the codable Borel sets form an algebra.

Proposition 3.1.2 (ZF). The codable Borel sets form an algebra containing every X9 set.

Proof. Cf., e.g., [Fre08, Proposition 562D]. O

The projective hierarchy was introduced to close up the Borel sets under continuous images.
This is not necessary in the Feferman-Lévy model since the Borel sets are already everything.
Note, however, that we did not define the analytic sets as continuous images of Borel sets, but as
continuous images of the Baire space. This makes no difference in ZF 4+ AC,,(w*) (cf. Proposition
. In ZF, however, it does. Since every continuous function f : w* — w® is uniquely
determined by its behavior on a countable dense set, every such function can be coded as a real.
Hence, there is a surjection from the reals to the analytic sets of reals. Therefore, there are sets of
reals which are not analytic. This means it is not provable in ZF that every Borel set is analytic.

A reason that so many classical theorem about Borel sets fail in ZF is that many of these
theorems are actually about codable Borel sets. This suggests that one should focus on codable
Borel sets when trying to obtain versions of these classical theorems in ZF. Indeed, it is provable
in ZF that a set of reals is codable Borel if and only if it is analytic and co-analytic
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Proposition 3.1.3 (ZF). A set is codable Borel if and only if it is analytic and co-analytic; i.e.,
B* = Al

Proof. Cf., e.g., [Fre08, Theorem 562F]. O
Moreover, Proposition holds in ZF if we replace Borel with codable Borel.
Proposition 3.1.4 (ZF). The following are equivalent:
(a) A is analytic,

(b) there is a codable Borel set B C w® and a continuous function f : w* — w“ such that
fIBl = 4,

(c) there is a closed set F C (w*)? such that proj,.(F) = A, and
(d) there is a codable Borel set B in (w*)? such that proj,.(B) = A.
Proof. Cf., e.g., [Jec03, Lemma 11.6] and replace Borel with codable Borel. O

Note that the above does not justify our definition of analytic sets being the right one in the
absence of AC,(w®). However, the author is not aware of a model of ZF in which both version of
analytic sets do not coincide and the Borel sets are not closed under continuous images.

Question 3.1.5. Is there a model of ZF in which B* C B C P(w¥)?

We have already seen that there is a surjection from the reals to the analytic sets in ZF. By
induction, this surjection can be extended to any X.. Hence, for every n € w, ZL # P(w®).
Moreover, it is provable in ZF that the projective hierarchy does not collapse at a finite stage even
in ZF, i.e., for every n > 1, we have 3! # IT}.

Proposition 3.1.6 (ZF). For every n > 1, we have &} # 11}, and AL, C XL UTI, C AL ;.
Proof. Cf. [Kec95, Theorem 37.7] and check that the proof does not use any non-trivial choice. [

The reason why the standard construction of universal sets works for the projective hierarchy but
not for the Borel hierarchy is that 3, sets are defined from a single IT}, set. So the construction
still works in ZF since we are always dealing with one object at a time. The Eg sets, on the
other hand, are defined from countably many sets of the previous stages. Therefore, the standard
construction of a universal Eg set requires some amount of AC, (w*) to check that the constructed
set is universal. We run into the same problems when we are working with infinitely many projective
sets at the same time. For example, it is not provable in ZF that the analytic sets are closed under
countable unions since otherwise every Borel set would always be analytic. This also holds for
any other projective pointclass. But just as for the Borel hierarchy closure properties for finite
operations can be preserved.

Proposition 3.1.7 (ZF). For every n > 1, the classes XL, TIL, and Al are closed under finite

n’
unions and intersections and preimages by continuous functions. Moreover, 3L is closed under
images by continuous functions and AL under complements.

Proof. Cf. [Kec95| Proposition 37.1] and check that the proof does not use any non-trivial choice. [
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An important result of basic descriptive set theory is that the lightface and boldface hierarchies
define the same sets (cf. Theorem. It is clear that even in ZF for every n € w and every r € w,
¥0(r) € X9, In fact, one can even show that for every n € w and every r € w, %9 (r) C X0 N B,
where B* is the set of all codable Borel sets. Unfortunately, the other direction is not provable in
ZF. By a coding argument, one can show that for every n € w, there is a surjection from the reals to
U, e 2o (r) and so U, c o B9(r) # P(w®). Therefore, it is not provable in ZF that for every n € w,
20 C Urews 2o (r). However, it is provable that X9 = (J, . £9(r) and II{ = |, 119 (7). Then
by Proposition 21 = U, cwe 21(r) and so for every n € w, ), = J, ¢, 2n(r) by induction.
Therefore, Theorem [1.2.19| can be at least preserved for the projective sets.

We end this section with a list of things that do not necessarily hold in ZF, but are provable in
ZFC. Note that most of these things fail in the Feferman-Lévy model.

Fact 3.1.8.

(a) In ZF, a countable union of countable sets is not necessarily countable. In particular, it is
possible that the reals are a countable union of countable sets.

(b) In ZF, successor cardinals are not necessarily regular.

(¢) In ZF, a Borel set is not necessarily a codable Borel set or a projective set. In particular, it
is possible that every set is Borel, i.e., P(w*) = B.

(d) In ZF, the length of the Borel hierarchy is not necessarily ws .
(e) Let £ > 2. In ZF, Eg is not necessarily closed under countable unions.
(f) In ZF, the codable Borel sets are not necessarily closed under countable unions.

Let n > 1. In ZF, the classes 3L, TIL and AL are not necessarily closed under countable
g n n n y
unions and intersections.

3.2 Choice principles for descriptive pointclasses

3.2.1 Descriptive fragments of AC,(w*) and DC(w")

Even AC, (w*) can be stratified into smaller fragments. An example of such a fragment is the axiom
of countable choice for countable sets of reals which is sometimes called CAC,,(w*) in the literature.
It states that every countable family of non-empty countable sets of reals has a choice function. It
is well-known that the axiom of countable choice for countable sets of reals is not provable in ZF
(cf. [HR98, Form 5]). If we replace the word “countable” by any other collection of sets of reals, we
get another fragment of AC, (w®).

Definition 3.2.1. Let = C P(w®) be a collection of subset of the reals. Then we write AC,, (w“; =)
for the statement “every countable family of non-empty sets of reals in = has a choice function”.

Note that the axiom of countable choice for countable sets of reals is the principle AC,, (w*; ctbl),
where ctbl is, as defined in Section the set of countable sets of reals. It is clear that if
E C E C P(wv), then AC,(w¥;E) implies AC,(w*;E’). By Propositions and it is
provable in ZF that ctbl C X9 C Al and so

AC, (w¥; A7) = AC,,(w¥; 29) = AC,,(w¥; ctbl).
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Since AC, (w¥;ctbl) is not provable in ZF, AC,(w¥;X9) and AC, (w*; Al) are also not probable
in ZF. Moreover, the Borel and projective hierarchies induce a hierarchy on the family of choice
principles AC,, (w*;T"), where T is a Borel or projective pointclass. Figure displays this hierarchy
as an implication diagram.

AC,, (w*)

l

AC, (w¥; Proj)

I
|

AC, (w¥; A:I,H)

AC, (w¥; 29)

l

AC,, (w¥; ctbl)

Figure 3.1: Implication diagram for descriptive fragments of AC,,(w*)
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In Figure Proj is the sets of all projective sets of reals. The implication from AC, (w*; II})
to AC,(w*; B) was shown by Ikegami and Schlicht in [IS22)[]] Any other implication follows the
subset relation. Note that AC,, (w¥; X9), AC, (w¥; 1Y), and AC,, (w*”; AY) are missing in Figure
The reason for this is that they are provable in ZF. To show this we use Hausdorff’s Difference
Lemma.

Theorem 3.2.2 (ZF, Hausdorff’s Difference Lemma). Every AY set A C w® can be written as an
a-difference of closed sets for some a < wy, i.e., there is a decreasing sequence (Cg : B < «) of
closed sets such that

A =Diff 3« Cp := {x € Cy : the least § < a such that © ¢ Cp is odd}.
Proof. Cf., e.g., [And01} Theorem 7.16]. O

The sequence (C : 8 < ) in Hausdorft’s Difference Lemma is not unique. There are two main
reasons for this: first, that (Cp : 8 < «) can always be extended as a sequence without changing
Diffg<oCp, and second, that for any closed set F' C w*, Diff g« oC = Diff g o (Cg U F'). The first
problem can be solved by considering only sequences of the least possible length. To fix the second
problem, we require that for every 8 < a, Cp is the closure of Diff << C,. These two additional
requirements are enough to make the sequence in Hausdorff’s Difference Lemma unique. Indeed,
one can show that for every AY set A C w®, there is a unique decreasing sequence (Cj : 3 < «)
of minimal length such A = Diff3.,Cjs and for every § < «, Cjs is the closure of Diffg<,<nCy
(cf. [And01], 3.E.1]). We call this sequence the canonical sequence for A.

Proposition 3.2.3 (ZF). The descriptive choice principle AC,,(w*”; AY) is provable in ZF. More-
over, every (not necessary countable) family of non-empty AY sets of reals has a choice function in
ZF.

Proof. Tt is enough to describe how we can pick a canonical element from every A§ set. We fix an
enumeration {s, : n € w} of w<¥. Let A C w* be a non-empty AY set and let (Cs : o < 3) be the
canonical sequence for A. Let 8 < a be minimal such that 8 is even and Cgy; € Cg and let n € w
be minimal such that [s,] N Cys # 0 and [s,] N Csyq1 = 0. Since [s,] N Cp is closed, there is a unique
pruned tree ' C w<* such that [T'] = [s,] N Cs. Then the left-most branch through T yields a real
in A. O

Next, we study DC(w®). Just as for AC,, (w*), we can use collections = of sets of reals to stratify
DC(w*) into smaller fragments. Here, we only consider total relations R which are in E. By this
we mean that the image of R under the canonical bijection between w“ x w* and w* is in =. Note
that if = is a descriptive pointclass, then R is in = if and only if R is in E as a subset of w® x w®.

Definition 3.2.4. Let = C P(w®) be a set of subsets of the reals. Then we write DC(w*; Z) for
the statement “for every total relation R C w® x w® in Z, there is a sequence (zy : k € w) € X
such that for every k € w, ) R xp41”.

These choice principles were first introduced by Kanovei. In [Kan79], he studied them for
pointclasses in the projective hierarchy. The following theorem lists a few of his results.

1Recall that in ZF, B is not necessarily a subset of H{ (cf. Fact|3.1.8).
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Theorem 3.2.5 (ZF, Kanovei).
(a) The choice principle DC(w*;I11) is provable in ZF.

(b) For every n > 1, DC(w*;11}) and DC(w*; X}, ) are equivalent.
(¢) For everyn > 1, DC(w*;II}) and DC(w*; XL ;) are equivalent.
(

(d) For every n > 1, DC(w*; 11} ) implies DC(w*;II},).
Proof. Cf. [HR98| Note 61] and [Kan79, Theorems 2.4 & 2.6]. O

Note that by Theorem DC(w*;II}) does not imply AC, (w“;II}). The reason why the
proof of “DC(w*) implies AC, (w*)” cannot be generalized is that we do not in general know the
complexity of the relation. Recall that to show that DC(w*) implies AC, (w*), we define for a
countable family {Ay : k € w} of non-empty sets of reals the relation

R := (ww\ UAk) XA()U U(Ak XA]C+1)§UJUJ X w*
kew kEw

and then use DC(w*) to obtain the choice function. If we now try to use this proof to show that
DC(w*;I13) implies AC, (w*; II}), then we have to show that R is II. Actually, by Theorem
it is enough to show that R is 31 which is clear in ZFC. In ZF, however, IT} is not necessarily
closed under countable unions (cf. Fact . Hence, we do not know the complexity of R. The
same is true for DC(w*; II}) and AC, (w¥;II}) for every n € w. In fact, we shall show later that
even DC(w*; Proj) does not imply AC,, (w*; ctbl).

In [Kan79|, Kanovei also introduced a family of fragments of AC,, (w*). The difference between
Kanovei’s choice principles and the ones from Definition is that he only considers families that
are themselves in the pointclass.

Definition 3.2.6. Let I be a descriptive pointclass. A countable family {Ay : k € w} of non-empty
sets of reals is uniformly in ' if A, is in T for every k € w and | J,,c,,{k} x Ay is in I as well. We
write AC, (w*; unifT") for the statement “every countable family of non-empty sets of reals which is
uniformly in I" has a choice function”.

We call the choice principles from Definition uniform and the ones from Definition
non-uniform. It is clear that for every descriptive pointclass I', the non-uniform choice principle
AC, (w¥;T) implies the uniform one AC,(w*;unifT") and the converse is true if I is closed under
countable unions. The advantage of working with families which are uniformly in a descriptive
pointclass I' is that we do not have to worry whether I' is closed under countable unions or not.
This is enough to show that DC(w*; IT}) implies AC,, (w*; unifII}).

Theorem 3.2.7 (ZF, Kanovei). For every n > 1, DC(w¥;I1}) implies AC,,(w*;unifII}) and sim-
ilarly for T1L.

Proof. Let {Ay : k € w} be a countable family of non-empty sets which is uniform in T, let
Xy = {k} x Ay, and let X := J; o, Xi. We define

Ri=(w\X)x XoU | Xi x Xpp1.
kEw
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Since X is in I, R is in 3}, ;. By Theorem 3.2.5, DC(w*;II},) and DC(w”; X}, ;) are equivalent.
Hence, there is a sequence (xy, : k € w) of reals such that for every k € w, x3 R xp41. Without loss
of generality, ¢ € Xg. For every k € w, let ap € w* be such that for every ¢ € w, ap(f) := xx(£+1).
Then f := {(Ag,ar) : k € w} is the desired choice function. O

Then by Theorems and AC,, (w*; unifII}) is provable in ZF. Hence, AC,, (w*; II}) and
AC,, (w*; unifTI}) are not equivalent. We shall see later that the same is true for II} with n > 1.
Next, we consider another result of Kanovei. He showed that (b) and (¢) of Theorem are also
true for uniform choice principles.

Theorem 3.2.8 (ZF, Kanovei).
(a) For every n > 1, AC,(w*; unifIl},) and AC,(w*;unify; ) are equivalent.
(b) For every n > 1, AC,(w*; unifIT}) and AC, (w*;unifX} ) are equivalent.
Proof. Cf. [Kan79, Theorem 2.4]. O

In the rest of this section, we investigate the relationships between uniform, non-uniform, and
dependent descriptive choice principles. Figure displays which relationships we have seen before
as an implication diagram. It is not known whether the diagram is complete in the sense that
if there is no arrow from a statement to another, then the implication does not hold in ZF. For
example, it is not known whether AC,(w*;II}) implies AC, (w*;unifII}; ;). On the other hand,
it is known that DC(w“;II}) does not imply AC,(w®;unifII} ;). Kanovei proved a separation
theorem that allowed him to separate dependent choice principles from uniform choice principles
of the next level.

Theorem 3.2.9 (Kanovei). Letn > 1. There is a model of ZF+DC(w*; II},)+—=AC,, (w*; unifIl; ;).
Proof. Cf. [Kan79, Theorem 1.1]. O

Moreover, Friedman, Gitman, and Kanovei showed in [FGK19] that AC, (w®) does not imply
DC(w¥;TI}). Hence, in particular, for every projective pointclass ', AC, (w“;T") does not imply
DC(w¥;T"). One of our goals of Chapter [3|is to show that the converse is also not provable in
ZF which means that dependent and non-uniform descriptive choice principles are independent
from each other. To do this, we use our main theorem of Chapter [3] which generalizes Kanovei’s
separation theorem:.

Theorem 3.2.10. For everyn > 1, there is a model of ZF + DC(w*; II},) + =AC,, (w*; unifTI} , ;) +
=AC,, (w¥; ctbl).

We shall prove Theorem [3.3.15/in Section Here, we use it to prove that DC(w*; Proj) does
not imply AC,, (w*;ctbl). Note that this does not tell us anything about the relationship between
DC(w¥; Proj) and AC, (w¥;T") if I is a lightface descriptive pointclass.

Corollary 3.2.11. There is a model of ZF + DC(w*; Proj) + —AC, (w*; ctbl).

Proof. Let ® be the set of all ZF axioms together with the sentences {DC(w®;II}) : n > 1} and
the sentence AC,, (w*; ctbl). By compactness, it is enough to show that ® is finitely satisfiable. Let
dy C ® be a finite subset. Then there are only finitely many n € w such that DC(w*;II}) € ®y.
Let n be maximal with that property. By Theorem there is a model M which satisfies ®.
Therefore, @ is satisfiable and so ® is finitely satisfiable. 0
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DC(w*) ACy, (w*)

I U

DC(w*; Proj) ———= AC, (w"; unifProj) AC, (w®; Proj) ﬂ

J J l
DC(w*; I}, ) H——=> AC,, (w"; unifTI}, | ;) ACy (w3 TL}, 4 1)
S~ S~
DC(w*; T, ) AC,, (w*; unifTl}, | ;) ACy (w*3 T, )
/
DC(w®; II}) > AC,, (w*; unifII}) AC,, (w*; II})
S
DC(w*; H:,) AC, (w®; unifH;) AC,, (w®; Hi)

; ! | ! ; !
J | | | J

DC(w*; H%) > AC, (w¥; unifl—Ié) AC, (w®; H%)

T~

DC(w*; I13) AC,, (w*; unifIl}) AC,, (w*;T13)

/
/

AC,, (w®; H%)

/

AC,, (w®; H%)

AC,, (w®; ctbl)
Figure 3.2: Implication diagram of the descriptive fragments of DC(w*) and AC,,(w*)

3.2.2 Slicing forcing notions

In |[Kan79], Kanovei used an inner model construction to prove his separation theorem (Theo-
rem However, we take a different approach to prove our separation theorem (Theorem.
The general idea is to use a symmetric submodel construction. In this section, we introduce a special
type of product forcing notions that we shall use for this construction.

Let £ < w; be an ordinal and let (P, : v < &) be a sequence of forcing notions. The w-slice-
product of (P, : v < £) with finite support is the partial order P of all partial functions p with finite
dom(p) C € x w such that for every (v, k) € £ X w, p(v, k) € P, ordered by

p<gq:< V(v k)€ dom(q)(p(v, k) < q(v, k)).

The length of an w-slice-product is the length of the sequence defining it. Let @Q be a forcing
notion. We define the w-slice-product of Q with finite support of length & as the w-slice-product of
(Q: v < &) with finite support. So an w-slice is a normal product forcing notion but we add every
forcing notion w-many times.
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The rough idea to make AC,, (w*; ctbl) fail is to permute inside of each {v} x w. More precisely,
we write Aut(w; X w,w) for the group of all bijections 7w of w; x w such that for every v € wy,
m[{v} xw] = {v} xw. Let P be an w-slice-product with finite support of a sequence (P, : v < wy) of
forcing notions. Then every 7w € Aut(w; X w,w) induces an automorphism 7* on P: for every p € P,
we set 7*(p) := p’ with dom(p’) = w[dom(p)] and for (v, k) € dom(p'), p'(v,k) = p(7~1(v,k)). Let
G:={n*: 7€ Aut(w; X w,w)} be the group of all such automorphisms on P. A set S C P(w; X w)
is a set of slices if for every s € S, s is of the form X x w, where X C w;. Each set of slices defines
a normal filter. Let & C P(w; X w) be a set of slices. For every s € S, let Hy := {n* : V(1, k) €
s(m(v,k) = (v,k))} C G be the subgroup of all 7* such that 7 point-wise fixes s. Let Fs be the
filter on the subgroups of G generated by {Hs : s € S}.

Lemma 3.2.12. Let P be an w-slice-product with finite support of a sequence (P, : v < wi) of
forcing notions, and let S C P(wy X w) be a set of slices. Then Fs is normal.

Proof. Let m € Aut(w; X w,w) and let K € Fs. Then there is an s € S such that H, C K. It is
enough to show that Hs C 7* K (7*)~!. Let 7 € Aut(w; x w,w) such that 7* € H,. Then for every
(v, k) € s, = Y(7(7(v,k))) = (v, k) and so (7*) "t o7* o m* € Hy C K. Therefore,

71'*0((71'*)_107'*071'*)0(77*)_1 =7* E?T*K(W*)_l. O

Let P be an w-slice-product with finite support of a sequence (P, : ¥ < wy) of forcing notions.
For every set of slices S C P(w; X w) and every P-generic filter G over V, we denote the symmetric
extension we obtain from G and Fs by V(G,S). The following lemma will be helpful later on.

Lemma 3.2.13. Let P be an w-slice-product with finite support of a sequence (P, : v < wi) of
forcing notions, let S C P(wy X w) be a set of slices, and let G be a P-generic filter over V. Then

(a) for every s € S, VIGls] C V(G,S), and
(b) for every set of ordinals A, A € V(G,S) if and only if there is an s € S such that A € V[G]s].

Proof. We start with proving (a). Let A € V[G[s]. Then there is a P[s-name A such that Ag;, = A.
Note that A is also a P-name and Ag = A. Hence, we only have to check that every P|s-name
is hereditarily symmetric. Let o be a P[s-name, let 7 € Aut(w; X w,w) such that 7* € Hy, and
let p be a condition somewhere occurring in o. Since 7 point-wise fixes s, 7*(p) = p and so o is
hereditarily symmetric.

Next, we prove (b). The backward direction follows directly from (a). So we only have to show
the forward direction. Let A be a set of ordinals in V[G]. Then there is a symmetric P-name A
such that Ag = A. Let s € S such that H, C sym(c) and let p € G such that p IF “X is a set of
ordinals”. We define o := {(5, qls):q<pandqlF e A}. Then o is a P|s-name. Let A’ := 0G|s-
We show that A = A’. Let £ € A. Then there is a ¢ € G such that ¢ I+ f e A. Without loss of
generality, ¢ < p. Hence, (€, qs) € o and so & € A'.

Now let £ € A’. Then there is a ¢ < p such that ¢s € G[s and ¢ I 5 e A. We suppose for a
contradiction that ¢[s I} 5 € A. Then thereis anr < ¢|s such that r IF 5 ¢ A. Letm e Aut(wy xw,w)
such that 7* € H,; and dom(q) N w[dom(r)] C s. Since g[dom(q[s) = r]dom(q[s), ¢ and 7*(r) are
compatible. Moreover, 7*(r) IF 7*(€) ¢ n*(A) = € ¢ A. But this is not possible since ¢ and 7*(r)

~

are compatible. Therefore, ¢[s - £ € A and so e A O
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By Lemma every real x € w* is in V(G,S) if and only if there is an s € S such that
x € V[G[s]. Note that choice functions for countable families of reals are essentially countable
sequences of reals. Hence, choice functions for those families can be coded as reals. Therefore, a
countable family Z of non-empty sets of reals has a choice function in V(G, S) if and only if there
is some s € S such that V[G[s] contains a choice function for .#. We shall exploit this fact later in
the proof of Lemma to make some descriptive choice principles fail in V(G,S). In contrast,
the next concept will be used to preserve other descriptive choice principles.

Definition 3.2.14. Let P be an w-slice-product with finite support of a sequence (P, : v < wy) of
forcing notions and let S C P(wy x w) be a set of slices. We say that P is n-absolute for S-slices if
for every P-generic filter G over V and every s € S, every X1 formula with parameters in V[Gs] is
absolute between V[G[s] and V[G]. A set of slices S C P(w; X w) is unbounded if for every s € S,
{v: {v} xw C s} is unbounded in w;. We say that P is n-absolute for slices if for every unbounded
set of slices S, P is n-absolute for S-slices.

Note that any w-slice-product with finite support of length w is 2-absolute for slices, by Shoen-
field absoluteness. But we can easily produce counterexamples for n = 3: in L, let Py := B, for
every 0 < v < wy, let P, := C, let P be the w-slice-product of (P, : v < w;) with finite support,
and let G be P-generic over L. Then L[G] contains a random real over L and L[G[(w; \ 1) X w] does
not. Moreover, the statement “there is a random real over L” is ¥1. Therefore, P is not 3-absolute
for slices.

Lemma 3.2.15. Let P be an w-slice-product with finite support of a sequence (P, : v < wi) of
forcing notions, let G be a P-generic filter, let S C P(wy X w) be an unbounded set of slices, and
let n > 1. If P is n-absolute for slices, then for every s € S, every XL -formula with parameters
in V[G|s| is absolute between V[G1s|, V|G|, and V(G,S). So in particular, every X} -formula with
parameters in V(G,S) is absolute between V[G] and V(G,S).

Proof. The second part follows from the first and Lemma [3.:2.13] So we only have to show the
first part. Let s € S and let ¢ be a X} formula with parameter in V[G|s]. Then there is an
arithmetical formula 1 such that ¢ = Jayp(z). Clearly, for every real z in V[G|s], ¥(z) is absolute
between V[G]s], V[G], and V(G,S). So by upwards-absoluteness, if V(G,S) | ¢, then V|G| |E ¢
and by downwards-absoluteness, V(G,S) = —¢, then V[Gls] E —p. Since P is n-absolute for
slices, ¢ is absolute between V[G[s] and V[G]. Therefore, ¢ is absolute between V[G|s], V[G], and
V(G,S). To prove the lemma, we can now repeat the argument inductively for all X} 4, formulas
with 0 < k < n. O

The rough idea to preserve uniform descriptive choice principles is the following: let n > 2,
let P be an w-slice-product with finite support of a sequence (P, : v < wj) of forcing notions
such that P is (n + 1)-absolute for slices, let G be a P-generic filter, and let S C P(w; X w) be an
unbounded set of slices. Then V[G] is a model of ZFC and so in particular V[G] E AC, (w*; unifII}).
Note that AC,, (w*; unifII}) is essentially a II! ., , statement. So by Lemma and downwards-
absoluteness, V(G,S) | AC,(w“;unifII}). We shall give more details in the proof of Lemma
3.2.20L There, we shall show that even DC(w®;unifII}) is true in V(G,S). One last ingredient is
missing to ensure that AC, (w*; unifII} ) fails in V(G,S).

Definition 3.2.16. A forcing notion P is n-slicing if there is a sequence of non-atomic forcing
notions (P, : v < wy) such that
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(a) P is the w-slice-product of (P, : ¥ < wq) with finite support,
(b) for every v < wy, every P,-generic filter G is uniquely determined by a real in V]G] \ V,

(c) P is n-absolute for slices, and

or every P-generic filter GG, the set s xe ) (k) € wtt is in , where z’" is the
(d) for every P-generic filter G, the set {(£,x¢;") : (£.k) € w?} is TI}, in V[G], where " is th
generic real defined by G[{({, k)}.

In Section we shall use n-slicing forcing notions to prove our separation theorem (Theo-
rem [3.2.10)). However, it is not clear whether n-slicing forcing notions exist. The following theorem,
which we call the Slicing Theorem, guarantees that they at least exist in L.

Theorem 3.2.17 (Slicing Theorem). Let n > 2. In L, there is an n-slicing forcing notion.

Before we prove the Slicing Theorem, we use it to show our separation theorem. Afterwards,
we spend the rest of Chapter [3] proving the Slicing Theorem.

3.2.3 Separating non-uniform from uniform and dependent choice

In this section, we prove our separation theorem (Theorem [3.2.10) under the assumption that we
have already established the Slicing Theorem (Theorem [3.2.17). In particular, we use n-slicing

forcing notions to construct models of ZF + DC(w*; IT}, ) + =AC,, (w®; unifII} | ;) + ~AC, (w*; ctbl).
Throughout this section, we work in L.

We fix a natural number n > 1. By the Slicing Theorem, there is some (n + 1)-slicing forcing
notion P. Let G be a P-generic filter over L, let S := {(F U (w1\w)) x w : F C w is finite}, and let
N :=L(G, Z). We show that N has the desired properties. For every ¢ € w, let A := {x(cf’k) ke
w}, where a:(cf’K) is the generic real defined by G[{(¢{,k)}. Then in L[G], F :={A;: (L € w} is a
countable family of non-empty countable sets which is uniformly in TI}, 41- We show that the same
is true in IV, that .# has no choice function in N, and that DC(w“;II}) is true in N. To do this,
we prove the following three lemmas.

Lemma 3.2.18. In N, .7 is uniformly in I} .

Proof. Let A := [, {¢} x Ag. Since P is (n + 1)-slicing, A is II}, ,; in L|G]. Let ¢ be a I},
formula defining A in L[G]. By Lemma o(x) is absolute between L[G] and N for every
x € N and by Lemma , x(cf’k) € N for every k, ¢ € w. Hence, ¢ defines A in N as well and so
& isin N. Since A is II}, ., in N, .% is uniformly in II} | in N. O

Lemma 3.2.19. In N, AC, (w*;unifII} ;) and AC, (w*;ctbl) do not hold.

Proof. Clearly, .# is a countable family of non-empty countable sets in N and by Lemma [3.2.18]
Z is uniformly in II}, ., in N. Hence, it is enough to show that .# has no choice function in N.
We suppose for a contradiction that .# has a choice function f in N. Without loss of generality,
we can assume that dom(f) = w. Since f is a countable sequence of reals, we can think of f as a
real. By Lemma there is some s € S such that f € L[Gs]. Let f be a Pls-name for f, let

£ € wsuch sN¢xw=0, and let k € w such that f(¢) = x(GZ’k). Then there is a p € G such that

p I “f is a choice function for A and f(/) = j;(cf’k)”, where js(é’k) is the canonical P-name for x(cf’k).
Let k' € w such that k # k' and (¢,k') ¢ dom(p), let m € Aut(w; X w,w) which only swaps (¢, k)
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and (£, k"), and let ;'U(GZ’k/) be the canonical P-name for z*). Then ©* € H, C sym(f) and p and

7*(p) are compatible. Moreover, W*(a’vg’k)) = ig’k/) and so 7 (p) I+ f(f) = :'U(Cf’k,). But this is a
contradiction. O

Lemma 3.2.20. In N, DC(R;I1}) holds.

Proof. Let R C w* x w* be a total relation which is IT} in N. Then there is a IT} formula with
parameter r € N which defines R in N. By Lemma[3.2.13] there is some s € S such that r € L[G/s].
Let R’ be the set defined by ¢(r) in L[Gs] and let 9 (r) be the formula Vz3Iyp((x,y),r). Then 1)
is a I}, formula which is true in N. Since P is (n + 1)-slicing, ¥}, ; formulas with parameter
in L[GTs] are absolute between L[G[s] and N. Hence, by downwards-absoluteness, ¢ (r) is true in
L[G[s] and so R’ is a total relation in L[G[s]. Since L[G|s] = ZFC, there is a sequence (zy, : k € w)
of reals in L[G[s] such that z;, R’ ;1 for every k € w. By Lemma (2 + k € w) isin N.
Moreover, o(r) is absolute between L[G[s] and N and so zp R x4 for every k € w. Therefore,
(x : k € w) is the sequence we are looking for. O

This completes the proof of our separation theorem (Theorem . Note that the construc-
tion of N is similar to the standard construction of a symmetric submodel in which AC,, (w*; ctbl)
fails. The main difference is that we have used an (w; X w)-product instead of an w?-product. This
extra space will be used in the proof of the Slicing Theorem (Theorem to ensure that the
constructed forcing notion is n-absolute for slices. However, the construction of N would also work
for an w-slice product of length w if it satisfies an appropriate absoluteness property.

