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Introduction

Model theory is a branch of mathematical logic where we study mathemat-
ical structures by considering the first-order sentences true in those struc-
tures and the sets definable by first-order formulas. Traditionally there have
been two principal themes in the subject:

e starting with a concrete mathematical structure, such as the field of real
numbers, and using model-theoretic techniques to obtain new information
about the structure and the sets definable in the structure;

e looking at theories that have some interesting property and proving
general structure theorems about their models.

A good example of the first theme is Tarski’s work on the field of real
numbers. Tarski showed that the theory of the real field is decidable. This
is a sharp contrast to Godel’s Incompleteness Theorem, which showed that
the theory of the seemingly simpler ring of integers is undecidable. For his
proof, Tarski developed the method of quantifier elimination which can be
used to show that all subsets of R™ definable in the real field are geomet-
rically well-behaved. More recently, Wilkie [103] extended these ideas to
prove that sets definable in the real exponential field are also well-behaved.

The second theme is illustrated by Morley’s Categoricity Theorem, which
says that if T is a theory in a countable language and there is an uncount-
able cardinal k such that, up to isomorphism, 7" has a unique model of
cardinality %, then T has a unique model of cardinality A for every un-
countable k. This line has been extended by Shelah [92], who has developed
deep general classification results.

For some time, these two themes seemed like opposing directions in the
subject, but over the last decade or so we have come to realize that there
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are fascinating connections between these two lines. Classical mathematical
structures, such as groups and fields, arise in surprising ways when we study
general classification problems, and ideas developed in abstract settings
have surprising applications to concrete mathematical structures. The most
striking example of this synthesis is Hrushovski’s [43] application of very
general model-theoretic methods to prove the Mordell-Lang Conjecture for
function fields.

My goal was to write an introductory text in model theory that, in ad-
dition to developing the basic material, illustrates the abstract and applied
directions of the subject and the interaction of these two programs.

Chapter 1 begins with the basic definitions and examples of languages,
structures, and theories. Most of this chapter is routine, but, because study-
ing definability and interpretability is one of the main themes of the subject,
I have included some nontrivial examples. Section 1.3 ends with a quick in-
troduction to M®4. This is a rather technical idea that will not be needed
until Chapter 6 and can be omitted on first reading.

The first results of the subject, the Compactness Theorem and the
Lowenheim—Skolem Theorem, are introduced in Chapter 2. In Section 2.2
we show that even these basic results have interesting mathematical con-
sequences by proving the decidability of the theory of the complex field.
Section 2.4 discusses the back-and-forth method beginning with Cantor’s
analysis of countable dense linear orders and moving on to Ehrenfeucht—
Fraissé Games and Scott’s result that countable structures are determined
up to isomorphism by a single infinitary sentence.

Chapter 3 shows how the ideas from Chapter 2 can be used to develop
a model-theoretic test for quantifier elimination. We then prove quantifier
elimination for the fields of real and complex numbers and use these results
to study definable sets.

Chapters 4 and 5 are devoted to the main model-building tools of clas-
sical model theory. We begin by introducing types and then study struc-
tures built by either realizing or omitting types. In particular, we study
prime, saturated, and homogeneous models. In Section 4.3, we show that
even these abstract constructions have algebraic applications by giving a
new quantifier elimination criterion and applying it to differentially closed
fields. The methods of Sections 4.2 and 4.3 are used to study countable
models in Section 4.4, where we examine Ny-categorical theories and prove
Morley’s result on the number of countable models. The first two sections
of Chapter 5 are devoted to basic results on indiscernibles. We then illus-
trate the usefulness of indiscernibles with two important applications—a
special case of Shelah’s Many-Models Theorem in Section 5.3 and the Paris—
Harrington independence result in Section 5.4. Indiscernibles also later play
an important role in Section 6.5.

Chapter 6 begins with a proof of Morley’s Categoricity Theorem in the
spirit of Baldwin and Lachlan. The Categoricity Theorem can be thought
of as the beginning of modern model theory and the rest of the book is
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devoted to giving the flavor of the subject. I have made a conscious ped-
agogical choice to focus on w-stable theories and avoid the generality of
stability, superstability, or simplicity. In this context, forking has a con-
crete explanation in terms of Morley rank. One can quickly develop some
general tools and then move on to see their applications. Sections 6.2 and
6.3 are rather technical developments of the machinery of Morley rank and
the basic results on forking and independence. These ideas are applied in
Sections 6.4 and 6.5 to study prime model extensions and saturated models
of w-stable theories.

Chapters 7 and 8 are intended to give a quick but, I hope, seductive
glimpse at some current directions in the subject. It is often interesting
to study algebraic objects with additional model-theoretic hypotheses. In
Chapter 7 we study w-stable groups and show that they share many prop-
erties with algebraic groups over algebraically closed fields. We also include
Hrushovski’s theorem about recovering a group from a generically associa-
tive operation which is a generalization of Weil’s theorem on group chunks.
Chapter 8 begins with a seemingly abstract discussion of the combinatorial
geometry of algebraic closure on strongly minimal sets, but we see in Sec-
tion 8.3 that this geometry has a great deal of influence on what algebraic
objects are interpretable in a structure. We conclude with an outline of
Hrushovski’s proof of the Mordell-Lang Conjecture in one special case.

Because I was trying to write an introductory text rather than an en-
cyclopedic treatment, I have had to make a number of ruthless decisions
about what to include and what to omit. Some interesting topics, such as
ultraproducts, recursive saturation, and models of arithmetic, are relegated
to the exercises. Others, such as modules, the p-adic field, or finite model
theory, are omitted entirely. I have also frequently chosen to present the-
orems in special cases when, in fact, we know much more general results.
Not everyone would agree with these choices.

The Reader

While writing this book I had in mind three types of readers:

e graduate students considering doing research in model theory;

e graduate students in logic outside of model theory;

e mathematicians in areas outside of logic where model theory has had
interesting applications.

For the graduate student in model theory, this book should provide a firm
foundation in the basic results of the subject while whetting the appetite
for further exploration. My hope is that the applications given in Chapters
7 and 8 will excite students and lead them to read the advanced texts [7],
[18], [76], and [86] written by my friends.

The graduate student in logic outside of model theory should, in addition
to learning the basics, get an idea of some of the main directions of the
modern subject. I have also included a number of special topics that I
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think every logician should see at some point, namely the random graph,
Ehrenfeucht—Fraissé Games, Scott’s I[somorphism Theorem, Morley’s result
on the number of countable models, Shelah’s Many-Models Theorem, and
the Paris—Harrington Theorem.

For the mathematician interested in applications, I have tried to illus-
trate several of the ways that model theory can be a useful tool in analyzing
classical mathematical structures. In Chapter 3, we develop the method of
quantifier elimination and show how it can be used to prove results about
algebraically closed fields and real closed fields. One of the areas where
model-theoretic ideas have had the most fruitful impact is differential al-
gebra. In Chapter 4, we introduce differentially closed fields. Differentially
closed fields are very interesting w-stable structures. Chapters 6, 7, and 8
contain a number of illustrations of the impact of stability-theoretic ideas
on differential algebra. In particular, in Section 7.4 we give Poizat’s proof of
Kolchin’s theorem on differential Galois groups of strongly normal exten-
sions. In Chapter 7, we look at classical mathematical objects—groups—
under additional model-theoretic assumptions—w-stability. We also use
these ideas to give more information about algebraically closed fields. In
Section 8.3, we give an idea of how ideas from geometric model theory can
be used to answer questions in Diophantine geometry.

Prerequisites

Chapter 1 begins with the basic definitions of languages and structures.
Although a mathematically sophisticated reader with little background in
mathematical logic should be able to read this book, I expect that most
readers will have seen this material before. The ideal reader will have
already taken one graduate or undergraduate course in logic and be ac-
quainted with mathematical structures, formal proofs, Gédel’s Complete-
ness and Incompleteness Theorems, and the basics about computability.
Shoenfield’s Mathematical Logic [94] or Ebbinghaus, Flum, and Thomas’
Mathematical Logic [31] are good references.

I will assume that the reader has some familiarity with very basic set
theory, including Zorn’s Lemma, ordinals, and cardinals. Appendix A sum-
marizes all of this material. More sophisticated ideas from combinatorial
set theory are needed in Chapter 5 but are developed completely in the
text.

Many of the applications and examples that we will investigate come from
algebra. The ideal reader will have had a year-long graduate algebra course
and be comfortable with the basics about groups, commutative rings, and
fields. Because I suspect that many readers will not have encountered the
algebra of formally real fields that is essential in Section 3.3, I have included
this material in Appendix B. Lang’s Algebra [58] is a good reference for most
of the material we will need. Ideally the reader will have also seen some
elementary algebraic geometry, but we introduce this material as needed.
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Using This Book as a Text

I suspect that in most courses where this book is used as a text, the students
will have already seen most of the material in Sections 1.1, 1.2, and 2.1. A
reasonable one-semester course would cover Sections 2.2, 2.3, the beginning
of 2.4, 3.1, 3.2, 4.1-4.3, the beginning of 4.4, 5.1, 5.2, and 6.1. In a year-
long course, one has the luxury of picking and choosing extra topics from
the remaining text. My own choices would certainly include Sections 3.3,
6.2-6.4, 7.1, and 7.2.

FEzxercises and Remarks

Each chapter ends with a section of exercises and remarks. The exercises
range from quite easy to quite challenging. Some of the exercises develop
important ideas that I would have included in a longer text. I have left
some important results as exercises because I think students will benefit
by working them out. Occasionally, I refer to a result or example from the
exercises later in the text. Some exercises will require more comfort with
algebra, computability, or set theory than I assume in the rest of the book.
I mark those exercises with a dagger.

The Remarks sections have two purposes. I make some historical remarks
and attributions. With a few exceptions, I tend to give references to sec-
ondary sources with good presentations rather than the original source. I
also use the Remarks section to describe further results and give suggestions
for further reading.

Notation

Most of my notation is standard. I use A C B to mean that A is a subset
of B, and A C B means A is a proper subset (i.e., A C B but A # B).
If Ais a set,

A<w — [j A"
n=1

is the set of all finite sequences from A. I write @ to indicate a finite sequence
(a1,...,a,). When I write @ € A, I really mean @ € A<Y.

If A is a set, then |A| is the cardinality of A. The power set of A is
PA)={X:X C A}.

In displays, I sometimes use <, = as abbreviations for “implies” and <
as an abbreviation for “if and only if”.
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Structures and Theories

1.1 Languages and Structures

In mathematical logic, we use first-order languages to describe mathe-
matical structures. Intuitively, a structure is a set that we wish to study
equipped with a collection of distinguished functions, relations, and ele-
ments. We then choose a language where we can talk about the distin-
guished functions, relations, and elements and nothing more. For example,
when we study the ordered field of real numbers with the exponential func-
tion, we study the structure (R, +, -, exp, <, 0, 1), where the underlying set
is the set of real numbers, and we distinguish the binary functions addition
and multiplication, the unary function x +— e*, the binary order relation,
and the real numbers 0 and 1. To describe this structure, we would use a lan-
guage where we have symbols for +, -, exp, <,0,1 and can write statements
such as VzVy exp(z)-exp(y) = exp(z+y) and Vz (z > 0 — Ty exp(y) = z).
We interpret these statements as the assertions “e*e¥ = e*¥ for all x and
y” and “for all positive x, there is a y such that e¥ = z.”

For another example, we might consider the structure (N, +,0,1) of the
natural numbers with addition and distinguished elements 0 and 1. The
natural language for studying this structure is the language where we have
a binary function symbol for addition and constant symbols for 0 and 1.
We would write sentences such as Vz3y (r =y+y V « = y+y—+1), which
we interpret as the assertion that “every number is either even or 1 plus
an even number.”
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Definition 1.1.1 A language L is given by specifying the following data:
i) a set of function symbols F and positive integers ny for each f € F;
ii) a set of relation symbols R and positive integers ng for each R € R;
iii) a set of constant symbols C.

The numbers ny and ng tell us that f is a function of ny variables and
R is an ngr-ary relation.

Any or all of the sets F, R, and C may be empty. Examples of languages
include:

i) the language of rings £, = {+,—,-,0,1}, where +, — and - are binary
function symbols and 0 and 1 are constants;

ii) the language of ordered rings L., = £, U {<}, where < is a binary
relation symbol;

iii) the language of pure sets £ = (J;

iv) the language of graphs is £ =
symbol.

{R} where R is a binary relation

Next, we describe the structures where L is the appropriate language.

Definition 1.1.2 An L-structure M is given by the following data:

i) a nonempty set M called the universe, domain, or underlying set of
M;

ii) a function fM : M"s — M for each f € F;

iii) a set RM C M"® for each R € R;

iv) an element ¢™ € M for each ¢ € C.

We refer to fM, RM, and ¢™ as the interpretations of the symbols f,
R, and c. We often write the structure as M = (M, fM RM M . f ¢
F,R e R, and ¢ € C). We will use the notation A, B, M, N, ... to refer to
the underlying sets of the structures A, B, M, N, .. ..

For example, suppose that we are studying groups. We might use the
language L, = {-, e}, where - is a binary function symbol and e is a constant
symbol. An Lg-structure G = (G,-9,¢e9) will be a set G equipped with a
binary relation - and a distinguished element e¥. For example, G = (R, -, 1)
is an Lg-structure where we interpret - as multiplication and e as 1; that
is, -9 = - and €9 = 1. Also, N' = (N, +,0) is an Lg-structure where N=4
and e9 = 1. Of course, A is not a group, but it is an Lg-structure.

Usually, we will choose languages that closely correspond to the structure
that we wish to study. For example, if we want to study the real numbers
as an ordered field, we would use the language of ordered rings L., and
give each symbol its natural interpretation.

We will study maps that preserve the interpretation of L.

Definition 1.1.3 Suppose that M and N are L-structures with universes
M and N, respectively. An L-embedding n : M — N is a one-to-one map
n : M — N that preserves the interpretation of all of the symbols of L.
More precisely:
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i) n(fM(ar,...,an,)) = fN(n(al),...,n(anf)) for all f € F and
A1y ..., 0y € M,

ii) (a1,...,ams) € RM if and only if (n(a1),...,n(amy)) € RV for all
ReRand ay,...,an; € M;

iit) n(cM) =V for ce C.

A bijective L-embedding is called an L-isomorphism. If M C N and the
inclusion map is an L-embedding, we say either that M is a substructure
of A or that AV is an extension of M.

For example:

i) (Z,+,0) is a substructure of (R, +,0).

ii) If n : Z — R is the function n(zx) = €®, then 7 is an Ly-embedding of
(Z,+,0) into (R, -, 1).

The cardinality of M is |M]|, the cardinality of the universe of M. If
n: M — N is an embedding then the cardinality of A is at least the
cardinality of M.

We use the language L to create formulas describing properties of L-
structures. Formulas will be strings of symbols built using the symbols of L,
variable symbols v1, va, . . ., the equality symbol =, the Boolean connectives
A, V, and -, which we read as “and,” “or,” and “not”, the quantifiers 3
and V, which we read as “there exists” and “for all”, and parentheses ( , ).

Definition 1.1.4 The set of L-terms is the smallest set T such that
i) ¢ € T for each constant symbol ¢ € C,
ii) each variable symbol v; € T for i = 1,2,..., and
iii) if ¢1,...,t,, € T and f € F, then f(t1,...,tn,) €T.

For example, -(v1, —(vs, 1)), -(4+(v1, v2), +(vs, 1)) and +(1,+(1, +(1,1)))
are L -terms. For simplicity, we will usually write these terms in the more
standard notation vy (vs — 1), (v1 +v2)(vs + 1), and 1+ (1 + (14 1)) when
no confusion arises. In the £,-structure (Z,+,-,0,1), we think of the term
1+ (14 (14 1)) as a name for the element 4, while (vy + v2)(vz + 1) is a
name for the function (x,y,2) — (x +y)(z + 1). This can be done in any
L-structure.

Suppose that M is an L-structure and that ¢t is a term built using
variables from 7 = (v;;,...,v;,, ). We want to interpret ¢ as a function
tM o M™ — M. For s a subterm of t and @ = (aj,,...,a;,,) € M, we
inductively define s (@) as follows.

i) If s is a constant symbol ¢, then sM (@) = cM.

i) If s is the variable v;,, then s™(a) = a;,.

iii) If s is the term f(t1,...,tn,), where f is a function symbol of £ and

t1,...,ty, are terms, then sM(a) = fM(tM(a),. .. ,tan(E)).
The function t™ is defined by @ — t™(a).
For example, let £ = {f,g,c}, where f is a unary function sym-

bol, g is a binary function symbol, and ¢ is a constant symbol. We
will consider the L-terms t; = g(v1,¢), ta = f(g(c, f(v1))), and t3 =
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g(f(g(v1,v2)),9(v1, f(v2))). Let M be the L-structure (R,exp,+,1); that
is, fM =exp, gM =+, and M = 1.
Then
t1(a1) = a1 + 1,

) (ay) = !¢, and

2% (a1, a2) = €12 4 (ay + ™).
We are now ready to define £-formulas.

