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1. Let (E,J) — (X,j) be a complex vector bundle over a Riemann surface. A
connection on £ is an R-linear map

V:T'(F) - I'(Homg(T%, E))
such that for all f: ¥ — R and s € T'(E) we have
V(f-s)=df -s+ f-Vs.
Prove:

a) The difference A = V — V' of two connections is a C*°(¥)-linear map A :
[(E) — T(Homg(T%, E)).

b) For every connection V on E the operator
D:=V+4+JoVoj (so Ds=Vs+Jo(Vs)oj)
is a real linear Cauchy-Riemann operator on (F,.J).

c) If V is a complex connection, meaning that V.J = 0 (which is equivalent to
V(Js) = J(Vs) for all s € I'(E)), then the operator D from part b) is a
complex linear Cauchy Riemann operator.

d) The difference B = D — D’ of two real linear Cauchy-Riemann operators is
a C*(X)-linear map B : I'(F) — I'(Homg(T%, E)).

2. (holomorphic line bundles on surfaces)
Prove the following assertions:

a) The cotangent bundle Ky = 7Y of a Riemann surface (¥, j) is a holomor-
phic line bundle. It is called the canonical bundle of 3.

Please turn!



b) Define U C CP' x C? as the subset

U={(z,w)|3AeC:w=2Az}.

Then with the obvious projection 7 : U — CP', m([z],w) = [z] this is
a holomorphic line bundle over CP!, called the universal line bundle over
CPL

c) Let U; := {[20 : z1]| 2z # 0} € CP! be the two open subsets giving the
standard covering of CP! by charts For every k € Z we can define a holo-
morphic line bundle £}, — CP! by gluing the trivial bundles E° = U x C
and E' = U; x C via the transition map

Ukt E%woret, — EM uoria

([20 : 2], ) — ([ZO -l (j-f)k : U> .

Then the bundle E, — CP! admits nonzero holomorphic sections s :
CP! — E, if and only if & > 0, in which case the dimension of the C-
vector space of holomorphic sections is k + 1.

d) To which Ej do the canonical bundle Kgp: and the universal bundle U
correspond?

3. Let A: X — Y be a bounded linear operator between Banach spaces with a
bounded right inverse B : Y — X. Prove that there is an € > 0 such that every
bounded linear operator C': X — Y with |A — C/|| < € also has a bounded right
inverse.

4. Let XY and Z be Banach spaces, D : X — Z a Fredholm map (so it has finite-
dimensional kernel, closed image and finite-dimension cokernel) and A:Y — Z
a bounded linear map. Prove that if

L=D4+A:. XY =7

is surjective, then the projection II : ker L — Y, II(x,y) = y is Fredholm with
ker IT = ker D and coker IT = coker D.

See next page!



5. Let X, Y and Z be Banach spaces, A : X — Y a bounded linear map and
K : X — Z a compact linear map. Moreover, we assume that there are constants
C1,Cy > 0 such that for all x € X we have

[zllx < Cil|Az|ly + Co|| K| 2.
Prove:

a) The kernel of A is a finite-dimensional linear subspace of X.
Hint: This is equivalent to the fact that the unit ball in this subspace is
compact.

b) The image of A is closed in Y.



