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Symplectic Geometry

Problem Set 5

1. Suppose S ⊆ Rn+1 is a smooth strictly convex hypersurface (necessarily diffeo-
morphic to Sn). Let

∆k := {(x1, . . . , xk) ∈ S×· · ·×S | ∃ 1 ≤ i < k : xi = xi+1 or xk = x1 } ⊆ S×· · ·×S.

a) Prove that a critical point of the function

fk : S × · · · × S \∆k → R

(x1, . . . , xk) 7→ |x2 − x1|+ · · ·+ |xk − xk−1|+ |x1 − xk|.

corresponds to a k-periodic orbit of the billard map for the domain bounded
by S.

b) Prove that for each k ≥ 2 there exists a k-periodic billard trajectory.

c) Can you prove the existence of two geometrically distinct k-periodic trajec-
tories?

Hint: If you have trouble getting started, you should try the case n = 1.


