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INTRODUCTION

A synopsis of the main new results presented in this dissertation can be found in both English

and German in Appendices A.1 and A.2.

Although the name would imply that set theorists mostly study specific sets, in practice it is
more accurate to say that set theorists study the independence of mathematical statements
relative to a broad family of logical theories that have a primitive notion of “being an element of
something”. The most commonly known and studied such theory is ZFC, or Zermelo-Fraenkel
Set Theory with the Axiom of Choice. This theory is of such generality that it can serve as an

axiomatic basis for the vast majority of mathematical literature.

By Gdédel’s Incompleteness Theorems, it is nevertheless impossible for a sufficiently strong theory
to be an axiomatic basis that decides the truth of all mathematical statements, and ZFC is indeed
no exception. Such unprovable statements are called independent of ZFC, and not infrequently

examples of independent statements appear in fields of research outside of set theory.

One particularly rich source of independent statements, is the study of the real line (also known
as the continuum) with the most famous example being the Continuum Hypothesis (CH), or,
the statement that every infinite subset of the real numbers is either countable or has the same
cardinality as the set of all real numbers. Paul Cohen introduced the method of forcing in 1963
[Coh63], which is effectively a method using a partial ordered set (called a forcing notion) to
convert a model of ZFC (called the ground model) into a new model of ZFC (called a forcing
extension). A (nontrivial) forcing extension contains many new sets that are not found in the
ground model, and may, for instance, contain many new real numbers. By careful control of the
properties of the forcing notion, Cohen was able to show that any ground model has a forcing

extension in which CH holds', and a forcing extension in which CH fails.

Under the assumption that CH fails, we see that there are sets of real numbers that are un-
countable, but of strictly smaller cardinality than the real numbers. An interesting question is
therefore if there exist such sets with interesting mathematical properties, and if so, what possi-
ble cardinality these sets can have. Cardinalities like this are known as cardinal characteristics
of the continuum, and examples include the least cardinality of a set of positive Lebesgue outer
measure, the least number of (closed) nowhere dense sets necessary to cover the real line, or the

least cardinality of a base for a nonprincipal ultrafilter on the natural numbers®. For each of

!The consistency of CH had already been proved 25 years earlier, when Gddel announced his constructible
universe in the two-page paper [G638].

20n first inspection, the latter two examples do not appear to be related to sets of real numbers. However, on
second inspection, one could note that both closed nowhere dense sets and subsets of the natural numbers can

be coded by real numbers.



these examples, the method of forcing can be used to show they can consistently (relative to

ZFC) attain a wide variety of cardinalities different from the continuum.

Set theorists usually work with the Cantor space “2 (of binary sequences indexed by the natural
numbers w) and the Baire space “w (of functions from w to w) instead of the real numbers, as
this change of space generally does not affect the size of cardinal characteristics. In the most
recent three decades, an increasing number of people have been studying what happens if we
replace the natural numbers w with a set of uncountable cardinality. A higher Baire space "k,
also known as generalised Baire space®, where k is an uncountable cardinal number, allows us to
define cardinal characteristics of higher Baire spaces. For example, one could define a (natural)

topology on “x and consider the least number of nowhere dense sets necessary to cover “k.

The overarching theme of this thesis is cardinal characteristics of higher Baire spaces,
with a special focus on cardinal characteristics that are classically (i.e. in the context of “w)
associated with the Cichori diagram®. The Cichoni diagram shows the relationship between
ten cardinal characteristics, defined in terms of the ideal of Lebesgue null sets, the ideal of
meagre sets (that is, sets that are countable unions of nowhere dense sets) and dominating and
unbounded subsets of “w (where D C “w is dominating if every function f € “w is eventually
bound by some function g € D in the sense that f(n) < g(n) for all n that are large enough;

and B C “w is unbounded if no function f € “w eventually bounds all elements of B).

Some concepts readily generalise from “w to "k (such as meagre, dominating and unbounded
subsets of “w), whereas others prove to be quite difficult to generalise (such as Lebesgue measure
and the associated null ideal). On the other hand, higher Baire spaces allow for certain structures
that have no classical analogue as well (such as the existence of limit ordinals below k and

stationary sets).

Mathematical results regarding cardinal characteristics can be broadly categorised into ZFC-
results on the one hand and proofs of independence on the other hand. A ZFC-result shows a
relation between cardinal characteristics that is provable in ZFC. Consequently, such statements
have the same truth value in any model of ZFC and thus their truth is preserved under the
method of forcing. Contrastingly, proofs of independence show that two (or more) cardinal
characteristics are consistently different from each other, and usually involve the method of
forcing to produce a model that exhibits this difference. In order to show independence, careful,
and frequently quite technical, analysis of forcing notions is necessary to show that the forcing

extension has the right properties.

In some cases, independence of ZFC can only be shown relative to an axiomatic system that

is strictly stronger than ZFC. Many such stronger systems are the product of assuming that

3We chose to prefer the term “higher” over “generalised”, for reasons explained in the introduction of [BGS20],

namely that “higher” follows analogy with other terms, e.g. higher Suslin trees, higher recursion theory, etc.
“Named by Fremlin [Fre84] after Jacek Cichori. Although the ideas for the proof behind the relations in the

Cichon diagram were discovered by other people (Rothberger, Miller, Raisonnier, Stern, Bartoszynski), the paper
[CKP85] written by Cichon, Kamburelis and Pawlikowski is one of the earlier papers considering previously known

statements about null and meagre sets and dominating and unbounded families in terms of cardinal numbers.



there exist uncountable cardinals with certain combinatorial properties, called large cardinals.
Although large cardinal assumptions are not frequently needed in the study of classical cardinal

characteristics, they play a vital role in the study of higher cardinal characteristics.

In this dissertation, we will give an overview of cardinal characteristics that generalise the Cichon
diagram to higher Baire spaces "k, with a special focus on cases where x has the (large cardinal)
property of being inaccessible. A significant part of the dissertation is concerned with variants
of the cardinal characteristics of the higher Cichoni diagram that are obtained by limiting the
set of functions in “k to only those that are bound below some fixed function b € ®k. These
bounded variants have been studied in the context of “w before, but are first studied on "k in
this dissertation, and we will also introduce a couple of bounded variants that do not have any

analogue in “w, as far as we are aware.

We will both show ZFC-results regarding the relative order of cardinal characteristics and the
influence on the choice of bound b on the variants that are defined on bounded higher Baire
spaces. We will also study the effect that several forcing notions have on the size of the cardinal

characteristics, which will lead us to new independence results.

Although this introduction has been written for a broader audience, the rest of this dissertation
assumes the reader is familiar with set theory. In particular, we assume familiarity with the
theory of forcing as treated in e.g. [Jec86, Kunll, Halll], and will not define the method of
forcing in this dissertation. We also assume the reader is familiar with some well-known large

cardinals (inaccessible, weakly compact, measurable).

1.1. STRUCTURE OF THE DISSERTATION

We will first establish the general mathematical notation and conventions used in this disserta-

tion in Section 1.2.

Chapter 2 will form the background to the rest of the dissertation and contains no new results
by the author. We will formally define higher Baire spaces and discuss their properties. We will
furthermore define our main cardinal characteristics using the framework of relational systems.
Relational systems will help us in giving concise ZFC-results regarding our cardinal characteris-
tics. We will define both the cardinal characteristics of the classical and higher Cichoni diagrams
and give some (sketches of) proofs of the relations between these cardinal characteristics, and

an overview of unknown relations.

In Chapter 3 we introduce bounded higher Baire spaces, as well as bounded versions of the
cardinal characteristics of the higher Cichori diagram. We will prove ZFC-results regarding
the relation between the bounded and unbounded cardinal characteristics of the higher Cichori
diagram. Finally, we discuss the influence of the choice of bound (and of other parameters)
on these cardinals, in particular for which choices the cardinals do not consistently lie strictly

between k and x*. This leads to several interesting open questions as well.

In Chapter 4 we will discuss forcing notions associated with higher Baire spaces. We give prop-

erties of such forcing notions and how these properties will influence our cardinal characteristics.



We do this by investigating new elements of “x with certain generic combinatorial properties
over the ground model. We will also give some simple independence results, most of them old,

some of them new.

The last two chapters deal with more complex independence results. In Chapter 5 we show the
consistency of a large family (of size k™) of localisation cardinals with distinct cardinalities. In
Chapter 6 we show the existence of a family (of size k) of cardinals, any finite subset of which

yields a forcing extension where all of the cardinals in the finite subset are distinct.

1.2. NOTATION

Our notation will be mostly standard, following references such as [Jec03, Kunll]. We will use
the Greek letters «, 3,7, 9, €,(,n, & for ordinals, while &, A\, i, v will be used for (usually infinite)

cardinals. The class of all ordinals is written as Ord. Blackboard boldface uppercase letters

A,B,C, .- are reserved for forcing notions, fraktur lowercase letters a,b,c,--- are reserved
for cardinal characteristics and script uppercase letters o7, %,%, - - - are reserved for relational
systems.

We say that a property P holds for almost all o € k if there is a f € k such that P(«)
holds for all @« > 3, and we abbreviate this as V*°a € kP(«). Dually, a property is said to
hold for cofinally many o € k if for every 8 € k there is some o >  for which P(«) holds,
abbreviated as 3« € kP(«). Given two functions f, f with domain x and < a relation defined

on ran(f) x ran(f’), we write

e f < f" as a shorthand for Va € k(f(a) < f'(a)),
e f <* f" as a shorthand for V>« € k(f(a) < f'(a)),
e [ < f" as a shorthand for 3°a € k(f(a) < f'(@)).

The intended meaning of = and < are the negations of <* and <* respectively, as should
be clear on sight, in contrast to the ambiguously notated <* and °°. For this reason we will

henceforth use the former notation.
SUBSETS AND FUNCTIONS

Unsurprisingly, we write cardinal exponentiation as A and we let AF = [, L Mol If instead
we want to discuss the set of functions from X to Y, we write this as XY. If a is an ordinal,
then <Y denotes the set U&a €Y. We define

Y} ={X e PY)||X]=pn},
Y] ={X e P(Y) | |X] < u}.

Naturally, <*Y and [Y]=% have the obvious meaning that is implicit from the above.

We will consider functions with domain « to be the same concept as a sequence of length «.

Given sequences s € ®X and t € PX, we write st € *"#X for the concatenation of s and t.

10



We write (x) for the sequence of length 1 containing only z. If s € “X is a sequence, we write
dom(s) = « for the length, order-type or domain of s. If A C Ord is a set of ordinals, we
write ot(A) for the order-type of (A, €). If f is a function and A C X, we write f [ A for the
restriction of f to A. The range of a function f is denoted as ran(f), and if A C dom(f), we
write f[A] for ran(f | A).

If f, g are functions on ordinals, we interpret arithmetical operators on the functions elementwise,
such as f +g:a— f(a)+ g(a) and 27 : a — 2@ and if £ is an ordinal f + & : a— f(a) +£.
We will often work with functions b where b(«) is a cardinal for each . In such cases, we also
establish that cf(b) : a +— cf(b()) and b : @+ (b())t. Finally if o is an ordinal, we write @

for the constant function x — {«a}.

An increasing function f : k — Ord is called continuous® at vy € & if f(y) = Ua<y f(c) and

otherwise it is called discontinuous at v € k. If A C k, then f is (dis)continuous on A if f is

(dis)continuous at v for every limit ordinal v € A.
TREES

Let x be an infinite cardinal and F be a set of functions such that dom(f) =  for each f € F,
then we define the set of initial segments F<, = {f | o | f € F A« € K} of functions in F.

A subset T' C F. is called a tree on F if for every u € T and 8 € dom(u) we have u | B € T.
A subset C' C T is a chain if for any u,v € C we have u C v or v C u, and C is called mazimal
if there exists no chain ¢’ C T with C C C’. A function b : @ — k where a < k is called a
branch of T' if there exists a maximal chain C' C T such that b = |JC. The set of branches of
T is denoted by [T']. We define the subtree of T' generated by u € T as:

(T)y={veT|ulvVvlu}.

If ueT, letveT bea successor of u if there exists x such that v = v~ (x). We denote the set

of successors of u in T' by suc(u,T).

We call u a A-splitting node (of T'), if [suc(u,T)| > X. We say u is a splitting node if it is
a 2-splitting node, and a mon-splitting node otherwise. If u is a A-splitting node, but not a
u-splitting node for any cardinal g with A < pu, then we say that u is a sharp A-splitting node.
We let Split,, (T") be the set of all w € T" such that w is splitting and

ot({# € dom(u) | u |  is splitting}) = a.

We let Leve(T) = {u € T'| dom(u) = £} denote the &-th level of the tree 7. We also introduce
the following shorthands.

Split <o (1) = Ugq Splite(T) Levea(T) = Ugo Leve(T)
Split<, (7)) = Split_,1(7T) Lev<o(T) = Leveat1(T)
Split(T') = Split_,,(T)

5This agrees with the topological notion of continuity under the order topology.
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FORCING CONVENTIONS AND NOTATION

We force downwards, that is, if P is a forcing notion and p,q € P are conditions, then q <p p
means that ¢ is a stronger condition than p, and thus tells us more about the generic object.
The largest or trivial condition of P is denoted as 1p. If two conditions p, ¢ are incompatible,
i.e. have no common lower bound, we write p Lp ¢, and otherwise we write p |lp g. We leave
out the subscript P whenever the choice of forcing notion is clear from context, including in the

“forces” symbol IFp.

We will denote the ground model with V and write V¥ for an arbitrary forcing extension by the
forcing P. If G is P-generic over V, we write V[G] for the forcing extension that is specifically
given by G. We will write names with a dot, e.g. A, f,¢,---. Canonical names for objects from
the ground model will usually be unmarked, but may be occasionally denoted with a check, e.g.

&, g, X,---, for the sake of clarity or emphasis.

12



2

CARDINAL CHARACTERISTICS ON
HIGHER BAIRE SPACES

In this section we give the general background to this dissertation. This section will not contain

any new results and can be seen as a concise survey of the (higher) Cichon diagram.

We will discuss first the classical continuum, including Polish spaces and o-ideals on the reals
in Section 2.1, before we move on to higher Baire spaces in Section 2.2. In order to efficiently
talk about cardinal characteristics, we then introduce the machinery of relational systems in
Section 2.3 and subsequently in Section 2.4 give definitions for the (classical) cardinal charac-
teristics of the Cichori diagram and generalisations thereof to higher Baire spaces. We will give
an overview of results regarding the higher Cichon diagram that were known before the writing
of this dissertation in Section 2.5. Finally we will conclude the section with an overview of open

problems.

2.1. THE CONTINUUM

When defining the real numbers, one usually does so by establishing a set of axioms that the reals
satisfy (a complete linear ordering that has a countable dense subset isomorphic to the rationals),
or construct the reals from the natural numbers, via rational numbers, as the collection of
Dedekind cuts or as the collection of limits of Cauchy sequences. Cantor has proved that it does
not matter which of these definitions is used, as any linear order satisfying the same axioms as
the reals is isomorphic to the reals. We will therefore write R to denote the reals as described

above.

In the set theoretic study of the reals, it is often inconvenient to work with R directly. Instead,
we frequently work with other perfect Polish spaces (i.e. topological spaces that are separable,
completely metrisable, and have no isolated points). Of special importance are the Cantor space
“2, which can be found as (the isomorphic image of) a closed subset of any other perfect Polish

space, or the Baire space “w, which continuously maps onto any other perfect Polish space.

A topology on both “2 and “w is defined by giving 2 = {0, 1} and w the discrete topology, and
equipping “2 and “w with the product topology. Equivalently, a basis of open sets is given by
sets of the form [s] = {f € “w | s C f} for initial segments s € <“w (and similarly for “2).!
Note that R is almost homeomorphic to “2 and “w, in the sense that the sets are homeomorphic

after a countable set of exceptions is removed.? Removing a countable set is in a certain sense

'n fact, such sets [s] are clopen, that is, both closed and open.
ZPrecisely, “w is homeomorphic to the irrational numbers, and the half-open interval [0,1) € R is homeomor-

phic to the subset of “2 consisting of those f € “2 that are not eventually constant with value 1.

13



negligible in comparison to the (uncountable) size of the continuum, and thus the choice of
perfect Polish space usually has no influence on the cardinality of naturally defined uncountable
sets of reals. For this reason, it is custom in the set theoretic study of the reals to brand the

elements of any perfect Polish space as reals, a custom we will follow as well.

Let us mention some other perfect Polish spaces. For any countable sequence (A, | n € w) of
countable sets of size at least 2, we can give each A, the discrete topology and consider the
space ], ., An with the product topology, then this is a perfect Polish space. By considering
characteristic functions, one can identify the power set P(w) with the Cantor space “2. Finally,

the intervals [0,1], (0,1), [0,00), etc. as subsets of R are also perfect Polish spaces.?

Let P be your favourite perfect Polish space. A (proper) o-ideal on P is a nonempty family of
sets Z C P(P) that is closed under subsets, closed under countable unions and such that P ¢ 7.
We say a subset X C P is Z-negligible if X € 7, and otherwise call X an Z-positive set. If
P\ X € 7, we say that X is Z-full. The set of Z-full subsets of P is a o-filter (i.e. closed under
countable intersections and supersets) called the dual filter. We are particularly interested in

the following three o-ideals on the reals:

Definition 2.1.1

The meagre ideal M C P(“w) is the ideal of meagre subsets of “w. A set X C “w is called
nowhere dense, if any open neighbourhood contains an open neighbourhood disjoint from X. A
set X C “w is called meagre if it is the countable union of nowhere dense sets. Sets that are

M-full are also called comeagre.

The null ideal N° C P(¥2) is the ideal of (Lebesgue) null sets. We define a measure on the
basic open subsets [s] of “2 by setting p([s]) = 27" where n is such that s € 2. This induces
a Lebesgue measure on the Borel subsets of “2, and we say X C “2 is null if there exists a
Borel set B C “2 with X C B such that u(B) = 0. Measurable sets that are A/-positive have a

positive Lebesgue measure, and sets that are A/-full have Lebesgue measure 1.

The strong measure zero ideal SN° C P(¥2) is the ideal of strong measure zero sets. A set X C “2
is called strong measure zero if for every f € “w there exists a sequence <sn e fm |n e w> such
that X C U, cy[5n)- N

Under the assumption that the Continuum Hypothesis (CH) fails, there may be many uncount-
able cardinalities that are strictly smaller than the cardinality of the continuum ¢ = 2%, We
may ask the question whether there exist subsets of the reals with interesting properties that
are uncountable, yet consistently strictly below ¢. Cardinal characteristics of the continuum
are cardinalities between N; and ¢ associated with sets of real numbers, that are consistently

different from either bound.*

3We refer to [Kec95, Chapter 3| for a detailed exposition on Polish spaces and the facts mentioned in this
paragraph.

4We will take some liberty with the bounds on size in this definition. For instance, a cardinal characteristic
known as the cofinality of the strong measure zero ideal is consistently strictly larger than ¢, but we will still

consider it a cardinal characteristic of the continuum due to its intimate connection with the reals.
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We will introduce a variety of cardinal characteristics of the continuum and their properties after

we have introduced higher Baire spaces and relational systems.

2.2. HIGHER BAIRE SPACES

Let k be an uncountable cardinal. A higher Baire space "k is the result of replacing w in the
definition of the classical Baire space “w by an uncountable cardinal x, that is, "k is the set of
functions f : kK — k. By replacing “finite” by “<x” and “countable” by “<k”, we may generalise
many aspects of “w to “x. A topology on “x is given by the <k-box topology, that is, basic opens
of ¥k are sets are of the form Hae,i Og, where each O, C k and the set of a such that O, # & is
smaller than k. Equivalently, a basis of clopens is given by sets of the form [s] = {f € "k | s C f}
for initial segments s € <"k. In a very similar manner, we can define higher Cantor spaces as
sets 2, with a topology defined as above. In analogy with elements of “w being called reals, the

elements of ®k or ®2 will be called k-reals.

Starting with a paper by Cummings & Shelah [CS95], there have been significant developments
in generalising the theory of cardinal characteristics from “w to "k, where & is an uncountable
cardinal. A cardinal characteristic of the higher Baire space "k, is a cardinality between ™ and

2% that is consistently different from either bound.

The above topology on “k lets us define (proper) <k-complete ideals on "k that are analogous to
M and SN. A (proper) <k-complete ideal on a space P is a nonempty family of sets Z C P(P)
that is closed under subsets, closed under unions of size xk and such that P ¢ Z. We present the

following two <k-complete ideals:

Definition 2.2.1
The k-meagre ideal M, C P("k) is the ideal of k-meagre subsets of “r. A set X C "k is called

k-meagre if it is the union of £ many nowhere dense sets.

The k-strong measure zero ideal SN,, C P("2) is the ideal of k-strong measure zero sets.
A set X C "2 is called k-strong measure zero if for every f € "k there exists a sequence
(sq € @2 ] a € k) such that X C ,c,[5a)- q

In comparison to the three o-ideals mentioned in Definition 2.1.1, the ideal of Lebesgue null sets
is noteworthy for its absence. This is because measurability is not easy to generalise to higher
cardinals. The existence of a <k-complete measure on k is well-known to be equivalent to the
existence of a measurable cardinal.” The situation for Lebesgue measure on "k is worse, as it
is unclear how to generalise (infinite) summation of real numbers in a manner that allows us to

define Lebesgue measure.%

There have been several solutions proposed to be able to talk about the null ideal or its related

cardinal characteristics. One method of obtaining a higher null ideal, is by defining a forcing

®This was shown by Solovay [Sol71].
5See for example Chapter 5 in the PhD dissertation of Wontner [Won23] for a detailed overview of summation
of generalisations of the real numbers. There, a list of desiderata for infinite summation is presented and it is

proved that there does not exist a generalisation of summation that satisfies all of them.
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notion closely resembling random forcing, and using this forcing notion to define an ideal. Shelah
[Shel7] defined an ideal id(Qy) for inaccessible  from a forcing notion Q, with similar properties

to random forcing, making id(Qy) resemble the classical null ideal.

A different forcing notion F resembling random forcing has been proposed by Friedman & Laguzzi
[FL.17]. Unfortunately, the construction of F requires the assumption of a diamond principle”
that implies 2¢ = x*. Under the latter, cardinal characteristics of the higher continuum are

rather boring, as they can only have the value x™.

In this dissertation we take a different approach, and do not generalise the null ideal directly.
Instead, we generalise two combinatorial cardinal characteristics of the continuum that can be
defined without mention of the null ideal. In the classical case, these two cardinals can be shown

to be equivalent to two of the cardinal characteristics related to the null ideal (see Fact 2.4.3).

2.3. RELATIONAL SYSTEMS

In order to define our cardinal characteristics and study the relations between them, we will
make use of relational systems and Tukey connections. Such systems were first defined and
studied by Tukey [Tuk40] in the context of coverings and uniformity of topological spaces, and
later applied to (other) cardinal characteristics by Fremlin [Fre84] and Vojtas [Voj93]. All of the
cardinal characteristics we are interested in, can be expressed as the norm of a relational system.
We will only give a brief overview of relational systems below, and refer to [Blal0, Section 4] for

a detailed description.

A relational system Z = (X,Y, R) is a triple of sets X and Y and a relation R C X x Y. We
define the norm of Z (if it is not undefined) as

|Z|| = min{|W||W CY and Ve € XJy e W(z Ry)}.

We refer to a set W C Y such that Vo € X3y € W(z R y) as a witness for || Z]|. We define a
dual relation to R by

Rt ={(y,x) €Y x X | (z,y) ¢ R}.
Correspondingly we can define the dual relational system %+ = <Y, X, RL>.

Intuitively, we can see Y as a set of possible responses to a set of potential challenges X. We
want to find a set of responses Y’ C Y such that every challenge can be met with a response
from Y’, and the norm expresses the least number of responses necessary to do so. The dual
relational system answers the question how many challenges we should gather such that no single

response can meet them all.

Given two relational systems Z = (X,Y, R) and Z' = (X', Y/, R'), a Tukey connection from %
to #' is a pair of functions p_ : X — X" and py : Y/ — Y such that for any z € X and ¢/ € Y’

"To be precise, of O+ (S5).
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with (p—(x),y") € R’ we also have (z, p4(y')) € R. We let Z < %' denote the claim that there
exists a Tukey connection from Z to %', and we let Z = %' abbreviate Z < %' < %#. Note
that if (p_, p, ) witnesses Z < %', then (p,,p_) witnesses Z'~ < %+.

We will use Tukey connections to give an ordering between the norms of relational systems,

through the following lemma.

Lemma 2.3.1 — [Blal0, Theorem 4.9/
If # < %', then ||Z|| < ||%'|| and || 2| < ||2*||. O

We will on one occasion require a composition of several relational systems. Specifically we need
a general form of the (categorical) product. We will state the definition and give two lemmas

that generalise Theorem 4.11 of [Blal0] and give us the means to compute norms.

Let Z, = (Xa, Ya, Ra) be relational systems for each o € A, where A is a set of ordinals (but we
will omit mention of A from now on for the sake of brevity). We define the categorical product
as the system @, Za = (U, (Xa x {a}),11, Ya,Z), where (z,a) Z 7 iff 2 R, y(a). Dually
we have the categorical coproduct @, Zo = (R, %)t = (1, Xa» U, Ya x {a}), N), where
T N (y,a) iff Z(a) Ry y.

Lemma 2.3.2

1&Qq Zall = sup, [ Zall <
Proof. (<) LetY, CY, beawitness for |Y;| = [[Za||. Let A = sup,, ||Zs|| and let o : A = Y3,
be surjections. Define ¢ : a = 04(§) and let ¥ = {yg [EeN} CIl Yo fz e X, letyeY,

such that = R, y and find £ € A such that y = 04(), then (z,a) Z g, Hence Y witnesses that
18y Zall < A.

(>) LetY CJJ[,Ya beawitness for |Y| = ||Q, Zall, and let Y, = {y(a) |7 € Y} C Y,. Then
for every x € X, there exists ¥ € Y such that (z,«) Z 7, hence () € Y, has the property that

T Ro (o), thus [[Za|l < [Yo| < Y] = [|Q, Zall- o
Lemma 2.3.3
1D, Zall = infq [[Zal|- <

Proof. (<) LetY CY, bea witness for |Y| = ||Za|. Let Y = {(y,a) |y € Y}. If T € [[, Xa,
then there exists y € Y such that Z(a) R, y and thus T N (y, ). Therefore ||, Za| < |Y'| =
Y| = [|Zall

(>) LetY C U,(Ya x {a}) with |Y| < inf, ||Za|l. Let Y, = {y € Yo | (y,a) € Y}. Since
|Y!| < || %4 there is x, € X, such that z, R, y for ally € Y. Let T : o+ x4, then T X (y, a)
for every (y, ) € Y. Thus |Y| < ||, Zall- O

2.4. THE CICHON DIAGRAM

In this section we will first define the ten cardinal characteristics of the Cichon diagram. After
that, we will look at how (most of) these cardinal characteristics can be generalised to higher

Baire spaces.
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THE CLASSICAL CICHON DIAGRAM

Each of the cardinal characteristics in the Cichon diagram can be defined as the norm of a
relational system, hence we will first consider some of the relevant relations. FEight of the

cardinal characteristics of the Cichoni diagram are defined in terms of o-ideals.

Definition 2.4.1

Let Z be a o-ideal on a space X. Then we define the following two relational systems:
@ = (X,T,€) 1%zl = cov(Z) |€2|| = non(z)

Fr=(1,Z,Q) |7z = cof (Z)

o1

‘ — add(Z) 4
We can give a more intuitive description of these four cardinal characteristics and clarify their

names as follows:

» The covering number cov(Z) is the least cardinality of an Z-cover of X, that is, aset C CZ
with [JC = X. To see that this is equivalent to the definition by norm, note that C C 7 is
an Z-cover iff for every x € X there is I € C with z € I.

* The uniformity number® non(Z) is the least cardinality of an Z-positive set, that is, a set
X CX with X ¢ 7.

» The cofinality number cof(Z) is the least cardinality of an ideal basis for Z, that is, of a set
B C T such that every I € Z has some X € B with I C X. Equivalently, B is a C-cofinal
subset of 7, explaining the name.

* The additivity number add(Z) is the least cardinality of a set J C Z with |JJ ¢ Z, and
intuitively answers the question how many Z-negligible sets should be added together to
obtain an Z-positive set. To see that this is equivalent to the definition by norm, note that
if 7 CZ, then |JJ ¢ Z iff for every I € T we have |JJ € I, or equivalently, iff there is
some J € J such that J Z [I.

Given a relational system #Z = (X,Y, R) where the domain and range of R are reasonably clear,
we will generally write 9(R) = ||Z|| and b(R) = H,@LH We consider this to be the case with
the domination relation <* and the cofinal equality relation =, which we will only use on the
space “w (and in higher context on “k). Using the notation from Section 1.2, we have that
f <*gfor f,g € “w if the set of n € w such that f(n) > g(n) is bounded. On the other hand,
f =g for f,g € “w holds if the set of n € w such that f(n) = g(n) is cofinal (in w). Our final

two relations deal with the concept of localisation, which requires us to define slaloms first.

If h € “w is an unbounded increasing function that is nonzero everywhere, we define an h-slalom

to be a function ¢ with domain w such that |p(n)| < h(n) for each n € w.? If f € “w and

8 As for the confusing nomenclature, remember that an ultrafilter & on X is called uniform if | X| = |X| for all
X € U, which is equivalent to saying that non(U*) = |X| for U™ the (prime) ideal dual to U. Generalising this
notion to non-maximal filters and cardinalities < |X| gives us a uniformity number.

9Note that this definition differs from the usual definition: we define ¢ such that |p(a)| < h(c), instead of
the traditional |¢(a))| < h(a). Our definition is more versatile in the higher context. For example, if h(«) is a
limit cardinal for each «, the resulting set of all slaloms ¢ with |p(a)| < h(a) cannot be expressed using the
traditional definition. On the other hand, the set of all traditionally defined h-slaloms is the set of h*-slaloms

under our definition.

18



¢ is an h-slalom, we say that f is localised by ¢ if the set of n € w such that f(n) ¢ ¢(n) is
bounded, that is, f €* . The set of all h-slaloms is denoted by Loc”, and is another example
of a perfect Polish space under the appropriate topology. We may also define antilocalisation,
where we say that f is antilocalised by ¢ if the set of n € w such that f(n) € ¢(n) is bounded,
that is, f €°7 .

Definition 2.4.2

We define the following relational systems:

P = (w0, %, <) 12] = (<) |2+ = b=

ED = (“w, w, =) 162 = o(=) H@@L = b(=>)

2" = (“w,Loc" &) | 2" = 2" ||| =e"e)
AL = <Loch,ww,y@’> H@fzhH — 2" (3%) wa“ — b (%) 4

We call 9(<*) the dominating number, b(<*) the unbounding number, 9(=>7) the eventual differ-
ence number and b(=>) the cofinal equality number'®. Both 2"(€*) and b"(€*) are sometimes
called localisation numbers, but we believe it will be useful to distinguish between these classes
of cardinals with separate terms. We therefore opt to call " (€*) the h-localisation number, and
b"(€*) the h-avoidance number, for the reason that a witness to b"(€*) is a set of functions
F C “w that cannot be localised by a single h-slalom; for any specific h-slalom ¢ there is at
least one member f of F' that avoids ¢ by having f(n) ¢ ¢(n) for cofinally many n € w. Finally
this leaves the cardinals 9"(>°), which we will call the h-antiavoidance number and b" (29,

which we will call the h-antilocalisation number.

Note that we opted to use the relations = and >°7 instead of => and € in the above relational
systems. Due to duality of relational systems, this is only relevant for the names of our cardinals
(in deciding which of the two norms is the 9-cardinal, and which the b-cardinal). The reason

for defining the cardinal characteristics with the negated relations, is that we will later see that
(=) and 2"(>°°) bear more similarities to 9(<*) and "(€*) than to b(<*) and b"(€*).

We should mention that our notation is not entirely standard. Usually b(<*) and 9(<*) are
simply written as b and 0. Although classically the other cardinals defined using relations do
not give us new cardinal characteristics (see Fact 2.4.3), we will consider many variants of them
that do produce new cardinal characteristics. We therefore opted to write the relation in each

of our cardinal characteristics for easy comparison.

We also note that (anti)localisation and (anti)avoidance cardinals have been described using
a variety of names and notations, especially in the bounded context that we will introduce
in the next chapter, where not only a parameter h for the size of the sets in the slalom, but

also a parameter b is used to describe the bounded Baire space [[b. In previous literature, the

1071 the classical setting, the relation of being cofinally equal is often referred to as being nfinitely equal, but

this will not be precise enough in the higher context.
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notations c\gv ,, and UZ, , have also frequently been used for 9 (€*) and b%"(€*) respectively, while
Cl?,h and Uah have been used for b%" (%) and 9»"(>%) respectively. For example, this notation
was used in [Kel08, KO14, KM22, CKM21]. Here ¢ stands for a cover of [ [ b with slaloms by the
relations €* or €°°, and v stands for avoidance by or evasion by a single slalom. We believe that
avoidance forms the better antonym to localisation, as it prevents confusion with other cardinal
characteristics known as evasion cardinals (such as described in [Blal0, Section 10]). Our choice
to use the notation 9»"(&*) over c\;h has the main benefit that the relevant relational system

can be deduced from our notation.

The Cichon diagram consists of the ten cardinal characteristics that are drawn below. Next to
the bounds ®; and ¢ = 2%, the four outermost cardinals are defined in terms of the Lebesgue
null ideal NV, the two innermost cardinals are the dominating and unbounding numbers, and the
remaining four cardinals are defined in terms of the meagre ideal M. The diagram shows which
relations between these cardinal characteristics are provable, where an arrow r — 1 implies that
r <1 is provable in ZFC.

We will not give proofs of the relations drawn in the Cichon diagram, and refer to [BJ95] as
a detailed reference for the Cichon diagram. Our focus lies on the higher context, but we
will complete this section by mentioning some additional results regarding the classical Cichoni

diagram, to have a basis to compare to.

The following equivalences are due to Miller and Bartoszynski, and give us combinatorial defi-

nitions for some of the cardinals that have been expressed in terms of an ideal.

Fact 2.4.3 — [Bar87] 1!

We have the following combinatorial descriptions (for any cofinally increasing h € “w):

non(M) = b(=>) = b"(>*),
cov(M) = 0(=") = "(5%),
add(N) = b"(e"),
cof(N) =l (e*). 0

It follows from this theorem that the choice of parameter h € “w is hardly relevant for any of
the cardinal characteristics b”(€*), ?(€*), b"(3°°) or 2"(3%°): any cofinally increasing h will

" Miller showed in [Mil81, Theorems 1.3 & 1.4] relations between cov(M), non(M) and =, and Bartoszynski
introduced (anti)localisation and proved the equalities mentioned in the lemma, albeit with very different notation.
See also [BJ95, Theorems 2.3.9, 2.4.1 & 2.4.7] for proofs with modern notation.
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result in the same cardinal characteristic. This contrasts with the higher Baire space " with s
inaccessible, where many cardinals of the forms 9/ (€*) can be different from each other (which
is the subject of Chapter 5).

We should also mention that two cardinal characteristics of the Cichoni diagram are dependent

on the others by the following lemma, originally due to Truss, Miller and Fremlin:

Fact 2.4.4 — [Tru77, Mils1, Fres)] 2
We have:

add(M) = min {b(<*), cov(M)} and
cof (M) = max {9(<*),non(M)} . O

As for the other eight cardinal characteristics of the Cichoni diagram, they appear to be as
independent as is possible in the following sense: any assignment of the cardinalities N; and
Ns to the cardinals of the Cichon Diagram that does not contradict the relations given by the
arrows or Fact 2.4.4, is consistent.'® This implies that the Cichori diagram is complete, in the

sense that no other arrows are missing from the diagram.

Furthermore, a problem known as Cichori’s Mazximum asks whether it is consistent that all eight
(independent) cardinal characteristics of the Cichoni diagram are mutually different from each
other. Cichori’s Maximum has been shown to be consistent, first under the assumption of four
strongly compact cardinals by Goldstern, Kellner & Shelah [GIKS19], and later without any large
cardinal assumptions by Goldstern, Kellner, Mejia & Shelah [GKMS22]. Other recent efforts
have led to the consistency of Cichoii’s Maximum with several additional cardinal characteristics
that are not included in the Cichoni diagram, and towards reaching Cichon’’s Maximum with
different orderings of the eight cardinal characteristics than were given in the above-mentioned

papers.

THE HIGHER CICHON DIAGRAM

Let us assume for this section (as we do in general) that s is an uncountable cardinal, then
" is a higher Baire space. We have previously witnessed that we can define the <x-complete
ideal M, of k-meagre subsets of “x. We may suitably generalise relations such as <* as well,
where f <* g with f, g € “w and the definition ¥*°n € w(f(n) < g(n)) is generalised to f <* g
with f, g € "k and the definition V>« € (f(a) < g(«)). Finally, we may generalise slaloms as
well, where an h-slalom for some cofinally increasing h € "« is a function ¢ with domain x such
that |o(a)| < h(a) for each o € x. The set of all such h-slaloms will be denoted by Loc!, to

emphasise that we are working in the higher context.

We may generalise the cardinal characteristics defined so far to “k, as per the definition below.

2Truss [Tru77, Theorem 6.5] constructed an embedding between Boolean algebras, from which add(M) >
min {b(<"), cov(M)} follows, Miller [Mil81, Theorem 1.2] proved the converse, and Fremlin remarked that one
could also show the dual result about cof(M). See also [BJ95, Corollary 2.2.9 & Theorem 2.2.11] for proofs with
modern notation.

138ee [BJ95, Sections 7.5 and 7.6] for each of these cases.

Y41n fact, for many specific orderings Cichori’s Maximum is still an open problem.
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Definition 2.4.5

We define the following relational systems:

Cp, = (5, M, €) €0, | = cov(M,) €, || = non(M.)
Fat = (Mo My, ©) |0, | = cof (M) | 7] = adairm)
D= ("1, ", <) 1201 = 2,(<7) |7]| = bu(=)
EF, = (*K, ", =) 1624 = 0, 67| = 6. (=)
2l = (", Lock, € | 2| =oke) |2t = ehien)
2] = (Lock, ", 57 || = o> ||| = 62> a

We name these cardinals as follows: for the cardinals defined in terms of the xk-meagre ideal,
we call cov(M,y) the covering number of the k-meagre ideal (and similar for the other three).
We will name 0,,(<*), b (<*), 04(=) and b,,(=) similar to their “w counterpart, but with a
prefix k. For example, 0,(<*) is called the k-dominating number. Finally, since the fact that we
are working in the higher Baire space "k is already clear from the domain of h € "k, and since
we want to avoid too many prefixes, we will simply keep referring to 97 (€*) as the h-localisation
cardinal, and similar b(€*), 97(2°) and b?(3°9).