Definition 1.1.5 We say that ¢ is an atomic L-formula if ¢ is either
i) t; = to, where ¢; and ty are terms, or
ii) R(t1,...,tny,), where R € R and ¢4, ...,t,, are terms.

The set of L£-formulas is the smallest set W containing the atomic for-
mulas such that

i) if ¢ is in W, then —¢ is in W,

ii) if ¢ and ¢ are in W , then (¢ A ) and (¢ V ¢) are in W, and

iii) if ¢ is in W, then Jv; ¢ and Vv, ¢ are in W.

Here are three examples of Lg,.-formulas.

ev; =0Vuv >0.

o Jug vy - Vg = V1.

o Vuy (v1 =0V vy vg vy =1).

Intuitively, the first formula asserts that v; > 0, the second asserts that
v1 is a square, and the third asserts that every nonzero element has a
multiplicative inverse. We would like to define what it means for a formula
to be true in a structure, but these examples already show one difficulty.
While in any L-structure the third formula will either be true or false,
the first two formulas express a property that may or may not be true of
particular elements of the structure. In the Lq,-structure (Z,+, —, -, <, 0, 1),
the second formula would be true of 9 but false of 8.

We say that a variable v occurs freely in a formula ¢ if it is not inside a
Jv or Vv quantifier; otherwise, we say that it is bound.! For example v; is
free in the first two formulas and bound in the third, whereas vy is bound
in both formulas. We call a formula a sentence if it has no free variables.

Let M be an L-structure. We will see that each L-sentence is either true
or false in M. On the other hand, if ¢ is a formula with free variables

1To simplify some bookkeeping we will tacitly restrict our attention to formulas where
in each subformula no variable v; has both free and bound occurrences. For example we
will not consider formulas such as (v1 > 0V 3v; v1 -v1 = v2), because this formula could
be replaced by the clearer formula vy > 0V Jvz v3 - v3 = v with the same meaning.
There are some areas of mathematical logic where one wants to be frugal with variables,
but we will not consider such issues here. See [94] for a definition of satisfaction for
arbitrary formulas.
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Vi,...,0n, we will think of ¢ as expressing a property of elements of M™.
We often write ¢(v1,...,v,) to make explicit the free variables in ¢. We
must define what it means for ¢(vy,...,v,) to hold of (ay,...,a,) € M".

Definition 1.1.6 Let ¢ be a formula with free variables from v =
(Viys-.y0;i,,), and let @ = (asy,...,a;,) € M™. We inductively define
M = ¢(a) as follows.

i) If ¢ is t1 = t2, then M |= ¢(a) if t{(a) = t31(a).

ii) If ¢ is R(t1,...,tny), then M = ¢(a) if (tM(a), ..., tM (@) € RM.

iii) If ¢ is =), then M |= ¢(a) if M £~ ¢ (a).

iv) If ¢ is (¢ A 9), then M = ¢(a) if M = (a) and M E 6(a).

v) If ¢ is (¢ V 6), then M = ¢(a) if M = ¢(a ) or M = 6(a).

vi) If ¢ is Jv;9(T,v;), then M = ¢(a) if there is b € M such that
M = (@,b).

vii) If ¢ is Yv;9(7,v;), then M = ¢(a) if M |=(a,b) for all b € M.

If M = ¢(a) we say that M satisfies p(a) or ¢(a) is true in M.

Remarks 1.1.7 e There are a number of useful abbreviations that we will
use: ¢ — 1 is an abbreviation for =¢ V1, and ¢ <+ 1 is an abbreviation for
(¢ = Y)A (¥ — ¢). In fact, we did not really need to include the symbols Vv
and V. We could have considered ¢V as an abbreviation for =(—¢A—) and
Yug as an abbreviation for —(Jv—¢). Viewing these as abbreviations will
be an advantage when we are proving theorems by induction on formulas
because it eliminates the V and V cases.

We also will use the abbreviations /\ 1; and \/ ; for 1 AL A, and
i=1 i=1
Y1 V...V, respectively.
e In addition to vy, ve,..., we will use w, x,y, z, ... as variable symbols.

e It is important to note that the quantifiers 3 and V range only over ele-
ments of the model. For example the statement that an ordering is complete
(i.e., every bounded subset has a least upper bound) cannot be expressed
as a formula because we cannot quantify over subsets. The fact that we
are limited to quantification over elements of the structure is what makes
it “first-order” logic.

When proving results about satisfaction in models, we often must do
an induction on the construction of formulas. The next proposition asserts
that if a formula without quantifiers is true in some structure, then it is true
in every extension. It is proved by induction on quantifier-free formulas.

Proposition 1.1.8 Suppose that M is a substructure of N, a € M, and
o¢(v) is a quantifier-free formula. Then, M = ¢(a) if and only if N = ¢(a).
Proof

Claim If #(7) is a term and b € M, then t*(b) = " (b). This is proved
by induction on terms.
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If ¢ is the constant symbol ¢, then ¢M = V.

If ¢ is the variable v;, then tM(b) = b; = tV (b).

Suppose that t = f(t1,...,t,), where f is an n-ary function symbol,
t1,...,tn are terms, and tM(b) = tﬁv(g) for i =1,...,n. Because M C N,
fM = fN|M™. Thus,

o) = M), 51 0)
= fN(t{Vl(g)ﬂ '7tnM(7 )
= tN(b).

We now prove the proposition by induction on formulas.
If ¢ is t; = ta, then

M E (@) & (@) = 13"(@) & 1Y @) = 1) (@) & N E ¢(a).

If ¢ is R(t1,...,tn), where R is an n-ary relation symbol, then

ME¢@) & (#'(@),....t;" (@) e RM
s (tM@),...,tM @) e RV
& (YV(),...,tN @) e RV
& N E o).

Thus, the proposition is true for all atomic formulas.
Suppose that the proposition is true for ¥ and that ¢ is —. Then,

M= —¢(a) & M @) < N (@) < N o).

Finally, suppose that the proposition is true for ¥y and ¥, and that ¢ is
1o A 1. Then,

ME¢(@) & ME(a) and M [ ¢ (a)
& N E(a) and M E 9 (a)
s N ¢a).
We have shown that the proposition holds for all atomic formulas and
that if it holds for ¢ and v, then it also holds for —¢ and ¢ A 1. Because
the set of quantifier-free formulas is the smallest set of formulas contain-

ing the atomic formulas and closed under negation and conjunction, the
proposition is true for all quantifier-free formulas.

Elementary Equivalence and Isomorphism

We next consider structures that satisfy the same sentences.
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Definition 1.1.9 We say that two L-structures M and N are elementarily
equivalent and write M = N if

M E ¢ if and only if N £ ¢

for all L-sentences ¢.

We let Th(M), the full theory of M, be the set of L-sentences ¢ such
that M |= ¢. It is easy to see that M = N if and only if Th(M)= Th(N).
Our next result shows that Th(M) is an isomorphism invariant of M. The
proof uses the important technique of “induction on formulas.”

Theorem 1.1.10 Suppose that j : M — N is an isomorphism. Then,
M=N.

Proof We show by induction on formulas that M | ¢(aq,...,a,) if and
only if N = ¢(j(a1),...,j(an)) for all formulas ¢.

We first must show that terms behave well.
Claim Suppose that ¢ is a term and the free variables in ¢ are from 7 =
(v1,...,0p). Fora = (a1,...,an) € M, welet j(a) denote (j(a1),...,j(an)).
Then j(tM(a)) = t(j (a).

We prove this by induction on terms.

i) If t = ¢, then j(tM (@) = j(cM) = N =tV (j(a)).

ii) If ¢ = v;, then j(tM(@)) = j(a;) = N (j(as)).

i) If t = f(t1,...,tm), then

iM@) = M@ 60 @)

= tY(j(@).

We proceed by induction on formulas.
1) If gf)(@) is t; = to, then

ME¢@ < t'(@)=1"@)
(

& j(tM(@) = j(t3"(a@)) because j is injective
& 0 (j@) =’ (i@)
& NEoi@).
ii) If ¢(v) is R(t1,...,tn), then
M= 6(@)

s (tM@),... , tM @) e RM

& ((t@),....it" @) e RV
& #(@),....t) (j(@)) € RV
& N Eo(j(@).



14 1. Structures and Theories
iii) If ¢ is =, then by induction

M= ¢(@) & M) < N o(j@) < N E o(i(a).
iv) If ¢ is » A 0, then

ME @ & ME (@) and Mk 0(@)
& N Ev(i@) and N 6(j@) & N E 6(i(@).

v) If ¢(7) is Jw (v, w), then

ME¢@ < MEy@,b) for some b e M
& N E¢((a),c) for some ¢ € Nbecause j is onto
& N E¢(i(@).

1.2 Theories

Let £ be a language. An L-theory T is simply a set of L-sentences. We say
that M is a model of T and write M |= T if M |= ¢ for all sentences ¢ € T'.

The set T' = {Vx z = 0,3z = # 0} is a theory. Because the two sentences
in T are contradictory, there are no models of T. We say that a theory is
satisfiable if it has a model.

We say that a class of L-structures KC is an elementary class if there is
an L-theory T such that K = {M : M = T}.

One way to get a theory is to take Th(M), the full theory of an L-
structure M. In this case, the elementary class of models of Th(M) is
exactly the class of L-structures elementarily equivalent to M. More typi-
cally, we have a class of structures in mind and try to write a set of prop-
erties T" describing these structures. We call these sentences azioms for the
elementary class.

We give a few basic examples of theories and elementary classes that we
will return to frequently.

Example 1.2.1 Infinite Sets

Let £ = 0.
Consider the L-theory where we have, for each n, the sentence ¢,, given
by
dri3dxs ...z, /\ i # x5
1<j<n
The sentence ¢,, asserts that there are at least n distinct elements, and an
L-structure M with universe M is a model of T if and only if M is infinite.
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Example 1.2.2 Linear Orders

Let £ = {<}, where < is a binary relation symbol. The class of linear
orders is axiomatized by the L-sentences

Vo —(z < z),

VaVyVz ((x <y Ay < z) =z < z),

VaVy (x <yVa=yVy<x).

There are a number of interesting extensions of the theory of linear or-
ders. For example, we could add the sentence

VaVy (x <y — Fz (z < 2Nz <y))
to get the theory of dense linear orders, or we could instead add the sentence
Vedy (z<yAVz(z <z— (z=yVy<z2))

to get the theory of linear orders where every element has a unique succes-
sor. We could also add sentences that either assert or deny the existence of
top or bottom elements.

Example 1.2.3 Equivalence Relations

Let £ = {E}, where E is a binary relation symbol. The theory of equiva-
lence relations is given by the sentences

Vo E(z,x),

Vavy(E(z, y) = E(y, ),
VaVyVz((E(z,y) N E(y, 2)) = E(z, 2)).

If we added the sentence
Vedy(x #y A E(z,y) AVz (E(z,2) = (z =2V z=1y)))

we would have the theory of equivalence relations where every equivalence
class has exactly two elements. If instead we added the sentence

J2Iy(—E(x,y) AVz(E(z,2) V E(y, 2)))
and the infinitely many sentences
Va3z, 3z, ... 3z, /\ x; #xj A /\ E(x,x;)
i<j<n i=1

we would axiomatize the class of equivalence relations with exactly two
classes, both of which are infinite.



16 1. Structures and Theories
Example 1.2.4 Graphs

Let £ = {R} where R is a binary relation. We restrict our attention to
irreflexive graphs. These are axiomatized by the two sentences

Va - R(x,x),

Vavy (R(z,y) = R(y, ).

Example 1.2.5 Groups

Let £ = {-, e}, where - is a binary function symbol and e is a constant sym-
bol. We will write z-y rather than -(x, y). The class of groups is axiomatized
by

Vee-z=x-e=uz,

VaVyVz o - (y-2) = (z-y) - 2,

Vedyx-y=vy-z=e.

We could also axiomatize the class of Abelian groups by adding VaVy z-y =

Y-
Let ¢, (x) be the L-formula

T-T---x=¢
—_—

n—times

which asserts that nz = e.

We could axiomatize the class of torsion-free groups by adding {Vz (z =
eV —¢,(x)) : n > 2} to the axioms for groups. Alternatively, we could
axiomatize the class of groups where every element has order at most NV
by adding to the axioms for groups the sentence

n<N

Note that the same idea will not work to axiomatize the class of torsion

groups because the corresponding sentence would be infinitely long. In the

next chapter, we will see that the class of torsion groups is not elementary.
Let 9, (z,y) be the formula

—

n—times

which asserts that ™ = y. We can axiomatize the class of divisible groups
by adding the axioms {Vy3z ¥, (z,y) : n > 2}.

It will often be useful to deal with additive groups instead of multiplica-
tive groups. The class of additive groups is the collection structures in the
language £ = {+, 0}, axiomatized as above replacing - by + and e by 0.
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Example 1.2.6 Ordered Abelian Groups

Let £L = {+,<,0}, where + is a binary function symbol, < is a binary
relation symbol, and 0 is a constant symbol. The axioms for ordered groups
are

the axioms for additive groups,

the axioms for linear orders, and

VaVyVz(z <y = x4+ 2 <y + 2).

Example 1.2.7 Left R-modules

Let R be a ring with multiplicative identity 1. Let £ = {+,0}U{r : r € R}
where + is a binary function symbol, 0 is a constant, and r is a unary
function symbol for r € R. In an R-module, we will interpret r as scalar
multiplication by R. The axioms for left R-modules are

the axioms for additive commutative groups,

Vo r(x+y)=r(z)+r(y) foreachre R,

Vo (r+s)(x) =r(z) + s(z) for each r,s € R,

Vo r(s(x)) =rs(x) forr s € R,

Vo 1(x) = .

Example 1.2.8 Rings and Fields

Let £, be the language of rings {+, —,-,0, 1}, where +, —, and - are binary
function symbols and 0 and 1 are constants. The axioms for rings are given
by

the axioms for additive commutative groups,

VaVyVz (x —y =z x=y+ 2),

Vo x-0=0,

VaVyVz (z- (y-2) = (z-y) - 2),

Vex-1=1-z=ux,

VaVyvz x - (y+2) = (z-y) + (z - 2),

VaVyVz (x 4+ y) -z = (- 2) + (y - 2).

The second axiom is only necessary because we include — in the language
(this will be useful later). We axiomatize the class of fields by adding the
axioms

VaVy -y =y - x,

Ve (r#0—Jyx-y=1).

We axiomatize the class of algebraically closed fields by adding to the
field axioms the sentences

n—1

VYag...Va,—13x 2™ + Z a;x' =0
i=0

for n =1,2,.... Let ACF be the axioms for algebraically closed fields.
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Let 9, be the L,-sentence Vxx 4 ...+ x = 0, which asserts that a field
———
p—times
has characteristic p. For p > 0 a prime, let ACF, = ACF U{¢;} and
ACFg = ACF U{—, : p > 0}, be the theories of algebraically closed fields
of characteristic p and characteristic zero, respectively.

Example 1.2.9 Ordered Fields

Let Lo, = L£;U{<}. The class of ordered fields is axiomatized by the axioms
for fields,

the axioms for linear orders,

VaVyVz (e <y — x4+ 2 <y+ 2),

VavyVz (e <yANz>0) > x-2<y-2).

Example 1.2.10 Differential Fields

Let £ = L, U {0}, where 0 is a unary function symbol. The class of differ-
ential fields is axiomatized by

the axioms of fields,

Vavy d(z +y) = 6(x) + 0(y),

Vavy §(x-y) =z - 6(y) +y - 6(x).

Example 1.2.11 Peano Arithmetic

Let £ = {+,-,5,0}, where + and - are binary functions, s is a unary
function, and 0 is a constant. We think of s as the successor function
z +— = + 1. The Peano axioms for arithmetic are the sentences

YV s(z) # 0,

Vo (z#0— 3y s(y) = ),
Ve x4+ 0=z,

Va Yy z + (s(y) = s(z +y),
Ve z-0=0,

Vavy x - s(y) = (¢ -y) +,
and the axioms Ind(¢) for each formula ¢(v,w), where Ind(¢) is the sen-
tence

vw [(6(0,w) AV (¢(v, W) = ¢(s(v), W))) = Va (x, ).