3.3 The Kanovei-Lyubetsky framework

3.3.1 Approximating the forcing relation

In [KL20], Kanovei and Lyubetsky constructed an wi-product of variants of almost disjoint forcing
with finite support such that for every generic filter G and every unbounded set e C wy, every X1
formula with parameters in L[Ge] is absolute between L[G] and L[GJe]. The goal of Section
is to generalize their construction to provide a framework for constructing forcing notions which
are n-absolute for slices. The main result is the Kanovei-Lyubetsky Lemma (Lemma , which
we shall use in Section to prove the Slicing Theorem (Theorem . It will be used to
ensure that the forcing notion we construct is n-absolute for slices. In this section, we introduce
the framework and prove some basic properties of it. Afterwards, in Section [3:3.2] we prove the
Kanovei-Lyubetsky Lemma. Throughout the process we work in L. It should be noted that most
proofs are modifications of the results by Kanovei and Lyubetsky.

Definition 3.3.1. A partial order (M, X) is a storage order if the following conditions are met:

(a) Every element m € M is of the form m = (M, P), where M = L, for some countable ordinal
v > w such that L, = ZFC™ and P is an w-slice-product with finite support of length < w;
which is in M.

(b) The partial order (M, <) is AC.

(c¢) If (M,P) < (N,Q), then M C N, P C @, incompatible conditions in P remain incompatible
in @, and every predense set D C P in M remains predense in Q.
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A pair (M, P) € M is strictly <-less than another pair (N,Q) € M if M C N, the length of P
is strictly less than the length of @, and for every (v, k) € dom(P), PI{(v,k)} € Q[{(v,k)}. We
say that a <-increasing sequence (Mg, P¢) : £ < ¢) with ¢ < w; is continuous at limits if for every
limit ordinal £ < (, P{ = U5,<£ Pgl.

(d) For every (M, P) € M, there is some (N, Q) € M such that (M, P) is strictly <-less (N, Q).

(e) Let ¢ < ws be a limit ordinal, let (Mg, P¢) : £ < () be a strictly <-increasing sequence from
M which is continuous at limits, and let P := J;_, P¢. Then:

(i) If ¢ < wy, then there is an M such that (M, P) € M and (M, P¢) < (M, P) for every
£ <¢.

(ii) If ¢ = w1, then P satisfies the c.c.c. and for every { < w1, incompatible conditions in P
remain incompatible in P and every predense set D C P in M, remains predense in P.

The goal of Section [3.3is to use storage orders to construct w-slice-products that are n-absolute
for slices. The plan is to build w-slice-products from below using a strictly <-increasing sequence.
More precisely, let (M, <) be a storage order. We call a strictly <-increasing sequence ((Me, Ps) :
& < w1) which is continuous at limits a storage sequence. Then for every storage sequence ((Me, Pe) :
E<wy), P:= U§<w1 P is an w-slice-product of length w;. The hard part is to show that PP is n-
absolute for slices. This is where the Kanovei-Lyubetsky Lemma comes in. Roughly speaking, it
will provide us with sufficient requirements, which we shall specify later, for P to be n-absolute
for slices. The key to proving the Kanovei-Lyubetsky Lemma is to use the way P was constructed
to approximate the ordinary forcing relation for P with a forcing-like relation for the language of
second-order arithmetic, which has more control over the countable fragments of the product. We
start with defining a forcing language for second-order arithmetic. The rough idea is to only add
constant symbols for names for reals. Let P be a forcing notion. We say that a P-name o is a
P-name for a real if 1p IF “o is a real”.

Definition 3.3.2. Let (M, <) be a storage order. For (M,P) € M, let FA*(M,P) be the
language of second-order arithmetic augmented with a new constant symbol ¢, for every n € w, a
new constant symbol ¢, for every P-name o for a real in M, and new second-order quantifiers V?
and 3B for every countable set B C w; in M. Let G be a P-generic filter over M and let ¢ be a
formula in F. Az(M , P). The valuation of ¢ by G, denoted ¢¢, is the formula produced by replacing
every ¢, in ¢ by n, every ¢, in ¢ by og, and every QF in ¢ by Qx € w¥ N M[G[B x w], where Q
is a second-order quantifier.

The definition of F.4? (M, P) differs from the standard definition of a forcing language as we have
also added new quantifiers on top of the new constant symbols. These extra quantifiers will give
us the amount of control over the countable fragments of the product we need. Note that every
formula in the language }'AQ(M , P) can be seen as a formula in the standard forcing language
for P.

Lemma 3.3.3. Let (M, <) be a storage order, let (M, P),(N,Q) € M € M such that (M, P) =
(N, Q), and let G be a Q-generic filter over N.

(a) If o € M is a P-name for a real, then o is a Q-name for a real and o = ognp.

(b) If ¢ is a formula in the language FA*(M, P), then ¢ is a formula in the language FA*(N, Q)
and g = Yanp-
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Proof. Item (b) follows directly from (a). So it is enough to prove (a). Let 0 € M be a P-name
for a real. Clearly, o is a @-name. We have to show that the weakest condition in @ forces that
o is a real. Since the weakest condition in P forces that o is a real, for every n € w, the set
D,, :={p € P: 3Im(((n,mh),p) € o)} is dense in P and if there are p,p’ € P and m # m' € w
such that p IF o(n) = 7h and p’ IF o(n) = 7/, then p and p’ are incompatible. By definition of a
storage order, incompatible conditions in P remain incompatible in ) and every predense sets in P
remains predense in ). Hence, o is also a Q-name for a real. Moreover, G’ := GNP is a P-generic
filter over M and og = o¢. O

Recall that in the syntactic definition of the forcing relation one usually only considers the cases
atomic, -, A, and V, and treats V and 3 as abbreviations. Hence, for a forcing notion P, a condition
p € P, and a sentence in the forcing language ¢, p IF Jxp(z) if {p’ : there is a P-name o € M such
that p’ IF p(o)} is dense below p and analogous for V. The strong forcing relation I is defined
similarly, except that the roles of A and V and V and 3 are reversed. Then p I-s Jzp(x) if there is
a P-name o such that p Ik ¢(o) which is a significant difference. In particular, the strong forcing
relation is not equivalent to the usual forcing relation. Still, one can show that p I-5 ¢ implies p IF ¢
and that p IF ¢ if and only if p kg =—p. Therefore, the usual forcing relation is sometimes called
the weak forcing relationﬂ Next, we define forcing-like relations for pairs in the storage order in
the style of the strong forcing relation.

Definition 3.3.4. Let (M, <) be a storage order, let (M,P) € M, and let ¢ be a formula in
the language FA*(M, P). We say that ¢ is $4(M, P) (or IIL(M, P)) if it is ©}. (or II}) when we
replace every new constant symbol in ¢ by a free variable and every new quantifier in ¢ by the
corresponding second-order quantifier. Let p € P. For i (M, P) and II} (M, P) sentences ¢, we
define the notion p forcg o recursively on :

a) if ¢ is ,P), then p forcp ¢ if and only if p v,

f ¢ is 1 (M, P), then p forcH ¢ if and only if p IFY

(b) if ¢ = =) and ¢ is X}(M, P), then p forc} ¢ if and only if there are no (N,Q) € M and
q € @ such that (M, P) < (N,Q), ¢ <p, and ¢ forcgw,

(c) if ¢ = 3atb(x) and o is TIL(M, P), then p forck ¢ if and only if there is a P-name o € M for
a real such that p forcH (c,), and
(d) if ¢ = 3Paep(z) and 1 is IIL(M, P), then p forcy ¢ if and only if there is a (P B x w)-name
o € M for a real such that p forcH ¢(c,).
Let (M, <) be a storage order, let (M,P) € M, let p € P, let k > 1, and let ¢ = Vaz)(x) be
a 11} (M, P) sentence. Then by definition, p forc} ¢ if and only if there are no (N,Q) € M and

q € @ such that (M, P) < (N,Q), ¢ < p, and ¢ forcgﬂx—nﬁ(x) and similarly for YZzp(z). Now we
check some basic properties of forc.

Lemma 3.3.5. Let (M, <) be a storage order, let (M,P) e M, let p € P, and let k > 1.

(a) Let ¢ be a X} (M, P) or 11} (M, P) sentence, let (N, Q) € M such that (M, P) < (N,Q), and
letqe Q. Ifg<pandp forcyga, then q forcgcp.

2The strong forcing relation is often used in computability theory for complexity reasons. We shall talk about
that in ChapterEl
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b) There is no ¥} (M, P) sentence such that p forcM<p and p forcMﬁgo.
k P P

Proof. Ttem (b) follows directly from the definition. We prove (a) by induction on ¢. First, we
assume that ¢ is a X1 (M, P). Let G be a Q-generic filter over N containing q. Then G N P is a
P-generic filter over M containing p. Since p forc¥ ¢, p IF¥ ¢ and so M[G N P] = penp. By
analytic absoluteness, N[G] = vgnp as well. Hence, N[G] = ¢¢ and so ¢ IFg ®.

If ¢ = =) and ¢ is X4 (M, P), then there are no (N,Q) € M and ¢’ € Q such that (M, P) <
(N,Q), ¢ <p, and ¢ forcgw. So in particular, there are no (N, Q') € M and ¢’ € @' such that
(N,Q) < (N,Q"), ¢ <qand ¢ forcg,,w. Therefore, ¢ forcggo.

If ¢ = Jzyp(x) and ¢ is (M, P), then there is a P-name 0 € M for a real such that
p forc¥4(c,). By the induction hypothesis, ¢ forcgw(cg) and so ¢ forcgw. The case ¢ = FBx1(x)
is similar. 0

The next step is to extend forc to forcing notions which are defined storage sequences. We start
with the definition of the forcing language.

Definition 3.3.6. Let (M, <) be a storage order, let (Mg, P¢) : £ < wi) be a storage sequence,
let P:= e, Pe. We define F.A%(P) as the union of the languages F.A*(Mg, P;) with € < w;. Let
k > 1. We say that a formula in the language F.A*(P) is X1 (P) (or IT}(PP)) if there is some & < w;
such that it is X} (M, P) (or II}(M, P)).

Note that for every formula ¢ in the language F.A> (P), there is some & < w; such that ¢ is a
formula in the language FA*(M, P:). Moreover, if ¢ is a XL(P) or IT}(PP) sentence and there is a

M,
condition p € P and some & < wy such that p forc])f;gp, then by Lemma [3.3.5) p forcP; o for every
£ < & < w;p. We use this fact to extend forc to P.

Definition 3.3.7. Let (M, <) be a storage order, let (Mg, P¢) : £ < wi) be a storage sequence,
let P := U5<w1 Pe,let p e P, let k> 1, and let ¢ be a ¥1(P) or II(P) sentence. We write p forc. o

if p € P, pisa X}(Mg,Pe) or II} (Mg, P¢) sentence, and p forc]}f:go and p forc, yp if there is a
§ < wy such that p forc,e.

Throughout most of the rest of this section, we shall show that forc_, approximates the ordinary
forcing relation. The accuracy of this approximation is depends on things we shall specify later.
However, before going into details, we show that forc., satisfies some basic properties of the
ordinary forcing relation.

Lemma 3.3.8. Let (M, <) be a storage order, let (Mg, Pe) : £ < wi) be a storage sequence, let
P:.= U£<W1 P, letpeP, and let k > 1.

(a) Let @ be a $i(P) or IIL(P) sentence and let p' € P. If p’ < p and p forc,p, then p' forc p.
(b) There is no $L(P) sentence such that p forc p and p forc, .
Proof. Follows directly from Lemma |3.3.5 O

Another important property of the ordinary forcing relation is that for every sentence ¢, the set
of conditions deciding ¢ is dense. Before we can prove that something similar is also true for forc_,
we need some more definitions.
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Definition 3.3.9. Let (M, <) be a storage order and let n > 2. We say that a storage sequence
(Mg, Pe) : € < wy) is n-complete if for every XHC, set D C M, there is a £ < w; such that either
(Mg, Pe) € D or there is no (N, Q) € D such that (Mg, Pr) < (N, Q).

Note that if D C M is a BHC, set which is additionally dense in M, then the latter case is
impossible and so there is some { < wy such that (Mg, Pe) € D. Hence, an n-complete storage
sequence is generic for all 3HC, sets in L. Since there are w; many XHC, sets, on first sight it may
not be obvious that n-complete storage sequences exists. However, storage orders are o-closed as
forcing notions and so we can construct n-complete storage sequences recursively. Moreover, since
we are in L, there is a AI® well-ordering of HC. Using this well-ordering and with a little bit of
extra care, we can even construct n-complete storage sequences of bounded complexity.

Lemma 3.3.10. For every storage order (M, <) and every n > 2, there is a AHC, | n-complete

stomge sequence.

Proof. Let (M, <) be a storage order, let n > 2, and let {(p¢, 7¢) : € < w1} be a A€ enumeration
of the set of all pairs (p,x), where ¢ is a X,,_o formula and x € HC. Such an enumeration exists
since <, induces a AHC well-ordering on HC. We define the required storage sequence recursively.
Let (Mo, Py) be the <p-least pair in M. Now we assume that (Mg, Per) : £ < §) is already defined.
If { is a limit ordinal, then we set P := (Jz ¢ Per and M as the <p-least countable transitive model
of ZFC™ such that (Mg, P:) € M and (Mg, Per) : & < &) isin Me. If £ = ' + 1, then we set
(Mg, P¢) as the <y-least pair in M such that (Mg, Pe) = (Mg, P¢) and either (Mg, Pe) € D¢ or
there is no (N, Q) € D¢ such that (Mg, P¢) < (N, Q), where Dgs is the ZHC, set defined by ¢
with parameter z¢. By construction, (M, P¢) : £ < wq) is an n-complete storage sequence. It
remains to check that it is AH®,. To do so, it is enough to show that (M, <) and <, N(HC x HC)
are AC. But this follows directly from the assumption that (M, <) is AC and Lemma O

For the rest of this section, the complexity of n-complete storage sequences does not matter.
But it shall be important for the construction of an n-slicing forcing notion in Section [3.:4] There,
we shall use it to bound the complexity of the set of generics.

Now we are almost ready to show that something similar as the decision property is also true
for forc.,. We shall show that forc., decides all 3} (P) formulas if k is small enough. The rough
idea is to use n-completeness on sets for the form {(M, P) € M : 3p € P(p forc¥ —p)}. In order
to do this, we have to check first that these sets are 3HC,.

Definition 3.3.11. Let (M, x) be a storage order and let k > 1. We define
Forc(X}) := {(M, P,p,¢) : (M,P) € M Ap€ PAgpisa XL(M,P) sentence A p forc o}
and Forc(II}) analogously.
Lemma 3.3.12. Let (M, <) be a storage order. Then
(a) Forc(X1), Forc(I1}), and Forc(X}) are A€ and
(b) for every k > 1, Forc(I}.) and Forc(S}, ) are I,
Proof. First, we consider

Yi(M) = {(M, P,¢) : (M,P) € M Ay isaXi(M,P) sentence}
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for k > 1. Since M is a storage order, M is AC. Let k > 1 and let (M, P) € M. Then the
question whether ¢ is a X} (M, P) sentence can be answered in M. Therefore, 1 (M) is AIC. By
the same argument,

I}, (M) := {(M,P,p) : (M,P) € M Ay is aII,(M, P) sentence}

is also A for every k > 1. Now we are ready to prove (a). We start with Forc(¥1). Since IT3 (M)
is A€ we only check the complexity of “p forc¥ ¢”. By definition, for every (M, P, ) € $1(M),
P forcygo if and only if p IF¥ ¢. The latter can be checked again in M. Therefore, Forc(%}) is
AHC

Next, we show that Forc(I1}) is AHC. Again, it is enough to check the complexity of “p forcy p”.
Let (M, P, ) € 11§ (M). Then there is a formula without second-order quantifiers ¢ such that either
¢ = Vap(x) or ¢ = VBay(z). Without loss of generality, we assume the former.

Claim 3.3.13. For everyp € P, p forcyap if and only if there is no p' < p such that p' IF¥
Jz—p(x).

Proof. By definition, p forczlg[go if and only if there are no (N,Q) € M and ¢ € @ such that
(M,P) < (N,Q), ¢ < p, and ¢ forcgﬂxﬂ/}(az). If there is a p’ < p such that p’ IFY Jz—p(z),
then p/ forc]}f Jz—p(z) and so p forcg ¢ does not hold. Hence, we can assume that there is no
p’ < p such that p' IFY 3z—p(z). Then the set D = {p’ < p: p' IFY ¢} is dense below p.
Let (N,Q) € M such that (M,P) < (NV,Q). We assume for a contradiction that there is some
q € @ such that ¢ < p and ¢ forcgﬂx—np(as). Then ¢ IFg Jz—)(x). Since (M, P) < (N,Q),
D remains predense in . Hence, there is some r € D which is compatible with ¢q. Let G be a
Q-generic filter over N containing r. Then G’ := GNP is a P-generic filter over M. Since r IF¥ ¢,
M[G'] = ¢¢r. By analytic absoluteness, N[G] = ¢¢ and so r Il—g ©. But this is a contradiction
since ¢ Il—g Jx—)(z). Therefore, there are no (N, Q) € M and ¢ € Q such that (M, P) < (N,Q),

q<p,andq forcgzlw—n/)(x) and so p forc} . O

Let pe P. By Claim p forc} ¢ if and only if there is no p’ < p such that p’ IFY Jz—p(z).
The latter can be checked in M. Therefore, Forc(IT}) is AC.

For (a), it remains to show that Forc(X}) is AFC. Again, we only have to check the complexity
of “p forc¥ p”. Let (M, P,p) € TI}(M). Then there is a II}(M, P) formula ¢ such that either
¢ = Fz(z) or ¢ = 3Bx(x). Without loss of generality, we assume the former. By definition,
p forcH ¢ if and only if there is a P-name o € M for a real such that p forc) 1(c,). Since Forc(IT})
is AHC Forc(X3) is ANC as well.

Next, we prove (b) by induction on k. We start with k = 2. As before, we only have to check
the complexity of “p forc¥ ¢”. Let (M, P, ) € II5(M) and let ¢ be a X}(M, P) formula such
that ¢ = Vai(z). By definition, p forc¥ ¢ if and only if there are no (N,Q) € M and q € Q,
(M, P) < (N, Q) such that g < p, and ¢ foregy 3% (z). Since Fore(33) is A€, Forc(I1}) is TIIC.
By a similar argument as for Forc(X1), Forc(¥3) is TI1€ as well. The induction step is analogous
to the case k = 2. O

Lemma 3.3.14. Let (M, <) be a storage order, let n > 2, let ((Me, Pe) : £ < wi1) be an n-complete
storage sequence, let P := U£<w1 Pe,letpeP, let 1 <k <mn, and let ¢ be a X} (P) sentence. Then

(a) there is a ¢ < p such that either q forc ¢ or g forc—¢, and
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(b) p forc,—p if and only if there is no ¢ < p such that q forc__p.

Proof. We start with proving (a). Let & < wy such that p € P¢ and ¢ is X} (Mg, Pe) and let
D:={(N,Q)eM: (M, P:) x (N, Q) ANIgeQ(g<pAg forcggp)}.

By Lemma D is BHC | Since k < n and (Mg, P¢) : € < w;) is n-complete, there is some
& < ¢ < wy such that either (Mg, Per) € D or there is no (N, Q) € D such that (Mg, Pe) < (N, Q).
We make a case-distinction:

Case 1: (Mg, Pe) € D. Then there is a condition p’ € Pg such that p’ < p and p’ forc, .
Hence, p’ forc .

Case 2: there is no (IV,Q) € D such that (Mg, Pe) < (N, Q). Then there are no (N, Q) € M
and ¢ € @Q such that (Mg, Pe) < (N,Q), ¢ < p, and ¢ forcggo. Hence, p forcg,—¢ and so
p forc_—p.

Next, we show (b). The forward direction follows directly from Lemma For the backward
direction, let D := {p’ € P: p’ < p Ap' forc—¢}. By (a), D is dense below p. Let A C D be a
maximal antichain below p. Since PP satisfies the c.c.c., A is countable and so A € HC. Moreover,
HC = Ly, = Uy, Me. Hence, there is some § < w; such that p € Pe, ¢ is 3} (Mg, Pe), A € Mg,
A C P, and for every p' € A, p/ forc,—p. We suppose for a contradiction that p forc,—¢ does
not hold. Then there is some (N,Q) € M and a ¢ € @ such that (Mg, Pr) < (N,Q), ¢ < p, and
q forcggo. Since A is predense below p in P, A is also predense below ¢ in (). Hence, there is some
r € A which is compatible with ¢. But this is impossible by Lemma Therefore, p forc,—¢p
and so p forc_ . O

Next, we prove a version of the Truth Lemma for forc_,. To do this, we need to define the
valuation of formulas in the language F.A*(P) first. Let (M, <) be a storage order, let (Mg, Pe) :
& < wy) storage sequence, let P := U£<w1 P, let ¢ be a formula in the language FA*(P), and let
G be a P-generic filter over L. Then there is some £ < w; such that ¢ is a formula in the language
FA? (Mg, Pe). By definition of a storage order, G¢ := G N P is a Pe-generic filter over Me. We
define the valuation of ¢ by G as ¢g = ¢g.. Note that this is well-defined by Lemma W

Theorem 3.3.15. Let (M, <) be a storage order, let n > 2, let (Mg, Pe) : &€ < wi) be an n-
complete storage sequence, let P := U§<w1 Pe, let G be P-generic over L, and let ¢ be a sentence in

the language F.A*(P).
(a) Letp € G. Then for every 1 <k <n+1, if ¢ is ©}(P) and p forc .y, then L[G] E ¢q-.
(b) Let p € G. Then for every 1 < k <mn, if ¢ is II,(P) and p forc ¢, then L[G] E ¢c.

(c) For every 1 < k < n, if ¢ is XL(P) and L|G] | pq, then there is some p € G such that
p forc_ .

(d) For every 1 < k < n, if ¢ is IIL(P) and L|G] & ¢g, then there is some p € G such that
p forc_ .

Proof. We prove all items simultaneously by induction on . First, we assume that ¢ is 31 (P). If
there is a p € G such that p forc. ¢, then there is some £ < wy such that p € Pe, ¢ is 1 (Mg, Pe),

and p forc,p. By definition, p forc,p if and only if p ”_11\3/15 ¢. Let G¢ := G. Then G¢ is a Pg-generic
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filter over M containing p and so m¢[G¢] = ¢a,. By analytic absoluteness, L[G] = ¢, and so
LIG] = ve-

If conversely, L[G] = pg, then let & < wy such that ¢ is ¥{(P) and let G¢ := G N M. By
analytic absoluteness, M¢[G¢| = o and so M¢[Ge] = ¢c,. Hence, there is some p € G¢ such that
P H—%g ¢. Then by definition, p forc,y and so p forc .

Next, we assume that ¢ is TT}(P). Then there is a formula ¢ in the language F.A*(P) such that
either o = Vai)(z) or p = VB (x). Without loss of generality, we assume the former. If 1 <k <n
and there is some p € G such that p forc p, then by Lemma there is no ¢ < p such that
q forc, Jx—p(x). By the induction hypothesis, we have L[G] }£ (3z—¢(x))¢ and so L[G] E ¢q.

If conversely, 1 < k < n and L|G] = ¢g, then L[G] £ (3x—(x))¢. By the induction hypothesis,
there is no p € G such that p forc_Jz—(z). Let D := {p € P : p forc_ ¢ or p forc Iz—(x)}.
By Lemma [3:3.74] D is dense in P. Hence, there is some p € G such that p forc .

Finally, we assume that ¢ is X, (P). Then there is a ITj, formula ¢ such that either ¢ = Jz¢ ()
or ¢ = IBaxip(x). Without loss of generality, we assume the former. If 1 < k < n and there is a
p € G such that p forc_ ¢, then there is some { < w; such that p € P, ¢ is Eilc+1(M§’P£)v and
p forc.p. Since p forcgp, there is a Pe-name o € M for a real such that p forcgy(c,). By the
induction hypothesis, L|G] = (¢¥(¢s))e and so L[G] E ¢q.

If conversely, 1 < k < n and L[G] = ¢g, then there is some real z € L[G] such that L|G] =
Y (x). Since P satisfies the c.c.c., there is a countable name o € L for . Then L|G]| & (¢¥(¢s))a
and 0 € HC = Ly, = U, M¢. Hence, there is some { < w; such that ¢(c,) is I} (Mg, P:). By
the induction hypothesis, there is a p € G such that p forc_¢(c,). Therefore, p forc_ . O

As a corollary of Theorem [3.3.15] we get that forc_, approximates the ordinary forcing relation
for II} () sentences if k is small enough.

Corollary 3.3.16. Let (M, <) be a storage order, let n > 2, let (Mg, Pe) : £ < w1) be an n-
complete strictly <-increasing sequence which is continuous at limits, let P := U£<w1 Pe, letp e P,

and let ¢ be a sentence in the language F.A*(P).
(a) For every 1 <k <n+1, if p is X1(P) and p forc_p, then p lFp .
(b) For every 1 <k <n, if ¢ is II}(P) and p forc. o, then p IFp ¢.
(¢) For every 1 <k <mn, if ¢ is X}(P) and p IFp ¢, then there is some q < p such that q forc .
(d) For every 1 <k < n, if ¢ is II}.(P) and p IFp @, then there is some q¢ < p such that q forc,p.

(e) For every 1 < k < n, if ¢ is X}(P), then p ltp = if and only if there is no q¢ < p such that
q forc_p.

or every 1 <k <mn, if ¢ is , then p IFp @ if and only if p forc__p.
f) F 1<k f H,lc]P’ h I+ f and only if p forc_,

Proof. Ttems (a) and (b) follow directly from Theorem and (f) from (a), (e), and Lemma
3.3.14] For (c), let G be a P-generic filter over L containing p. Then L[G] = ¢¢. By Theorem
3.3.15] there is some ¢ € P such that ¢ forc, . Since G is a filter, there is some r € G which
witnesses that p and ¢ are compatible. Then r < p and r forc_ . The proof of (d) is similar.
Finally, we prove (e). First, we assume that there is a ¢ < p such that ¢ forc . By (a), ¢ IFp ¢
and so ¢ IFp —p. If conversely, p Iffp —¢p, then there is some ¢ < p such that ¢ IFp ¢. By (c¢), there
is some 7 < ¢ such that r forc__o. O
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Corollary [3.3.16] completes the first step of constructing w-slice-products which are n-absolute
for slices. In the second and final step, we now use the forcing-like relation to prove the Kanovei-
Lyubetsky Lemma. Before we can formally state the Kanovei-Lyubetsky Lemma, we need one last
definition.

Definition 3.3.17. We say that a storage order (M, ) is simple if for every (M,P) € M, P is
an w-slice-product of a single forcing notion.

Lemma 3.3.18 (Kanovei-Lyubetsky Lemma). Let (M, <) be a simple storage order, let n > 2, let
(Mg, Pe) : £ < w1) be an n-complete storage sequence, let PP := U§<w1 P, let G be P-generic over
L, and let e C wy be unbounded. Then every XL formula with parameters in L[Gle x w] is absolute
between L|G] and L|Gle x w]. In particular, P is n-absolute for slices.

The Kanovei-Lyubetsky Lemma will be an essential tool for the proof of the Slicing Theorem
(Theorem [3.2.17). It will be used to construct w-slice-products which are n-absolute for slices.
Kanovei and Lyubetsky’s original result can also be used to construct a forcing notion which n-
absolute for slices. Recall that they constructed an w;-product of variants of almost disjoint forcing
with finite support such that for every generic filter G over L and every unbounded set e C wy,
every 1 formula with parameters in L[G|e] is absolute between L[G] and L[Ge]. Let Q be this
forcing notion and let f : w3 — w; X w be the canonical bijection. For every ¢ € Q, we define
f*(q) == ¢ with dom(¢’) = f[dom(q)] and for every (v,k) € dom(q"), ¢'(v,k) = q(f~*(v,k)).
Then Q* := {f*(q) : ¢ € Q} is an (w1 X w)-product with finite support and f* is an isomorphism
between Q and Q*. Let G* be a Q*-generic filter over L and let G = {(f*)"'(q) : ¢ € G*}.
Then G is a Q-generic filter over L and for every A C w; x w, L[G*[s] = L[G]f1(A)]. Let
e C w; be unbounded, let s := e x w, and let ¢ be a X! formula with parameters in L[G[s]. Then
f71(s) is unbounded in w; and so ¢ is absolute between L[G*] = L[G] and L|G*|s] = L[G[f~!(s)].
Therefore, Q* is n-absolute for slices. Unfortunately, Q* is not an w-slice-product. However,
with some extra work, the symmetric submodel construction from Section [3:2.3] can be applied to
Q*. By similar arguments as in Section [3.2.3] the resulting symmetric submodel is a model of
ZF + DC(w®; I} ;) 4+ =AC,, (w¥; ctbl), but it is not known if AC,, (w*; unifIl}) fails in this model.

n—1

3.3.2 Absoluteness for slices

In this section, we prove the Kanovei-Lyubetsky Lemma (Lemma . To explain the plan of
the proof, we first consider the special case n = 3. Let (M, <), P, G, and e be as in the Kanovei-
Lyubetsky Lemma. We have to show that every ¥ formula ¢ with parameters in L[Gle x w] is
absolute between L[G] and L[Ge x w]. For simplicity, we assume that ¢ has no parameters. Then
there is a 113 formula ¢ such that ¢ = J2¢)(x). By Shoenfield absoluteness, 9 is absolute between
L[Gle x w] and L[G]. Hence, we only have to show that ¢ is downwards absolute from L[G] to
L[Gle x w]. If L[G] = ¢, then there is some y € L[G] such that L[G] |= ¢ (y). Since PP satisfies
the c.c.c., there is a countable P-name for y. Hence, there is countable set B C w; such that
y € LGB x w]. By Shoenfield absoluteness, it is enough to show that there is some 3y’ € L[Ge X w]
such that L[G] = ¥(y’). To do this, we shall prove that for every countably infinite set C' C w;
with BN C =), there is such a 3’ € L|G]C X w]. Since e is uncountable, this completes the proof.
By induction, the same argument also works for n > 3. Thus, the following lemma is essential for
the proof of the Kanovei-Lyubetsky Lemma.
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Lemma 3.3.19. Let (M, <) be a simple storage order, let n > 2, let ((M¢, Pe) : £ < wy) be an
n-complete storage sequence, let P := U§<w1 Py, let d C wy be countable, let b, c C wi\d be countably
infinite, let G be P-generic over L, and let v be a 1L | formula with parameter r € L[G|d x w]. If
there is a real y € L[G[(bUd) x w| such that L|G] = ¢(y, r), then there is a real y' € LIG[(cUd) X w]
such that L[G] = ¥(y', 7).

