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1. Homology

Let (Cj)iez be abelian groups and let 0;: C; — C;—1 be homomorphisms such that 9; 0 9;41 =0
for all ¢ € Z. The sequence

On, d On—
i = Cpy1 =5 C 25 Cpey == Chg —> ..

is called chain complex and the maps 0,,: C, — C,_1 are called boundary maps.

Elements in the kernel ker 0,, of a boundary map 0, are called n-cycles and elements in the
image of 0, are called boundaries.

The n*P-homology group with respect to the given chain complex is defined as the quotient
H,, :=ker 0, /im Op+1.

A collection of homomorphisms (f; : 4; — B;) between chain complexes A and B which
commute with the boundary maps, i.e. @Afi,l = fiaiB, is called chain map.

2. Singular Homology

Let X be a topological space.

a. Definitions

Let vy, ..., v, be pairwise distinct points in R” such that v; —vy, ..., v, —vg are linearly independent.
The convex hull of v, ..., v, is denoted by [vg, v1, ..., v,] and is called n-simplex. If ey, ..., e, 41 is
the standard basis of R"*!, the hull [ey, ..., e,,41] is called standard n-simplex. It is denoted by
A™. Subsets of the form [vg, ..., v;_1, Vi11, ..., U] are identified with A"~1. If n < 0, then A™ = (.

A continuous map o: A" — X is called singular-n-simplex. A finite formal sum ) nqaoq of
singular-n-simplices o, is called singular-n-chain.

By A, (X) one denotes the free abelian group consisting of all singular-n-chains. For n > 1 a
group homomorphism
On: Ap(x) = Ap_1(X)
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is defined by

n

an<0) = Z(_1)n0|[v0,...,v¢,1,vi+1,...,'un] .

=0
For n <0 let 9, = 0. The sequence
o Ag(X) 25 ALX) D A(X) 50— 0 — ..
is called (singular) chain complex and the quotient
H,(X) =ker 9, /im 0,41

is called the n*P-(singular) homology group of X.

b. Key Facts
Proposition. If (X3)s are the path-components of X, then for all n € Z

Hy(X) = @HH(XB)
B

Proposition. If X is non-empty and path-connected, then Hy(X) = Z.

Proposition. Let X be path-connected and let 7;(X) denote the fundamental group of X.
Moreover let [m1(X), 71(X)] be the commutator subgroup of 71 (X). Then

Hy(X) =2 m(X)/[m(X), m(X)].

Theorem. Let n € Z. Every continuous map f: X — Y induces a homomorphism f,: H,(X) —
H,(Y). If g: X — Y is another continuous map homotopic to f, then f, = g,.

Corollary. A homotopy equivalence f: X — Y induces an isomorphism f.: H,(X) — H,(Y).

3. Homological Algebra

a. Definitions

Let (Gp)nez be groups and f,: G, — G,—1 be homomorphisms for all n € Z. The sequence
f'rH»l fn f'nfl
e — Gyl — G — G — Gp9 — ...
is called exact if and only if the identity im f, 11 = ker f,, holds for all n € Z.
An exact sequence of the form

0—)G3£>G2£>G1—>0

is called a short exact sequence.

Let ) ) ) )
— Apt1 — Ap — Ap1 —

o ) o d
.—>Bpy1 — B, — B,_1 — ..

P b ) d
— Cpy1 — Cp, — Chmg — ..
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be chain complexes with homology groups denoted by H,,(A), H,(B) and H,(C). For k € Z let
i and jr be homomorphisms such that the sequences

are exact for all £ € Z. If the diagram

0 0 0
{ { {

P A L4, S oA,
i i i

2 B % B, % B S
di di di

2 e L oo % oo 5
{ { {
0 0 0

commutes, i.e. ¢ and j are chain maps, then the chain complexes together with the chain maps
are called short exact sequence of chain complexes.

b. Key Fact

Theorem. A short exact sequence of chain complexes induces a long exact sequence of
homology groups

o = Hyp1(A) 255 Hyi(B) 25 Hy 1 (C) -2 Ho(A) =5 Ho(B) 25 Ho(C) -2 Hyo1(A) — ...

4. Relative and Reduced Homology

a. Definitions

For a subset A C X we have A, (A) C A,(X). The boundary map of X induces a boundary map
on the quotient A, (X)/A,(A). The associated homology groups are called relative homology
groups and are denoted by H, (X, A). Note that by definition H,(X,0) = H,(X).