The axiom Ind(¢) formalizes an instance of induction. It asserts that if
aeM, X={meM: ME¢(m,a)}, 0e X, and s(m) € X whenever
m € X, then X = M.

Logical Consequence

Definition 1.2.12 Let T be an L-theory and ¢ an L-sentence. We say
that ¢ is a logical consequence of T and write T' = ¢ if M |E ¢ whenever
MET.

We give two examples.
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Proposition 1.2.13 a) Let £ = {+,<,0} and let T be the theory of or-
dered Abelian groups. Then, Vx(x # 0 — x+x # 0) is a logical consequence
of T.

b) Let T be the theory of groups where every element has order 2. Then,
T W~z 3weTws (1 # 20 Ao # 23 A xql # 3).

Proof

a) Suppose that M = (M,+,<,0) is an ordered Abelian group. Let
a € M\ {0}. We must show that a + a # 0. Because (M, <) is a linear
order a < 0 or 0 < a. If a < 0, then a +a < 0+ a = a < 0. Because
-(0<0),a+a#0.If0 < a, then 0 < a =0+a < a+ a and again
a+a#0.

b) Clearly, Z/2Z =T N =3z13x93w5(x1 # 22 A 23 # 3 A1 # T3).
In general, to show that T = ¢, we give an informal mathematical proof

as above that M |= ¢ whenever M = T. To show that T £~ ¢, we usually
construct a counterexample.

1.3 Definable Sets and Interpretability

Definable Sets

Definition 1.3.1 Let M = (M,...) be an L-structure. We say that X C
M™ is definable if and only if there is an L-formula ¢(vy, ..., vp, W1, ..., W)
and b € M™ such that X = {@ € M" : M |= ¢(a,b)}. We say that ¢(v,b)
defines X. We say that X is A-definable or definable over A if there is a
formula (v, w1, ..., w;) and b € Al such that (v, b) defines X.

We give a number of examples using L, the language of rings.
e Let M = (R,+,—,-,0,1) be a ring. Let p(X) € R[X]. Then,

m

Y = {z € R : p(x) = 0} is definable. Suppose thatp(X) = ZaiXi.
i=0
Let ¢(v, wy,...,w,) be the formula

Wp V-V +...+w-v+wy =0
n—times
(in the future, when no confusion arises, we will abbreviate such a formula

as “wpv"™ +...+wiv+we =07). Then, ¢(v,ag,...,a,) defines Y. Indeed,
Y is A-definable for any A D {ag,...,an}.

e Let M = (R,+,—,-,0,1) be the field of real numbers. Let ¢(z,y) be
the formula
J2(z #O0Ay =z + 2?).

Because a < b if and only if M |= ¢(a,b), the ordering is (-definable.
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o Let M = (Z,+,—,-,0,1) be the ring of integers. Let X = {(m,n) €
Z? : m < n}. Then, X is definable (indeed (-definable). By Lagrange’s
Theorem, every nonnegative integer is the sum of four squares. Thus, if we
let ¢(x,y) be the formula

321329323324(21 A OAYy = & + 27 + 25 + 25 + 23),

then X = {(m,n) € Z* : M |= ¢(m,n)}.

e Let F be a field and M = (F[X],+, —,-,0, 1) be the ring of polynomials
over F. Then F is definable in M. Indeed, F' is the set of units of F[X]
and is defined by the formula x =0V Jy xy = 1.

e Let M = (C(X),+,—,-,0,1) be the field of complex rational functions
in one variable. We claim that C is defined in C(X) by the formula

Jrdy P =vAzd +1=v.

For any z € C we can find # and y such that y?> = 22 + 1 = 2. Suppose
that h is a nonconstant rational function and that there are nonconstant
rational functions f and g such that h = g = f3+1. Then t — (f(t),9(t))
is a nonconstant rational function from an open subset of C into the curve
E given by the equation y?> = 2% 4+ 1. But E is an elliptic curve and it is
known (see for example [95]) that there are no such functions.

A similar argument shows that C is the set of rational functions f such
that f and f + 1 are both fourth powers. These ideas generalize to show
that C is definable in any finite algebraic extension of C(X).

o Let M = (Qp,+,—,-,0,1) be the field of p-adic numbers. Then Z,, the
ring of p-adic integers is definable. Suppose p # 2 (we leave Q2 for Exercise
1.4.13) and ¢(z) is the formula Jy y* = pz? +1. We claim that ¢(z) defines
Z,.

First, suppose that y2 = pa? + 1. Let v denote the p-adic valuation.
Because v(pa?) = 2v(a) + 1, if v(a) < 0, then v(pa?) is an odd negative
integer and v(y?) = v(pa®+1) = v(pa?). On the other hand, v(y?) = 2v(y),
an even integer. Thus, if M = ¢(a), then v(a) > 0 so a € Z,,.

On the other hand, suppose that a € Z,. Let F(X) = X? — (pa® + 1).
Let F be the reduction of F' mod p. Because v(a) > 0, v(pa) > 0 and
F(X) = X?—1 and F = 2X. Thus, F(1) = 0 and f/(l) # 0 so, by
Hensel’s Lemma, there is b € Z,, such that F(b) = 0. Hence M = ¢(a).

e Let M = (Q,+,—,-,0,1) be the field of rational numbers. Let ¢(x, y, 2)
be the formula

JaIb3c zy2® + 2 = a® + xy?® — yc?

and let ¢ (z) be the formula
Yyvz ([¢6(y, 2,0) A (Vw(p(y, z,w) = d(y, z,w+ 1)))] = é(y, 2, x)).

A remarkable result of Julia Robinson (see [34]) shows that ) (z) defines
the integers in Q.
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e Consider the natural numbers N as an £ = {+,-,0,1} structure.
The definable sets are quite complex. For example, there is an £L-formula
T(e,x,s) such that N |= T'(e, z, s) if and only if the Turing machine with
program coded by e halts on input z in at most s steps (see, for example,
[61]). Thus, the Turing machine with program e halts on input « if and
only if N |=3s T'(e, z, s), so the set of halting computations is definable. It
is well known that this set is not computable (see, for example, [94]). This
leads to an interesting conclusion.

Proposition 1.3.2 The full L-theory of the natural numbers is undecid-
able (i.e., there is no algorithm that when given an L-sentence ¥ as input
will always halt answering “yes” if N = ¢ and “no” if N = —).

Proof For each e and z, let ¢. , be the L-sentence

IsTA+...+L14+...+159).

e—times r—times

If there were such an algorithm we could decide whether the program coded
by e halts on input x by asking whether N = ¢ ,.

Recursively enumerable sets have simple mathematical definitions. By
the Matijasevic-Robinson-Davis—Putnam solution to Hilbert’s 10th Prob-
lem (see [24]).

for any recursively enumerable set A C N”" there is a polynomial
p(X1,..., X, Y1,...,Y,,) € Z[X,Y] such that

A={ZeN":NE 3y ...y, p(z,7) = 0}.
The following example will be useful later.

Lemma 1.3.3 Let L, be the language of ordered rings and (R,+,—,-,
<,0,1) be the ordered field of real numbers. Suppose that X C R™ is A-
definable. Then, the topological closure of X is also A-definable.

Proof Let ¢(vy,...,v,,a) define X. Let ¥(vq,...,v,,w) be the formula
Ve le>0— Fyr,...,yn (67, W) A Z(:cl —yi)? <e)
i=1

Then, b is in the closure of X if and only if M = ¢(b,a).

We can give a more concrete characterization of the definable sets.

Proposition 1.3.4 Let M be an L-structure. Suppose that D,, is a collec-
tion of subsets of M™ for allm > 1 and D = (D, : n > 1) is the smallest
collection such that:

i) M™ € D,,;
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i) for all n-ary function symbols f of L, the graph of f™ is in Dyi1;

i) for all n-ary relation symbols R of L, RM € D,,;

i) foralli,j <n, {(z1,...,2n) € M" 1 2; = x;} € Dy;

v) if X € Dy, then M x X € Dy y1;

vi) each Dy, is closed under complement, union, and intersection;

vii) if X € Dpy1 and © @ M™ — M™ is the projection map
(@1, oy Tng1) = (@1, ..., 2n), then m(X) € Dy;

vii1) if X € Dy, and b€ M™, then {a € M™ : (a,b) € X} € D,,.
Then, X C M™ is definable if and only if X € D,,.

Proof We first show that the definable sets satisfy the closure properties
i)—viii). Because D is the smallest collection with these closure properties,
every X € D,, is definable.

i) M™ is definable by v1 = v;.

ii) The graph of fM is definable by f(z1,...,%n,) =y.

iii) The relation R is defined by R.

iv) The set {x € M™ : z; = z;} is defined by v; = v,.

v) If X C M™ is defined by ¢(v1,...,vn,a), then M x X is defined by
d(va, ..., Upy1,0). B

vi) If X € M™ is defined by ¢(v,a) and Y C M™ is defined by (7, b),
then M \ X is defined by =¢(7,@), X NY is defined by ¢(v,a) A (v, b) and
X UY is defined by ¢(7,a) V ¢(7,b).

vii) If X € M"™*! is defined by ¢(vy,...,vn41,a), then m(X) is defined
by an+1 d)(ﬁv a)' _

viii) If X € M™™™ is defined by ¢(v1,...,0n4m,¢) and b € M™, then
{@e M": (@,b) € X} is defined by ¢(vy,...,v,,b,C).

Thus, if X € D,,, then X is definable.

Next we show that if X C M™ is definable, then X € D,,. We first show
by induction that if ¢(vy, ..., v,) is a term, then {(Z,y) € M+ : tM(7) =
Yy} € Dy

If ¢ is a constant term ¢, then we must show that {(z,c™) : 7 € M"} €
D, 1. By iv) and viii), {¢™} € D;. Thus, by n applications of v), {(z, ™) :
TEM"} € Dpys.

If t is v;, then we must show that {(Z,z;) : T € M"} € Dy41, but this
follows easily from i) and iv).

Suppose that t = f(t1,...,tm). By induction we suppose that G; € D,,,
where G; is the graph of tM : M™ — M. Let G € D,, 1 be the graph of
fM. Then, the graph of t™ is

{(x,y) 2321 ... 32 </\(m,zz) €GN (Z,y) 6G>}.

i=1

Using the closure properties of D, we see this is in D,,41.
We now proceed by induction on formulas to show that every (-definable
XCMm"isin D,,.
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Let ¢ be t; = to. Then {7 € M" : tM(T) = ¥ (7)}={x € M" :
Jy3z (tM(@T) =y At8(T) =2 Ay = 2)} € D,.
Let ¢ be R(t1,...,tm). Then {T € M" : M |= ¢(T)} =

{xeM”;Hzl...azm/\t{‘/‘(x):ziAzeRM}.
=1

Thus, all sets defined over () by atomic formulas are in D. Because D is
closed under Boolean combinations and projections, all -definable sets are
in D. Property viii) ensures that all definable sets are in D.

How do we show that X C M™ is not definable? The following proposi-
tion will often be useful.

Proposition 1.3.5 Let M be an L-structure. If X C M™ is A-definable,
then every L-automorphism of M that fires A pointwise fizres X setwise
(that is, if o is an automorphism of M and o(a) = a for all a € A, then
o(X)=X).

Proof Let 9(7,a) be the L-formula defining X where @ € A. Let o be an
automorphism of M with o(a@) = @, and let b € M™.

In the proof of Theorem 1.1.10, we showed that if j : M — N is an
isomorphism, then M = ¢(@) if and only if N = ¢(j(@)). Thus

MEY(b,a) & M= (0(b),0(@) & M = (o(b),a).

In other words, b € X if and only if o(b) € X as desired.

We give a sample application.

Corollary 1.3.6 The set of real numbers is not definable in the field of
complex numbers.

Proof If R were definable, then it would be definable over a finite A C C.
Let r,s € C be algebraically independent over A with r € R and s ¢ R.
There is an automorphism o of C such that o|A is the identity and o (r) = s.
Thus, o(R) # R and R is not definable over A.

This proof worked because C has many automorphisms. The situation
is much different for R. Any automorphism of the real field must fix the
rational numbers. Because the ordering is definable it must be preserved by
any automorphism. Because the rationals are dense in R, the only automor-
phism of the real field is the identity. Most subsets of R are undefinable
(there are 22"° subsets of R and only 2% possible definitions), but we
cannot use Proposition 1.3.5 to show any particular set is undefinable. In
Proposition 4.3.25 we show that the converse to Proposition 1.3.5 holds for
sufficiently rich models.
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Interpretability

It is often very useful to study the structures that can be defined inside a
given structure. For example, let K be a field and G be GLy(K), the group
of invertible 2 x 2 matrices over K. Let X = {(a,b,c,d) € K*: ad—bc # 0}.
Let f: X% — X by
f((ax, by, c1,dr), (az, b2, c2,d2)) =
(arag + brca, arby + bida, crag + dica, c1ba + dida).

Clearly, X and f are definable in (K, +, ) and the set X with the operation
f is isomorphic to GL2(K'), where the identity element of X is (1,0,0,1).

We say that an Lg-structure A is definably interpreted in an L-structure
M if and only if we can find a definable X C M™ for some n and we can
interpret the symbols of £y as definable subsets and functions on X (where
“definable” means definable using £) so that the resulting Ly-structure is
isomorphic to V.

The example above shows that (GL,(K),-, e) is definably interpreted
in (K,+-,0,1). A linear algebraic group over K is a subgroup of GL,,(K)
defined by polynomial equations over K. It is easy to see that any linear
algebraic group over K is definably interpreted in K.

For another example, let £ = () and let M be an L-structure where
M| = Xg. Let Ly = {E}, where F is a binary relation. Let N' = (N, E)) be
the Lo-structure where F is an equivalence relation with Ng-classes each of
size Ng. Let

R = {((z1,22), (y1,y2)) € M* x M?: 21 = y; }.

Then, N = (M?, R), so N is definably interpreted in M.

Interpreting a Field in the Affine Group

We give a more interesting example. Let F' be an infinite field and let G be
the group of matrices of the form

(6 1)

where a,b € F,a # 0. This group is isomorphic to the group of affine
transformations z +— ax + b, where a,b € F and a # 0.
We will show that F' is definably interpreted in the group G. Let

o=y 1) o= (5 1)

where 7 #£ 0, 1. Let
A{gGG:gaag}{(é T):IEF}
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and
B—MGG:W—ﬁﬁ—{(gS»:x#@-

Clearly, A and B are definable using parameters o and (3.
B acts on A by conjugation

G GHEN-G)

The action (a, b) — b~ 'ab is definable. We can define the map i : A\ {1} —
B by i(a) = b if and only if b~tab = «, that is,

o 1/) \o 1/°
Define an operation * on A by
axb= {i(b)a(z‘(b))l iftb#£1
1 iftb=1"

where I is the identity matrix. It is now easy to see that (F,+,-,0,1) is
isomorphic to (4, -, *, 1, a).

Interpreting Orders in Graphs

Very complicated structures can often be interpreted in seemingly simpler
ones. For example, any structure in a countable language can be interpreted
in a graph. We give one simple example of this construction where we
interpret linear orders in graphs. Let (A, <) be a linear order. We will build
a graph G4 as follows. For each a € A, G4 will have vertices a, z¢, 2§, 4
and contain the subgraph

No edge aside from the ones above will have any z{ as a vertex. If a < b,
G 4 will have vertices 3%, 45", and yg’b and contain the subgraph

a,b
Ya

ya’b b
1 a,
Y3

a b

No edge other than the ones shown will contain any vertex y;' ’b, and
G 4 will have no edges other than the ones we have described. Let V4 =
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AU{zg, 28,28 - a e AAU{y?" 5 3 s a,b € A and a < b} and let Ra
be the smallest symmetric relation containing all edges (a,z{), (z§,z%),
(2§,28), (23,2%), for a € A and (a,57"), 1", 55"), (Wi",us"), (y3°.b)
for a < b.

For example, if A is the three-element linear order a < b < ¢, then G 4
is the graph

Let £ = {R} where R is a binary relation. We will describe an £-theory
T of graphs such that every model of T is G 4 for a unique linear order A.
We begin by giving two formulas in the language of graphs that describe
the first two diagrams.

Let ¢(z,u, v, w) be the formula asserting that x, u, v, w are distinct, there
are edges (z,u), (u,v), (u,w), and (v,w), and these are the only edges in-
volving vertices u, v, and w. Note that G4 = ¢(a,z§, x5, 2%) for all a € A.

Let ¢(x,y, u,v,w) be the formula asserting that x,y,u, v, w are distinct,
there are edges (z,u), (u,v), (u,w) and (v,y), and these are the only edges
involving vertices u,v and w. Note that G4 = ¢(a, b, 5", y5°, y53") when-
ever a < bin A.