The rough idea to prove Lemma is to show that for every p € P with p forc 3Pz (z, ¢;),
there is some p’ € P such that p and p’ are compatible and p’ forc_ 329 (z, ¢;), where B := bUd,
C := cUd, and 7 is a countable P-name for r. To find such a p’, we use permutations of some
¢ < wy which map B to C and vice versa. Note that for every w-slice-product P with finite support
of length (, we can think of the conditions as { X w matrices. If P is w-slice-product of a single
forcing notion, then we can freely swap around the entries in these matrices without obtaining a
matrix that does not represent any condition in P. Recall that we already did something similar
to prove Theorem [3.2.10] There, we constructed a symmetric submodel using permutations which
swap around the entries inside of rows. Here, we use permutations which swap entire rows with
each other. More precisely, let (M, <) be a simple storage order, let (M, P) € M, let ¢ be the
length of P, and let f : ¢ — ¢ be a bijection in M. Since (M, ) is simple, for every p € P,

f () ={((f(v),k),q) : (v,k),q) Ep} € P

and so f induces an automorphism on P. Let ¢ € M be a P-name and let ¢ be a formula in
the language F.A*(M,P). We write f*(o) for the P-name in M that we get by replacing every
condition p in o with f*(p) and f*(¢) for the formula we get by replacing every ¢, in ¢ with cp«(r
and every QF with Q/5!, where Q is a second-order quantifier.

Lemma 3.3.20. Let (M, =) be a simple storage order, let (M, P) € M, let p € P, let  be the
length of P, let f : ¢ — ¢ be a bijection in M, let k > 1, and let ¢ be a Xi.(M,P) or II},(M, P)
sentence. If p forcH ¢, then f*(p) foreX f*(y).

Proof. We prove the lemma by induction on ¢. First, we assume that ¢ is X1(M, P). Let G be
a P-generic filter containing f*(p). Then G’ := (f~1)*[G] is a P-generic filter containing p and
/*[G'] = G. Hence, M[G] = M[G'] and so M[G] = ¢¢'. Moreover, for every P-name o € M for a
real, 0 = 0. Hence, M[G] = (f*(¢))g. Therefore, f*(p) forc} f*(¢).

Next, we assume that ¢ is I} (M, P). Then there is a formula ¢ in the language F.A*(M, P)
such that either ¢ = Vi (x) or p = VB (x). Without loss of generality, we assume the former. We
suppose for a contradiction that f*(p) forc f*(p) does not hold. Then there is a (N, Q) € M and
a g € @ such that (M, P) < (N,Q), g < f*(p), and ¢q forcgf*(Elx—n/J(m)). By the induction hypoth-
esis, (f71)*(q) forey (f1)*(f*(3z—(x))). Hence, (f~)*(g) < p and (f7')*(q) foregy3w—i ().
But this is a contradiction. Therefore, f*(p) forc} f*(;).

Finally, we assume that ¢ is X}, (M, P). Then there is a IIj(M, P) formula ¢ such that
either p = Jzp(z) or ¢ = FPxy(z). Without loss of generality, we assume the latter. Since
p forc o, there is a (P B x w)-name o € M such that p forc¥ 1)(c,). By the induction hypothesis,
f*(p) forcy f*(1(cy)). Then f*(o) is a (P] f[B] xw)-name for a real and f*(p) forcyf*(w)(cf*([,)).
Therefore, f*(p) forck f*(¢). O

Proof of Lemma|3.3.19, Let B:=bUd, let C :=cUd, and let Q := P|d x w. Since P satisfies the
c.c.c., Q satisfies the c.c.c. as well. Hence, there is a countable Q-name 7 for . Then 3824 (z, ¢;) is
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a 31 (P) sentence. By assumption, there is some y € L[G|B x w] such that L|G] = ¥(y,r). Hence,
L|G] = (3Bzy(z,¢i))g. By Theorem [3.3.15, there is a p € G such that p forc, 38z (z,c;). Let

D:={p<p:p forcooﬂcxlli(% i)}

We show that D is dense below p. Let p’ < p. Since b, ¢, d, B, and C' are countable, they are all
in HC. Hence, there is some ¢ < w; such that b,c,d, B,C € M, p' € P, ¢ is X} (Me, P), and
p’ forcgEIB:m/J(x, ¢7). Let ¢ be the length of P.. Without loss of generality, ¢ \ B and ¢\ C are
countably infinite. Let f : { — ¢ be a bijection in M¢ such that f[d is the identity, f[b] = ¢, and
for every v € bN¢, f(v) = v. By Lemma ") forcfﬂcxw(ac, ¢;). Since p’ and f*(p’) agree
on their common domain, they are compatible. Let g be a witness. Then ¢ fOI‘CgECl‘w(a?, ¢) and
so q forc_ 3z (z, c;). Hence, ¢ € D and so D is dense below p. Thus, there is some p’ € G such
that p’ forc, 3“2 (x, c;). By Theorem L[G] = (3x(x,ci))q. Therefore, there is a real
y' € L|G|C x w] such that L|G] = (v, ). O

The proof of Lemma[3.3.19| completes the preparations for the Kanovei-Lyubetsky Lemma. Now
we are finally ready to prove it.

Proof of the Kanovei-Lyubetsky Lemma (Lemma , The second part follows directly from the
first. Let 1 < k < n and let p be a E}g formula with parameter r € L[Gle x w]. We show that ¢
is absolute between L[G] and L[Gle x w| by induction on k. The case k = 1 is clear by analytic
absoluteness. If k& > 1 and L[G] & ¢, then there is some II} formula ¢ such that ¢ = Jx)(z, ).
Since Ple x w satisfies the c.c.c., there is a countable set d C e such that r € L[Gd xw]. Let ¢ C e\d
be a countably infinite set. By assumption, there is some y € L[G] such that L[G] = ¢ (y). Again,
we can find a countably infinite set b C wq such that y € L[G[(bUd) X w]. By Lemma there
is a ¥y’ € L[Gl(cUd) x w] such that L[G] = ¥(y’). Then 3’ € L[Gle x w] and so by the induction
hypothesis, L|Gle x w] = 9¥(y’). Therefore, L[Gle x w] = ¢. If conversely, L[Gle x w] = ¢, then
by the induction hypothesis and upwards-absoluteness, L|G] | ¢. O

3.4 Jensen-like forcing notions

3.4.1 Jensen forcing

The goal of Section [3.4]is to prove the Slicing Theorem (Theorem [3.2.17), i.e., we have to show that
for every n > 2, there are n-slicing forcing notions in L. To do this, we use forcing notions that are
constructed in a similar way to Jensen forcing. We introduce these Jensen-like forcing notions in
Section To prepare for this, we give an introduction to ordinary Jensen forcing in this section.
Jensen forcing was first introduced by Jensen in [Jen70| to produce a model of ZFC containing a
non-constructible Al real. By Shoenfield absoluteness, every ¥4 and II} real is constructible. So
Jensen’s model is optimal in this sense.

Jensen forcing is an arboreal forcing notion. Recall that a forcing notion P is arboreal if its
conditions are perfect trees ordered by inclusion and for every T' € P and every t € T, there is
a T" < T such that ¢t C stem(7”). We start with introducing some notation for arboreal forcing
notions. Let T,7" € S be perfect trees. If T' and 1" are compatible, then there is a perfect tree
which is contained in T'NT’. Since the union of perfect trees is again a perfect tree, we can even
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find a maximal such perfect tree. We define the meet of T and T’ by

TAT the maximal perfect tree contained in TNT” if T and T” are compatible,
Y otherwise.

Then T and T” are compatible if T AT’ # ().

Definition 3.4.1. We say that an arboreal forcing notion P C S is sufficiently closed if P is closed
under meets, P is closed under finite unions, and for every s € 2<¢, (2<%), € P.

Note that two perfect trees T and T” in a sufficiently closed arboreal forcing notion P are
compatible in P if and only if T AT’ # (). Hence, T and T’ are compatible in P if and only if they
are compatible in S.

Jensen forcing is constructed as the union of a sequence (Pe : £ < wq) of sufficiently closed
arboreal forcing notions. We shall use fusion to construct Pry; from FP¢. Recall that a fusion
sequence for S is a sequence (T} : k € w) of conditions in S such that for every k € w, Ty, <, Th+1,
where S <j T if and only if S < T and S has the same kth splitting nodes as T'. Then the Fusion
Lemma says that for every fusion sequence (T} : k € w) for S, T':= (., Tk € S and for every
ke€w, T <p Ty (cf., e.g., [Jec87, Lemma 3.7]).

Definition 3.4.2. Let P be a sufficiently closed arboreal forcing notion. The fusion order of P is
the set P x w ordered by

(S,n) < (Tym):<—= S<TAm<nA2"NS=2"NT.
We denote it by Q(P).

Let P be a sufficiently closed arboreal forcing notion. Then for every k € w, the set {(T,n) €
Q) : V(S,n) < (Th)(S < T)} is dense in Q(P). Hence, if G is Q(IP)-generic filter, then the
set A:={T € P: 3Im(T,m) € G} contains a fusion sequence for S and so by the Fusion Lemma,
Te =) A is a perfect tree. So every Q(IP)-generic filter adds a new perfect tree which is defined
from a fusion sequence of conditions in P.

Definition 3.4.3. Let M be a countable transitive model of ZFC™ + “P(w) exists”, let P be a
sufficiently closed arboreal forcing notion in M, let Q(P)<“ be the w-product of Q(P) with finite
support, let H be a Q(P)<“-generic filter over M, and let (T} : k € w) be the generic trees added
by H. We define J(P, H) as the closure of the set

PU{TxyANS:SePANkewA (T NS #0D)}
under countable unions ordered by inclusion.

Lemma 3.4.4. Let M be a countable transitive model of ZFC™+“P(w) exists”, let P be a sufficiently
closed arboreal forcing notion, let Q(P)<“ be the w-product of Q(P) with finite support, let H be a
Q(P)<“-generic filter, let (T}, : k € w) be the generic trees added by H, let P<% be the w-product of
P with finite support, and let (J(P, H))<“ be the w-product of J(P, H) with finite support. Then

(a) J(P, H) is a sufficiently closed arboreal forcing notion,
(b) {Tx : k € w} is a mazimal antichain in J(P,H),
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(c) every predense set D C P in M remains predense in J(P,H), and
(d) every predense set D C P<¥ in M remains predense in (J(P, H))<%.
Proof. Cf. [FGK19, Propositions 2.4 & 2.5]. O

We are now ready to give the definition of Jensen forcing. Nowadays, Jensen forcing is usually
constructed using a {-sequence (cf., e.g., [Jec03| Theorem 28.1]). However, when Jensen forcing
was introduced, the {-principle had not been defined yet and so Jensen had to do the construction
by hand. We follow Jensen’s approach and do not use a <{)-sequence because then the construction is
easier to generalize. Jensen forcing is defined as the union of a sequence (P : { < wq) of sufficiently
closed arboreal forcing notions. We define the sequence recursively in L: let Py be the closure
of C* under finite unions and let vy be the least countable ordinal such that L., is a model of
ZFC™ + “P(w) exits” containing Py. We assume that for & < &, we have already defined a pair
(L, Per) such that L, is a model of ZFC™ + “P(w) exits” and P is a sufficiently closed arboreal
forcing notion in L. If £ is a limit ordinal, then we set P := U5,<§ P, If otherwise £ = ¢’ + 1,
we set P := J(Pe, H), where H is the <p-least Q(P¢)<“-generic filter over L,,,. In both cases,
let 7¢ be the least countable ordinal such that P¢ € L,, and w* N L, 41 ¢ L,.. Finally, we define
Jensen forcing as J := U§<w1 Pe.

Note that Jensen forcing is an arboreal forcing notion. Hence, every J-generic filter over L is
uniquely determined by a real. We call such reals Jensen reals over L. Jensen forcing has the
special property that after forcing with Jensen forcing over L there is only one Jensen real over L.

Theorem 3.4.5 (Jensen).

(a) Jensen forcing satisfies the c.c.c.

(b) The set of Jensen reals over L is 1} in every transitive model of ZFC containing L.

(c) For every J-generic filter G over L, the set of Jensen reals over L is a singleton in L|G].
Proof. Cf. |[Jen70, Lemmas 6 & 10 and Corollary 9]. O

A model of ZFC containing a non-constructible A} real can now be obtained as follows: let G be
a J-generic filter over L and let ¢ be the corresponding Jensen generic real over L. By Theorem
z¢ is the only Jensen real over L in L[G] and the set of Jensen reals over L is I13. Hence,
{zg} is T} in L[G] and so zg is Al. Therefore, L|G] contains a non-constructible Al real.

3.4.2 Jensen-like forcing notions

In this section, we generalize Jensen’s construction to obtain forcing notions which share many
properties with Jensen forcing, except that the set of generic reals over L has not necessarily
complexity I13, but IT} for some n > 2. We shall then use these Jensen-like forcing notions in
Section [3:4.3] to construct n-slicing forcing notions. In fact, we shall show that a subset of the
w-slice-product of Jensen forcing with finite support of length w; is 2-slicing. In order to increase
the complexity of the set of generic reals, we have to understand why the set of Jensen reals over
L has complexity II3. The rough idea is that a real is a Jensen real over L if and only if for every
& < wy, there is some k € w such that x € [T,f], where (T,f : k € w) is the sequence of Q(P;)-generic
trees used in the construction of J to define Pe; 1. Moreover, the sequence <<T1§ tkEew) € <wy)
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was constructed by always picking the <p-least Q(P:)<“-generic filter. Thus, this sequence is AlC
and so the set of Jensen reals over L is TI{IC. So to increase the complexity of the set of generic
reals, we have to increase the complexity of the sequence.

Definition 3.4.6. Let ¢ < w;. We say that ((L,, P) : £ < () is a Jensen-sequence if for every
€<,

Py is the closure of {(2<%); : s € 2<¥} under finite unions,

7e is a countable ordinal such that L., = ZFC™ 4 “P(w) exists” and w” N Ly, 11 € Ly,

)
)

(c) P is a sufficiently closed arboreal forcing notion in L%,
)

if & = & + 1, then there is a Q(Pe)<“-generic filter Her € L., over L., such that Pe =
J(Per,Her), and

(e) if £ is a limit, then Pe = {J. . Pe.

A forcing notion P is Jensen-like if there is a Jensen-sequence ((L..,P:) : & < wp) such that
P=U;y, Pe

Note that Jensen-like forcing notions are arboreal forcing notions. Hence, every generic filter
over L for a Jensen-like forcing notion is uniquely determined by a real. In the following, we show
that Jensen-like forcing notions have the same properties as Jensen forcing, except that the set of
P-generic reals does not necessarily have complexity II3. It should be noted that most proofs in
this Section are not new, but slight modifications of the proofs for ordinary Jensen forcing.

Lemma 3.4.7. Let P be a Jensen-like forcing notion, let (L., P¢) : £ < w1) be a Jensen-sequence
such that P = U5<w1 Pe, and let § < w. Then every predense set D C P¢ in L., is predense in P.
Moreover, the same is true for (P:)<“ and P<%, where (P¢)<“ and P<¥ are the w-products with
finite support of P and IP, respectively.

Proof. Let D C P be a predense set in L,.. We suppose for a contradiction that there is some
p € P which is incompatible with every ¢ € D. By definition, there is some ¢ < w such that & < ¢’
and ¢ € Py, Then D is not predense in Per. Let ¢ < w; be minimal such that £ < ( and D is
not predense in Pr. Then ( is a successor ordinal. Let ¢’ be the predecessor of . Then D is not
predense in Pr and since £ < (', D is in L%,. By Lemma D is predense in Pr. But this is a

contradiction. Therefore, D is predense in P. The case where D C P;“ is similar. O

Let P be a Jensen-like forcing notion and let (L., P¢) : £ < wi) be a Jensen-sequence such
that P = U£<w1 P:. By Lemma for every P-generic filter G over L and every £ <wq, GN P
is a Pe-generic filter over L,.. Hence, every P-generic real over L is Pg-generic over L., for every
¢ < wy. We shall see in Proposition [3.4.10| that the converse is also true. But before we can prove
this, we must first show that every Jensen-like forcing notion satisfies the c.c.c.

Proposition 3.4.8. Let P be a Jensen-like forcing notion and let P<% be the w-product of P with
finite support. Then both P and P<% satisfy the c.c.c.

Proof. 1t is enough to show that P<“ satisfies the c.c.c. Let {(L,.,P¢) : £ < wi) be a Jensen-
sequence such that P = U£<w1 P and let A C P<¥ be a maximal antichain. Since P<¢ and A
are subsets of L, , there are elements of L,,,. Let X be a countable elementary submodel of L,
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containing (P¢ : £ < wy), P, P<¢, and A, let M be the transitive collapse of X, and let 7 : X — M
be the collapsing isomorphism. By Theorem|1.2.31} there is a countable ordinal ¢ such that M = L.
Moreover, there is some ordinal £ < ¢ such that L,, N X = L¢. Then 7(w;) = & and for every
z e X, if v € Ly, then n(z) = z and if  C L,, then m(z) = 2 NL¢. By elementarity, in X, the
domain of (P¢ : { <wi) iswi and P = U§/<w1 Py, Hence, for every ¢’ < &, Pe € X and so

F(P) = U W(Pg/) = U Pf/ :Pg.

£'<eg §'<¢

Let A" := w(A). Then A’ is countable in L and by elementarity, A’ is a maximal antichain in
(Pe)<¥. Since L¢ = Ly, N X, w* NL¢ C Le. By definition, v¢ > € and w” N Ly, 41 € L,,. Thus,
7¢ > ¢ and so A’ is in L,,. By Lemma A’ remains predense in P<¢. Therefore, A = A’ and
so A is countable. O

Corollary 3.4.9. Let P be a Jensen-like forcing notion and Q be the w-slice-product of P with finite
support of length wy. Then Q satisfies the c.c.c.

Proof. We suppose for a contradiction that there is an antichain A C Q which is uncountable. By
the A-system Lemma (cf. [Kunll, Lemma III.2.6]), there is an uncountable set A’ C A and a finite
set F' C wy X w such that for every ¢ # ¢’ € A, dom(q) Ndom(q’) = F. Since A’ is an antichain, for
every ¢ # ¢ € A, q|F and ¢'|F are incompatible. Hence, A” := {q|F : ¢ € A’} is an uncountable
antichain in Q[F. But this contradicts Proposition |3.4.8 O

Let IP be a Jensen-like forcing notion and let (L., P¢) : £ < w1) be a Jensen-sequence such that
P= U5 <w, Pe- By Proposition , P satisfies the c.c.c. Hence, every antichain in P is a countable
set of trees and so in HC. By definition, the sequence (¢ : { < wy) is strictly increasing. Therefore,
UE <wlne = Ly, = HC and so for every maximal antichain A in P, there is some { < w; such
that A is a maximal antichain in P: and A is in L,,. We can use this fact to prove the following
characterization for P-generic reals.

Proposition 3.4.10. Let P be a Jensen-like forcing notion, let (L, P¢) : £ < w1) be a Jensen-

sequence such that P = J,_,, Pe, and for every § < wi, let (T,f i k € w) be the Q(P¢)<¥-generic
sequence which was used to construct Peyi. Then the following are equivalent:

(a) a real x is P-generic over L,

(b) for every & < wy, x is Pe-generic over L., and

(c) for every & < wy, there is some k € w such that x € [Tlf]

Proof. First, we show that (a) implies (c). Let G, := {S € P: x € [S]} and let £ < w;. Then G,
is P-generic over L. By Lemma {T,f : k € w} is a maximal antichain in Pr}, and by Lemma

m it remains predense in P. Hence, there is a k¥ € w such that T,f € Gy and sox € [T,f]

Next, we show that (c) implies (b). Let & < wy, let G§ := {S € Pe : x € [S]}, and let D C P
be a dense set in L,,. We have to show that G& meets D. By assumption, there is a k € w such
that z € [TF]. We define

E:={qe€Q(FP)<¥:q(k)=(S,n) = Vs e€2"nS(S, € D)}.
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Let ¢ € Q(P¢)< and let ¢(k) = (S,n). Then for every s € 2" NS, S, € P¢. Since D is dense, for
every s € 2" NS, there is a condition in D which is stronger than S,;. Hence, there is a perfect
tree S’ such that for every s € 2" NS, S, < S5 and S, € D. Since P is closed under finite unions,
S’ € Pe. We define ¢’ € Q(F) by

Sl ifl=k,
q'(0) := .
q(¢) otherwise.

Then ¢' < ¢ and ¢’ € E. Hence, E is dense in Q(P;)<“. Let H¢ be the Q(P:)<“-generic filter
corresponding to (T,f : k € w). Then there is a ¢ € He N E. Let (S,n) € Q(F) such that
q(k) = (S,n) and let s € 2" NS such that s C x. Then = € [Ss] and S5 € D. Therefore,
Ss € GSN D and so x is Pe-generic over L., .

Finally, we show that (b) implies (a). Let G, := {S € P: z € [S]} and let A C P be a maximal
antichain. We have to show that G, meets A. By Proposition [3.4.8] P satisfies the c.c.c. and so A
is in HC. Hence, there is some { < w; such that A C P¢ and A € L,,. Since x is Pg-generic over
Ly, G§ := {S € P : x € [S]} is Pe-generic over L. Hence, there is some S € A such that = € [9].
Therefore, x is P-generic over L. O

By Proposition we can reduce the complexity of the set of generic reals for Jensen-like
forcing notions to the complexity of the Jensen-sequence.

Corollary 3.4.11. Let P be a Jensen-like forcing notion and let (L, P¢) : § < w1) be a Jensen-
sequence such that P = ., Pe. For everyn > 1, if (L, Pe) : § <wn) is AHC, " then the set of

P-generics is I in every transitive model of ZFC containing L.

Proof. Let M be a model of ZFC containing L. By Proposition|3.4.10] a real is P-generic over L if and
only if z is Pe-generic over L,,. Note that w}* and L, are S in M. Hence, ((Ly,, Pe) : £ < w)

is AHC in M and so the set of P-generic reals over L is A€ in M. By Theorem [1.2.38] every
ITHC, set of reals is ITL. Therefore, the set of P-generic reals over L is IT} in M. 0

It remains to show that Jensen-like forcing notions add only a single generic real. To prove this,
we use the following proposition about the two step product of Jensen-like forcing notions.

Proposition 3.4.12. Let P be a Jensen-like forcing notion and let x,y be P-generic reals over L.
If © # vy, then (z,y) is (P x P)-generic over L.

Proof. Let ((Ly, P¢) : § < wi) be a Jensen-sequence such that P = (J._, Pe. With a similar
argument as in Proposition it is enough to show that for every & < wy, (x,y) is (P¢ x P¢)-
generic over L. Let £ < wy, let G* :={(S,5") € Pe x P :x € [S]Ay € [S]}, and let D C Pe x Pe
be an open dense set in L,,. We have to show that G¢ meets D. Let m € w such that x[m # y[m
and let E be the set of all conditions ¢ € Q(P:)<* such that

(a) for every ¢ € dom(q), if ¢(¢) = (S, n), then n > m, and

(b) for every ¢,¢' € dom(q), if g(¢) = (S,n) and ¢(¢') = (S’,n’), then for every s € 2" NS and
se2" NS, (Ss,58)eDorl={ands=y¢"
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Since D is open dense in Pe x P, E is dense in Q(P;)<“. Let H¢ the Q(P¢)<“-generic filter over
L., which was used to construct P and let (T,f : k € w) be the corresponding Q(P¢)<“-generic
sequence. Then there is some ¢ € H: N E. By Proposition there are k, k' € w such that
z € [TF] and y € [T]. Let (S,n), (S’,n’) € Q(P:) such that q(k) = (S,n) and g(k') = (S,n’). We
define s := x[n and s’ := y[n/. Then x € [Sy], y € [S.], and (Ss, S’,) € D. Therefore, G* meets D
and so (z,y) is (P x P)-generic over L. O

Corollary 3.4.13. Let P be a Jensen-like forcing notion. For every P-generic filter G over L, the
set of P-generic reals over L is a singleton in L|G].

Proof. Let G be a P-generic filter over L, let « be a P-generic real corresponding to G, and let y be
another P-generic real over L such that « # y. By Proposition [3.4.12 (z,y) is (P x P)-generic over
L. Then y is P-generic over L[G] and so y ¢ L[G]. O

In [KL17], Kanovei and Lyubetsky generalized Jensen’s uniqueness property of the Jensen
generic reals to products. More precisely, let J<% be the w-product of J with finite support. They
showed that for every J<“-generic filter G over L, a real y € L[G] is a Jensen real over L if and only
if there is some k € w such that y = z%, where 2%, is the Jensen real which was added by the kth
coordinate of G. We show that the same is true for Jensen-like forcing notions. To do this, we use
a lemma from Kanovei and Lyubetsky’s proof.

Lemma 3.4.14 (Kanovei-Lyubetsky). Let M be a countable transitive model of ZFC™ 4+ “P(w)
exists”, let P € M be a sufficiently closed arboreal forcing notion in M, let P<% be the w-product
of P with finite support, for every k € w, let x’é be the canonical P<“-name for the P-generic real
which is added by the kth coordinate of a P<%-generic filter, and let y € M be a P<“-name for
a real such that for every k € w, lp<w |- ¢ # @k. Then for every Q(P)<“-filter H over M, in
MIH], the set of conditions forcing that § ¢ [T}] is dense in (J(P, H))<“, where (T} : k € w) is the
sequence of Q(P)-generic trees corresponding to H.

Proof. Let p € (J(P,H))<¥ and let m € w. We have to find a condition below p which forces
y ¢ [Tn]). By Lemma {Ty : k € w} is dense in J(P, H). Hence, we can assume without loss
of generality that for every k € dom(p), there are ¢; € w and Sy € P such that p(k) = Ty, A Sk.
Moreover, we can assume that there is some k € dom(p) such that £, = m.

Claim 3.4.15. There is a condition ¢ € H such that {{y, : k € dom(p)} C dom(q) and for every
k € dom(p), there is some s, € Ry, such that

(a) Th(sk) = ne,,
(b) if k' € dom(p) with k # k', then sy # s/, and
(¢) (Re,)s, < Sk,
where Ry, € P and ny, € w such that q({y) = (Re,, e, )-

Proof. Since Ty, NSy # 0 for every k € w, there is some ¢ € H such that {¢j, : k € dom(p)} C dom(q)
and for every k € dom(p), ¢ IF Tgk A Sy, # 0, where Tgk is the canonical Q(P)<*“-name for Ty, . It is
enough to show that the set of conditions such that there are s, satisfying (a), (b), and (c) is dense
below q. Let ¢’ < ¢, let £ € dom(q’) and let Ay := {k € dom(p) : £ = ¢}. Then there are Ry € P
and ny € w such that ¢/(¢) = (Rg,ng). Since ¢’ I+ Ty, A Sy # 0 for every k € dom(p), for every
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k € Ay, there is an s, € Ry such that lh(sg) > ng and (Ry)s, A Sk # 0. Without loss of generality,
we can assume that for every k # k' € Ay, 1h(s,) = lh(sy/) and s, # s/ Let nj be this length and
let Rj, be the tree we get by replacing (Ry)s, with (Ry)s, A Sk in Ry for every k € A;,. We define
q" <q by

Ry, np) if Ap # 0,
q//(g) — (/ (4 Z) £ 7é
q'(0) otherwise.

Then ¢” satisfies (a), (b), and (c). O

Let ¢ € H be the condition from Claim [3.4.15] Next, we construct a condition r, € P<* such
that

(a) for every k € dom(p), r4(k) < (Re, ) s>

(b) there is a finite set A; C dom(r,) such that for every s € R, N 2", there is some k € A,
such that r,(k) < (Ry)s, and

(c) for every k € dom(p) U Ay, 74 IF ¢ & [re(k)].

Let B := (R, N2") \ {sg : €, = m}, let A Cw )\ dom(p) such that |A| = |B|, and let {tx : k € A}
be an enumeration of B. We define r € P<% by

._ (Rek)slc ifk e dom(p),
rik) = {(Rm)tk if k € A.

Since 1p<w IF § # &% for every k € w, there is a condition r, < r such that for every k € dom(p)UA,
rq Ik ¢ & [rq(k)]. Then r, satisfies (a), (b), and (c) with A, := AU {k € dom(p) : ¢, = m}.

Now we can use r4 to define a condition § < ¢. Let £ € dom(q) such that A, := {k € dom(p) :
U, = 0} # () and let R), be the tree we get by replacing (Ry)s, with r¢(k) in Ry for every k € A,
and if £ = m, then we also replace (Ry);, with r,(k) for every k € A. We define g < ¢ by

o) (Bpme) i Ag # 0,
a0) = {q(f) otherwise.

Similarly, we can construct such a condition for every ¢’ < ¢. Let D C Q(P)<“ be the set of all of
these conditions. Then D is dense below q. Since H is Q(P)<“-generic, G N D # ). Without loss
of generality, we can assume that § € H. Then for every k € dom(p), (T, )s, < 7¢(k) A Sp. Hence,
p and rq are compatible.

To complete the proof, it is enough to show that rq IF y ¢ [T5,]. Let G be a (J(P, H))<“-generic
filter over M[H] containing r,. By Lemma every predense subset of P<% in M remains
predense in (J(P, H))<*. Hence, G’ := G N P<¥ is a P<“-generic filter over M containing r,.
Then, in M[G'], for every k € dom(p) U Ay, Yo ¢ [rq(k)]. By absoluteness, the same is true in
MIH]|G]. Since ¢ € H, for every s € T, N 2", there is some k € A, such that (T),,)s < rq(k).
Therefore, ¢ ¢ [Thn] and so rq -y & [Th]. O

Proposition 3.4.16. Let P be a Jensen-like forcing motion, let P<% be the w-product of P with
finite support, let G be a P<¥-generic filter over L, and let (z% : k € w) be the sequence of P-generic
reals corresponding to G. Then for every P-generic real y € L[G] over L, there is some k € w such
that y = k..
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Proof. We suppose for a contradiction that there is a y € L[G] such that y is P-generic over L and
for every k € w, y # xF. By Proposition P satisfies the c.c.c. Hence, there is a countable
P<“-name g for y. Let #f, be the canonical P<*-name for the P-generic real which is added by the
kth coordinate of a P<¥-generic filter. Without loss of generality, we can assume that for every
k€w, lp<w |-y # @k, Let ((Liyg, P¢) : € < wi) be a Jensen-sequence such that P = U£<w1 Pe,let X
be a countable elementary submodel of L, containing (P : £ < wy), P, P<¥, ¢, and every &f,, let
M be the transitive collapse of X, and let 7 : X — M be the collapsing isomorphism. By Theorem
there is a countable ordinal ¢ such that M = L.. Moreover, there is some ordinal { < ¢
such that L, N X = L¢. Then n(wy) = £ and for every € X, if € L,,,, then n(z) = = and if
z C Ly,, then m(z) = 2NL¢. Then 7(P) = P, n(y) = ¢, and for every k € w, m(i%) = &£ N (P)<v.
Hence, for every k € w, m(#F) is the canonical (P¢)<“-name for the P¢-generic real added by the
kth coordinate of G. Let k € w. By elementarity, lp<w IF 9 # &% in X and so Lipgy<w IF g # m(ik)
in L¢. With the same argument as in Proposition Ye > ¢. Thus, 1(p <o -y # W(ZC’&) in L,.