As mentioned in Section 2.2, there is no clear way to generalise the Lebesgue null ideal. How-
ever, in the case of add(N') and cof(N'), we can replace these cardinal characteristics in the
higher context by their combinatorially defined counterparts, the h-localisation and h-avoidance
numbers from Fact 2.4.3. This yields the higher Cichon diagram given below, where the dashed

arrows require s to be (strongly) inaccessible!®:

Kkt —— bl(e*) ----» add(M,;) — cov(M,)
\/

2.5. RELATIONS

We will briefly go through the ZFC-results known about the cardinals in the higher Cichon
diagram for the sake of completeness. We will not go into detail, and only give a cursory sketch

of the way these results could be proved. We will then conclude this section with a succinct

15We will frequently assume r is strongly inaccessible, and will generally simply say “inaccessible”, omitting
“strongly”.
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overview of some independence results to show that most of the cardinals of the higher Cichoni
diagram are distinct from each other. Later, in Chapter 4, we will look at these independence
results in more detail. For a thorough overview of the higher Cichori diagram, a good starting
point is [BBTEMI18].

Our focus will largely be on the case where we assume that s is inaccessible. We use this
section to explain why we make this assumption, instead of letting x be any regular uncountable

cardinal.
/FC-RESULTS

The centre six cardinal characteristics of the higher Cichon diagram behave very similarly to

their classical counterparts, and the proofs of the given relations are very much analogous.

For instance, an (almost trivial) Tukey connection .#; < %7, which works for any ideal I and

thus does not depend on any properties specific to M, gives us:

Fact 2.5.1 — Folklore
add(M,) < cov(M,) and non(M,) < cof (M,). O

A Tukey connection 3 < %, follows easily from the observation that g <* f implies f+1 < g

and provides:

Fact 2.5.2 — Folklore
b,(<%) < 0,(<7). 0
The cardinals b, (<*) and 0,.(<*) are related to non(M,) and cov(M,) via the intermediate

cardinal characteristics b, (=°9) and 0, (=°9), provable through a sequence of Tukey connections
Cm,, = ED 2 Dy, using a similar method as in Fact 2.4.3:

Fact 2.5.3 — Folklore, based on [Mil81, Bar87] for “w
cov(M,) <0,.(=) <0,(<*) and b, (<) < b, (=) < non(M,). O

Remember that classically we have cov(M) = 9(=9) and b(=*?) = non(M), by Fact 2.4.3. In
the higher case, we can prove equality of the norms only for inaccessible k, which was done by
Landver for cov(M,) and by Blass, Hyttinen and Zhang for non(M,):

Fact 2.5.4 — [Lan92, Section 1],[BHZ07, Section 4]
If £ is inaccessible, cov(M,) = 0,.(=>) and non(M,,) = b, (=>). O

In the accessible case'f the situation is quite different, since we have the following results:

Fact 2.5.5 — [Hyt06, Definition 13 and following text], [MS0/, Theorem 4.6]
If k is successor, then b, (=°9) = b, (<*), and if furthermore 2<% = £, then d,,(=°) = 0,(<*). O

Fact 2.5.6 — [Lan92, Lemma 1.3/
If 2<% > k for regular x, then add(M,) = cov(M,) = k™. O

16We will call a cardinal accessible if it is uncountable but not inaccessible.
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Fact 2.5.7 — [BHZ07, Proposition 4.15]
2<F < non(My). O

Fact 2.5.8 — [Brel7, Proposition 2]
25K < cof (My,). O

These results allow for the consistency of cov(M,) < 9,.(=°9) and b, (=°7) < non(M,) as well.
In some accessible cases the value of some cardinal characteristics have absolute values (under
cardinal preserving forcing notions) and others can be influenced by the value of 2* for some

A < k. This is one reason why we will generally assume that « is inaccessible.
The classical results from Fact 2.5.9 generalise to the higher case as follows:

Fact 2.5.9 — [Bre22, Corollary 4]

For k regular uncountable we have:

add(M,;) = min {b,(<*),cov(M,} and
cof (M,;) > max {0,(<*),non(M,)} .

In the latter, equality holds if 2<% = &. O
In particular, the above characterisations of add(M,) and cof(M,) hold for inaccessible x.

For inaccessible r, if we consider b”(€*) and 07(€*), there exist Tukey connections £%, < £
and 9, < £ Together with Fact 2.5.9, this implies:

Fact 2.5.10 — /[BBTFM18, Corollary 41 & Observation 36]
If k is inaccessible, b?(€*) < add(M,) and cof(M,) < ol (e*). O

As mentioned above, these two inequalities require that the norms of &%, and €, are equal.
Consequently, for accessible cardinals, we can only prove that b?(€*) < b, (<*) and ?,,(<*) <

o (€*), giving another reason why we prefer & to be inaccessible.
INDEPENDENCE RESULTS

This subsection serves as a very brief overview of independence proofs concerning the previously
defined cardinal characteristics, without giving details to how these results were proved. We
will mention the forcing notions and techniques used without definition. Later, in Chapter 4
we will discuss most of these forcing constructions in detail. This subsection therefore mostly
serves as a summary of results on the higher Cichon diagram for those readers already familiar
with independence results of the classical Cichonl diagram and can safely be ignored by all other

readers.

Splitting the higher Cichon diagram with a “vertical” separation (see Figure 2.1 below) is rela-

tively easy, and can be achieved with higher variants of Cohen, Hechler and localisation forcing.
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THE k-COHEN MODEL

Adding A-many k-Cohen reals (i.e. generics for x-Cohen forcing) via a <k-support iteration,
where A > kT, over a model V E “2% = g7 will result in a model where k™ = non(M,) <
A < cov(M,y). If A = kT, we will call the resulting model the x-Cohen model. This result can

probably be attributed to folklore, as the argument is exactly as its “w-counterpart.

k-localisation model k-Cohen model dual k-localisation model
x-Hechler model dual k-Hechler model

Figure 2.1: The higher Cichoni diagram in several forcing extensions for inaccessible «.

MODELS FROM k-HECHLER FORCING

The consistency of A = b, (<*) < 0,(<*) = p for kT < X is subject of the first paper on cardinal
characteristics on higher Baire spaces, by Cummings & Shelah [CS95], where it is shown that
the only requirements are that x and A are regular and A < cf(u). The forcing notion used is a
special iteration (along a second poset) of k-Hechler forcing, which is a forcing notion that adds

dominating x-reals.

Like Hechler forcing satisfying o-centredness, x-Hechler forcing satisfies a property that we will
call (k,<r)-centredness (see Definition 4.1.9). Brendle, Brooke-Taylor, Friedman & Montoya
[BBTEMI18, Lemma 55| showed that the property of being (k,<k)-centred can be preserved
under <k-support iteration of length <(2%)* if the forcing notions are additionally “closed with

canonical bounds”!”. (k, <)-centred forcing notions do not affect b(c*) and 27 (€*).

It happens to be the case that x-Hechler forcing indeed is (k, <x)-centred with canonical bounds,
allowing us to produce a model of b?(c*) = k* < A = add(M,) by starting with a model
V E“2% = k77 and doing a <k-support iteration of k-Hechler forcing of length X. If A = g™+

we will call this the x-Hechler model.

Dually, if we start with a model V F “0,(€*) = XA = 2"” and we do a <k-support iteration of
x-Hechler forcing of length s+, we end up with cof(M,) = kT < A = l(e*). If A = kT, we

call the resulting model the dual k-Hechler model.

'"This is called “finely closed” in [BGS20, Section 2.3]
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MODELS FROM k-LOCALISATION FORCING

Let id : a + |a|. The consistency of kt < A = bid(€*) or of kT = 2ld(€*) < X\ = 2 can be
shown using k-localisation forcing, as is done in [BBTEFM18, Proposition 52|. In the same way as
with k-Hechler forcing, if we force with a <x-support iteration of x-localisation forcing of length
A, we get kT < A\ = b9(c*) in the resulting model. If A = k™, we call this the s-localisation

model.

If we instead start with V E “ X = 27" and do a <k-support iteration of k-localisation forcing
of length k¥, we obtain a model for k¥ = 01(€*) < A = 2%, If A\ = k™, this is called the dual

k-localisation model.

The same kinds of models can be used to show this result for b(€*) and ?(€*) with h € "k

any cofinally increasing x-real.
THE K-SACKS MODEL

Whereas in the context of “w the parameter h has no influence over the localisation and avoidance
cardinals, it is shown in [BBTFM18, Theorem 70] that 0°"(€*) < 0/9(€*) is consistent, where!®
id : a = |a|* and pow : o+ (21%1)* since it holds in the k-Sacks model. Similar forcing notions

can be used to separate more cardinals of the form 97 (€*), as we will discuss in Chapter 5.
BOUNDED k-HECHLER FORCING

Finally, we will mention that not only “vertical” consistency results are known. Shelah [She20)]
has given a construction of a model using a bounded version of k-Hechler forcing to prove the
consistency of cov(M,) < 0,.(<*). In order for the forcing notion to have the right properties,
one needs to assume that  is weakly compact, and in order to preserve weakly compact cardinals

under iteration, a type of Laver indestructible supercompact cardinals are needed.
THE ACCESSIBLE CASE

If we let go of the requirement that 2<% = k, the xk-meagre ideal behaves less nicely, as witnessed
by previously mentioned ZFC-results. There are several more consistency results known in this

context.

In [BHZ07] it is shown that b, (=) < non(M,) is consistent with 2<% > k. The consistency
of 9,(<*) < non(My) and of cov(M,) < b(<*) with 2<% > £k is also relatively simple, and
is described in [BBTEFMIS, page 12|, whereas [BBTFMI8, Theorem 49, Proposition 53| prove
the consistency of cov(M,) < 0,(=°7) with 2<% > k, as well as the consistency of the following

statements:

kT = cov(My) < b.(=) = 0.(=>) < non(M,) = 2<F = 2" < cof (M),
k= cov(M,) < bi(e*) =d(e*) < non(M,) = 2% = 2% < cof (M,).

Finally, Brendle [Bre22, Theorem 7| has shown that £ < 2<% < non(M,) < 27 is consistent.

8 Taking the successor cardinal |a|T is necessary since we define our h-slaloms with a strict bound.

26



2.6. OPEN QUESTIONS

The main open question regarding the higher Cichon diagram, is how we can separate in
a “horizontal” manner. Not much is known apart from Shelah’s proof of the consistency of

cov(My) < 0,.(<%), leading to the following series of closely related questions.

Question 2.6.1

Are any of the following consistent with x inaccessible?

. cov(M,) < non(My)

b,.(<*) < non(M,)

0,.(<*) < cof(M,,) (or equivalently d,.(<*) < non(M,))

add(M,;) < b, (<*) (or equivalently cov(M,) < b,.(<*)) q

—_

- wN

As far as the consistency of cov(My) < 9,.(<*) is concerned, the proof uses a form of Laver
indestructibility to preserve the property that x is weakly compact. In order to get rid of
the supercompactness assumption, one would need to find a proof that does not require the

preservation of a weakly compact cardinal, and thus a different forcing in the single step.

Question 2.6.2

Is cov(My) < 0,.(<*) provable without the use of a supercompact cardinal? <

For inaccessible k, we saw that ?,(="°) = cov(M,) and b, (=*°) = non(M,), whereas for
successor £ we saw that b, (=°7) = b, (<*) is provable. For 9, (=°9) = 0,.(<*), one needed the
additional assumption that 2<% = k, thus it is natural to ask whether this additional assumption

is necessary.

Question 2.6.3 — [MS0//
If £ is successor and 2<% > k, is 0,.(=") < 0,,(<*) consistent? <

Finally, we mention a question related to cof (M,). In [Bre22, Corollary 4], a connection between
cof (M), non(M,) and bounded variants of the dominating number is proved, making the

following question potentially relevant to the subject matter of the next chapter.

Question 2.6.4 — [Bre22, Question 11]
Is k < 2<% < cof(M,) < 22" consistent? N
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3

BOUNDED CARDINAL CHARACTERISTICS ON
HIGHER BAIRE SPACES

The focus of this chapter will be variants of the cardinal characteristics that we have defined in
the previous chapter in the context of bounded subspaces of higher Baire spaces. Some results
in this chapter can be basically described as the result of substituting w by & in some known
results on “w. However, for many other results, the difference is significant due to additional
structure on "k (in particular the structure of stationary sets). We will also introduce bounded
forms of the dominating and unbounded numbers that have no analogue on “w. Finally we will
decide which parameters (in the form of bounds for the space, and for the size of slaloms) will
result in trivial cardinals, and state several unexpected and interesting questions resulting from

this inquiry.

Nota Bene! In this chapter we will assume that x is a (strongly) inaccessible cardinal
without further mention. This assumption will not be stated in the theorems and lemmas, but
is often required. Additionally, we will assume that the functions in "k denoted by the letters
b, h are cofinal increasing nonfinite cardinal functions, that is, b is increasing, ran(b) is cofinal
in k, and b(«) is an infinite cardinal for each o € k (and similar for h). This also extends to

indexed or accented functions using the symbols b, h, such as be, h/, and so on.

3.1. BOUNDED HIGHER BAIRE SPACES

Given a function b € "k, we consider the product space [[b =[], b(«) where each b(«) has
the discrete topology and [[b once again has the <k-box topology, hence the topology on []b
is generated by sets [s] = {f € [[b]s C f} with s € []_,. b, where []., b denotes the set of

initial segments of functions in [] b, as per Section 1.2. One can easily see that [] b is a closed

ack

subspace of #x. We will refer to spaces of the form [[b as bounded higher Baire spaces.

Remember that a set X C [[b is nowhere dense if for every basic open [s] C [] b there exists a
basic open [t] C [s]| such that [t]NX = @. It is easy to show that the closure of a nowhere dense
set is nowhere dense. The complement of a closed nowhere dense set is an open dense set. We

will write NV for the family of nowhere dense subsets of [] b.

Also remember that a set X is k-meagre if there exists a family {N, | @ € K} of nowhere dense
sets such that X = J,., Na. Let MY’ be the set of x-meagre subsets of []b.

aEkR

It is easy to show that families M (like M,;) are <x-complete proper ideals. Moreover, by the
following lemma, the choice of b € "k does not matter for the value of the cardinal characteristics
add(M?), cof(M?P), cov(M?) and non(M?), and indeed, we could work with these cardinal

characteristics as evaluated over M, without loss of generality.
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Lemma 3.1.1 — Folklore!
There exists M € MY such that the subspace []b\ M of []b is homeomorphic to “x. N

Proof. First, we recursively define a function ¢ : <*x — [[_,.b. Let () = @. Given t € <"k
such that o(t) has been defined, let A = {so | @ € k} C [[.,. b be an antichain of size x with
©(t) C sq, such that A is maximal with this property, and send ¢ : t(a) — sq. If ¥ = dom(¢)

is limit and ¢(¢ | «) is defined for each o < 7y, we have by construction that

Uaefy Sp(t r Oé) 6 H<,‘{ b
Therefore we set ¢(t) = U,e, (¢ [ o).

Note that ¢[*x] forms a maximal antichain in []_, b: if « is the least ordinal such that ¢[*x] is
not maximal, let s ¢ p[*k] be such that ¢[*x] U {s} is an antichain, then for any £ < « there is
s¢ C s such that s¢ € p[*x], but then Usea ¢ = 8" C s and s’ € p[*x].

We define @ : "« — [] b induced by ¢ as sending f +— [, e, ©(f [ @). Note that the range ®[*x]

is K-comeagre in [] b, because for each a € k we can define

Fo={f€lIb] f ¢ Ueanle®)]}.

Then F, is nowhere dense, since @[] is a maximal antichain, and ®[*x] = []b\,c, Fa, hence

M = U,e, Fa is a k-meagre set and we will see that ® : "s >»= [[b\ M is a homeomorphism.

It is clear that ® is bijective. Note that ® is open, since for any t € <*x we have (t) € []_,. b,
thus ®[[t]] = [¢(t)] \ M is open in []b\ M. To see that & is continuous, let s € []_, b with
dom(s) = a. If t € “k, then it follows by construction that o C dom(p(t)). Let

T={te|sCet)}.

Note that f € [J,ep[t] if and only if s € o(f | «) if and only if ®(f) € [s] if and only if
fe @] O
Corollary 3.1.2

cov(M,) = cov(M?), non(M,) = non(M?), add(M,) = add(M?), cof(M,,) = cof(M?). <

Apart from the xk-meagre ideal, we will also consider the ideal SN of k-strong measure zero sets
in this chapter. We will conclude this section by giving a definition of SN, that is equivalent to

the one given in Section 2.2, and some terminology that will be helpful to us later.

Lemma 3.1.3 — for “w, cf. [Mil81, Theorem 2.3/, attributed to [Rot/1]

The following are equivalent for a set X C 2.

(1) X € SN,
(2) For every f € "k there exists a sequence 5 = (s, | o € k) with s, € 7(®2 for each a such
that X C maoen Uﬁe[ao,/{) [8,3] <

!Compare with Cantor schemes, e.g. as described in [Kec95, Section 6A] for “w.
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Proof. Remember that (1) holds iff for every f € "k there exists a sequence s = (s, | @ € K)
with s, € /(@2 for each a such that X C |J,c,[5a)-

That (2) implies (1) is obvious.

To see that (1) implies (2), let 7 : kK X kK >» & be a bijection and f € ®x. We define fr € " by
fe(a) = f(n(€,a)) and use (1) to find a sequence 3¢ = (sg | o € k) with s5 € /(2 such that
X C Uaeﬁ[si]. Given &, a € k, we define sy o) = s& then sg € 12 for all B € k. Tt follows
that X C (1, ex Uﬂe[ao,n) [s]. O]

Definition 3.1.4

If 5 = (sa | @ € k) is a sequence such that X C J,c.[sq], we say X is covered by 5. If also

X € Nager Ugelag s8], then we say X is cofinally covered by . q

3.2. BOUNDED CARDINAL CHARACTERISTICS

Each of the relations <* =% €* and € can be restricted to [[b. For the former two this is
clear, but for the latter two we need to also restrict the set of h-slaloms to the space [] b, thereby
defining a (b, h)-slalom as a function ¢ with domain x such that ¢(a) C b(a) and |p(a)| < k(@)
for each a € k. The set of all (b, h)-slaloms will be denoted by Locb".

Definition 3.2.1

We define the following four relational systems and associated cardinals:

7 = (T16. 115, <) |72 = oh=) |22 = vl

9% = ([16.T16,=) |67t = k=) |67t|| = b=

Lo = (TTb, Lok, €*) | e = ot (e | zemt| = bien
Azt = (Lo [16,2) |zt =olhz) |l =uit ™) <

As for names for these cardinal characteristics, we will use the prefix b or (b,h) to distin-
guish these cardinals from the same cardinals as defined on the entire higher Baire space "k
in Definition 2.4.5. That is, 0%(<*) is called the b-dominating number, b%"(€*) is called the

(b, h)-avoidance number, etc.
CLASSICAL ANALOGUES OF 2°

The b-dominating and b-unbounding numbers are examples of cardinal characteristics that are
of independent interest only on higher Baire spaces. We will briefly discuss how these cardinals

would be defined on “w, and why this results in uninteresting cardinal characteristics.

If b € “w is any cofinally increasing function, and we define 2° = ([] b, [] b, <*), it is easy to see
that ||2°|| = 1, since the function f = b— 1 will dominate all functions in []b: if g € []b, then
g(n) < b(n) for all n € w, hence g <* f. Similarly, this function f is a bound for all functions in

[0, so there does not exist an unbounded family of functions, which makes H@bLH undefined.
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Through a different lense?, we may see 2° as a generalisation of a different concept. Given
b € "k a cofinal increasing infinite cardinal function and g € [[b, we consider the difference
d = b— g, in the sense that g(«) + §(a) = b(«) for the function 6 € ®k. Then ¢ is itself a cofinal
function in ®k. In fact, one easily sees that 6 = b, since b(«) is always an infinite cardinal. We

will use the fact that ¢ is a cofinal function to define a relational system in the context of “w.

oo
Given a cofinal function b € “w, define [[b = {g € [[b | b — g is an increasing cofinal function}.
o0 o0
Consider 2%, = (ITb,I]b, <*) and let |25 || = 2*(<*) and H'@&LH = b®(<¥), then we may see
2% (<*) and b%(<*) as generalisations of 9%(<*) and b®(<*).
Lemma 3.2.2
For any cofinal function b € “w, we have 9%, = 2. N
Proof. Let f € “w, where we will assume without loss of generality that f(0) = 0 and that
f is an increasing cofinal function. We will define a function g¢ as gf(k) = b(k) — n for each
oo
ke [f(n),f(n+1)) and n € w. We can see that gy € [[b, since f is increasing and cofinal: for
any n € w and k > f(n) we have b(k) — gr(k) > n.

Suppose that f; <* fo for some fi, fo € “w, and assume again without loss of generality that
f1 and fo are increasing and cofinal. Then we will show that gy <* gr,. Let ng € w be such
that fi(n) < fa(n) for all n > ng. For any k > f1(ng), we have k € [fi(n1), fi(n1 + 1)) for some
ny > ng. By choice of ng, we have fi(n1) < fa(n1) and fi(n; + 1) < fa(ng + 1), so there is
ny < ny such that k € [fa(n2), fa(n2 + 1)). But then gy, (k) = b(k) —n1 < b(k) —n2 = gy, (),
hence g¢, <* gy,.

Reversely, given g € [[b, we define a function f; by f;(n) = min{k € w | b(k) — g(k) > n}. If
k> fq(n), then b(k) — g(k) > n as well, because g € [[ b assumes that b — g is increasing.

Let g1 <* g9 for some g1, g2 € [[b and k¢ € w such that g1 (k) < go(k) for all k > ko. If & > ko,
then b(k) — g2(k) > n implies that b(k) — g1 (k) > n, hence fz,(n) > fq,(n). Therefore f,, <* fg,.

In conclusion, 2% < 2 is witnessed by the Tukey connection p_ : g fgand py: f = gy
defined as above, while 2 < 2% has the Tukey connection p_ : f gy and py g fy. O

It follows that 9°(<*) = 9(<*) and b®(<*) = b(<*), hence the bounded variants do not give us

new cardinal characteristics, or at least not when we consider the “w-analogues given above.

3.3. RELATIONS

In this section we will prove ZFC-results concerning the bounded cardinal characteristics defined

in the previous section. We do this by defining Tukey connections.

We will start with a few monotonicity results, then we look at the relation between the different
flavours of cardinal characteristics and we conclude this section with infima and suprema of sets
of cardinal characteristics indexed by the choice of b, which is related to the x-strong measure

zero ideal.

2This idea was proposed to me by Jérg Brendle in private communication.
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MONOTONICITY OF PARAMETERS AND SUBSEQUENCES

To start, let us look at the b-dominating and b-unbounding numbers. We can easily see that
only the cofinality of the values b(«) is important for these cardinals by the following lemma.
Remember that cf(b) : a — cf(b(x)), as defined in Section 1.2.

Lemma 3.3.1
P = 730, <

Proof. For each o € k let (B¢ | £ < cf(b(cx))) be a strictly increasing sequence of ordinals that
is cofinal in b(ar) and for any 1 € b(a) let & = min{¢ € cf(b()) [ n < B¢}

For 20 < 75" let p_ () s o= €5, and py(g') 1 a = BY ).

For 75®) < PP let p_(f): s B%(a) and p+(g9) i a— €& O

(0%
g(a)’
The following lemma shows how taking a subsequence of b influences the cardinal characteristics

under consideration.

Lemma 3.3.2
If (ag | € € k) € "k is a strictly increasing sequence and b’ : £ — b(ag) and A’ : § — h(ag), then
¥ < Pb and LY < LEM and a P < a ", q

Proof. Each Tukey connection is similar, thus we will only give one.

Let p_ : [ — [[bsend f' +— f where f(ag) = f'(§) for each £ € k and arbitrary otherwise.
Let py : [[b — []b' send g — ¢" where ¢'(§) = g(ag) for each § € k. It is easy to see that this
is a Tukey connection for 27 < 2. O]

Another essential property relating two relational systems with different parameters to each
other, is monotonicity with regards to the bounds b and h and the relation <*. The proofs are
elementary, and usually involve the identity functions as part of the Tukey connections, hence

we omit them.

Lemma 3.3.3
Let h <* B and b >* ¥/, then 2" < ZP" and arth < " O

Lastly, we mention that eventual difference is a special case of antilocalisation, where the function
h that determines the size of the sets in the slaloms is as small as possible. Remember that

2: o+ 2, as defined in Section 1.2.

Lemma 3.3.4
EDL = ALY 4

Proof. Any slalom ¢ € Loc%? is a sequence of singletons, and thus we can define fo € [10 such
that {fo(a)} = ¢(a) for all a € k. It follows that g €* ¢ if and only if g => f,. O
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RELATIONS FOR FIXED PARAMETERS

The following theorem gives an overview of relations between the cardinals we have discussed

so far, for a fixed pair of parameters b, h.

Theorem 3.3.5
The following Tukey connections exist, where the relations marked by ' require the additional
assumption that h <* cf(b).

deet <t ogb <t ghh
YI A Y] Yl
&P P (=1) bt 4

Proof. The relation between eventual difference and antilocalisation was already established with
Lemma 3.3.4, and combined with Lemma 3.3.3 we get @@@2 =< M.i”,f’h.

It is also easy to see for f,g € [[b, that if g <* f, then f +1x<*g and g =*° f + 1. This implies
that there are Tukey connections _@f;L =< 9" and 98 < 9.

Next, for f € [[band ¢ € LocZ’h, we have that f €* ¢ implies f € ¢, and thus we get a Tukey
1L
connection JZZZS’h =< .i”,.f’h.

Finally we will show that 427.,2”,? oh = 92 =< .,Ef,f’h as long as we assume that h <* cf(b). Note that
1
this also implies JZ/.Z,S oh b .@ff by duality.

We define pAl : Loc%" — [[b and p2" : [[b — []b as a Tukey connection for ALY < P and
p% : [1b— [1b and p% : Loc%" — []b as a Tukey connection for 22 < zhh.

We will have pAl = pl sending ¢ € Lock" to g € [[b where g(@) = sup(p(a)) if sup(p(a)) <
b(c) and arbitrary otherwise. Since h <* cf(b), we see that ¢(a) is not cofinal in b(«) for
almost all a, so g(a) = sup(¢(a)) for almost all o € k. We let p~ be the identity function, and
P f e f+ L

If f € [[band ¢ € Loc?", let g = pAk(p) = pk(p) and f + 1 = p*(f). Then f €* ¢ implies
f(a) < sup(¢()) = g(a) for almost all « € k, hence f <* g. On the other hand, if g <* f,
then g <* f 4 1, hence sup(¢(a)) < f(a) + 1 for almost all a € k, implying f + 1 &% . O

In summary, we can draw the cardinal characteristics related to these relational systems in the
diagram below, where the dashed lines require that h <* cf(b). Note that b% (=) < non(M,)
and cov(M,) < o2 (=) follow from Lemmas 3.3.3 and 3.3.4 and Fact 2.5.4.

We saw that QZZ.? oh = @2 =< ,,2”,3 LT <* cf(b), and in Theorem 3.3.6 we showed that reversely
.,%f’h < 9% if h =* b. Under the same assumption, we can also prove that 2° < &/f,f’h.
Therefore, the dashed arrows in the above diagram collapse to become equalities in the case
where b =* cf(b) =* h.
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K+ — cov(My) — (=)

Figure 3.1: Diagram of the relations between cardinals on bounded spaces

Theorem 3.3.6
If b=* h, then L2" < 90 < 2", <

Proof. We define p&, p3L : [Tb — [[b and p%, pAL : []b — Loc%" so that (p~, p%) forms a

K

Tukey connection for Z2" < 2% and (p™L, pitY) forms a Tukey connection for 2% < ALY

Let pﬂL be the identity function and let p" : f +— f+1. We will have p& = pAL be the function
sending g € [[bto ¢ € Loc%" where p(a) = g(a) whenever h(a) = b(«) and arbitrary otherwise.
This is well-defined, since |g(a)| < b(e) = h(«) for all & € k on which ¢ is not arbitrary.

It is easy to check that these are Tukey connections. O

The relation é"@g =< ALY can also be reversed for certain choices of h and b, by the following

theorem.

Theorem 3.3.7

Let b be increasing (not strictly) and (I, | @ < k) be an interval partition of k with |I,| = h(«)
for each o € k such that b(a) = b(¢) = b(a)"@ for all £ € I, and « € &, then £2° = AL

Proof. We already know £2° < ALY from Theorem 3.3.5, thus we show that ALY < EDL.
We do this by giving a Tukey connection p_ : Loc%" — [[band py : [[b — [[b. For each a €
let 7, : b(a) — feb(a) be a bijection, which exist by b(a)™® = b(a).

Given ¢ € Loc®" let Ay = |@(a)| and enumerate each p(a) = {ag € b(a) | £ € Aa}. We
define g¢ = ma(zg) € fap(a) for all & € k and & € A\,. Fix 1o = min(l,), then for every
€ € Ao we see that 1o + & € I, since Ay < h(a) = |I,]. Let g € [[b be a function such that
9(ta +&) = g¢(ta + &) for each o € k and £ € Aq. This is well defined, because b(a) = b(§) for

all £ € I,. Welet p_(¢) = g.
We define p (f) € []b sending o+ 7, (f | L)

Now suppose that ¢ € Loc®" and f € [[b and let g = p_(¢) and f' = p,(f). Suppose that
' €% ¢ and ap € K, then there is o > «p such that f'(a) € p(«), so pick £ € A\, such that
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zg = f'(a). Then we see

98 = ma(2) = 7o (f'(@) = Ta(7y ' (f 1 Ia)) = [ | Lo

In particular f(tq +§) = g?(La +&) =g(ta + &), and since 1o + £ > o and g was arbitrary, it
follows that f =*° g. O

Note that the proof does not require the assumption that b(a) < k for a € k. Indeed, the above
theorem holds even if we let b : K — {k}, since k is inaccessible. It follows that the cardinal
characteristics 97 (3°°) and b"(>°) (from the unbounded space) do not depend on the choice of

h € "k, and can be related to the k-meagre ideal as a consequence of Fact 2.5.4.

Corollary 3.3.8
2(2°%) = cov(M,) and b (%) = non(M,) for any choice of h € “. <

We will conclude this subsection with a relationship between antilocalisation and localisation
for different parameters.

Theorem 3.3.9 — c¢f. [K)M22, Lemma 2.6/ for “w

Let h-h' <* band b9 <* b’ for all g < h, then there exists a Tukey connection Mg,f’h = f,fl’hl. N

Proof. Let ag € k be large enough such that h(a) - h'(a) < b(a) and b(a)<M®) < ¥(a) for all

o > . For each o > oy, we fix an injection iy : [b(a)]<M®) »— b/ (a).

Given ¢ € Loc%" let p_(p) = f € [V map a — to(p(a)) for any a > ag, and arbitrary

otherwise. Given ¢’ € Loc? " let p, (') = f € []b have f(a) € b(a) \ Ueew (a)nran(ia) (3
for any a > o, and arbitrary otherwise. Note that this is well-defined, since |¢'(a)| < h'(«)

and i3 1(€)] < h(a), therefore | Uy (a)rran )Lgl(ﬁ)\ < h(a)-M(a) <bla).

(25

If & > ag and (@) € ¢'(a), then (@) = 15! (f'(@) € Ugew(a)nman(ua) ta (€): 50 f(a) & ().
Therefore f €* ¢ implies f €% . O

INFIMA AND SUPREMA

Remember that we have the following monotonicity results from Lemma 3.3.3. Let b < ’. Then:
bl " (€*) < bl (e) ot (er) <ol h(e”)
b,h b’ ,h b ,h b,h
b (%) < b7 (3%) 0;7(3%7) <9"(3%)
This motivates the definition of the following cardinal characteristics.

Definition 3.3.10
Given h € "k, let:

infl(€*) = inf{b2"(€*) | b € "x} sup)(€*) = sup{ol"(€*) | b € "k}
inf" (%) = inf{o%"(>°°) | b € "k} sup”(5°°) = sup{b%"(>°°) | b € "k}
inf, (=) = inf{o},(=>) | b € "r} sup,. (=) = sup{bl (=) | b € "r} <
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Note that for €* we take infima over the b-side cardinals, while for 2 and = we take infima
over the d-side cardinals, and vice versa for the suprema. Note also that inf, (=) = inf2(>)

and sup, (=79) = sup2(3°°) by Lemma 3.3.4.

In [CM19] it is proved that the parameter h does not matter if we work in “w. This is based on

two claims which we repeat below.

Fact 3.3.11 — [C)/19, Claim 3.10]
For any b, h,h' € “w such that h < I’ there exists ¥’ € “w such that Dsjh(e*) < aﬁf’h/(e*) and
b5 (%) < b (). O
Fact 3.3.12 — [CM19, Claim 3.11]
For any b/,h € “w such that 2 < h there exists b € “w such that 95"(3°) < o/(=*) and

b (=) < 01" (3%). -

In the higher context, Fact 3.3.11 can only be partially generalised, and indeed we will see that
differences in the parameter h can lead to consistently different cardinals. Meanwhile Fact 3.3.12
is completely generalisable and we will look at this first. One could compare the next lemma to
Theorem 3.3.7.

Lemma 3.3.13
For any V', h € "k such that 2 < h there exists b € "k such that szf,g’h < é"@g. N

Proof. Let (I, | @ € k) be the (unique) interval partition of s such that I, C min(Ig) for o < 3
and |I,| = h(«) for all & € k. We define b(a) = ‘H&Ia b’(g)‘ and let mq @ b(a) »» [[ecr, V'(€)

be a bijection for each a € k.

For each ¢ € Loci’h, let p—(¢) = g, € [[ b be defined as follows. For each o € k we take some
surjection ¢§ : In —» p(a). Given € € I,,, let 8 = 15(€) € p(a), then we define g, (&) = 7o (B)(§).

For f' € [TV, we let po(f") = f € [Ib be given by f(a) = 7 (f' | ).

Now (p_, p+) forms a Tukey connection. If p, (f') = f € ¢, let @ € k be arbitrarily large such

that f(a) € p(a). Take € € I, such that f(a) = ((€), then g, (€) = ma(f(@))(€) = F/(£), thus
since o is arbitrarily large, we see that f' => g,. O

Corollary 3.3.14
inf?(2°) = inf, (=) and sup?(3°°) = sup,. (=) for each h € *. q

Proof. By Lemma 3.3.3 we see that inf, (=) < inf?(2°) and sup, (=) > sup’ ().

By Lemma 3.3.13, for any b € " we can find some b € *x such that 02" (%) < a‘;’é(%, thus

inf, (=) > inf"(°9). Similar for sup, (=) < sup’ (). O

The equality between inf,(=°°) and non(SN') was first proved by Rothberger [Rot41]. Miller
[Mil81, p.98 Remark (4)] used this result to remark that add(M) = min {b,,(<*),inf,,(=)}.
One could also show the dual result cof (M) = max {0, (<*), sup,,(=>)}. We show that each of

these three claims generalises to higher context.
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Instead of proving non(SN,) = inf, (=) directly, we show one direction by use of a Tukey
connection. Let Xy = {(g,b) € "k X "k | g < b} and X} = {7 : "k = "k | Vb € "r(7(b) < D)},
and define a relation Joo C Xy x Xy by (f,b) Joo 7 iff f =22 7(b). We use this to define the
relational system _Z.., which is equivalent to the categorical product &)« @@gl. We also
define a relational system whose norms are the covering and uniformity numbers of the x-strong

measure zero ideal.

S oo = (Ko, X, Joo) | Sl = sttp (=) | 75| = inf=)
Gon. = (%2, SN, €) | Gsn. || = cov(SAG) HC@MH — non(SA,)

The following Tukey connection proves inf, (=) > non(SN,) and sup,, (=) < cov(SNy).

Theorem 3.3.15
%SNK = joo <

Proof. We describe p_ : Xy — 2 and py : SN,; — X.

For each b € " let 8% € k be minimal such that there exists an injection (2 : b(a) »— Fa2 and
let 4% be the ordinal sum Y e<a Bg.

For any (f,b) € Xy, we define p_(f,b) = f' € "2 piecewise by:

F e A b+ &= L (F(@)(©).

Given X € SN, and b € %k, we can find 3° = (s¥, € Yot12 | a € k) such that X is cofinally covered
by 3°. Define t¥ € Ba2 by th & L(Vh + ). Let py(X) =7, where 7(b) : a > (:2)7H(2b) if
this is defined and arbitrary otherwise.

Given (f,b) € Xy with p_(f,b) = f' and X € SN,; with p4(X) = 7, suppose that f' € X, then
since X is cofinally covered by 3%, there are cofinally many « such that f’ € [sg], hence for such

a we have f/ | [’yg,'ygﬂ) = sg i [’yg,Verl). But then tl& = Lg(f(a)), and thus 7(b)(«) = f(«).
Thus f = 7(b), or equivalently (f,b) J 7. O

As said, non(SN,,) is actually equal to inf, (=>). We prove the remaining direction below.

Theorem 3.3.16 — cf. [Mil81, Theorem 2.3] for “w
non(SN,;) = inf,.(=>). N

Proof. Let m : <2 > k be some fixed bijection and X ¢ SN, then there exists f € “x such
that X is not cofinally covered for any 5 = (so | a € k) with s, € f(®2. For each z € X let
9o+ & = m(z | f(a)) and define b : o — sup {m(s)+1|s€ f(o‘)Z}, then g, € [[b. We set
D ={g, | v € X}

Given h € []b, for each a define s, = 7~ (h(c)) if dom(7~'(h(a)) = f(a) and s, € F(®)2
arbitrary otherwise. If h(a) = g,(a), then s, = x | f(a), hence = € [sy]. Since X is not
cofinally covered by 5 = (s, | @ € k), there exists x € X such that h = g,. Hence D forms a
witness for 02 (=>). O
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We cannot prove the dual cov(SN,;) < sup,. (=), since sup, (=) < non(M,) < cof(M,) and
it is consistent that cof(M,) < cov(SN). The model for this is a generalisation of the Sacks
model, which we will discuss in Section 4.4. We prove the consistency of this specific inequality
in Theorem 4.4.9.