We define formulas 6y (2),...,05(z) as follows:

0o(z) is FuvIw @(z,u, v, w),

(2) is JzFv3w ¢(z, z,u, w),

(2) is FzFuIw ¢(z,u, z,w),

(2) is JzFyFv3w Y(x,y, z, v, w),
04(z) is JxFyFuIw Y (z,y,u, 2, w),
05(z) is JzxTyFuIv ¥(x,y,u,v, 2).

If a,b € A with a < b, then

01
02
03

GA ): 90(@) A\ 01(1'(11) A\ 92(%%) AN 02(1’%)

and
Ga = 03(y1") A Oa(ys") A Os(y5").

Thus, for each vertex x in G4, G4 | 0;(x) for some i =0,...,5.
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Lemma 1.3.7 If (A, <) is a linear order, then for all vertices x in Ga,
there is a unique i < 5 such that G4 = 6;(x).

Proof Let z be a vertex in G 4. If x is part of a 3-cycle, then x = z¢ for
some a € A. Recall that the valence of z is the number of edges with = as
a vertex. If = has valence 3, then 6;(z) is the unique formula that holds. If
x has valence 2, then 05(z) is the unique formula that holds.

Suppose that z is not part of a 3-cycle. Then, either x isin A or x = yf’b,
where a,b € A, a < b, and i < 3. If there is an edge (x, v) such that v is part
of a 3-cycle, then y(x) is the unique formula that holds. If = has valence 1,
then 05(x). If there is an edge (z,v) such that v has valence 1, then 5(z) is
the unique formula that holds of x. Otherwise, 04(z) is the unique formula
that holds of x.

Let T be the L-theory with the following axioms:

i) R is symmetric and irreflexive;

ii) for all z, exactly one 6; holds;

iii) if Og(z) and 6y (y), then - R(zx,y);

iv) if FuIvIw Y(z,y, u, v, w), then Vus Vo Vw0 (y, z, u1, v1, w1);

v) if JuTvIw Y(z,y,u,v,w) and Ju;Iv;FwiY(y, z,u1,v1,wy), then
FuoFveTwsy (x, 2, Uz, Vo, ws);

vi) if Og(x) and Oy(y), then either x = y or FJuIvIw P(x,y, u,v,w) or
FuIvIw Y(y, x,u, v, w);

vii) if ¢(x, u, v, w) A p(x, v, v, w'), then u =u', v =" and w = w';

viii) if ¥(z, y, u, v,w) AY(x,y, v/, v, w’), then u =u', v =v" and w = w’.

If (A, <) is a linear order, then G4 |= T'. Thus, every linear order can be
interpreted in a model of T

Suppose that G = T. Let Xg = {x € G : G = 0p(x)}. Because G = T,
axioms iv)—vi) ensure that we can linearly order X¢g by © <q y if and only
if G E JuFvw ¢¥(x,y,u,v,w). Thus, we can interpret linear orders into
every model of T'.

The next lemma shows that in fact (A, <) — G4 is a bijection between
linear orders and models of T. We leave the proof as an exercise.

Lemma 1.3.8 If (A, <) is a linear order, then (Xag,,<c.) = (A,<).
Moreover, Gx, = G for any G = T.

Quotients

Often we want to do more general constructions. For example, suppose
that we have a definable group G and a definable normal subgroup H. We
might want to look at the group G/H. It is possible that G/H does not
correspond to a definable group in our structure. But it does correspond
to the cosets of a definable equivalence relation.

Definition 1.3.9 We say that an Lg-structure N is interpretable in an L-
structure M if there is a definable X C M™, a definable equivalence relation
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E on X, and for each symbol of Ly we can find definable E-invariant sets
on X (where “definable” means definable in £) such that X/FE with the
induced structure is isomorphic to N.

Let K be a field. Let

X{(ao,...,an)GKnJrli\71/(17;750}.

=0

Define an equivalence relation ~ on X by @ ~ b if and only if there is a
non-zero A € K such that A@ = b. Clearly, X and ~ are definable, and the
quotient X/ ~ is P"(K), projective n-space over K. Let f(Xo,...,X,) be
a homogeneous polynomial over K (i.e., there is a d such that f(A\(Z)) =
M f(Z) for any A and 7). Let V = { € X : f(T) = 0}. Because f is
homogeneous, V' is ~-invariant. Thus, we can interpret (P"(K),V/ ~) in
(K,+,-,0,1).

Let us show that we can interpret the ordered additive group of integers
in the field Q,. We saw above that Z, is a definable subset of Q. Let
U={re€Z,:3y€Z,:xy =1} be the units of Z,. Then, (Z,+) is
isomorphic to the multiplicative group Q; /U. We can define the ordering
on Q /U by 2/U = y/U < 7 € Zj.

Many-sorted Structures and M

Quotient constructions are so useful that we often enrich our structure so
that we can deal with all quotients as elements of the structure. Although
this material will be useful in Chapters 6-8, the reader can safely skip this
material for the time being.

We need to generalize our definition of structures to include many-sorted
structures.

Let S be a set. The universe of a many-sorted structure N with sorts S
is a set N that is partitioned into disjoint sets {N; : i € S}. For each n-ary
relation symbol R, there are s1, ..., s, € S such that RN € N5 x.. . x N*n.
For each n-ary function symbol f, there are so,...,s, such that fV :
Nt x ... x N — N%o,

Let M be an L-structure. We consider the set of sorts S = {Sg : E an
(-definable equivalence relation on M™ for some n}. In the many-sorted
structure M we interpret the sort Sg as M™/FE for E an (-definable
equivalence relation on M"™. Because = is a definable equivalence relation
on M, we can identify M with the sort S—. All relations and functions
of £ are relations and functions on M*. For each @-definable equivalence
relation ' on M™ we have in M®? an n-ary function fg: M™ — Sg given
by fr(zT) =Z/FE.

The next lemma summarizes some basic facts we will need about M®9.
We leave the proof as an exercise.
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Lemma 1.3.10 ¢) If X C M™ is definable in M®4, then X is definable in
M.

ii) If M =N, then M1 = N°4,

iii) If N is interpretable in M, then N is definably interpretable in M®9.

i) If o is an automorphism of M4, then o|M is an automorphism of
M.

v) If o is an automorphism of M, there is ¢ an automorphism of M®4
such that o =a|M.

1.4 Exercises and Remarks

Exercise 1.4.1 a) Suppose that ¢1,...,¢, are L-formulas and ¢ is a
Boolean combination of ¢1,...,¢,. Then there is S C P({1,...,n}) such
that

Fve /[ Aoin N\ ¢

XeSs \iex iZX

b) Show that every formula is equivalent to one of the form

lel e vam ’l/)a

where v is quantifier-free and each Q); is either V or 3.

Exercise 1.4.2 a) Let £ = {-, e} be the language of groups. Show that

there is a sentence ¢ such that M = ¢ if and only if M = Z/27 x Z/27Z.
b) Let £ be any finite language and let M be a finite L-structure. Show

that there is an £-sentence ¢ such that N | ¢ if and only if N' = M.

Exercise 1.4.3 Let £ be any countable language. Show that for any
infinite cardinal k there are at most 2% nonisomorphic L-structures of car-
dinality .

Exercise 1.4.4 Let T be an L-theory. We say that T” is an aziomatization
of T if M =T if and only if M = T’ for any L-structure M. Suppose
that 7" is an axiomatization of T. Show that T |= ¢ if and only if 77 = ¢
for all L-sentences ¢.

Exercise 1.4.5 Show that the following classes are elementary. In each
case, you should first pick an appropriate language.

a) Partial orders

b) Lattices

¢) Boolean algebras

d) Integral domains

e) Trees

Exercise 1.4.6 Show that if 7" is an unsatisfiable, £-theory then every
L-sentence ¢ is a logical consequence of T'.
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Exercise 1.4.7 Let ¢ be an L-sentence. The finite spectrum of ¢ is the set
{n € NT : there is M |= ¢ with |M| = n}, where N* is the set of positive
natural numbers.

a) Let £ = {E} where E is a binary relation, and let ¢ be the sentence
that asserts that E' is an equivalence relation where every equivalence class
has exactly two elements. Show that the finite spectrum of ¢ is the set of
positive even numbers.

b) For each of the following subsets X of N, show that X occurs as the
finite spectrum of an L-sentence for some language L:

i) {2"3™ :n,m > 0};

ii) {m > 0:m is composite} (i.e. m = ab where a # 1 and b # 1);
iii) {p™ : p is prime and n > 0};

iv) {p: p is prime};

c)t Show that X C N7 is a finite spectrum if and only if there is a nonde-
terministic Turing machine M running in exponential time such that given
a string of n 1’s as input M halts accepting if and only if n € X. [Remark:
An interesting open problem is whether the complement of a finite spec-
trum is a finite spectrum. This problem shows that it is equivalent to the
question of whether the collection of sets recognizable in nondeterministic
exponential time is closed under complement.]

Exercise 1.4.8 Let £ = {+,0}. Show that Z ® Z # Z.

Exercise 1.4.9 Let M be an L-structure. We say that f: M"™ — M™ is
definable if the graph of f is a definable set in M™T™.

a) Show that if f: M™ — M™ and g : M™ — M' are definable, then so
isgo f.

b) Suppose that f: M™ — M is definable. Show that the image of f is
definable.

¢) Suppose that f : M™ — M is definable and one-to-one. Show that
f~1 is definable.

Exercise 1.4.10 Let M be an L-structure and A C M. We say that b € M
is definable over A if there is a formula ¢(v,w) and @ € A such that

M = ¢(b,a) ANVy (¢(y,a) — y = D).

In other words, {b} is A-definable.

a) Show that z is definable over A if and only if for some n there is an
A-definable function f: M"™ — M and @ € M such that f(a) = x.

b) Suppose that x is definable from A and o is an automorphism of M
such that o(a) = a for all @ € A. Show that o(z) = =.

Let dcl(A) = {x € M : x is definable from A}.

¢) Show that dcl(dcl(A)) = A.

Exercise 1.4.11 Let M be an L-structure and A C M. We say that b € M
is algebraic over A if there is an L-formula ¢(v,w) and @ € A such that
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M = ¢(b,a) and {y € M : M |= ¢(y,a)} is finite. We let acl(4) = {z : =
is algebraic over A}.

a) Suppose that x € acl(A). Show that there are x1, ..., z,, such that if
o is an automorphism of M with o(a) = a for all a € A, then o(z) = z; for
some ¢. In other words, there are only finitely many conjugates of x under
automorphisms of M fixing a.

b) Show that acl(acl(A)) = acl(A).

c¢) Show that if z € acl(A4), then = € acl(A4y) for some finite Ag C A.

d) Show that if A C B, then acl(A4) C acl(B).

Exercise 1.4.12 Let K be a field and let F' be a finite algebraic extension
of K. Show that the field F is interpretable in the field K. [Hint: F is a
finite-dimensional K-vector space.]

Exercise 1.4.13 T Show that the ring of 2-adic integers Zs is definable in
the field of 2-adic numbers Qs.

Exercise 1.4.14 a) Prove Lemma 1.3.8.

b) Let Ty be a theory of linear orders. Show that there is 77 a theory of
graphs such that every model of Tj is interpretable in a model of T}, every
model of T interprets a model of Ty, and the number of nonisomorphic
models of T of cardinality x is equal to the number of nonisomorphic
models of T} of cardinality x for all infinite cardinals .

¢) Find a way to interpret groups into graphs such that the analog of
Lemma 1.3.8 holds.

Exercise 1.4.15 (Expansions and Reducts) Let £ D L. If M; is an £;-
structure, then by ignoring the interpretations of the symbols in £\ £ we
get an L-structure M. We call M a reduct of M; and M an expansion of
M.

a) Show that if X C M™ is definable in M, then it is definable in M.

b) Give an example showing that there may be sets definable in the
expansion that are not definable in the original structure.

c¢) Suppose that M; is an expansion of M where for each symbol f or
Rin L; \ £ the interpretation f*1 or R is definable in M. In this case
we call My an ezxpansion by definitions. For example because we can define
the ordering of R in the field language, (R, +,-, <,0,1) is an expansion by
definitions of (R, +,-,0,1). Show that if M; is an expansion by definitions
of M, then every subset of M™ definable in the structure M;j is definable
in the structure M.

Exercise 1.4.16 Suppose that A is interpretable in M. Say N <=
(X/E,...), where X and E are definable in M. We say that the inter-
pretation is pure if any subset of (X/E)™ definable in M is definable in N.
Show that the interpretation of the complex field C in the real field R is
not pure.

Exercise 1.4.17 Let £ be a language Let £y be the language containing
all relation symbols of £, an (n+ 1)-ary relation symbol Ry for each n-ary
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function symbol of £, and a unary relation symbol R, for each constant
symbol of L. Let M be an L-structure. Let M* be the £ U L expansion
of M where we interpret Ry as the graph of fMand R, as {cM}. Let My
be the reduct of M* to L.

a) Show that X C M™ is definable in M if and only if it is definable in
M* if and only if it is definable in M.

b) Show that for any L-theory T', there is an Ly-theory Ty such that the
map M — My above is a bijection between models of 7" and models of Tj
that preserves the collection of sets definable in structures.

These results show that for many purposes we can assume that out lan-
guage is relational (i.e., has only relation symbols).

Exercise 1.4.18 Prove Lemma 1.3.10.

Exercise 1.4.19 Show that if A is interpretable in M4, then N is de-
finably interpretable in M®9.

Remarks

Our treatment of languages, structures, and theories has been very terse.
For a more detailed and leisurely discussion, we refer the reader to [8], [94],
or [31].

If £ is a finite language and T is an L-theory, then we can find a theory
T’ of graphs such that the analog of Lemma 1.3.8 holds. There are also gen-
eralizations for countable languages. See [40] for details. Mekler [70] proved
an analogous result showing that any structure in a countable language can
be interpreted in a nilpotent group.

Exercise 1.4.7 ¢) is due to Bennett. The relationship between finite spec-
tra and computational complexity is discussed in Section 7.26 of [46].
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Basic Techniques

2.1 The Compactness Theorem

Let T be an L-theory and ¢ an L-sentence. To show that T | ¢, we
must show that ¢ holds in every model of T'. Checking all models of T
sounds like a daunting task, but in practice we usually show that T = ¢
by giving an informal mathematical proof that ¢ is true in every model of
T. One of the first great achievements of mathematical logic was giving a
rigorous definition of “proof” that completely captures the notion of “logical
consequence.”

A proof of ¢ from T is a finite sequence of L-formulas 91, ..., ¥, such
that v,,, = ¢ and ¥; € T or v, follows from 1, ...,1;_1 by a simple logical
rule for each i. We write T ¢ if there is a proof of ¢ from T. Examples
of a “simple” logical rules are:

“from ¢ and 1 conclude ¢ A 1),” or

“from ¢ A 1 conclude ¢.”

It will not be important for our purposes to go into the details of the
proof system, but we stress the following points. (See [94], for example, for
complete details of one possible proof system.)

e Proofs are finite.

e (Soundness) If T+ ¢, then T' = ¢.

e If T is a finite set of sentences, then there is an algorithm that, when
given a sequence of L-formulas o and an L-sentence ¢, will decide whether
o is a proof of ¢ from T.
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Note that the last point does not say that there is an algorithm that will
decide if T'+ ¢. It only says that there is an algorithm that can check each
purported proof.

We say that a language L is recursive if there is an algorithm that decides
whether a sequence of symbols is an L-formula. We say that an L-theory
T is recursive if there is an algorithm that, when given an L-sentence ¢ as
input, decides whether ¢ € T'.

Proposition 2.1.1 If L is a recursive language and T is a recursive L-
theory, then {¢ : T + ¢} is recursively enumerable; that is, there is an
algorithm, that when given ¢ as input will halt accepting if T F ¢ and not
halt if Tt/ ¢.

Proof There is 0g,01,09,..., a computable listing of all finite sequences
of L-formulas. At stage i of our algorithm, we check to see whether o; is
a proof of ¢ from T'. This involves checking that each formula either is in
T (which we can check because T is recursive) or follows by a logical rule
from earlier formulas in the sequence o; and that the last formula is ¢. If
o; is a proof of ¢ from T, then we halt accepting; otherwise we go on to
stage ¢ + 1.

Remarkably, the finitistic syntactic notion of “proof” completely captures
the semantic notion of “logical consequence.”

Theorem 2.1.2 (Gédel’s Completeness Theorem) Let T be an L-
theory and ¢ an L-sentence, then T |= ¢ if and only if T + ¢.