Let H € L,,,, be the Q(P:)<*-generic filter over L,, such that (P¢)” = Peyy and let (T} :
k € w) be the sequence of Q(F¢)-generic trees corresponding to H. By Proposition there
is some k € w such that y € [Tk] in L[G]. Then by Lemma for every k € w, the set
Dy :={p € P54 :p -y ¢ [T}]} is dense in PS%. Hence, there is some p € Gey1 such that
pl-y & [T}] and so L, [Ger1] =y ¢ [Tk]. By analytic absoluteness, L[G] =y ¢ [T}]. But this is
a contradiction. Therefore, there is some k£ € w such that y = x’é O

Corollary 3.4.17. Let P be a Jensen-like forcing notion, let Q be the w-slice-product of P with
finite support of length w1, let T C wy X w, let G be a QZ-generic filter over L, and for everyi € Z,
let zt, be the P-generic real corresponding to G[{i}. Then for every P-generic real y € L|G] over
L, there is some i € T such that y = x;.

Proof. Let y € L[G] be P-generic over L. By Corollary Q satisfies the c.c.c. and so Q[Z
satisfies the c.c.c. as well. Hence, there is a countable Q[Z-name gy for y. Then there is a countably
infinite set J C Z such that g is a Q[J-name. Let P<“ be the w-product of P with finite support.
Since J is countable, Q[J is order-isomorphic to P<“. Hence, we can apply Proposition to
QI|J. Therefore, there is some j € J such that y = a7,. O

3.4.3 Storing Jensen-sequences

In this section, we put everything together to finally prove the Slicing Theorem (Theorem ,
i.e., we show that for every n > 2, there are n-slicing forcing notions in L. The general idea is
to use Jensen-sequences to define a storage order, and then use the Kanovei-Lyubetsky Lemma
(Lemma to show that there are Jensen-like forcing notions such that the w-slice-product is
n-absolute for slices. We begin by introducing the storage order.

Definition 3.4.18. Let M be the set of all triples (M, P, i) such that
(a) there is a countable ordinal 7 such that M = L., and L, = ZFC™ 4 “P(w) exists”,
(b) P is a sufficiently closed arboreal forcing notion in M,
(¢) p> 0 is a countable ordinal in M, and
)

(d) there is some ordinal ¢ < w; and a Jensen-sequence ((L.,P¢) : £ < () in M such that

t
((Lng, Pe) : £ < ()7 (M, P) is a Jensen-sequence.
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For (M, P, ), (N,Q,v) € M, we write (M, P) < (N, Q) if and only if M C N, p < v, and either
P = Q or there is a Jensen-sequence ((L.,, Pr) : £ < () in N with ¢ < w; such that

(a) there is some £ < ¢ such that (L., P¢) = (M, P) and
(b) ((Liye, Pe) : £ < )" (IN, Q) is a Jensen-sequence.

Recall that a storage order (M, <) is simple if for every pair (M,P) € M, P is an w-slice-
product of a single forcing notion. Hence, for every such P, there is a unique pair (Qp, up) such
that P is the w-slice-product of @p with finite support of length pp. From now on, to simplify
notation, we identify every pair (M, P) in a simple storage order with the triple (M, Qp, up). With
this identification, (M, <) is a simple storage order.

Lemma 3.4.19. The pair (M, <) is a simple storage order. Moreover, for every storage sequence
(Mg, P, pig) : § <wr) in My, Ueo,, Pe is a Jensen-like forcing notion.

Proof. First, we show that (M, <) is a partial order. It is clear that <; is reflexive. Let
(M, P, u),(N,Q,v) € My such that (M,P,n) <5 (N,Q,v) and (N,Q,v) <5 (M, P,u), Then
M = N and p = v. Moreover, for every Jensen-sequence ((L,,, P¢) : £ < () and every ¢’ < ¢ < ¢,
L, € L. Hence, P = @ and so <, is antisymmetric. Let (M, P, p), (M', P',pi"), (M", P", ") €
M such that (M, P,u) <5 (M',P', i) <5 (M",P",1). Without loss of generality, we assume
P # P’ # P”. By definition, M C M’ C M", n < y/ < u”, and there is a Jensen-sequence .J
in M’ such that 1h(J) < wy, there is some & < 1h(J) such that J(§) = (M, P), and J~(M', P’)
is a Jensen-sequence, and there is a Jensen-sequence J' in M” such that 1h(J’) < wy, there is
some & < 1h(J') such that J'(¢') = (M', P'), and J'~(M",P") is a Jensen-sequence. We define
J" = J7(J'h(J)\ &). Then J” is a Jensen-sequence in M", J"(§) = (M, P), and J"~(M", P")
is a Jensen-sequence. Therefore, (M, P, u) <y (M"”,P” 1/") and so < is transitive.

Next, we prove the second part of the lemma. It is enough to show that for every ¢ < w; and
every strictly < j-increasing sequence (Mg, P, pie) : & < ¢) which is continuous at limits, there is
a Jensen sequence which contains (Mg, P¢) : £ < () as an unbounded subsequence. We prove this
by induction on (. It is clear if { = 1. We assume that it is true for all ¢’ < {. If { =’ + 1, then
there is a Jensen sequence J which contains (Mg, P¢) : £ < ¢’) as an unbounded subsequence. We
make a case-distinction:

Case 1: ¢/ = (" + 1. Then Ih(J) is a successor ordinal and J(Ih(J) — 1) = (M¢r, Per). Since
(Mc¢r, Per) is strictly < j-less than (M, P), there is a Jensen sequence J' such that there is some
€ < Th(J") such that J'(€) = (Mcn, Pen) and J'~(Mer, Per). Then J~(J'[Ih(J') \ )~ (M, Py is a
Jensen-sequence which contains (M, Pe) : £ < ¢) as an unbounded subsequence.

Case 2: ¢’ is a limit ordinal. Then 1h(J) is a limit ordinal as well. Since ((Me, Pe, pte) : € < wy)
is continuous at limits, P = Ug <¢ Pe. Hence, J ~(M¢r, Per) is a Jensen-sequence which contains
(Mg, Pe) : £ < () as an unbounded subsequence.

If ¢ is a limit, then for every ¢’ < (, there is a Jensen sequence Ji» which contains ((Me, Pe) : £ <
¢’) as an unbounded subsequence. Let o < ¢ be the largest limit ordinal and for every o < ¢’ < (,
let &/ < 1h(J¢r41) be such that Jeryq(§er) = (Mer, Per). Then

JaA(Ja+1 Hh(Ja+1) \ga),\ - (Ja+n+1 “h(l]a—&-n-&-l) \ §a+n)f\ s

is a Jensen-sequence which contains (Mg, P¢) : £ < () as an unbounded subsequence.
It remains to show that (M, <) is a storage order. Items (a), (b), and (d) of Definition
are clear. For (c), let (M, P,u) <75 (N,Q,v) € My, let P’ be the w-slice product of P with finite
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support of length p, and let Q" be the w-slice product of ) with finite support of length v. It is
enough to show that every predense set D C P’ in M remains predense in @’. Since p < wi, P’
is order-isomorphic to the w-product of P with finite support. So we can apply Lemma [3.4.7] here.
By the lemma, D remains predense in Q'[u X w and so D is also predense in Q’.

For (e), let ¢ < w; be a limit ordinal and let ((Me, Pe, pe) : § < ¢) be a strictly <j-increasing
sequence which is continuous at limits. We have already shown that there is a Jensen-sequence J
which contains ((Mg, P¢) : £ < () as an unbounded subsequence. If ( < w;, we can find a Jensen
sequence J’ such that J C J'. Let (M., FP;) := J'(Ih(J)). Since ¢ is a limit ordinal, 1h(J) is a
limit as well. Hence, Pr = U5 < Pe. Let pe > pe for all £ < ¢. Without loss of generality, we can
assume that pe € Me. Then (M¢, P, u¢) € My and for every £ < ¢, (Mg, Pe, ne) <5 (M¢, Pe, pie).
If ( = wq, then P := U£<w1 P is a Jensen-like forcing notion. Hence, we only have to check that
predense sets remain predense. Let Q be the w-slice product of P with finite support of length wy,
let £ < wi, let Q¢ be the w-slice product of P: with finite support of length ¢, and let D C Q¢ be
dense in M. With a similar argument as above, D is predense in Q[w X p¢. Hence, D is predense
in Q as well. Therefore, (M, <) is a simple storage order. O

Definition 3.4.20. Let n > 2. We call a forcing notion P is n-Jensen if
(a) P is Jensen-like,
(b) the set of P-generic reals over L is II} in every transitive model of ZFC containing L, and
(¢) the w-slice product of P with finite support of length w; is n-absolute for slices.

Clearly, Jensen forcing is 2-Jensen. For m > 2, we can find n-Jensen forcing notions using
Lemma [3.3.10)

Theorem 3.4.21. For every n > 2, there is an n-Jensen forcing notion.

Proof. Since Jensen forcing is 2-Jensen, we can assume that n > 2. By Lemma [3.3.10] there is
a AHC | n-complete storage sequence (Mg, Pe,pe) : € < wi) in M. Then by Lemma [3.4.19]
P:.= UE <w, Pe is a Jensen-like forcing notion and so by Corollary [3.4.11} the set of P-generic reals

over L is TI in every transitive model of ZFC containing L. It remains to show that w-slice product
of P with finite support of length w; is m-absolute for slices. But this follows directly from the
Kanovei-Lyubetsky Lemma (Lemma [3.3.18)). Therefore, P is n-Jensen. O

Let P be a forcing notions and let Q be the w-slice product of P with finite support of length w;.
Recall that P can only be n-slicing if for every Q-generic filter G over L, the set {(¢, xg’k)) ckl e w}

is II} in L[G], where 28" is the P-generic real which is added by GH{({¢,k)}. If Pis an n-Jensen
forcing notion, then we only know that the set of P-generic reals over L is IT} in L[G]. However, we
can show that every w-slice-product of an n-Jensen forcing notion with finite support of length w,
contains some n-slicing forcing notion as a subset which finally proves the Slicing Theorem.

Proof of the Slicing Theorem (Theorem . Let n > 2. By Theorem [3.4.21] there is some n-
Jensen forcing notion P. For every v < wi, let

P . {T eP:(v+1)Cstem(T)} ifvew,
" {T e P (0) Cstem(T)} otherwise.
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We first show that for every k € w and every real © € 2¥ with x(0) = k+1,  is P-generic over L if and
only if x is Py-generic. Let k € w, let x € 2¥ such that 2(0) =k + 1, let G, :={T € P : z € [T]},
and let H, := {T € P: x € [T]}. Tt is enough to show that G, is Py-generic over L if and only if
H, is P-generic over L. First, we assume that H, is P-generic over L. Let D C Py be dense and
let D' := DU{T € P: lh(stem(T)) > 1 and T ¢ P, }. Then D’ is dense in P and so there is some
TeH,ND'. Sincex € T and z(0) =k + 1, T € P;. Hence, T € G, N D’ and so G, is Px-generic
over L. Conversely, we assume that G, is Py-generic over L. Let D C IP be dense. Then D’ := NP},
is dense in P. Hence, there is some T € G, N D’ and so T € H, N D. Therefore, H, is P-generic
over L.

Let Q be the w-slice product of IP with finite support of length w; and let Q' be the w-slice product
of (P, : ¥ < wy) with finite support. We show that Q' is n-slicing. Let G be a Q'-generic filter over L.
Note that for every dense set D in Q, DNQ' is dense in Q'. Hence, H :={q€ Q: 3¢ € G(¢' <q)}
is a Q-generic over L. Since H can be constructed in L[G] and vice versa, L|G]| = L[H]. With the
same argument, we get that for every Z C wy x w, L|G|Z] = L[H|Z]. Hence, Q' is n-absolute for
slices. It remains to show that the set A := {(¥, z(é’k)) : k, 0 € w}is I} in L[G], where x(cf’k) is the
P;-generic real which is added by G[{(¢,k)}. In L[G], let

A" :={(l,x) € w x 2¥ : x is P-generic over L A z(0) = ¢ + 1}.

Then A’ is I1,. We show that A = A’. Let (¢,z) € A. Then x is P;-generic over L and z(0) = ¢+ 1.
Hence, z is P-generic over L and so ({,z) € A’. Now let (¢,x) € A’. Then x is P-generic over L

and z(0) = £+ 1. By Corollary [3.4.17} there is some k € w such that z = 2" where a:g’k) is
the P-generic real which is added by H[{(¢,k)}. Then for every T € G[{({,k)}, = € [T]. Hence,

T = a:g’k) and so (¢,z) € A. Therefore, A is II! in L[G]. O

3.5 Open questions

We conclude this chapter with a few open questions concerning descriptive choice principles and
Jensen-like forcing notions.

Question 3.5.1. Letn > 1.
(a) Are AC,(w¥;1I},) and AC,(w*; XL 1) equivalent?
(b) Are AC,,(w*;II},) and AC,(w*; 25 ) equivalent?
Question 3.5.2. Letn > 1.
(a) Is there a model of ZF + DC(w*; Proj) which violates AC, (w*;11})?
(b) Is there a model of ZF + AC(w*; II}) which violates AC,,(w*;I1%, 1) ?
(¢) Is there a model of ZF + AC(w*”;IL}) which violates AC,,(w®; unifII}_ ) ?

Question 3.5.3. What are the relationships between the descriptive choice principles for point-
classes in the Borel hierarchy?

Question 3.5.4. Let n > 2. Are all n-Jensen forcing notions forcing equivalent?

Question 3.5.5. Let n > 2, let P be n-Jensen, and let G be a P-generic filter over L. Does L[G]
contain a non-constructible real of complexity strictly lower than A}H_l ?
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Chapter 4

Set-theoretic forcing notions in
computability theory

Remarks on co-authorship. The results of this chapter are, unless otherwise stated, solely due
to the author.

In retrospect, one could say that the first forcing-like construction in computability theory was
done by Kleene and Post [KP54], even before the technique of forcing was introduced by Cohen.
They used sets which are similar to what we today call Cohen 1-generic reals to show that there is a
degree strictly in between the degrees of () and (. However, the method of forcing in computability
theory was first formalized by Feferman [Fef64], shortly after Cohen’s work was published. Since
then, forcing and especially Cohen n-generic reals have played an important role in computability
theory. However, n-generic reals for other forcing concepts have also been investigated. For example,
in [CDHS14], Cholak, Dzhafarov, Hirst, and Slaman studied n-generic reals for a computable version
of Mathias forcing. Among other things, they proved that for every n > 3, every n-generic real for
this version of Mathias forcing computes a Cohen n-generic reals. This might be surprising since
Miller [Mil81] proved that in set theory Mathias forcing does not add Cohen reals.

In this chapter, we shall investigate computable versions of set-theoretic forcing notions and
compare their n-generic reals. More specifically, in Section we shall give an introduction to
forcing in computability theory, including Section where we shall take a brief look at arboreal
forcing notions in computability theory. In Section[4.2] we shall investigate the relationship between
n-generic reals for Cohen forcing and computable versions of Hechler, Laver, Mathias, Miller, Sacks,
and Silver forcing and compare the results with the situation in set theory. In particular, we shall
show that n-generic for the computable version of Laver forcing computes Cohen n-generic reals,
which is also different from set theory. For this purpose, we shall generalize Cholak, Dzhafarov,
Hirst, and Slaman’s result in Section Finally, in Section we shall briefly summarize our
results and state a few open questions.
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4.1 Forcing in computability theory

4.1.1 Generic and weakly generic reals

The difference between forcing in set theory and computability theory is that in computability
theory forcing is not used to add new elements to some ground model, but to find already existing
reals with certain properties. To be more precise, in computability theory, we often have a list of
requirements and want to find a real which satisfies all of them. This can usually be done recursively
by taking care of the kth requirement at step k + 1 of the recursion. In many cases, however, these
requirements can be reformulated in terms of an initial segment of the real being in a particular set.
Hence, every real which is (Cohen) generic for all these sets satisfies the requirements. Moreover, if
we only have countably many requirements, then we know that such generic reals exist. Therefore,
forcing can be seen as a tool to do many of these constructions at once. In this section, we give an
introduction to forcing in computability theory. For more details, we refer the reader to [DM22]
and [Shol5|.

In computability theory, we usually only consider forcing notions that are countable and whose
conditions can be coded as natural numbers. It is common practice to identify these forcing notions
with the set of codes of their conditions. Following this practice, we shall usually refer to conditions
when we actually mean the codes for these conditions. The typical example of a forcing notion in
computability theory is Cohen forcing. Other examples can be obtained from (set theoretic) forcing
notions whose conditions can be coded as reals. If IP is such a forcing notion, then we define P, as
the set of conditions which are coded by a computable real. To identify P, with a subset of the
natural numbers, we code every p € P; as some e € w such that z, = ®., where z, is the real
which codes p. Now we define genericity in computability theory. Unlike in set theory, we have to
be careful that generic filters exit in V. Therefore, we do not require them to be generic for all sets,
but only for those with low complexity.

Definition 4.1.1. Let P be a forcing notion and let n € w. A filter G C P is n-generic for P if for
every $0 set C' C P, G meets C or the set of conditions having no extension in C. We say that G
is w-generic for P if it is n-generic for P for every n € w.

In the literature, n-generic filters for Cohen forcing are often just called n-generic. However,
this might cause confusion when working with more than one forcing notion at a time. Therefore,
in what follows we usually write “Cohen n-generic” when we mean “n-generic for C”.

The definition of genericity in computability theory differs from usual the one in set theory.
Recall that in set theory a filter is generic if it meets every dense set. So one might have expected a
filter to be n-generic if it meets every ¥0 dense set. However, such filters are called weakly n-generic
in computability theory.

Definition 4.1.2. Let P be a forcing notion and let n € w. A filter G C P is weakly n-generic for
P if G meets every %0 dense set D C P. We say that G is weakly w-generic for P if it is weakly
n-generic for P for every n € w.

Proposition 4.1.3. Let P be a forcing notion and let n € w. Then every n-generic filter for P is
weakly n-generic for P.

Proof. Let G be an n-generic filter for P and let D C P be dense. Then G meets D or the set
of conditions having no extension in D. Since D is dense, there are no conditions which have no
extension in D. Hence, G meets D. O
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The converse of Proposition is not true in general. Kurtz showed in [Kur83] that there are
weakly Cohen n-generic filters which are not Cohen n-generic. In set theory, however, there is no
difference between the “weak” and “strong” definition of genericity.

Proposition 4.1.4. Let P be a forcing notion in set theory and let G C P be a filter. Then G is
P-generic over V' if and only if for every set C C P, G meets C or the set of conditions having no
extension in C.

Proof. The backward direction is analogous to Proposition [I.1.3] Hence, we only have to prove the
forward direction. Let C' C P. Then the set D :=CU{p € P:Vq <p(q ¢ C)} is dense in P and so
G meets D. Hence, G meets C or the set of conditions having no extension in C. O

Note that for Cohen forcing the set D from Proposition is ¥9_.,. Hence, every weakly
Cohen (n + 1)-generic filter is Cohen n-generic. The same is true for general forcing notions of low
enough complexity.

Proposition 4.1.5. Let n € w and let P be a forcing notion such that P as a set and the ordering
are X°. Then every weakly (n + 1)-generic filter for P is n-generic for P.

Proof. Let G be a weakly n-generic filter for P and let C' C P be a £0 set. We define
D:=CU{peP:Vg<p(g¢O)}

Then D is a ¥9; dense set. Hence, G meets D and so G meets either C' or the set of conditions
having no extension in C. Therefore, G is n-generic for P. O

So far, we have only considered n-generic filters. The next step is to define reals for these filters.
The idea is the same as in set theory. Recall that in set theory we use functions that map conditions
to initial segments of reals to define generic reals. Such functions are called valuation functions in
computability theory.

Definition 4.1.6. Let P be a forcing notion. A valuation function for P is a function v : P — 2<% (or
w<¥) such that for every ¢ < p € P, v(p) C v(q) and for every k € w, the set {p € P: lh(v(p)) > k}
is dense.

From now on, we assume that every forcing notion P is equipped with a valuation function v. For
Cohen forcing, we simply use the identity function. As in set theory, we usually define the valuation
function by mapping conditions to the longest initial segment of what is already decided by the
condition. For example, for forcing notions whose conditions are trees, we use v(T') = stem(T).

Definition 4.1.7. Let P be a forcing notion and let n € w. A real x is (weakly) n-generic for P
if there is a (weakly) n-generic filter G for P such that z = (J,c5 v(p). We say that = is (weakly)
w-generic for P if it is (weakly) n-generic for P for every n € w.

Next, we show that every n-generic filter defines an n-generic real. However, we cannot prove
this for all forcing notions since we need that the complexity of the sets {p € P : lh(v(p)) > k} is
at most $2. To ensure this, we only consider forcing notions of low complexity. Let n € w and let
[ be either X2, 112, or AY. We say that a forcing notion P is " if P as a set and the ordering and

valuation function are I'. Note that what we really mean here is that the set of codes, the ordering
on the codes, and the valuation function on the codes are I'.
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Proposition 4.1.8. Let n € w and let P be a A forcing notion. If G is a weakly n-generic filter
for P, then U,cq v(p) is a real.

Proof. Let G be a weakly n-generic filter for P and let x := Upecv(p). Since G is a filter, x is
a partial function from w to w. So we only have to show that dom(z) = w. Let k € w and let
Dy :={p € P: Ih(v(p)) > k}. Then Dy, is a X dense set. Hence, there is some p € G such that
Ih(v(p)) > k and so k € dom(x). Therefore, x is a real. O

Note that, similar to in set theory, a real x € 2¢ is Cohen n-generic if and only if G, := {s €
C: s C z} is a Cohen n-generic filer. However, for a general forcing notion P, it is not necessarily
the case that a real x is n-generic for P if and only if G, := {p € P : v(p) C x} is an n-generic filter
for P. For example, if P consists of trees, then it is possible that there are incompatible trees with
the same stem. Hence, GG, is not necessarily a filter. Nevertheless, we can reconstruct the generic
filter from the generic real for arboreal forcing notions in set theory. Recall that for an arboreal
forcing notion P, a real = is P-generic if and only if G, := {T € P: x € [T} is a P-generic filter. We
want similar characterizations for n-generic reals in computability theory. To obtain these, for a
forcing notion P, we say that a real = satisfies a condition p € P if there is a decreasing sequence of
conditions (py, : k € w) such that po = p and = = (J, ., v(px). Then for Cohen forcing, a condition
s € C is satisfied by a real x if and only if s C x, and for an arboreal forcing notion, a condition 7" is
satisfied by z if and only if 2 € [T]. We say that a forcing notion P is separative if for every p,q € P
with p £ ¢, there is a p’ < p such that for every ¢’ < ¢ with lh(v(p’)) < lh(v(¢")), v(p') € v(¢).

Lemma 4.1.9. Let n € w, let P be a A2 separative forcing notion, and let m > n. Then a real x
is m-generic for P if and only if G, := {p € P : x satisfies p} is an m-generic filter for P.

Proof. The backward direction follows directly from Proposition [£.1.8] We prove the forward direc-
tion. Let 2 be an m-generic real for P and let G be an m-generic filter for IP such that x = UpeG v(p).
We show that G = G,.. Let p € G. Since z = quG v(q), there is a decreasing sequence of conditions
(pr : k € w) such that pg = p and = = (J, ., v(px). Hence, x satisfies p and so p € G,. Conversely,
let p € G,. We define

C:={qeP:Vp <p(h(v(q)) <Ih(v(p') = vlg) € v(p))}.

Then C is 119 and so XY . Hence, there is a ¢ € G such that ¢ € C or ¢ has no extension in C. The
former is not possible since p and ¢ are both satisfied by x. Hence, ¢ has no extension in C. Since
P is separative, ¢ < p. Therefore, p € G and so G = G,. O

An application of forcing in computability theory is that Cohen 1-generic reals can be used to
show that there is a pair of incomparable Turing degrees below (': it is enough to find y, 2z < @’
such that y €1 2z and z €1 y. Let x € 2“ be Cohen 1-generic and let y,z € 2% such that
y(k) = x(2k) and z(k) := x(2k + 1) for every k € w. We define for every e € w, the set C, :=
{s € C: Jk(P0 (k)| # s1(k))}, where so(k) := s(2k) and s1(k) := s(2k + 1). Let e € w. Then C,
is a XY set. Hence, there is some s C x such that either s € C, or for every s’ < s, s’ ¢ C,. In
the former case there is some k € w such that ®¥(k)] # z(k) and in the latter case there is some
k € w such that ®Y(k)T. Therefore, z €1 y and if we repeat the argument with swapped roles, we
obtain y £t z. It remains to show that y, 2 <t (. For this, it would be enough to prove that
computes a Cohen 1-generic real. Since there are only countably many % subsets of C, we can
construct Cohen 1-generic filters. With a bit of extra care, we can even construct Cohen 1-generic
filters such that the corresponding real is computable in (.
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Proposition 4.1.10. Let n € w and let P be a AY forcing notion. Then there is some n-generic
real for P which is computable in O™

Proof. Let {C. : e € w} be a computable enumeration of all X9 subsets of P. Then
D.:={peP:peC.VV¥qg<plg¢Ce)}

is AY_ | for every e € w. We recursively define a decreasing sequence of conditions. Let py be the
weakest condition in P. If p. is already defined, we set p.+1 as the condition in D, which is coded
by the least natural number. Then the sequence (p. : e € w) is computable in 0. Since P is
AV g = Uecw v(pe) is also computable in (™). Tt remains to show that x is n-generic for P. Let
G :={p €P:3e(p > pe)}. Then G is a n-generic filter for P and z = (J 5 v(p). Therefore, z is
n-generic for P. U

An important tool of forcing in set theory is the forcing relation. It is used to approximate the
truth value of statements in the forcing extension from the ground model. The forcing relation in
computability theory is used to approximates the truth value of statements about n-generic reals.
Before we can define it, we must first introduce the forcing language in computability theory. Unlike
in set theory, we use the same forcing language for all forcing notions. Let FL. be the language
of second-order arithmetic augmented by a first-order constant symbol 7n for every n € w and a
second-order constant symbol &. For a real x and a formula in the language F L., we write ¢(x) for
the formula in the language of second-order arithmetic obtained by replacing & by x, and every n
by n. We say that a formula ¢ in the language FL. is arithmetical if p(zx) is arithmetical for some
x and analogously for X9 and I19.

Definition 4.1.11. Let P be a forcing notion, let p € P, and let ¢ be an arithmetical sentence in
the language FL.. We define the (strong) forcing relation I recursively on ¢:

(a) if ¢ is bounded, then p IF ¢ if for every real z which satisfies p, p(z) is true,
(b) if ¢ is not bounded and ¢ =¥ V x, then plF p if p Ik or p Ik x,

(¢) if ¢ is not bounded and ¢ = —), then p Ik ¢ if for every ¢ < p, q Iff ¢, and
(d) if ¢ = Iny(n), then p Ik ¢ if there is some n € w such that p Ik ¥(n).

Note that in set theory, the roles of V and A and 3 and V in Definition are usually reversed.
The reason for this is that, in set theory, we usually use the weak forcing because it is equivalent
to the semantic forcing relation.

Definition 4.1.12. Let P be a forcing notion, let p € P, and let ¢ be an arithmetical sentence in

the language FL.. We define the weak forcing relation Ik, recursively on ¢:

(a) if ¢ is bounded, then p Ik, ¢ if for every real x which satisfies p, ¢(x) is true,

(b) if ¢ is not bounded and ¢ = ¥ A x, then p Iy ¢ if p by 9 and p Iy X,

(c) if ¢ is not bounded and ¢ = =), then p Ik, ¢ if for every ¢ < p, ¢ IV ¢, and
)

(d) if ¢ = Vnip(n), then p Iy, @ if for every n € w, p Ik ¥(1R).
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We shall see later that, as in set theory, both forcing relations in computability theory can be
used to approximate the truth (cf. Lemma and Corollary . However, unlike in set
theory, in computability theory it is more common to work with the strong forcing relation because
it usually has less complexity. For example, if s € C and ¢ is a X9 or I19 sentence, then we can
compute the complexity of the statements “s IF ¢” and “s Ik, ¢” inductively. If ¢ is bounded, then
s Ik ¢ if and only if for every z € [s], ¢(x) is true. Since ¢ is bounded, there is a k € w such that
for every x € w, p(z) only depends on z[k. Hence, whether s IF ¢ can be checked computably if ¢
is bounded. Hence, the statement “s I ¢” is X if ¢ is 3¢ and so 11V if ¢ is 11Y. By induction, we
get that for every n > 1, the statement “s IF ¢” is X0 if ¢ is £0 and 19 if ¢ is IIY. For the weak
forcing relation, the “s Iy, ™ is also A{ if ¢ is bounded and so it is I1{ if ¢ is II{. Hence, it is I19
if ¢ is ©Y. By induction, we get that for every n > 1, the statement “s - ¢” is II? if ¢ is TI% and
10, if ¢ is X2, Therefore, it is often more convenient to work with the strong forcing relation,
since n-genericity is defined using X% and not IT2 sets. Something similar is also true for most of
the other forcing notions we consider in the following.

Next, we consider some basic properties of the weak and strong forcing relations in computability
theory.

Proposition 4.1.13. Let P be a forcing notion, let p € P, and let ¢ be an arithmetical sentence in
the language F L.

(a) If g <p and plF o, then q I+ p.
(b) If pl- @, then p lf —.
(c) There is some q < p such that either q Ik ¢ or ¢ IF —p.

(d) If ¢ is not bounded and p = YAx, thenpl- ¢ if and only if {g < p:qlk ¥} and {g <p:qlF x}
are dense below p.

(e) If o = Ynp(n), then p - @ if and only if for everyn € w, {¢ < p:ql-1p(n)} is dense below p.
(f) We have p Iy, ¢ if and only if p IF ——.

(9) If plk @, then p by o, but not conversely.

(h) If g < p and p by @, then q Iy ©.

(i) If pltw @, then p Iy —o.

(5) There is some q < p such that either q -y ¢ or q kg —p.