We will prove the connection between add(M,) and inf, (=), and between cof(M,) and
sup,. (=) directly, as it will be more similar to the proof of Theorem 3.3.19.

Theorem 3.3.17 — cf. [Mil§1, p.98 Remark (4)] for “w

add(M,;) = min {b, (<*),inf,. (=)} and cof (M,;) = max {0,.(<*), sup,.(=>)}. 4
Proof. Remember that by Fact 2.5.4 we have 0, (=) = cov(M,) and b, (=) = non(M,),
hence by Fact 2.5.9 add(M,) = min {b,(<*),0,.(=°°)} and cof (M) = max {0, (<*),b,.(=>)}.
Moreover, it is clear from Lemma 3.3.3 that 9, (=) < inf,(=*°) and sup,, (=>°) < b, (=%).

Secondly, we prove that 9, (=°7) < b,.(<*) implies ?,,(=°°) = inf,(=°7). Let F' C "k be a witness
for |F| = 0,(=°) and assume 0,(=) < b, (<*). Since |F| < b, (<*), there exists b € *x such
that f <* b for all f € F. Let f': a— f(a)if f(a) € b(a) and [’ : @ — 0 otherwise. Clearly
f € ]]band for any g € *k we have f == g iff f/ = g. Therefore F/ = {f'| f € F} C]]bis
a witness for 2% (=), thus we see:

0,.(=) = |F| > 0)(=") > inf(=7) > 0,,(=").

For the dual result, assume ?,.(<*) < b, (=°7) and towards contradiction let sup,. (=) < b, (=)
as well. Let D C *k witness |D| = 0,(<*) and for each b € D choose a witness F;, C [[b for

|Fy| = b3 (=) < sup,.(=). Define F' = yep Fy, then |F| =0, (<*) - sup, (=) < b, (=),
thus there exists g € "k such that ¢ = f for all f € F. Let b € D be such that g <* b and let
g :ar— g(a)if g(a) < b(a) and ¢’ : a — 0 otherwise, then ¢’ € [[b and ¢ = f for all f € Fy,.
But this contradicts that [}, witnesses |F,| = b2 (=>).

Putting everything together, we have showed that:

add(M,) = min {b,(<"),0,(=>)} = min {b,(<"),inf. (=)},
cof (M) = max {0,,(<*), b, (=)} = max {0,(<*), sup,. (=)} . O

We will now show a generalisation of Fact 3.3.11. It is not possible to prove the generalisation

for every b, h,h' € ®x with h < h/, since we will see in the next section that it is consistent that
h / oh /

o2 (er) = 0% (e%) < okl (e*) = ol (e¥) for all o/ > b.

Lemma 3.3.18
For any b, h, ' € "k such that there exists a continuous strictly increasing sequence (3, | a € k)
with A/(a) < h(&) for all £ > B, there exists b’ € "k such that &, = Ly p. <

Proof. Let I, = [Ba,Ba+1) for each a € k, where we assume without loss of generality that
Bo = 0. Since (B¢ | £ € k) is continuous, we see that (I, | o € k) is an interval partition of k.

We define V() = ‘Hﬁela b(g)‘ and a bijection 7 : V(@) > [[¢c;, b(§) for each a € k.
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_:[Ib— IV is defined by p_(f) = f': a > 71 (f | I). We define p : Loc? " — Loct"
by p+(¢’) = ¢ : £ = {ma(z)(&) | 2 € ¢'(«)}, where « is such that { € I,. Note that this is
well-defined, since £ € I, implies £ > S, and thus |¢'(a)| < h'(«) < h(E).

Suppose that f € [[b, ¢ € Loc® " and p_(f) = f, p+(¢') = ¢. Let a € x be such that

f'(a) € ¢'(a). For any € € I,, we then see that 7, (f'())(§) = f(&), thus f(£) € ¢(&) for all
€ € I,. Hence, if [ €* ¢/, it follows that f €* ¢. O

Classically analogous to Theorem 3.3.17, it can be shown that add(N) = min {b,,(<*),inf,(€*)}
and cof(N) = max {0,(<*),sup,(€*)}. There is a generalisation of this result for “x as well,
although we have to replace add(N) and cof(N) by their combinatorial counterparts b?(*)
and d"(€*) (nota bene: these are the cardinals from the (unbounded) higher Baire space “x,
or equivalently we could regard the bound to be b = ). Moreover, since the parameter h
is important, in the sense that differing h leads to different cardinals, we can only prove a

parametrised version of this result.

Theorem 3.3.19 — ¢f. [CM19, Lemma 8.12] for “w
b/ (€*) = min {b,(<*),inf?(€*)} and 2"(€*) = max {d,(<*), supl(*)} for any h € *«. q

Proof. That bl(€*) < min {b,(<*),infl(€*)} and d(€*) > max {d,(<*),supl(€*)} are clear.

Let F C "r with |F| < min {b,(< *),inf (e *)}, then there exists b € " such that f <* b for all
feF. Let /' ={f"| feF} where f': a— f(a)if f(a) < b(a) and f" : a + 0 otherwise,
then f =* f' € Hb Finally, there exists ¢ € Loc%" such that f' €* ¢ for all f € F’ by
|F'| < infl(€*) < b2"(€*). Then also f €* ¢ for all f € F, thus |F| < bl(e*).

Let D C "k be a witness for 9,,(<*) with |D| =0,(<*). For each b € D choose a witness &, C

Loc" for 02" (e*) with |®,] = %" (€*). Let ® = Upep b, then |®] < max {0, (<*), supl(e*)}.
If f € "k, then there is b € D such that f <* b. Again, let [’ : a — f(«) if f(a) < b(«) and
f': a— 0 otherwise, then f’ € []b. Therefore, there exists ¢ € @, such that f €* ¢, and thus
such that f €* . This shows that ® is a witness for 27(€*). O

3.4. TRIVIAL PARAMETERS

It is perhaps not very surprising that some choices of parameters b and h will result in the cardinal
characteristics having trivial values. What we mean precisely with a cardinal characteristic
having a “trivial” value, is that ¢ is undefined, or that it is provable in “ ZFC + k is inaccessible”
that t < kT or r = 2°,

It is perhaps not evident that the determination of b and h such that our cardinals are nontrivial,
is itself not a trivial task. Indeed, this section contains several nontrivial open questions regarding

the triviality of cardinal characteristics.

We will establish a general pattern that it is possible to give a complete characterisation of the

cases in which the cardinals b2 (<*), 62" (€*), 82" (2°%) and bb (=) are trivial. For each of these
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families of cardinals we are able to formulate a trichotomy of the case where the cardinal is < &,
the case where it is exactly x and the case where the cardinal is > k. In the last case we can

show that the cardinal is nontrivial, and we will give an independence proof in Chapter 4.

For the cardinals 0% (<*), 22" (€*), 02" (%) and 9% (=), the natural conjecture is that these
are trivial exactly when their b-duals are trivial, but this turns out to be hard to prove in each
case. We will give partial results and some related problems. On the other hand, we can show
that these 0-side cardinals are nontrivial whenever the b-side cardinals are nontrivial by dual

independence proofs, also given in Chapter 4.
DOMINATION & UNBOUNDEDNESS

Let us start with 9% (<*) and b%(<*). We saw in Lemma 3.3.1 that the value of these cardinals
only depends on the cofinality of b(a). It is also quite immediate that we require b € "k to be
such that b(a) is an infinite cardinal for (almost) all @ € k for the same reason that a direct

“w-analogue, as given at the end of Section 3.2, gives us trivial values:

Lemma 3.4.1

If b(a) is a successor ordinal for almost all a, then 9% (<*) = 1 and b%(<*) is undefined. N

Proof. Let b(a) = f(a) + 1 for almost all a € k, then clearly f dominates all functions in []b,
hence 9% (<*) = 1 and b%(<*) is undefined. O

The following lemma gives a complete characterisation of the functions b for which b%(<*) is

trivial. Note that the cases (i), (ii) and (iii) form a trichotomy.

Theorem 3.4.2
For each regular cardinal A < k let D) = {a € k | cf(b(a)) = A}

(i) If there exists a least regular cardinal A < x such that D) is cofinal in &, then b%(<*) = A.

(ii) If Dy is bounded for all regular A < x and there exists a stationary set S such that for
cach £ € S there exists ag > € with cf(b(ag)) < &, then b%(<*) = k.

(iii) If Dy is bounded for all regular A < s and there exists a club set C' such that for each

¢ € C we have cf(b(a)) > € for all a > &, then bb(<*) > k7. N

Proof. (i) Foreach~ € D) let <5§ | a € )\> be an increasing cofinal sequence in 7. Let f, € [ b
be any function such that f,(y) = 65 for each v € D), then we claim that B = {f, | o € A} is
unbounded. Let g € [[b. By the pigeonhole principle there exists a € A such that g(y) < &%
for cofinally many v € D), hence we see that f, <*g.

On the other hand, if |B| < A, then let ap be large enough such that cf(b(a)) > A for all
a > ap, then |{f(a) | f € B}| < cf(b(e)) for all @ > ag, thus we can pick g € [[b such that
g(la) =sup{f(a)| f € B} <b(a) for each a > ag to see that f <* g for all f € B.

(ii) Since each Dy is bounded, we may assume that ag # ag for all distinct £,&" € S. For each
£e s, let {ﬁg | n € £} be a cofinal subset of b(ag) (not necessarily increasing). Given o € k we
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define f, such that f,(ag) = B¢ for all £ € S with v < £ and arbitrary otherwise. We claim
that B = {f, | @ € k} is unbounded.

Let g € []b, then for each { € S there is a minimal ¢ < & such that g(ag) < ng = fe(ae),
hence ¢’ : £ — ¢ is a regressive function on S. Therefore there is stationary S’ C S such that

¢’ is constant on S’, say with value 7, then we see that f,, < g.

On the other hand, if B € [[]b]* with p < k and we take regular A > p such that D) is bounded,
then we can argue as in case (i) to construct g € [[b with f <* g for all f € B.

(iii) Let B C [[b with |B] = k and enumerate B as {f, |n € k}. Let (a¢|& € k) be an
increasing enumeration of C. We define g(a) = U, ¢ fy(e) for all a € [ag, agt1) and § € &,
then g(«) is the supremum of a sequence of length £ < a¢ < cf(b(a)), hence g € [[b. Clearly
fe <¥ g for each £ € K, so B is bounded. O

Hence, we see that b%(<*) is trivial in cases (i) and (ii). We will later prove that s+ < b%(<*)

is consistent in case (iii), but let us take a look at the dual % (<*) first.

If 9% (<*) behaves dually to b%(<*), then we expect 9%(<*) < 2% to be inconsistent in cases (i)
and (ii). Remember that we assume that b is increasing, hence by Lemma 3.3.1, we can reduce
case (i) to the situation where b is a constant function with a regular cardinal as value. In other
words, we have to study the dominating number as defined in the space "\ where A < k is a

regular cardinal.

Note that even if we drop the assumption that b is increasing, Lemma 3.3.2 shows that the

behaviour on the space #) is essentially the relevant part of the (in)consistency of 92 (<*) < 2~.

Dominating numbers in the space “A have been studied by many in the past. Brendle showed
in the last section of [Bre22| (using different notation where the roles of x and A are reversed)
that if A < k and A is regular uncountable, then ai(g*) < 2" is actually consistent. An example
for a model where this holds, is the model resulting from adding x™* many p-Cohen reals over
GCH, where p < A. Because this also destroys the inaccessibility of x, we cannot use this in our

context.

The question whether ag(g*) < 2" is consistent with x > 2<* is mentioned as Question 16 in
[Bre22]. Moreover, the special case where k = w; and A = w is a famous open problem of Jech
& Prikry [JP79] that is still unsolved almost half a century later. We will give a partial answer

and prove that DE(S*) = 2" when & is inaccessible.

Theorem 3.4.3
If \ < x is regular and cf(b(a)) = A for cofinally many « € &, then 2% (<*) = 2%, <

We will delay the essential part of the proof of this theorem to the next subsection, since it will
be a corollary of Theorem 3.4.6, which states that 02" (€*) = 2% if h(a) = A for cofinally many
a € k. This is related to 9% (<*) through Theorem 3.3.6.

41



Proof of Theorem 3.4.3. Let A < k be regular and cf(b(a)) = A for cofinally many o € k. By
Lemma 3.3.1 and Lemma 3.3.2 we may assume that b(a) = A for all « € k. Let h = b, then the
conditions of Theorems 3.3.6 and 3.4.6 are satisfied, thus 2% = DZ’h(E*) <ob(<r) < 2n, O

We currently do not know whether 9% (<*) also is trivial in case (ii) of Theorem 3.4.2, see
also Question 3.5.1. We can however show that both b%(<*) and 92 (<*) are nontrivial in case
(iii), and we will give an independence proof separating each from their respective bound in
Theorem 4.3.19.

LOCALISATION & AVOIDANCE

With localisation and avoidance cardinals, we have not only the parameter b, but also the
parameter h giving the width of our slaloms. As with the dominating and unbounding numbers,

there are certain choices of these parameters for which we have trivial cardinal characteristics.

We will motivate our assumption that h < b with the following two lemmas:

Lemma 3.4.4
b <* h if and only if 02" (€*) = 1.
If b <* h, then b2"(€*) is undefined. <

Proof. If b <* h, let B = {a € x| b(a) < h(a)}, and choose some ¢ € Loc%" such that o(a) =
b(a) for all @ € B. Since almost all a € k are in B, we see that f € [[b implies f €* ¢. Hence
¢ localises the entirety of [] b, making 22" (€*) = 1 and b2"(€*) undefined.

Reversely, if there is a strictly increasing sequence (a¢ | £ € k) with h(ag) < b(ag) for all £, and
¢ € Loc%" then there is v¢ € b(ag) \ ¢(ag) for each & since [p(ag)| < h(ag) < b(ag). Therefore,
if f € []bis such that f(ag) = ¢ for all £ € k, then f & . O

Mirroring the situation of Theorem 3.4.2, we will give a complete characterisation of the cases
in which b2"(€*) is trivial.

Theorem 3.4.5

For each \ < k define Dy = {a € k | h(a) = A}.

(i) If there exists a least cardinal A < k such that D} is cofinal in x, then bZ’h(e*) =\
(i) If Dy is bounded for all A < & and h is continuous on a stationary set, then b%"(€*) = x,
(iii) If Dy is bounded for all A < x and h is discontinuous on a club set, then k* < bZ’h(e*). <

Proof. (i) Assume that A is minimal such that D) is cofinal. For each n < A, define f, € [[b
elementwise by f, : o — 7 for all « € Dy and f, : o — 0 otherwise. If ¢ € Locﬁ’h and
a € Dy, then |p(a)| < h(a) = A, so there exists n < A for which n ¢ ¢(«) for cofinally many
a € Dy by the pigeonhole principle, hence f;, & ¢. Therefore F = { fn | m < A} witnesses that
b2 (e*) < |F| = A,

On the other hand, if 7 C [[b and |F| < A, then by minimality of A we see that |F| < h(«)
for almost all a € &, thus we can choose ¢ € Loc%" such that ¢ : a +— {f(a) | f € F} whenever
|F| < h(c), then we see that f €* ¢ for all f € F, proving that |F| < b2"(€*).
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(ii) Since each D) is bounded, it follows that {a € x| h(a) < A} is bounded for every A\ < k.
Let F C [[b with |F| < &, and let 3 € & be such that h(a) < |F| implies o < 3. If ¢ € Loct"
and & > f3, then |F| < h(€), hence we can define p(§) = {f(§) | f € F} for all £ > 5. It is clear
that f €* ¢ for all f € F, thus |F| < b2"(€*). Since F was arbitrary such that |F| < x, we sce
that x < b2"(€*).

To see k = bY"(€*), consider F = {fy | n € K} where f, : a— n when n € b(a), and f;, : @+ 0
otherwise. Since we assume h <* b and h is cofinal, for every n € « there is ag such that b(«) > n
for all & > ap, thus f, (o) = n for almost all a € k. Since h is continuous on a stationary set
So, the set of fixed-points S; = {a € Sy | h(a) = a} is stationary, implying that o — |¢(a)]
is regressive on the stationary Sj. Consequently Fodor’s lemma tells us that there exists a
stationary set Sp C 51 and A € k such that [p(a)] < A for all @ € Sy. If f,, € ¢ for all n € A,
then N, = {a € x| n ¢ ¢(a)} is nonstationary for each n € A, so [J, ¢, Vy is nonstationary, and
thus Sz \ U,y IVy is stationary. However, for any a € Sz \ [, ¢\ Ny we have A € ¢(a), which

contradicts that ()| < A for a € Sy. Therefore F forms a witness for b2 (€*) < k.

(iii) Let F C []bwith |F| = x and enumerate F as (f,, | n € k). Let C be a club set containing
no successor ordinals such that h is discontinuous on C, and let (o | £ € k) be the increasing
enumeration of C'U {0}. For each { € & let A\¢ = Ua€a§
that (J@ = 0, then A\¢ < h(ag) for all £ € k by discontinuity. Given a € &, let £ be such
that o € o, agyq), which exists by C being club, and let ¢(a) = {f,(a) | n € A¢}. Since h is
increasing, ()| < Ae < h(ag) < h(a), thus ¢ € Loc%". Finally h is cofinal, thus (\¢ | £ € )

h(«), where we have the convention

is cofinal, hence for every n € x we have f,, €* ¢, showing that x < bZ’h(e*). O
We will once again see that b%"(€*) is nontrivial in case (iii), but first let us consider 02" (€*).

In case (i) we have Dz’h(e*) = 2%, The proof is a generalisation based on Lemmas 1.8, 1.10 and

1.11 from [GS93], where the analogous theorem is proved for “w.

Theorem 3.4.6 — cf. [G593, Lemmas 1.8, 1.10 and 1.11] for “w
If Dy = {a € k| h(c) = A} is cofinal in & for some A < k, then 0" (e*) = 2~ q

Proof. We are only interested in finding a lower bound of Dﬁ’h(e*), thus by Lemma 3.3.2 we could
restrict our attention to a cofinal subset of k. We therefore assume without loss of generality
that Dy = k, that is, h(a) = X for all @ € k. To prove this lemma we assume furthermore

without loss of generality that b = h. This suffices to prove the lemma, by Lemma 3.3.3.
Let ¥ be defined by b/(a) = 21 for all a € k. We start with proving that DZ/’h(e*) = 2K,

Let mq : “2 = b'(v) be an injection for every o € k. For some arbitrary g € #2, define f, € T[]V’
to be such that fy(a) = ma(g | ) for all a € k. If g, ¢ € "2 are distinct, then g [ @ # ¢' | a
for almost all a € &, hence fy(a) # fy () for almost all o € k. Therefore, if ¢ € Loc? ", then

there are at most A many functions g € "2 such that f, €* . Since "2 cannot be the union of
less than 2" sets of size A, we see that DZ/’h(e*) = 2",
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We will construct a Tukey connection %y, = %, . Let (W, | o € k) be a partition of x such
that |[W,| = A2 and let <<I>g‘ | € € Wa> be an enumeration of all functions 21l — X. We let
p— : [IV — ] b send a function f’ to the function f defined as follows: for £ € k, let @ be such
that £ € W, then we let f(§) = ®¢(f'(a)). We let py Loc%" — Loc? " send a slalom ¢ to
the slalom ¢, where ¢/(a) = {77 €V (a) |VE € Wo(Pg(n) € go(f))} We show that ¢ is indeed
a (b, h)-slalom by proving that |¢'(a)| < h(a) = .

Assume towards contradiction that there exists a sequence (ng | 8 € A\) of distinct elements of
¢'(a)). We define a function @ : /(o) — A by sending ng — S and n — 0 if n # ng for all
B € A. Note that dom(®) = ¥'(a) = 2%, hence there is & € W, such that & = ®g. Since
lp(€)] < h(§) = A there is some 3 € A\ (&), but then ®(ng) = ®¢(ng) ¢ ¢(§), which implies
the contradictory ng ¢ ¢'(a).

Finally we have to prove that p_, p4 form a Tukey connection. If we assume that f €* ¢, then
¢(f'(a)) € ¢(€) for almost all £ € r, where a is such that { € W,. This means that for almost
all a € k& we have ®¢(f'(a)) € ¢(€) for all £ € W,. Therefore, for almost all « € x we have
(@) € ¢'(a), showing that f' €* ¢'. O

In case (iii) we will prove that each of kT < bﬁ’h(e*) and OZ’h(e*) < 2% are consistent using
a generalisation of localisation forcing in Theorem 4.3.31. This mirrors what happens for the

dominating and unbounded numbers in Theorem 4.3.19.

Finally we will conclude this section with case (ii), which appears to be more complicated.
Currently our best lower bound is given by the maximal size of almost disjoint families of

functions.
ON ALMOST DISJOINT FAMILIES IN BOUNDED SPACES

A family A C [] b is called almost disjoint if f =°° g implies that f = g for all f,g € A.

Theorem 3.4.7

If Dy = {a € k| h(a) = A} is bounded for all A\ € k and h is increasing and continuous on a
stationary set and A C []b is an almost disjoint family, then |A| < 02" (e*). q

Proof. Since we assume h < b and h is cofinal, b is also cofinal. Note that there exists an almost
disjoint family A C []b with |A| = &: let f,, € [[bsend a +— n if n € b(a) and o — 0 otherwise,
then A= {f, | n € k} suffices. We will therefore assume without loss of generality that A is an
almost disjoint family with |A| > &.

Given ¢ € Loc%", let A\, be minimal such that there is stationary S, with [p(a)| = A, for all
a € S,. Fix some arbitrary A C A with |A] = A}, enumerate A as (fo | @ € \}) and define
§ap = min{& € k| Vn € [§,8)(fa(n) # fa(n))}. Since £np < & for all distinct o, 8 € A}, and
A} <k and & is inaccessible, we see that £ = Uae)\-; Usea §ap € k. It n > &, then fo(n) is
distinct for each a € Al, thus {fa(n) | € A;g}\ = \}. For every € S, \ § there is a € A}

such that fo(n) & ¢(1), hence by the pigeonhole principle there exists a € A such that f, & 0.
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Thus, we see that A, = {f € A| f € ¢} has |Ay| < Ay. If & C Lock” is of minimal cardinality
to witnesses 02"(€*), then Ugpeo Ay = A, and thus x < [A| < |®| - sup,eq Ap = |@|. For the
last equality, note that sup,cq Ap < £ and that this inequality would be strict if |®| < K. ]

Note that an almost disjoint family A C [ b with |.A| = 2" exists when there exists a continuous
strictly increasing sequence (a | € € k) such that 2/¢l < [b(ag)]| for all ¢ € k. The construction
for such a family is done by fixing injections ¢ : £2 v b(ag) and for any f € *2 considering the
function f” € []b given by f': a — me(f I §) for each a € [ag, agy1), then {f' | f € "2} forms

an almost disjoint family.

Even if b does not grow fast enough such that the above construction can be done, it is still
possible to add an almost disjoint family of size 2 with forcing. Let us focus on the case where
b =id : @ — « is the identity function, and look at a forcing notion AID)Q that adds a A-sized

almost disjoint family of regressive functions, that is, elements of []id.

Definition 3.4.8

The forcing notion AD? has the conditions p : X, x 8, — & such that X, € [\]<*, | X,| < 8, € &,
and p(§,a) < a for all £ € X, and 0 < a € ,. Given § € X,,, we write p¢ : §, — & for the
(regressive) function p¢ : o = p(&, o). The ordering on AD? is given by ¢ < p iff p C ¢ (implicitly

X, C Xy and B, < ), and ge(a) # ger(e) for any o € g \ B, and distinct &, &' € X, N
Lemma 3.4.9
The set of all p € AD? such that (£, ) € dom(p), is dense for any £ € A and « € k. <

Proof. Let p € A]D)é and 3, < a € k, then we will first find ¢ < p with X, = X, and f, = o+ 1.
Fix an enumeration (§, | n < |Xp|) of X, then for any v € [5,, @] note that |X,| < 8, < v,
hence we can define g¢, (v) =7 <, then ¢ < p.

Next we show how to increase X,,. Let p € A]D)é and p < k, then by the above there exists ¢ < p
with X, = X, and | Xp| +p < By If X € [A\ X]#, we can find r < ¢ with X, = X, UX and
Br = Bq simply by letting r¢(«) = 0 for all & € 8, and £ € X. O

Lemma 3.4.10

If G is an AD)-generic filter over V, and we define f¢ = J{p¢ | p € G A€ € X,,)}, then fe € "k
is a regressive function and {f¢ | £ € (\)V} is almost disjoint. q

Proof. 1t is clear from the definition of A]D)ﬁ and the above lemma that f: € "« and that f¢ is
regressive. If £,& € (\)V are distinct, then let p € G be such that &,¢ € X, and let a > ,,.
For any ¢ < p with ¢ € G and «a € ; we have g¢(«) # ger(«). By the above lemma there exist
such ¢ < p with ¢ € G, hence fe(a) # fer(o) for any a > 3,. Therefore f¢ and fe are almost
disjoint. O

Lemma 3.4.11

AD? is <#-closed and has the <xt-c.c.? N

3See Definitions 4.1.1 and 4.1.6 for the definitions of <x-closure and <xT-c.c.
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Proof. First, let us prove <k-closure. Let v € k and let <p77 € A]D)ﬁ |n < 'y> be a descending
chain of conditions. It is clear that X = J, o, Xpn € [A]*" and |X] < 8 = U, B € &,
and that p = {J, e, p" : X x 8 = « and p(§,n) < nfor all ({,n) € X x 3. If §,& € Xpn are
distinct and o € 3\ Bpn, then there is ¢ > 7 such that a € B,¢. Since the chain of conditions is
descending we have p¢ < p!, which implies that pe(a) = pg(oz) #* pg,(a) = per(a), so p < py.

As for <xt-c.c., suppose B C AD? is a subset with |B] = x*. We let A = {dom(p) | p € B},
then by |X,| < k and 8, < k for each p € B we see that A is a family of sets of cardinality <k.
Applying the A-system lemma (see Lemma 4.1.16) on A, we know that there exists By C B such
that |Byg| = k* and some sets X € [\]<" and § € & such that dom(p) N dom(p’) = X x S for all
distinct p, p’ € By.

If X = &, then any p,p’ € By have some ¢ < p and ¢’ < p’ such that | X,| + [ X| < By = By
using Lemma 3.4.9. Then qU ¢ < p and qU ¢’ < p/, thus B is not an antichain.

On the other hand, if X # @, then 8 = 8, = By for all p,p’ € By. Since |X x | < k and
Kk<F = g, there exists By C By with |Bi| = T such that p [ (X x 8) = p' | (X x 3) for all
p,p’ € Bi. Once again, using Lemma 3.4.9 we can see that p,p’ are compatible, and thus B is

not an antichain. O

Corollary 3.4.12

ADQ preserves cardinals and cofinality and does not add any elements to <"x. N

Theorem 3.4.13
It is consistent that there exists an almost disjoint family A C []id of cardinality 2% = A for
any A with cf(\) > k. N

Proof. Starting with a model where V E “2% < \” let G be A]D)é—generic over V, and let
F = { fel€e (2”)V} be the almost disjoint family described in Lemma 3.4.10. An argument
by counting names shows that (2%)V < (ZH)V[G] =\ n

Although the <k-closure implies that A]D)é preserves the inaccessibility of k, the same cannot
be said for stronger large cardinal assumptions on x. Indeed, it is inconsistent that an almost
disjoint family A C J]id of size larger than k exists for measurable cardinals, as was pointed

out to me by Jing Zhang.

Theorem 3.4.14

If k is measurable, b € "k is continuous and A C [] b is almost disjoint, then |A] < k. q

Proof. Let U C P(k) be a <k-complete nonprincipal normal ultrafilter on . Assume towards
contradiction that A C []b is an almost disjoint family with | A] = x™. Since b is continuous,
the set of fixed points of b contains a club set, thus every f € A is regressive on a club set.
Therefore there exists Xy € U such that f is regressive on Xy, and since ¢/ is normal there
exists Yy € U [ Xy and ¢ € « such that ran(f [ Yr) = {7¢}. By the pigeonhole principle there
exists A" C A and v € k with [ A’| = | A| such that vy = for all f € A". Then for any distinct
[, f € A" we have Yy N Yy € U, contradicting that f and f’ are almost disjoint. O
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In the end, we do not know whether the conditions of (i) of Theorem 3.4.5 imply that 22" (€*)

is trivial.
ANTILOCALISATION & ANTIAVOIDANCE

We can give similar results for bZ’h(yg) and bZ’h(}’@) to what we discussed in the previous
sections. Firstly, due to Lemmas 3.3.2, 3.3.3 and 3.4.15 below, we will once again assume that

h < b is always the case.

Lemma 3.4.15
b < h if and only if 03" (%) = 1.
If b <* h, then b%" (%) is undefined. O

A comprehensive overview of the trivial values for these cardinals in the classical context has been
given by Cardona & Mejia in [CM19, Section 3|. However, the classical characterisation uses a
substantial amount of finite arithmetic and thus appears quite different from the characterisation
of the trivial values of bZ’h@“’), given below. We once again have three cases, making this similar
to Theorems 3.4.2 and 3.4.5.

Theorem 3.4.16
For each A < k define Dy = {a € k| b(a) <A} U {a € k| h(a) =0b(a) and cf(b(a)) < A}.

(i) If there exists a least cardinal A < k such that Dj is cofinal in &, then bi’h(aﬁ”) =\
(ii) If Dy is bounded for all A < k and there is a stationary set S such that
(a) b is continuous on S, or
(b) for each £ € S there exists ag > & with h(oe) = b(ae) and cf(b(ag)) <&,
then b2"(3%) = k.
(iii) If Dy is bounded for all A < k and there is a club set C' such that
(a) b is discontinuous on C, and
(b) for each £ € C and a > &, if h(a) = b(«v), then cf(b(a)) > &,
then kT < b (°9). 4

Proof. (i) Assume that A is minimal such that D} is cofinal. Let D} = {a € k| b(a) = A} and
DY = {a € k| h(a) = b(ar) and cf(b(a)) = A}. Note that at least one of D) or DY is cofinal.
We will assume without loss of generality that Dy = D} U DY.

First, we will show that b%"(3%9) < A.

If o € DY, then cf(b(cr)) = A, thus we can find a continuous sequence (B¢ | £ < A) that is cofinal
in b(a). In the other case where o € D, let Bg‘ = ¢ for all £ <\ =b(a).

Since |[B¢', B¢ 1) < h(a) < b(e) for all aw € Dy, we can pick some ¢¢ € Loc" for each € < A
such that (o) = [ﬁg‘,ﬂg‘ﬂ) for all « € Dy. For f € [[b, let Fy: Dy — A map a € Dy to the
§ € Asuch that f(a) € p¢(a), then by the pigeonhole principle Ff_l(f ) is cofinal for some & € A,
and thus for this £ we have f €% ¢¢. Therefore {p¢ | £ < A} witnesses that b2 (379) < A.
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Next we show that A < b%"(5%9). Let {¢e | € € u} C Lock" for some p < \.

If D) is cofinal, then we must have b(a) > A for almost all & € £ by minimality of X\. Suppose
that A < b(a) and [Jg, pe(@) = b(a), then cf(b(a)) < p, and furthermore for every v < b(a)
there is some ¢ € p such that v < [p¢(a), implying that h(a) = b(a). But then a € Djj, which
is bounded by minimality of A. Therefore |J;_, ¢(c) # b(e) for almost all a € k.

If DY is bounded and DY is cofinal, then for almost all a ¢ DY we must have h(a) # b(a) or
cf(b(a))) > X. Hence we have max {h(a), A} < b(a) or cf(b(a)) > X for almost all o € . If
max {h(a), A} < b(a), then also p - h(a) < b(a), thus e, pe(@) # b(a). On the other hand if
cf(b(a)) > A, then clearly [, pe(@) # b(a) as well.

In either case we find f € [ b such that f &% ¢¢ for all £ < p, and consequently p < bﬁ’h@“’).

(ii) We first prove that b2"(3%%) < k in case (a), then in case (b), and then we show the reverse
direction, that k < b%h(ye).

(a) Assume b is increasing and continuous on stationary S C k. Then the set of fixed points
S"={a e S|bla) =a} is also stationary.

For each n €  let ¢, € Loc%" be defined as ¢, (¢) = {n} if n < b(€) and arbitrary otherwise.
If f €]]b, then f(&) < b(&) for every £ € k, therefore f is regressive on S’. By Fodor’s lemma
then there exists stationary S” C S’ such that f | S” is constant. Let n be such that f(§) =7
for all n € S”, then clearly f € ¢,. Hence {¢, | n < k} witnesses b2" (%) < k.

(b) Assume S is stationary and for each £ € S let ag > £ be such that h(ag) = b(ag) and
cf(b(ag)) < €. We define for each 1) € « a slalom ¢, € Loc%" in such a way that for each £ € S
we have (J, ¢ ¢y(ag) = b(ag), which is possible since cf(b(ag)) < & and h(ag) = b(ae).

If f € ]]b, then for each £ € S we define f/(§) to be the least n < & such that f(ag) € ¢,(ce).
Now f’ is regressive on S, so by Fodor’s lemma there exists stationary S’ C S such that f’ | S’
is constant, say with value 7. Then f(a¢) € ¢y,(ag¢) for each £ € ', thus f €* ¢,. Hence
{en | n < K} witnesses 2" (3%9) < k.

Finally for the reverse direction, let A < k and {p¢ | { <A} C Loc%". Since Dy is bounded,
we can find ag € k such that for every a@ > oy we have A < b(«) and either h(a) < b(a) or
A < cf(b(a)). If h(a) < b(a), then A - h(a) < b(a), meaning (Jg ) pe(a) # b(a). On the other
hand, if A < cf(b(ar)), then by |p¢(a)| < h(a) < b(ax) we see that once again (J;_, p¢(a) # b(a).
Hence we can construct f € [[bsuch that f &> ¢¢ for all € < A, which proves that k£ < bﬁ’h(}’@).

(iii) Let C be a club set with the properties mentioned in (iii) and let {¢, | n € x} C Loc%".
We can enumerate C' increasingly as (o¢ | £ € k), then every o € &k has some { € & such
that o € [ag, agy1). Note that |, ce n(@)] < [€] - sup,ee [oq()]. Since b is increasing and
discontinuous on C' and & < ag < a, we see that £ < b(ae) < b(a). If h(a) < b(a), then it is
clear that sup, ¢, |on(a)| < b(a) as well. Else, if h(a) = b(), then by the properties of C' we
see that cf(b(a)) > ag > &, thus it also follows that sup,c, [¢n(a)| < b(a). We can therefore
conclude that [J, ¢ (@) < b(a) for all a € k, and thus we can define f(a) to be some value
in b(c) that lies outside of ¢, («) for each n < ¢. Then clearly f &% ¢, for all n € . O
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It is not known whether cases (i) and (ii) of Theorem 3.4.16 imply that DZ’h(gpe) =2~ If
we consider the constant function 2, then we see that 02’5(296) < Dz’h(ape’) by Lemma 3.3.3.
Since 02’5(296) = 02 (=*) (by Lemma 3.3.4), we will discuss the cases (i) and (ii) in the next
section. Let us mention here, that if, by exception, we allow that b(«) is finite for cofinally many
o, then we may use a connection with localisation cardinals to prove that Dz’h(ape) = 2" (see

Lemma 3.4.19). We will also give a partial answer to case (i) with the following lemma:

Lemma 3.4.17
If A is regular and D = {a € & | b(a) = h(c) = A} is cofinal, then 22 < w0 q

Proof. Enumerate D as {ag | € € x}. We need p_ : ®A — Loc%" and py : [[b — *\.

Given g € ®), let p_(g) € Loc%" be such that p_(g) : ag = g(€) for all ¢ € k. Given f € [[b,
let p1(f) : &= f(ag) for each £ € k. Since a¢ € D for each £ € s, we have h(ag) = b(ag) = A,
thus p_ and p; are well-defined. If ¢ = p_(g) and f' = p,(f), and f €% ¢, then it is easy to
see that g <* f’, so this is a Tukey connection. O

Since we already know that ag(g*) = 2" from Theorem 3.4.3, the assumptions of the above
lemma imply that 2%"(3°) = 2~

EVENTUAL DIFFERENCE & COFINAL EQUALITY

Since antilocalisation is a special case of eventual difference, it follows that Theorem 3.4.16
immediately gives us the following characterisation of the trivial values of b2 (=), since we can

ignore the case where h(a) = b(«) if we let h = 2.

Corollary 3.4.18 — c¢f. Theorem 3.4.16
For each A < k define D) = {a € k | b(a)) < A}

(i) If there exists a least cardinal A\ <  such that D) is cofinal in x, then b’ (=) = \.
(ii) If Dy is bounded for all A <  and b is continuous on a stationary set, then b? (=) = k.
(iii) If Dy is bounded for all A < s and b is discontinuous on a club set, then x* < b% (=>).0

We can use Theorem 3.4.6 and a special connection between localisation and antilocalisation for
functions with finite values to prove the following lemma, giving a condition for which 22 (=)
and a’;’h(y@) are trivial. Note that this is significantly weaker than the assumption in case (i),

since b is not only bounded on a cofinal set, but even finite cofinally often.

Lemma 3.4.19

If D= {a €k |bla) < w} is cofinal, then db (=) = 2% (%) = 2. <
Proof. We want to give a lower bound to DZ’h(gpe), thus by Lemma 3.3.3 we may assume that
h = 2, and moreover by Lemma 3.3.2 and D being cofinal, we may assume that b = 7 for some
necw.