The Completeness Theorem gives a criterion for testing whether an
L-theory is satisfiable. We say that an L-theory T is inconsistent if
T F (¢ A —¢) for some sentence ¢; otherwise we say that T is consistent.
Because our proof system is sound, any satisfiable theory is consistent. The
Completeness Theorem implies that the converse is true.

Corollary 2.1.3 T is consistent if and only if T is satisfiable.

Proof Suppose that T is not satisfiable. Because there are no models of
T, every model of T is a model of (¢ A =¢). Thus, T = (¢ A —¢) and by
the Completeness Theorem T F (¢ A =¢).

This has a deceptively simple consequence.

Theorem 2.1.4 (Compactness Theorem) T is satisfiable if and only
if every finite subset of T is satisfiable.

Proof Clearly, if T is satisfiable, then every subset of T is satisfiable.
On the other hand, if T is not satisfiable, then 7" is inconsistent. Let o be
a proof of a contradiction from T'. Because o is finite, only finitely many
assumptions from 7T are used in the proof. Thus, there is a finite Ty C T
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such that o is a proof of a contradiction from Ty. But then Ty is a finite
unsatisfiable subset of T

Although it is a simple consequence of the Completeness Theorem and
the finite nature of proof, the Compactness Theorem is the cornerstone of
model theory. Because it will not be useful for us to understand the exact
nature of our proof system, we will not prove the Completeness Theorem.
Instead we will give a second proof of the Compactness Theorem that
does not appeal directly to the Completeness Theorem. This proof can be
adapted to prove the Completeness Theorem as well.

Henkin Constructions

We say that a theory T is finitely satisfiable if every finite subset of T is
satisfiable. We will show that every finitely satisfiable theory T is satisfiable.
To do this, we must build a model of T. The main idea of the construction
is that we will add enough constants to the language so that every element
of our model will be named by a constant symbol. The following definition
will give us sufficient conditions to construct a model from the constants.

Definition 2.1.5 We say that an L-theory T has the witness property
if whenever ¢(v) is an L-formula with one free variable v, then there is a
constant symbol ¢ € £ such that T = (Fv ¢(v)) — ¢(c).

An L-theory T is maximal if for all ¢ either ¢ € T or —¢ € T

Our proof will frequently use the following simple lemma.

Lemma 2.1.6 Suppose T is a mazximal and finitely satisfiable L-theory. If
A CT is finite and A =, then € T.

Proof If ¢ ¢ T, then, because T is maximal, ~¢) € T. But then AU {-¢}
is a finite unsatisfiable subset of T, a contradiction.

Lemma 2.1.7 Suppose that T is a maximal and finitely satisfiable L-
theory with the witness property. Then, T has a model. In fact, if k is
a cardinal and L has at most k constant symbols, then there is M | T
with |M| < k.

Proof Let C be the set of constant symbols of L. For ¢,d € C, we say
c~dif T Ec=d.
Claim 1 ~ is an equivalence relation.

Clearly, ¢ = cis in T'. Suppose that ¢ = d and d = e are in T. By Lemma
2.16,d=cand c=ecarein T.

The universe of our model will be M = C/ ~, the equivalence classes of
C mod ~. Clearly, | M| < k. We let ¢* denote the equivalence class of ¢ and
interpret ¢ as its equivalence class, that is, ¢ = ¢*. Next we show how to
interpret the relation and function symbols of L.
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Suppose that R is an n-ary relation symbol of L.

Claim 2 Suppose that c¢q,...,¢,,d1,...,d, € C, and ¢; ~ d; for 1 =
1,...,n, then, R(¢) € T if and only if R(d) € T.

Because ¢; =d; € T for i = 1,...,n, by Lemma 2.1.6, if one of R(¢) and
R(d) is in T, then both are in T

We will interpret R as
RM = {(c],...,c) : R(c1y...,cn) €TY.

By Claim 2, R™ is well-defined.

Suppose that f is an n-ary function symbol of £ and c¢q,...,c, € C.
Because § = v f(ey,...,¢,) = v and T has the witness property, by
Lemma 2.1.6, there is ¢,41 € C such that f(c1,...,¢n) = chy1 € T. As
above, if d; ~ ¢; for i = 1,...,n+ 1, then f(dy,...,dn) = dpy1 € T.
Moreover, because f is a function symbol, if e; ~ ¢; for « = 1,...n and
fle1,...,en) = eny1 € T, then ep41 ~ cpi1. Thus, we get a well-defined
function fM: M™ — M by

fMes,. .. ct) =d* if and only if f(c1,...,cp) =d e T.

This completes the description of the structure M. Before showing that
M = T, we must show that terms behave correctly.

Claim 3 Suppose that ¢ is a term using free variables from vy, ..., v,. If
iy ¢nyd €C, then t(cy,...,c,) =d € T if and only if tM(c}, ..., c}) =
d*.

(=) We first prove, by induction on terms, that if t(cq,...,c,) =d €T,
then tM(c},...,c) = d*. If t is a constant symbol ¢, then ¢ = d € T and
M =c* =d*.

If ¢ is the variable v;, then ¢; = d € T and tM(c3,...,c}) = ¢f = d*.

Suppose that the claim is true for ¢y, ...,¢, and t is f(¢1,...,tm). Using
the witness property and Lemma 2.1.6, we can find d,ds,...,d, € C such
that t;(c1,...,¢,) =d; € T for ¢ < m and f(dy,...,dy) =d € T. By our
induction hypothesis, tM(c5, ..., c) = df and fM(d},...,d%,) = d*. Thus
tM(ct, ... ) = d*.

(<=) Suppose, on the other hand, than t*(c§, ..., c!) = d*. By the wit-
ness property and Lemma 2.1.6, there is e € C such that t(cq,...,¢,) =
e € T. Using the (=) direction of the proof, t™(c3,...,c}) = e*. Thus,
e*=d* and e=d € T. By Lemma 2.1.6, t(c1,...,¢,) =d € T.

Claim 4 For all L-formulas ¢(vy,...,v,) and ¢1,...,¢, € C, M E ¢(¢")
if and only if ¢(¢) € T.

We prove this claim by induction on formulas.

Suppose that ¢ is t; = t3. By Lemma 2.1.6 and the witness property, we
can find dy and dy such that ¢1(¢) = d; and t5(¢) = ds are in T'. By Claim
3, tM(@*) = df for i = 1,2. Then
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MEE) < di=d;
& di=dy €T
< t1(¢) = ta2(¢) € T by Lemma 2.1.6.

Suppose that ¢ is R(t1,...,tm,). Because T has the witness property, by
Lemma 2.1.6 there are d1,...,d,, € C such that ¢;(¢) = d; € T and, Claim
4, tM(@*) = d! for i = 1,...,m. Thus,

ME¢@E) & d eRM
& Rd)eT
& ¢(¢) € T by Lemma 2.1.6.

Suppose that the claim is true for ¢. If M = —¢(¢*), then M [= ¢(¢*).
By the induction hypothesis, ¢(¢) ¢ T. Thus by maximality, —¢(c) € T.
On the other hand, if —¢(¢) € T, then, because T is finitely satisfiable,
¢(¢) € T. Thus, by induction, M £ ¢(c*) and M = —¢(c*).

Suppose that the claim is true for ¢ and ¥. Then

ME(pAy)(E) « ¢ eTand (@) eT
< (¢ AY)(€) €T by Lemma 2.1.6.

Suppose that ¢ is Jv 1»(v) and the claim is true for ¢. If M | ¥(d*,c*),
then, by the inductive assumption, ¢ (d,¢) € T and Jv (v,¢) € T, by
2.1.6. On the other hand if Jv ¢ (v,¢) € T, then by the witness property
and Lemma 2.1.6, ¥(d,¢) € T for some c¢. By induction, M | ¢(d*,¢*)
and M | Jv ¢(v,¢).

This completes the induction. In particular, we have M |= T, as desired.

The following lemmas show that any finitely satisfiable theory can be
extended to a maximal finitely satisfiable theory with the witness property.

Lemma 2.1.8 Let T be a finitely satisfiable L-theory. There is a language
LD L and T* O T a finitely satisfiable L*-theory such that any L*-
theory extending T has the witness property. We can choose L* such that
|L*| = |L]| + Ro.

Proof We first show that there is a language £; O L and a finitely
satisfiable £q-theory T7 D T such that for any L-formula ¢(v) there is an
L1-constant symbol ¢ such that 71 |= (3v ¢(v)) — ¢(c). For each L-formula
®(v), let ¢y be a new constant symbol and let £, = LU {cg : ¢(v) an L-
formula}. For each L£-formula ¢(v), let ©4 be the L£1-sentence (Jv ¢(v)) —
#(cy). Let T1 =T U{Oy : ¢(v) an L-formula}.
Claim T is finitely satisfiable.

Suppose that A is a finite subset of Th. Then, A = AgU{Oy,,...,0,,},
where A is a finite subset of T'. Because T is finitely satisfiable, there is
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M E Ay. We will make M into an LU{cg, , ..., ce, }-structure M’. Because
we will not change the interpretation of the symbols of £, we will have
M’ |= Ag. To do this, we must show how to interpret the symbols cg, in M’.
It M |— Jv ¢(v), choose a; some element of M such that M = ¢(a;) and
let % = a;. Otherwise, let cé" be any element of M. Clearly, M’ |= O,
for i < n. Thus, T is finitely satisfiable.

We now iterate the construction above to build a sequence of languages
L C Ly C Ly C...and a sequence of finitely satisfiable £;-theories T C
Ty C Ty C ... such that if ¢(v) is an L;-formula, then there is a constant
symbol ¢ € L£;41 such that T;11 = (Jue(v)) — ¢(c).

Let £* = UL, and T* = [JT;. By construction, T has the witness
property. If A is a finite subset of T, then A C T; for some 4. Thus, A is
satisfiable and T is finitely satisfiable.

If |£;| is the number of relation, function and constant symbols in £;,
then there are at most |£;|+ Ny formulas in £;. Thus, by induction, |£*| =
|L] + No.

Lemma 2.1.9 Suppose that T is a finitely satisfiable L-theory and ¢ is an
L-sentence, then, either T U{¢} or T U{—¢} is finitely satisfiable.

Proof Suppose that TU{¢} is not finitely satisfiable. Then, there is a finite
A C T such that A |= =¢. We claim that T'U {—¢} is finitely satisfiable.
Let ¥ be a finite subset of T'. Because AU is satisfiable and AUY. = ¢,
Y U {—¢} is satisfiable. Thus, T'U {—¢} is finitely satisfiable.

Corollary 2.1.10 If T is a finitely satisfiable L-theory, then there is a
maximal finitely satisfiable L-theory T D T.

Proof Let I be the set of all finitely satisfiable £-theories containing 7. We
partially order I by inclusion. If C' C I is a chain, let To = (J{X: ¥ € C}.
If A is a finite subset of T, then there is 3 € C such that A C X, so T¢ is
finitely satisfiable and T O X for all 3 € C. Thus, every chain in I has an
upper bound, and we can apply Zorn’s Lemma (see Appendix A) to find a
T’ € I maximal with respect to the partial order. By Lemma 2.1.9, either
T U{¢} or T' U {—¢} is finitely satisfiable. Because T” is maximal in the
partial order, one of ¢ or ¢ is in T”. Thus, T” is a maximal theory.

We can now prove the following strengthening of the Compactness The-
orem.

Theorem 2.1.11 IfT is a finitely satisfiable L-theory and k is an infinite
cardinal with k > |L|, then there is a model of T of cardinality at most k.

Proof By Lemma 2.1.8, we can find £* O £ and T* O T a finitely
satisfiable £*-theory such that any L£*-theory extending 7" has the witness
property and the cardinality of £* is at most . By Corollary 2.1.10, we can
find a maximal finitely satisfiable £*-theory 7" O T*. Because T’ has the
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witness property, Lemma 2.1.7 ensures that there is M =T with |M| < &.

This proof of the Compactness Theorem is based on Henkin’s proof on
the Completeness Theorem. The method of constructing a model where
the universe is built from the constant symbols is referred to as a “Henkin
construction” and the theories with the witness property are sometimes
called “Henkinized”.

We conclude this section with several standard applications of the Com-
pactness Theorem. We will give a few more in the exercises.

Proposition 2.1.12 Let £ be a language containing {-,e}, the language
of groups, let T be an L-theory extending the theory of groups, and let ¢(v)
be an L-formula. Suppose that for all n there is G, =T and g, € Gy, with
finite order greater than n such that G, = ¢(gn). Then, there is G = T
and g € G such that G |= ¢(g) and g has infinite order. In particular, there
18 mo formula that defines the torsion points in all models of T.

Proof Let £* = LU{c}, where ¢ is a new constant symbol. Let T* be the
L-theory
Tu{¢(c)}U{c-c---cte:n=1,2,...}.
n—times
If G is a model of T* and ¢ is the interpretation of ¢ in G then G = ¢(g)
and g has infinite order. Hence, it suffices to show that 7™ is satisfiable.
Let A C T™* be finite. Then

AQTU{(b(c)}U{c-c---c;ée.n— 1,2,...,m}
n—times
for some m. View G, as an L* structure by interpreting c as the element
gm- Because G,,, E TU{¢(gm)} and g, has order greater than m, G,,, = A.
Thus, T* is finitely satisfiable and hence, by the Compactness Theorem,
satisfiable.

Proposition 2.1.13 Let £ = {-,+,<,0,1} and let Th(N) be the full L-
theory of the natural numbers. There is M |= Th(N) and a € M such that
a is larger than every natural number.

Proof Let £* = LU {c} where c is a new constant symbol and let
T=Th(NU{l+1+...+1<c:forn=1,2,...}.
—_—
n—times

If A is a finite subset of T', we can make N a model of A by interpreting ¢
as a suitably large natural number. Thus, T is finitely satisfiable and there
is M E=T. If a € M is the interpretation of ¢, then a is larger than every
natural number.

The next lemma is an easy consequence of the Completeness Theorem,
but it also can be deduced from the Compactness Theorem.
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Lemma 2.1.14 If T = ¢, then A =T for some finite A CT.

Proof Suppose not. Let A C T be finite. Because A £ ¢, AU {—¢} is
satisfiable. Thus, T'U {—¢} is finitely satisfiable and, by the Compactness
Theorem, T [~ ¢.

2.2 Complete Theories

Definition 2.2.1 An L-theory T is called complete if for any L-sentence
¢ either T = ¢ or T | —¢.
For M an L-structure, then the full theory

Th(M) = {¢ : ¢ is an L-sentence and M |= ¢}

is a complete theory. Usually, it is difficult to determine exactly what sen-
tences are in Th(M). In many cases, the key to understanding Th(M) is
finding a simpler £-theory T such that M |=T and T is complete. In this
case, M | ¢ if and only if T | ¢, because if T [~ ¢, then T = —¢ and
M = —¢.

The Compactness Theorem yields a very useful completeness test that we
will use in this section to show that several natural theories are complete.
This will have striking consequences for algebraically closed fields.

Proposition 2.2.2 Let T be an L-theory with infinite models. If k is an
infinite cardinal and k > |L|, then there is a model of T of cardinality k.

Proof Let £* = LU {c, : @ < Kk}, where each ¢, is a new constant
symbol, and let T* be the L£*-theory T'U {cy # ¢3 : o, 3 < Kk, # (}.
Clearly if M = T*, then M is a model of T of cardinality at least x. Thus,
by Theorem 2.1.11, it suffices to show that T is finitely satisfiable. But if
A C T* is finite, then A C T U{ecq # cg: o # By, 8 € I}, where I is a
finite subset of k. Let M be an infinite model of T. We can interpret the
symbols {c, : a € I} as |I| distinct elements of M. Because M = A, T* is
finitely satisfiable.

Definition 2.2.3 Let x be an infinite cardinal and let T be a theory with
models of size k. We say that T is k-categorical if any two models of T of
cardinality x are isomorphic.

Let £ = {+,0} be the language of additive groups and let T" be the
L-theory of torsion-free divisible Abelian groups. The axioms of T" are the
axioms for Abelian groups together with the axioms

Ve(r #0—z+...+x#0)

n—times
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and
Vydz 2+ ...+ =y
—_———
n—times
formn=1,2,....

Proposition 2.2.4 The theory of torsion-free divisible Abelian groups is
k-categorical for all kK > Ng.

Proof We first argue that models of T" are essentially vector spaces over
the field of rational numbers Q. Clearly, if V' is any vector space over Q,
then the underlying additive group of V is a model of T. On the other
hand, if G =T, g € G, and n € N with n > 0, we can find h € G such that
nh = g. If nk = g, then n(h — k) = 0. Because G is torsion-free there is a
unique h € G such that nh = g. We call this element g/n. We can view G
as a Q-vector space under the action 2g = m(g/n).