Proof. We start with proving (a) by induction on ¢. It is clear if ¢ is bounded. If ¢ is not bounded,
o = =, and p Ik ¢, then for every p’ < p, p' I 1. Let ¢ < p. Then in particular, for every ¢’ < g,
q" I v and so g IF ¢. The cases ¢ = ¥ V x and ¢ = Iny(n) follow directly from the induction
hypothesis.

Items (b) and (c) follow directly from the definition. Next, we prove (d). If ¢ is not bounded
and ¢ = ¥ A x, then we have

plFYAx <= plk=(—9V-y)
< for every p' <p, p' If =pV -y
<= for every p' <p, p' I} = and p I =y
<= for every p’ < p, there are q,q' < p’ such that ¢’ I- 1 and ¢ I .
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Therefore, p - ¢ if and only if {g < p:qlk ¢} and {¢ < p:qlF x} are dense below p.
Now we prove (e). If ¢ = Vni(n), then we have

plFVny(n) < plk=3In—(n)
<= for every p’ <p, p' If In—)(n)
<= for every p’ < p and every n € w, p’ Iff —a)(n)
<= for every n € w and every p’ < p, there is a ¢ < p’ such that ¢ IF ¥(n).

Therefore, p I+ ¢ if and only if for every n € w, {¢ < p: qIF (1)} is dense below p.
Next, we (f) by induction on . It is clear if ¢ is bounded. If ¢ is not bounded and ¢ =¥ A ¥,
then we have

plrw W Ax < plhy ¥ and plky x
< plk - and plF -y
<= for every p’ < p, there are q,q' < p’ such that ¢ I and ¢ I x
— plFrgAy.

Moreover, p IF =—=(¢) A x) if and only if for every p’ < p, there is a ¢ < p’ such that g IF ¥ A x. By
(a) and (d), the latter is equivalent to p It A x. Therefore, p Ik, ¢ if and only if p IF =—p.
If ¢ is not bounded and ¢ = —), then we have

p by ) < for every p’ < p, p’ W 0
<= for every p' <p, p’ If =)

Therefore, p Iy, ¢ if and only if p IF =—p.
If o = Vni(n), then we have

p by Vnp(n) <= for every n € w, p Iy (1)
<= for every n € w, p - ——p(n)
<= for every n € w and every p’ < p, there is a ¢ < p’ such that ¢ I 1(n)
= plkEYy(n).

Moreover, p IF ==V1)(n) if and only if for every p’ < p, there is a ¢ < p’ such that ¢ I+ Vni(n). By
(a) and (f), the latter is equivalent to p I- Vniy(n). Therefore, p Iy ¢ if and only if p IF ~—.

Now we prove (g). The first part follows directly from (a) and (f). For the second part, let
s € C be the empty sequence and let ¢ := Fki(k) = 0. Then s I ¢, but s Iy, .

Finally, (h), (i), and (j) follow directly from (a), (b), (c), and (f). O

Next, we discuss the Truth Lemma in computability theory. In contrast to set theory, the Truth
Lemma in computability theory does not talk about generic filters, but about generic reals. For
this purpose, it is common practice to extend the forcing relation to the reals.

Definition 4.1.14. Let P be a forcing notion, let ¢ be an arithmetical sentence in the language
FL., and let = be a real. We write = IFp ¢ if there is a condition p € P such that x satisfies p and

plF .
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Roughly speaking, the Truth Lemma in computability theory says that for every n-generic real
and every arithmetical sentence ¢ in the language FL. of low enough complexity, = IFp ¢ if and
only if p(x) is true. Before we show this, we consider a proposition which shall be helpful for the
proof of the Truth Lemma.

Proposition 4.1.15. Let P be a forcing notion, let x be a real, and let n € w. Then the following
are equivalent:

(a) for every X0 sentence ¢ in the language FL¢, x IFp o or x IFp =, and
(b) for every X0 and 119 sentence o in the language FLe, x IFp @ if and only if o(z) is true.

Proof. The direction from (b) to (a) is clear. We prove the other direction by induction on ¢. It is
clear if ¢ is bounded. If ¢ is 1%, with m < n, then there is some X2, formula v such that ¢ = ).
By assumption, x IFp ¢ if and only if z Ifp ¢ and by induction hypothesis, x |fp 1 if and only if
() is not true. Therefore, x IFp ¢ if and only if ¢(z) is true. The case ¢ is 2, with 0 <m <n
follows directly from the induction hypothesis. O

Now we are ready to prove the Truth Lemma in computability theory.

Lemma 4.1.16 (Truth Lemma). Let P be a forcing notion, let n,m € w such that for every %9
sentence @ in the language FL., the set {p € P: p Ik ¢} is X0, and let x be an m-generic real for

m’

P. Then for every X° and 119 sentence o in the language FL., x IFp @ if and only if p(x) is true.

Proof. By Proposition it is enough to show that every X0 sentence ¢ in the language FL.,
x IFp @ or x IFp —p. Let ¢ be such a formula and let G be a m-generic filter for P such that
z = Upeq v(p). By assumption, the set {p € P: p IF o} is %0 . Hence, there is some p € G such
that either p IF ¢ or for every p’ < p, p’ I¥ ©. In the latter case, p IF =p. Moreover, since p € G and
T = UpeG v(p), there is a decreasing sequence (py, : k € w) of conditions in G such that py = p and
Ukew v(pr) = z. Therefore, x satisfies p and so either z IFp ¢ or x IFp —p. O

In set theory, the weak forcing relation is equivalent to the semantic forcing relation. The
following corollary shows that something similar is true for the weak forcing in computability
theory.

Corollary 4.1.17. Let k € w, let P be a Ag separative forcing notion, let n € w, and let m > k
such that for every ¥0 sentence ¢ in the language FL., the set {p € P:pl- o} is X0 let p € P,
and let o be a X0 or 110, sentence in the language FL.. Then p ky ¢ if and only if for every
m-generic real x for P which satisfies p, o(x) is true.

Proof. We start with the forward direction. Let z be an m-generic real for P which satisfies p.
We assume for a contradiction that ¢(x) is not true. By the Truth Lemma, z Ifp . We make a
case-distinction:

Case 1: ¢ is X, Then by Proposition 41.15] 2 IFp ~p. Let ¢ € P such that  satisfies ¢ and
q - —p. By (g) of Proposition 4.1.13} ¢ Iy, —¢.

Case 2: ¢ is I12. Let ¢ be the formula such that ¢ = —). By Proposition z lFp . Let
q € P such that x satisfies ¢ and ¢ I 1. By (f) of Proposition qlFw —.

In both cases, there is a ¢ € P such that z satisfies ¢ and ¢ Iy, —¢. By Lemma [4.1.9] p and ¢
are compatible. But this is a contradiction since p IFy, . Therefore, ¢(x) is true.

120



We prove the backward direction. Let p’ < p and let x be an m-generic real for IP which satisfies
p’. Then z satisfies p and so ¢(z) is true. By the Truth Lemma, = IFp ¢. Let ¢ € PP such that z
satisfies ¢ and ¢ I ¢. By Lemma p’ and q are compatible. Hence, there is a p” < p’ such
that p” IF ¢. Therefore, p IF =—p and so by (f) of Proposition plky . O

For Cohen forcing, the Truth Lemma says that for every n > 1, if x € 2* is Cohen n-generic,
then for every 39 and I19 sentence ¢ in the language FL., z IFp ¢ if and only if p(z) is true. It
is well-known that the converse is also true. In fact, it is even sometimes used as the definition of
n-genericity in the literature.

Proposition 4.1.18 (Jockusch). Let n > 1. The following are equivalent:
(a) A real x € 2% is Cohen n-generic,
(b) for every X0 and 11 sentence ¢ in the language F L., x IFp @ if and only if o(z) is true, and
(c) for every X0 sentence ¢ in the language FL., x IFp ¢ or x IFp —¢p.

Proof. By Proposition and the Truth Lemma, it is enough to show that (b) implies (a). Let
x € 2% such that for every 39 and IIY sentence ¢ in the language FL., z IFp ¢ if and only if p(x)
is true. Recall that x is Cohen n-generic if and only if G, := {s € C: s C z} is a Cohen n-generic
filter. It is clear that G, is a filter. So we only have to check that for every X0 set C' C P, G, either
meets C' or the set of conditions having no extension in C'. Let ¢ be the statement “there is some
s € C such that s C z” and let ¢ be the formula in the language FL. obtained by replacing x by
@ in . Then v is X9 and so ¢ is £0 as well. We make a case-distinction:

Case 1: p(z) is true. Then there is some s € C such that ¢ € C' and s C z. Hence, s € G, NC
and so G, meets C.

Case 2: o(z) is false. Then —(x) is true and so x IFp —¢. Let s € C such that s C z and
sk =, let s’ < s and let y € 2 be a Cohen n-generic real such that s’ C y. Then y IFp = and so
by the Truth Lemma, ¢(y) is false. Hence, s’ ¢ C and so s has no extension in C. Therefore, G,
meets the set conditions having no extension in C. 0

The proof of the direction from (b) to (a) in Proposition [4.1.18|does not work for general forcing
notions. However, we can modify it to prove a weaker version of the converse of the Truth Lemma.
For this, we need the following lemma.

Lemma 4.1.19. Let P be a forcing notion P and let p € P. Then there is a real x satisfying p such
that for every n € w and every X9 sentence ¢ in the language FL., x lkp ¢ or z IFp —¢p.

Proof. Let {py : k € w} be an enumeration of the set of all sentences in the language F L. which
are XV for some n € w. We recursively define a decreasing sequence (py : k € w) of conditions.
Let py := p. If py is already defined, let pr11 < pi such that ppy1 IF g or pri1 IF —pr and
Ih(v(pg+1)) > k. Such a condition exists by (¢) of Proposition and the fact that {¢ € P :
Ih(v(q)) > k} is dense. Then z := J,,, is a real and for every k € w, x satisfies py. Hence, x
satisfies p and for every k € w, z IFp ¢y, or x IFp —y. O

Note that Lemma [£.T.19] can also be proved by taking an w-generic real and then using Proposi-
tion and the Truth Lemma. However, this only works if the complexity of the forcing relation
is bounded, as in the statement of the Truth Lemma. The proof we gave has the advantage that
it does not need this additional assumption. Therefore, we can prove the following proposition
without any requirements on the complexity of the forcing relation.
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Proposition 4.1.20. Letn € w, let P be a A2 separative forcing notion such that the set {(y,p) : y
satisfies p} is 11O, let m > n, and let x be a real such that for every X2, and 112, sentence ¢ in the
language FL., x IFp ¢ if and only if p(x) is true. Then x is m-generic for P.

Proof. By Lemma it is enough to show that G, := {p € P : x satisfies p} is an m-generic filter
for P. We first show that for every X0, set of C C P, G, either meets C or the set of conditions that
have no extension in C. Let 1 be the statement “there is a p € P such that p € C and z satisfies
p”. Since the set {(y, p) : y satisfies p} is 119, 1 is E?LH. Let ¢ be the formula in the language F L.
obtained by replacing x by 4 in . Then ¢ is X% 11- We make a case-distinction:

Case 1: ¢(x) is true. Then there is some p € P such that p € C and x satisfies p. Hence,
p € G, NC and so G, meets C.

Case 2: ¢(x) is false. Then —p(z) is true and so x IFp —p. Let p € P such that x satisfies p and
plF =y and let ¢ < p. By Proposition [4.1.15 and Lemma there is a real y satisfying ¢ such
that y IFp ¢ if and only if —p(y) is true. Since g IF =@, ¢(y) is false. Hence, ¢ ¢ C and so p has
no extension in C. Therefore, G, meets the set conditions having no extension in C.

It remains to show that G, is a filter. For this, we can repeat the argument from the proof of
Lemma O

The Truth Lemma and Proposition [1.1.20] are not sufficient to prove a characterization for n-
generic reals as given in Proposition [f.1.1§| for Cohen forcing. However, we can use them to obtain
such a characterization for w-generic reals.

Corollary 4.1.21. Let n € w, let P be a 110 separative forcing notion such that the set {(x,p) : ©
satisfies p} is 11O and for every m € w, there is an m’ € w such that for every X0, sentence ¢ in
the language FL., the set {p € P : p I+ p} is X0,  and let x be a real. Then the following are
equivalent:

(a) x is w-generic for P,
(b) for every m € w and every X0, sentence ¢ in the language FL., x IFp o or z Ikp —p, and

(c) for every m € w and every 32, and 11, sentence ¢ in the language FL., x Itp ¢ if and only
if p(x) is true.

Proof. Follows directly from Propositions [£.1.15 and [£.1.20] and Lemma [£.1.16]. O

4.1.2 Computably arboreal forcing notions

In Section [£:2] we shall study computable versions of set theoretic forcing notions. More than
half of these forcing notions will be computable versions of arboreal forcing notions. To prepare
this, in this section we investigate arboreal forcing notions in computability theory. The goal is to
simplify the Truth Lemma (Lemma for these forcing notions. Recall that a forcing notion
P is arboreal if its conditions are perfect trees ordered by inclusion and for every T € P and every
t € T, there is some S < T such that t C stem(S). To obtain an arboreal forcing notion in
computability theory, we need to code trees as natural numbers. For cardinality reasons, it is clear
that we cannot code all trees as natural numbers. Therefore, we only consider trees which can be
coded as computable reals. We say that a tree on 2 (or w) is computable if its characteristic function
is computable. Strictly speaking, the characteristic function of a tree is not a real, but we can use
the canonical bijections to identify w with 2<% (or w<%). Then every computable tree is coded by
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a natural number, but this code is not unique. We call a forcing notion P computably arboreal if P
is an arboreal forcing notion, every T € P is computable, and for every T € P, v(T) = stem(T). As
usual, we identify computably arboreal forcing notions with the set of codes of their conditions and
so treat computable trees as natural numbers. Next, we prove some basic properties of computably
arboreal forcing notions. We start with a lemma about the complexity of the coding.

Lemma 4.1.22.
(a) The set of all perfect computable trees on 2 (or w) is I13.
(b) If T, T' are perfect computable trees, then the statement “T" C T 7 is T19.
(c) If T C 2<% is a perfect computable tree, then the statement “t = stem(T)” is A{.

(d) If T C w<¥ is a perfect computable tree, then the statement “t = stem(T)” is AY.

(e) Letn > 2 and let P be a computably arboreal forcing notion. If P as a set is 112, then P is a

Y forcing notion.

Proof. We start with proving (a). Let e € w. Then ®,. is the characteristic function of a perfect
computable tree on 2 if

(i) . is a total function with ran(®.) C 2,
(ii) for every t € 2<% and every t' C ¢, if ®.(¢)) = 1, then ®.(¢')] =1, and

(iii) for every t € 2<% if ®.(t)] = 1, then there is some ' € 2<“ such that ®.(¢'~0)] = 1 and
O (t°1)] = 1.

Therefore, the set of all perfect computable trees on 2 is I13. The proof for trees on w is analogous.
Next, we prove (b). Let e, f € w such that ®. and ®; are characteristic functions for perfect
computable trees T, and T, respectively. Then T, < T if and only if

VH(E0 (@0 (1)) = 1) = Yo (@, (1) £ 0)),

Hence, the statement “T, < T is I19.

Now we prove (c). Let e € w such that ®, is the characteristic function for a perfect computable
tree T, on 2 and let ¢ € 2<“. Then stem(T,) = t if and only if ¢ is splitting in 7, and for every
t’ which appears before t in the canonical enumeration of 2<%, ¢ C ¢ or t' ¢ T,. Since ®, is
computable, the statement “stem(7,.) = t” is AY.

Next, we prove (d). Let e € w such that ®, is the characteristic function for a perfect computable
tree T, on w and let ¢ € w<¥. Then stem(T,) = ¢ if and only if ¢ is splitting in T, and for every
t' € w<¥ ' Ctort ¢ T, The formeris £¢ and the latter is I19. Hence, the whole statement is
X}

Finally, (e) follows directly from (b) and (d). O

Recall that in set theory, for an arboreal forcing notion, a real z is P-generic if and only if
Gy = {T € P: x € [T]} is a P-generic filter. We show that the analogue is true for n-generic
reals for computably arboreal forcing notions. To do this, we first prove that computably arboreal
forcing notions are separative.

Lemma 4.1.23. Every computably arboreal forcing notion is separative.
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Proof. Let P be a computably arboreal forcing notion and let S,T € P such that S £ T. Then
there is an s € S\ T. Since P is arboreal, there is some S’ < S such that s C stem(S’). Let T/ < T
such that lh(stem(S’)) < lh(stem(7”)). Then s ¢ T” and so stem(S’) ¢ stem(T”). Therefore, P is
separative. O

Now let n € w, let P be a A% computably arboreal forcing notions, and let z be a real. By
Lemma for every m > n, x is m-generic for P if and only if G, := {T € P : z satisfies T'} is
an m-generic filter for P. Note that = satisfies T if and only if « € [T]. Hence, for every m > n,
is m-generic for P if and only if G, := {T' € P: x € [T} is an m-generic filter for P. We can even
improve this to m > n.

Lemma 4.1.24. Letn > 2, let P be a AY computably arboreal forcing notions, and let x be a real.
Then for every m > n, x is m-generic for P if and only if G, :={T € P: x € [T]} is an m-generic
filter for P.

Proof. The backward direction follows directly from Proposition [{.1.8] We prove the forward
direction. Let x be an m-generic real for P and let G be an m-generic filter for P such that
= Jpeqstem(T). We show that G = G,. Let T € G. Since z = Jg; stem(S), x € [T] and so
T € G,. Conversely, let T € G,. We define

C:={S eP:stem(S) ¢ T}.

Then C is X2 and so there is an S € G such that S € C or S has no extension in C. The former is
not possible since x € [S] N [T]. Hence, S has no extension in C' and so S < T'. Therefore, T € G
and so G = G,. O

In the rest of this section, we simplify the Truth Lemma (Lemma for computably arboreal
forcing notions. Since all the computably arboreal forcing notions we shall study in Section are
119, we focus on II3 computably arboreal forcing notions. First, we compute the complexity of the
forcing relation.

Lemma 4.1.25. Let P be a 113 computably arboreal forcing notion on the Cantor space, let T € PP,
and let ¢ be an arithmetical sentence in the language FL..

(a) If @ is bounded, then the statement “T |- @7 is AY.

(b) If ¢ is X9, then the statement “T I+ o7 is 9.

(c) If ¢ is 11V, then the statement “T I+ 7 is IIY.

(d) If ¢ is 33, then the statement “T I+ @7 is 9.

(e) If n > 2 and ¢ is 113, then the statement “T'IF ¢ is TI9 ;.
(f) If n > 2 and ¢ is X9, then the statement “T' |- ¢ 7 is X0 _ ;.

Proof. We start with proving (a). Since ¢ is bounded, there is a k € w such that for every x € 2%,
the truth value of p(z) only depends on z[k. Hence, T IF ¢ if and only if for every ¢ € T with
Ih(t) =k, p(t™(0 : n € w)) is true. Moreover, this k can be found computably and so whether
T IF ¢ can be checked computably as well. Therefore, the statement “7T" I ¢” is AY.
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Item (b) follows directly from the first. Next, we prove (c). Let 9 be the bounded sentence 1
in the language FL. such that ¢ = =3nip(n). By definition, T I+ ¢ if and only if for every S < T,
S I Inyp(n). If there is an S < T such that S IF Iny(n), then there is some n € w such that
S Ik 9(n). Since ¥ (1) is bounded, there is a k € w such that for every x € 2%, the truth value of
¥(z,n) only depends on z[k. Let s € S such that Ih(s) =k and let 77 :={t € T : t C sV s C t}.
Then 77 < T and for every x € [I], ¥(x,n) is true. Hence, T Ik ¢(n) and so T" IF Iny(n).
Therefore, T I ¢ if and only if for every s € T, {t € T : t C sV s C t} I Inip(n). By (b), the latter
is 119,

Item (d) follows directly from (c). Finally, we prove (e) and (f) simultaneously by induction on
@. If  is T19, then there is a X9 sentence 1) in the language F L. such that ¢ = —¢). By definition,
T I+ ¢ if and only if for every S < T, S I v). Since P is Iy the statement “S < T is 11 and by
(d), the statement “S | ¢ is 1. Hence, the whole statement is I13. The case ¢ is X0 with n > 2
follows directly from the induction hypothesis. If ¢ is IIY with n > 2, then there is a ¥0 sentence
1 in the language FL. such that ¢ = —1). By definition, T' IF ¢ if and only if for every S < T,
S I 1. Hence by the induction hypothesis, the statement “T" I ¢” is H?H_l. O

Note that the proof of (a) of Lemma does not work for computably arboreal forcing
notions on the Baire space. This is principally because there are bounded sentences ¢ such that
there is no k € w such that for every z € w®, the truth value of ¢(z) only depends on z[k. An
example of such a sentence is ¢ := Vn < #(0)(2(n) = 0) since for every x € w*, the truth value of
©(z) depends on z[x(0). Nevertheless, we can show that (e) and (f) of Lemma are also true
for computably arboreal forcing notions on the Baire space.

Lemma 4.1.26. Let P be a 119 computably arboreal forcing notion on the Baire space, let T € P,
and let ¢ be an arithmetical sentence in the language FL..

(a) If ¢ is bounded, then the statement “T I 7 is IIY.

(b) If © is £, then the statement “T I ¢ ” is 9.

(c) If @ is TIY, then the statement “T I 7 is T19.

(d) If n > 2 and ¢ is Y, then the statement “T IF o7 is 29 ;.
(e) If n > 2 and ¢ is II)), then the statement “T'IF ¢ is II9 ;.

Proof. We start with proving (a). Since ¢ is bounded, for every x € 2“, there is a k € w such that
the truth value of ¢(z) only depends on z[k. Hence, T I ¢ if and only if for every ¢t € T, if ¢ has
enough information to answer ¢, then ¢(¢t~(0 : n € w)) is true. Since it can be checked computably
whether some t € T has enough information to answer ¢, the statement “T I ™ is TI9.

Item (b) follows directly from (a). Now we prove (c). Let ¢ be the bounded sentence % in
the language FL. such that ¢ = =3ny(n). By definition, T IF ¢ if and only if for every S < T,
S IF Inap(n). If there is an S < T such that S |- Iny(n), then there is some n € w such that
S Ik 4(n). Let « € [S]. Then ¢(z,7) is true. Since ¢ (1) is bounded, there is a k € w such that the
truth value of ¢(x) only depends on xlk. Let T' :={t € T : t C x|k V alk Ct}. Then T' < T and
for every y € [T'], ¥ (y,n) is true. Hence, T IF ¢)(n2) and so T” I Inyp(n). Therefore, T I ¢ if and
only if for every s € T, {t € T : t C sV s C t} I Inyp(n). By (b), the latter is II3.

Finally, we prove (d) and (e) simultaneously by induction on . The cases ¢ is 39 and ¢ is
Y0 with n > 2 follow directly from (c) and the induction hypothesis, respectively. If o is 12 with
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n > 2, then there is a X0 sentence 1 in the language F L. such that ¢ = ). By definition, T I ¢
if and only if for every S < T, S | ¥. Hence by the induction hypothesis, the statement “T" I~ ¢”
is 19 ;. O

Now we can use Lemmas [4.1.25| and |4.1.26] to simplify the Truth Lemma (Lemma [4.1.16) for
1 computably arboreal forcing notions. Moreover, can use Lemma [4.1.24] to improve Proposition

[41:20 and Corollary [£.1.17

Corollary 4.1.27. Let P be a I3 computably arboreal forcing notion.

(a) If n > 2 and x is an (n + 1)-generic real for P, then for every ¥° and 119 sentence o in the
language FL., z IFp ¢ if and only if p(x) is true.

(b) If n > 3 and x is a real such that for every X0 and 11 sentence ¢ in the language FL.,
x lkp o if and only if o(x) is true, then x is n-generic for P.

(c) Ifn>2,T€eP, and p is a X0 or IV sentence in the language FL., then T Iy ¢ if and only
if for every (n+ 1)-generic real x for P, ¢(x) is true.

Proof. Ttem (a) follows directly from the Truth Lemma (Lemma [4.1.16) and Lemmas [4.1.25 and
4.1.26] The proofs of (b) and (c) are similar to the proofs of Proposition [4.1.20]and Corollary [4.1.17]
respectively, but instead of Lemma [£.1.9] we use Lemma [£.1.24] O

4.2 Separating generic reals for computable versions of set-
theoretic forcing notions

4.2.1 The situation in set theory

Throughout Section [4.2] we investigate the relationships between n-generic reals for Cohen forcing
and computable versions of Hechler, Laver, Mathias, Miller, Sacks, and Silver forcing, and compare
the results to set theory. In preparation, this section outlines the relationships between these
forcing notions in set theory. Table summarizes the situation in set theory. An x indicates
that the forcing notion listed above the column does not add a real listed in the row and a v/
indicates that the forcing notion always adds such a real. Note that we have already talked about
the relationships between these forcing notions in Chapter 2] However, since we talked about
their regularity properties there, we compared their quasi-generic reals and not their generic reals.
This makes a big difference for Laver, Miller, Sacks, and Silver forcing, because their quasi-generic
and generic reals do not coincide. If we compare Table with Figure there are a several
differences. For example, Cohen forcing does not add Miller reals, but it adds quasi-generic reals
for Miller forcing (unbounded reals). So we have that Al(C) implies Al(M), even though Cohen
forcing does not add Miller reals.

In the following, we briefly discuss why a forcing notion from Table does or does not add
generic reals for the other forcing notions. We start with Sacks forcing. Sacks forcing does not
add dominating, unbounded, or splitting reals (cf. [Hall7, Lemmas 23.2 & 23.3]). Since every other
forcing notion in Table [I.I] adds unbounded or splitting reals, Sacks forcing does not add generic
reals for these forcing notions. Moreover, Sacks showed in [Sac71] that Sacks reals are minimal, i.e.,
if x € 2 is a Sacks real, then for every real y € V[z], y € V or z € V[y].
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Cohen real
Hechler real
Laver real
Miller real
Mathias real
Sacks real
Silver real
dominating real
unbounded real
splitting real

NAX X X X X X x |6
NNAX X X XX NN|S
NN AU X X X X X X
X N X X X X N X X X
NN X X N X X X %
X X X X N X X X X X
A X X NUX X X X X X

Table 4.1: Relationships between Cohen, Hechler, Laver, Mathias, Miller, Sacks, and Silver forcing
in set theory

Next, we consider Silver forcing. Silver forcing adds splitting reals, but no dominating or
unbounded reals (cf. [Hall7, Lemmas 22.2 & 22.3]). Hence, Silver forcing does not add Cohen,
Hechler, Laver, Mathias, or Miller reals. Moreover, Silver reals are minimal (cf. [Gri71, Corollary
5.5]). Thus, Silver forcing does not add Sacks reals, because otherwise there would be a Sacks real
x such that V[z] contains a Silver real, and this is not possible.

Now we consider Miller forcing. Miller forcing adds unbounded reals, but no dominating or
splitting reals (cf. [Hall7, Lemmas 25.2 & 25.3]). Hence, Miller forcing does not add Cohen,
Hechler, Laver, Mathias, or Silver reals. Moreover, Miller proved in [Mil84] that Miller reals are
minimal. Thus, by a similar argument as for Silver forcing, Miller forcing does not add Sacks reals.

Next, we consider Cohen forcing. Cohen forcing adds unbounded and splitting reals, but no
dominating reals (cf. [Hall7, Lemmas 22.1, 22.2, & 22.3]). Hence, Cohen forcing does not add
Hechler, Laver, or Mathias reals. Moreover, Cohen reals are not minimal (cf. [Hall7, Related
results 114]) and if x is a Cohen real, then for every real y € V[z], y € V or V[y] contains a Cohen
real (cf. [Sam76, Lemma 1.9]). Thus, Cohen forcing does not minimal reals. So in particular, Cohen
forcing does not add Miller, Sacks, or Silver reals.

Now we consider Laver forcing. Laver forcing adds dominating, unbounded, and splitting reals
(cf. [BJ95, Lemma 7.3.28]). Moreover, Gray showed in [Gra80| that Laver reals are minimal. Hence,
Laver forcing does not add Cohen, Miller, Sacks, or Silver reals. Since Hechler forcing adds Cohen
reals, Laver forcing does not add Hechler reals. Furthermore, Laver forcing does not add Mathias
reals because they are not minimal (cf. [Mat77, Corollary 8.3]).

Next, we consider Mathias forcing. Mathias forcing adds dominating, unbounded, and splitting
reals (cf. [Hall7, Lemma 26.1]), but no Cohen reals (cf. [Hall7, Corollary 26.8]). Hence, Mathias
forcing does not add Hechler reals. Moreover, Mathias forcing does not add minimal reals (cf. [Hall7,
Lemma 26.10 & Related result 152] and |Gro87, Theorem 5]). Thus, Mathias forcing does not add
Laver, Miller, Sacks, or Silver reals.

Finally, we consider Hechler forcing. Hechler forcing adds dominating, unbounded, and splitting
reals (cf. [JecO3l p. 278]). Moreover, Palumbo showed in [Pall3] that if © € w* is a Hechler real,
then for every real y € V]z], y € V or V[y] contains a Cohen real. Hence, Hechler forcing adds
Cohen reals, but no Laver, Mathias, Miller, Sacks, or Silver reals.
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4.2.2 Dominating, unbounded, and splitting reals in computability the-
ory

We have seen in Section that dominating, unbounded, and splitting reals are quite useful
for checking whether a forcing notion adds generic reals for another forcing notion. For example,
Cohen forcing adds unbounded and splitting reals and Sacks forcing does not (cf. Table , and
so Sacks forcing does not add Cohen reals. In the following sections, we shall use similar arguments
to separate n-generic reals from each other. However, we cannot use reals that are dominating,
unbounded, or splitting for all reals for these arguments, because such reals do not exist in V.
Instead, we use reals that are dominating, unbounded, or splitting for %9 reals. To prepare this,
in this section we study these kinds of dominating, unbounded, and splitting reals. We show that
they behave similarly to dominating, unbounded, and splitting reals, except that each real which
is not dominated by any ¥ real computes a real which splits all X0 reals.

Definition 4.2.1. Let n > 1.
(a) We say that a real f € w® is n-dominating if f dominates every g € w* which is 2.
(b) We say that a real f € w* is n-unbounded if there is no g € w* which is ¥ and dominates f.
(c) We say that a real A € [w]* is n-splitting if A splits every B € [w]* which is 9.

Note that 1-splitting reals are also known under a different name in computability theory. An
infinite set is called immune if it contain no X9 set and it is called bi-immune if both it and its
complement are immune. One can show that a real is 1-splitting if and only if it is bi-immune.
This even generalizes to arbitrary n > 1.

Proposition 4.2.2 (Folklore). Let A € [w]¥ and let n > 1. The following are equivalent:
(a) A is n-splitting,
(b) A splits all infinite AV sets,
(¢) A and its complement do not contain an infinite AO set, and
(d) A and its complement do not contain an infinite X9 set.

