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Prerequisites

Reflection Theorems

Let ZFC
⇤
be any su�ciently large finite fragment of the ZFC-axioms. Then:

I Reflection #1. For any a there is a set model M such that a ✓ M , M |= ZFC
⇤

and |M | = max(@0, |a|).

(However: M is generally not transitive.)

I Reflection #2. For any a there is a set model M such that a ✓ M , M |= ZFC
⇤

and M is transitive.

(However: |M | may be very large.)

I Reflection #3. For any transitive set a there is a set model M such that a ✓ M ,

M |= ZFC
⇤
, M is transitive and |M | = max(@0, |a|).

M V2 is possible
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Gödel’s Constructible Universe L

Recall

No
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m e.ve

Idea of L Only use definable subsets at

stage α

Definable in FOL lay of net theory



Definition

I A subset Y ✓ X is definable over X if there is a formula ' and parameters

a1 . . . an 2 X such that

Y = {y 2 X | X |= '(y, a1 . . . an)}.

I Def(X) = {Y ✓ X | Y is definable over X}.

Definition

I L0 := ?.

I L↵+1 := Def(L↵).

I L� :=

[

↵<�

L↵ (for � limit).

L :=

[

↵2Ord

L↵

Important that X is a set and so

you can formally express q sit XF 4

Let's see how V differs from L

Lo Vo

In Vn for n w because fin nets are definable

Lw Vw

Lot Vw

LB Van 2
0

Lwt I No because there are only afbly many

formulas

Nw z 2
2

while Latz 0



Lemma For w 1ha 1 1

Proof Induction Def x 1 1 if infinite

Facts L is transitive

α β La E Lp
Ordal α i.e pel pax

Define see it pulses
least a st.ae Late



Theorem

L |= ZF

Power Set let eh so xeld

Need to find y EL st

L k y PG

L F z zey 2 ex

For every Zex if zel then let

z PL Z 22 2

Let p sup xz zex and 2cL

PCx 2 zex x zek PE L Lpt

Then use Comprehension in L

For Comprehension you need Reflection to shift

from L F 4 to Lo 4



L |= AC (without assuming AC)

In fact I k Global choice i.e there is a

class wellorder cL of all of 1L

Proof Inductively Assume La is wellordered by

22 It follows LT are wellordered

by clex

Now define can on Lat

Given x y e 2 1

G If xyeLα say say

2 If xela ye Laila satay

3 If x y e Laila

Definable by some 9,4 and 9 an Ld

can y the smallest 547 and

_least ca and et

is def by 4 a au

is chex smaller than

the smallest 547 and

E least a Bk et

is def by 41 h _blue
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which comes first
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Absoluteness and the Axiom of Constructibility

Theorem

L is absolute for transitive models.

More specifically, the function ↵ 7! L↵ is absolute for transitive models.

Definition

The statement “8x9↵ 2 Ord (x 2 L↵)” is called the Axiom of Constructiblity, and

usually abbreviated by

V = L.

Corollary For any
transitive M MF2F

EM LEM

Proof Sketchy First order login life
is defined by recursion
using basic operation

absolute

Ly defined by recursion using

Def x
absolute

Check Def x Def x



Corollary 1

L |= (V = L)

Corollary 2

If M is any transitive class model of ZF with Ord ✓ M, then L ✓ M.

Corollary 3

If M is any transitive class model of ZF+V = L with Ord ✓ M, then L = M.

Proof xeL Facord Ela by deft

xeL Freord feels
xeL 72 e Ordal eels

L

Proof EM LEM LEM U E M

This means L is the Ll model of ZFC

Proof MK V L then ME x Celal

So xeM Fae OrdnM xeld

eM Facord eld

EM E L

So MM L

ND ZF has to be enough to prove
absoluteness of Lx s



Miniature versions

Definition

If M is a transitive set model, then the height of M , denoted by o(M), is defined as

the least ordinal not in M (alternatively, o(M) := Ord \M).

Corollary 4

L� |= (V = L) for all limit �.

Corollary 5

If M is any set model of ZF with height �, then L� ✓ M .

Corollary 6

If M is any set model of ZF+V = L with height �, then M = L�.

Just as before

EM 2 5 LEM So LEM to

Ls Lk EM

ME V L

ME x Fx xeLα

xeM Freord M eld

xeM 72 5 Kela
so EM e or so M e Lor
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Condensation and GCH

Condensation Lemma

Suppose V = L. Any x ✓ ! is contained in L!1 .

More generally, any x ✓  is contained in L+ .

La Proof Let new and let

f i a woke taste.it

Qnxew By Reflection 3 there

1 B M F ZF L set

a M

IM max lal o X's

M transiti

But then M Lo for d M

What's M on a countable ordinal

OCM M Oud and IM w

so 8 Wn

So a her Lwa So e a Lan

So E LUI



Corollary

L |= GCH

pop
x

8T

Proof Assume V L

Since any EK is in Lkt so

PC Lit

2k pcie Let 1kt kt 2