Two Q-vector spaces are isomorphic if and only if they have the same
dimension. Thus, models of T are determined up to isomorphism by their
dimension. If G has dimension A, then |G| = A + Rg. If s is uncountable
and G has cardinality , then G has dimension . Thus, for k > Xy any
two models of T of cardinality s are isomorphic.

Note that T is not Ng-categorical. Indeed, there are Ng nonisomorphic
models corresponding to vector spaces of dimension 1,2,3,... and Ny.

A similar argument applies to the theory of algebraically closed fields.
Let ACF,, be the theory of algebraically closed fields of characteristic p,
where p is either 0 or a prime number.

Proposition 2.2.5 ACF), is k-categorical for all uncountable cardinals k.

Proof Two algebraically closed fields are isomorphic if and only if they
have the same characteristic and transcendence degree (see, for example
[68] X §1). An algebraically closed field of transcendence degree A has car-
dinality A+ Ro. If K > Ny, an algebraically closed field of cardinality x also
has transcendence degree . Thus, any two algebraically closed fields of the
same characteristic and same uncountable cardinality are isomorphic.

We give two simpler examples.

e Let £ be the empty language. Then the theory of an infinite set is
k-categorical for all cardinals .

e Let £ = {E}, where F is a binary relation, and let T be the theory of
an equivalence relation with exactly two classes, both of which are infinite.
It is easy to see that any two countable models of T are isomorphic. On
the other hand, T is not k-categorical for k > N. To see this, let My be a
model where both classes have cardinality x, and let M7 be a model where
one class has cardinality x and the other has cardinality Rg. Clearly, M,
and M are not isomorphic.
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Theorem 2.2.6 (Vaught’s Test) Let T be a satisfiable theory with no
finite models that is k-categorical for some infinite cardinal k > |L|. Then
T is complete.

Proof Suppose that T is not complete. Then there is a sentence ¢ such that
T £ ¢ and T = —¢. Because T = ¢ if and only if T'U {—} is satisfiable,
the theories Ty = TU{¢} and T} = TU{—¢} are satisfiable. Because T has
no finite models, both Tj and 77 have infinite models. By Proposition 2.2.2
we can find My and M of cardinality x with M; = T;. Because Mg and
M disagree about ¢, there are not elementarily equivalent and hence, by
Theorem 1.1.10, nonisomorphic. This contradicts the x-categoricity of T

The assumption that T has no finite models is necessary. Suppose that
T is the {+,0}-theory of groups, where every element has order 2. In the
exercises, we will show that T is k-categorical for all kK > Ny. However, T’
is not complete. The sentence JxIy3Iz (z #y Ay # 2z Az # x) is false in
the two-element group but true in every other model of T

Vaught’s test implies that all of the categorical theories discussed above
are complete. In particular, algebraically closed fields are complete. This
result of Tarski has several immediate interesting consequences.

Definition 2.2.7 We say that an L-theory T is decidable if there is an
algorithm that when given an L-sentence ¢ as input decides whether T' = ¢.

Lemma 2.2.8 Let T be a recursive complete satisfiable theory in a recur-
sive language L. Then T is decidable.

Proof Because T is satisfiable A = {¢: T = ¢} and B={¢: T E —¢}
are disjoint. Because T is consistent AU B is the set of all L-sentences. By
the Completeness Theorem, A = {¢ : T F ¢} and B = {¢ : T + —¢}. By
Proposition 2.1.1 A and B are recursively enumerable. But any recursively
enumerable set with a recursively enumerable complement is recursive.

Informally, to decide whether ¢ is a logical consequence of a complete
satisfiable recursive theory T', we begin searching through possible proofs
from T until we find either a proof of ¢ or a proof of —¢. Because T is
satisfiable, we will not find proofs of both. Because T is complete, we will
eventually find a proof of one or the other.

Corollary 2.2.9 For p =0 or p prime, ACF, is decidable. In particular,
Th(C), the first-order theory of the field of complex numbers, is decidable.

The completeness of ACF,, can also be thought of as a first-order version
of the Lefschetz Principle from algebraic geometry.

Corollary 2.2.10 Let ¢ be a sentence in the language of rings. The fol-
lowing are equivalent.
i) ¢ is true in the complex numbers.
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it) ¢ 1is true in every algebraically closed field of characteristic zero.

i11) ¢ is true in some algebraically closed field of characteristic zero.

iv) There are arbitrarily large primes p such that ¢ is true in some alge-
braically closed field of characteristic p.

v) There is an m such that for all p > m, ¢ is true in all algebraically
closed fields of characteristic p.

Proof The equivalence of i)iii) is just the completeness of ACFy and v)=
iv) is obvious.

For ii) = v) suppose that ACFy = ¢. By Lemma 2.1.14, there is a finite
A C ACFy such that A = ¢. Thus, if we choose p large enough, then
ACF, = A. Thus, ACF,, = ¢ for all sufficiently large primes p.

For iv) = ii) suppose ACFy [~ ¢. Because ACF is complete, ACF, =
—¢. By the argument above, ACF, = —¢ for sufficiently large p; thus, iv)
fails.

Ax found the following striking application of Corollary 2.2.10.

Theorem 2.2.11 FEwvery injective polynomial map from C" to C™ is sur-
jective.

Proof Remarkably, the key to the proof is the simple observation that if
k is a finite field, then every injective function f : k™ — k™ is surjective.
From this observation it is easy to show that the same is true for F;lg, the
algebraic closure of the p-element field.

Claim Every injective polynomial map f : (F;lg)” — (F;lg)” is surjective.

Suppose not. Let @ € F;lg be the coefficients of f and let b € (IF;}lg)"
such that b is not in the range of f. Let k be the subfield of ]F;lg generated
by @,b. Then f|k™ is an injective but not surjective polynomial map from
k™ into itself. But F;lg = o2, Fpn is alocally finite field. Thus k is finite,
a contradiction.

Suppose that the theorem is false. Let X = (X1,...,X,). Let f(X) =
(f1(X),..., fu(X)) be a counterexample where each f; € C[X] has degree
at most d. There is an L-sentence ®,, 4 such that for K a field, K | @, 4
if and only if every injective polynomial map from K™ to K™ where each
coordinate function has degree at most d is surjective. We can quantify
over polynomials of degree at most d by quantifying over the coefficients.
For example, @5 5 is the sentence
Vao)ovaoylvaoygval,Qval,1Va2,0Vbo)0Vb0,1Vb0y2Vb1)0Vb171Vb270
[ (o ¥y oWy ((C aioiyd = 5 aigabyd A S bigaiy] = X bigabyd) =

(r1 =29 ANy = yg)))—> Vuvodz3y > a;jxty? = u NS b jrtyl = v]

By the claim Fglg E @, 4 for all primes p. By Corollary 2.2.10, C = ®,, 4,
a contradiction.
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2.3 Up and Down

In Chapter 1, we looked at the category of L-structures and introduced
the notion of L-embeddings between structures. These are the maps that
preserve the relations, constants, and functions of £. Often we will want
to consider the more restrictive class of maps that preserve all first-order
properties.

Definition 2.3.1 If M and N are L-structures, then an L-embedding
j: M — N is called an elementary embedding if

M ): qb(al,...,an) SN ': ¢(](a1),,j(an))

for all L-formulas ¢(v1,...,v,) and all ay,...,a, € M.

If M is a substructure of A/, we say that it is an elementary substructure
and write M < N if the inclusion map is elementary. We also say that N
is an elementary extension of M.

The proof of Theorem 1.1.10 shows that isomorphisms are elementary
maps.
Next we give a way to construct embeddings and elementary embeddings.

Definition 2.3.2 Suppose that M is an L-structure. Let L be the
language where we add to £ constant symbols m for each element of M.
The atomic diagram of M is {¢(my,...,my,) : ¢ is either an atomic L-
formula or the negation of an atomic £-formula and M |= ¢(my, ..., m,)}.
The elementary diagram of M is

{d(ma,...,my) : M E d(my,...,my), ¢ an L-formula}.

We let Diag(M) and Diag, (M) denote the atomic and elementary dia-
grams of M, respectively.

Lemma 2.3.3 i) Suppose that N is an L-structure and N = Diag(M);
then, viewing N as an L-structure, there is an L-embedding of M into N .
i) If N |= Diag, (M), then there is an elementary embedding of M into

Proof i) Let j : M — N by j(m) = m”; that is, j(m) is the interpretation
of this constant symbol m in N. If my, my are distinct elements of M, then
my # mgy € Diag(M); thus, j(m1) # j(ms) so j is an embedding. If f is a
function symbol of £ and fM(my,...,my,) = mui1, then f(my,...,m,) =
M1 is a formula in Diag(M) and fN(j(m1),...,5(m,)) = j(mapyq). If
R is a relation symbol and m € R, then R(my,...,m,) € Diag(M) and
(j(m1),...,j(my,)) € RN. Hence, j is an L-embedding.
ii) If N |= Diag, (M), then the map j above is elementary.

Combining these observations with the Compactness Theorem allows us
to build elementary extensions.
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Theorem 2.3.4 (Upward Léwenheim—Skolem Theorem) Let M be
an infinite L-structure and k be an infinite cardinal K > |[M|+ |L|. Then,
there is N' an L-structure of cardinality x and j : M — N is elementary.

Proof Because M = Diag, (M), Diag, (M) is satisfiable. By Theorem
2.1.11, there is M = Diag, (M) of cardinality . By Lemma 2.3.3, there is
an elementary j : M — N.

The Downward Léwenheim—Skolem Theorem will give us a method for
building small elementary submodels. Its proof will use the following test
for elementary extensions due to Tarski and Vaught.

Proposition 2.3.5 (Tarski—-Vaught Test) Suppose that M is a sub-
structure of N'. Then, M is an elementary substructure if and only if, for
any formula ¢(v,W) and @ € M, if there is b € N such that N = ¢(b,a),
then there is ¢ € M such that N = ¢(c,a).

Proof If NV is an elementary extension of M, the condition is clearly true.
To prove the converse, we must show that for all @ € M and all £L-formulas
¥(v)
ME (@) e N @)

We prove this by induction on formulas.

In Proposition 1.1.8, we showed that if ¢(7) is quantifier free then M =
¢(@) if and only if N |= ¢(@). Thus, the claim is true for all atomic formulas.

If the claim is true for v, then

M= (@) & MEP@) < N FE Y@ & N -y(a)
Similarly, if the claim is true for ¥ and 6, then

ME W A0)(@) < My@)and M |=06(a)
< N EY¥(@) and N = 0(a)
& NE@Ao)(a).

Suppose that the claim is true for ¢ (v, w). Let @ € M. If M | Jv ¢(v,a),
then there is b € M such that M |= ¥(b,a@). By our inductive assumption,
N E ¢(b,@) and hence N = Jv ¢ (v, a).

If, on the other hand, N = Jv (v, a), then, by our assumptions, there
is ¢ € M such that N' &= ¢(c,a@). By induction, M [ 9¥(c,a) and M |=
Jv Y (v,a).

This proposition tells us that to find elementary substructures we must
be able to witness quantifiers. We now examine one systematic way of doing
that.

We say that an L-theory T has built-in Skolem functions if for all L-
formulas ¢(v,wy,...,w,) there is a function symbol f such that T |
Vo ((Fvp(v,@)) — ¢(f(w),w)). In other words, there are enough func-
tion symbols in the language to witness all existential statements.
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Lemma 2.3.6 Let T be an L-theory. There are L* O L and T* D T an

L*-theory such that T* has built-in Skolem functions, and if M |= T, then

we can expand M to M* |= T*. We can choose L* such that |L*| = |L]|+Ro.
We call T* a skolemization of T'.

Proof Recall from Exercise 1.4.15 that to expand M we must interpret
all of the symbols in £*\ £ to make M a model of T™*.

We build a sequence of languages £ = Ly C L1 C ... and L;-theories T;
such that T =T, C Ty C....

Given L;, let L;41 = LU {fy : ¢(v,w1,...,w,) an L;-formula, n =
1,2,...}, where fy4 is an n-ary function symbol. For ¢(v,w) an £;-formula,
let ¥, be the sentence

vw ((Fv ¢(v, w)) = o(f4(w), w))

and let T;41 =T; U{Uy : ¢ an L,-formula}.

Claim If M [= T;, then we can interpret the function symbols of £; 1\ £;
so that M = T;11.

Let ¢ be some fixed element of M. If ¢(v, wy,...,w,) is an L;-formula,
we find a function g : M™ — M such that if @ € M™ and Xg = {b €
M : M | ¢(b,a)} is nonempty, then g(@) € Xz, and if Xz = 0, then
g(@) = c¢ (the choice in this case is irrelevant). Thus, if M = Jv ¢(v,a),
then M |= ¢(g(a), a). If we interpret f, as g, then M = Uy,

Let £*=UL; and T* = UT;. If ¢(v,w) is an L*-formula, then ¢ € L;
for some ¢ and ¥y € T;11 € T%, so T* has built-in Skolem functions.
By iterating the claim, we see that for any M = T we can interpret the
symbols of £*\ L to make M |= T™*.

Because we have added one function symbol to £;41 for each £;-formula,
[Lit1] = |L;] + Ng so |L£*| has the desired cardinality.

Theorem 2.3.7 (L6wenheim—Skolem Theorem) Suppose that M is
an L-structure and X C M, there is an elementary submodel N of M
such that X C N and |[N| < |X|+ |L] + N,.

Proof By Lemma 2.3.6, we may assume that Th(M) has built in Skolem
functions. Let Xo = X. Given X;, let X;41 = X; U {fM(@) : f an n-
ary function symbol, @ € X and n = 1,2,...}. Let N = [JX;, then
N < |X|+ |L£] + Xg (see Corollary A.15).

If f is an n-ary function symbol of £ and @ € N", then @ € X* for some
i and fM(@) € X;41 € N. Thus fM|N : N® — N. Thus, we can interpret
fas fN = fM|IN™. If R is an n-ary relation symbol, let RN = RM A N™,
If ¢ is a constant symbol of L, there is a Skolem function f € £ such that
f(x) = M for all z € M (for example, f is the Skolem function for the
formula v = ¢). Thus ¢™ € N. Let ¥ = ¢M. This makes N into an
L-structure A/ which is a substructure of M.
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If ¢(v,w) is any L-formula, a,b € M, and M | ¢(b,a), then M [
#(f(a),a) for some function symbol f of £. By construction, f™ (@) € N.
Thus, by Proposition 2.3.5, N’ < M.

Lemma 2.3.3 i) has a useful application in the following preservation
theorem.

Definition 2.3.8 A universal sentence is one of the form Vo¢(v), where ¢
is quantifier-free. We say that an L-theory T has a universal axiomatization
if there is a set of universal L-sentences I' such that M |= T if and only if
M =T for all L-structures M.

Theorem 2.3.9 An L-theory T has a universal axiomatization if and only
if whenever M = T and N is a substructure of M, then N = T. In
other words, a theory is preserved under substructure if and only if it has
a universal ariomatization.

Proof Suppose that N' € M. We showed in Proposition 1.1.8 that if
¢(v) is a quantifier-free formula and @ € N, then N = ¢(a) if and only if
M = ¢(a). Thus, if M |= Vo ¢(7), then so does N.

Suppose that T is preserved under substructures. Let T' = {¢ : ¢ is
universal and T' | ¢}. Clearly, if ' = T, then N/ |= T'. For the other
direction, suppose that A/ = T'. We claim that N =T

Claim 7T U Diag(N) is satisfiable.

Suppose not. Then, by the Compactness Theorem, there is a finite A C
Diag(N) such that TUA is not satisfiable. Let A = {41,...,1,}. Let ¢ be
the new constant symbols from N used in ¢1,..., 1, and say ©¥; = ¢,(¢),
where ¢; is a quantifier-free £-formula. Because the constants in ¢ do not
occur in T, if there is a model of T'U {3v A ¢;(v)}, then by interpreting ¢
as witnesses to the existential formula, T'U A would be satisfiable. Thus
T = Vo \ —¢;(7). As the latter formula is universal, Vo \/ —¢;(v) € T,
contradicting N |=T.

By Lemma 2.3.3, there is M =T with M 2 N. Because T is preserved
under substructure, A" =T and T' is a universal axiomatization of 7.

We conclude this section with one useful observation about elementary
chains.

Definition 2.3.10 Suppose that (I, <) is a linear order. Suppose that
M, is an L-structure for ¢ € I. We say that (M; : i € I) is a chain of L-
structures if M; C M fori < j. If M; < M, fori < j, we call (M, : i € I)
an elementary chain.