Proof. The direction from (a) to (b) is clear. We prove the direction from (b) to (c). Let B € [w]*
be a A set. Since A splits B, BN A and B\ A are infinite. Hence, A and its complement do not
contain B.

Next, we prove the direction from (c) to (d). It is enough to show that every infinite ¥0 set
contains an infinite A? set. Let B € [w]” be a XU set. Then B is computably enumerable in ("1,
Hence, B the range of a total function f € w® which is computable in §*~1. We define

C = {f(k): k € wand VK < k(f(K') < f(k))}.

Then C C ran(f) = B and C is computable in §*~Y. Hence, C is AY. Tt remains to check that
C is infinite. We suppose for a contradiction that C' is finite. Let m be the maximal element in
C. Since ran(f) is infinite, there is a least k € w such that f(k) > m. Then for every k' < k,
f(K') <m < f(k) and so f(k) € C. But this is a contradiction and so C is infinite.
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Finally, we prove the direction from (d) to (a). Let B € [w]* be a X0 set. We have to show
that for every k € w, there are m,m’ > k such that m € BN A and m’ € B\ A. Let k € w and
let By := {m € B : m > k}. Then By is . Hence, neither A nor its complement contain By.
Therefore, there are m, m’ > k such that m € BN AC BN Aand m' € B\ AC B\ A. O

By Proposition [£:2.2] for every n > 1, a real is n-splitting if and only if it splits every infinite
AY set. The analogue is also true for n-dominating and n-unbounded reals.

Proposition 4.2.3 (Folklore). Let f € w® and let n > 1. Then
(a) f is n-dominating if and only if f dominates every g € w* which is A%, and
(b) f is n-unbounded if and only if there is no g € w* which is AY and dominates f.

Proof. Tt is enough to show that for every increasing g € w* real which is X0, there is some ¢’ € w®
such that ¢’ is AY and for every k € w, g(k) < ¢'(k). Since g is X2, ran(g) is X% as well. We

have already seen in the proof of Proposition that there is an infinite A% set A C ran(g).
Let ¢’ € w* be the real enumerating A in ascending order. Then ¢’ is AY and for every k € w,

g(k) < g(k). Cl

Like 1-splitting reals, 1-unbounded reals are also closely connected to a well-known concept in
computability theory. An infinite set A € [w]“ is called hyperimmune if p4 is not dominated by a
computable real, where p4 is the function enumerating A in ascending order. By Proposition [4:2.3]
A is hyperimmune if and only if p4 is 1-unbounded. Moreover, 1-dominating reals can be used to
characterize high sets. A set A € [w]* is called high if A" >1 ()"”. Martin proved in [Mar66] the
following characterization of high sets.

Theorem 4.2.4 (Martin). A set is high if and only if it computes a 1-dominating real.
Proof. Cf., e.g., [Soal6l Theorem 4.5.6]. O

It is clear that every n-dominating real is n-unbounded. Hence, every high set computes a
hyperimmune set. Moreover, Jockusch proved in [Joc69] that every hyperimmune set computes a
bi-immune set. So in particular, every l-unbounded real computes a 1-splitting real. This might
be surprising since the analogous result is not true for unbounded and splitting reals. Indeed, it
is well-known that the existence of unbounded reals does not imply the existence splitting reals.
For example, Miller forcing adds unbounded reals, but does not add splitting reals (cf. Table .
Jockusch’s result can even be generalized to n-unbounded and n-splitting reals. To prove this, we
approximate ("1 by computable sets. Let A C w be a set of natural numbers. We define the
approximation of the jump of A with o € w steps as A’[0] := {e < o : ®2_(e)]}. Then A'[s] is a
computable set for every o € w and for every k € w, there is a o € w such that A'Nk = A’[o]Nk. We

can iterate this to approximate the nth jump of A. For n > 1 and oy, ...,0,_1 € w, wWe recursively
define

AM) [00y .. yOn_1] = (A(”_l) [00y .-y 0n—2]) [on_1].
Then A™[oy,...,0,_1] is a computable set for every n > 1 and oy, ...,0,_1 € w. Moreover, we
can show that if 0g,...,0,_1 € w are chosen correctly, then A(") [00,...,0n—1] approximates the

nth jump of A.
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Lemma 4.2.5 (Folklore). Let A C w be a set of natural numbers and let n > 1. Then for
every k € w, there are oo, ...,0n_1 € w such that for every m < n, om € By, and A Nk =
AM[og, ... 00 1] Nk.

Proof. We prove the lemma by induction on n. It is clear for n = 1. Let n > 1 such that the
induction hypothesis holds and let ¥ € w. Then there is some o € w such that for every ¢/ > o
and every e < k, (I);“("> (e) converges if and only if q)éi:) (e) converges. Since B, is infinite, there is
some o, € B, such that o, > ¢. By induction hypothesis, there are og,...,0,-1 € w such that
A Ng, = Aoy, ..., 0,_1] N oy, and for every m < n, o,, € By,. Let s € 2<% be such that for
every m < o, s(m) = 1 if and only if m € A, Then for every e < k,

21" (e) = B ()} — B2, (e)) = DL (o)l

e e,0n €,0n €,0n
Therefore, A"+t Nk = A+ (gq, ..., 0,] N k. O
Proposition 4.2.6. Let n > 1. Every n-unbounded real computes an n-splitting real.

Proof. Let f € w* be n-unbounded. Without loss of generality, we can assume that f is strictly
increasing. By Proposition it is enough to show that there is an A € [w]* such that A <t f and
A and its complement do not contain an infinite A? set. We fix a recursive bijection g : w — w™ 1.
For every k € w, let g(k) = (ok, : m < n — 1) and let

m *

) ifn=1,
Bkiz{ k

¢(n=1) [gg, ..., 00 _5] otherwise.

We recursively define a sequence ((I,O,) : € € w). Let Iy := 0 and Op := 0. If (I, O,) is already
defined, then we recursively define a sequence ((I¥,,,0% ;) : k < f(e+1)+1). Let I?,; := I. and
0%, :=O,. If (I} 1,0k, ) is already defined, then we check whether

{m=>e: @fgﬁ_l(m)i =13\ (I5 VOL)

contains at least two elements. If this is the case, then let m be the smallest such element and
m’ the second smallest, and define Iffrrll = IF , U{m} and OF , := OF , U {m'}. Otherwise, we
do nothing and set I"1! := IF , and orrl .= OF,,. Finally, we define .41 := 17T and

e+1 e e+1 e+1
e+1)+1
Oe+1 = Ogip;_ )+ .
Let A:=J.c, Ic. Then A <t f and so it remains to show that neither A nor its complement
contain a A% set. Let C' € [w]* be AY. Then C' is computable in $(*~1) and so there is a strictly

(n—1

increasing € w* such that z <t §(*=1 and for every e € w, @g(e) " is the characteristic function
of C. Let h € w* be such that for every e € w, h(e) is the least natural number such that there is
M) «m < h(e) with

some o, ]

(a) {k:z(e) <k <m}nC|>2x(e)?,

(b)y Cnm={k<m: @m(nfl)h(e) (k) =1}, and

w(e),o""

(C) PN Nm = Bh(e) nm.
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Note that h exists by Lemma Moreover, h <t §"~1) and so h is A%. Let f' := fo .
Then f’ is n-unbounded and so there is some e > 0 such that h(e) < f’(e). Let m € w such that

UZ(_E{ < m < h(e) and (a), (b), and (c) hold. Then

{k>a(e) : @7 (m)l =1} Nm={k:z(e) <k <m}nC

o)
and [{k: z(e) <k <m}NC| > 2z(e)?. Hence,

B (e h(e)— h(e)—
(k> a(e) - @750 (m)L = 11\ (5~ U 0L ™)

n—

contains at least two elements and so I ()41 NC # 0 and Og(e)11 NC # 0. Since AN Oy(ey41 = 0,
both A and its complement meet C. O

The converse of Proposition [£.2.6] is not true. We shall see in Section [£.2.4] that there are reals
which compute an n-splitting real, but do not compute n-unbounded reals (cf. Propositions
and . Moreover, there are reals which compute n-unbounded reals, but do not compute
n-dominating reals. To show this, we consider Cohen n-generic reals. It is well-known in set theory
that Cohen forcing adds unbounded and splitting reals, but no dominating reals (cf. Table .
The analogue is true for Cohen n-generic reals. Jockusch proved in [Joc80, Lemma 2.6] that no
Cohen 2-generic real computes a real which dominates all computable reals and Kurtz showed
in [Kur83|, Corollary 2.7] that every Cohen n-generic reals computes an n-unbounded real.

Proposition 4.2.7 (Jockusch). No Cohen 2-generic real computes a 1-dominating real.

Proposition 4.2.8 (Kurtz). Let n > 1. Ewvery Cohen n-generic real computes an n-unbounded
real.

Corollary 4.2.9. Letn > 1. Every Cohen n-generic real computes an n-unbounded real.

Proof. Follows directly from Propositions [£.2.6] and [£:2.8] O

Therefore, the relationship between n-dominating, n-unbounded, and n-splitting reals is similar
to that between dominating, unbounded, and splitting reals, except that n-unbounded reals compute
n-splitting reals.

4.2.3 Cohen, computable Mathias and computable Sacks forcing

In this section, we investigate the relationship between n-generic reals for Cohen, computable
Mathias, and computable Sacks forcing. Recall that in set theory Cohen, Mathias, and Sacks
forcing do not add generic reals for any of the other two (cf. Table . However, the analogue does
not hold in computability theory. Cholak, Dzhafarov, Hirst, and Slaman showed in [CDHS14] that
for every n > 3, every n-generic real for computable Mathias forcing computes a Cohen n-generic
real. Otherwise the situation is similar to set theory, except that it is not known whether n-generic
reals for computable Mathias forcing can compute n-generic reals for computable Sacks forcing.
Table [£.2] summarizes this; an x indicates that no n-generic real listed above the column computes
a real listed in the row, a v indicates that every n-generic real listed above the column computes
a real listed in the row, and a ? indicates that it is not known. In the following, we give a brief
introduction to computable Mathias and computable Sacks forcing and discuss the presented results
in Table It should be noted that all results in this section are not new and were known before
this work. We start with the definition of computable Mathias forcing.
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C n-gen. R n-gen. S; n-gen.

C n-gen. v v X
R; n-gen. X v X
Sc n-gen. X ? v
1-dom. X v X
2-dom. X X X
n-unb. v v X
n-split. v v X

Table 4.2: Relationships between Cohen, Mathias, and Sacks n-generic reals for n > 4

Definition 4.2.10. Computable Mathias forcing, denoted by R, is the partial order of all pairs
(F,E) € [w]<¥ x [w]¥ such that E is computable and min(F) < max(E) ordered by

(F',E"Y<(F,F) < F'Nn(max(F)+1)=F, E' CE,and F'\F C F'.

and with valuation function v : R, — 2<% defined by v(F,E) := s, where s € 2<% such that
Ih(s) = min(E) and for every n < lh(s), n € F' if and only if s(n) = 1.

Computable Mathias forcing is a II9 forcing notion (cf. [CDHS14, Section 2]). As for Cohen
forcing, we write “Mathias n-generic” instead of “n-generic for R.”. Note that every Mathias n-
generic real x € 2% is the characteristic function of an infinite set of natural numbers A. Let G
be the Mathias n-generic filter corresponding to z. Then A = |J{F : E((F,FE) € G)} and for
every (FFE) € G, F C G C FUE. In practice, it is often more convenient to work with A
instead of . We say that an infinite set of natural numbers is Mathias n-generic if its characteristic
function is Mathias n-generic. It is well-known that if A € [w]* is Mathias 3-generic, then A is high
(cf. [BKHLSO06, Corollary 6.7]) and so by Theorem [4.2.4] every Mathias 3-generic real computes a 1-
dominating real. Recall that by Proposition[d:2.7, no Cohen 2-generic real computes a 1-dominating
real. Hence, no Cohen 2-generic real computes a Mathias 3-generic real. Cholak, Dzhafarov, Hirst,
and Slaman even showed in [CDHS14], Corollary 5.1] that also no Cohen 1-generic real computes a
Mathias 3-generic real.

Corollary 4.2.11 (Cholak-Dzhafarov-Hirst-Slaman). No Cohen 1-generic real computes a Mathias
3-generic real.

As mentioned before, Cholak, Dzhafarov, Hirst, and Slaman also showed in [CDHS14] Theorem
5.2] that for every n > 3, every Mathias n-generic real computes a Cohen n-generic real.

Theorem 4.2.12 (Cholak-Dzhafarov-Hirst-Slaman). Let n > 3. FEvery Mathias n-generic real
computes a Cohen n-generic real.

In Section we shall generalize Theorem to show that every n-generic real for a
computable version of Laver forcing computes a Cohen n-generic real. Note that, like Mathias
forcing, in set theory Laver forcing does not add Cohen reals (cf. Table . Hence, Mathias
forcing is not the only forcing notion whose relationship to Cohen forcing is different in set theory
and computability theory.

Recall that in set theory Mathias forcing adds dominating reals (cf. Table |4.1). Indeed, if
A € [w]¥ is R-generic over V, then the function enumerating A in ascending order is dominating
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over V. The rough idea is that for every x € w* NV and every (F,E) € R, we can thin out F
until the function enumerating F'U E in ascending order dominates x. So one might expect that
every Mathias n-generic real computes an n-dominating real. In fact, one can use the argument
from set theory to show that every Mathias 3-generic real computes a 1-dominating reals. However,
it does not work for Mathias 3-generic reals and 2-dominating reals, because if x € w* is A and
1-unbounded, then there is no condition (F, E) € R. such that the function enumerating F'U E
in ascending order dominates z. One can even show that no Mathias 3-generic computes a 2-
dominating real. To show this, we consider another result of Cholak, Dzhafarov, Hirst, and Slaman
from |[CDHS14]. They proved that no Mathias 3-generic real computes ('. Now it is enough to
prove that every 2-dominating real computes (.

Lemma 4.2.13 (Folklore). Let n > 1. Every (n + 1)-dominating real computes (™).

Proof. Let f € w* be (n+ 1)-dominating and let g € w* be defined by

min{o : fbg(;_l) (e)} ifeec ™,
g(e) = ’ .
0 otherwise.
Then ¢ is computable in (™) and so g is 0 .1. Since f is (n + 1)-dominating, f dominates g.
Hence, there is some k € w such that for every e € w, g(e) < f(e). Without loss of generality, we

(n—

. . )
can assume that for every e € w, g(e) < f(e). Then e € (™) if and only if & F(ey (€) converges.
Therefore, f computes §(). O

Corollary 4.2.14. No Mathias 3-generic real computes a 2-dominating real.

Proof. Follows directly from Lemmal[£.2.13]and the fact that Mathias 3-generic reals cannot compute
0. O

Next, we consider computable Sacks forcing. Note that when Sacks introduced Sacks forcing
in [Sac71], he studied Sacks forcing not only in the context of set theory, but also in the context
of computability theory. Since then, Sacks forcing is one of the better known forcing notions in
computability theory. For more details on Sacks forcing in computability theory, we refer the reader
to |Odi83].

Definition 4.2.15. Computable Sacks forcing, denoted by S, is the partial order of all computable
perfect trees on 2 ordered by inclusion and equipped with stem(7’) as the valuation function.

It is clear that computable Sacks forcing is a computably arboreal forcing notion. By Lemma
it is a I1Y computably arboreal forcing notion. As usual, we write “Sacks n-generic” instead
of “n-generic for S.”. To compare Sacks n-generic reals to Cohen and Mathias n-generic reals,
we first investigate whether Sacks n-generic reals can compute n-dominating, n-unbounded, or n-
splitting reals. Recall that in set theory, Sacks forcing does not add dominating, unbounded, or
splitting reals. The analogue is true for Sacks n-generic reals. In fact, one can translate the proofs
from set theory into computability theory.

Proposition 4.2.16. No Sacks 4-generic real computes a 2-splitting real.
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Proof. Let x € 2¢ be 3-Sacks generic and let A € [w]* be computable in z. Then there is an e € w
such that ®7 is the characteristic function of A. Let 1) be the statement “®Z is a total function
with ran(®%) C 27 Then v is I19. Let ¢ be the formula in the language F L. obtained by replacing
x by @ and e by & in ). Then ¢ is a II9 sentence and ¢(z) is true. By Corollary z ks, p.
Hence, there is some T' € S, such that x € [T] and T' I+ ¢. We define

Dy :={S €S, : VkIn > k(S Ik, ®%(n) #0)},
Dy :={S €S, :VkIn > k(S Ik, ®%(n) # 1)}, and
D Z:DO U Dl.

For every S € S, and every I1{ sentence in the language FL., the statement “S I, 1" is II{. Hence,
D is T1J. By Lemmafi.1.24] G, := {S € S. : @ € [S]} is a Sacks 4-generic filter and so there is some
S € G, such either S € D or S has no extension in D. Without loss of generality, we can assume
that S < T. We suppose for a contradiction that S has no extension in D. Then in particular, S
has no extension in Dy. We recursively define a decreasing sequence (Si : k € w) of conditions.
Let S := S. If Sy is already defined, then let {s,, : m < 2*} be the set of the (k + 1)st splitting
notes of S, let m < 2%, and let i < 2. Since S has no extension in Dy, 5" 1= {s € Sy : s C s, or
Sm ™t C s} is not in Dy. Hence, there is some n > k such that S,:”’i v ®%(n) # 0. By Corollary
4.1.27) there is some Sacks 3-generic real y € [S,T’i] such that ®¥(n) = 0. Thus, there is some
s € S,T’i such that there is some n < lh(s) such that n > k and PF () (1) = 0. Let st € S;"’i be
minimal in the canonical enumeration with that property. We define

Spi1:={s€ Sy :IMm< 2" <2(s C sl Vs, Cs)}

Let S" := e, Sk- Then s € S” if and only if s € Sy(5)41. Hence, S is computable and so S” € S.
Moreover, for every k € w, there is some n € w such that for every y € [Sk+1], ®Y(n) = 0. By
Corollary Skt+1 Fw <I>(”j(n) # 1. Hence, for every k € w, there is some n € w such that
S by ®%(n) # 1 and so S’ € D;. But this is a contradiction. Therefore, S € D.

Let Ag:={n €w:Slky ®%(n) #0} and 4; :={n € w: S Iy, ®%(n) # 1}. Then Ag and Ay
are I1Y. Since S € D, at least Ag or A; is infinite. Without loss of generality, we can assume that
Ay is infinite. Let n € Ay. By Corollary ®Z(n) # 0. Hence, ®¥(n)) = 1 and so Ay C A.
Therefore, A does not split Ag. O

Thus, by Corollary £:2.9] every Cohen 2-generic real computes a 2-splitting real. Hence, no
Sacks 4-generic real can compute a Cohen 2-generic real. By Theorem no Sacks 4-generic
real can compute a Mathias 3-generic real. We can even improve this by looking at n-unbounded
reals.

Proposition 4.2.17 (Folklore). No Sacks 3-generic real computes a 1-unbounded real.

Proof. Let x € 2“ be Sacks 3-generic and let f € w* be computable in z. Then there is an e € w
such that f = ®%. Let 1 be the statement “®% is a total function”. Then ¢ is I13. Let ¢ be the
formula in the language F L. obtained by replacing x by 4 and e by ¢ in 9. Then ¢ is a II3 sentence
and ¢(z) is true. By Corollary z IFs, . Hence, there is some T € S such that = € [T] and
TIF . Let

D := {5 €S : ¥n3tWs € SN 2°(®S o (n) 1)}
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Then D is I13. We show that D is dense below T. Let S < T. We recursively define a decreasing
sequence (S, : n € w) of conditions. Let Sy := S. If S, is already defined, then let {s,, : m < 2™} be
the set of the (n + 1)st splitting notes of S,,, let m < 27, let i < 2, and let S :={s € S, : s C s,
or 8,70 C s}. Since ST < T, Sm™ |k . Let y € [S™] be Sacks 3-generic. By Corollary
©(y) is true and so ®¥(n) converges. Hence, there is some s € ST such that D 11,5 (1) converges.
Let s° € 8™ be minimal in the canonical enumeration with that property. We define

Spi1:={s€8,:Im<2"Ii <2(sC s, Vs Cs)}

Then S’ := ﬂnew S, € S¢ and for every n € w, there is some k € w such that for every s € Sy, N2F,
P2 1h(s) (n) converges. Hence, S’ € D and so D is dense below T'. Since x is Sacks 3-generic, there is

some S € D such that x € [S]. For every n € w, let ¢,, € w be minimal such that for all s € SN 2%,
o2 1h(s)(n)¢ < {,. Let g € w* be defined by g(n) := £,. Then g is computable and for every n € w,
f(n) <g(n). O

Corollary 4.2.18. No Sacks 3-generic real computes a Cohen 1-generic real or a Mathias 3-generic
real.

Proof. Follows directly from Propositions and and Theorem O

Next, we investigate whether Cohen n-generic reals can compute Sacks n-generic reals. Recall
that in set theory, Cohen forcing does not add Sacks reals (cf. Table . To show this, we have
used the fact that if « is Cohen real, then for every real y € V[z]\ V, y € V or V[y] contains a
Cohen real. Martin showed that something similar is also true for Cohen n-generic reals.

Theorem 4.2.19 (Martin). Let n > 2, let x € 2* be Cohen n-generic, and let y € w* such that
0 <7y <t x. Then there is some z <1 y which is Cohen n-generic.

Proof. Cf. |[Joc80, Theorem 4.1]. O

Note that by Theorem [£.2.19] a Cohen 2-generic real 2 € 2“ can only compute a real y € w* if
y already computes a Cohen 2-generic real. We can use this to show that no Cohen 2-generic real
computes Sacks 3-generic real.

Corollary 4.2.20. No Cohen 2-generic real computes a Sacks 3-generic real.

Proof. Let x € 2% be Cohen 2-generic. We suppose for a contradiction that there is a Sacks 3-generic
real y <t z. By Corollary [£.2.18] y <t = and by Theorem [£.:2.19] there is a Cohen 2-generic real
z <t y. But this contradicts Corollary [4.2.18] Therefore, = does not compute a Sacks 3-generic
real. O

Recall that in set theory one can show that the Cohen forcing does not only add no Sacks reals,
but also no minimal reals. In computability theory, there is a concept similar to minimal reals. We
say that a real x >7 0 has minimal degree if for every y <t =z, either z <1 § or z <7 y. As in
theory, no Cohen 2-generic real computes a real which has minimal degree.

Corollary 4.2.21. No Cohen 2-generic real computes a real which has minimal degree.
Proof. Follows directly from Theorem and the fact that Cohen 2-generic reals have not
minimal degree (cf. [Yu06, Proposition 2.2]). O
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We conclude this section by showing that Sacks 3-generic reals have minimal degree. Again,
the proof is a translation of the set-theoretic proof that Sacks reals are minimal into computability
theory.

Proposition 4.2.22 (Folklore). Every Sacks 3-generic real has minimal degree.

Proof. Let z € 2% be Sacks 3-generic and let y € 2 be computable in . Then there is an e € w
such that y = ®7. Let ¢ be the statement “®7 is a total function with ran(®?) C 2”. Then ¢ is
I19. Let ¢ be the formula in the language FL. obtained by replacing x by @ and e by & in ¢. Then
¢ is a I3 sentence and o(z) is true. By Corollary z ks, ¢. Hence, there is some T € S
such that « € [T] and T I+ ¢. Let

C = {8 €Sc:¥nVs, s € S((B5 ey ()L A By ()) = B2 o) () = B2y ()}

Then C is II9. Since x is Sacks 3-generic, there is some T’ € S, such that x € [T”] and either T € C
or T’ has no extension in C. Without loss of generality, we can assume that 7/ < T. We make a
case-distinction:

Case 1: T/ € C. We define a real z € 2¥ by z(n) := ¢(n), where ¢ is the least t € T' in
the canonical enumeration such that <I);1h( t)(n) converges. Then z is computable. We show that
y =2z Let n € wand let s C z such that P2 1h(s) (n) converges. Since T” € C, for every t € T', if
<I>;1h(t)(n) converges, then ®7 1, .\ (n) = @iylh(t)(n). Hence, y(n) = z(n) for every n € w and so y is
computable.

Case 2: T' has no extension in C. Let D be the set of all § < T such that for every s € S, if
s is splits in S, then there are sg,s; € S such that for every i < 2, s7i C s; and for every t C s;,
t C s or t does not split in S and there is some n < min{lh(sg), lh(sl)} such that ®%° (s )(n) and
D7l (s, () converges and 7, (n) # 7Y, 1 (n). Then D is I19. We show that D is dense below
T'. Let S < T'. We recursively define a decreasmg sequence (S : k € w) of conditions. Since T’
has no extension in €, § ¢ C. Hence, there are s, € S such that for some n < min{lh(s),1h(s")},
D 11,5 (1) and @e In(s)(n) converges and 7, ) (n) # <I>e (s (n). Let (s, s’) be minimal with that
property. We set

So:={teS:tCsvsCtiu{teS:tCsVvs Ct}.
If Sy, is already defined, then let {s,, : m < 2¥} be the set of the (k + 1)st splitting notes of Sy, let
m < 2k, let i <2, and let 5" := {s € S, : 8 C s, 01 8,7 C s}. Since S’ has no extension in C,
Sp"" ¢ C. Hence, there are s,s" € 5" such that for some n < min{lh(s),Ih(s")}, @ ;,,)(n) and

@Zjlh(s, (n) converges and D7 1ns) (n) # <I>2ilh(s,)(n). Let (s
We define

be minimal with that property.

m’ m)

Spi1:={s€Sp:Im<2"Ii <2(sCsi, Vsl Cs)V(sCt Vil Cs))}

Then S := (¢, Sk € D and so D is dense below 7". Since z is Sacks 3-generic, there is some S € D
such that x € [S]. We define a real z € 2¥ by z(n) := s(n), where s is the least s € S such that
Ih(s) > n, s splits in S, and for every m < lh(s), if @7,y (m) converges, then ®; ,, ) (m) = y(m).
Then z is computable in y. We show that = z. Let n € w and let s C = such that lh(s) > n and
s splits in S. Since S € D, s(n) = z(n) and so z(n) = z(n). Therefore, x is computable in y. O
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4.2.4 Computable Silver forcing

In this section, we introduce a computable version of Silver forcing, which we call computable Silver
forcing, and compare its n-generic reals to Cohen, Mathias, and Sacks n-generic reals. Recall that
in set theory, Silver forcing does not add Cohen, Mathias, or Sacks reals, and Cohen, Mathias,
and Sacks forcing do not add Silver reals (cf. Table . We show that no Cohen 2-generic or
Sacks 4-generic real computes a Silver 3-generic real and that no Silver 3-generic real computes
a Cohen 1-generic, Mathias 3-generic, or Sacks 4-generic real. Hence, the situation is analogous
to set theory, except that it is not known whether Mathias n-generic reals can compute n-generic
reals for computable Silver forcing (cf. Table . Note that most of the proofs in this section are
translations of the set-theoretic proofs into computability theory.

We start with the definition of computable Silver forcing. Recall that a tree T C 2<% is uniform
if for every ¢,¢' € T with lh(¢) = lh(¢') and every i € 2, ¢"¢ € T if and only if ¢'~¢ € T. Hence, for
every uniform tree T C 2<%, there is a unique function fr : w — 3 which determines T'. If T is
additionally computable, then fr is computable as well. In the following, we always identify T with
fr and write T'(¢) when we mean fr(¢). We say that ¢ € w is a splitting level for T if T'(¢) = 2.

Definition 4.2.23. Computable Silver forcing, denoted by V., is the partial order of all uniform
computable perfect trees on 2 ordered by inclusion and equipped with stem(7") as the valuation
function.

It is clear that computable Silver forcing is a computably arboreal forcing notion. Similar as
before, we write “Silver n-generic” instead of “n-generic for V.”. Before we compare Silver n-generic
reals to Cohen, Mathias, and Sacks n-generic reals, we first compute the complexity of computable
Silver forcing.

Lemma 4.2.24. Computable Silver forcing is a 113 forcing notion.

Proof. By Lemma, [4.1.22] it is enough to show that for every computable perfect tree T C 2<%,
the statement “T" is uniform” is I19. Let e € w such that ®, is a characteristic function for a tree
T, C 2<%, Then T, is uniform if and only if

Vi, t'(t,t' €T, »Vie2t i €T, < tieT)).
Since @, is a total computable function, the statement “T, is uniform” is I19. O

Now we compare Silver n-generic reals to Cohen, Mathias, and Sacks n-generic reals. To do
this, we investigate whether Silver n-generic reals can compute n-dominating, n-unbounded, or
n-splitting reals. Recall that in set theory, Silver forcing adds splitting reals, but no dominating or
unbounded (cf. Table . We show that the analogue is true for Silver n-generic reals. We start
with n-splitting reals.

Proposition 4.2.25. Let n > 3. Every Silver n-generic real computes an n-splitting real.

Proof. Let x € 2% be Silver n-generic, let f: 2<% — [w]<“ be defined by

m € f(s): <= m < lh(s) and Z s(k)=1 (mod 2),

kE<m
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and let A := (J,c,, f(zIn). Then f is computable and A is computable in z. We show that A is
n-splitting. Let B € [w]* be A2, let k € w, and let

Dy :={T eV.:|Bn f(stem(T))| > k and | B\ f(stem(T))| > k}.

Then Dy, is 39, Let T € V. and let {¢; :i < 2k} C {{ € w: T(¢) =2} and {m, : i < 2k} C B such
that lop < mg < l1 < -+- < lok_1 < mog_1. Then there is some S < T such that for every ¢ € w,

T(f) if £ > mop_1 or T(f) € 2,
0 if £ <maopy1, L& {4; i< 2k}, and T(¢) =2,

S) =40 if there is an ¢ < k such that £ = ¢; and |{¢/ < £:T(¢'") = 1}| is odd,
0 if there is an ¢ > k such that £ = ¢; and |{¢ < ¢; : T(¢) = 1}] is even,
1 otherwise.

By definition, {m; : i < k} € BN f(stem(S)) and {m; : k < i < 2k} C B\ f(stem(S)). Hence,
S € Dy, and so Dy, is dense. Since x is Silver n-generic, there is some T € D such that z € [T].
Hence, |[B N A| > k and |B \ A| > k for every k € w. Therefore, A splits every A2 set. By
Proposition £.2.2] A is n-splitting. O

Corollary 4.2.26. No Sacks 4-generic real computes a Silver 3-generic real.

Proof. Follows directly from Propositions [4.2.16] and [4.2.25] O

Next, we show that no Silver 3-generic real computes a 1-dominating or 1-unbounded real. Since
every 1-dominating real is 1-unbounded, it is enough to prove that no Silver 3-generic real computes
a l-unbounded reals.

Proposition 4.2.27. No Silver 3-generic real computes a 1-unbounded real.