Note that %57 = @/, 5. Namely, if f € []b, let pf: a— n\ {f(a)}, then py € Loc™™, and
on the other hand, if ¢ € Locl?, then let f, be the unique function such that (o) = {f,(a)}
for all & € k. It is clear that f €% ¢ if and only if f, €* ¢y.
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It follows that 2F = 0" (€*) < 07 (=) < 00 (=) = 02’5(296) < 02"(2%9) if D is cofinal. Here
the first equality is given by Theorem 3.4.6. O

The above argument is able to relate eventual difference to localisation by removing a single
element from a finite set, which changes its cardinality. Naturally, removing a single element
from an infinite set does not change the cardinality of the infinite set, thus the technique from
this proof does not give us insight on how to prove 9% (=) = 2~ if b is only bounded on a cofinal

set by an infinite value.

It is also unclear whether 9% (=) = 2% in case (ii) of Corollary 3.4.18.

3.5. OPEN QUESTIONS

Although Theorems 3.4.2, 3.4.5 and 3.4.16 give us a trichotomy on the b-side of the bounded

cardinal characteristics, the 0-side has only been partially solved.
For 92 (<*) the remaining case was case (ii) of Theorem 3.4.2.

Question 3.5.1

Let Dy = {«a € k| c¢f(b(a)) = A} be bounded for all regular A < x and S be stationary such that
for each £ € S there exists ag > € with cf(b(ag)) < €. Is 95(<*) < 2 consistent? q

For DZ’h(E*) we have a lower bound in terms of the cardinality of an almost disjoint family
A C J]b. However, we also saw that if x is measurable, then |A| = k for any almost disjoint
family A C []b for continuous b. Therefore, we cannot use the size of almost disjoint families
to show that 92" (€*) = 2% holds. This motivates the following question:

Question 3.5.2

Is D%h(e*) < 2" consistent with b continuous on a club set? N

Finally, for DZ’h(Qpe) and 0% (=) we do not know the answer in neither case (i) nor case (ii) of
Theorem 3.4.16 and Corollary 3.4.18.

Question 3.5.3
Is 9% (=) < 2" consistent in case (i) or (ii) of Corollary 3.4.18? N
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4

FORCING NOTIONS AND k-REALS

In this section we will discuss forcing notions and how they affect our cardinal characteristics.
Our forcing notions are generalisations of well-known classical forcing notions, such as Cohen,
Hechler or Sacks forcing, which could each be considered as arboreal forcing notions. Particularly,

<

conditions could be represented by trees on <~“w ordered by inclusion.

Obtaining a useful forcing notion in the context of "k is sometimes not as simple as replacing
<Ww with <*k and we may need to stipulate additional requirements to ensure the forcing notion
behaves as intended. Essentially, the reason for this is that in trees on <"k there are nodes of
limit height. We will see that concepts like ultrafilters, stationary sets and large cardinals play

a role in defining forcing notions with desirable properties.

In order to prove independence results for the bounded cardinal characteristics from Chapter 3,
we will introduce bounded variants of our higher forcing notions as well. The specific bound
that is chosen for the forcing notion may have the effect that it increases cardinal characteristics
only for a select number of parameters, allowing us to separate multiple cardinal characteristics

of the same type. These kinds of results will be the topic in the last two Chapters 5 and 6.

The forcing notions and properties described in this chapter are generalisations of very well-
known forcing notions and properties, and even most of the higher forcing notions have been
considered by others before. Most results of this chapter could therefore be attributed to the

literature or to folklore, or are very similar to analogous results on “w.

Nota Bene! We will assume for the remainder of the chapter without mention that b, h are
increasing cofinal cardinal functions. This also extends to indexed or accented functions using

the symbols b, h, such as be, A/, and so on.

4.1. PROPERTIES OF FORCING NOTIONS

Before we introduce the forcing notions, we will discuss some properties that forcing notions
could possess. We will generally want our forcing notions to preserve cardinals and not to effect

the sets in V, but also to add new x-reals in such a way that we can prove independence results.

For the preservation of cardinals, it will be enough to show that a forcing notion is <k-distributive
and <xT-c.c. We introduce these two concepts in the following two subsections. In some cases
we cannot show that a forcing notion is <x'-c.c., and we will show preservation of cardinals

using certain boundedness properties, introduced in the third subsection.
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CLOSURE AND DISTRIBUTIVITY

We consider three types of closure properties of a forcing notion P, namely <k-closure, strategic

<k-closure and <k-distributivity.

Definition 4.1.1
A forcing notion P is <k-closed if for every sequence of conditions (p, | & € 7) such that v < k

and pg < p, for each oo < 8 <y there exists a condition p € P with p < p,, for all a < 7. N

Definition 4.1.2

We define a game G(P, p) of length « between Black and White. We consider p € P to be the
first Black move of G(P,p) (let’s say at stage —1). At stage o € k, White chooses a condition
Pa stronger than all previous Black moves and Black subsequently chooses p!, < p,. White wins

G(P, p) if White can make moves at every stage « € k.
When White has a winning strategy for G(IP, p) for all p € P, we call P strategically <r-closed. <

Definition 4.1.3

A forcing notion P is <rk-distributive if for any sequence (D, | v € A) of open dense sets with
A < K, also [,ey Da is dense. q

These properties are easily seen to be progressively stronger: any <k-closed forcing notion is

strategically <k-closed, and any strategically <r-closed forcing notion is <k-distributive.

The reason we are interested in these properties, is that they suffice to prove that P does not
collapse any cardinals <k, since we can prove that any function A — V from the extension is
already present in the ground model for any A < x. This holds particularly for any function

A — pfor all A < p < K, and thus no such function can be surjective.

Lemma 4.1.4 — Folklore, see e.g. [Jec86, Theorem 2.10]
A forcing notion P is <k-distributive if and only if for all A < x and f € VF with f: A — V,
we have f € V. O

Corollary 4.1.5
If P is <k-distributive, it preserves cardinals < k. <

CHAIN CONDITIONS, CENTREDNESS AND CALIBRE

In order to also preserve cardinals > k, we introduce chain conditions as well as a couple of
stronger properties. By an argument of counting nice names, chain conditions imply that a

forcing notion preserves cardinals.

Definition 4.1.6

A forcing notion P is <A-c.c. (i.e. <A-chain condition) if all antichains in P have size <A. <«

Lemma 4.1.7 — Folklore, see e.g. [JecS6, Part I Theorem 2.14]
If P has the <A-c.c. and cf()\) > &, then every f € VF with f: x — ) is bounded. O
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Since bounded functions cannot be surjective, this means that the chain condition implies preser-

vation of cardinals.

Corollary 4.1.8

If Pis <kt-c.c., it preserves cardinals > k. N

There exist several properties that are stronger than chain conditions. We introduce two such

properties.

Definition 4.1.9
A subset Q of a forcing notion PP is called <\-linked if for every P € [Q]<* there exists ¢ € P
such that ¢ < p for all p € P.

We say that P is (k, <\)-centred if P =, ... P, such that P, is <A-linked for every a € K. <

aER

Definition 4.1.10
A subset @ of a forcing notion P is called A-calibre if for every P € [Q]* there exist P’ € [P]*
and g € P such that ¢ < p for all p € P'.

We say that P is (k, \)-calibre if P = J,,.,. Pa such that P, is A-calibre for every a € k. q

ack

An antichain can contain at most one condition per <A-linked set, and has < A many elements
per \-calibre set, thus it follows that (k, <\)-centred or (k, \)-calibre forcing notions are <x*-c.c.
for 3 < A< kt.

BOUNDEDNESS

Finally we will mention three related properties that tell us that new x-reals that are added by
a forcing notion are in a certain sense bound by k-reals from the ground model. Especially the

Sacks property will have a crucial role in Chapter 5.

Definition 4.1.11
A forcing notion P is #k-bounding if for every name f and condition p € P such that p I+ f € #x”

there exists some g € “k in the ground model and ¢ < p such that ¢ I “f <*g”. N

Definition 4.1.12

Let b, h € "k. A forcing notion IP has the (b, h)-Laver property if for every name f and condition
p € Psuch that p IF“ f [1b” there exists some ¢ € Loc%® in the ground model and ¢ < p
such that ¢ IF % f €* 7.

We say that P has the h-Laver property if P has the (b, h)-Laver property for all b € “k. N

Definition 4.1.13
Let h € #k. A forcing notion P has the h-Sacks property if for every name f and condition p € P
such that p IF “ f € ®x” there exists some ¢ € Loc” in the ground model and ¢ < p such that

gl-“fer o <
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The h-Sacks property could be seen as the combination of h-Laver properties and the k-

bounding property, and indeed, these two things are equivalent.

Lemma 4.1.14 — Folklore, cf. [BJ95, Lemma 6.3.38] for “w
A forcing notion has the h-Sacks property iff it is “x-bounding and has the h-Laver property. [

ITERATIONS AND PRODUCTS

In this subsection we discuss how some of the previously defined properties behave under prod-
ucts or iterations with <k- and <k-support. We will first establish our notation for products

and iterations.
NOTATION

Let A be a set of ordinals and IP¢ be a forcing notion for each § € A. We will denote <p, as
<&, or more commonly as < when there is no possibility for confusion, and we denote Ip, as Lg.
Consider an element of the full product p € ng 4 Pe, that is, p is a function with dom(p) = A
such that p(§) € P¢ for each £ € A. We define the support of p as supp(p) = {£ € A | p(§) # L¢}-
We define the <s-support product as follows:!

™ <
P =154 Pe = {p € [ceaPe | Isupp(p)| < r} -

If p,q € P, then ¢ <g p iff q(¢) <& p(&) for all € € A. We will again write ¢ < p instead of ¢ <pp

if the context is clear, and we will write T for 1.

Suppose X C P and B C A, then we write X [ B={p | B|p € X}. We will write B¢ = A\ B.
Note that if G C P is P-generic over V, then clearly P and (P | B) x (P | B°) are forcing
equivalent, (G | B) x (G | B°) is (P | B) x (P | B°)-generic and

VIG] = V(G | B) x (G | BY)] = V[G | BJ[G | B°].

Two-step iteration of a forcing notion PP and a P-name for a forcing notion Q is written as P+ Q.
An iteration of length 7 is written as P, = (Py,Qq | & € 7), where Py is the trivial forcing
notion and each Qa is a Py-name such that IFp_ Qa is a forcing notion”. If av < =y, then the
initial part of a condition p € P, is written as p | «, and (the P,-name for) the Qa—condition at

index «a is written as p(«). Similarly we define G | o and G(«) for any G C P,
PRESERVATION THEOREMS

Preserving (strategic) s-closure under iterations and products is fairly straightforward, and

follows from considering the forcing notion elementwise.

Theorem 4.1.15 — Folklore, see e.g. [Cum10, Proposition 7.9]

If k is regular, then iterations or products with <k- or <k-support of (strategically) <x-closed

forcing notions are (strategically) <k-closed. O

We will not use products with other supports in this dissertation.
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Let P = Hgg "4 P¢ be a <k-support product of forcing notions that are <x-closed and let

Pa | @ € 7) be a descending sequence of conditions in P with v < k. If we write Aaecypa(€) for
¥

a canonical condition p’ € P¢ such that p’ < p,(§) for each a € vy (for example p’ could be the

greatest lower bound of {p, (&) | @ € v}, assuming it exists), then we can define:

/\aefypa (6 /\aEvpa(g) for £ € A.
By the above Theorem 4.1.15, it follows that A\seypq is a condition in P.

Preservation of chain conditions by iterations or products does not happen as nicely with un-

countable support and needs to be treated with some care.

For products in the classical case, the preservation of <wi-c.c. (or c.c.c.) is shown using a
A-system lemma, originally discovered by Shanin [Sha46] in the context of topology. A family
X is called a A-system if there exists a set r such that x Ny = r for all distinct x,y € X.

Lemma 4.1.16 — See e.g. [Kunll, Lemma II1.6.15]
Assume 2<% = k < X\ with A regular. Let X’ be a family of sets with |z| < k for all z € X and
|X| > A, then there exists Y € [X]* such that ) is a A-system. O

The A-system lemma can be used to prove the following theorem, which we will require later in
Chapters 5 and 6:

Theorem 4.1.17 — Folklore, see e.g. [Jec86, Part I Theorem 4.12]
If 2¢ = k1, |P¢| < kT for each £ € A, then the <s-support product H?;A Pe is <k™t-c.c. O

For iteration, the preservation of <x'-c.c. is guaranteed by finite support iteration, but is
quite complex for higher supports. On the other hand, stronger properties, such as the above-
mentioned (k, <rk)-centredness, can be preserved if we make some additional assumptions to deal

with limit cases, which do not exist in the classical preservation of o-centred forcing notions.?

Definition 4.1.18

Let P be a <x-closed and (k, <k)-centred forcing notion and let P = .., Py be the decompo-

YER
sition into <k-linked sets. We say that P is (k, <k)-centred with canonical lower bounds if there
exists some f : <k — k such that for any A < k and decreasing sequence (p, | @ € \), with ~,

such that p, € P, , there exists p € Py((,|aer)) With p < p, for all a € A q

Theorem 4.1.19 — [BBTFMIS, Lemma 55/
Let k be regular uncountable and 2<% =  and let P be an iteration of length <(2%)* with <x-
support of <k-closed, (k, <k)-centred forcing notions with canonical lower bounds, such that all

canonical lower bounds lie in the ground model. Then P is <k-closed and (k, <k)-centred. [

In many occasions, we wish to iterate with <xT-c.c. forcing notions that are not (x, <x)-centred,
but for which we still wish to show that <x'-c.c. is preserved by iteration. We will use the

following application of the A-system lemma in these cases.

%In our notation o-centred means (w, <w)-centred.
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Lemma 4.1.20 — Folklore, see e.g. [BBTFMI18, Lemma 56] for a comparable result

Let P = <Pa,(@a | @ € A\) be a <k-support iteration such that each P, forces that Qa is a
(strategically) <k-closed <x™-c.c. forcing notion with conditions of the form (s,z) such that
s € <%V, and such that (s,z) || (s,2’) for every (s, ), (s,2') € Qu. Then P is <xT-c.c. N

Proof. Note that each P, is (strategically) <k-closed, hence <x-distributive by Theorem 4.1.15,
so for each condition (s,z) € (Qa)V'® we have s € V. For p € P, since p(a) is a Py-name
with p [ o IF “pla) = (5,%) € Q7 there exists p' < p such that p/ | a IF “§ = &7 for
some t € V. If we let pgp = p and p,41 < p, be such that for every a € supp(p,) we have
Pnt1 | a Ik “pu(a) = (8a,%q)” for some s, € V, then we may find p’ with p’ < p, for
each n € w and supp(p’) = U, e, supp(pn) such that p’ [ a - “p'(a) = (3a,24)” for each
a € supp(p’).> We will call such p’ decisive, and it is clear by the above that the set of decisive

conditions is dense in P.

Let B € [P]*" be a set of decisive conditions and let A = {{(c, s%) | a € supp(p)} | p € B},
where each sh is the element of <*V forming the first coordinate of p(«), as decided by p. Since
P is a <k-support iteration, A is a family of sets of size <k, so we can apply the A-system
lemma on A. It follows that there exists By C B such that |By| = ™ and for any p,p’ € By and

P P’

a € supp(p) Nsupp(p’) we have sh = sh. But then p || p’ follows from our assumptions on P,

thus B is not an antichain. Therefore P has the <xT-c.c. O

We will conclude this subsection with a general theorem on adding k-reals by iteration.

Theorem 4.1.21 — Folklore, see e.g. [G0l92, Lemma 1.20] for “w
Let P = <Pa, Qa|ae v> be a <k- or <k-support iteration and IFp “ cf(v) > k7, then (k)Y =
Uaey(”fﬁ)v%, that is, for each P-name f such that IFp “ f € #x” there exists o € v such that f

is equivalent to a Py-name. U
FusioN

For some of our forcing notions, particularly those forcing notions of Section 4.4 and Chapters 5
and 6, we wish to use a construction method known as fusion to have better control over
the forcing conditions. We will present the notation for fusion in this section, as well as a

generalisation of fusion that works for products of forcing notions.

Let P be a forcing notion, then a fusion ordering is a sequence (<, | a € k) of relations on P
such that:

* q<opiff ¢g<p,and
* ¢ <g p implies ¢ <, p for all a < .

A fusion sequence is a sequence of conditions (p, | o € k) such that pg <, p, for all @ < § € k.
We say that P is closed under fusion if every fusion sequence (p, | @ € k) has some p with

P <q Po for all a € k.

31f Q. is only strategically <r-closed, we may need to use White’s winning strategy to obtain suitable p, such

that a lower bound exists.
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IfP = H?g "4 P¢ is such that each P¢ has a fusion ordering gg, then we define for each p,q € P,
a € K, and Z C A the generalised fusion relation q <z p iff ¢ <g p and for each § € Z we have

q(€) <& p(&).

A generalised fusion sequence is a sequence ((pa, Zo) | @ € k) such that:

(i) pa € P and Z, € [A]<" for each a € k,
(i) pg <z4,04 Pa and Z, C Zg for all « < § € &,
(iii) for limit § we have Zs = (J,es Zas
)

(1V Uaen = Uae.% Supp(poé)'

We call P closed under generalised fusion if every generalised fusion sequence ((pa, Za) | a € k)
has some p € P with supp(p) = Uaesr supp(pa) and p <4 7z, po for all a € k. Note that point
(iv) implies that for each £ € A we have p(£) <, po(§) for almost all « € k.

4.2. GENERIC k-REALS

Certain k-reals from the extension may interact with the x-reals from the ground model in
peculiar combinatorial ways. Such generic k-reals are closely connected with the cardinal char-
acteristics we presented in Sections 2.4 and 3.2, and showing that certain forcing notions either
add or do not add such k-reals frequently forms the key to proving that two cardinal character-

istics are consistently different.

We will describe various k-reals in the following definition. Some k-reals are elements of the
bounded higher Baire space [[b and some are defined using slaloms, and require a parameter

h € Fx as well.

Definition 4.2.1

Let V. C W be models of ZFC, for instance W could be a forcing extension of V. Then we call
a k-real f € ("r)W:

* a dominating r-real over V if g <* f for all g € ("xk)V

v

)

 an unbounded k-real over V if g <= f for all g € ("k
« an eventually different k-real over V if g = f for all g € ("x)V
* a cofinally equal k-real over V if g = f for all g € ("k)V
o an h-avoiding r-real over V if f & 1) for all ¢ € (LOCZ)V

« an h-antiavoiding k-real over V if f 25 ) for all 1 € (Loc?)V

)

If ¢ € (Loc®)W, then we call ¢:

* an h-localising k-real over V if g €* ¢ for all g € (®k)Y

« an h-antilocalising r-real over V if g € ¢ for all g € (®s)V.
Let b€ ("k)V. If f € (T]b)W, then we call f:

* a b-dominating r-real over V if g <* f for all g € ([[b)Y
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* a b-unbounded r-real over V if g <™ f for all g € (J]b)V,

* a b-eventually different r-real over V if g = f for all g € (J]b)V,
* a b-cofinally equal k-real over V if g => f for all g € ([[b)V,

« a (b, h)-avoiding k-real over V if f & 4 for all ¢ € (Loc%?)V,

« a (b, h)-antiavoiding k-real over V if f 25 ) for all ¢ € (Loc2™)V.

Let b,h € ("k)V. If ¢ € (Loc®™W | then we call ¢:

* a (b, h)-localising k-real over V if g €* ¢ for all g € (J]b)V,
* a (b, h)-antilocalising k-real over V if g € ¢ for all g € ([]b)V. q

Note that not all of these x-reals have classical analogues in “w. For instance, if b € “w, then the
ground model w-real b—1 will dominate all functions in [ ] b, making the notion of a b-dominating

w-real trivial.

As with cardinal characteristics, these generic x-reals are related to each other. Figure 4.1 gives
an overview of those cases where the existence of a k-real with property P implies the existence
of a (possibly different) x-real with property @, expressed by an arrow P — ). This diagram
could be compared to the higher Cichori diagram and the diagram in Figure 3.1. We believe

most arrows are clear on inspection, but let us give a brief explanation.

cofinally equal
b-cofinally equal
h-localising
(b, h)-localising -

/ 4‘/ h-antilocalising
(b, h)-antilocalising

\

b-dominating dominating

/

b-unbounded unbounded

\

(b, h)-antiavoiding

/ o h-antiavoiding

(b, h)-avoiding

\

l h-avoiding

b-eventually different

eventually different

Figure 4.1: Implications between different types of k-reals for a given fixed b and h with h < cf(b).

It is immediate that h-localising k-reals are h-antilocalising, dominating k-reals are unbounded,

and h-antiavoiding x-reals are h-avoiding.

If ¢ is h-localising, then sup(y), that is, a — sup(y¢(«)) is dominating. If f is dominating,
then sup(y)) <* f for all ground model h-slaloms 1, hence f is h-antiavoiding, which is clearly
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eventually different by considering the singleton slalom ¢, : @ — {g(«)}. The same reasoning
applies for the bounded variants as long as we assume that cf(h) < b, and for the dual im-
plications, namely: “cofinally equal” implies * h-antilocalising” implies “ unbounded” implies

“ h-avoiding”.

A cofinally equal f gives a b-cofinally equal f’ by letting f' : @ + 0 when a ¢ b(a) and
(@) = f(«) otherwise. If ¢ is h-localising, then ¢ [ b: o +— p(a) Nb(a) is (b, h)-localising.

Similarly ¢ | b is (b, h)-antilocalising whenever ¢ is h-antilocalising.

Dually, if f is b-eventually different, it automatically is eventually different from any g € "« since
for g(a) ¢ b(«) we automatically have g(«) # f(«) (since f € [[b). If f is (b, h)-antiavoiding,
then f €% (¢ | b) for every (unbounded) h-slalom 1 from the ground model, but since f € []b

it is h-antiavoiding as well. Similarly a (b, h)-avoiding f is h-avoiding.

In the remainder of this chapter and in the open questions, we will try to answer the question
whether Figure 4.1 is complete, that is, if there are other arrows that should be drawn, or if
some of the arrows are reversible. Such observations largely coincide with proving independence
results concerning our cardinal characteristics. We describe the general process with the following

remark.

Remark 4.2.2

Let P be one of the properties of a k-real, then P refers to a relation and we can consider d(P)
and b(P) to be the norms of the corresponding relational system and its dual. Likewise, P has
a dual property P-. The following table gives an overview of the kinds of k-reals and their

corresponding cardinal characteristics.

P Pt relation  d(P) b(P)

dominating unbounded <* 0,.(<*) b (<)
eventually different cofinally equal = 0.(=Y) b. (=)
h-localising h-avoiding e* (e bh(e¥)
h-antiavoiding h-antilocalising 27 () b (=)

Naturally, the same concepts apply to the bounded k-reals, and their relations restricted to [] b

and Loc%". Let us consider two scenarios.

Scenario 1. Let IP be a cardinal preserving <x- or <k-support iteration of length v such that
IFp “cf(y) > k" and a P k-real is added cofinally often. Then V¥ E “d(P) < cf(y) < b(P)”.
Namely, if D C V¥ is a set of size cf(y) consisting of P k-reals that are added in cofinally
many stages of the iteration, and g € VT, then g is added by an initial part of the iteration
(Theorem 4.1.21), and thus one of the f € D is related to g by P. On the other hand, if A C V?
is a set of k-reals of size < cf(7), then A is added by an initial part of the iteration, but then a

later step adds a P k-real that relates to all elements of A, so A is no witness for b(P).
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Scenario 2. Let P be a cardinal preserving forcing notion that does not add P k-reals, then
VP E“p(P) < (2%)V”. Namely, the set of all ground model x-reals is a witness for b(P), since
no new r-real is related to all ground model k-reals by P, or dually speaking, for every new

k-real there is a ground model real that is related to it by PL. N

By answering the question whether Figure 4.1 is complete, we also show whether certain inde-
pendence proofs are possible with the strategy described above. In the next subsection we will
show how some of the properties from Section 4.1 may prevent certain kinds of x-reals from
being added. Some of the results we prove also extend Scenario 2, and give us a method to show

that 9(P) is not decreased by certain forcing notions that do not add P k-reals.
FORCING PROPERTIES AND k-REALS

On “w one can show that o-centred forcing do not add random reals, see e.g. [BJ95, Lemma
6.5.30]. Since there is no consensus over what a higher random forcing on “x would be, it
is unclear what the general version of this lemma should be. The technique that is used is
nevertheless quite versatile and can be used to prove several similar results. We will give two such
results based on this method, linking (k, <k)-centred forcing notions to b-eventually different

k-reals, and (k, k)-calibre forcing notions to dominating k-reals.

Lemma 4.2.3
If P is (1, <k)-centred and Ip ¢ f € [[b”, then there exists a family {f, | v € x} C [[b in the
ground model such that if g =>° f, for all 4 € & then IFp “ g == f”. N

Proof. We let P = |, Py such that each P, is <x-linked. Given a,v € k, we define f,(a) =
min{8 € b(a) | Vp € P, (p ¥ “ f(a) # B7)}, then f, € [b: if not, there exists @ € x such that
for each 3 € b(a) there is some pg € P., such that ps IF < f(a) # 57. But then {ps | 8 € b(a)}

has no common extension, contradicting that P, is <s-linked.

Suppose that g € [[b and g = f, for all ¥ € k and let o € £ and p € P be arbitrary. There
exists v € s such that p € P, and since g =*° f, we can find o > o such that g(a) = f, ().
But, by construction of f, we know that p ¥ f(a) # fy(a)”, thus there exists p’ < p such that
P IF“ f(a) = g(a)”. Since ag and p were arbitrary, we see that IFp “ f = g7 O

Corollary 4.2.4
If Pis (k, <k)-centred then P does not add a b-eventually different x-real. (]

Corollary 4.2.5
If P is (k, <r)-centred and preserves cardinals, then VF [ “ 22 (=) > (22 (=>))V . O

Lemma 4.2.6
If Pis (k, k)-calibre and IFp ¢ f € "k ", then there exists a family {fy |7 €k} C "k in the ground
model such that if f, <> g for all v € &, then IFp “f <o g, <

Proof. We let P =, ¢,
min{8 | Vp € P, (p ¥ “ f(a) > (7)}, then f, € "k: if not, there exists a € k such that for each

P, such that each P, has calibre k. For each v € k we define f,(a) =
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B € k there is some pg € P., with pg IF“ f(a) > 87, where necessarily | {ps | 8 € }| = &, since
there exists no p such that p I-“ f (a) > B for all B € k. Now P, has calibre «, therefore there
exists some ¢ € P with ¢ < pg for all 5 € X C k with | X| = «, which means that ¢ I- fla)>pB”

for all B € k, a contradiction.

Suppose that f, < g for all ¥ € x and let ag € x and p € P be arbitrary. There exists
v € k such that p € P, and since f, <*° g there exists a > ag such that g(o) > fy(a). Then
P fla) > fy(a)”, thus there exists p’ < p such that p’ IF ¢ fla) < fy(a) < g(a)”. Since oy
and p were arbitrary we see that IFp “f < g7, O

Corollary 4.2.7

If P is (k, k)-calibre, then P does not add a dominating k-real. O

Corollary 4.2.8
If P is (k, k)-calibre and preserves cardinals, then VF  “d,_(<*) > (0,.(<*))V 7. O

There is a clear connection between “x-bounding forcing notions and unbounded k-reals.

Lemma 4.2.9
A forcing notion P is ®k-bounding if and only if P does not add an unbounded k-real. N

7

Proof. If P is “k-bounding, every name f such that p I+ “f € ®“k” has some ¢ < pand b € "k

such that g IF% f € [16”, hence f does not name an unbounded x-real.

If P is not "x-bounding, let f be a counterexample, that is, there exists p such that p I+ f € #x”
and for all ¢ < p and g € "k, we have qJ}Z“f <* g”. Since this holds for all ¢ < p we have in
fact p IF f =¥ g7, equivalently, p IF“ g <> f7. O

The h-Sacks and (b, h)-Laver properties provide a similar connection for h-avoiding and (b, h)-

avoiding k-reals respectively. These facts are proved exactly as in the above lemma.

Lemma 4.2.10
A forcing notion P has the h-Sacks property iff P does not add an h-avoiding x-real. O

Lemma 4.2.11
A forcing notion P has the (b, h)-Laver property iff P does not add a (b, h)-avoiding x-real. [

Finally, the h-Sacks property implies “k-bounding by Lemma 4.1.14 and thus prevents un-
bounded k-reals from being added. We can similarly show that the (b, h)-Laver property prevents

b-unbounded k-reals from being added.

Lemma 4.2.12
If a forcing notion P has the (b, h)-Laver property for some h € "k with cf(h) < b, then P does

not add a b-unbounded k-real. N

Proof. Suppose f and p € P are such that p I+ “f € []b”, then let ¢ € LocZ’h be such that
gIF“fe* ¢ for some ¢ < p. Clearly ¢ I+ “ f(a) < sup(¢(a))” for almost all o € k, and since
cf(h) < b we see that sup(¢(a)) € b(a) for all @ € k. Hence f is not b-unbounded. O
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4.3. FORCING NOTIONS WITH <kT-C.C.

In this section and the next we will define a range of forcing notions and their properties,
and we investigate what kinds of k-reals are added by each forcing notion. We also give some
easy independence results concerning the cardinal characteristics of the previous chapters. The
forcing notions that are treated in this section contain a part of the condition giving a x-Cohen

generic k-real. This part also allows us to show that the condition is <x'-c.c.

In the next section we will consider forcing notions that are not <x'-c.c. Those forcing notions

will be defined using perfect trees, some of which do not add a x-Cohen generic.?

For many subsections we fix certain assumptions on x and any parameters at the start of the

subsection, to avoid having to mention them when stating results.
k-COHEN FORCING

Assumptions. We assume that k is regular uncountable.

Perhaps the most basic forcing notion that adds w-reals is Cohen forcing, and with it, the most

basic <k-distributive forcing notion that adds k-reals could be considered to be x-Cohen forcing.

Definition 4.3.1

We define x-Cohen forcing C, as the set of conditions <"k, where t < s if s C t. <

If V.C W are models of ZFC and there is a function f € (*x)W such that {s € (C,)V | s C f}
is a generic filter, then we call f a k-Cohen generic (k-real).” In other words, if G C C, is a

generic filter over V, then |JG is a k-Cohen generic over V.

Lemma 4.3.2 — Folklore

C, is <k-closed. If 2<% = k, then C, is (k, <r)-centred. N

Proof. If k is regular, and (s, | @ € ) is a descending sequence with s, € <"r for each a € A
and A < &, then | J ¢\ dom(sy) € K, and thus [,y Sa € k. Trivially, if |Cx| = 2<% = &, then
Cy is (k, <k)-centred. O

Mirroring the situation on “w, we see that k-Cohen forcing has a special role in adding k-reals
for two reasons. If k = 2<%, then it is the only nontrivial <k-closed forcing notion of size x
that adds k-reals, and due to this k-Cohen generic reals are automatically added in limit stages
of cofinality k in <k-support iterations of forcing notions. The latter means that if one wishes
to avoid adding k-Cohen generics, one has to resort to either products of forcing notions or to

iterations of higher support.

In fact, there is significant overlap between these two descriptions, namely, some of the perfect tree forcing
notions do add a k-Cohen generic, and all of the forcing notions in this section could be represented as forcing

with perfect trees.
50One could call any set that codes the generic filter a x-Cohen generic, but we reserve this terminology

specifically for those x-reals of the form | J G for some generic filter G C C,, = <"x.
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Definition 4.3.3
A forcing notion P is called separable if for each p € P there are ¢, € P such that ¢ L r and
g <pandr<p. N

Theorem 4.3.4 — Folklore

If P is a <k-closed separative forcing notion and |P| = k, then P is forcing equivalent to C,. <

Proof. We can construct for each pg € P a strictly descending sequence (p,, | @ € k) of conditions
(using <k-closure) and a sequence (g, | @ € k) such that ¢, L pa+1 for each a € K (using that
[P is separative). It then follows that {g, | @ € £} is an antichain. Since |P| = &, we see that

below any condition p € P there exists a mazimal antichain of size k.

Let C;, C Cy consist of all conditions s € C, with dom(s) not a limit ordinal, then C}, clearly

densely embeds into C,. We now embed Cj; in P recursively.

We set m(@) = 1p. Given we have constructed m(s) for some s € C%, we can enumerate a

K
maximal antichain (¢5 | o € k) below 7(s) in P. Then we define 7(s™(a)) = ¢5. Let s € C,\C},
be such that 7(s [ £) has been defined for all £ € dom(s), then there exists a condition p € P such
that p < m(s | &) for all £ € dom(s) by <k-closure. Therefore, we can find a maximal antichain

(g% | ) of conditions that are below (s [ £) for all £ € dom(s) and we define 7(s™(a)) = ¢3.

It is clear that 7 is an embedding, but to prove that 7 can be constructed to be dense, enumerate
P = {ps | B € k} and note that for each 8 € k we may find £ € x and s () € #Flx C C; with
(s (€)) < ps: simply let the maximal antichain (¢}, | & € k) be chosen such that pg > ¢} for

some « € K. 0

Corollary 4.3.5 — Folklore

The following forcing notions are forcing equivalent to Cy:

(i) C2, which has the set of conditions <*2 ordered by t < s iff s C .
(ii) C%, which has the set of conditions [[_, b ordered by ¢ < s iff s C ¢.
(iii) Any product or iteration with <x-support of Cy of length < ™, assuming 2<% = k. <

Proof. (i) and (ii) are clear.® For (iii), we argue firstly that iterations and products of x-Cohen

<Fk is absolute

forcing with <x-support are the same thing, as follows. The set of conditions
under x-Cohen forcing extensions (which follows from <k-distributivity), thus for any condition
po of the <k-support iteration, we can construct a descending sequence (p, | n € w) such that
for each n € w and « € supp(py,) there is s, € <"k for which p,11 | a Ik “p,(a) = 5,7, Then
let p’ < py, for each n € w and supp(p’) = U,,c,, SUPP(Pn) (Which is still of cardinality < ), then
P’ | a decides the value of p'(«) for each a € supp(p’). Hence p’ is equivalent to a condition ¢

in the product forcing, to be precise, ¢ : a — s, if « € supp(p’) and ¢ : a — & otherwise.

Secondly, if & < k™, then the <x-support product of a copies of C,, = <*k is isomorphic to a
subset of the set of partial functions from « X k to k with a domain of size <x. There only exist

2<lesl — 9<K — k& many such partial functions. O

5This could be compared to Lemma 3.1.1.
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Theorem 4.3.6 — Folklore, see e.g. [G0l92, Example 0.2] for “w
If P = (Py,Qq | @ < k) is a <k-support iteration such that P I-“ Qg 3 da, ¢/, and ¢o L ¢.,” for

each a € k, then P adds a x-Cohen generic. N

Proof. We consider the dense subset P* C P consisting of conditions p with supp(p) = ¢ for
some € € k. Let m: p+— s € €2, where for each o € € we let s(a) = 0if p [ o IF “p(a) < o and
s(a) = 1 otherwise. Then for any P-generic G it is easy to see that w[G] is generic for k-Cohen

forcing with the set of conditions <#2. O

For k-Cohen forcing, we know exactly which of the previously mentioned k-reals are added,

determined by the following two lemmas.

Lemma 4.3.7

C. adds a cofinally equal k-real. N

Proof. Fix some ¢ € "k and s € C,. and let f name the x-Cohen generic k-real. For any aqg € &
there exists &« > o and t € C, such that o € dom(¢) and t(a) = g(a), or in other words,
t I« f(a) = g(a)”. It follows from genericity that IF¢, “f =% g7 Since g was arbitrary, f

names a cofinally equal k-real. ]
Lemma 4.3.8
If 2<% = g, then C, does not add an eventually different x-real. N

Proof. The proof is a simple version of Lemma 4.2.3. Since 2<% = k, we can enumerate C, as
{po | @ € K}. Let f name a -real and define g(a) = min{¢€ € k | po ¥ “ f(a) # €7} for each
o € k. Since py IF¢ f(a) € K7, we see that g € "k.

Let s € C, and g € k. Then there exists a > ag such that p, < s. By definition of g we have
Pa W f(a) # g(a)”, hence there exists some ¢ < p, such that ¢ I- “ f(a) = g(a)”. Tt follows

from genericity that IFc, “ f =% ¢” and thus f is not an eventually different x-real. O
®

CI)‘/ l . A schematic representation of Figure 4.1, showing the
o+~ effect of k-Cohen forcing
! :

clﬁ/( Cf )
° ° EGEND

@/ l @/ ® added by the forcing

l °— ° not added by the forcing

e

©\¢>@‘/

o— :

We define the k-Cohen model as the result of forcing with a <s-support iteration of K™ copies
of C,, over a ground model V E “ 2% = k™7, We can show that there exist no eventually different
k-reals over V in the xk-Cohen model, the proof of which comes down to the well-known property
that any new k-real added by the entire iteration is actually in the generic extension of a single

k-Cohen forcing over the ground model.
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Theorem 4.3.9
Let 2<% = k and let V E “2% = g7 If W is the xk-Cohen model over V, then W does not

contain eventually different k-reals over V. N

Proof. Let P = (Po,Qq | @ € k1) with IFp, “Qq = C.” be the <k-support iteration of the
k-Cohen model, and let f be a P-name such that IFp “f € "k”. Remember by Theorem 4.1.21
<rk-support iterations do not add new x-reals at limit steps of cofinality >, thus f is added by

an initial segment of the iteration, say by P,.
By Lemma 4.1.20, we see that P is <x™-c.c.

Remember from the proof of Corollary 4.3.5 that we may consider P, as a product forcing with
<k-support instead. Consider a nice P,-name for f , that is, a name containing only elements
of the form (<ﬁ/, B>,p) where <7, B> is the canonical name for the pair of ordinals (v, 3) € k X k
and p € P,, such that for any two distinct elements of the name ({7, B>,p) and ((¥, B’>,p/) with
v=7~"we have p L p'.

For each v € k the set A, = {p € Py | IB(((%,B),p) € f)} is an antichain and hence has
cardinality at most x. Let A = (¢ Upca supp(p), then [A] < & since Py is a <x-support
product. Therefore the nice name f contains only conditions whose support are contained in
A, and thus fis a Hgg "4 Cx-name. But by Corollary 4.3.5 it follows that f is added by a single
k-Cohen forcing, and thus cannot be eventually different by Lemma 4.3.8. O

Corollary 4.3.10 — Folklore

If s is inaccessible, then non(M,) = k™ < kT = cov(M,) holds in the k-Cohen model. <

Proof. Since the k-Cohen model contains ™ many cofinally equal s-reals over V, it follows
that b, (=) = k™ in the xK-Cohen model. On the other hand, the x-Cohen model contains no
new eventually different s-reals, and thus 9, (=) = (2%)V = k*. The result then follows from
Fact 2.5.4. O

Note that the value of all other cardinal characteristics we have discussed so far are also decided
in the k-Cohen model by the above. We mention that an iteration of arbitrary length A >
k1t proves non(My) < cov(My,) = X and that the above corollary also holds for the weaker
assumption that 2<% = k, where we need to argue with the meagre ideal directly, see for example
[Bre22, Section 3.

k-HECHLER FORCING

Assumptions. We assume that x is regular uncountable.