If (M; :i € I)is a nonempty chain of structures, then we can define
M = |J;c; M, the union of the chain, as follows. The universe of M will
be M = J,c; M;. If ¢ is a constant in the language, then Mi = M for
alli,j € I. Let ¢M = M,
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Suppose that @ € M. Because [ is linearly ordered, we can find ¢ € [
such that @ € M;. If f is a function symbol of £ and i < j, then fMi(@) =
fMi(@). Thus, fM = Uier fMi is a well-defined function. Similarly, if f is
a relation symbol of £ and i < j, then @ € RM¢ if and only if @ € RMj.
Let RM = Uiel RM: 1t is now easy to see that M; C M for all i € I.

Proposition 2.3.11 Suppose that (I, <) is a linear order and (M, : i € I)
is an elementary chain. Then, M = J,.; M; is an elementary extension

of each M;.

icl

Proof We prove by induction on formulas that
M= ¢(a) & M; = ¢(a)

for all ¢ € I, all formulas ¢(v), and all @ € M.

Because M; is a substructure of M, by Proposition 1.1.8 this is true for
all atomic ¢. It is easy to see that if it is true for ¢ and 1, then it is true
for =¢ and ¢ A .

Suppose that ¢ is Jv ¥ (v,w) and the claim holds for ¥. If M, = ¢ (b, a),
then so does M. Thus if M, |= ¢(@), then so does M. On the other hand if
M = (b, a), there is j > i such that b € M;. By induction, M; = (b, a),
so M; = ¢(a). Because M; < M;, M; |= ¢(a), as desired.

2.4 Back and Forth

The “back-and-forth” method is a style of argument that we will encounter
several times. In this section, we will examine several manifestations of the
method, starting with Cantor’s proof that any two countable dense linear
orders are isomorphic and leading up to Scott’s use of infinitary logic to
characterize isomorphism of countable models.

Dense Linear Orders

Let £ = {<} and let DLO be the theory of dense linear orders without
endpoints. DLO is axiomatized by the axioms for linear orders plus the
axioms

VaVy (z <y — Jzax < z<y)

and
Vedydz y < z < z.

Theorem 2.4.1 The theory DLO is Rg-categorical and complete.

Proof Let (A, <) and (B,<) be two countable models of DLO. Let
ag,ay,as, ... and by, by, ba, ... be one-to-one enumerations of A and B. We
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will build a sequence of partial bijections f; : A; — B; where A; C A and
B; C B are finite such that fo C f1 C ... and if x,y € A; and = < y, then
fi(z) < fi(y). We call f; a partial embedding. We will build these sequences
such that A = (JA; and B = | B;. In this case, f = J f; is the desired
isomorphism from (4, <) to (B, <).

At odd stages of the construction we will ensure that | J4; = A, and at
even stages we will ensure that | B; = B.
Mg@l LetAOZBOZfOZQ.
stage n + 1 = 2m 4 1: We will ensure that a,, € A,41.

If a,, € Ay, then let A,,y1 = A,,Bn+1 = By and f,,11 = f,. Suppose
that a,, € A,. To add a,, to the domain of our partial embedding, we must
find b € B\ B, such that

< ame fola) <b

for all « € A,,. In other words, we must find b € B, which is in the image
under f, of the cut of a,, in A,. Exactly one of the following holds:

i) a,, is greater than every element of A, or

ii) @y, is less than every element of A, or

iii) there are o and 8 € A,, such that a < 8, v < a or v > f for all
v €A, and a < a,, < 0.

In case i) because B, is finite and B = DLO, we can find b € B greater
than every element of B,. Similarly in case ii) we can find b € B less
than every element of B,,. In case iii), because f, is a partial embedding,
fn(a) < fn(B) and we can choose b € B\ B,, such that f,(a) <b < f,(0).
Note that

a < am e fola) <b

forall « € A,,.

In any case, we let A,,11 = A, U{am}, Bny1 = B, U{b}, and extend f,
to frny1: Ans1 — Br41 by sending a,, to b. This concludes stage n.
stage n 4+ 1 = 2m + 2: We will ensure that b, € Bp41.

Again, if b, is already in B,,, then we make no changes and let A,y =
An, Bpi1 = By, and f,,41 = f,. Otherwise, we must find a € A such that
the image of the cut of @ in A, is the cut of b,, in B,. This is done as in
the odd case.

Clearly, at odd stages we have ensured that | J A, = A and at even stages
we have ensured that | J B,, = B. Because each f,, is a partial embedding,
f=U fn is an isomorphism from A onto B.

Because there are no finite dense linear orders, Vaught’s test implies that
DLO is complete.

The proof of Theorem 2.4.1 is an example of a back-and-forth construc-
tion. At odd stages, we go forth trying to extend the domain, whereas at
even stages we go back trying to extend the range. We give another example
of this method.
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The Random Graph

Let £ = {R}, where R is a binary relation symbol. We will consider an
L-theory containing the graph axioms Vax —R(z,z) and VaVy R(z,y) —
R(y, ). Let v, be the “extension axiom”

n

Yy .. Ve, Vyr ... Yy, /\ /\ x; #y; — Iz /\(R(Ii, 2) A R(y;, 2))

i=1j=1 i=1

We let T be the theory of graphs where we add {JzJyz # y} U {¢, :
n =1,2,...} to the graph axioms. A model of T is a graph where for any
finite disjoint sets X and Y we can find a vertex with edges going to every
vertex in X and no vertex in Y.

Theorem 2.4.2 T is satisfiable and Ng-categorical. In particular, T is
complete and decidable.

Proof We first build a countable model of T'. Let Gy be any countable
graph.

Claim There is a graph G7 D Gq such that G is countable and if X and
Y are disjoint finite subsets of Gg then there is z € Gy such that R(x, z)
for z € X and = R(y,z) fory €Y.

Let the vertices of G; be the vertices of Gy plus new vertices zx for each
finite X C Gg. The edges of G; are the edges of G together with new edges
between x and zx whenever X C G is finite and x € X. Clearly, G; is
countable and has the desired property.

We iterate this construction to build a sequence of countable graphs
Go C G C ... such that if X and Y are disjoint finite subsets of GG;, then
there is z € G;y1 such that R(z,z) for x € X and -R(y, z) for y € Y.
Then, G = |JG,, is a countable model of T.

Next we show that T is Ng-categorical. Let G; and G2 be countable
models of T'. Let ag,aq, ... list G, and let by, by, ... list Go. We will build
a sequence of finite partial one-to-one maps fy C f1 C fo C ... such that
for all z,y in the domain of f,

Gi1 F R(z,y) if andonly if Go = R(fs(2), fs(y))- (*)
Let fo = @
stage s + 1 = 2¢ + 1: We make sure that a; is in the domain.
If a; is in the domain of f,, let fs11 = fs. If not, let ag,...,q,, list

the domain of fs and let X = {j < m : R(aj,a;)} and let Y = {j <
m : =R(aj,a;)}. Because G = T, we can find b € G2 such that Gy |=
R(fs(a),b) for j € X and Gy | —R(fs(a;),b) for j € Y. Let foq1 =
fs U{(a;,b)}. By choice of b and induction, fs;1 satisfies (k).

stage s + 1 = 2i + 2: By a similar argument, we can ensure that fs,; sat-
isfies (%) and b; is in the image of fs11.
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Let f = fs- We have ensured that f maps G; onto G2. By (%), fis a
graph isomorphism. Thus, G; = G2 and T is Ng-categorical.

Because all models of T are infinite, T is complete. Because T is recur-
sively axiomatized, T is decidable.

The theory T is very interesting because it gives us insights into random
finite graphs. Let Gn be the set of all graphs with vertices {1,2,..., N}.
We consider a probability measure on Gy where we make all graphs equally
likely. This is the same as constructing a random graph where we indepen-
dently decide whether there is an edge between ¢ and j with probability %
For any L-sentence ¢,

_HGegn:GE 4}
IGn|

pn(9)

is the probability that a random element of Gy satisfies ¢.
We argue that large graphs are likely to satisfy the extension axioms.

Lemma 2.4.3 lim py(¢,) =1 forn=1,2,....
N—o00

Proof Fix n. Let G be a random graph in Gy where N > 2n. Fix
L1,y TnsYl,---,Yn, 2 € G distinct. Let ¢ be the probability that

- (/\(R(xi7 z) A ~R(yi, Z))) :

=1

Then ¢ = 1 — 272", Because these probabilities are independent, the prob-
ability that

G 3z~ </\(R(a:i, z) A =R(yi, Z)))

is ¢V 72", Let M be the number of pairs of disjoint subsets of G of size n.
Thus

pN(_‘wn) S MqN—Zn < N2nqN—2n.

Because ¢ < 1,
Jim py () = Jim N2gY =0,
as desired.
We can now use the fact that 7" is complete to get a good understanding
of the asymptotic properties of random graphs.

Theorem 2.4.4 (Zero-One Law for Graphs) For any L-sentence ¢ ei-

ther lim pn(¢) = 0 or lim py(¢) = 1. Moreover, T axiomatizes
N—o0 N—oo

{6 : Nlim pn (@) = 1}, the almost sure theory of graphs. The almost sure
—00

theory of graphs is decidable and complete.
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Proof If T |E ¢, then there is n such that if G is a graph and G = ¥,
then G = ¢. Thus, pn(¢) > pn(¥,) and by Lemma 2.4.3, J\}im pn(9) = 1.
— o0

On the other hand, if T j~ ¢, then, because T is complete, T' = —¢ and
lim py(—¢) =1so lim py(¢)=0.
N—o0 N—o00

Ehrenfeucht—Fraissé Games

The type of back-and-forth constructions we did in Theorems 2.4.1 and
2.4.2 will appear several times in the book. It is useful to recast construc-
tions as games. We will do this in a bit more generality. Let £ be a language
and M = (M,...) and N = (N,...) be two L-structures with M NN = 0.
IfACM,BCN and f: A— B, we say that f is a partial embedding
if fu{(cM, V) : ¢ a constant of £} is a bijection preserving all relations
and functions of L.

We will define an infinite two-player game G, (M, N). We will call the
two players player I and player II; together they will build a partial embed-
ding f from M to N. A play of the game will consist of w stages. At the
ith-stage, player I moves first and either plays m; € M, challenging player
IT to put m; into the domain of f, or n; € N, challenging player II to put n;
into the range. If player I plays m; € M, then player II must play n; € N,
whereas if player I plays n; € M, then player II must play m; € M. Player
IT wins the play of the game if f = {(m;,n;) : ¢ =1,2,...} is the graph of
a partial embedding.

A strategy for player Il in G, (M, N) is a function 7 such that if player I’s
first n moves are ¢q, ..., c,, then player II's nth move will be 7(c1, ..., ¢,).
We say that player II uses the strategy 7 in the play of the game if the play
looks like:

Player I  Player II

C1
7(c1)
ca
7(c1,¢2)
c3
T(Clv C2, 63)

We say that 7 is a winning strategy for player II, if for any sequence of
plays c1, ca, ... player I makes, player II will win by following 7. We define
strategies for player I analogously.

For example, suppose that M, N = DLO. Then, player II has a winning
strategy. Suppose that up to stage n they have built a partial embedding
g : A — B. If player I plays a € M, then player II plays b € N such that
the cut b makes in B is the image of the cut of a in A under g. Similarly, if
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player I plays b € N, player II plays a € M such that the cut of a in A is
the image under ¢~ of the cut of b in B. This can be done as in the proof
of Theorem 2.4.1.

Proposition 2.4.5 If M and N are countable, then the second player has
a winning strategy in Go,(M,N) if and only if M = N.

Proof If M and N are isomorphic, then player II can win by playing
according to the isomorphism.

Suppose that player II has a winning strategy. Let mg, my, ... list M and
ng,n1, ... list N. Consider a play of the game where the second player uses
the winning strategy and the first player plays mg, ng, mi,n1, mo,na,. . ..
If f is the partial embedding built during this play of the game then the
domain of f is M and the range of f is N. Thus, f is an isomorphism.

By weakening the game, we can, for suitable languages, give a character-
ization of elementary equivalence. Fix £ a finite language with no function
symbols, and let M and A be L-structures. We define a game G,,(M,N)
for n = 1,2,.... The game will have n rounds. On the ith round player I
plays first and either plays a; € M or b; € N. On player II's turn, if player
I played a; € M, then player II must play b; € N, and if player I plays
b; € N, then player II must play a; € M. The game stops after the nth
round. Player II wins if {(a;,b;) : ¢ = 1,...,n} is the graph of a partial
embedding from M into N. We call G,,(M,N) an Ehrenfeucht-Fraissé
game.

Our goal is to prove the following theorem.

Theorem 2.4.6 Let L be a finite language without function symbols and
let M and N be L-structures. Then, M = N if and only if the second
player has a winning strategy in G,(M,N) for all n.

Before proving this, we will need several lemmas.
Lemma 2.4.7 One of the players has a winning strategy in Gp(M,N).

Proof (sketch) This follows from Zermelo’s theorem that in any two-person
finite length game of perfect information without ties one of the players has
a winning strategy (see [10] 1.7.1). It also follows from the determinacy of
closed games (see [52]). We outline the proof. Suppose that player IT does
not have a winning strategy. Then, there is some move player I can make
in round one so that player IT has no move available to force a win. Player
I makes that move. Now, whatever player II does, there is still a move that
if made by player I means that player II cannot force a win. Player I makes
that move and continues in this way. On the last round, there is still a
move possible so that player II has no winning move. Player I makes that
move and wins. This informally describes a winning strategy for player I
(the strategy can be summarized as “avoid losing positions”).
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We inductively define depth(¢), the quantifier depth of an L-formula ¢,
as follows:

depth(¢) = 0 if and only if ¢ is quantifier-free;

depth(—¢) = depth(¢);

depth(¢ A ¥) = depth(¢ V ¢) = max{depth(¢), depth(¥)};

depth(Jv ¢) = depth(¢) + 1.

We say that M =, N if M | ¢ & N | ¢ for all sentences of depth at
most n. We will show that player IT has a winning strategy in G, (M, N)
if and only if M =,, N. We first argue that there are only finitely many
inequivalent formulas of a fixed quantifier depth.

Lemma 2.4.8 For each n and [, there is a finite list of formulas ¢, ..., ¢x
of depth at most n in free variables x1,...,x; such that every formula of
depth at most n in free variables x1,...,x; is equivalent to some ¢;.

Proof We first prove this for quantifier-free formulas. Because £ is fi-
nite and has no constant symbols, there are only finitely many atomic
L-formulas in free variables x1,...,x;. Let 0q,..., 0, list all such formulas.

If ¢ is a Boolean combination of formulas 7,...,7s, then there is S a
collection of subsets of {1,...,s} such that

F o< \/(/\Ti/\/\_‘Ti>

XeS ieX igX

(see Exercise 1.4.1). This gives a list of 22° formulas such that every Boolean
combination of 7, ..., 75 is equivalent to a formula in this list. In particular,
because quantifier free formulas are Boolean combinations of atomic formu-
las, there is a finite list of depth-zero formulas such that every depth-zero
formula is equivalent to one in the list.

Because formulas of depth n + 1 are Boolean combinations of Jv¢ and
Yv¢ where ¢ has depth at most n, the lemma follows by induction.

We can give a characterization of =,, using Ehrenfeucht—Fraissé games.
Theorem 2.4.6 will follow immediately.

Lemma 2.4.9 Let L be a finite language without function symbols and
M and N be L-structures. The second player has a winning strategy in

Gn(M,N) if and only if M =, N.

Proof We prove this by induction on n.

Suppose that M =,, N/. Consider a play of the game where in round one
player I plays a € M. (The case where player I plays b € N is similar.)
We claim that there is b € N such that M = ¢(a) & N |= ¢(b) whenever
depth(¢) < n. Let ¢o(v), ..., dm(v) list, up to equivalence, all formulas of
depth less than n. Let X = {i < m : M [ ¢;(a)}, and let ®(v) be the

formula,
N @) A N\ =¢i(v).

iex igX
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Then, depth(Fv ®(v)) < n and M = ®(a); thus, there is b € N such that
N = ®(b). Player II plays b in round one.

If n =1, the game has now concluded and a +— b is a partial embedding
so player II wins. Suppose that n > 1.