Proof. Let x € 2“ be Silver 3-generic and let f € w* be computable in . Then there is an e € w
such that f = ®*. Let 1 be the statement “®Z is a total function”. Then v is 1. Let ¢ be the
formula in the language F L. obtained by replacing x by 4 and e by & in ¢). Then ¢ is a I3 sentence
and () is true. By Corollary [.1.27, x Iy, ¢. Hence, there is some T € V. such that z € [T] and
T IF . Let

D := {5 € V.:VnIlvs € SN2°(DF ,(n))}-

Then D is I113. We show that D is dense below T. Let S < T. We recursively define a decreasing
sequence (S, : n € w) of conditions. Let Sy := S. If S, is already defined, then let ¢ € w be the
(n + 1)st splitting level and let {s; : k < 2"*1} = S, ,, N 2L, We recursively define a sequence
((Spks i) = k < 27N Let (Sno,00) == (Sn, €+ 1). If (Snk,lk) is already defined, then let
y € [Sy.k] such that s, C y and y is Silver 3-generic. Then y IFy, ¢ and so ¢(y) is true by Corollary
4.1.27 Hence, ®Y(n) converges and so there is some s C y such that @:’lh(s)(n) converges. Let
s € Sy, be minimal in the canonical enumeration such that lh(s) > ¢, sx C s, and @;1}1(8)(71)
converges, let ;11 :=lh(s), and let S, 41 be defined by

s(m) if £, <m < lh(s),

Sp.k(m)  otherwise.

Sn,k-i—l (m) = {
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Then Sy, on+1 < Sy, and for every s € S, gnt1 N2fan+1 o8 Ih(s) (n) converges. We set Sy 11 1= S, gnt1.
Let 8" := (,cp, Sn- Then S" < S and " € D. Hence, D is dense below T. Since z is Silver
3-generic, there is some S € D such that « € [S]. For every n € w, let £,, € w be minimal such that

for all s € SN 2%, <I>271h(s)(n)¢ < l,. Let g € w¥ be defined by g(n) := £,. Then g is computable

and for every n € w, f(n) < g(n). O
Corollary 4.2.28.

(a) No Silver 3-generic real computes a Cohen 1-generic real.

(b) No Cohen 2-generic real computes a Silver 3-generic real.

(¢) No Silver 3-generic real computes a Mathias 3-generic real.

Proof. Ttem (a) follows directly from Propositions [4.2.8] and |4.2.27} (b) from (a) and Theorem

4.2.19 and (c) from (a) and Theorem [4.2.12 O

Finally, we show that Silver 3-generic reals do not compute Sacks 4-generic reals. To do this,
we first prove that Silver 3-generic reals have minimal degree.

Proposition 4.2.29. FEvery Silver 3-generic real has minimal degree.

Proof. Let x € 2% be Silver 3-generic and let y € 2% be computable in . Then there is an e € w
such that y = ®7. Let ¢ be the statement “®? is a total function with ran(®?) C 2”. Then v is
I19. Let ¢ be the formula in the language FL. obtained by replacing by # and e by & in ¢). Then
¢ is a 119 sentence and ¢(z) is true. By Corollary x IFy, ¢. Hence, there is some T € V.
such that x € [T] and T' I ¢. Let

C:={S eV, :VnVvs,s' € SN2°((|{m : s(m) # s'(m)}| = 1A D7 ) (M)A @Z:lh(s,)(n)i)
= B () (1) = By oy ()}

Then C is I19. Since x is Silver 3-generic, there is some T" € S, such that € [T'] and either T € C
or T” has no extension in C. Without loss of generality, we can assume that 7V < T. We make a
case-distinction:

Case 1: T' € C. We define a real z € 2% by z(n) := t(n), where t is the least element of 7" in
the canonical enumeration such that <I);1h( t)(n) converges. Then z is computable. We show that
y =2 Let n € w, let s C x such that @7 (n) converges, and let ¢ € T’ such that <I>;1h(t)(n)
converges. We suppose for a contradiction that <I>2’lh(s)(n) #* @Z,lh( t)(n). Without loss of generality,
we can assume that lh(s) = 1h(¢) and k := [{m : s(m) # t(m)}| is minimal. Since 77 € C, k > 1.
Let ¢ < lh(s) be minimal such that s(m) # t(m) and let ¢’ € 2""(®) be defined by

F(m) = {1 —t(m) ifm=1{,

t(m) otherwise.
Then ' € T and |{m : s(m) # t'(m)}| = k — 1. Without loss of generality, we can assume that

@Z:lh(t,)(n) converges. Since 7" € C, @y y(n) = @Zzlh(t,)(n). But this contradicts the minimality
of k. Hence, ®7 1), \(n) = (1)271}1(15)(”) and so y(n) = z(n). Therefore, y is computable.
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Case 2: T has no extension in C. Let D be the set of all S < T such that for every s € S, if
s is splits in S, then there are sg,s; € S such that for every i < 2, s7i C s; and for every t C s;,
t C s or t does not split in S and there is some n < min{lh(sg),lh(s1)} such that @Zolh(s )( n) and
@ellh(sl)( n) converges and @zﬂh(s(})(n) + <I>Zj1h(sl)(n). Then D is I19. We show that D is dense
below T'. Let S < T’. We recursively define a decreasing sequence (Sk : k € w) of conditions.
Since T" has no extension in C, S ¢ C. Hence, there are s,s' € S such that lh(s) = lh(s’),
[{m : s(m) # s'(m)}| = 1, and there is some n < min{lh(s),lh(s")}, ®7,, (n) and @7 lh(g/)( n)

converges and 7, (n) # @jjlh(s,)(n). Let (s,s’) be minimal with that property. We set
Sop:={teS:tCsvsCtiu{teS:tCsVvs Ct}.

If S, is already defined, then let £ € w be the (n + 1)st splitting level and let {s;, : k < 271} =
Sp.k N 267 We recursively define a sequence ((Sy, k. fx) : k < 2", Let (Sp.0,40) = (Sn, £+ 1).
If (Spk,lk) is already defined, then let S, = {s € Snk : 8 C 8y, or s, C s} Since T/
has no extension in C, S}, ¢ C. Hence, there are s,8' € Sm,~c such that lh(s) = lh(s") > 4,
[{m : s(m) # s'(m)} = 1, and there is some n < mln{lh( ),Ih(s")} such that @7, . (n) and
@z:lh(s,)( ) converges and @7 |, ()(n) # <I>e (s (M n). Let (st ,t¢ ) be minimal with that property, let
l41 :=1h(s), and let S), k41 be defined by

s(m) if £, <m < 1h(s) and s(m) =
Snkt1(m) =42 if £, < m < lh(s) and s(m) #

Spk(m) otherwise.

s'(m),

s'(m),

Then S, ont1 < S, and for every s € Sy, gn+1 N 2¢. there are sg,s1 € Sy ont+1 such that for every
i < 2,871 C s; and for every t C s;, t C s or ¢t does not split in S, on+1 and there is some n <
min{lh(sg),lh(s;)} such that <I>z?lh(50)( n) and @ (s, (1) converges and % eh(so) () # (I)Z,llh(sl)(”)'
We set Sp41 := Sy on+1.

Let 8" := (,cp, Sn- Then S < S and §” € D. Hence, D is dense below T. Since z is Silver
3-generic, there is some S € D such that = € [S]. We define a real z € 2* by z(n) := s(n), where s
is the least s € S such that lh(s) > n, s splits in S, and for every m < lh(s), if ®? lh(S)( m) converges,
then sz’lh(s)(m) = y(m). Then z is computable in y. We show that x = 2. Let n € w and let s C x
such that lh(s) > n and s splits in S. Since S € D, s(n) = z(n) and so x(n) = z(n). Therefore, =
is computable in y. O

Corollary 4.2.30. No Silver 3-generic real computes a Sacks 4-generic real.

Proof. We suppose for a contradiction that there is a Silver 3-generic real z € 2* such that z
computes a Sacks 4-generic real y € 2¢. By Corollary 4.2.26] y <t x. But this contradicts
Proposition [£.2:29] since y is not computable. O

4.2.5 Forcing notions approximating the jump

The goal of this section is to generalize the result of Cholak, Dzhafarov, Hirst, and Slaman (The-
orem that for every n > 3, every Mathias n-generic real computes a Cohen n-generic real.
We show that their proof does not only work for computable Mathias forcing, but also for a certain
class of forcing notions, including a computable version of Laver forcing which we shall introduce in
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Section We also show that every n-generic real for these forcing notions computes not only
Cohen n-generic reals, but also n-generic reals for any AY forcing notion.

We start with a sketch of Cholak, Dzhafarov, Hirst, and Slaman’s proof that every Mathias
n-generic real computes a Cohen n-generic real. The goal of the proof is to define a computable
function f : [w]<* — C such that if A € [w]“ is Mathias n-generic, then z := | J{f(ANk) : k € w} is
Cohen n-generic. The rough idea to define f is to sent a set F' = {mq, ..., me} with mg < --+ < m,
to the smallest s € C such that s <¢ f(F\{m.}) and s € Wf(nﬂ) if it exists. However, the question
whether such an s exists cannot be answered computably and so f is not necessarily computable.
Therefore, Cholak, Dzhafarov, Hirst, and Slaman used computable approximations of X9 sets to

define f. More precisely, they replaced We@(nfl) in the definition of f by

(n-1)
WS[O'(], . 70n71} = I/V(ganil[Uo,uqanfz]7
where oy, ...,0,_1 are the n greatest elements of F' in decreasing order. Note that for every e € w
and every og,...,0n-1 € w, W?*[og,...,0,—1] is computable and bounded by o,_1. Hence, f is

computable. Moreover, as in the proof of Lemma we get that for every k € w and every
E € [w]*, there are oq,...,0,_1 € E such that W2 Nk = W og,...,0n-1] Nk. Thus, for
every e, k € w, the set of conditions (F, F) € R. such that the n greatest elements of F' correctly
approximate Wg(nfl) Nk is dense. Cholak, Dzhafarov, Hirst, and Slaman used this to show that f
has the desired properties (cf. T heoremfor more details). So far, the argument does not need
any special properties of computable Mathias forcing, except that computable Mathias conditions
can be extended to approximate X0 sets. However, there are many other forcing notions which also
have this property.

Definition 4.2.31. We say that a forcing notion is P flexible if
(a) for every p € P, the set {m € w : 3¢ < p(v(q)(lh(p)) = m)} is infinite and

(b) for every p’ < p € P and every s € w<* with v(p) C s C v(p’), there is some ¢ € P such that
p'<qg<pandv(q) =s.

Lemma 4.2.32. Let P be a flexible forcing notion, let n > 1, and let e € w. Then for every
k € w and p € P, there are p’ < p and og,...,0n-1 € w such that v(p') = v(p)”~{(on-1,...,00) and

W k= Weloo,... 00 ] Nk,

Proof. Let k € w and let p € P. Then there is some o € w such that for every ¢/ > o and
every k' < k, @2("71)(14) converges if and only if @25;71)(16’) converges. Since [P is flexible, there
are p' < p and 0,—1 > o such that v(p') = v(p)"op—1. U n = 1, then Wl o,_1] = Wes, ,
and so Wg(nfl) Nk = W@op-1] N k. Hence, we can assume that n > 1. By convention, for
every k' < k, 0"

€,0n—1
that for every m < o,_1, s(m) = 1 if and only if m € »~Y. Hence, it is enough to show that
for every n’ > 1, there are p’ < p and oy,...,0,—1 such that v(p') = v(p)~{on_1,...,00) and
0" Nk = 0™)|og,...,00_1] N k. We show this by induction on n’. It is clear for n’ = 1. Let

n’ > 1 such that the induction hypothesis is true for n’ — 1. Then there is some ¢ € w such
@(nlfl) @(n/fl)
e’ e/70./

Since P is flexible, there are p’ < p and o,_1 > o such that v(p’) = v(p)"on—1. By induction

S
€,0n—1

(k") converges if and only if ® (k') converges, where s € 277! such

that for every ¢’ > o and every ¢/ < k, ® (¢/) converges if and only if ® (¢') converges.
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hypothesis, there are p” < p’ and oy,...,0n—2 € w such that v(p”) = v(p/)"{(op—2,...,00) and

P’ =1 Opr—1 = P’ =1) [60s -y 0n—2] Moy —1. With a similar argument as in the proof of Lemma
we get that (") Nk =0 [og,..., 00 1] Nk. O

Next, we show that every n-generic real for a flexible forcing notion computes a Cohen n-generic
real. The proof is essentially the same as Cholak, Dzhafarov, Hirst, and Slaman’s proof for Mathias
n-generic reals. Their proof works not only for Cohen n-generic reals, but also for n-generic reals
for any A{ forcing notion. We even obtain partial results for forcing notions of higher complexity.

Theorem 4.2.33. Let n,n' € w, let P be a A91+1 flexible forcing notion, let Q be Ag’+1 forcing

notion, let m > max{n,n’'}, and let v € w* be m-generic for P. Then x ® 0" computes an
m-generic real for Q.

Proof. Since Q is AY, 11> Q, <q, and vg are computable in 0. We recursively define a function
[ :wsY = Q. Let 1g be the weakest condition in Q. We set f(0) := 1g. Let s € w<* such that for
every s’ C s, f(s') is already defined and let ¢ C s be the longest initial segment such that 1h(t) is
a multiple of m. Then there is some ¢ € Q such that f(¢) = ¢. If 1h(s) is not a multiple of m, then
we define f(s) := ¢. Otherwise, lh(s) = e-m for some e € w and there are oy,...,0,-1 € w such
that s =t~ (0m—1,...,00). We check whether {¢’ <g ¢: ¢ € W*[oy,...,0m—1]} is non-empty. If
that is the case, then we define f(s) := ¢, where ¢’ is minimal in the canonical enumeration of Q
with ¢ <g q and ¢’ € W0y, ...,0m—1]. Otherwise, we set f(s) := q.

Then f is a total function which is computable in ). Hence, y := Urew vo(f(z] k)) is
computable in z®0™). We show that y is m~generic for Q. Since z is m-generic for P, there is an m-
generic filter G for P such that x = {J . ve(p). We define H := {g € Q: 3p € G(q >q f(ve(p)))}.
Then H, is a filter and (J ¢ vo(¢) = y. It remains to show that H is m-generic for Q. Let C'C Q
be X9, and let C" := {p € P : f(vp(p)) € C}. Since f is A%, and P and vp are A),, C' is
»0 . Hence, there is some p € G such that either p € C’ or p has no extension in C’. We make a
case-distinction:

Case 1: p € C'. Let q := f(vp(p)). Then ¢ € C and since p € G, ¢ € H. Therefore, ¢ witnesses
that H meets C.

Case 2: p has no extension in C’. Let e € w be minimal such that lh(vp(p)) < e - m and
C= Wg(mfl). Then there is some p’ <p p such that p’ € G and lh(vp(p’)) > e-m. Since P is flexible,
we can assume without loss of generality that Ih(vp(p)) = e-m. We suppose for a contradiction that
q := f(vp(p')) has an extension in C. Let ¢’ < ¢ such that ¢’ € C and let k € w such that ¢’ € CNk.
By Lemma there are p” < p and oy, ...,0m-1 € w such that v(p”) = v(p')~(om-1,...,00)
and Wgwfl) Nk=W™oo,...,0m-1]Nk. Then ¢' € W[og,...,0m—1] Nk and so f(vp(p")) € C.
But this is a contradiction since p has no extension in C’. Therefore, ¢ has no extension in C and
so ¢ witnesses that H meets the set of conditions having no extension in C. O

Note that computable Mathias forcing is not flexible because the range its valuation function
is 2<¢ and not w<*. Hence, we cannot directly apply Theorem [4.2.33| to Mathias n-generic reals.
However, we with a little extra work we can still apply it.

Corollary 4.2.34. Letn € w, let P be a A) | forcing notion, let m > max{2,n}, and let A € [w]*
be a Mathias m-generic real. Then A& 0" computes an m-generic real for P.

Proof. Let v be the valuation function for computable Mathias forcing, let v’ : R, — w<“ be the
function which maps (F, E) to the finite sequence enumerating F' in ascending order, and let R/ be
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the forcing notion we obtain by replacing v in computable Mathias forcing with v/. Then R/, is a
119 flexible forcing notion. Since A is Mathias m-generic, there is a Mathias m-generic filter G' such
that J{v(F, E) : (F,E) € G} is the characteristic function of A. Note that G is also m-generic
for R.. Let z := J{v(F,E) : (F,E) € G}. Then z is an m-generic real for R, and A =1 z. By
Theorem @ 0™ computes an m-generic real for P. Since A =1 z, A @ 0™ also computes
an m-generic real for P. O

Let n > 3 and let A € [w]“ be Mathias n-generic. By Corollary A @ 0™ computes a
Sacks and a Silver n-generic real. Unfortunately, since Mathias 3-generic reals cannot compute
(cf. [CDHS14, Proposition 2.8]), this tell us nothing about whether A can compute Sacks or Silver
n-generic reals. However, A is high and so A" >t (. Hence, A’ computes a Sacks and a Silver
n-generic real. This does not only work for computable Mathias forcing, but for every flexible
forcing notion whose n-generic reals compute 1-dominating reals.

Corollary 4.2.35. Let n € w, let n' > 2, let P be a A%H flexible forcing notion, let Q be a
A%,H forcing notion, let m > max{n,n'}, and let x € w* be m-generic for P. If x computes a

1-dominating real, then (=1 computes an m-generic real for Q.

Proof. By Theorem 4.2.4L 2’ > 0”. Hence, (=1 >1 0™ and so 2™~V > 2 @ 0. By
Theorem 4.2.33[, (" =1 computes an m-generic real for Q. O

We can also prove a slightly weaker version of Corollary for flexible forcing notions whose
n-generics do not compute 1-dominating reals.

Corollary 4.2.36. Let n,n’ € w, let P be a A%H flexible forcing notz'mlz, let Q be A?L,H forcing
notion, let m > max{n,n’}, and let x € w* be m-generic for P. Then (™) computes an m-generic

real for Q.
Proof. Follows directly from Theorem [4.2.33| and the fact that for every real z, (") > 0(*). O

We conclude this section with a corollary about Cohen forcing. Note that Cohen forcing is not
flexible. However, using a similar argument to that for computable Mathias forcing, we can apply
Corollary [£:2.36] to Cohen forcing.

Corollary 4.2.37. Let n € w, let P be a A9L+1 forcing notion, let m > n, and let x € w* be a
Cohen m-generic real. Then (™ computes an m-generic real for P.

Proof. Let v' : C — w<“ be the function which maps s to the finite sequence which enumerates
{k : s(k) = 1} in ascending order and let C’ be the Cohen forcing equipped with the valuation
function v'. Then C’ is a A flexible forcing notion. Since z is Cohen m-generic, there is a
Cohen m.generic filter G such that = |JG. Note that G is also m-generic for C’'. Hence,
y = J{v'(s) : s € G} is a m-generic real for C. It is clear that z =1 y. By Corollary y™
computes an m-generic real for P. Therefore, (™ also computes an m-generic real for P. O

4.2.6 Computable Laver forcing

In this section, we introduce a computable version of Laver forcing, which we call computable Laver
forcing, and compare its n-generic reals to Cohen, Sacks, and Silver n-generic reals. Recall that in
set theory, Laver forcing does not add Cohen reals (cf. Table[4.1)). However, the analogue is not true
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in computability theory. We show that for every n > 3, every n-generic real for computable Laver
forcing computes a Cohen n-generic real. Moreover, we show that no Cohen 2-generic real, Sacks
3-generic real, or Silver 3-generic real computes a 3-generic real for computable Laver forcing (cf.
Table . Note that this is analogous to set theory. We start with the definition of computable
Laver forcing.

Definition 4.2.38. Computable Laver forcing, denoted by L., is the partial order of all computable
perfect trees on w such that every node above the stem splits infinitely often ordered by inclusion
and equipped with stem(T") as the valuation function.

It is clear that computable Laver forcing is a computably arboreal forcing notion. As for the
other forcing notions, we write “Laver n-generic” instead of “n-generic for L.”. Before we compare
Laver n-generic reals to Cohen, Sacks, and Silver n-generic reals, we first compute the complexity
of computable Laver forcing.

Lemma 4.2.39. Computable Laver forcing is a 113 forcing notion.

Proof. By Lemma it is enough to show that for every computable perfect tree T C w<¥,
the statement “every node in T above the stem splits infinitely often” is II9. Let e € w such that
®, is a characteristic function for a tree T, C w<“. Then every node in T, above the stem splits
infinitely often if and only if

Vi(t C stem(Te) V VkIn > k(t™n € T,)).

By Lemma [4.1.22] the statement “t C stem(7.)” is II3. Hence, the whole statement is II3 as
well. O

Next, we show that for every n > 3, every Laver n-generic real computes a Cohen n-generic real.
It is clear that computable Laver forcing is flexible. Hence, we can simply use Theorem [4.2.33

Corollary 4.2.40. Let n > 3. Then every Laver n-generic real computes a Cohen n-generic real.
Proof. Follows directly from Theorem [£.2.33] and Lemma [1.2.39] O

In set theory, Laver forcing does not add Cohen reals (cf. Table . Hence, Laver forcing is in a
similar situation to Mathias forcing. Both do not add Cohen reals, but their n-generic reals compute
Cohen n-generic reals. Moreover, Gray proved in |[Gra80| that Laver reals are minimal. However,
this is also different in computability theory. By Corollary [£.2.40] every Laver 3-generic computes
a Cohen 3-generic real. Since Cohen 3-generic reals do not have minimal degree, Laver 3-generic
reals do not have minimal degree either. By a similar argument, Mathias 3-generic reals also do not

have minimal degree. However, Mathias reals are not minimal in set theory (cf. [Mat77, Corollary
8.3]).

Corollary 4.2.41.
(a) Letn > 3. Then every Laver n-generic real computes an n-unbounded and an n-splitting real.
(b) No Sacks 3-generic real computes a Laver 3-generic real.

(¢) No Silver 3-generic real computes a Laver 3-generic real.
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Proof. Ttem (a) follows directly from Proposition and Corollaries [4.2.9] and [4.2.40] (b) from
(a) and Proposition 4.2.17, and (c) from (a) and Proposition |4.2.27] O

Next, we show that no Cohen 2-generic real computes a Laver 3-generic real. By Proposi-
tion [£:2.7] it is enough to show that every Laver 3-generic real is 1-dominating.

Proposition 4.2.42. Fvery Laver 3-generic real is 1-dominating.

Proof. Let v € w® be Laver 3-generic. By Proposition it is enough to show that x dominates
every computable f € w“. Let f € w* be computable. Then the set

Dy = {T €L, :Vt € T(t C stem(T) v t(Ih(t) — 1) > f(Ih(t) — 1))}

is I13. We show that Dy is dense. Let T € L. and let (sn) € w<“ x w be the least pair such that
s € T and there are k, k' < n with s7k,s"k’ € T. We define

T ={teT:tCsV(sCtAVEk<Ih(t)(k <Ih(s)Vtk) > f(k))}

Then 7" < T and T" € Dy. Hence, Dy is dense. Since z is Laver 3-generic, G, :={T € L. : = € [T]}
is Laver 3-generic. Thus, there is some T' € Dy such that z € [T] and so for every k > stem(T),
x(k) > f(k). Therefore, z dominates f. O

Corollary 4.2.43. No Cohen 2-generic real computes a Laver 3-generic real.
Proof. Follows directly from Propositions [£.2.7] and [£:2.42] O

In set theory, Laver forcing adds dominating reals (cf. Table . The idea is essentially the
same as in Proposition [4.2.42] So one might expect that every Laver n-generic computes an n-
dominating real. However, as with computable Mathias forcing, the proof from set theory only
works for 1-dominating reals, but not for 2-dominating reals. This is because if f € w* is A and
1-unbounded, then D¢ is empty since otherwise every T' € D¢ would compute a 1-unbounded real,
and this is not possible. We can even show that no 3-generic real for a II9 computably arboreal
forcing notion can compute a 2-dominating real.

Proposition 4.2.44. Let n > 1 and let P be a 11 computably arboreal forcing notion. Then no
(n + 1)-generic real for P computes a 2-dominating real.

Proof. Let z € w* be (n+ 1)-generic for P. By Lemma [4.2.13] it is enough to show that  does not
compute (/. Let f € 2 be the characteristic function of (' and let A € [w]¥ be computable in .
Then there is an e € w such that ®? is the characteristic function of A. Let

C:={T € P: k(&M (k)| # f(k))}.

Then C is X0 ;. Since z is (n+ 1)-generic for P, G, := {T € P: z € [T} meets either C or the set
of conditions having no extension in C. We make a case-distinction:

Case 1: G, meets C. Then there is some T' € P such that x € [T] and T € C. Hence, there is
some k € w such that ®2 (k)| # f(k). Therefore, A # (.

Case 2: G, meets the set of conditions having no extension in C. Then there is some T € P
such that « € [T] and for every T/ < T, T’ ¢ D. We define a computable function g by g(k) :=

@271}](”(]{)), where t is the least ¢ € T such that (I)i,lh(t) (k) converges. Let k € w. Since z € [T,
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there is some t € T such that @i’lh(t)(k) converges. Let ¢ € T be minimal with that property.
Then T :={t' e T : t Ct' Vvt Ct} <T. Since T has no extension in C, T ¢ C and so
g(k) = <I>;1h(t)(k) = f(k). Hence, f = g and so f is computable. But this is a contradiction since @/
is not computable. Therefore, G, cannot meet the set of conditions having no extension in C. [

It is not not known whether Laver n-generic reals can compute Sacks or Silver n-generic reals.
The best we can show is that the jump of a Laver n-generic real always computes a Sacks and a
Silver n-generic real.

Corollary 4.2.45. Letn € w, let P be A%H forcing notion, let m > max{2,n}, and let x € w* be
Laver m-generic for P. Then ("~ computes an m-generic real for P.

Proof. Follows directly from Corollary [£.2.35] and Proposition [£.2.42] O

4.2.7 Computable Miller forcing

In this section, we introduce a computable version of Miller forcing, which we call computable Miller
forcing, and compare its n-generic reals to Cohen, Sacks, and Silver n-generic reals. Recall that in
set theory, Miller forcing does not add Cohen, Sack, or Silver reals, and vice versa (cf. Table .
We show that neither Sacks nor Silver 3-generic reals compute 3-generic reals for computable Miller
forcing (cf. Table . Moreover, we show that for every n > 3, every n-generic real for computable
Miller forcing computes an n-splitting real. Note that the analogue is not true in set theory. Miller
proved in [Mil84] that Miller forcing does not add splitting reals.

We start with the definition of computable Miller forcing. Recall that Miller forcing is the
partial order of all super-perfect trees ordered by inclusion and that a tree T C w<¥ is super-
perfect if for every t € T, there is some s € T such that ¢ C s and s splits infinitely often. Hence,
super-perfect trees can contain splitting nodes which only split finitely often. However, this might
cause problems for computable super-perfect trees since the question whether a splitting node splits
finitely or infinitely often cannot be answered computably. Therefore, we only consider computable
super-perfect trees containing no splitting nodes which split finitely often.

Definition 4.2.46. Computable Miller forcing, denoted by M, is the partial order of all com-
putable super-perfect trees on w containing no splitting nodes which split finitely often ordered by
inclusion and equipped with stem(7") as the valuation function.

Note that for every super-perfect tree T C w<%, we can get rid of splitting nodes ¢t € T' which
split finitely often by pruning all but one of ¢’s successors. The resulting tree is still super-perfect
and does not contain splitting nodes which only split finitely often. Hence, the set M’ of all super-
perfect trees containing no splitting nodes which split finitely often is a dense subset of Miller
forcing. Therefore, M’ is forcing equivalent to Miller forcing. However, this does not mean that the
same is true for computable Miller forcing. If T' C w<% is a computable super-perfect tree, then
there is some 7" < T such that 7" € M/, but we do not know whether 7" is computable or not.

Question 4.2.47. Does every computable super-perfect tree on w have a subtree in M. ?

Another problem with computable perfect trees on w is that to check that a node does not split,
we may have to check all its successors. For computable Laver forcing, this was not a big issue,
since in a computable Laver condition every node above the stem splits. Hence, the set of splitting
nodes of a computable Laver condition is computable. Note that this does not mean that there is
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a computable set A such that for every T € L. and every t € w<¥, (T,t) € A if and only if ¢ splits
in T. For computable Miller forcing, we can at least show that the set of all T' € M, such that the
set of splitting nodes in T is computable is dense.

Lemma 4.2.48. For every T € M, there is some T < T such that the set of splitting nodes in T’
is computable.

Proof. Let T € M.. We recursively define a function f: w<% — 3. We set f(0) := 1. Let t € w<¥
such that f(s) is already defined for every s C ¢ and let ¢’ := ¢]lh(t) — 1. If ¢’ € T, then let
(s,n) € w<¥ X w be the least pair such that ¢ C s and there are k, k' < n such that s"k,s"k" € T.
We define

0 ift¢T, f(t')=0,0r f(¢)=1and ¢t ¢ s,
ft)=<1 if f(t')=2andteTor f(¢)=1and t s,
2 if ft)=1andt=s.

Then f is a computable function. Let T" := {t € w<¥ : f(t) # 0}. Since f is computable, T" is a
computable subtree of T'. Moreover, a node t € T is splitting if and only if f(¢) = 2. Hence, the set
{t € T" : t splits in T"} is computable. So it remains to show that 7" € M. By construction, every
splitting node in 7" splits infinitely often. Hence, we only have to show that T is super-perfect. Let
t € T'. Since T" C T and T is super-perfect, there is some splitting node in 7" which extends ¢. Let
(s,n) € w<¥ x w be the least pair such that ¢t C s and there are k, &’ < n such that s~ k,s"k' € T
Then by construction, f(s) = 2 and so s is splitting in T7”. Therefore, T” is super-perfect. O

It is clear that computable Miller forcing is a computably arboreal forcing notion. Before we
study its n-generic reals, we first compute its complexity.

Lemma 4.2.49. Computable Miller forcing is a 119 forcing notion.

Proof. 1t is clear that computable Miller forcing is a computably arboreal forcing notion. By Lemma
4.1.22] it is enough to show that for every computable perfect tree T C w<¥, the statement “T is
super-perfect and every splitting node in 7" splits infinitely often” is I13. Note that a perfect tree
T C w<¥ which only contains splitting nodes which split infinitely often is super-perfect. Hence, we
only have to check that for every computable perfect tree T' C w<%, the statement “every splitting
node in 7T splits infinitely often” is I19. Let e € w such that ®, is a characteristic function for a tree
T, C w<¥. Then every splitting node in T, splits infinitely often if and only if

Vt(Fn,n'(t"n e T. ANt™n' € T,) = VkIn(t"n € T,)).