Classically, Hechler forcing, also known as dominating real forcing, is a forcing notion that adds
both dominating reals and Cohen reals. The same happens in x, where we can generalise Hechler
forcing to x-Hechler forcing, first studied by Cummings & Shelah [C595]. We describe the k-
Hechler model and the dual x-Hechler model, which have both been previously discussed in
[BBTEFMI18, Section 4.2] to investigate the higher Cichon diagram.
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Definition 4.3.11

We define k-Hechler forcing Dy to have conditions p = (s, f) where s € <"k and f € "k, where
the ordering is defined as (t,g9) < (s, f) iff s C t and f(a) < g(«) for all & € &\ dom(s) and
f(a) < t(a) for all @ € dom(t) \ dom(s). q

If V.C W are models of ZFC and there exists f € (“x)W such that {(s,g) € (Dx)V | s C f}
is a (D,)VY-generic filter over V, then we call f a r-Hechler generic (k-real). Of the k-Hechler
condition (s, g), we can consider s to be an approximation of the x-Hechler generic f, and g as

a promise that g <* f.

Lemma 4.3.12 — See e.g. [BBTFMI8, Section 4.2/

D, adds a dominating k-real and a k-Cohen generic. <

Proof. For any condition (s,g) and h € “k in the ground model there exists some condition
(s,h') < (s, g) with & > h. If f names the x-Hechler generic s-real, then (s, h') I- “h < b’ <* f7,

hence f names a dominating s-real over the ground model.

Given the s-Hechler generic f, let f/(a) = 0 if f(a) is even” and f’(a)) = 1 otherwise. One can
easily see that f’ is generic for xk-Cohen forcing C2 from Corollary 4.3.5. O

Lemma 4.3.13 — [C595, Lemma 7/

D, is <k-closed and if 2<% = g, then Dy, is (k, <r)-centred with canonical bounds. <

Proof. Let A\ < k and ((Sa, fa) | @ € A) be a descending sequence of conditions, and define
5 = Uner8a and [ 2 & = sup{fa(&) | @ € A}, then (s, f) € D, by regularity of x. By the
same argument Dy = {s} x "k is a <k-linked subset of Dy, so with 2<% = k it follows that
Dy = Uge<n,, Ds is (K, <r)-centred and that the ground model function witnessing the canonical

bound is simply the function (s | @ € A) = U,ex Sa- O

Corollary 4.3.14

If 2<% = Kk, then D, does not add a b-eventually different x-reals for any b € *. N
Proof. By Lemma, 4.2.3. O
o— 9

o A schematic representation of Figure 4.1, showing the
l 0 ® l effect of k-Hechler forcing, with 2<% = k.

/f l/(f LEGEND

T O] ® added by the forcing
—|— e  not added by the forcing
@/\\) l 0
v ® l
[ ] \ @

We define the x-Hechler model as the result of forcing with a <x-support iteration of k™t copies
of D, over a ground model V F “ 2% = k7" We define the dual x-Hechler model as the result

"We call an ordinal o even if & = v + n for v a limit ordinal and n € w even
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of forcing with a <s-support iteration of k™ - k™ copies of Dy (over V E “ 2% = kT 7). This is
not the standard definition of the dual x-Hechler model, but will yield a stronger result where
we can prove values for 2% (=) and 07 (€*) not just for parameters b, h in the ground model,
but also for those added by the forcing.

Theorem 4.3.15
If x is inaccessible, then b% (=) = bl(€*) = kT < xkt+ = add(M,) holds in the k-Hechler
model for any b,h € "k (including new k-reals that are added by the forcing) for which the

respective cardinal characteristics are nontrivial®. N

Proof. Let P = <Pa,@a | @ € k1) be a <k-support iteration, where Q, is a Py-name for
r-Hechler forcing D, and let V E“2% = g7 then VT is the x-Hechler model.

Since every new k-real is added by an initial stage of the iteration, for any b € (’%)VIP there
exists some o € £ such that b € (Fx)V'". Note that 2 = £T holds in VP« for any o < 577,
and thus |(JTH)V'®| = xT. We claim that (J[b)V'* is a witness for b%(=) = x*. Let us

assume’ for notational convenience that in fact b € V.

Let f be a P-name such that IFp “f € [[b”, then there is some o < kT such that f € VFa,
and thus we can assume that f is a Py-name. Note that V £ a < (25)F = k117, therefore P,
is (k, <k)-centred by Theorem 4.1.19, and thus f does not name a b-eventually different x-real
by Lemma 4.2.3. Since h-localising k-reals imply the existence of b-eventually different k-reals,
no h-localising k-reals are added either for any h € (’%)VP.

In the extension, it follows that (JTb)Y and ("x)V witness that b2 (=) = kT and bl(c*) = kT
respectively. Note that each stage of the iteration adds a dominating x-real, which implies
b,.(<*) = ktT, and a cofinally equal r-real (a k-Cohen generic), which implies ?,.(=>7) = k7.
That add(M,;) = k™ then follows from Facts 2.5.4 and 2.5.9. O

Theorem 4.3.16
If & is inaccessible, then cof(M,) = kT < kT = 02 (=>) = 2/(€*) holds in the dual k-Hechler
model for any b,h € "k (including new k-reals that are added by the forcing) for which the

respective cardinal characteristics are nontrivial. N

Proof. Let P = (P, Qq | v € k11 - k1) be a <k-support iteration, where Qg is a Py-name for
k-Hechler forcing Dy and let V E“2% = kT and let G be a P-generic filter over V, then V[G]
is the dual k-Hechler model.

Let b,h € ("x)VICl, then there exists some a € kT -kt such that b,h € ("x)VICel. Let
B=a+rTT, then § < k™. xT and V[Gp] E “add(M,) = k™ = 257 by similar arguments as
in Theorem 4.3.15. This implies particularly that V[Gg] F “0% (=) = ol (€*) = k T+ = 257 as
well. We will work in V[Gpg] as our new ground model. Let P’ = P/G3 € V[Gg] be the quotient

8In the sense of Section 3.4.
9We can do this without loss of generality, since the remainder of the forcing P/P, is equivalent to the entire

forcing interpreted in Vo,
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forcing and H be P'-generic such that V[G] = V[Gs|[H]. Note that P’ is itself (equivalent to)
a <r-support iteration of D, of length k™ - k™.

Since V[Gg| F “2% = k717, we see that P’ is (k, <k)-centred by Theorem 4.1.19. Therefore
P’ does not add b-eventually different (or h-localising) s-reals, and consequently 9% (=) =
?f(€*) = kT holds in the extension, by Corollary 4.2.5. On the other hand, each step of
the iteration adds a dominating and cofinally equal k-real, and the iteration has cofinality x*.
Taking a cofinal sequence of length ™ of such dominating and cofinally equal k-reals will form
witnesses for 0,,(<*) = b, (=) = k. That cof(M,) = kT then follows from Facts 2.5.4
and 2.5.9. O

BOUNDED k-HECHLER FORCING

Assumptions. We assume that x is inaccessible. We will also assume that b € "k is such that
case (iii) of Theorem 3.4.2 is satisfied, that is, there exists a club set C' such that for each £ € C

we have cf(b(a)) > ¢ for all a > &, or equivalently, cf(b) is increasing and discontinuous on C'.

In order to influence the bounded cardinal characteristics and k-reals, we will define a bounded
version of x-Hechler forcing. Such bounded k-Hechler forcing notions have been considered
by others before as well, and form a key part in Shelah’s [She20] proof of the consistency of
cov(M,) < 0,.(<*). We will use bounded x-Hechler forcing to prove that x* < b%(<*) and
2% (<*) < 27 are consistent under the assumptions of case (iii) of Theorem 3.4.2. Finally we will
show that bounded x-Hechler forcing does not add dominating r-reals if we assume & is weakly

compact.

Definition 4.3.17

We define b-r-Hechler forcing DY, to have conditions (s, f) with s € [[_, band f : k\dom(s) = &
such that f(a) € b(«a) for all & € dom(f), where the ordering is defined as (¢, g) < (s, f) iff s C ¢
and f(«a) < g(«) for all @ € dom(g) and f(«) < t(«a) for all @ € dom(t) \ dom(s). <

It is clear from the definition, that D? adds a b-dominating x-real, and for similar reasons as

with k-Hechler forcing D,, bounded s-Hechler forcing D? also adds a x-Cohen generic.

Note that Dz is not <k-closed in general. For instance, if we let @ be the constant function with

value a, then ((@,@) | a € b(0)) does not have a lower bound.

Lemma 4.3.18

D is strategically <s-closed and <xT-c.c. <

Proof. For strategic <k-closure, at stage a of the game G(D%,p), let ((s¢, fe) | € < a) and
((sg: f8) | € < a) be the sequences of previous moves by White and Black respectively. The
winning strategy for White will be to choose (sq, fo) such that o < dom(s,) € C' in successor
stages. Under this strategy, if « is a limit ordinal, then we have £ < dom(s¢) € C for each £ € a.
It follows that ov < dom(s,) and hence cf(b(3)) > « for all 5 > dom(s,) by the assumptions on b
and C. Therefore <fé(ﬁ) | € € a> is not cofinal in b(3), thus we can define fo : 8 — Uee,, f¢(B)
for each B € k\ dom(s,).
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For <x*-c.c., note that for any (s, f),(s,g) € D% we can choose h(a) = max {f(a),g(a)} for
all a € s\ dom(s) to see that have (s,h) < (s, f) and (s,h) < (s,g). Thus, if A C D’ is an
antichain and (s, f), (¢,g) € A are distinct, then we must have s # t, hence |A| < k. O

The above lemma does not only show that DZ is <xT-c.c., but also that Lemma 4.1.20 applies,
and thus that <k-support iteration of Dz is also <kT-c.c. This implies especially that iteration

will not collapse cardinals or destroy the inaccessibility of «.

Theorem 4.3.19
It is consistent that b (<*) > x* and that 2% (<*) < 2~. N

Proof. Let P = (Po, Qo | @ € k71 + k1) be a <k-support iteration with Py I Qq = Db 7 for
P

each o and let V E“2¢ = x+7 If B C (J[b)Y *"" is such that |B| < kT, then B € VP for

some o < KT T, since the kT "-th stage of the iteration does not add any r-reals. The generic

b-dominating k-real that is added in the a + 1-th stage then dominates all elements of B, hence
B is not unbounded in [ b. This shows that VFs++ | < b2 (<) > k7.

Next, let D consist of the b-dominating s-reals that are added in the final k' stages of the

iteration, then D clearly forms a dominating family of size T in VT, and it is easy to see that

VP E“2% = s+ showing that VF F“dbl(<*) < 257, O
Lemma 4.3.20 — This proof is due to Jorg Brendle, private communication
If k is weakly compact, then D has (k, k)-calibre. <

Proof. For any s € [[.,.band {fs | @ € K} C []b, we will describe some f € [[b and A € [k]"
such that f(&) > fo(§) for all £ € k\ dom(s) and a € A. It is then clear that (s, f) < (s, fa),
and thus Dy = {s} x [[b C D% has -calibre and D% = UseH< p» Ds has (k, k)-calibre.

We will assume without loss of generality that f, # fg and s C f, for all distinct o, 8 € &.
We will define T = {t € [[_,.b|3aTB(a # BAtC foN fz)}. Note that T is a s-tree, because
‘Hg <a b({’)‘ < k by inaccessibility of . Since & is weakly compact, there exists a branch g € [T].
We will need the following property of g: for any ag,y € x there exists some a > ag such that
7 € dom(fa N g).

Now let (y¢ | § € k) enumerate the club C' and for each ¢ find some ag with v¢ € dom(fa, N g)
such that (ag | § € k) is strictly increasing. Let A = {ag [§ € k} and f 1 8 = Uge, foe (B),
then these are as needed. Note that f(3) € b(5), because if £ is such that 8 € [y¢,7e41), then

E(B(8)) > cA(b(re)) > 7e > &, whereas fu, (8) = g(8) for all > €. 0
Corollary 4.3.21
If k is weakly compact, then D? does not add a dominating x-real. N
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A schematic representation of Figure 4.1, showing the
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Naturally we would like to iterate with D? and show that the iteration does not add dominating

k-reals either. There are several obstacles to this.

Firstly, we would need to show that not just the single step, but the whole iteration does not
add dominating k-reals. Secondly, we would need to preserve that k is weakly compact along the
iteration. Laver [Lav78] has given a construction of a forcing notion that makes a supercompact
cardinal k indestructible by <k-directed closed forcing notions, but this argument is not directly
of use to us, since D’ is not <s-directed closed (not even <s-closed). We would therefore need

to customise this argument for our purpose.

The above two issues are addressed by Shelah in the paper [She20].
k-LOCALISATION FORCING

Assumptions. We will assume that x is inaccessible. We also need h to grow fast enough to
avoid problems with Fodor’s pressing down lemma. A sufficient assumption is that h € “k is
such that there exists a club set C' with h(y) > U,e, M) for all limit v € C, that is, h is

discontinuous on C. One could compare this to the assumptions on h given in Theorem 3.4.5.

In a similar manner to how x-Hechler forcing adds a dominating x-real and a x-Cohen generic, we
can define x-localisation forcing (with parameter h) as a forcing notion that adds an h-localising
k-real and a k-Cohen generic. This forcing generalises the classical localisation forcing, and was
used in its generalised form'® in [BBTFMI8, Section 4.3] to prove that b?(€*) and ?(€*) are

consistently different from the bounds ™ and 2~.

As with k-Hechler forcing, we will also consider a bounded variant of x-localisation forcing in

the next subsection, in order to study b%"(€*) and d5"(€*).

Definition 4.3.22

We define h-k-localisation forcing Loc! to have conditions (s, ¢), where s € LOCZR and ¢ € Locl.
The ordering is given by (t,v) < (s,¢) iff s C ¢ and p(a) C ¢(a) for all @ € « \ dom(t), and
o(a) C t(a) for all a € dom(t) \ dom(s). q

Y0ur definition will differ slightly from the one in [BBTFM18], mainly to simplify one of our proofs in the

next section on bounded k-localisation forcing.

70



If V.C W are models of ZFC and there exists ¢ € (Loc)W such that {(s,v) € (Loc?)V | s C o}
is a (Loc?)V-generic filter over V, then we call ¢ an h-k-localisation generic (k-real). For a
condition (s,1), we can see s as an approximation of the h-k-localisation generic ¢, and 9 as a
promise that f €* ¢ holds for any f with f €* ¢. By the following this may include all f from

the ground model:

Lemma 4.3.23

Loc! adds an h-localising s-real and a x-Cohen generic. N

Proof. For any condition (s,1) and f € *x in the ground model, also (s, y) is a condition, where
Yy Y(a) U{f(a)} (remember that h(a) is an infinite cardinal). Clearly (s,1f) < (s,v),
and if ¢ names the h-x-localisation generic, then (s,v¢) IF “f €* ¢”. Hence ¢ names an

h-localising x-real.
The k-Cohen generic is formed similarly to Lemma 4.3.12. O

Clearly an h'-localising x-real ¢ is also h-localising if A" <* h, but apart from this it is unknown

whether Loc? adds h-localising k-reals for certain other parameters h.

®

o— % A schematic representation of Figure 4.1, showing the
Cl) é/@/ l effect of h'-k-localisation forcing.
| @ l ® LEGEND
CI)/ R l ® added by the forcing

—_— * 71,/

— | l\,© *  added for h >* A’, unknown for other parameters

oo |
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Lemma 4.3.24

Loc! is strategically <x-closed and <x*-c.c. N

Proof. White’s winning strategy consists of choosing (s, pa) such that a < dom(s,) € C and
consequently h(dom(sa)) > |Ugc, ¢:(8)| for each B > dom(sq), where (s¢, ¢;) denote the

previous Black moves.

As for <xt-c.c., it suffices to note that Loc! is (k, <w)-centred. To clarify, (s, ¢) Il (s,¢') for all
s € Locl ., since (s,1)) is below both, where ¥(a) = p(a) U ¢'() for all a € &\ dom(s). O

Again, Lemma 4.1.20 applies, and thus the <k-support iteration of L(D(BZ is also <x*-c.c., and

hence does not collapse cardinals or destroy the inaccessibility of «.

We define the h-k-localisation model as the result of forcing with a <k-iteration of k™ copies
of Loc! over a ground model V 2% = k7. We define the dual h-k-localisation model as the

result of forcing with a <s-support iteration of K+ copies of Loc? over V F“2F = x++7,

Theorem 4.3.25 — [BBTFMI8, Proposition 52/

It is consistent that kT < b?(€*), since it holds in the h-s-localisation model. <
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Proof. The argument is as in Theorem 4.3.15, but now each stage adds an h-localising x-real,
which implies b?(e*) = k. O

Theorem 4.3.26 — [BBTFM18, Proposition 52/

It is consistent that 07 (€*) = k* < 2%, since it holds in the dual h-r-localisation model. <

Proof. As above, but here the k™ many h-localising s-reals added in each stage form a witness

for 9/(€*) = kT, while 28 > k% remains true, since no cardinals are collapsed. O
BOUNDED k-LOCALISATION FORCING

Assumptions. We assume that k is inaccessible. We will also assume that h € "k is such that

case (iii) of Theorem 3.4.5 is satisfied, that is, h is discontinuous on the club set C.

Our main reason for introducing bounded k-localisation forcing, is to show that case (iii) of
Theorem 3.4.5 indeed leads to cardinal characteristics that are strictly different from % and
2% in the same way we previously used bounded k-Hechler forcing in Theorem 4.3.19. We also
show that it is possible to add a (b, h)-localising k-real without adding a dominating -real for

weakly compact k, strengthening what we saw for bounded x-Hechler forcing.

Definition 4.3.27
We define (b, h)-r-localisation forcing Lock” to have conditions (s, ) such that s € LOCZQZ
and ¢ € Loc%". The ordering is given by (t,9) < (s,¢) iff s C t and p(a) C ¥(a) for all

K

a € k\ dom(t), and p(a) C t(«) for all @ € dom(t) \ dom(s). q

By the same logic as for (unbounded) x-localisation forcing, Lock" adds a (b, h)-localising k-real

and a x-Cohen generic.

We can show that Loc2” is (k, k)-calibre when £ is weakly compact. We follow the proof of
Lemma 4.3.20.

Lemma 4.3.28
Let (v¢ | £ € k) enumerate the club set C. If x is weakly compact and cf(h(3)) > & for each
B € [ve, Ves1), then Loc" has (k, k)-calibre. q

Proof. Let s € Loc" and {ga | a € K} C Loc%"

2 and assume without loss of generality that

va 7 pp and s C ¢, for all distinct o, 8 € K

We define a k-tree T' = {t € LOCZZ | Ja3p(a # BAt C o Npg)}. Since k is weakly compact,

there exists a branch ¢ € [T] and for any ag,v € k there exists some a > «ag such that
v € dom(pa NY).

For each ¢ find some a¢ with v¢ +1 C dom(¢pa, M) such that (ag | € € k) is strictly increasing.
Let A = {a¢|{ € r}and p: B+ Uge, Pac(B), then these are as needed. Note that ¢(3) =

Uyee 0oy (B) if B € [ve, 7e+1), and thus [¢(3)| < h(B), because we assumed cf(h(3)) > &. O

Corollary 4.3.29

Under the assumptions of the lemma, L@q:g’h does not add a dominating k-real. N
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As with (unbounded) x-localisation forcing, it is not clear whether Loc®” adds (b, h')-localising

k-reals for certain other parameters v/, h'.

® ——® A schematic representation of Figure 4.1, showing

l * — 7' the effect of (b,h')-k-localisation forcing under the

@Vi ®© l assumptions of Lemma 4.3.28.

[ e | -+

©/ l ©/ LEGEND

l / | \l\@) ® added by the forcing

©*>©/l e  not added by the forcing

©\© *  added for h = I/, unknown for other parameters

Lemma 4.3.30
L@@Z’h is strategically <rs-closed and <x™-c.c. N
Proof. See the proof of Lemma 4.3.24. O
The above lemma also shows, together with Lemma 4.1.20, that <k-iteration of ]L(D(Bz’h is <k™-
c.c., and hence preserves cardinals.
Theorem 4.3.31
It is consistent that bY"(€*) > st and that 2% (e*) < 2~. q
Proof. Analogous to Theorem 4.3.19, with Loc" taking the role of D, O

k-EVENTUALLY DIFFERENT FORCING

Assumptions. We assume that x is regular uncountable.

Bounded x-Hechler and bounded k-localisation forcing notions showed that we can add an
eventually different k-real without adding a dominating k-real, although this required s to be
weakly compact. The question is whether we can do better, and add an eventually different
k-real without adding dominating s-reals, but also no b-dominating k-real, or even b-eventually

different k-real.

The forcing notion we use for this is a generalisation of the classical eventually different forcing
of Miller [Mil81, Section 5|. This forcing notion does not add dominating reals, proved using a
compactness argument, and is furthermore o-centred. We will show that the higher version is
(k, <k)-centred (with canonical bounds) and does not add a dominating rk-real. For the latter
property, we need to assume a certain amount of compactness for «. In particular, it suffices

that x is weakly compact.

Definition 4.3.32

We define k-eventually different forcing E, to have conditions (s, F') such that s € <fx and
F € [Fk]<", where the ordering is defined by (t,G) < (s,F) iff s C ¢t and FF C G and for
a € dom(t) \ dom(s) we have t(a) ¢ {f(a) | f € F}. q
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If V.C W are models of ZFC and there exists f € (k)W such that {(s,F) € (Ex)Y | s C f} is

an (E,)V-generic filter over V, then we call f a r-eventually different generic (k-real).'!

Lemma 4.3.33

E, is <k-closed and (k, <k)-centred. q

Proof. For closure, let ((sq, Fo) | @ € A) be a decreasing sequence of conditions in E, of length
A < K, then s = [J, ey Sa € <"k by compatibility of the conditions and regularity of . Let
F =Jyex Fa, then |F| < k. Clearly (s, F)) < (s, Fy) for all a € k.

For centredness, define for each s € <"k the subset E; = {s} x [Fk|<" C E,. If X C E; and
| X| < &, then let F' =, pryex I, then F € [*s]=". Hence (s, F) < (s, F") for all (s, F") € X,
showing that Fy is <k-linked. O

Lemma 4.3.34

E, does not add a b-eventually different x-real. N
Proof. By Lemma 4.2.3 O

In order to discuss the relation between E, and dominating k-reals, we will need a generalised

form of compactness and of Tychonoff’s theorem where “finite” is replaced by “<k”.

Definition 4.3.35

The weight of a topological space (X, 7) is the least cardinality of a base B for 7. We say X is
<k-compact if for every C' C 7 such that | JC = X there exists C’ € [C]<" such that [JC' = X.

A cardinal & is called weakly square compact if for any <k-compact topological space (X, 7) with

w(X) < k also X x X with the product topology is <k-compact. <

If we assume that x is strongly compact'?, then the generalised form of Tychonoff’s theorem
holds, in the sense that the <x-box product (see the definition below) of <k-compact spaces is

<k-compact. However, in our specific case it suffices to assume that k is weakly compact.

Definition 4.3.36

Let I be a set of indices and X; a topological space for each ¢ € I and remember that the <x-box
topology on the product X = [],.; X; is defined as the topology generated by basic open sets of
the form [s] = {f € X | s C f} for s € [[,cpy Xi with I" € [I]<*. We call X the <x-box product
of {X;|iel}. <
Theorem 4.3.37 — [BD21, Theorem 5.1/

The following are equivalent:

* k is weakly compact.

"Note that an eventually different k-real is not the same as a k-eventually different generic. We use the former
to describe k-reals with combinatorial properties over the ground model, as in Definition 4.2.1, and the latter to

describe the specific generic k-real added by E.
28ee [BD21, Theorem 2.10]
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* k is weakly square compact.
« if {X; |i € I} is a family of spaces where |I| < k and each X is a <k-compact space with
w(X;) < kK, then the <k-box product of {X; | i € I'} is also <k-compact. O

To show that E, does not add dominating k-reals, we now follow the proof of Miller. We first

need a preliminary lemma.

Lemma 4.3.38 — cf. [Mil81, Lemma 5.1] for “w
Let & be an E.-name for a set in V, let s € <"k and \ € k, then there exists a set X with
|X| < & such that for all F' € [*x]* there exists p < (s, F) such that pI-“3 € X7, q

Proof. Let k have the cobounded topology 7 given by X € 7 if and only if [o, k) C X for some
a € k. It is easily seen that k is <k-compact and w(k) = k, since |7| = k. Therefore, if we
give "k the <x-box topology where x has the cobounded topology, then "k is <x-compact by
Theorem 4.3.37, and more generally we see that *(") is <s-compact for any cardinal A < .
When referring to *("x) or ®x within the proof of this claim, it will be with respect to this

topology.

Fix &, s and X as in the claim. Given a sequence F € *(%k), let F = ran(F) € [*x]}. Given

some X with |X| < k and t with s C ¢, we define the following two sets:
Fx = {F e *(*k) ‘ IpeBe(p<(s,F)and plF“i e X”)},
Uy = {F € (") | vé € dom(t) \ dom(s)vn € A(H(€) # F(n)(€)) }

Note that for any F € *(®k) there is y € V with F € Fiyy» since (5, F)IF“3y € V(i =y)”,
hence there exists p < (s, F) and y € V such that p IF “& = y”. Also note that 4; is open in
the topology on * (k).

We show that Fx is open as well. For each F' € Fy, choose some (t, H) < (s, F) such that
(t,H) IF“% € X7, then by definition of the order on E, we see that F' € U;. Furthermore, let
K € Uy, then we have (t, HUK) < (s, FUK) < (5,K) and (t, HUK) IF “& € X" because
(t,HUK) < (t,H), hence K € Fx and thereby U; C Fx. In conclusion, Fx is the union of

sets of the form U, and hence is open.

Combined, we see that there is a set ) of size 2% = |*(®x)| with A (k) = Uyey
<k-compactness to find a family &' C Y with [X'] < x such that J,cr Fpyy = A(%k). Then note
that Fyux’ 2 Fx U Fx to conclude that Fy = *(*k). Therefore X is the set we are looking
for to complete the proof of the claim. O

]:{y}. We can use

Theorem 4.3.39 — cf. [Mil81, Section 5] for “w

If k is weakly compact, then E,; does not add dominating k-reals. N

Proof. Let ((sy, Ap) | n € k) list all (s,\) with s € <"k and A < k a cardinal such that each
(s,A) = (85, Ap) for k many 7 € k.
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Let f be an E,-name and IFg, “ f € “x”. Given 1) € &, use the claim to find a set X, € [k]<F
such that for all F € [*x]* there exists p < (s, F) such that p I- “ f() € X,,”. Then we let
g :n— sup(X,)+ 1 for each n € k.

Let (s, F) € E,; and 19 € &, then there exists n > 7y such that (s, |F|) = (sy, A\,). By the claim
there exists p < (s, F) such that p I- “ f(n) € X,,” and thus p I “ f(n) < g(n)”. Since (s, F)
and 7 are arbitrary, we see that IFg, “g sz f”, thus f does not name a dominating s-real. [

A schematic representation of Figure 4.1, showing the

CI) o l ® effect of k-eventually different forcing with x weakly
@ ‘l Cf l compact.
[ ]
@ l @ LEGEND
l " l\ M ® added by the forcing
©\>©/ l e not added by the forcing
° ) ? unknown

BOUNDED k-ANTIAVOIDANCE FORCING

Assumptions. We assume k is inaccessible. Furthermore, we need to assume that the condi-
tions of case (iii) of Theorem 3.4.16 are satisfied, hence we let C' be a club set such that b is

discontinuous on C' and cf(b) is increasing and discontinuous on {a € C' | h(a) = b(a)}.

In order to show that b%" (%) and Dﬁ’h@p@’) are consistently different from £+ and 2¥ when the
assumptions of case (iii) of Theorem 3.4.16 are satisfied, we introduce another bounded forcing
notion based on antilocalisation and antiavoidance. Note that we do not need an unbounded
form of this forcing to show the same for b/ (3°) and 0"(>°9), since these are equal to non(M,)
and cov(M,) by Corollary 3.3.8.

Definition 4.3.40

We define (b, h)-k-antiavoidance forcing AAvE" to have conditions (s, ®) where s € II..0and
® C Locb" with |®| < dom(s). The ordering is given by (t,¥) < (s,®) if s C ¢t and ® C ¥ and
for each a € dom(¢) \ dom(s) and ¢ € ® we have t(a) ¢ ¢(a). N

It is easy to see that AAVY" adds a (b, h)-antiavoiding k-real and a k-Cohen generic.

A schematic representation of Figure 4.1, showing the

effect of (b, h)-k-antiavoidance forcing

® ® LEGEND

l /?\l\ @® added by the forcing

©X>© ° not added by the forcing
©— ? unknown
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Lemma 4.3.41

AAVY" is strategically <k-closed and <k -c.c. N

Proof. For strategic <k-closure, at stage a of Q(AA\vﬁ’h,p), let (pe = (s¢,P¢) | € € ) and
<p’5 = (3’5, <I>’§) | £ € a) be the sequences of previous moves by White and Black respectively. We
will describe the winning strategy for White at stage a.

If « = 8+ 1 is successor, White will decide some v € C such that o < . Let dom(s%) =

7' € C then if & € [v,y) we have [Uyeq, #(E)] < 7] - subgear, [9(§)] < b(€) through the
same reasoning as in the proof of Theorem 3.4.16 (iii). Therefore, we can find some value

sa(€) € b(€) \ Uwe% ¢(§) to define s, with dom(sa) =, and let @, = @7,

We have to show that White can make a move at limit o as well. We claim that s, = Uge oS¢
and @ = [Jge,, Pe works. Clearly dom(s,) € C' by C being club, and

[@a| < laf - supgeq [Pel = [ - Uge, dom(se) < fo] < dom(sa).
Therefore, (sq, F,) is indeed a valid move for White, so White has a winning strategy.

For <rt-c.c., note that for any (s,®), (s, ¥) € AAvY" with dom(s) = v we have |®| < y and
|¥| <. We may assume without loss of generality that v is infinite, then also |® U U] < ~,
hence (s, ®U W) is a condition below both (s, ®) and (s, ¥). Thus if 4 C AAv%" is an antichain
and (s, ®), (¢, V) € A are distinct, then we must have s # ¢, hence |A| < k. O

Corollary 4.3.42

AAVY" preserves cardinals and cofinality and does not add any elements to <"x. N

Theorem 4.3.43
It is consistent that b2"(3°9) > k* and that 02" () < 2~ q

Proof. Analogous to Theorem 4.3.19, with AAVY" taking the role of D, O

4.4. FORCING NOTIONS AND PERFECT TREES

So far, we have seen several forcing notions that add x-Cohen generics. We will now introduce
some forcing notions that do not add x-Cohen reals. We will describe each of the forcing notions

in terms of perfect trees firstly, and then study their properties in the subsections.
For the entirety of this section we will assume that x is inaccessible.

Definition 4.4.1
Let F be a set of functions such that dom(f) = « for each f € F, where we usually assume

F ="k or F ="2. Given a k-tree T' C F.,, we define the following properties:

« T is perfect if for every u € T there exists v 2 u such that v € Split(7T).
» T'is Laver if there exists u € T such that for all v € T" we have v D w iff v € Split(T).
« T is closed (under splitting) if | JC € Split(T) for every chain C' C Split(T") with |C| < k.
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« Let U be a family of sets (e.g. a filter on k), then T is guided by U if {z | v {(x) e T} e U
for all u e Split(7").

» T is uniform if for every o € k there is a set X such that suc(u,T’) = {u"(z) | z € X} for
all u € Levy(T).

Let U be a <x-complete nonprincipal filter on k. We then define the following forcing notions:

» w-Sacks forcing S, has closed perfect trees T C <#2 as conditions.
 k-Silver forcing V, has closed uniform perfect trees T C <%2 as conditions.
* k-Miller forcing Mi¥ has closed perfect trees T C <*x guided by U as conditions.

* w-Laver forcing LY has closed Laver trees T' C <"k guided by U as conditions.
Each of these forcing notions is ordered by T < S iff T C 5.3 <

Note that Laver trees are perfect. Also note that if 7" is a closed perfect tree, then Lev, (T) # @
for all @ € k and for any u € T with dom(u) < « there exists v € Split, (T") such that u C v.

When mentioning U in the remainder of this chapter, we will assume that U is a <k-complete

nonprincipal filter.

Lemma 4.4.2
If T'C F., is a closed perfect tree and b € [T is a branch of 7', then dom(b) = . q

Proof. Suppose that C' C T is a chain such that v = |JC and dom(u) € k. We will show that
u € T, and hence that T' contains some v O wu that is splitting (because T is perfect). This

implies that C' is not a branch.

Let C" = {v Cu|v e Split(T)}. Either |JC’ = u, in which case follows that u € T by closure
under splitting, or |JC' = v C w, in which case w = u | (dom(v) 4+ 1) € suc(v,T) C T, and
consequently by T' being perfect and the fact that no w’ € T with w C w’ C w is splitting there
exists some u’ D u such that «’ € Split(7"), which implies u € T as well. O

The following lemma shows that the properties mentioned in Definition 4.4.1 are preserved by

certain subtrees. We will omit the proof, as it is quite evident.

Lemma 4.4.3
Let T be a k-tree and uw € T. If T has property P € {“perfect”, “Laver”, “closed under

bR

splitting”, “ guided by U ”, “ uniform”}, then (7), also has property P. O

Finally each of these forcing notions has a fusion ordering and is closed under fusion. We will
prove this for each of the above forcing notions simultaneously, by going through the properties
one by one. Fusion would not be powerful if the forcing notion is not also <k-closed, which
allows us to actually construct fusion sequences. We therefore state the following lemma in
this section as well, but omit the proof, firstly because it can be found elsewhere and secondly
because we will prove a <x-closure for the forcing of Chapter 5 in Lemma 5.1.2, which is similar

enough to apply to the forcing notions of this section.

13Note that we can describe k-Cohen forcing as the set of closed Laver trees guided by U = {X}, where X is
any set with 2 < |X| < k.
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Lemma 4.4.4 — Folklore, c¢f. Lemma 5.1.2
Let P e {SK,VR,Mﬁ%}, then P is <k-closed. <

Remember that U/ is a <k-complete filter, which is necessary for the <x-closure of Mﬁg. We
will define an ordering that we may use as fusion ordering. In the case of Mi¥ where U is
a <k-complete normal filter, we can describe a different, more versatile, fusion ordering that
resembles the usual fusion ordering on (classical) Laver and Miller forcing, see for example [FZ 10,

Definition 2.2]. The following simpler fusion ordering will be sufficient for our needs, however.

Definition 4.4.5
Let P € {Sy, V., Mi{}. For T, S € P, we let T <, S iff T < S and Split,(T) = Split,(S5). N

Lemma 4.4.6 — Folklore
The orders (<,| @ € k) in Definition 4.4.5 are a fusion ordering (see Section 1.2) and P is closed

under fusion. 4

Proof. Let (T,, | o € k) be a fusion sequence, that is, Ty <, T, for all @ < 8 € k. We claim
that 7= T, € P. It is not hard to see that T is a s-tree and T <, T, for each « € k.

ack
Closed under splitting. Let C' C T be a chain of splitting nodes in 7" and |C| < &, then
by regularity of s there is @ € & such that each u € C is in Split¢(T') for some { < a. But
Splite (T') = Split¢ (1) for all 8 > £, hence C'is a chain of splitting nodes in Tp,. Then [ JC € T, is
a splitting node, say | JC' € Split, (T, ). By choice of o, we have v < «, and thus | JC' € Split. (Tp)
for all 3 > . Hence |JC € Split, (T).

Perfect. Let u € T and dom(u) = «, then u € T,y; and there exists v € Split,(Tu+1)
such that u C v, since T, is a closed perfect tree. But Split,(Tw+1) = Split, {(Tp) for all
B > a+ 1, hence suc(v,To41) = suc(v,Tp) for all 5 > o+ 1 and consequently v € T and
suc(v, Tp41) = suc(v, T), making v O u a splitting node in T.

Guided by U. Suppose each T, is guided by U and let u € T be a splitting node, then u €
Split, (Ta+1) for some « € &, and thus {z | v (z) € T} = {z | u™(x) € Tz} for each f > a +1
by the same argument as in the “ perfect” case above, hence the set of values extending w in T’

form a set in U.

Uniform. Suppose each T, is uniform, a € s and u € Lev,(T). Note that suc(u,T’) =

suc(u, Tg) for all 3 > o+ 1 and each such Tj is uniform, therefore 7" is uniform. O
K-SACKS AND k-SILVER FORCING

The first forcing notions we discuss are k-Sacks forcing S, and s-Silver forcing V,;,. Kanamori
[Kan&0] has studied x-Sacks forcing first for general regular uncountable x, although it behaves
quite differently from classical Sacks forcing if k is accessible.

In the context of “w, many cardinal characteristics known to be tame remain small in the Sacks

114

model** and it is therefore a natural candidate to consider if one wishes to show the consistency

of r < 2% for some cardinal characteristic g.

1See [Zap08, Chapter 6].
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In the context of "k, k-Sacks forcing is more subtle, and by [BBTEFMI8, Theorem 70| it can
be used to prove the consistency of 5™ (€*) < 0i9(€*).1> To show this, one first notes that S,
has the pow-Sacks property, but not the id-Sacks property, and thus adds an id-avoiding x-real
and no pow-avoiding k-reals by Lemma 4.2.10. Alternatively, one can prove the same things for

k-Silver forcing, because the uniformity of the conditions does not affect the proof.

Lemma 4.4.7 — [BBTFMI18, Lemma 69]
Sk and V, have the pow-Sacks property, but not the id-Sacks property. N

We will not repeat a proof at this moment, but in Chapter 5 we will provide proof of more general
statements in order to separate many different cardinals of the form 97 (€*) as Theorems 5.1.5
and 5.1.8.