The chain complex given by the sequence
e Ag(X) 2 ALX) D AGX) S Z 50— ...

is called augmented (singular) chain complex and it’s homology groups H,(X) are called
reduced (singular) homology groups, where € is defined as €()_, na0a) = Y4 Na-

Reduced homology can be understood as subtracting one Z-factor in dimension 0. If X is non-
empty, then H,(X) = H,(X) for n # 0 and Hy(X) = Ho(X) & Z.

For ) # A C X one defines H, (X, A) := H, (X, A).

The pair (X, A) is called good, if A is closed in X and there exists a neighborhood of A which
deformation retracts to A.
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b. Key Fact

Theorem. We have a long exact sequence of a pair (X, A) in singular homology.
o Ho(A) =5 Ho(X) 25 Ho(X, A) % Hy 1 (A) — ...

Here i : A — X is the inclusion and j : Ap(X) — Ap(X)/An(A) the quotient map.

Proposition. The long exact sequence of a pair (X, A) in singular homology also holds for
reduced homology.

Proposition. If (X, A) is a good pair, the quotient map ¢ : X — X /A induces an isomorphism
@+ Ho(X, A) =5 H,(X/A, AJA) = H,(X/A)
Theorem. For good pairs, there is an exact sequence
o Ho(A) 2= B(X) 25 Ho(X/A) -2 H, 1 (A) —> .

Corollary. The reduced homology of the n-sphere S™ is given by

lEI(S”)Q Z, ifk=n
0T o, ifk#n

Corollary. Given topological spaces X, with base points x, € X4, such that (X,,{z.}) are
good pairs, the inclusions i, : Xo < \/ 3 X induce an isomorphism

@a(ia)* : @ﬁn(Xoa) % E[n (\/ Xa)
Theorem (Excision). Let Z C A C X such that Z C int(A). Assuming this, the inclusion
(X\Z,A\Z) — (X, A) induces an isomorphism
Ha(X\Z, A\Z) = Ho(X, A)

Theorem (Mayer-Vietoris Sequence). Let A, B C X such that int(A) Uint(B) = X. Then
we have a long exact sequence with homomorphisms induced by the inclusions

s Ho(ANB) W2 gy m,(B) VAR g x) 2 (AN B) —

5. Cellular Homology

a. Definitions

In this section X always is a CW-complex. We denote its n-skeleton by X™.

Consider the boundary map 9,11 @ Hyp1 (X", X™) — H,(X™) from the long exact sequence
of the pair (X", X™) and the map j, : H,(X") — H, (X" X" 1), induced from the quotient
map, in the long exact sequence of the pair (X", X”fl). Let dp+1 := jnOn+1 be the composition.
We get a chain complex

s Hp (X X T g (xr, XYy e g (v xRy

called cellular chain complex. It’s homology is called cellular homology.
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b. Key Facts

Lemma. The following statements hold true for singular homology

a) Hp(X™ X" 1) is 0 for k # n and free abelian with a basis in one-to-one correspondence with
the n-cells of X for k = n.

b) For k > n we have Hi(X"™) = 0.
¢) For k < n the inclusion i : X" < X induces an isomorphism i, : H(X") — Hp(X).

Proposition. The cellular chain complex as defined above is indeed a chain complex, i.e.
dndn+1 - 0

Theorem. Cellular homology is isomorphic to singular homology.

Corollary. Cellular homology is independent of the choice of a particular CW-structure for X.
Corollary.

i) Hp(X) =0 if X has no n-cells.

ii) The number of generators of H,(X) is at most the number of n-cells in X.

iii) If X has no two cells in adjacent dimensions, then H,(X) = H, (X", X" 1).

Using the identification of H, (X™, X"~ !) with the free abelian group generated by the n-cells
el, we can compute the boundary map d,, differently.

Proposition. Let d,g be the degree of the map St xn=l Sg_l that is the com-
position of the attaching map of e” restricted to de? = S?~! with the quotient map collaps-
ing X "_1\int(eg*1) to a point. Then the boundary map can be computed using the formula

dn(el) =Yg dapely ™"

While our presentation mostly stems from Hatchers book, we found Bredon taking a more general
approach to the topic, which has some nice results on how to compute degrees of maps ™ — S™.
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