Hence, the statement “every splitting node in 7' splits infinitely often” is II and so the statement
“T is super-perfect and every splitting node in T splits infinitely often” is I19 as well. O

Now we investigate n-generic reals for computable Miller forcing. As usual, we write “Miller
n-generic” instead of “n-generic for M.”. In set theory it is well-known that Miller forcing adds
unbounded reals. In fact, every Miller real is unbounded (cf. [Hall7, Lemma 25.2]). We can show
that the analogue is also true for Miller n-generic reals. The idea is essentially the same as in set
theory.

Proposition 4.2.50. Let n > 3. FEvery Miller n-generic real is n-unbounded.
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Proof. Let z € w® be a Miller n-generic real. By Proposition it is enough to show that no
real which is A2 dominates z. Let f € w® be AY_ let k € w, and let

le“ ={T € M, : In > k(stem(T)(n) > f(n))}.

Then D’Ji is X9, We show that D’; is dense. Let T' € M, let s € T such that lh(s) > k and s splits
in T and let m > f(lh(s)) such that s’ ;== s"m € T. We define 7" :={t € T : s’ Ctort C s'}.
Then s’ C stem(7”) and so T” € D’]?. Hence, D’]? is dense. Since x is Miller n-generic, there is some
T e D’)f such that x € [T]. Therefore, there is some n > k such that z(n) > f(n). O

Corollary 4.2.51.
(a) No Sacks 3-generic real computes a Miller 3-generic real.

(b) No Silver 3-generic real computes a Miller 3-generic real.

Proof. Item (a) follows directly from Propositions [4.2.17 and [4.2.50] and (b) from Propositions

and [£.2.501 O
Corollary 4.2.52. Let n > 3. FEvery Miller n-generic real computes an n-splitting real.
Proof. Follows directly from Propositions [£.2.6] and [£:2.50] O

The analogue of Corollary is not true in set theory. Miller proved in [Mil84] that Miller
forcing does not add splitting reals. As a consequence, Miller forcing also does not add Cohen,
dominating, Laver, or Mathias reals. It is not known whether the analogous result is also true in
computability theory (cf. Question[£.3.1)). We only know that Miller 3-generic reals cannot compute
2-dominating reals by Proposition@ Miller also proved in [Mil84] that Miller reals are minimal.
The idea is similar as for Sacks and Silver reals. We have already shown that the proofs for Sacks
and Silver reals can be translated into computability theory (cf. Propositions |4.2.22| and [4.2.29)).
However, the author has not been able to do the same for the proof that Miller reals are minimal or
to find another argument that proves or disproves that Miller 3-generic reals have minimal degree.

Question 4.2.53. Does Miller 3-generic reals have minimal degree?

Note that if Miller 3-generic reals would have minimal degree, we could say much more about the
relation of Miller n-generic reals to n-generic reals for other forcing notion: if it exists, let x € w*
be a Miller 3-generic real which has minimal degree. Then with a similar argument as in Corollary
42330, « cannot compute Sacks or Silver 3-generic reals. Moreover, since Cohen 1-generic, Laver
3-generic, and Mathias 3-generic reals do not have minimal degree, = cannot compute any of them.
So, in particular, z does not compute any Cohen 2-generic real. Hence, by Corollary .2.21] Cohen
2-generic reals cannot compute z.

4.2.8 Computable Hechler forcing

In this section, we introduce a computable version of Hechler forcing, which we call computable
Hechler forcing, and compare its n-generic reals to Cohen, Sacks, and Silver n-generic reals. Recall
that in set theory, Hechler forcing adds Cohen reals, but no Sacks or Silver reals, and Cohen, Sacks,
and Silver forcing do not add Hechler reals (cf. Table [4.1)). We show that for every n > 3, every
n-generic for computable Hechler forcing computes a Cohen n-generic. Moreover, we show that
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no Cohen 2-generic real, Sacks 3-generic real, or Silver 3-generic real computes a 3-generic real for
computable Hechler forcing (cf. Table [4.3). We start with the definition of computable Hechler
forcing.

Definition 4.2.54. Computable Hechler forcing, denoted by D¢, is the partial order of all pairs
(n, f) € w x w* ordered by

(n,f) < (m,g) <= n=>m, flm=glm, and Vk > m(f(k) > g(k))
with the valuation function v : D, — w<%“ defined by v(n, f) := f|n.

Before we investigate n-generic reals for computable Hechler forcing, we first compute its com-
plexity.

Lemma 4.2.55. Computable Hechler forcing is a 113 forcing notion.

Proof. A pair (n,e) € w? codes a computable Hechler condition if @, is a total function. Hence,
the set of code is I19. Let (n,e), (n’,e’) € w? be codes for computable Hechler conditions. Then
(n/,®.) < (n,P,) if and only if n’ > n, for every m < n, ®.(m) = ®.(m), and for every m € w,
®.(m) < . (m). Hence, the statement “(n/, @) < (n,®.)” is I1Y. It remains to show that the
valuation function is I13. Let (n,e) € w? be a code for a computable Hechler condition and let
s € w<¥. Then the statement “v(n,®.) = s” is computable. Hence, the valuation function is
119, O

Now we study the relationships between n-generics for computable Hechler forcing and Cohen,
Sacks, and Silver n-generic reals. As usual, we write “Hechler n-generic” instead of “n-generic for
D.”. Unlike Mathias or Laver forcing, Hechler forcing adds Cohen reals in set theory. In fact, it is
well-known that for every Hechler real z € w* over V, y € 2¢ defined by

y(n) :=x(n) (mod 2)
is a Cohen real over V. We show that the analogue is also true for Hechler n-generic reals.

Proposition 4.2.56. Let n > 3, let x € w* be Hechler n-generic, and let y € 2% be defined by
y(n) :=z(n) (mod 2).
Then y is Cohen n-generic.

Proof. Let G be a Hechler n-generic filter such that x = U(n)f)eG v(n, f) and let h : w<¥ — 2<¢
be defined by

h(s)(m) := s(m) (mod 2).

Then h is computable. We define H := {h(f[m) : (m,f) € G}. Then H is a filter and since
& = Ugm,pecv(m, f), y=UH. So it is enough to show that H is Cohen n-generic. Let C'C C be
Y0, Then C'" := {(m, f) € D¢ : h(fIm) € C} is £2 as well. Hence, there is some (m, f) € G such
that either (m, f) € G or there is no (m/, f’) < (m, f) such that (m/, f’) € C’. In the former case,
v(fIm) € HNC and in the latter case, v(f[m) € H and there is no s’ < v(f[m) such that s’ € C".
Therefore, H is Cohen n-generic and so y is Cohen n-generic as well. O
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Corollary 4.2.57.

(a) Let n > 3. Then every Hechler n-generic real computes an n-unbounded and an n-splitting
real.

(b) No Sacks 3-generic real computes a Hechler 3-generic real.

(c) No Silver 3-generic real computes a Hechler 3-generic real.

Proof. Ttem (a) follows directly from Proposition and Corollaries [4.2.9] and [4.2.56] (b) from
(a) and Proposition [4.2.17, and (c) from (a) and Proposition |4.2.27, O

Next, we show that Cohen 2-generic reals cannot compute Hechler 3-generic reals either. By
Proposition £:2.7] it is enough to show that Hechler 3-generic reals compute 1-dominating reals.
Recall that in set theory, Hechler reals are dominating. This follows directly from the fact that for
every real x € w®, the set of conditions (n, f) € D such that f dominates = is dense. We can use
the same argument to show that Hechler 3-generic reals are 1-dominating.

Proposition 4.2.58. FEvery Hechler 3-generic real is 1-dominating.

Proof. Let © € w“ be Hechler 3-generic and let G be a Hechler 3-generic filter such that =z =
U(n,f)egv(n, f). By Proposition it is enough to show that x dominates every computable
real. Let g € w* be computable and e

Dy :={(n,f) € D.: f dominates g}.
Then D, is II3. We show that D, is dense. Let (n, f) € D.. We define f’ € w* by

/ | fm) if m <mn,
fi(m) = {f(m) +g(m)+1 otherwise.

Then f’ is computable and dominates g. Moreover, (n, f’) < (n, f) and so (n, f’) € Dy. Hence, D,
is dense. Let (n, f) € GN D. Then f dominates g and for every m > n, x(m) > f(m). Therefore,
x dominates g as well. O

Corollary 4.2.59. No Cohen 2-generic real computes a Hechler 3-generic real.

Proof. Follows directly from Propositions [£.2.7] and [4.2.58] O

Like with Mathias and Laver 3-generic reals, the proof of Proposition does not work
if g is 1-unbounded. Hence, the same argument does not show that Hechler 3-generic reals are
2-dominating. In fact, we can even prove that no Hechler 3-generic real computes a 2-dominating
reals. The idea is essentially the same as for Mathias and Laver 3-generic reals.

Proposition 4.2.60. Every Hechler 3-generic real does not compute 2-dominating reals.

Proof. Let x € w® be Hechler 3-generic and let G be a Hechler 3-generic filter such that x =
U(mf)er(n, f). By Lemma [4.2.13] it is enough to show that x does not compute @/. Let f € 2%

be the characteristic function of ()" and let A € [w]“ be computable in z. Then there is an e € w
such that ®7 is the characteristic function of A. Let

C={(n,f) € Dc: (@I (k)L # f(k))}.
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Then C is ¥9. Since G is Hechler 3-generic, G meets either C' or the set of conditions having no
extension in C'. We make a case-distinction:

Case 1: G meets C. Then there is some (n, f) € GNC. Hence, there is some k € w such that
®f" (k)| # f(k). Since fIn C x, ®Z(k)| # f(k) and so A # (".

Case 2: GG meets the set of conditions having no extension in C'. Then there is some (n, f) € D,
such that for every (n/, f') < (n, f), (n', f’) ¢ C. We define a computable function g by g(k) :=
D7 15y (k), where s is the least s € w= such that 7, (k) converges, fIn C s, and for every
n < m < lh(s), s(m) > f(m). Since f[n C x and for every m > n, s(m) > f(m), g is total. Let
k € w,let s € w<“ be minimal such that @z)lh(s)(k) converges, fIn C s, and for every n < m < lh(s),

s(m) > f(m), and let f’ € w* be defined by

s(m) if m <1lh(s),
oy o L5 Ih(s)
f(m) otherwise.
Then (lh(s), f') < (n,f). Since (n,f) has no extension in C, (lh(s),f’) ¢ C and so g(k) =
o2 1h(s)(k) = f(k). Hence, f = g and so f is computable. But this is a contradiction since @' is not
computable. Therefore, G cannot meet the set of conditions having no extension in C. O

It is not not known whether Hechler n-generic reals can compute Sacks or Silver n-generic reals.
The best we can show is that the jump of a Hechler n-generic real always computes a Sacks and a
Silver n-generic real.

Corollary 4.2.61. Letn € w, let P be A%H forcing notion, let m > max{2,n}, and let x € w* be
Hechler m-generic for P. Then z("~Y computes an m-generic real for P.

Proof. Follows directly from Corollary [£.2.35 and Proposition [£.2.58 O

4.3 Summary and open questions

In the previous sections, we have investigated whether n-generic reals for computable versions of
various set-theoretic forcing notions can compute each other or not. Table [.3] summarizes the
results for n > 4; the entries have the same meaning as the entries in Table Note that all
results not involving Hechler, Laver, Miller, or Silver n-generic reals were known before this work.

If we compare Table with the situation in set theory (cf. Table , then there are a few
differences: first, Laver and Mathias n-generic reals compute Cohen n-generic reals, second, Miller
n-generic reals compute n-splitting reals, and third, no Laver, Mathias, or Hechler 3-generic real
computes a 2-dominating real. So far, these are the only known differences. However, there are
still many open questions.

Question 4.3.1.
(a) Is there a Cohen 1-generic real which computes a Hechler, Laver, or Miller 3-generic real?

(b) Is there a Hechler 3-generic real which computes a Laver, Mathias, Miller, Sacks, or Silver
3-generic real?

(¢) Is there a Laver 3-generic real which computes a Hechler, Mathias, Miller, Sacks, or Silver
3-generic real?
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C n-gen. D, n-gen. L. n-gen. M, n-gen. R. n-gen. S n-gen. V. n-gen.

ﬁ\

C n-gen.
D, n-gen.
L. n-gen.
M, n-gen.
R. n-gen.
S¢ n-gen.
V. n-gen.
1-dom.
2-dom.
n-unb.
n-split.

NAX N NN
NAX NN v SN
AU X 0 0 0 0 & 0
NAX NN 2N
X X X X X X X X X X
A X X X N X X X X X X

NN X X X X X v X X

Table 4.3: Relationships between Cohen, Hechler, Laver, Mathias, Miller, Sacks, and Silver n-
generic reals for n > 4

(d) Is there a Mathias 3-generic real which computes a Hechler, Laver, Miller, Sacks, or Silver
3-generic real?

(e) Is there a Miller 3-generic real which computes a Cohen 1-generic real? Is there a Miller
3-generic real which computes a Hechler, Laver, Mathias, Sacks, or Silver 3-generic real? See

also Question [{.2.53.

(f) Is there a Sacks 3-generic real which computes a 1-splitting real?

In Section [£:2] we have studied computable versions of set-theoretic forcing notions. However,
all conditions of theses computable versions were computable objects. So we could ask the same
questions again for versions of set-theoretic forcing notions whose conditions are allowed to have
higher complexity. For example, we could define a version of Hechler forcing where the conditions
are pairs of natural numbers and A2, reals.

Question 4.3.2. Let m > 1. What are the relationships between the n-generic reals for the forcing
notions from Table if we allow conditions of complexity A%, ?

152



Bibliography

[Ando1]

[Bai99]

[Bar84]

[Beel7]

[Ber0g)]

[BG22]

[BHLOS]

[BJ92]

[BJ95]

[BKHLS06]

[BL99)

[BL11]

Alessandro Andretta. Notes on descriptive set theory, 2001. Preprint of an unfinished
monograph.

René-Louis Baire. Sur les fonctions de variables réelles. Ann. Mat. Pura Appl., 3(3):1-
123, 1899.

Tomek Bartoszynski. Additivity of measure implies additivity of category. Trans.
Amer. Math. Soc., 281(1):209-213, 1984.

Tabea Beese. Solovay-style and Judah-Shelah-style characterisations for Amoeba forc-
ing. Master’s thesis, Universitdt Hamburg, 2017.

Felix Bernstein. Zur Theorie der trigonometrischen Reihen. Ber. Verh. k. Sdichs. Ges.
Wiss. Leipzig, Math.-Phys. KI., 60:325-338, 1908.

Raiean Banerjee and Michel Gaspar. Borel chromatic numbers of locally countable F,
graphs and forcing with superperfect trees. preprint arXiv:2208.07764, 2022.

Jorg Brendle, Lorenz Halbeisen, and Benedikt Lowe. Silver measurability and its
relation to other regularity properties. Math. Proc. Camb. Philos. Soc., 138(1):135—
149, 2005.

Joan Bagaria and Haim Judah. Amoeba forcing, Suslin absoluteness and additivity
of measure. In Haim Judah, Winfried Just, and Hugh Woodin, editors, Set Theory of
the Continuum, volume 26 of Mathematical Sciences Research Institute Publications,
pages 155-173. Springer-Verlag, New York, 1992.

Tomek Bartoszyniski and Haim Judah. Set theory, On the structure of the real line. A
K Peters, 1995.

Stephen Binns, Bjorn Kjos-Hanssen, Manuel Lerman, and Reed Solomon. On a con-
jecture of Dobrinen and Simpson concerning almost everywhere domination. J. Symb.
Log., 71(1):119-136, 2006.

Jorg Brendle and Benedikt Lowe. Solovay-type characterizations for forcing-algebras.
J. Symb. Log., 64(3):1307-1323, 1999.

Jorg Brendle and Benedikt Lowe. Eventually different functions and inaccessible car-
dinals. J. Math. Soc. Japan, 63(1):137-151, 2011.

153



[Bla10]

[Bre95s]

[CDHS14]

[Coh63]

[Coh64]

[Dev17]

[DM22]

[Fef64]

[FGK19]

[FL63]

[Fre08]
[GHJ16]

[Git80]

[God3s]

[Gra0]

[GriTl]

[Gro87]

Andreas Blass. Combinatorial cardinal characteristics of the continuum. In Matthew
Foreman and Akihiro Kanamori, editors, Handbook of Set Theory, volume 1, pages
395-489. Springer-Verlag, Dordrecht, 2010.

Jorg Brendle. Combinatorial properties of classical forcing notions. Ann. Pure Appl.
Log., 73(2):143-170, 1995.

Peter A. Cholak, Damir D. Dzhafarov, Jeffry L. Hirst, and Theodore A. Slaman. Gener-
ics for computable Mathias forcing. Ann. Pure Appl. Log., 165(9):1418-1428, 2014.

Paul J. Cohen. The independence of the continuum hypothesis. Proc. Nat. Acad. Sci.
U.S.A., 50:1143-1148, 1963.

Paul J. Cohen. The independence of the continuum hypothesis. II. Proc. Nat. Acad.
Sci. U.S.A., 51:105-110, 1964.

Keith J. Devlin. Constructibility. Perspectives in Logic. Cambridge University Press,
2017.

Damir D. Dzhafarov and Carl Mummert. Reverse mathematics, problems, reductions,
and proofs. Theory and Applications of Computability. Springer-Verlag, Cham, 2022.

Solomon Feferman. Some applications of the notions of forcing and generic sets. Fund.
Math., 56(3):325-345, 1964.

Sy-David Friedman, Victoria Gitman, and Vladimir Kanovei. A model of second-order
arithmetic satisfying AC but not DC. J. Math. Log., 19(01):1850013, 2019.

Solomon Feferman and Agzriel Lévy. Independence results in set theory by Cohen’s
method II. Not. Amer. Math. Soc., 10:593, 1963.

David H. Fremlin. Measure theory, volume 5. Torres Fremlin, 2008.

Victoria Gitman, Joel D. Hamkins, and Thomas A. Johnstone. What is the theory
without power set? Math. Log. Quart., 62(4-5):391-406, 2016.

Moti Gitik. All uncountable cardinals can be singular. Isr. J. Math., 35(1-2):61-88,
1980.

Kurt Godel. The Consistency of the Continuum Hypothesis. Proc. Nat. Acad. Sci.
U.S.A., 24:556-557, 1938.

Charles W. Gray. [Iterated Forcing from the Strategic Point of View. PhD thesis,
University of California at Berkeley, 1980.

Serge Grigorieff. Combinatorics on ideals and forcing. Ann. Math. Log., 3(4):363-394,
1971.

Marcia J. Groszek. Combinatorics on ideals and forcing with trees. J. Symb. Log.,
52(3):582-593, 1987.

154



[Hall7)

[HRS)]

[Tkel0]

[1S89)]

[1522]

[Jec87]

[Jec03]

[Jec08]

[Jen70]

[Joc69]

[Joc80]

[JR95)

[Kan79]

[Kan03]

[Kec95]

[Khol2]

Lorenz J. Halbeisen. Combinatorial set theory, With a gentle introduction to forcing,
volume 121 of Springer Monographs in Mathematics. Springer-Verlag, Cham, second
edition, 2017.

Paul Howard and Jean E Rubin. Consequences of the Axiom of Choice, volume 59 of
Mathematical Surveys and Monographs. American Mathematical Society, 1998.

Daisuke Ikegami. Forcing absoluteness and regularity properties. Ann. Pure Appl.
Log., 161(7):879-894, 2010.

Jaime I. Thoda and Saharon Shelah. Al-sets of reals. Ann. Pure Appl. Log., 42(3):207—
223, 1989.

Daisuke Tkegami and Philipp Schlicht. Forcing over choiceless models and generic
absoluteness. preprint arXiv:2212.14240, 2022.

Thomas Jech. Multiple Forcing, volume 88 of Cambridge Tracts in Mathematics. Cam-
bridge University Press, 1987.

Thomas Jech. Set theory. Springer Monographs in Mathematics. Springer-Verlag,
Berlin, 2003. The third millennium edition, revised and expanded.

Thomas Jech. The aziom of choice. Dover Books on Mathematics Series. Dover Pub-
lications, 2008.

Ronald Jensen. Definable sets of minimal degree. In Yehoshua Bar-Hillel, editor,
Mathematical Logic and Foundations of Set Theory, volume 59 of Studies in Logic and
the Foundations of Mathematics, pages 122-128. Elsevier, 1970.

Carl G. Jockusch. The degrees of bi-immune sets. Math. Log. Quart., 15(7-12):135-140,
1969.

Carl G. Jockusch. Degrees of generic sets. In F.R. Drake and S. Wainer, editors,
Recursion Theory, its Generalisations and Applications, London Mathematical Society
Lecture Note Series, page 110-139. Cambridge University Press, 1980.

Haim Judah and Miroslav Repicky. Amoeba reals. J. Symb. Log., 60(4):1168-1185,
1995.

Vladimir Kanovei. On descriptive forms of the countable axiom of choice. Investigations
on nonclassical logics and set theory, Work Collect., Moscow, pages 3-136, 1979.

Akihiro Kanamori. The higher infinite, Large cardinals in set theory from their begin-
nings. Springer Monographs in Mathematics. Springer-Verlag, Berlin, second edition,
2003.

Alexander S. Kechris. Classical descriptive set theory, volume 156 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 1995.

Yurii Khomskii. Regularity Properties and Definability in the Real Number Continuum.
PhD thesis, University of Amsterdam, 2012. ILLC Dissertation Series DS-2012-04.

155



[KL17]

[KL20]

[KP54]

[Kunl1]

[Kur66]
[Kur83)
[Lab96]

[Leb02]

[ER95]

[Mar66]

[Mat77]
[Mil81]

[Mil84]

[Mil08]

[Mor77]

[Mor90]

[Mos09]

[MS70]

[0di83]

Vladimir Kanovei and Vassily Lyubetsky. A countable definable set containing no
definable elements. Mathematical Notes, 102(3):338-349, 2017.

Vladimir Kanovei and Vassily Lyubetsky. Models of set theory in which noncon-
structible reals first appear at a given projective level. Mathematics, 8(6), 2020.

Stephen C. Kleene and Emil L. Post. The upper semi-lattice of degrees of recursive
unsolvability. Ann. Math., 59(3):379-407, 1954.

Kenneth Kunen. Set theory, volume 34 of Studies in Logic. College Publications,
London, 2011.

Kazimierz Kuratowski. Topology. Vol. I. Academic Press, 1966.
Stuart A. Kurtz. Notions of weak genericity. J. Symb. Log., 48(3):764-770, 1983.

Grzegorz Labedzki. A topology generated by eventually different functions. Acta Univ.
Carolin. Math. Phys., 037(2):37-53, 1996.

Henri Léon Lebesgue. Intégrale, longueur, aire. Ann. Mat. Pura Appl., 7:231-359,
1902.

Grzegorz Labedzki and Miroslav Repicky. Hechler reals. J. Symb. Log., 60(2):444-458,
1995.

Donald A. Martin. Classes of recursively enumerable sets and degrees of unsolvability.
Math. Log. Quart., 12(1):295-310, 1966.

Adiran R. D. Mathias. Happy families. Ann. Math. Log., 12(1):59-111, 1977.

Arnold W. Miller. Some properties of measure and category. Trans. Amer. Math. Soc.,
266:93-114, 1981.

Arnold W. Miller. Rational perfect set forcing. In James E. Baumgartner, Donald A.
Martin, and Saharon Shelah, editors, Axziomatic set theory, volume 31 of Contemporary
Mathematics, pages 143-159. American Mathematical Society, Providence, RI, 1984.

Arnold W. Miller. Long Borel hierarchies. Math. Log. Quart., 54(3):307-322, 2008.

John C. Morgan. Baire category from an abstract viewpoint. Fund. Math., 94:59-64,
1977.

John C. Morgan. Point set theory, volume 131 of Monographs and Textbooks in Pure
and Applied Mathematics. Marcel Dekker, Inc., New York, 1990.

Yiannis N. Moschovakis. Descriptive set theory, volume 155 of Mathematical Surveys
and Monographs. American Mathematical Society, Providence, RI, second edition,
2009.

Donald A. Martin and Robert M. Solovay. Internal Cohen extensions. Ann. Math.
Log., 2(2):143-178, 1970.

Piergiorgio Odifreddi. Forcing and reducibilities. J. Symb. Log., 48(2):288-310, 1983.

156



[Oxt80]

[Pall3]

[Sab12]

[SacT1]

[SamT76]

[Shol5)

[Soal6)

[Sol70]

[Tru77]

[Truss)

[Vit05]

[Wan19]

[Yu06]
[Zap04]

[Zap0g]

John C. Oxtoby. Measure and category, A survey of the analogies between topological
and measure spaces, volume 2 of Graduate Texts in Mathematics. Springer-Verlag, New
York-Berlin, second edition, 1980.

Justin T. Palumbo. Hechler forcing and its relatives. PhD thesis, University of Cali-
fornia at Los Angeles, 2013.

Marcin Sabok. Complexity of Ramsey null sets. Adv. Math., 230(3):1184-1195, 2012.

Gerald E. Sacks. Forcing with perfect closed sets. In Dana S. Scott, editor, Aziomatic
Set Theory, volume 8 of Proceedings of Symposia in Pure Mathematics, pages 331-355.
American Mathematical Society, Providence, 1971.

Ramez L. Sami. Questions in Descriptive Set-theory and the Determinacy of Infinite
Games. PhD thesis, University of California at Berkeley, 1976.

Richard A. Shore. The Turing degrees: an introduction. In Chitat Chong, Qi Feng,
Theodore A Slaman, Hugh Woodin, and Yue Yang, editors, Forcing, Iterated Ultra-
powers, and Turing Degrees, volume 29 of Lecture Notes Series, pages 39-121. World
Scientific, 2015.

Robert 1. Soare. Turing computability, Theory and applications. Theory and Applica-
tions of Computability. Springer-Verlag, Berlin, 2016.

Robert M. Solovay. A model of set-theory in which every set of reals is Lebesgue
measurable. Ann. Math. (2), 92:1-56, 1970.

John Truss. Sets having calibre X;. In R.O. Gandy and J.M.E. Hyland, editors, Logic
Colloquium 76, Proceedings of a conference, volume 87 of Studies in Logic and the
Foundations of Mathematics, pages 595-612. Elsevier, 1977.

John Truss. Connections between different amoeba algebras. Fund. Math., 130(2):137—
155, 1988.

Giuseppe Vitali. Sul problema della misura dei gruppi di punti di una retta. Bologna,
Gamberini e Parmeggiani, 1905.

Lucas Wansner. Generalizing Tkegami’s Theorem. Master’s thesis, Universitdt Ham-
burg, 2019.

Liang Yu. Lowness for genericity. Arch. Math. Logic, 45(2):233-238, 2006.

Jindfich Zapletal. Descriptive set theory and definable forcing, volume 167 of Memoirs
of the American Mathematical Society. American Mathematical Society, 2004.

Jindfich Zapletal. Forcing idealized, volume 174 of Cambridge Tracts in Mathematics.
Cambridge University Press, Cambridge, 2008.

157



Zusammenfassung der Ergebnisse

(German translation of Section pp. 2-4)

In Kapitel [2] definieren wir ein allgemeines Framework fiir Regularititseigenschaften. An-
schlieflend verwenden wir dieses Framework, um drei verschiedene Regularitétseigenschaften zu
untersuchen. Als erstes untersuchen wir die Amoben-Regularitdt, die von Judah und Repicky
in [JR95] eingefiihrt wurde. Unser Hauptergebnis fiir die Amében-Regularitit ist das folgende
Korollar.

Korollar 2.3.20. Die folgenden Aussagen sind dquivalent:
(a) jede LI(R) Menge ist Amében-reguldr,

(b) fir alle r € w* ist die Menge {P € R : P ist keine Amdében-generische reelle Zahl iber L[r]}
Ca-mager und

(c) fiir alle r € w* ist N{fm <Ny,

Als zweites definieren wir einen topologischen Raum fiir das amoeba forcing for category und
untersuchen die Baire-Eigenschaft in diesem Raum. Zuletzt machen wir das Gleiche fir das localiza-
tion forcing. Das folgende Korollar bzw. das folgende Theorem sind unsere wichtigsten Ergebnisse
fiir diese Regularitétseigenschaften.

Korollar 2.4.11. Die folgenden Aussagen sind dquivalent:
(a) jede £3(U) Menge hat die Baire-Eigenschaft in der UM-Topologie,

(b) fir alle r € w® ist die Menge {x € UM : x ist keine UM-generische reelle Zahl iber L{r|}
mager in der UM-Topologie und

(c) fir alle r € w® ist NIfM < Ny
Theorem 2.5.10. Die folgenden Aussagen sind dquivalent:
(a) jede X3(Loc) Menge hat Baire-Eigenschaft in der lokalisierenden Topologie,

(b) fir alle r € w¥ ist die Menge {f € Loc : f ist keine LOC-generische reelle Zahl iber L{r]}
mager in der lokalisierenden Topologie,

(c) fir alle r € w* ist die Menge {f € Loc : f ist keine lokalosierende reelle Zahl tiber L[r|}
mager in der lokalisierenden Topologie und

(d) fir alle r € w* ist NIfm < Ny

In Kapitel [3] vergleichen wir die Konsistenzstérke von deskriptiven Auswahlprinzipien, d.h. von
Fragmenten des Auswahlaxioms, die mit Hilfe der deskriptiven Hierarchien definiert werden. Solche
Auswahlprinzipien wurden bereits von Kanovei in [Kan79| untersucht. Unser Hauptergebnis ist das
folgende Theorem, das ein Separationstheorem von Kanovei verallgemeinert.

Theorem 3.2.10. Fiir alle n > 1 gibt es ein Modell von ZF +DC(w*; II,) +=AC,, (w*; unifIl} )+
-AC, (w¥; ctbl).
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Mit Hilfe eines Kompaktheitsarguments erhalten wir aulerdem das folgende Korollar.
Korollar 3.2.11. Es gibt ein Modell von ZF + DC(w*; Proj) + —AC,, (w*; ctbl).

In Kapitel ] untersuchen wir mengentheoretische forcing notions in der Berechenbarkeitstheorie
und vergleichen ihre n-generischen reellen Zahlen. Obwohl vieles aus der Mengenlehre {ibertragen
werden kann, gibt es auch Unterschiede. Zum Beispiel bewiesen Cholak, Dzhafarov, Hirst und
Slaman in [CDHS14], dass alle Mathias n-generischen reellen Zahlen Cohen n-generische reelle
Zahlen berechnen. Miller bewies in [Mil81], dass die analoge Aussage in der Mengenlehre nicht gilt.
Wir verallgemeinern das Ergebnis von Cholak, Dzhafarov, Hirst und Slaman und zeigen so, dass
auch jede Laver n-generische reelle Zahl eine Cohen n-generische reelle Zahl berechnet.

Korollar 4.2.40. Sei n > 3. Dann berechnet jede Laver n-generische reelle Zahl eine Cohen n-
generische reelle Zahl.
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