The other important step is that <x-support products also have the pow-Sacks property. Alter-
natively, one can also use <k-support iteration, instead of <k-support products, which also
preserves the pow-Sacks property. We will prove the more general preservation results in

Lemma 5.2.5.

The pow-Sacks property implies that S, and V, do not add pow-avoiding k-reals, hence also
no unbounded x-reals. Moreover, if pow < cf(b), that is, if pow(a) = (21T < cf(b(a)) for
all a, then it is clear that S, and V, have the (b, pow)-Laver property, and thus do not add

(b, pow)-avoiding k-reals either. For any such b, no b-unbounded r-reals are added either.

On the other hand, we know that an id-avoiding x-real is added, and in fact with the same
methods we can show that a (b,id)-avoiding x-real is added as well. This construction is done
using fusion, and we will come back to this in the next chapter. In this chapter we will only use
fusion to show that S, does not add eventually different s-reals. A similar proof can be done for

V4, but as the argument is complicated by the uniformity of the conditions, we will not do so.

Theorem 4.4.8

Sk does not add eventually different k-reals. N

Proof. Let f be a name and Ty € S, be such that Ty IF “ f € ®x”, then we will use fusion to
construct a condition T' < Ty and a k-real g € "k such that T I-“ f =% ¢”. This implies that

f is not eventually different over V.

Suppose T, has been defined and that we have defined g up to dn, that is, g [ o is defined
and g(dq) not yet. Let (v¢ | £ € A) be an enumeration of all v € T, such that v = u™(z) for
some u € Split,(7,), and note that A < k, because k is inaccessible and there is an obvious

order-preserving bijection between <§O‘2, §> and (Split,(Ta), C).

For each £ € A, find some T§ < (T )v, such that there exists 3¢ € x with TSI f(Su+8) = Be?,
and define g(dq +&) = B¢. Then we define T,,11 = J TS. Tt is not difficult to see that Toat1 €Sk
and Th41 <q Th.

5Remember that id : o — ||t and pow : a (2'”“)*.
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Finally, if a € & is limit, we define T, = ﬂ§<a T¢, then Ti, € Sy, by Lemma 4.4.4, and it is easy
to check that T, <¢ T for each § < a.

Finally we let T' be the fusion limit of (T, | @ € k), then T' I “ f =% g7 if G is a generic filter
with 7' € G, then we can find some u € Split,(T") and v € suc(u,T) for any o € k such that
(T), € G, and clearly (T), IF “ f(Jo+&) = g(64+&)” for £ such that v = ve by construction. [

o— | . A schematic representation of Figure 4.1, showing the
l&/./ effect of k-Sacks / k-Silver forcing with cf(b) > pow.
[ ]
l i o LEGEND
o/ J ./ e not added by the forcing
l/°\ — * added for A = id, but not for h >* pow
* < —

Tk

[ ] \) .

We will conclude this section with an independence result concerning SN,;, which shows that
Theorem 3.3.16 cannot be dualised. The proof is based on [G:JS93], where a more complicated'®

perfect tree forcing is used.

Theorem 4.4.9 — cf. [(]595] for “w
Let S be the <s-support iteration of S, of length x™+. If VE“2% = k17, then

VS E“cof(M,) = kT < kT = cov(SN,) . N

Proof. S, is ®"k-bounding, since it has the pow-Sacks property. Because of this, there exists a
C-cofinal subset of SN, whose elements can be coded terms of a family of sequences indexed
by some fixed dominating family. Since the dominating family remains dominating, we can
essentially characterise the elements of SN from the ground model. Subsequently, we show
that S, adds a generic s-real that is not an element of any X € (SN, )V. This concludes the
proof, since any x"-sized witness of cov(SNj) obtained in an intermediate step of the iteration
is destroyed by the subsequent step, and it is known that <k-support iteration of S, does not
increase cof (M) (see e.g. [BBTEFMIg|).

Since V F “2fF = k7 we may fix some dominating family D C ®k of size k. Let 0 =
{Ef | f € D} be a family of sequences, where 5/ = <s£ | € € k) is such that sg e 7©2. We use
o to define an element of SN,:

[[U]] = meD maoe,‘c USE[QO,H) [Sg] € SNH

16 A more complicated forcing notion is necessary, since the goal of the mentioned paper is not only to increase

cov(SN,,), but also to increase add(SNy;). Sacks forcing could be seen as a special case of the forcing used in the
paper, and is still sufficient for our purpose. The relevant idea is [GJS93, Lemma 2.25]. Generalising the more

complicated proof of [GJS93] to the higher context has been done as well, by Schiirz [CS].
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Reversely it’s easy to see that for every X € SN, there exists some choice of o such that
X C [o]. We show that the set of conditions S € S, with [S] N [o] = @ is dense. It suffices to
show that for each S € S, there exists f € D and T' < S such that [T]N Ugeﬁ[sg] =0.

Let S € S, be arbitrary. We may assume without loss of generality (by pruning) that for each o
there is 3, such that Split,(S) C %22, and thus that (3, | a € k) enumerates the club set of the
heights of splitting levels of S. Now let v¢ denote the &-th limit ordinal below x and consider
the nonstationary set {ﬂ%H | € € /@}. Let fo: &+ By.+1+1 and pick f € D such that fo <* f.

For each £ € k such that fp(§) < f(£) and sg | Bye+1 € S, we prune S by removing the part of
the tree generated by the successor sg i (575+1 +1) to get a tree T < S. Since fop <* f, it follows
that [T] N o] = @. Finally, we only prune S at successor splitting levels, thus T € Sy. O

k-MILLER FORCING

Generalisations of Miller forcing to “x have been studied in [FZ10, FHZ13, BBTFMI18|. All of
the results in this subsection could be found in the above references. We will introduce x-Miller
forcing as a forcing to compare the forcing notions of Chapter 5 to, and to show that unbounded

k-reals and b-unbounded k-reals are distinct kinds of k-reals.

We first mention that there exist choices for & C P(x) such that Mi% adds a x-Cohen generic,
for instance if U is the club filter:

Theorem 4.4.10 — [BBTFM18, Proposition 77|
Let U be the club filter on &, that is, the set of all subsets of x containing a club set. Then Mi%

adds a k-Cohen generic. O

On the other hand, if U is a <k-complete normal ultrafilter (and hence  is measurable), then
we can show that Mi¥ does not add x-Cohen generics.

Theorem 4.4.11 — [BBTFMI18, Proposition 81]

Let U be a <x-complete normal ultrafilter on &, then Mﬁl,;’ has the pow-Laver property. N
Since the pow-Laver property also implies the (b, pow)-Laver property for any b € "k with

pow < cf(b), we see by Lemma 4.2.12 that Mi¥ does not add a b-unbounded x-real when U is a

<r-complete ultrafilter. Therefore, Mi¥ cannot add a x-Cohen generic either.

Theorem 4.4.12 — Folklore, see e.g. [BBTFMI8, after Definition 74/

Mi¥ adds an unbounded x-real. <

Proof. If G € Mi¥ be a generic filter, then (|G € “k. In the ground model, let f be a name for
NG, let g € "k and let Ty € Mi.

We construct a fusion sequence (T, | a € k). We obtain T,41 from Ti, by removing all of the
nodes v € suc(u,T,) with u € Split,;(T,) for which v(dom(u)) < g(dom(u)). Since U is a

nonprincipal filter and we remove only |g(dom(u))| < x many sets from suc(u, Ty ), we see that
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{z |u™(x) € To41} € U remains true. Also note that Split, (7) = Split,(Th+1), ensuring that
Toi1 <q T,. For limit «, we set T, = ﬂ§<a Te.

If T is the fusion limit of (T}, | a € k) and ag € &, then for any u € Split, ,,(T) we see that
dom(u) > ag and (T), IF ¢ g(dom(u)) < f(dom(w))”. Tt follows that T IF“g <> f7. O
This shows that Mi¥ is not ~s-bounding, and thus also does not have the pow-Sacks property.

Theorem 4.4.13

Let U be a <k-complete filter on «, then Mﬁ% does not add an eventually different k-real. N

Proof. Let Ty € Mﬁ% be such that Ty IF “ f € k7, then we will use fusion to construct a
condition T' < Tj and a k-real g € "k such that T I- “ f == ¢g”. We let (K, | a € k) be a

partition of k into sets of size x, and we let <k§ | £ € k) enumerate K,.

To define T,41 from Ty, we let (ve | £ € ) be an enumeration of all v € Ty, such that v = u™ (x)

for some u € Split, (T,,). This is possible by inaccessibility of x and T,, C <"k, hence |T,| = k.

For each ¢ € k we find some T§ < (T )ve such that there exists B¢ € k with TS I+« f(k:g) =B
and we define g(kg) = fe.

The rest of the proof follows Theorem 4.4.8. ]
e—"° A schematic representation of Figure 4.1, showing the
l PR 7' effect of k-Miller forcing guided by a <k-complete
.Vi‘ M normal ultrafilter with cf(b) > pow.

[} [ ]
l/ J @/ LEGEND
l /°\ — @® added by the forcing
X \‘> « ° not added by the forcing
v ®
o *  unknown for h = id, not added for h >* pow
\) ° bl p

In Chapter 5 we will introduce a forcing notion that adds a b-unbounded x-real without adding

unbounded k-reals.
k-LAVER FORCING

We saw in the last section that x-Miller forcing could add unbounded k-reals without adding
k-Cohen generics. A natural strengthening of this would be whether it is possible to add domi-
nating x-reals without adding x-Cohen generics. Classically, this is what Laver forcing achieves,
that is, Laver forcing adds a dominating real without adding Cohen reals.

The situation is very different on “«, as was shown by Khomskii, Koelbing, Laguzzi & Wohofsky
[IKIKLW22]. In this paper it is shown that x-Laver forcing LY will always add a x-Cohen generic!”,

as will many other <x-distributive forcing notions similar to LY.

It also follows from this that x-Laver forcing cannot have any Laver properties, because these

prevent k-Cohen generics from being added by Lemma 4.2.12.

'"This is implied by [KKLW22, Theorem 3.5]
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4.5. OPEN QUESTIONS

Reading through this chapter, it may be apparent that there are many holes left to be plugged,
in the sense that we do not know if Figure 4.1 is complete, nor do we have a complete overview
of which kinds of k-reals are added by some of the mentioned forcing notion. We will not give
a complete overview of all the open questions that could be deduced from this chapter, but we

will mention some that are of particular (general) interest.

The problem we mention in the subsection about x-Laver forcing is perhaps the most intriguing

open problem, since it is in stark contrast with the classical analogy:

Question 4.5.1 — [KKLW22, Question 5.1/
Does there exist a <k-distributive forcing notion that adds a dominating x-real without adding
a k-Cohen generic? Does every <x-closed forcing notion adding a dominating k-real add a

k-Cohen generic? 4

This question is related to Questions 2.6.1 and 2.6.2, since such a forcing might be usable to add
many dominating x-reals, thereby increasing b, (<*), without adding x-Cohen generics, which
implies that cov(M,) = k.

Specifically for Question 2.6.2 we may also attempt to find a forcing notion that could be
iterated such that many unbounded k-reals are added without adding xk-Cohen generics. As we
saw, k-Miller forcing has this property, but it is known that products of x-Miller forcing add a
k-Cohen generic (see [BBTEFM18, Theorem 85]), and for iterations it is unknown whether the

Laver property is preserved.

Question 4.5.2 — [BBTFM18, Question 83/

Let Mi be a <s-support iteration of x-Miller forcing guided by <r-complete normal ultrafilters.

Does Mi have the pow-Laver property? N

Finally we will mention the question of whether it is consistent that b(e*) £ b (e*) for some
parameters h,h’. In the dual case we know that 9°"(€*) < 01(€*) is consistent, and as we
will see in the next chapter, we can even separate k™ many localisation cardinals with different
parameters. These consistency results are shown using forcing notions resembling x-Sacks or

xk-Miller forcing, which are not helpful in separating avoidance numbers b’ (€*).

Perhaps it is possible to separate localisation and avoidance numbers by using h-k-localisation

forcing with specific parameters h, making the following question relevant:

Question 4.5.3

Does there exist A’ such that Loc” does not add an h'-localising s-real? q
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5

LOTS AND LOTS OF LOCALISATION CARDINALS

In this chapter we discuss how to separate many cardinalities of the form DQ(G*). This chapter
contains new results and could be seen as an extension of the previous results regarding 97 (€*)
found in [BBTFMI18].

Remember from Fact 2.4.3 that add(N) and cof (N) are characterised using b”(€*) and 2"(&*)
for any arbitrary cofinal h € “w. Therefore, the parameter h cannot influence the size of these
cardinal characteristics in the classical context. On the other hand, it was proved in [BBTFM18|
that 97 (c*) can consistently have different values for different h € “x, namely 02" (€*) < 21d(€¥)
is consistent, since this inequality holds in the x-Sacks model, essentially because S, has the

pow-Sacks property, but not the id-Sacks property.

In this chapter we will answer an open question from [BBTFMI18| and prove that there exist
functions he € "k and distinct cardinals A¢ with cf(A\¢) > & for each £ € kT such that it is
simultaneously consistent that 025(6*) = A¢ for all £ € k. The strategy will be the same as
the strategy used to separate 9i9(€*) from 95°"(€*), in that we consider a product of perfect

tree forcing notions that have the h¢-Sacks property, but not the h,-Sacks property for different
h

., Where the

& and n. Our candidates for these forcing notions are xk-Miller Lite forcing MIL

parameter h will play a key role.

In the first section, we introduce x-Miller Lite forcing MIL". We will prove that it preserves
cardinals and cofinalities and use fusion to show that it satisfies certain Sacks properties. In the
second section we consider products of such forcing notions. We show that properties such as the
preservation of cardinals and cofinalities and the relevant Sacks properties are preserved under
<k-support products and we use this to prove the consistency of x many different cardinals.
Finally, in the third section we will show that with a preparatory forcing, we can use our

approach to prove the consistency of k™ many different cardinals.

Nota Bene! In this chapter we assume without mention that £ denotes an inaccessible car-
dinal. We will also fix the convention that h, H, F' € "k denote increasing cofinal cardinal
functions. This also extends to indexed or accented functions using the symbols b, h, F', such as

be, h', and so on.

5.1. k-MILLER LITE FORCING

In order to prove that k-Sacks forcing S, has the pow-Sacks property, but not the id-Sacks
property, one uses an argument by fusion and counts the minimum number of splitting nodes

in Split,(T') for conditions T € S,. Essentially, the conditions split often enough to prevent a
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generic real from being id-localised, but the number of successors of splitting nodes (which is 2)

is small enough to construct a pow-slalom that localises any name for a k-real.

Another forcing we have considered is k-Miller forcing, where each splitting node has x many
successors. This is too large to prove the h-Sacks property for any h € "k, since x-Miller forcing

adds an unbounded k-real.

Our approach is therefore to describe a forcing notion that splits exactly often enough to fail the
h-Sacks property, but not often enough to fail the h’-Sacks property, for two functions h, h’. We
could consider a bounded version of x-Miller forcing for this. On “w, such a forcing has been

studied in |Ges06] as Miller Lite forcing, and we will adopt this name as well.

Definition 5.1.1

The conditions of the forcing MIL" are closed perfect trees T C <Fk that satisfy the h-splitting
property: if u € Split, (T"), then u is an h(«)-splitting node in 7. The order is defined as T' < S
iff T'C S and for any u € T, if suc(u,T') # suc(u, S), then |suc(u,T)| < |suc(u, S)|. q

We naturally want MIL" to preserve cardinalities. If we assume that V  “2% = kT then it is
clear that ML has the <x*T-chain condition, since |MILL!| < |P(<"k)| = 2® = x*, where the
former equality is implied by k<% = k, which in turn follows from & being inaccessible. Therefore

+ —+

cardinalities above k™ are preserved under assumption of V F“2F = g

To preserve cardinalities less than or equal to &, we show that MIL" is <k-closed.

Lemma 5.1.2

ML is <r-closed. In fact, if (7, ¢ | €€ \) is a descending sequence of conditions with A < &
limit, then T' = ﬂE@\ Tt is a condition below each T¢. <

Proof. We first prove:
(*) if u € T =N¢ey Te, then there is n € A such that suc(u, T') = suc(u, Tp).

Suppose that u € T, and let A\¢ = |suc(u, T¢)|, then the ordering on ML dictates that (\¢ | £ € A)
is a descending sequence of cardinals, hence there is 7 € A such that A\¢ = A, for all £ € [n, A).
But then suc(u, T¢) = suc(u, T,) for all £ € [, \) by the ordering of ML

We show that T' = ﬂfe \ I¢ satisfies the lemma by verifying that 7' is perfect, closed under
splitting, satisfies the h-splitting property and that T" < T for all £ € A.

Perfect. Let uw € T, and let f € [T] be a branch for which v C f. If dom(f) < &, then f € T¢
for each &, thus by (x) there is some n € A for which suc(f,T;) = suc(f,T) = @. Then clearly
T,, ¢ ML!, which is a contradiction, hence dom(f) = k.

Let C¢ = {a € [dom(u),x) | f | a is splitting in T¢}, then since Ty € ML are conditions, we
see that C¢ is a club set. But then [\¢c) C¢ is club. Any v € [\c) C¢ is splitting in all T, thus
by (%) it is splitting in 7". By definition of C¢ it follows that u C v holds for such v € ﬂge 3 Ce.
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Closed under splitting. Let C' C T be a chain of splitting nodes, then for every £ € A we also
see that C' is a chain of splitting nodes in T¢, and thus [ JC is a splitting node in all T¢, hence
by (), |JC is splitting in T

h-Splitting property. If w € Split,(T), then by (x) there is n € A such that suc(u,T),) =
suc(u, T'). Therefore u € Splitz(T}) for some 3 > «, hence u is an h(f3)-splitting in 7. Remember

that we assume h is increasing, so u is also h(«a)-splitting in 7.

Ordering. Clearly T C T for each £ € A, and if u € T and suc(u,T) # suc(u, 1), then by
(%) there exists n € A such that suc(u,T’) = suc(u,T}), and clearly & < 7. Since T, < T¢ by
assumption, then [suc(u, T)| = [suc(u, Ty)| < |suc(u, T¢)|. Hence T < T¢. O

Corollary 5.1.3

MIL? preserves all cardinalities and cofinalities < k. U

What is left, is to show that kT is also preserved. This will be a consequence of the proof
that MLL" has the F-Sacks property for some suitably large F' € "k, so we will prove this
first. But before that, we will need to show that ML is closed under fusion. Our fusion
ordering (<,| a € k) will be the one from Definition 4.4.5, that is, T <, S iff T < S and
Split, (T') = Split,(.S).

Lemma 5.1.4

If (T, | a € k) is a fusion sequence, then T'= (. T € ML" and T <, T, for all a € &. 4

aEKR

Proof. That T is a closed perfect tree follows as in Lemma 4.4.6. We will show that T" has the
h-splitting property and that T' <, T, for all a € k.

h-Splitting property. Let u € Split, (T), then u is an h(«)-splitting node in T,41. Let A\, =
|suc(u, To41)| > h(a) and let (ve | £ € Ay) enumerate those v O u such that v € Split, 1 (Ta41).
For all 8> o + 1 we have Split,, (7) = Split,,1(Ta+1), therefore for each £ € A\, we see that
ve € Ty for all > «, thus vg € T. Therefore u is h(a)-splitting in 7T'.

Ordering. Clearly T C T, for all « € k. Given u € T and a € k such that suc(u,T’) #
suc(u, T, ), we will show that |suc(u,T")| < [suc(u,Ty)|. We may assume without loss of generality
that u is splitting in 7T, so let 8 € x be such that u € Splitg(7T'). Since Split.,(T) = Split., (T,) for
all v < a, we see that 8 > a. We have Splitg,,(T41) = Splitg1(T'), and thus suc(u, Tp11) =
suc(u, T). Finally Tpy1 < Ti, gives us |suc(u, T)| = |suc(u, Tg41)| < |suc(u, Ty)|. O

We are now ready to prove the two main ingredients necessary for separating the localisation
cardinals. We will show that for any h there is some faster growing F such that ML has the
F-Sacks property, and reversely that for any F' there exists some faster growing h such that
MIL" does not have the F-Sacks property. In other words, for any Fy we may find k and F} such
that MLZ does not have the Fyp-Sacks property, but does have the F}-Sacks property. It will be
helpful to establish the notion of sharp trees.

Let a k-tree T € MIL! be called sharp if every u € Split, (T is a sharp h(a)-splitting node.
It is clear that by pruning we may find a sharp T* below any condition 7' € MIL! such that

87



Split, (T™) C Split,, (T') for every a € k. We may assume that we can canonically do so, thus we
will hereby fix the notation 7™ to denote a canonical sharp k-tree below condition T'. We will
write (ML")* = {T € ML" | T is sharp}, which embeds densely into ML

Remember that (7)), is the subtree generated by u € T.

Theorem 5.1.5
For any h there exists I such that h <* F and MIL" has the F-Sacks property. <

Proof. We will let F : o — (h(c)*!)* and show that MIL! has the F-Sacks property.

Let Ty € ML" and let f be a name such that Ty I+ “f € %x”. If Ty IF “f € V7, then

the existence of an appropriate F'-slalom is obvious, so we assume that Ty IF “ f ¢ V”. We
will construct a fusion sequence (T¢ | £ € k) and sets {D¢ C k| £ € K} with |Dg¢| < F(§) such
that mefi Ty =T IF ¢ f(f) € Dg ” for each £ € k. Conseql‘lently, we can define the F-slalom
¢ : & D¢ in the ground model, then it follows that T"IF* f(&) € ¢(§)” for all £ € k.

In general, we will assume each T¢ has the following property:
(x) for every u € Split, (T¢) with o < & we have |suc(u, T¢)| = h(a).

This is vacuously true for Ty, and by using sharp k-trees at successor stages of our construction,
() will follow by induction. If v is limit, we will let T’y = (¢, T¢, which is a condition by
Lemma 5.1.2. T, need not necessarily be a sharp x-tree, but it is at least sharp for all splitting

levels less than v, which is enough for (x).

Suppose T¢ has been defined, then we will define T¢ 1 such that it limits the possible values of
f(&) and such that Tgt1 <¢ T¢. First note that if T¢ has property (x), then T <¢ T¢: If w is
splitting in T¢ and u ¢ T¢, then u was removed because there is some v C u such that suc(v, T¢)
is too large for sharpness. But then by (x) it follows that v € Split, (T¢) for some a > &, hence
u € Splitg(T¢) for some 8 > &.

We define a set V of successor nodes of the £-th splitting level, that is:

Ve = U{suc(u,Tg) | u € Splite(T¢)}.

Our goal is to find a stronger condition below each subtree (7, ¢ )v with v € V¢ that decides f ),
and glue these conditions back together to get a condition stronger than T, 5* Since the size of

Ve is limited, this limits the possible values of f(€) to a small set.

For each v € Vg find a condition 7% < (T¢), such that T IF * f() = Bg 7 for some B¢ € k.
Choose some arbitrary u € Split¢(7T") and w € suc(u,T"”), and consider the subtree (1), of
T? generated by the initial segment w. We let G¢ : Vg — P(T¢) send v +— (T),,. Note that the
a-th splitting level of G¢(v) = (TV),, corresponds to the (§ 4+ 1 + «)-th splitting level of T.

Now we define:

Teyr =|JGelVe] = [ J{Ge(v) | v € Ve},
De = {B¢ |veVe}.
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For each v € Vi we have v € G¢(v), thus each successor of a splitting node in Splitg(7) is
in T¢yq1. Therefore we see that Splite(T¢y1) = Splite(T¢). If u € Splitg 1, o(Tey1) for some
« € K, then u € Split, (G¢(v)), thus u € Splite, 1, ,(T?), and since T € ML", we see that u is
h(§ + 1 4 a)-splitting. Therefore T¢, satisfies the h-splitting property of Definition 5.1.1. It is
easy to check that T¢ 1 is a closed perfect tree, thus we can conclude that T € ML" and that
Teyr <e¢ Te.

Note that the set D¢ is indeed small enough:
|De| < Vel = [Splite(T¢)| - h(€) < b)) < F(©).

For each v € Vi we have TV IF “ f(¢) € D¢, and {T% | v € V;} is a maximal antichain below
T¢y1, thus:

Tepr IF* f(€) € De.
Let T = ﬂfec T¢, then by Lemma 5.1.4 we see T' € MIL!, and T IF“ f&) e Dg "forall { € k. [
As a corollary of M}LZ having the F-Sacks property, we immediately get that ™ is preserved.

Corollary 5.1.6

MIL? preserves 7. <

Proof. Given an ML-name fand T € MIL" such that T IF “f:k— kT, then using (the proof
of) the F-Sacks property we may produce sets D¢ with [D¢| < F(§) < k for each ¢ € k such
that T" I “ f(€) € D" for some stronger 7" < T, and thus f is forced to have a range contained

in U§€ . D¢ and cannot be cofinal in 7. O

The second ingredient is to find a suitably fast growing h for a given function F such that MIL!
does not have the F-Sacks property. We will need the following lemma.

Lemma 5.1.7
Let T € ML” and let Or = {a € & | Split,(T) = T N “k}, then Cr is a club set. q

Proof. For oy € k we can recursively define a1 large enough such that Split, (T') C Santip

for each n € w. Let a = Qn, then a € Cr, hence Cp is unbounded. It is easy to see that

new

C'r is continuous. O

Theorem 5.1.8
Let F' € "k, then there exists h such that MILZ adds an F-avoiding x-real, and hence does not
have the F-Sacks property. <

Proof. Let h be such that F(«) < h(a) for all @ € S, where S is a stationary subset of k. We
will show that the MIL"-generic x-real is F-avoiding.

Let f be a name for the generic MIL"-real in ®x, let ¢ be an F-slalom, let T € MIL" and let
ap € k. We want to find some a > ag and S < T such that S IF“ f(a) ¢ @(a)”. If we can find
u € T N g such that u(a) ¢ ¢(a), then (T), will be sufficient.
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Let Cr be as defined in Lemma 5.1.7 and o € C7N S such that ag < «, then Split, (7)) = TNk,
thus each t € T'N %k is an h(«)-splitting node. Hence, there is a set X C k with | X| = h(«)
such that t™(vy) € T for all v € X. Since |p(a)| < F(a) < h(a), there is some v € X such that
v ¢ (), and thus u =t~ () is as desired. O

Theorem 5.1.9

MIL! does not add eventually different x-reals. <
Proof. The proof is as in Theorems 4.4.8 and 4.4.13. O

It follows that the situation is very comparable to that of k-Sacks forcing, with h taking the role
of id and F : o+ (h(a)!®l)* taking the role of pow.

For later use, we need to consider the relation of forcing notions with parameters that are almost
equal. For functions f, g € "k, we say that f and g are almost equal if f =" g, that is, if there
exists £ € k such that f(a) = g(«) for all a € [£, k).

Lemma 5.1.10
If h =* B/, then MIL! and MIL!" are forcing equivalent. 4

Proof. Since MIL" N MIL" is dense in both ML and ML/ . O]

Finally we will briefly consider a variant on the forcing notion MIL" defined in Definition 5.1.1,
namely the bounded forcing M}Lﬁ’h consisting of closed perfect trees on []_,. b that are h-splitting.
It is easy to see that MLY" will affect DZ’F(E*) in the same way that MIL" affects 0F'(€*) for
any F with F < cf(b). The other thing that one should note is that MIL" and ML%" are in
fact forcing equivalent if h(a)!®l < b(a) for all & € k: essentially one could relabel the nodes
in T € (ML")* to obtain a condition in MLZ", from which it is not hard to construct a dense
embedding. Consequently, the results proved in this chapter also imply similar results for the

bounded localisation numbers 25" (€*).

5.2. PRODUCTS OF k-MILLER LITE FORCING

We see that for any Fjy, we can find a faster growing F; and some suitable h such that the forcing
MIL" has the Fy-Sacks property and not the Fy-Sacks property, thus forcing with MIL” will not

increase 0£1(€*), but has the potential to increase 2£0(€*).

In order to increase 9£0(€*) we will need to add many MIL"-generic s-reals to the ground model,
since these are Fj-avoiding x-reals. This can be either done with an iteration, or with a product.
Iteration has the drawback that once we have forced 2% to be of size s+, the forcing MIL! no
longer has the <k T-c.c., and thus we cannot sufficiently control the iteration past this point.
While this does not form a problem to prove the consistency of kT = 0f1(e*) < 90 (c*) = k7,
iteration proves to be an obstacle when we wish to force localisation cardinals to be larger than
kT, In particular, our goal to simultaneously assign multiple localisation cardinals to different

cardinalities requires a product.
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Let us fix a set of ordinals A and parameters (he | £ € A) for the forcing notions ML, For the

remainder of this section we fix the <s-support product ML = H?g A M}LZE. If p,g € ML, we

will often write ¢ < p instead of ¢ <y p.

Lemma 5.2.1
ML is <k-closed. O
Proof. By Theorem 4.1.15. O

We will also need a generalisation of the fusion lemma to work on product forcing. The gener-
alisation of fusion described here is analogous to what is described in [Kan8&0] or [BBTEFMI18]
and that we defined in Section 1.2. We define fusion orderings (<,| a € k) on each I\/JULZ§ as in
Lemma 5.1.4, which yields a generalised fusion ordering (<z .| « € , Z € [A]<") on ML.

Lemma 5.2.2
If {(Pa, Za) | @ € K) is a generalised fusion sequence, then Anexpa € ML. <

Proof. Suppose that ((pa,Za) | @ € k) is a generalised fusion sequence, and let p = AnqcrPa-
By definition of generalised fusion, every & € supp(p) = Uye,. Pa is an element of Zy, for some
ne € k. This means that if 8 > a > g, then pg(§) <o pa(§), and thus (pa (&) | a > n¢) is a
fusion sequence in ML},«?. Since MLZﬁ is closed under fusion sequences (Lemma 5.1.4), we can

conclude that

p(€) = (] Pal€) € MLE.

aEk

Since supp(p) = U,ey, Za, we see that [supp(p)| < &, thus we can conclude that p € ML. O

By Lemma 5.2.1, ML preserves all cardinalities up to and including . Suppose that each I\/JI]L,’,;5
has the F-Sacks property for some suitably large F'. We will show in the next lemma that this
implies that ML has the F-Sacks property and therefore preserves x*. Finally, if we assume
that V E “2% = g7, then Theorem 4.1.17 shows that ML is <xT*-c.c. as well. Thus, ML
preserves all cardinals and cofinalities assuming that there exists some fixed F' € ®x such that
each I\\/JI]LZE has the F'-Sacks property.

Lemma 5.2.3

Let B C A be sets of ordinals and B¢ = A\ B, and consider a sequence of functions (h¢ | £ € A).
We define the <x-support product ML = H?g A MLZ§ and assume G is an ML-generic filter.
If there exists F' € "k such that (supgcge he(a))lel < F(a) for almost all a € &, then for each
f € ("k)VIC there is ¢ € (LocE)VICIBl such that f €* ¢. N

Proof. Note that Lemma 5.1.10 implies that we can assume without loss of generality that
F(a) > (supgepe he(a))lel for all @ € k. Let p € ML and f be a name such that p IFs “ferr”

then we will construct a name ¢ and a condition p’ < p such that p/ IF“¢p € (LOCE)V[G[B] 7.

The proof is essentially the same as the proof of Theorem 5.1.5, except that we work with

generalised fusion sequences and have to construct a name ¢ for the appropriate F-slalom in
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VI[G | B, since such a slalom is not generally present in the ground model. That is, we
will construct a sequence ((pg, Ze¢) | £ € k) with each pe € ML that is a generalised fusion
sequence in ML and names D; for sets of ordinals D¢ € V[G | B] with [Dg¢| < F(£), such that

pes1 - f(€) € De.

For each £ € k and 8 € Z; we will make sure that pe(3) € (MILZB)* is sharp. To start, we let
po = p and we let Zy = @. At limit stages § we can define p§ = A¢espe and let ps < p§ be
defined elementwise such that ps(8) = (p5(8))* is sharp for each 3 € Zs.

Suppose we have defined p¢ € ML and Z¢ and that |Z¢]| < []. As in the proof of Theorem 5.1.5,
we will consider the successor nodes of the &-th splitting level, find subtrees that decide the
value of f (€), and glue the subtrees together. However, in this situation we have to deal with
multiple trees at once, namely with each p¢(3) such that 5 € Z¢. For each € Z¢ we define the
set of successor nodes of the ¢-th splitting level of pe(3):

Ve = U {suc(u, pe(8)) | u € Splite(pe(8))} -

To deal with p¢(B) for all § € Z¢ simultaneously, we have to consider combinations of elements
of Vf for B € Z¢, and for each combination we will define a condition that decides f(&). These
combinations are given by functions ¢ : Z¢ — |J Bez Vf with the property that g(5) € Vf . We

will refer to such g as choice functions, since g chooses an element of VEB for each 8 € Z¢.

Let V¢ be the set of choice functions on {Vf | B € Z¢} and Vg the set of choice functions on
{Vf | B € Z¢ \ B}, that is, V{ is the set of g | (Z¢ \ B) with g € V.

By induction hypothesis p¢(3) € (MLZB)* for each B € Z¢ \ B, hence Splite(pe(3))| = h5(§)|§|
for all B € Z¢ \ B and thus, using that |Z¢| < [£], we get

|Vé‘ < (SUPBeZE\B hﬁ(f)‘a)lz’g\s' < (SupﬁeBC hﬁ(f))lél < F(§).

Therefore, if we restrict our attention to Z¢ \ B, the number of choice functions is small enough.
Consequently, we can describe a name Dg depending only on the support in B, i.e. Dg names a
set in V[G | B], such that D¢ is bounded in cardinality by F(€).

For any choice function g € V, let (p¢)y be the condition defined by

pe(B) if B¢ Z,

(pe)o(B) =
re (e (B)yis) i B € Z.

Here (pe(8))g(p) is the subtree of pe(3) generated by the initial segment g(3) € Vf.

Let ¢ = |V¢| then ¢ < k by inaccessibility of k. Fix some enumeration (g, | n € ¢) of Vg, which
we will use to recursively define a decreasing sequence of conditions ry, with r) <z, ¢ pe for each
n € (. Essentially, our recursive construction will result in r,;1 being like 1), except that (1),

is replaced by a stronger condition that decides f (€). At the end of the recursion, we will be left
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with a condition r¢ such that (r¢), decides f (&) for every g € Ve. We then gather the possible

values of f (&) to construct the name Dg.

Let o = pe. For limit ¢ € ¢ let rs = /\;es7y, which is a condition by <k-closure (Lemma 5.2.1).
Assuming that r,) <z, ¢ pe for each n € 9, it is easy to see that rs <z, ¢ pe as well.

Suppose 1y is defined and r;; <z, ¢ pe, then in particular mp(B) <¢ pe(B) for all B € Z¢, and thus
Splite(r(8)) = Splite(pe(B)) for all 3 € Z¢. Therefore by definition of the ordering on ML/
and the fact that pe(3) is sharp, we see that Vf is exactly the set of successors of nodes at the
¢-th splitting level of r,(3). Take the 7)-th choice function g, € Vg, and let r}, < (ry),, be such
that r) I-“ f(£) = Bg” for some ordinal ﬁg. We define 7,4 elementwise.

If 3 ¢ Z¢, then we simply take r,11(8) = ry,(8).

If B € Z, fix some w € suc(u,r)(B)) for some u € Splite(r)(B)) and consider the subtree

(r5(B))w generated by the initial segment w. Now we are ready to define r,,1(3) as

ry1(8) = (8w U {uery(8) | 3o e VO {g4(A)} (uCvorvCu)}.

In words, 7,,41(f) is the result of replacing the extensions of g,(8) € r,(8) by (r},(8))w that
decides f(), where we use the subtree (r;(3))y instead of 7;(5) to make sure that ry11(5)
has enough successors at each splitting level to be in MLZB (compare this to the role of (T),,
instead of T in the proof of Theorem 5.1.5).

To finish the construction of the next condition in the fusion sequence, we use <k-closure to
define p/§+1 = Anec ™ and let peq = (péﬂ)* be sharp. To see that pey1 <z, ¢ p¢, note that for
every 3 € Z¢ and v € Vf we have v € () for all n € ¢, hence v € pgy1(B). This implies by
definition of Vf that pey1(8) <¢ pe(B) for all B € Z¢. Finally, we can let Zg 1 = Z¢ U {0} for
some ordinal J, using bookkeeping to make sure that Ufem Ze = U§en supp(pe).

Note that the set of conditions < peyq1 with |r(3) ﬁVf\ = 1for all B € Z¢, is dense below pgy;.
For any such r, let g map g to the unique element of (/) N Vf for each 3 € Z¢, then g € Vg is

a choice function, so we see that there exists n € ¢ such that g = g,. We will show that r < r;],
which implies that r IF ¢ f(&) = Bg”.

For any 8 we have r(8) < pey1(8) < my1(B). If B ¢ Z¢, then we simply have 7,1.1(8) = r;,(8),
thus we are done. Otherwise 3 € Z¢, and we know that g(/) is an initial segment of the stem of

r(B), hence

r(B) = (r(8)g(s) S (r+1(8))g(8) = (r5(B))w

where w is as in the definition of r,41(3) above. Since r(3) < r,41(3), we also have

r(B) = (r(B))w < (rg+1(8))w = (r3(8))w < 13,(8),

and thus 7(3) < ry,(8).
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We are now ready to construct the names Dg such that:
pes1 IF“ f(€) € De and De € V[G | B] and |D¢| < F(£)”.
For any g € V¢, we define:
9" =g (Z¢NB),
Eg={ne¢|3¢ eVidug" =g},
Dgz{ﬁgyneEg}.

Since [Vg| < F(§), we see that [Ey| < F(€), hence ]Dg\ < F(§). Clearly, if g, € Ve and
g1 (ZeNB) =g | (Z¢NB), then D = DY.

Let A¢ be an antichain below pg4q such that r» € A¢ implies |r(5) N Vf| =1 for all § € Z¢, and
let g, € Ve be such that g,.(3) is the single element of (3) N VEB for each 3 € Z¢. We define

De={(DF) | v € Ac}.

It is clear by the above that for each r € A¢ and 7 such that g, = g, we have
rlk< f(€) = B € DI and |DT| < F(£)7,

so by denseness
per1 -4 f(€) € Dg and [Dg| < F(€)”.

To see that peiq IF Dg € V[G | B]”, we argue within V[G | B]. For every r,7 € Ag¢ such that
both r [ B and 7 | B are elements of G [ B we see that the corresponding g, and gz have the
property that g, [ (Z¢ N B) = g7 | (Z¢ N B), and therefore DgT = Dg’:. Thus, we can fix any
arbitrary such r € A¢ for which r [ B € G | B holds, and see that

VG | Bl E“pey1 | B°IF Dg = D7

Let p' = A¢expe be the limit of the generalised fusion sequence, and let ¢ be a name such that
pIE“g: & Dg ” then ¢ names an F-slalom in V[G | B] and p/ IF“ f €* ¢7. O

If we let B = @ in the definition of the lemma, then we can simplify this lemma to the following

corollary, providing us with the preservation of the F-Sacks property.

Corollary 5.2.4
If ML = H?;A ML} and each he <* hand F : o ~ (h(a)®))*, then ML has the F-Sacks
property. O

Finally the following lemma is based on Theorem 5.1.8 and shows how we can use products
of forcing notions ML} to increase the cardinality of 9f'(€*). Although we know that each
I\/JHLZ5 adds an h¢-avoiding k-real from Theorem 5.1.8, we will force with <s-support product
and hence do not add them successively, but side-by-side. We will need to argue with the chain
condition of ML to show that oF'(e*) will indeed be increased.
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Lemma 5.2.5

Let B C A be sets of ordinals, and consider a sequence of functions (he | £ € A). We define
the <k-support product ML = H?g A MLZ§ and we assume G is an ML-generic filter. Let
(St | € € B) be a sequence of stationary sets. If F' is such that F'(a)) < he(a) for all @ € S¢ and
¢ € B, then V[G] E“|B| < 0f(e*)”. <

Proof. The lemma is trivial if |[B] < kT, so we will assume that [B| > x*+.

We work in V[G]. Let u < |B| and let {¢¢ | € € u} C Lock, then we want to describe some
[ € "k such that f & ¢ for each € € p. Since ML is <x"T-c.c., we could find A C A with
|A¢] < kT for each € € p such that ¢ € V[G | A¢]. Since |B| > p- ', we may fix some
B8eB \ U{Gu .Ag for the remainder of this prO()iLet f= mper(/B)7 then f € "k is the generic
k-real added by the g-th term of the product MIL.

Continuing the proof in the ground model, let f be an ML-name for f, let ¢ be an ML-
name for ¢, let p € ML and ag € k. We want to find some o > g and ¢ < p such that

gl fa) & pe(a)”.

Let C = {a € x| p(B) N*k = Split,(p(B))}, which is a club set by Lemma 5.1.7. Since Sg is
stationary, there exists some o > agp such that o € C'N Sg. Choose some pg < p such that
po(B) = p(B) and such that there is a Y € [k]<F(®) for which pg IF “¢¢(a) = Y. This is
possible, since ¢z € V[G | A¢] and 3 ¢ Ag, therefore we could find pj € ML | Ae with
o < p | Ae and Y with the aforementioned property, and then let po(n) = p((n) if n € A¢ and
po(n) = p(n) otherwise.

Each t € po(8) N *k is an hg(a)-splitting node, hence the set X = {x € x | t7(x) € po(S)} has
cardinality |X| > hg(a). Because o € Sg and 8 € B, we have by our assumptions on F' that
Y| < F(a) < hg(a) <|X|. We can therefore find some x € X such that x ¢ Y. Let ¢ < py be
defined as

(Po(B)e~(y ifn =5,
po(n) otherwise.

q(n) =
Here (po(83))¢~ (y) is the subtree of po(3) generated by the initial segment ¢t~ (x). Then g < py < p
and g IF“ f(a) ¢ YV = @e(a)”. O

Lemma 5.2.6

Let A be a set of ordinals such that x < cf(|.A]), let (he | £ € A) be a sequence of functions, let
ML = H?SA M]LZ5 with ML-generic G, and let F' € ®x. Assuming V E “2% = g+ it follows
that V[G] F“2"% = |Locl| = kT - | A|”. <

Proof. This is a standard argument of counting names. O

We are now ready to use our product forcing to separate £ many cardinals of the form d7(&*).
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Theorem 5.2.7
There exists a family of functions {g, | n € K} C "k such that for any v € k™ and any increasing
sequence (¢ | £ € v) of cardinals with k < cf()¢) for all £ € v and any o : K — 7, there exists

a forcing extension in which 97" (€*) = Ao for all n € k. <

Proof. We assume that V F “2% = g™ or otherwise we first use a forcing to collapse 2% to
become xT. By a result of Solovay (see e.g. |Jec03, Theorem 8.10]) there exists a family of x
many disjoint stationary subsets of x, thus let {S, | n € k} be such a family. Let K < vy € kT
and o : Kk — v be given. We will assume without loss of generality that o is bijective, and
hence that 0! : v — & is a well-defined bijection. Let (A¢ | £ € ) be an increasing sequence of
cardinals with cf(A¢) > & for all £ € 7.

Fix some F € "k such that F(a)l®l = F(a) and 2F(® < F(B) for any o < 8. For each 17 € K we

define a function g, as follows:

(Fla))t ifaels,

gn(@) =
! (2F(N+  otherwise.

For each { € v we define H¢ € "k as follows:

Fla) iface UCG& Se-1(¢)»

He(a) =
2F (@) otherwise.

For each £ € 7 let A¢ be a set of ordinals with |A¢| = A¢, such that (A¢ | £ € ) is a sequence of
mutually disjoint sets, and let A = U§€7 Ag. For each £ € v and 3 € A¢, we define hg = He.

<k

We now consider the product forcing ML = HEE A I\\/IULZﬁ . Let G be an ML-generic filter. We
will fix some 7 € &, and let B = Uge, ()41 Ae and B¢ = A\ B. By Lemma 5.2.6 we see that
(LocI")VIGIB] has cardinality

] 1Bl = 1 - subecoin Ae| = 11 - [ o] = Aoty

To use Lemma 5.2.3, we need that hg <* g, for all 3 € B, equivalently, that He <* g, for
all £ € (o(n),v). But this is true for any & € (o(n),7), since gy(a) = (F(a)T if a € S, =
So-1(s(n)) and because o(n) € § we see that H¢(a) = F(a). Meanwhile for all o ¢ S, we have
gy(@) = (2F(@)* > He(). Therefore Lemma 5.2.3 shows that (Locy’)VIEIBl is a family in V|G|

of size A\ that forms a witness for

a(n)
VIG] E“ol"(€") < Ao -

On the other hand, if 8 € A, then hg = H,(;) and thus for any o € S = S;-1(5(,)) We see
that g,(a) = (F(a))T < 2F(@) = Hy (). Therefore by Lemma 5.2.5 we see that

V[G] F /\J(n) - ’Aa(n)‘ < O%U(E*)”‘
In conclusion, we get for every n € k that

VIG] E“ Ao = 05"(€7) . O
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Corollary 5.2.8
There exists functions he for each £ € x such that for any cardinals A\¢ > & with cf(\¢) > & it is
consistent that simultaneously 025(6*) = \¢ for all £ € k. O

5.3. kT MANY LOCALISATION CARDINALS

We saw in the previous section that we can use a partition of x into disjoint stationary sets
{S, | n € Kk}, and associate a function g, with each stationary S, such that the cardinals 07 (€*)

can consistently be put in any arbitrary well-order.

It is natural to ask if we can do better than this, and separate k™ many cardinalities. Clearly we
cannot do this using a disjoint family of stationary sets, since no such family of size k™ exists.
Fortunately we can work around this by using an almost disjoint family of stationary sets, that
is, a family S of stationary subsets of x, such that |S N S’| < k for any distinct S, 5" € S. Let

us refer to such families as stationary almost disjoint families, or sad families.

The existence of a sad family of size 2" is a consequence of ¢,,. Let (A, | @ € k) be a {,-sequence,
that is, a sequence such that for any X € P(k) the following set is stationary:

Sx={a€er| XNa=A4,}.
If X,Y € P(k) are distinct, and £ is the least element of the symmetric difference X AY', then
it is easy to see that Sx NSy C & + 1, thus {Sx | X € P(x)} is a sad family of size 2".

Let us first attempt to follow the reasoning from Theorem 5.2.7 to demonstrate the differences
between using a family of disjoint stationary sets and a sad family as generators for our forcing

parameters.

Assume V E“2% = kT and {7 and fix a sad family {S, | n € sT}. We assume that F' € “x is
some arbitrary function such that F(a)l®l = F(a) and 2F(® < F(B) for all @ < . For every
n € kT we can define the functions g,, forming the parameters of the cardinal characteristics
097(€*) we wish to separate:

(Fla)t ifaesSy,

gn(@) =
! (2F(@)+  otherwise.

In analogy with Theorem 5.2.7, we want to define functions H¢ such that M]Lf§ keeps 057 (€*)
small when 7 € X and increases 0’ (€*) when n € Y, where {X,Y} forms a partition of x*.
Assuming He(a) = He(a)!®l for all @ € &, this means that we want to define H such that
when n € X : He <* gy,
when n e Y : gn(a) < He(a) for all o € S, where S is stationary.
Note that g,(a) can only have two possible values, either (F(a))* or (2F(®))*+  regardless of

n € k. We can therefore assume without loss of generality that He(a) is either equal to F(a)

or 2F(® as in the construction from Theorem 5.2.7. Let z be the set on which H¢ is small:

z={a€kr|He(a) = F(a)}.
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If n € X, then He(a) < gy(a) is true for all o ¢ S, but since He(a) < gp(r) has to hold for
almost all & € K, we also need [{a € S, | a ¢ z}| < k. Let us fix the notation that a C* b iff

a\ ¢ C b for some c with |¢| < &, then our condition above states that S, C* z should hold.

On the other hand, if n € Y, then g, («) < He¢(a) is possible if
gn(@) = (F(a))* <27 = He(a).
Thus (k \ z) NS, needs to be stationary. The assumption that |z N.S,| < & is sufficient for this.

Given our sad family S = (S, | n € k™), the existence of a set z such that S, C* z for all n € X
and [z N S,| < & for all n € Y, is not immediately clear. This forms the main obstacle in
generalising Theorem 5.2.7. We can overcome this difficulty by adding a suitable z as described

above generically through forcing.

We define the forcing W?Y (where W stands for wedge). If s € [k]<", let o4 be the least ordinal
such that s C oy.

Definition 5.3.1

Given a sequence S = (S, | n € k™) of almost disjoint subsets of x and a partition {X,Y} of kT,
we define Wi«(’y to have tuples p = (s, Ap, Bp) as conditions, where s, € [k]<" and A4, € [X]|<"
and By € [Y]<" are such that

UneAp Sy N UneBp Sy C 0,
The ordering on W?Y is given by (sq, Aq, Bg) < (sp, Ap, Bp) if all of the following hold:
(1) AP g A!b
(ii) By € By,
(iii) sp = 54 N0,
(iv)
(v)

If G C W?’Y is a generic filter, then let zg = UpeG sp. It is not hard to see that zg indeed has
the desired properties:

$q N [0s,,05,) 2 Upea, SnNlos,,05,),
SN UneBp Sy Cos,. q

Lemma 5.3.2
If n € X, then S, C* zg. If n € Y, then |S, Nz¢| < k. N

Proof. Let p € W?Y. It is clear from the way we have defined the forcing that for any n € A,
we have p IF 5'77 C* 2g” and for any n € B}, we have p IF“ Sn NZg C 0p € k7. Therefore, we

are done if we prove that

1. for every n € X there is ¢ < p such that n € A,, and
2. for every n € Y there is ¢ < p such that n € B,.
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Proving (1) and (2) happens in the same way, so we only prove (1) below.

Fix some n € X. Since S, is almost disjoint from S¢ for all § € B, we can define 7¢ € &
such that S¢ NSy C ¢ for each § € By. Since [By| < k we see that Jecp V¢ € k. Pick some

v € U§€Ap Se such that v > oy, U U&eBp Ve

We define ¢ < p by

$q = SpU (UgeA,, Sg N [%,,KY]) ;
Ag=ApU{n},
B, = B,.

Note that v € s4, thus o5, = v + 1. Furthermore, note that

UgeAp SeN USGBp Se Cos, < and
Sy N UgeBp Se © UgeBp Ye < -

Therefore, ¢ is indeed a condition. ]

We need to show that our forcing has several nice properties to satisfy our needs. Firstly, it is
essential that the sad family {S, | n € T} will remain a sad family, in particular, the forcing
should not destroy any stationary sets. Secondly, our forcing needs to preserve cardinals. In
particular, we may not collapse KT to &, since our goal of proving the consistency of k™ many
distinct cardinal characteristics requires our sad family to have cardinality x*. Thirdly, our

forcing should preserve 2% = k™, which we need for the forcing notions of type MILQ afterwards.

All of these properties hold for W‘)S(’Y under the assumption that |X| = k, since we can show
that the forcing is <k-closed and (k, <k)-centred in this case, and our forcing is small enough

that it does not increase 2.

Lemma 5.3.3

W‘)S(’Y is <k-closed. N

Proof. Let v € k be limit and let (p, | 7 < ) be a descending sequence of conditions. We will

write p, = (sy, Ay, By). Let p = (sp, Ap, Bp) be given by s, = Un67 sy and A, = UT767 A, and
B, = Un67 B,,. That p is a condition and that p < p, for each n € v are easy to check. O
Corollary 5.3.4

W?Y preserves stationary sets. <
Proof. See for example |Jec03, Lemma 23.7]. O
Lemma 5.3.5

If | X| < K, then W?’Y is (k, <k)-centred. q
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Proof. For any s € [k]<" and A € [X]|<" we define
Wea = {pEW?Y | sp:s/\Ap:A}.

Since |X| < k implies that |[k]<" x [X]<"| = k, we are done if we show that each W 4 is
<k-linked. Let Q € [Ws 4]<" and B = J ., Bp. We claim that ¢ = (s, A, B) is a condition and
that ¢ < p for all p € Q.

PEQ

Suppose that o € UneA Sy N UneB Sy, then there is p € @ such that a € UneA Sy N UneBp S,
and since p is a condition it follows that o € o5, = 0s. Hence ¢ is a condition. To check that
q < p for each p € @, note that (i), (ii) and (iii) of Definition 5.3.1 are immediate, while (iv)
and (v) hold vacuously by s, = s,. O

Corollary 5.3.6

If | X| < K, then W?Y preserves all cardinalities. N

Finally, we have to look at adding multiple generics of forcing notions of the type W?Y. Our
goal is to define functions H for each £ € x*. Fix some bijection o : k© — &, then we want to
add a generic set z for the forcing ng’y‘s for each & € k1, where X¢ = 0(€) and Ye = 7\ X¢.
This means that we also need to guarantee that a <k-support product of size k' of forcing
notions of the form W?Y behaves nicely, in the sense that it preserves cardinals, stationary sets
and 2F = k.

Lemma 5.3.7
Let ({X¢,Ye} | € € k) be a sequence of partitions of kT such that | X¢| < & for each £ € kT

and let W = H?E”H N ng’y”:. Then W is <k-closed, <x*-c.c. and if G is W-generic over V and

V E“26 = k17 then V]G] E“2F = k17, <
Proof. Note that each term W?g’yg is <k-closed, thus W is also <k-closed by Theorem 4.1.15.

That W is <kT-c.c. is proved using a A-system argument similar to Theorem 4.1.17 and
Lemma 4.1.20.

That 2¢ = k' will remain true, follows from an argument by counting names, using that
\W?gyf] = kT for each ¢ € kT, and that the product has x* many terms, thus [W| = x™. [

Corollary 5.3.8

W preserves cardinals and stationary sets. <

Now we are finally ready to prove our last theorem, which extends Theorem 5.2.7, and shows

that there can be consistently xT many distinct cardinal characteristics of the form d%(&*).

Theorem 5.3.9
Assuming 2 = kT and Oy, there exists a family of functions {g, | n € K™} C * such that for
any increasing sequence (¢ | € € kT of cardinals with k < cf(\¢) and any function o : kT — K,

there exists a forcing extension in which 93" (€*) = Ay, for all n € x™. q
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Proof. We start with a model V F “ 2% = kT and ¢, ” containing a sad family S = (S, | n € x*),

and we will assume without loss of generality that o : kK — k™ is a bijection. We define the

functions g, for each n € k™ as

(Fla))t ifaes,

gy(a) = P )
(2F(@N+  otherwise.

For each 1 € k* we define the partition {X,,Y;} of kT by

X, = o o) = {C € x* | 0(¢) € o(m)}  and

Y, =rT\ X,
We then force with a <s-support product W = H;:m W?”’Y”. Note in particular that | X, | < k.
Let G be W-generic, then we will work in V[G]. We define z,¢) = U,y Sp), then 2y is

XY, .
W™ "-generic over V.

By Lemma 5.3.7, we know that V[G] E “ 2% = k* + S is a sad family”. Moreover, given 17 € s+
y for all ¢ € Xy and [S¢ N zy(y| < & for all ¢ € V).
Equivalently, using the definition of X, and Y, if £ € k™, then we have S C* z¢ for all ( € k™
such that o(¢) € € and |S¢ N z¢| < & for all ¢ € kT such that o(¢) € [¢,kT).

we know by Lemma 5.3.2 that S¢ C* z,(

For each ¢ € kT we define He € "k as follows:

Fla) if a € z,
He(a) =
¢ 2F (@) otherwise.

The remainder of the proof mirrors the proof of Theorem 5.2.7 almost exactly.

For each € € kT let A¢ be a set of ordinals with [Ag¢| = A¢, such that (A¢ | £ € k™) is a sequence
of mutually disjoint sets, and let A = U£€H+ Ag. For € € kT and 8 € Ag, we define hg = Hg.

We now consider the <k-support product ML = Hgg A MLZﬁ . Let K be ML-generic. We will
fix some n € k1, and let B = Ueco(m+1A¢ and B¢ = A\ B. By Lemma 5.2.6 we see that
(Locﬁ” )V[G] [K1B] has cardinality

KBl = 1 |supeciy) Ae| = K+ [ Aot = Aot

To use Lemma 5.2.3, we need that hg <* g, for all § € B, equivalently, that He <* g, for all
¢ € (o(n), k™). But this is true for any £ € (o(n), ™), since g,(a) = (F(a))t iff a € S,), while
H¢(a) = F(a) iff o € z¢, and because o(n) € £ we have S, C* z¢. Therefore Lemma 5.2.3 shows

that (Locy")VICIKIB] is o family in V[G][K] of size A ) that forms a witness for

o(n
VIG][K] E“0"(€%) < Mg 7-

On the other hand, if 8 € Ay (), then hg = Hy

‘Snﬂzg(n

Hence by Lemma 5.2.5 we see that

y and thus o(n) € [o(n),x") implies that
then g, (a) < Hy(y) ().

n

)| < k. In particular, Sy \ 2 is stationary and if a € .Sy \ 25,

V[G][K] F >‘a(77) = |“40(77)| < O%I(E*)”'
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In conclusion, we get for every n € k that

VIG[K] E“ Ay = 047(€7)7. O

5.4. OPEN QUESTIONS

With Theorem 5.3.9 we improved the known consistency of 0b°"(€*) < 99(€*) to a family of
%' many cardinal characteristics that are mutually independent in the sense that any ordering
of the cardinals with order-type x* is consistent. This answers Questions 72 and 73 from
[BBTEFMI18| positively. Moreover, we have shown that there exist functions h, h’ € *k for which
it is consistent that 97(€*) < 2 (€*), but also that it is consistent that o (€*) < d"(€*).

It is natural to ask if we can do better than this:

Question 5.4.1

Is it consistent that there exists a family of functions {he | £ € KT} such that each DZE(E*) has
a distinct value? Is it consistent that there is a model with 2% many distinct values for cardinals
of the form o/ (€*)? q

T in the ground

Our method of separating cardinals uses a forcing MLZ that requires 2 = k
model to have the <x™T-c.c., hence if we start with a family of functions of size ™, our forcing
may collapse k7. This makes it hard to answer the above question using the method presented

in this chapter.

Another limitation of our method, is that we restrict our attention to forcing notions that have
the F-Sacks properties where F(a) = F(a)l®l. Essentially, we know how to separate cardinals
with a parameter h from cardinals with a parameter 2", and thus we make a jump on the order
of a power set operation. It is unclear whether a finer structure can be discovered between these

cardinals, motivating the following question:

Question 5.4.2

Is it consistent that there exist ho, ki, hg € *k such that |ho(a)| < |hi(a)| < 2P0 = hy(a)
and 072 (c*) < o1 (e*) < dho(e*)? <
The localisation cardinals 97(€*) have their natural dual in the avoidance cardinals b%(&*)
defined in Section 2.4. In general, for many cardinal characteristics ¢,y with duals 1/, v’ it is the

case that if r < vy is consistent, then v’ < 1’ is consistent as well. This motivates the following
question, which has also been asked as Question 71 from [BBTEFMIg]:

Question 5.4.3

Do there exist functions h, b’ such that b"(e€*) < b (€*) is consistent? q

One candidate for a forcing notion would be k-localisation forcing, if we can answer Ques-
tion 4.5.3 positively. Other candidates could be perfect tree forcing notions whose nodes are
splitting on almost every level (e.g. k-Laver trees), but such forcing notions behave quite differ-
ently from the classical case. Even if such forcing notions happen to have the right properties,

the last obstacle is preservation of such properties.
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6

QUITE A FEW ANTIAVOIDANCE CARDINALS

In the previous chapter we showed the consistency of x* many different localisation numbers
ol (€*). With the same forcing techniques one could also separate x* many bounded localisation
numbers Dﬁ’h(e*), as per the comment at the end of Section 5.1. The antiavoidance numbers
02(296) cannot be separated, since these are equal to cov(M,) for any h € “k by Corollary 3.3.8.
In this chapter we consider whether it is possible to separate multiple bounded antiavoidance
numbers bZ’h@”}. Before we do so, let us give a brief history' of the consistency of separating
(anti)localisation and (anti)avoidance numbers defined on bounded classical Baire spaces (that
is, on [[ b with b € “w).

Goldstern & Shelah [G:S93] proved the consistency of X; many localisation numbers %" (*) of
different cardinality, which was later improved by Kellner [Kel08] to show the consistency of 2%
many different localisation numbers 0®"(€*), and together with Shelah [XS09, KS12] this was
extended further to the consistency of continuum many antilocalisation numbers b%"(2°°) of
different cardinality. Kellner & Shelah’s method uses a form of creature forcing that resembles
forcing with a countable support product of proper forcing notions. Later work by Kamo & Os-
uga [KO14| showed how antilocalisation is related to a family of parametrised ideals, known as
Yorioka ideals?, and used this to give a different forcing construction of continuum many different
antilocalisation numbers b»" (%) under the assumption of the existence of an inaccessible, using
a finite support iteration of c.c.c. forcing notions. Combining techniques developed by Brendle
& Mejia [BM14] with those from Kamo & Osuga, it was shown by Cardona & Mejia [CM19] that
consistently there exist continuum many different antiavoidance numbers 9*(3°9), again assum-
ing the existence of an inaccessible. Klausner & Mejia [[KM22]| then showed that consistently
there are uncountably many different localisation numbers 2%"(€*) as well as antiavoidance
numbers 0*"(2*9) and finally Cardona, Klausner & Mejia [CKM21] showed the consistency of
continuum many different localisation, antilocalisation, avoidance and antiavoidance cardinals

without the use of an inaccessible cardinal.

Our goal is to show the consistency of 2 many different (anti)localisation and (anti)avoidance
numbers of the higher Baire space ", possibly by mimicking the techniques used in the classical
proofs. Apart from the results from the previous chapter, this chapter will form a generalisation
of the forcing construction from [KM22], although our conclusion will be significantly weaker.
We will show that if & is inaccessible, then there exist x many functions by, h, such that for any

finite A C & it is consistent that 20" (*9) are mutually distinct for all o € A.

We will increase a cardinal of the form Dﬁ’h(% by generically adding a (b, h)-antilocalising

slalom. At the same time, we will make sure that the forcing notion we use preserves Dl,i/’h, (>*)

' A more detailed version of this history could be found in [CKM?21, Section 1].
*Yorioka ideals were first described by Yorioka [Yor02] to study the strong measure zero ideal.
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for some other parameters b, h’. As with our construction from the previous section, we will
consider a forcing notion consisting of higher perfect trees. In this case we use trees on LOCZZ

<

instead of trees on <"k, so that our generic object will be the desired (b, h)-antilocalising slalom.

Since our proof follows the construction from [KM22] in large lines, we will give reference to
the corresponding classical lemmas where appropriate. One main difference between our forcing
notion and the forcing notion described in [KM22], is that we will not work with uniform trees.
That is, the forcing notion of [KM22] is comparable to Silver forcing, and has partial functions
as conditions. Our forcing notion is comparable to Sacks or Miller forcing. We made the choice
to use a non-uniform forcing notion to make a better comparison with the forcing notion from
Chapter 5. Both forcing notions with uniform perfect trees and with nonuniform perfect trees
will have the same effect on a%h(yﬂ, thus this change is not significant for the results we will

prove.

Nota Bene! We will assume in this chapter without mention that « is inaccessible and that
b, h are increasing cofinal cardinal functions. This also extends to indexed or accented functions

using the symbols b, h, such as be, I/, and so on.

6.1. THE FORCING NOTION Q"

In this section we will define a forcing notion Qg’h that consists of closed perfect trees on Locz’h

and will add a generic (b, h)-slalom. One should compare @Z’h to k-Miller Lite forcing from
Definition 5.1.1. We will first define a norm on subsets of [b(a)] <),

Definition 6.1.1
Given M C [b(a)]<M) let | M][,,, be the least cardinal A € x for which there exists y € [b(a)]?
such that for all z € M we have y Z z, i.e., the least size of a subset y of b(a)) such that no

superset of y is contained in M. N

Definition 6.1.2 — c¢f. [K)M22, Definition 3.1] for “w

We define a forcing notion Qﬁ’h where conditions T' € Qﬁ’h are trees T' C LOCZZ such that
(i) T is perfect and closed under splitting (see Definition 4.4.1),

(i) if u € Split, (T'), then [[suc(u, Tl qom(u) = lal;
(ili) for any u € T', if ||lsuc(u, T, gom(uy < 2, then u is non-splitting.

ordered by T' < S iff T C S and for uw € T" we have [|suc(u, T') ||, qomu) < Isuc(u, S)ly qom(u)

whenever suc(u, T') # suc(u, S). <

Here (iii) is necessary to ensure that the intersection of all trees in a generic filter forms a
branch. If we allow |suc(u, T, , = 1 without suc(u, T') being a singleton, then we have no way

of decreasing the norm of suc(u,T") any further.

For AC Ord and T € Qz’h, we define a collapse of T' € Qz’h on A as a condition 77 < T such
that u is non-splitting in 7” for all v € Lev,(T”) with a € A and suc(u,T") = suc(u,T) for all
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u € Levy(T") with a € k\ A. It is clear from the definition of the forcing notion that such a

collapse exists for any set A that is the complement of a club set.

It is also clear that QZ’h adds a generic element to Loc?" in the sense that if G C Qz’h s a

K

generic filter over V, then o = (G € Loc%" and V[G] = V[pg].

Definition 6.1.3 — c¢f. [KM22, Observation 3.2/ for “w
Define (Qz’h)* C QZ’h as the set of all T' € Q%h such that for each a € k there exists s, (7T) € &
such that Split,(T") = Levs, (1) (T) and [[suc(u, T)l, ;) = |5a(T)| for all u € Split, (7). q

We will fix the notation s,(7") to be as in the above definition for any 7' € (QZ’h*) and o € k.

Lemma 6.1.4
(Q%™)* densely embeds into Q" q

Proof. Let T € @Z’h. Given a = ag € kK, let
g1 = sup {dom(u) | u € Split,, (T)} .

Note that (o, | n € w) is increasing. Let C' = {sup,,c,, an | @ € K}, then C is easily seen to be
club. Note that if £ € C' and u € Split¢(T), then dom(u) = €. By (ii) of Definition 6.1.2 we see
that |dom(u)| < [[suc(u, T)||}, gom(s) for all u € Split (T') with £ € C.

Finally, let 7% < T be a collapse of T on x \ C, then T* € (QZ’h)*, ]
Lemma 6.1.5
Q%" is <k-closed and <(2F)T-c.c. q

Proof. Let A < k and (T¢ € QZ’h | £ € A\) be a descending sequence of conditions, then ﬂ{e A
is a condition below all T¢. The key observation in proving <s-closure is the following claim: if
u € T = (¢ey T¢, then there is n € A such that suc(u, T') = suc(u, T;)). The remainder follows

as in Lemma 5.1.2.

Suppose that v € T" and let A\¢ = ||suc(u,T§)||bdom(u), then the ordering on Q%" dictates that
(A¢ | € € A\) is a descending sequence of cardinals, hence there is € A such that A¢ = A, for all

€ € [n,\). But then suc(u,T¢) = suc(u, T})) for all £ € [, A) by the ordering on Qb
That Q%" is <(2%)T-c.c. is immediate by |Q%"| = 2~. O
As a corollary to the above lemma, we see that QZ’h’ preserves all cardinalities <k and >2".

We will prove the preservation of x* later, after Lemma 6.1.10, thus actually we see that all

cardinalities are preserved if we assume 2% = kT in the ground model.

Define a fusion ordering (<,| a € k) as in Definition 4.4.5 by T' <, S iff T' < S and Split, (T) =
Split, (S). It is easy to see that this is a fusion ordering.

Lemma 6.1.6 — cf. [KM22, Lemma 3.5(b)] for “w

Qﬁ’h is closed under fusion, that is, if (T, | @ € k) is a sequence in QZ’h such that T <, Ty, for

any > «a, then T =, .. Tu € Qg’h and T <, T, for all o € k. N

aER
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Proof. Similar to Lemmas 4.4.6 and 5.1.4. O
In the above lemma, we will note that if T,, € (Q%™)* for all v, then T € (Q2™)* as well.

Lemma 6.1.7 — c¢f. [KM22, Lemma 3.4] for “w

Ifaexk Tc QZ’h and D C Q%h is open dense, then there exists 7" <, T such that for
any v € Split, (T") we have (T"), € D. Furthermore, if T' € (Q%™)*, then we can also find
T' € (Q&M)* satisfying the above. N

Proof. Enumerate Split, () as (ve | § € p) and pick some T¢ < (T'),, ND for each § € p with
Te € ( b+ then T = Uge,, T¢ satisfies the above. Note that by construction Split, 1 (T") C T".
It is casy to see that if T € (Q%™)*, then T € (Q%™)* holds as well. O

The following lemma shows that QZ’h satisfies a generalisation of Baumgartner’s Axiom A to the

context of "x.

Lemma 6.1.8 — c¢f. [KM22, Lemma 8.5(c)] for “w
If AC QZ’h is an antichain, T € QZ’h and « € k, then there is a condition 7" <, T in QZ’h such

that T” is compatible with less than x elements of A. N

Proof. Let D be the set of S € Qg’h such that S < R for some R € A or such that S is
incompatible with all elements of A, then D is open dense. By Lemma 6.1.7 there is T € QZ’h
with 7" <, T such that (T"), € D for all v € Split,, (7). Note that [Split,(T")] < x and
that R € A is compatible with 7" iff there exists v € Split,,;(7”) such that (7"), < R. It follows

that less than x many elements of A are compatible with 7”. O

We will also prove that QZ’h has continuous reading of names. In fact, we will prove a different
property that implies continuous reading, which is referred to as early reading of names in

[KM22]. The preservation of 7 is a straightforward consequence of this property.

Definition 6.1.9 — cf. [K)M22, Definition 3.6] for “w
Let T € Qg’h and 7 be a QZ’h—name such that T IF“7 : kK — V7. Then we say that T reads 7
early if (T'),, decides 7 | a for every a € k and u € Lev,(T). q

Lemma 6.1.10 — ¢f. [KM?22, Lemmas 3.7 and 3.12] for “w
Let T € QZ’h and 7 a QZ’h—name such that T IF “7 : Kk — V7. Then there exists 77 < T with
T' € (Q%")* such that T’ reads 7 early. q

Proof. Let D, = {T € Qbh | T decides 7 | @} and note that D, is open dense for each o € k.

We will construct a fusion sequence.

Let Ty < T be such that Ty € (Q%")*. Given T, use Lemma 6.1.7 to define Thiq € (Q%")*
such that To41 <o T, and for any v € Split, ;(Tas1) we have (Th41)y € Dqo. For limit v € &
we already constructed the descending chain of conditions (¢ | £ € ), so we let Tty = (., T¢.

Let T} be the fusion limit of (T, | a € &), then by construction we see that if v € Split, ;(Tx),
then (7), decides 7 | a.
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Finally, note that {so(7.) | @ € K} is club, so C = {a € kK | a = 54(T})} is club as well. We
define T” to be a collapse of T); on k\ C. Let u € T" with dom(u) = a € C, then for any 8 < a,
we see that sg(T,) < sa(Tk) = a, and therefore (T};)yj(ss(1,)+1) decides 7 [ 3. But this implies
that (7)), decides 7 [ «, and hence also (T"),, decides 7 | a. On the other hand, if v € T" with
dom(u) = g ¢ C, let a € C' be minimal with 5 < «, then s3(T)) < o. Let v € T” be such that
u C v and dom(v) = sg(Ty) + 1, then (7)), decides 7 [ 8. But, since Ug<¢.,, Leve(T”) contains
no splitting nodes in 7" (because T" is a collapse of Ty on  \ C), we see that (77), = (T")y,
hence (T"), decides 7 | . O

Corollary 6.1.11

Q%" preserves K. q

Proof. Let 7 be a name and T € QZ’h be such that T IF“7 : k — k17 and T reads 7 early. For
each «a € k there is a set B, C kT with |B,| < |Lev,(T)| < & such that T I-“7(«) € B, ”, thus
TIF“7[k] € Uper Ba” Therefore T' I 7 is not surjective”. O

We will now look at the effect that QZ’h has on the cardinality of antiavoidance numbers. We

first note that the generic slalom added by Q%" does not antilocalise any f € [[b from the

ground model, hence that it is a (b, h)-antilocalising k-real. By adding many such generics we
. b,h

can increase 0. (3°9).

Lemma 6.1.12 — ¢f. [KM22, Lemma 3.3] for “w

Let g € Loci’h be Q%h—generic over V, let b/ <* I/ € "k be cofinal increasing cardinal functions
and let S C & be stationary such that h(a) < b (a) < ¥ (a) < b(a) for all a € S. If ¢}, € Loc?,
satisfies o () = pa(a) NV (a) for all a € S, then ¢, is (V, h')-antilocalising over V. q

Note that this holds specifically for b = and h = b/, in which case ¢ = ¢q.

Proof. Working in V, fix some f € [[¥ and T € (Q%™)* and aq € x. Since C = {s¢(T) | € € K}
is a club set, we can choose a > ap such that o € SNC. We see that [|suc(u, T)||, , > 1 for any
u € Lev,(t), since u is splitting. Definition 6.1.1 implies that there is some v € suc(u,T") such
that {f(a)} C v(a). Then clearly (T), IF“ f(a) € ¢a(a)”, and because f(a) € b/ () it follows
that (T'), IF“ f(a) € ¢fz(cr)”. Since o was arbitrary, V[G] E“ f € ¢, ”. O

On the other hand, we can give assumptions on the parameters b, h’ such that the cardinal
a‘:{”" () is preserved by Qz’h. We first give assumptions such that a forcing notion @i’;" has
the (o', h')-Laver property.

Lemma 6.1.13 — cf. [KM22, Lemma 3.13] for “w
Let b,h,b',h/ € "k be increasing cofinal cardinal functions such that for almost all o € x we
have Hgga[b(ﬁ)]<h(§) < I'(e) < ¥(a), then Q%" has the (¥, h')-Laver property. N

Proof. Let T € Qi’h be such that T IF “ f € [1%"”, then we want to find ¢ € Locg’h/ and
T" < T such that T" I+ “f €* ¢”. Using Lemma 6.1.10, let 7" € (Qg’h)* be such that TV < T
and T’ reads f early, then we can define a unique y, € V() for each v € Levai1(T") with
(T") IF“ f(a) = 5, ”. Note that [Levay1(T")| < ‘Hgga[b(ﬁ)]d‘(g) < B (a). Therefore if ¢ : v

o' h
K‘/7

{y» | v € Leva,1(T")}, then ¢ € Loc? " and by construction we see that 17 I- ¢ f €* ¢7. O
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Corollary 6.1.14

Under the assumptions of the lemma, QZ’h does not add a (¥, h')-avoiding x-real. N

The (b, h)-Laver property is related to the preservation of DZ’h(E*), as we saw in Lemma 4.2.11
and Scenario 2 of Remark 4.2.2; since not adding a (b, h)-avoiding s-real will imply that
aﬁ”‘(e*) < (2”)V7. ~We are, however, interested in antiavoidance, and wish to find a property of

Z’h such that DZ’h(ape’) is preserved for some b, h. The following lemma gives us the property

we need, using the Tukey connection from Theorem 3.3.9.

Lemma 6.1.15 — c¢f. [KM22, Lemma 3.15] for “w
Let b,h, b, R/, l~), h € "k be increasing cofinal cardinal functions such that for almost all a € &

[Te<ab(O]O] < B(a) < b(a)<"® <V'(a) and
h() - b () < b(a).

Then Qz’h does not add a (b, h)-antilocalising s-real. That is, if 2/) is a Qz’h—name and T € QZ’h
is such that T'I- ¢ € Loc®"” | then there is g € HE and T" < T such that T IF“ g e ¢7. <

Proof. Working in the extension, we define the functions p_, p; witnessing that @Z,ZM = Ly w
and the injections ¢, for @ € k as in the proof of Theorem 3.3.9. Note that if we assume
that ¢, € V for each «, then due to the constructive definition of p_ and p4, it follows that
p— | (Loci’i‘)v and p4 | (Loc? ")V are in the ground model.

Let f be a name for p_(¢)) and by Lemma 6.1.13, let ¢ € Loc?"" and T < T be such that
T'IF¢ fe* 7. Let g = ¢4 (¢) € []b, then Theorem 3.3.9 shows that 7" IF “ g € ¢)”. O

6.2. PRODUCTS OF Qb"

If we wish to increase a%h(yﬁ we will have to add many new (b, h)-antilocalising x-reals. We
will do so using a <k-support product of forcing notions of the form Qﬁ’h. We could use a
<k-support iteration as well, but this has the drawback that we cannot increase 2 past x*T.
We will show that the product behaves nicely, especially that Lemma 6.1.15 is preserved under
products, and that adding many @Z’h-generic elements will indeed increase the size of Oi’h(ape).

For the remainder of this section, we will fix some set of ordinals A and b¢,h¢ € "k for each
¢ € A and we fix the abbreviations Q; = ﬁg’hg and Qf = (Q%’hg)*. We define the <k-support
products Q = HCSE” "1 Q¢ and Q" = H?g 4 Q¢. Since each Qf densely embeds in Qc, it is easy
to see that Q* densely embeds in Q. We will often implicitly assume without mention that all

o . . 0k
conditions are in Q .

Lemma 6.2.1
If kT = 2%, then Q is <x-closed and <x**-c.c. N
Proof. By Theorems 4.1.15 and 4.1.17. O
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Lemma 6.2.2
Q" is closed under generalised fusion, i.e. for any generalised fusion sequence ((pq, Zo) | @ € K)

there exists p <z, pa With supp(p) = U,c, supp(pa)- <

Proof. Let S = J,¢, supp(pa), then (J,¢c,. Za = S, so for each ¢ € S we can fix a; € & such that
¢ € Za,- Then also ¢ € Z, for any a > ag, since Zy 2 Zo,. If ap < a < f < &, then pg <, 7,
Pa» and thus by ¢ € Z, we see that pg(¢) <a pa(¢). Therefore (pa.+a(¢) | @ € k) is a fusion
sequence in Qf and we can define P(€) = Naex Pac+al((), then p(¢) € Q¢ by Lemma 6.1.6. [

For p € Q and o € &, we define the set of possibilities poss(p, <a) to be the set of functions
n with domain supp(p) such that n(¢) € Lev,(p(¢)) for all ¢ € supp(p). We similarly define
poss(p, <a) = poss(p, <a + 1). Remember that (p({)), is the subtree of p(¢) generated by w. If
n € poss(p, <a), we define n A p to be the condition with (9 A p)(¢) = (p(¢))y(c) for ¢ € supp(p)
and (n A p)(¢) = 1¢ otherwise. We sometimes abuse this notation also to define n A g for ¢ < p
with larger support, where we let (n A ¢)(¢) = ¢(¢) for all ¢ € supp(q) \ supp(p).

For p € Q', we define Split(p) = Ucesupp(p) {5a(p(€)) | a € r} and let (Sa(p) | a € k) be the
strictly increasing enumeration of Split(p). Let ZP(a) = {¢ € supp(p) | F(se(p(Q)) = a)}.

We call p € Q modest if for any a € k we have |poss(p, <a)| < x and |2?(a)| < a, and

moreover |ZP(5,(p))| = 1 in case « is successor.

Lemma 6.2.3 — c¢f. [KM22, Lemma 5.2] for “w

The set of modest conditions is dense in Q" (hence in Q as well). <

Proof. Let p € Q. We will assume for convenience (and without loss of generality) that
|supp(p)| = k. Enumerate supp(p) as ((n | @ € k) and let vy, € Levat1(p(Ca)) be arbitrary.
We define q as

q(Ca) = (P(Ca))va for all o € &,
a(¢) = 1¢ if ¢ ¢ supp(p).

Then g < p and |poss(q, <a)| < k and |Z9(a)| < « for all @ € k. Note that if r < ¢ is such that
supp(r) = supp(q), then |poss(r, <a)| < k and |Z"(«a)| < « still hold for all « € k.

We will define r < ¢ such that r is modest. Note that C' = {5,(¢) | @ € & is limit} contains a
club set. Let A¢ = {54(q) | a € & is successor A { # min(Z2%(5,(q)))}. For any ¢ € supp(q), we
define 7(¢) to be a collapse of ¢(¢) on A¢, and for any ¢ ¢ supp(q) we let r(¢) = L¢. It is clear
from this construction that Split(r) = Split(q), and that ( € Z"(5,(r)) implies that « is limit
or that ¢ = min(Z9(5,(q))). In other words, r is modest.

Finally r(¢) € Q¢ is implied by p(C) € Q¢ because for each o € k there is 5 > « such that
50(r(C€)) = s3(p(¢)), and for any a € Split(r) and ¢ € Z"(«) we have suc(u,r(¢)) = suc(u, p(())

for all u € Lev,(r). Notably, for the norm we see that
Hsuc(u’T(C))Hb,dom(u) = Hsuc(u7p(g))Hb,dom(u) > 6 2 a. 0
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The reason we are interested in modest conditions, is that modest conditions behave similarly
to conditions of the single forcing notion QZ’h. By using modest conditions, the number of
possibilities up to a certain height a is bound below x, which will be crucial in preservation of

the Laver property (Lemma 6.2.8).

We will first use modest conditions to generalise Lemma 6.1.7 to products. In order to state the

lemma, we define one more ordering on Q" as follows: q <} pif

* ¢ <pand
* Levs, ) (q(€)) = Levs, () (p(¢)) for all ¢ € supp(p) and
* 50(q(¢)) > Sa(p) for any ¢ € supp(q) \ supp(p).

Lemma 6.2.4 — c¢f. [KM22, Lemma 5.4] for “w

faek, pe @* is modest and D C Q is open dense, then there exists g € @* with ¢ <}, p such
that for any n € poss(q, <3,(q)) we have n A ¢ € D. <

Proof. By assumption p is modest, thus if (n¢ | £ € p) enumerates poss(p, <54(p)), then p < k.
We create a descending sequence of conditions (pe | £ € p). Let pg = p. If v < p is limit,
let py, = A¢<ype using Lemma 6.2.1. If pe has been defined, let p’§+1 < n¢ A pe be such that
pé +1 € D. We define pg; from p’é 41 in a pointwise manner. If ¢ € supp(p), we let

Pe+1(C) = Pe11(Q) UU{(pe(O))w | v € Levy, )41 (pe(C)) and v # me(Q) } -

In plain words, we keep pey1(¢) almost equal to pg((), except that we replace the part of pg(()
that extends n¢(¢) with the tree p’£+1(C). On the other hand, if ¢ € Supp(péﬂ) \ supp(p), we

let pe+1(C) = (Pey1(¢))u for some u € Levg, (p)41(Pty(C)). Finally if ¢ & supp(pg,) we let
Pe+1(C) = 1¢.

Note that p; () = (Pe11(O)ne(¢) = (Pe+1(€))ne(¢) for all ¢ € supp(p), and thus neApgi1 = peq-
Finally define ¢ = A¢cppe, then we see that ¢ <}, pand n Aq < nApepr = p’éJrl € D for each
1 € poss(q, <5a(q)) = poss(p, <5a(p)). =
We can also generalise the notion of early reading in the most apparent sense.

Definition 6.2.5

Let p € Q and 7 be a Q-name such that p IF“7 : kK — V7, then we say that p reads 7 early iff
n A p decides 7 | « for every a € k and 71 € poss(p, <a). N

Lemma 6.2.6 — cf. [K)M22, Lemma 5.6] for “w
Let p € Q and 7 a Q-name such that p IF “7 : kK — V. Then there exists ¢ < p with ¢ € Q"
such that ¢ reads 7 early. N

Proof. Let D, = {q € Q| q decides 7 | a}7 and note that D, is open dense for each o € k. We
prove the lemma by constructing ¢’ < p such that n A ¢’ € D, for all € poss(¢’, <a). We claim
that this is sufficient: define ¢ such that ¢(¢) is a collapse of ¢/(¢) on {5,(¢) | « is successor}
for each ¢ € supp(q’) and ¢(¢) = 1¢ otherwise, then g reads 7 early.
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The condition ¢’ will be the limit of a generalised fusion sequence ((pa, Za) | @ € k). Each p,

will be modest and have the following property:

(*a) 5a(Pa(C)) < s0(pa(¢’) for all ¢ € Z, and ¢’ € supp(pa) \ Za-

Given po satisfying (xa), let o = sup {sa(pa(¢)) | ¢ € Zo} and suppose pat1 <j_ pa, then it
follows from (%q) that pat1 <a,z, Pa-

Firstly, we let pg < p be modest such that pg € D This can be easily achieved by letting

So(po)-
pY < p be modest, finding modest p”Jrl < pg such that p”+1 € Ds,(pp) and letting po = Nnewpl-
We set Zy = ZP°(59(po)), then |Zy| < k by modesty and pg satisfies (xg). We may also assume

that |Zp| is infinite and that |supp(po)| = k.

Next, for limit vy, we have Z, = Ua@ Zo and py = Na<ypy. We let py <, z p, be such that it
has (). This is possible, since we may keep p,(¢) = p,(¢) for all € Z,, and thus trivially have
Py <+,2, Dy- The construction of the successor step will show that 3, = s,(p,(¢)) = s,(p1(¢"))
for any ¢, € Z,. If n € poss(py, <By) and § < B, then there is a < 7 such that n A p, € Ds,
therefore n A py € Dg,,.

Finally we construct po41 from p,. Let A = |Z,| and enumerate Z, as ((¢ | < ). We
use bookkeeping to fulfil the promise that (J,c,. Zo = Uye, SUPP(Pa), thereby setting Z,41 =
Zo U {C\} for some appropriate {\ € supp(pa) \ Zo. We construct a descending sequence of
conditions (pg | £ < A+ a+ 1) by recursion over a strictly increasing sequence of ordinals
(05 € < A+ a+ 1), to obtain the following properties (which we will clarify below):

(i) P2 <5, pa, where B, = sup {sq(pa(¢)) | ¢ € Za},
(i) p§ < pa forall € <& <A +a+1,
iii) 65 = sa+1(pg( Ce)) for all £ < A,

iv) 85 < Sar1(p Cer)) forall £ < & < A,

(v) 05 < s0(p%(C)) for all € < A and ¢ € supp(p%) \ Za,

(vi) 627€ = s (pAte(¢y)) for all € <
(vil) 62T < sa42(pate(Ce)) for all e < o and € < A,
(viil) 627 < so(pATe(¢)) for all € < o and ¢ € supp(PATe) \ Zat1,

(ix) Forall § < A4+ a+1and any n € poss(pa,<5£) we have 17/\pa € D

We will set po1 = paT@TL. By construction p,1 satisfies (xa41) and pat1 <a.z, Pa-

The result of this construction is summarised in Figure 6.1. Let us clarify this diagram and
the recursive construction. The initial splitting levels sq(pa(C¢)) with & < X occur below S,
and are left unmodified during the entire construction. The ordinals 85 give us the height of
Sa+1(Pat1(Ce)) with € < A, and the ordinals §)*¢ give the height of s¢(pa+1(¢))). For any
other ¢ € supp(pa+1) \ Zat1 the splitting starts strictly above Sa41, that is, so(pat1(¢)) >
Sa+1(Pat1(C))). At step & of the recursive construction, we decide on 85 and hence on the
splitting levels up to 53, making sure that the splitting levels we have not considered yet occur
at a strictly higher level. We use Lemma 6.2.4 to make sure we satisfy (ix) without disturbing

the splitting levels up to 63. This automatically gives us modesty as well. O

111



= =g =9
Q> Q> (o %3
> + + +
Q> - N w
—t—1+—

V) v2) )

— V) w

= N =N

b b =

Q\ Q\ Q\
= =l =]
A

2 z Z

= = =

50(Par (C))

(55 | | | |

| | | | ta/(pﬂé» T
52 e e —

sa’(pa’ C3))
52 e e e
5ar (Par(C2))
5L — — —
Sar(Par (C1))
50 — — —
5o’ (Par (C0))

Ba ™ T -1

Co C1 C2 ¢ Ce Cx ¢

(€< ()

Figure 6.1: The structure of Split(ps+1) in the proof of Lemma 6.2.6. The thicker lines and
dots show the occurrences of splitting nodes for each index in the support (horizontal axis) and

levels of the condition (vertical axis). We write o 4+ 1 as o for brevity.

We are now ready to give the last two lemmas necessary to prove our consistency result.
Lemma 6.2.7 is a generalisation of Lemma 6.1.12 and shows that we can increase DZ’h(af’@) with
Q, and Lemma 6.2.8 gives us the preservation of the Laver property, which is a generalisation

of Lemma 6.1.13. One could also compare these two lemmas to Lemmas 5.2.3 and 5.2.5.

Lemma 6.2.7

Let B C A be sets of ordinals, with B® = A\ B, and let (h¢,be | ¢ € A) be a sequence of cofinal
increasing cardinal functions such that he <* b; for all ( € A. Let Q= HCSGH 1 Q¢ let G be Q-
generic over Vand V F“ 2% = g7 If b’ <* I/ € "k are cofinal increasing cardinal functions such
that for each { € B there exists a stationary set S¢ C & such that h¢(a) < A (o) < () < be(a)
for all & € S¢. Then V[G] E“|B| < Dﬁl’h/@p@)”. N

Proof. The lemma is trivial if |B| < x™, thus we assume 71 < |B].
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We work in V[G]. Let p < |B| and let {f¢ | & < p} C [V, then we want to describe some
¢ € Loc?" such that fe €% ¢ for each ¢ < p. Since Q is <x'T-c.c., we could find 4¢ C A
with [A¢| < kT for each £ < p such that fe € V|G | A¢]. Since |[B] > p- k1, we may fix some
B € B\ Ue, A¢ for the remainder of this proof. Let g = (1,c; p(3) be the Qg-generic r-real
added by the -th term of the product @, and let ¢’ € Loc? " be such that ¢/(a) = pg(a) N (@)
for each a € Sp.

Continuing the proof in the ground model, let ¢’ be a Q-name for ¢’ and fg be a Q-name for fe,
let pe Q" and ap < k. We want to find some a > ag and ¢ < p such that g IF “ fg(a) € ().

We now reason as in Lemma 6.1.12. Let C' = {s¢(p(B3)) | £ € s}, then C is club. Therefore,
there exists o € Sg N C with o > . Choose some py < p such that po(8) = p(B3) and such
that there is a v € ¥/ («) for which pg IF- ¢ fg(oz) =~”. This is possible, since f¢ € V|G | A¢] and
B ¢ Ag, therefore we could find pj € Q | A¢ with p{; < p | A¢ and v with the aforementioned
property, and then let po(n) = py(n) if n € A¢ and po(n) = p(n) otherwise.

Note that a € C implies HSUC(%PO(ﬁ))Hbﬁ,a = ||suc(u, p(B)) > 1 for all u € Levy(po(B)),
and that o € Sg implies that v € b'(«) C bg(r). Consequently, there exists v € suc(u, po(3))
with v € v(a). Note that v(a) € [bg(a)]<"#(®) and hs(a) < h'() in virtue of o € Sg. Tt follows
that (po(B))s IF“ ¥g(a) = v(a)”, where ¢3 names the generic (bg, hg)-slalom. Define ¢ < pg by
q(¢) =po(Q)if ¢ € A\ {ﬁ} and ¢(B8) = (po(8))v, then we see that ¢ I-“~v € v(a) = ¢g(a) Ay €
V' (a)”, and thus ¢ IF“ fe(o) = v € ¢p(a) NV () = ¢'(a)”

Hb@,a

Since o was arbitrary, it follows that V[G] F “ fe € ¢'” for each £ < p. O

Lemma 6.2.8
Let B C A be sets of ordinals, with B = A\ B, and let (h¢,b¢ | ¢ € A) be a sequence of cofinal
increasing cardinal functions such that he <* b¢ for all ¢ € A. Let Q= Hfg "1 Q¢ and let G be

Q-generic over V E “2F = g7 If B/ <* I/ € ®k are cofinal increasing cardinal functions such

laf
that (SupCGBC ‘Loclghg‘) < h'(a) for almost all o € & , then for each f € (J[)VI®! there
exists ¢ € (Loc? ")VIGIBl and such that f €* . q

Proof. The proof is essentially that of Lemma 6.1.13. Let us assume that f € V[G]\ V|G | B],
since the lemma would be trivially true otherwise. We also assume « is large enough to satisfy

the condition on the size of h'(«).

Let f be a Q-name for f and let g € @* read f early and assume without loss of generality that
g is modest. For the sake of brevity, let us write Zfa = Usga Z1(¢). Note that:

[poss(a, <a)| = Tlcezs, Levasi(9(Q))]

Z1.|

< (supg-egiza(|LeVa+1(Q(C))D)|

< (supgezs, (Levasa(a(@)D)™
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Here the last inequality follows from ¢ being modest, which implies that |Zfa] < a. Since we
wish to construct a name ¢ for some ¢ € V|G | B], we see that ¢ is completely decided by the
part of the support in B, and thus we may use the part of the support in B¢ freely to restrict
the range of possible values for f € V[G] in order to make sure that ¢ I- f €* ¢”, as we did in

Lemma 6.1.13. If we restrict our attention to B¢, then we see that

(superenzs, (Levast(a(O)D) " < (supep (Levasi(a(O))

|
Locbé(’)éhC D < KW (a).

< <sup<63c

This set of possibilities is small enough to define ¢ € (Locg’h,)V[G Bl To be precise, we construct
a sequence of names (B, | o € k) for sets B, € V[G | B] such that V[G | B] E“|B,| < W (a)”

and such that ¢ IF* f(a) € B,”.

7

Since ¢ reads f early, if € poss(g, <«), then let n € k be such that n A g IF* fa) = T

Given np € poss(q | B, <a) let Y(n5) = {v, | n € poss(q, <a) and n [ B =ng}. Now we define
the name B, = {(Y(n5),m5 A q) | 15 € poss(q | B,<a)}. Since the elements of Y (1)5) are only
dependent on the domain B, it follows by the arithmetic from above that g I+ “|Ba| < h'()”,
and thus if ¢ names a slalom such that ¢ I- “$(a) = B,”, then ¢ I “ f €* ¢ € Loc? "' 7. O

Corollary 6.2.9
Let B C A be sets of ordinals, with B = A\ B, and let (h¢,be | ¢ € A) be a sequence of cofinal
increasing cardinal functions such that he <* b for all ¢ € A. Let Q = HCSE"i 41 Q¢ and let

G be Q-generic over V. If A,V ,iL,i) € "k are cofinal increasing cardinal functions such that

la| -7 - -
(SupCEBC LOCI;C&hCD Y < B (o) < b(a)™®) < ¥(a) and W (a) - h(a) < b(a) for almost all o € &,
then if ¢ € (Loci’ﬁ)V[G] there exists g € ([]b)VIEBl such that g €5 4. q
Proof. This follows from Lemma 6.2.8 (as Lemma 6.1.15 follows from Lemma 6.1.13). O

Theorem 6.2.10

There exists a family of parameters (h.,by | 7 € k) such that for any finite v, < -+ <y < K
and cardinals kT = \g < -+ < A, with cf()\;) > & for each i € [0,n], there exists a forcing
extension where 2" (2*9) = \; for each i € [0,n]. q

Proof. Let hy € "k be a cofinal increasing cardinal functions such that ho(a) > |a for all a € k.
For each y € & define h.,, b, recursively as follows: let h11(a) = by (a)(®) and if 7 is limit, let
hy(a) = supge, he(a), and finally let b, (o) = 2h+(@) for all v € &.

Now let kT = \g < \; < --- < \,, be a finite sequence of regular cardinals and let 79 > --- > 7,
be a decreasing sequence of ordinals. Let Ajy,..., A, be disjoint sets of ordinals such that
|Ai| = A; for each i € [1,n], and let A = (J;epy, 4i- Now for each ¢ € A let hy = h,, and
bé = b, iff ( € A;, and let Q= H?EH.A Qhévb/c' Let G be Q-generic over V and assume that
VE“2F =T,
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Fix 1 < i < n. From Lemma 6.2.8 it follows that V[G | A;] F )\ < 00" (3%9) 7. If we let
B = Uiep,q Ai, then also |B| = A; and consequently V|G [ B] F“2% = ;7. If i <j < n, then
h;, by, are much smaller than h.,,b,,, and thus by Corollary 6.2.9 we see that (] b, ) VIGIB]

forms a witness to prove that V|G| E ¢ Di”’h” () <\ O

6.3. OPEN QUESTIONS

The main open question is obvious by comparing the classical results to those in this section.

Question 6.3.1

Is it consistent that there exists a family of pairs of functions ((be, he) | € € k) such that the
associated antiavoidance numbers Dﬁ‘s’hé (29) are pairwise distinct? If yes, could we prove the

same for a family of functions ((be, he) | € € k™) or even ((be, he) | £ € 27)? q

An essential part of the construction from [KM22| is the bigness property associated with crea-
ture forcing (see e.g. [RS06G, Chapter 2|). Bigness is a Ramsey-like property that allows for
decreasing the number of successors of some node u € T' € Qﬁ’h, for instance to decide a value
of f(a) or some name f, without significantly decreasing the norm ||suc(u, T')||. In the classical
case, one could define a norm on sets in [b(n)]<""™) that is ¢-big for certain ¢ € w, which means
that for any X C [b(n)]<"™ and f : X — c there exists some X* C X such that f | X* is
constant and || X*|| = || X|| — L, see for instance [[XM22, Lemma 3.10].

o
Bigness, or at least [[KM22, Lemma 3.10], seems hard to generalise to the higher context, since
we cannot decrease an infinite norm slightly. After all, decreasing in cardinality can only be
done finitely often. On the other hand, allowing a norm to stay constant brings other problems
with it. In our definition we required the norm to decrease when successors are removed in order
to prove that our forcing is <k-closed (Lemma 6.1.5). If one is allowed to remove successors
without decreasing the norm, one can partition the set of successors into Xy many parts, resulting

in the failure of w-closure.
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APPENDICES

A.1. SYNOPSIS OF ORIGINAL RESULTS

We will present the main results from this dissertation, with a focus on those results found by

the author. Naturally, we refer to the results in the dissertation for more information.
BACKGROUND

Using relational systems (Section 2.3) we may define the cardinal characteristics of the Cichori
diagram (Definitions 2.4.1 and 2.4.2). By replacing w (the classical case) by a regular uncountable
cardinal x (the higher case), we define the cardinal characteristics of the higher Cichori diagram
(Definition 2.4.5). We present a brief overview of what was known prior to the writing of this

dissertation about the higher Cichon diagram in Section 2.5.
BOUNDED HIGHER BAIRE SPACES

By considering a cofinal cardinal function b € "« for x inaccessible, we could define a bounded
higher Baire space [[b=[],c,
eralise the cardinals of the higher Cichon diagram by restricting them to [[ b (Definition 3.2.1).

b(a) (Section 3.1), endowed with the <k-box topology. We gen-

We will refer to these as bounded cardinal characteristics. Some such cardinals were previously
studied classically, others have no known classical analogue (see Section 3.2). In Section 3.3
we show relations between the bounded cardinal characteristics, summarised in the following

diagram. The dashed arrows require h <* cf(b), and become equalities if also h =* b:

b® (=°°) — non(M,;) —— 2~

/ 1 I
o) — o (e”)

L bh (<) = - % (<*) T

bR (€*) - ()
I 1 /

Kt — cov(My) — 0} (=)

We also show that the unbounded antilocalisation and antiavoidance numbers do not depend on

the parameter h.

Corollary 3.3.8
2(°) = cov(M,) and b"(5°) = non(M,) for any choice of h € “. <

In Definition 3.3.10 we define cardinal characteristics that are the infima and suprema of sets
of cardinal characteristics for every possible bound b € "k. Classically, Rothberger [Rot41] and
Miller [Mil81] investigated such infima and suprema. The same strategies used in their work

generalise without much problems to the higher Baire space and yields the following two results.
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Theorem 3.3.17

add(M,,) = min {b, (<*),inf, (=)} and cof (M,;) = max {0, (<*), sup,.(=>)}. q
Theorem 3.3.19
b (€*) = min {b, (<*),inf2(€*)} and 2"(€*) = max {0, (<*), sup”(€*)} for any h € “x. q

We also relate bounded eventually different numbers to the x-strong measure zero ideal.

Theorem 3.3.16
non(SN,) > inf, (=>). 4

We later show that the dual sup,. (=) > cov(SN,) fails in the k-Sacks model (Theorem 4.4.9),
generalising a classical construction by Goldstern, Judah & Shelah [GJS93]. The same consis-

tency also follows from Chapman & Schiirz [CS].

In Section 3.4 we determine the parameters b, h for which bounded cardinal characteristics are
trivial, in the sense that they are not consistently strictly between ™ and 2. We obtain three
trichotomies in Theorems 3.4.2, 3.4.5 and 3.4.16 for b2 (<*), b2"(€*) and b%"(5°9) respectively,
where in one case these cardinals are <k, in one case they are equal to x and in the remaining

case they are consistently strictly between ™ and 2%,
Partial results for the dual cardinals 02 (<*), 05" (€*) and d5"(3°9) are given:

Theorem 3.4.3
If A < x is regular and cf(b(a)) = A for cofinally many « € &, then 2% (<*) = 2%, q

Theorem 3.4.6
If Dy = {a € k| h(c) = A} is cofinal in & for some A < , then 02" (€*) = 2~ q

Theorem 3.4.7
If Dy = {a € k| h(a) = A} is bounded for all A\ € k and h is increasing and continuous on a
stationary set and A C []b is an almost disjoint family, then |A| < 02" (e*). q

HIGHER k-REALS

In Definition 4.2.1 we define a selection of k-reals (i.e. elements of “x) with generic properties
over the ground model. The existence of certain types of k-reals may imply the existence of
other types of k-reals, as per Figure 4.1. We then give an overview in Sections 4.3 and 4.4 of
which kinds of k-reals are added by several well-known <k-distributive forcing notions. Most

such results should not be attributed to the author, but to other sources or to folklore.

We will highlight that we present forcing notions specifically tailored for the bounded cardinal
characteristics to show they are not trivial in the cases mentioned in Section 3.4. Particularly

the following three theorems:

Theorem 4.3.19
Let  be inaccessible and cf(b) be increasing and discontinuous on a club set, then it is consistent
that b2 (<*) > kT and that 92 (<*) < 2%, 4

120



Theorem 4.3.31
Let & be inaccessible and & be discontinuous on a club set, then it is consistent that bz’h(e*) > kT
and that 23" (e*) < 2. q

Theorem 4.3.43

Let k be inaccessible, let C' be a club set such that b is discontinuous on C' and let cf(b) be
increasing and discontinuous on {o € C' | h(a) = b()}, then it is consistent that b2" () > kT
and that 02"(3°9) < 2~ N

We also note that, as far as the author is aware, the following theorem regarding s-eventually

different forcing is not found in the literature, although all the tools necessary for the proof are.

Theorem 4.3.39

If k is weakly compact, then E,; does not add dominating k-reals. N
INDEPENDENCE RESULTS

Two main results from this thesis regard the consistency of many cardinal characteristics having

mutually different values.

In Chapter 5, we introduce an intermediate forcing notion between k-Sacks and k-Miller forcing
and use it to separate £ many localisation cardinals of the form 9"(€*). This answers Question
72 from [BBTEFMI18].

Corollary 5.2.8
There exists functions he for each £ € x such that for any cardinals A\¢ > k with cf(\¢) > & it is
consistent that simultaneously 025(6*) = ¢ for all £ € k. N

The proof relies on a family of £ many disjoint stationary sets. In Section 5.3 we improve this

result further using an almost disjoint family of stationary sets to obtain:

Theorem 5.3.9
Assuming 2" = kT and Qy, there exists a family of functions {g, | n € KT} C "k such that for
any increasing sequence (¢ | € € kT of cardinals with x < cf(\¢) and any function o : kT — kT,

there exists a forcing extension in which 997(€*) = Ao for all n € KT, <

n)

In Chapter 6 we attempt to prove a similar result for antiavoidance cardinals DZ’h(aﬁ”) by
generalising a forcing construction described in [KM22]. Although we do not separate infinitely
many cardinals, we can give a set of cardinal characteristics of size x such that any finite subset

can be forced to become pairwise distinct.

Theorem 6.2.10
There exists a family of parameters (h.,by | 7 € k) such that for any finite v, < -+ <y < K
and cardinals kT = \g < -+ < A, with cf()\;) > & for each i € [0,n], there exists a forcing

extension where 9" (2*9) = \; for each i € [0,n]. q
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A.2. ZUSAMMENFASSUNG DER ERGEBNISSE

This section is a translation of Appendix A.1. The translation was made with assistance of

translation software, manual corrections were made by the author.

Wir présentieren die Hauptergebnisse dieser Dissertation, insbesondere die vom Autor bewiese-

nen Ergebnisse. Weitere Details finden sich in der Dissertation.
HINTERGRUND

Mit Hilfe von relationalen Systemen (relational system, Abschnitt 2.3) konnen wir die Kardi-
nalzahlinvarianten des Cichori-Diagramms (Definitionen 2.4.1 und 2.4.2) definieren. Indem wir
w (den klassischen Fall) durch eine iiberabzdhlbare, regulire Kardinal £ (den hoheren Fall)
ersetzen, definieren wir die Kardinalzahlinvarianten des héheren Clichori-Diagramms (Definiti-
on 2.4.5). Wir geben einen kurzen Uberblick dariiber, was vor dem Verfassen dieser Dissertation

iiber das hohere Cichon-Diagramm bekannt war, in Abschnitt 2.5.
BESCHRANKTE HOHERE BAIRESCHE RAUME

Indem wir eine konfinale Funktion b € ®x mit Kardinalzahlen als Werten fiir ein unerreichbares
b(a)

definieren (Abschnitt 3.1), den wir mit der <x-Boxtopologie ausstatten. Wir verallgemeinern

k betrachten, konnten wir einen beschrédnkten hoheren Baireschen Raum [[b = [].c.
die Kardinalzahlinvarianten des hoheren Cichon-Diagramms, indem wir sie auf [ ] b beschranken

(Definition 3.2.1). Wir werden diese als beschriankte Kardinalzahlinvarianten bezeichnen.

Einige dieser Kardinalzahlinvarianten wurden zuvor klassisch untersucht. Andere haben kein
bekanntes klassisches Analogon (siehe Abschnitt 3.2). In Abschnitt 3.3 zeigen wir Beziehungen
zwischen den beschrénkten Kardinalzahlinvarianten, zusammengefasst im folgenden Diagramm.

Die gestrichelten Pfeile benotigen h <* c¢f(b) und werden zu Gleichungen, wenn auch h =* b:

b (=) — non(M,,) —— 2

/ 1 I
LB — ol (er)

L bh(<Y) - (<) T

bl (e*) - oz
I 1 /

Kt — cov(My) — (=)

Wir zeigen auch, dass die unbeschrénkte Antilokalisierungszahl und die unbeschrénkte Antiver-

meidungszahl nicht vom Parameter h abhéngen:

Korollar 3.3.8
02(296) = cov(M,) und bZ(}”} = non(My) fiir jede Wahl von h € "k. N

In Definition 3.3.10 definieren wir Kardinalzahlinvarianten, welche die Infima und Suprema von

Mengen von beschrinkten Kardinalzahlinvarianten fiir jede mogliche Schranke b € "k sind.
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Im klassischen Falle untersuchten Rothberger [Rot41] und Miller [Mil81] solche Infima und
Suprema. Die gleichen Strategien, die in ihrer Arbeit verwendet wurden, kann man ohne grofsere
Schwierigkeiten auf den hoheren Baireschen Raum verallgemeinern und fiithren zu den folgenden

zwel Ergebnissen.

Satz 3.3.17
add(M,) = min {b, (<*),infxk(=°)} und cof (Mk) = max {0, (<*), sup,.(=>)}. N

Satz 3.3.19
b (€*) = min {b,,(<*),infx"(€*)} und 07 (€*) = max {v,,(<*), sups”(€*)} fiir jedes h € "k. <

Wir stellen auch eine Beziehung zwischen den beschrankten Kardinalzahlinvarianten in Bezug
auf ingerndwann-Unterschiedlichkeit (eventual difference, =>°) und dem Ideal der r-starken

Nullmengen her.

Satz 3.3.16
non(SN;) > inf,.(=). N

Wir zeigen auch, dass die duale Aussage sup, (=) > cov(SN,) im k-Sacks-Modell scheitert
(Satz 4.4.9), eine Verallgemeinerung einer klassischen Konstruktion von Goldstern, Judah &
Shelah [GJS93]. Die gleiche Konsistenz folgt auch aus Chapman & Schiirz [CS].

In Abschnitt 3.4 bestimmen wir die Parameter b, h, fiir die die beschrankten Kardinalzahlinvari-
anten trivial sind, im Sinne, dass sie nicht konsistent strikt zwischen ™ und 2% liegen. Wir erhal-
ten drei Trichotomien in Sitze 3.4.2, 3.4.5 und 3.4.16 fiir b%(<*), b%"(€*) und 62" (3°°), wobei
in einem Fall diese Kardinalzahlen <k sind, in einem anderen Fall gleich x und im verbleibenden

Fall konsistent strikt zwischen «* und 2% liegen.

Wir erhalten Teilergebnisse fiir die dualen Kardinalzahlen 22 (<*), 2%"(€*) und %" (5%):

Satz 3.4.3
Wenn ) < & reguliir ist und cf(b(a)) = A fiir konfinal viele o € &, dann ist 2% (<*) = 2. q
Satz 3.4.6
Wenn Dy = {a € 1 | h(e) = A} in & konfinal ist fiir ein A < &, dann ist 2™(€*) = 2~ q
Satz 3.4.7

Wenn Dy = {a € k| h(a) = A} fiir alle A € k beschrinkt ist und h auf einer stationéren

Menge monoton steigend und stetig ist und A C []b eine fast disjunkte Familie ist, dann ist
A <o (e). q

HOHERE k-REELLE ZAHLEN

In Definition 4.2.1 definieren wir einige r-reellen Zahlen (d.h. Elemente von “k) mit gener-
ischen Eigenschaften iber dem Grundmodell. Die Existenz bestimmter Typen von k-reellen
Zahlen kann die Existenz anderer Typen von k-reellen Zahlen implizieren, wie in Abbildung 4.1
dargestellt ist. AnschlieRend geben wir in den Abschnitte 4.3 und 4.4 einen Uberblick dariiber,
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welche Arten von k-reellen Zahlen in der generischen Erweiterung von mehreren bekannten <k-
distributiven partiellen Ordnungen vorkommen. Die meisten solcher Ergebnisse sollten nicht dem

Autor zugeschrieben werden, sondern anderen Quellen oder sind sogenannte Folklore-Resultate.

Wir betonen, dass wir fiir die beschrénkten Kardinalzahlinvarianten spezifische partielle Ord-
nungen konstruieren, um zu zeigen, dass sie Abschnitt 3.4 genannten Féllen nicht trivial sind;

insbesondere beweisen wir die folgenden drei Sétze:

Satz 4.3.19
Sei k unerreichbar und cf(b) steigend und unstetig auf einer club-Menge, dann ist es konsistent,
dass b2 (<*) > k1 und dass 0% (<*) < 27 ist. q
Satz 4.3.31
Sei k unerreichbar und h unstetig auf einer club-Menge, dann ist es konsistent, dass bg’h( €*) >kt
und dass 02" (e*) < 2° ist. q
Satz 4.3.43

Sei k unerreichbar, sei C' eine club-Menge, auf der b unstetig ist, und sei cf(b) steigend und
unstetig auf {o € C | h(e) = b(a)}, dann ist es konsistent, dass b2"(3°°) > kT und dass

0 (25) < 2 st 4

Der folgende Satz tiber die k-Irgendwann-Unterschiedlich-Ordnung (k-eventually different forc-
ing) folgt aus bekannten Ergebnissen, ist aber nach Kenntnis des Autors nicht in der vero6f-

fentlichen Literatur zu finden.

Satz 4.3.39

Wenn k schwach kompakt ist, dann fiigt E, keine dominierenden k-reellen Zahlen hinzu. N
UNABHANGIGKEITSERGEBNISSE

Zwei Hauptergebnisse dieser Dissertation betreffen die Konsistenz der Aussage, dass viele Kar-

dinalzahlinvarianten gegenseitig unterschiedliche Werte haben.

In Kapitel 5 fithren wir eine partielle Ordnung ein, die zwischen x-Sacks- und s-Miller-Forcing
liegt und verwenden sie, um & viele Lokalisationskardinalzahlinvarianten der Form 97 (€*) zu
trennen. Dies beantwortet Frage 72 aus [BBTEFMI18].

Korollar 5.2.8
Es existieren Funktionen h¢ fiir jedes £ € k, so dass es fiir beliebige Kardinalzahlen A¢ > x mit
cf(A¢) > k konsistent ist, dass gleichzeitig 025(6*) = )¢ fiir alle £ € & gilt. N

Der Beweis verwendet eine Familie von x vielen disjunkten stationdren Mengen. In Abschnitt 5.3
verbessern wir dieses Ergebnis unter Verwendung einer fast disjunkten Familie von stationéren

Mengen und erhalten:

Satz 5.3.9

Angenommen, es gilt 28 = k7 und ¢, dann existiert eine Familie {g, | n € s} C "k, so dass
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fiir jede monoton steigende Folge (\¢ | £ € k1) von Kardinalzahlen mit x < cf()\¢) und jede

Funktion o : k* — k¥, es eine generische Erweiterung gibt, in der ?%"(c*) = A fiir alle

o(n)
n ekt gilt. N

In Kapitel 6 versuchen wir, ein &hnliches Ergebnis fiir die Antivermeidungskardinalzahlinvari-
anten 02" (5°9) zu beweisen, indem wir eine Forcing-Konstruktion verallgemeinern, die in [K)M22]
beschrieben wird. Obwohl wir nicht unendlich viele Kardinalzahlen trennen, kénnen wir eine
Menge der Groke x von Kardinalzahlinvarianten angeben, so dass jede endliche Teilmenge

erzwungen werden kann, paarweise unterschiedlich zu werden.

Satz 6.2.10
Es existiert eine Familie von Parametern (h.,b, | v € ), so dass fiir beliebige n € w, Ordi-
nalzahlen 7, < --- < 79 < & und Kardinalzahlen k* = \g < -+ < A, mit cf()\;) > & fiir jedes

by; P

i € [0,n], es eine Forcing-Erweiterung gibt, in der 9 (3°9) = \; fiir jedes i € [0,n] gilt. <
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