Let £* = LU{c}, where ¢ is a new constant symbol. View M and N as
L*-structures (M, a) and (N, b) where we interpret the new constant as a
and b, respectively. Because

M E (a) & N 6(b)

for ¢(v) an L-formula with depth(¢) < n, (M,a) =,—1 (N,b). By induc-
tion, player II has a winning strategy in G,_1((M,a), (N,b)). If player
I’s second play is d, player II responds as if d was player I's first play in
Gn-1((M,a),(N,b)) and continues playing using this strategy, that is, in
round ¢ player I has plays a,ds, ..., d;, then player II plays 7(do,...,d;),
where 7 is his winning strategy in G((M,a),(N,b)). Let f : X — N
be the function built by this play of the game. Because 7 is a winning
strategy, f* is partial £*-embedding. Extend f* to f : X U {a} — N by
f(a) = b. Because f* preserves L-formulas with an additional constant
denoting @ in M and b in N, f is a partial £L-embedding. Thus a winning
strategy for player II can be summarized as: given player I's first play a,
find b such that (M,a) =,-1 (N,b) and follow the winning strategy of
Gn—l((Mv a)> (N7 b))

On the other hand, suppose that M #,, A. Because formulas of depth
at most n are Boolean combinations of formulas of the form Jv ¢(v) where
depth(¢) < n, M and N must disagree about a formula of this type. With-
out loss of generality, we may assume that M |= Jv ¢(v) and N = Vo—¢(v)
where depth(¢) < n. We claim that player I has a winning strategy. In
round one player I plays a € M such that M = ¢(a). Suppose that
player II responds with b € N. Let (M, a) and (N,b) be as above. Then
(M,a) £,-1 (N,b) and, by induction, player I has a winning strategy in
Gn-1((M,a), (N,b)). Player I continues playing as if just starting a game of
Gn-1((M,a),(N,b)). The function f* played starting at the second move
will not be a partial £*-embedding so the whole function played is not a
partial £L-embedding.

We give one application of Theorem 2.4.6. Let £ = {<}. Let T be the
L-theory that asserts < is a linear order and Vz3y3dz (y < < 2AVw (w <
yVw=2xVw > z)).Tis the theory of discrete orderings with no top or
bottom element.

Suppose that N/ |= T. For a,b € N say aEb if b is the nth successor
or predecessor of a for some natural number n. Then, F is an equivalence
relation. Each E-class is a linear order that looks like (Z, <). If aEb, —(aFEc¢),
and a < ¢, then b < ¢. Thus, the E-classes are linearly ordered and every
model of T is of the form (L X Z, <), where L is a linear order and < is
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the lexicographic order on L x Z (i.e., (a,n) < (by,m) if a < b or a = b and
n < m). Also, every linear order of this form is a model of T'.

Proposition 2.4.10 The theory of discrete linear orders with no top or
bottom element is a complete theory. In particular, (Z,<) = ¢ if and only
if T | ¢ for all L-sentences ¢.

Proof Let M be the ordered set of integers (Z, <), and let N' be L x Z
with the lexicographic order where L is any linearly ordered set.

We claim that M = N. We must show that player II has a winning
strategy in G, (M,N) for all n.

If a,b € Z, we define the distance between a and b to be dist(a,b) =
|b —al, and if © = (i,a),y = (4,b) € L x Z, we define the distance to be
dist(z,y) = |b — a| if i = j and dist(a,b) = oo if ¢ # j. The problem for
player II is that player I can play elements that are infinitely far apart
in A and force player II to play elements that are finitely far apart in
M. Because player IT knows how long the game will last, player II can
play elements sufficiently far apart to avoid conflicts. Player II will try to
ensure:

(%) after m rounds of G,,(M,N), if a; < az < ... < a; are the element
of N that have been played, where | < m (player I might—for no good
reason—play an element more than once, so possibly | < m) and b <
by < ... < by are the elements of Z that have been played, then a; —
b; is a partial embedding corresponding to the play of the game, and if
dist(a;, a;41) > 3"~™, then dist(b;,b;11) > 3" ™ and if dist(a;,ai41) <
3"~ then dist(a;, a;41) = dist(b;, bi41) fori=1,...,m— 1.

By doing this, player II will win because after n rounds there will be a
partial embedding.

We argue that player I can always choose a move to preserve (). In
round 1, player IT chooses an arbitrary element and (x) holds. Suppose that
we have played m rounds and (x) holds. Let a1 < ... < aqjand by < ... <1
be as above. Suppose that player I plays b € L x Z. There are several cases
to consider.

case 1: b < by.
If dist(b, b1) = k < oo, then player II plays a = a; — k. If dist(b, b1) = oo,
then player IT plays a; — 3™. In either case, (*) holds.
case 2: b; < b < bi+1 and diSt(bi, bi+1) <3nTm,
Then dist(a;,a;+1) = dist(b;,b;41). Play a = a; + dist(b,b;). Then,
dist(a, a;+1) = dist(b, bi+1), as desired.
case 3: b; < b < bjy1, dist(b;,b;r1) > 3""™, and dist(b, b;) < 371,
In this case dist(a;,a;41) > 3" ™. Play a = a; + dist(b,b;). Then,
dist(a, a;+1) and dist(b, b;11) are greater than 3" =™~ as desired.
case 4: b; < b < by 1, dist(b;,bi11) > 3""™, and dist(b, i, 1) < 3" ™1,
As in case 3, let a = a;41 — dist(, biy1).
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case 5: b; < b < biyq, dist(b;,biy1) > 377, dist(b,b;) > 3"~™71 and
dist(b, biy1) > 3n~m L

In this case, dist(a;,a;41) is greater than 3"~ ". Choose a such that
a; < a < a;y1, and dist(a;,a) and dist(a,a;+1) are both greater than
3n=m=1 1f player II plays a, then (x) holds.
case 6: b > b;.

Similar to case 1.

This explains the strategy if player I plays b € L x Z. The case where
player I plays a € Z is analogous and left to the reader.

Scott—-Karp Analysis

We give an extension of these ideas. Let £ be an arbitrary language and
M and N be L-structures. For each ordinal a, we will have a relation
(M, @) ~ (N,b) wherea € M™ and b€ M™ and n = 0,1,2,....

(M, @) ~¢ (N,b) if M = ¢(a) if and only if N |= ¢(b) for all atomic
L-formulas ¢.

For all ordinals o, (M,@) ~a41 (N,b) if for all ¢ € M there is d € N
such that (M, @,c) ~ (N,b,d) and for all d € N there is ¢ € M such that
(M,@,c) ~o (N,b,d).

For all limit ordinals 3, (M, @) ~g (N, b) if and only if (M, @) ~q (N, b)
for all o < 3. We will leave the following lemma for the exercises.

Lemma 2.4.11 Let L be a finite language without function symbols. If
ac M.,be N then (M,a) ~y, (N, b) if and only if player II has a

winning strategy in G, ((M,a@),(N,b)) if and only if (M,a@) =, (N,b) for
alln =1,2,.... In particular, M = N if and only if M ~, N.

In particular, note that even for finite languages without function sym-
bols M ~,, N is much weaker than player II having a winning strategy in
Gu(M,N).

We would like to prove a variant of Theorem 2.4.11 characterizing ~.
To do this, we must leave first-order logic for infinitary languages.

Definition 2.4.12 Let £ be a language and « be an infinite cardinal. The
formulas of the infinitary logic £, ., are defined inductively as follows:

i) Every atomic L-formula is a formula of £, .

ii) If X is a set of formulas of £, ., such that all of the free variables
come from a fixed finite set and |X| < &, then

/\ ¢ and \/ ¢
peX peX

are formulas of L, .
iii) If ¢ is a formula of L, ,,, then so are =¢, Yv ¢, and Jv ¢.
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We say that ¢ is a formula of L, if it is an L, ,-formula for some
infinite cardinal k. When k = Ny, it is traditional to write L,,, .. Intuitively,
L, . is the language where we allow countable conjunctions and countable
disjunctions.

As in Definition 1.1.6, we can define satisfaction for formulas of L .

The only difference is that /\ ¢ is true if all of the ¢ € X are true and
peX
\/ ¢ is true if at least one of the formulas ¢ € X is true.

peX
If £ is any first-order language and M is an L-structure we define a

sequence of Lo ,-formulas ¢24, (v), where @ € M'! and « is an ordinal as

follows:
7) = /\ ¢(@)
YeX
where X = {¢ : M = ¢(@) and ¢ is atomic or the negation of an atomic
L-formula}. If v is a limit ordinal, then

v) = /\ Q%\,Aﬁ(@)
B<a
If a =pF+1, then
ng /\Elwd)abﬁ(vw /\Vw\/gﬁbﬁvw)
beM beM
Lemma 2.4.13 Let M and N be L- structures @c M!, andb € N'. Then,
(M, @) ~o (N, 1) if and only if N |= ¢22,(b).
Proof We prove this by induction on « (see Appendix A). Because
(M,a) ~o (N,b) if and only if they satisfy the same atomic formulas,
the lemma holds for o = 0.

Suppose that v is a limit ordinal and the lemma is true for all o < 7.
Then

(M,@) ~y (N,B) &  (M,a@) ~o (N,D) for all a <
& N E o (b) forall a < v
& N o (b).

Suppose that the lemma is true for a. First, suppose that A/ = (;%\jlaﬂ (b).

Let ¢ € M. Because
xeM

there is d € N such that N |= ¢21 ,(b,d). By induction, (M,@,c) ~q
(N,b,d). If d € N, then because
N ): vw v ¢ac «

ceM
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there is ¢ € M such that N = ¢2
(Maa) ~a+1 (Na b) _

Suppose, on the other hand, that (M,a) ~q41 (N,b). Suppose that
¢ € M, then there is d € N such that (M,a,c) ~, (N,b,d) and
N = ¢aca( d). Similarly, if d € N, then there is ¢ € M such that

N E ¢2 (b, d). Thus, N |= ¢, (b), as desired.

d) and (M,@,c) ~o (N,b,d). Thus

aca(

Lemma 2.4.14 For any infinite L-structure M, there is an ordinal o <
|M|* such that if a,b € M' and (M,@) ~o (M,b), then (M, @) ~5 (M,b)
for all 3. We call the least such o the Scott rank of M.

Proof Let I, = {(@,b) : @,b € M' for some [ = 0,1,... and (M, @) %4
(M, b)}. Clearly, T, C T for a < 8.
Claim 1IfI'y =141, thenI'y =T for all 8 > a.

We prove this by induction on g. If 3 is a limit ordinal and the claim holds
for all v < 3, then it also holds for 8. Suppose that the claim is true for
B > o and we want to show that it holds for S+ 1. Suppose that (M, @) ~g
(M,b) and ¢ € M. Because (M, @) ~qt1 (M,b), there is d € N such
that (M,a,c) ~o (M,b,d). By our inductive assumption, (M,@,c) ~gz
(M, b,d). Similarly, if d € M, then ¢ € M such that (M,a,c) ~5 (M, b, d).
Thus, (M, @) ~g1+1 (M,b) as desired.

Claim 2 There is an ordinal o < |M|* such that T'y, = Tpy1.

Suppose not. Then, for each o < |[M|T, choose (@n,ba) € Tat1 \ La-
Because ', C I's for @ < f3, the function o + (@a,bs) is one-to-one.
Because there are only |M]| finite sequences from M this is impossible.

We conclude this section with Scott’s Isomorphism Theorem that every
countable L-structure is described up to isomorphism by a single L., .-
sentence.

Let M be an infinite L-structure of cardinality x, and let a be the Scott
rank of M. Let ®M be the sentence

¢®o¢/\/\ /\ vv(ﬁévla _>¢aoz+1( ))

I=0aeM!

Because all of the conjunctions and disjunctions in qﬁé\flﬁ are of size k, (;%\)"5 €
L+, for all ordinals 3 < x*. Thus ®M is an £,+ ,-sentence. We call M
the Scott sentence of M. If M is countable, then @M € L, ..

Theorem 2.4.15 (Scott’s Isomorphism Theorem) Let M be a count-
able L-structure, and let PM € L, o be the Scott sentence of M. Then,
N = M if and only if N = @M.

Proof Because « is the Scott rank of M, M = ®M. An easy induction
left to the exercises shows that if N/ = M, then M and A model the same
Lo ,-sentences.



60 2. Basic Techniques

On the other hand, suppose that N models ®*. We do a back-and-forth
argument to build a sequence of finite partial embeddings fo C f1 C ...
from M to N such that if @ is the domain of f;, then

(M, @) ~a (N, fi(@)). (%)

Let mg, mq,... list M and ng,...,nq,... list N.

At stage 0, we let fo = ). Because N | (Z)é\jla, M ~, N and (x) holds.

Suppose we are at stage m + 1. Let @ be the domain of f,. Be-
cause (M,a) ~o (N, f(@), N | ¢2,(f(@)). Because N = &M, N |=
oM 1 (F(@) and (M, ) ~as1 (N, £(@).

If n4+1=2i+1, we want to ensure that m; is in the domain of f, 1. If
m; is in the domain of f,,, then f,, = f,,+1. If not, choose b € N such that
(M,a,m;) ~o (N, f(@),b) and extend f, to fr+1 by sending m; to b.

If n = 2i + 2, we want to ensure that n; is in the image of f, 1. If it is
already in the image of f,,, let f,+1 = fn. Otherwise, we can find m € M
such that (M,a,m) ~, (N, f(@),n;) and extend f, to fn41 by simply
sending m to n;.

2.5 Exercises and Remarks

Exercise 2.5.1 We say that an ordered group (G, +, <) is Archimedian
if for all z,y € G with x,y > 0 there is an integer m such that |z| < m|yl|.
Show that there are non-Archimedian fields elementarily equivalent to the
field of real numbers.

Exercise 2.5.2 Suppose that T has arbitrarily large finite models. Show
that T has an infinite model.

Exercise 2.5.3 Let £ be the language with one binary relation symbol
<. Let T be an L-theory extending the theory of linear orders such that
T has infinite models. Show that there is M =T and an order-preserving
embedding o : QQ — M of the rational numbers into M.

For example, if T is the full theory of the (Z, <), there is M = (Z, <) in
which the rational order embeds.

Exercise 2.5.4 Show that every torsion-free Abelian group (G, +) can be
linearly ordered such that (a < bAc <d) = a+c < b+ d. [Hint: First
show this for finitely generated groups. Then use compactness.]

Exercise 2.5.5 Let £ = {E} where FE is a binary relation symbol. Let
T be the L-theory of an equivalence relation with infinitely many infinite
classes.

a) Write axioms for 7.

b) How many models of T" are there of cardinality Ro? ;7 N7 R, 7
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c¢) Is T' complete?

Exercise 2.5.6 (Skolem’s Paradox) Let ZFC be the Zermelo-Frankel ax-
ioms for set theory with the Axiom of Choice. Show that there is a count-
able model M of ZFC. How do you explain the fact that M | “there is
an uncountable set”?!

Exercise 2.5.7 (Overspill) Let M be a nonstandard model of Peano
arithmetic, ¢(v,w) a formula in the language of arithmetic, and @ € M.
Suppose that M |= ¢(n,a) for all n < w. Then, there is an infinite ¢ € M
such that M = ¢(c,a).

Exercise 2.5.8 Suppose that M < N and A C M.

a) Show that the definable (algebraic) closure of A in A is equal to the
definable (algebraic) closure of A in M. (See Exercises 1.4.10 and 1.4.11.)
Thus, algebraic closure and definable closure are preserved under elemen-
tary extension.

b) Give examples showing that this is not true if we only have M = N
and M CN.

Exercise 2.5.9 Suppose that My C M1 C Mgy, My < My, and M; <
M. Show that My < M.

Exercise 2.5.10 Let T be an L-theory and Ty be all of the universal
sentences ¢ such that T = ¢. Show that A | Ty if and only if there is
M E T with A C M.

Exercise 2.5.11 (Amalgamation) Suppose that Mgy, M; and My are
L-structures and j; : My — M, is an elementary embedding for i = 1, 2.
Show that there is an L-structure A and elementary embeddings f; : M; —
N such that fi o j1 = f2 0 jo.

Exercise 2.5.12 Show that the following are equivalent.

i) There is a universal formula ¢ (7) such that T = Vo(¢(D) + ¥(7)).

ii) If M and A are models of T' with M C N, @ € M, and N | ¢(a),
then M = ¢(a).

Exercise 2.5.13 Let £ = {s}, where s is a unary function symbol. Let
T be the L-theory that asserts that s is a bijection with no cycles (i.e.,
s (x) # & for n = 1,2,...). For what cardinals  is T s-categorical?

Exercise 2.5.14 Let T be the theory of Abelian groups where every
element has order 2. Show that T is x-categorical for all infinite cardinals
k but not complete. Find 7" D T a complete theory with the same infinite
models as T

Exercise 2.5.15 We say that T has a V3-axiomatization if it can be
axiomatized by sentences of the form Vo ... Vv, 3w ... 3w, ¢(T,w) where
¢ is a quantifier-free formula.

LSome philosophers have found Skolem’s Paradox very interesting (see [88]).
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a) Suppose that T has a V3-axiomatization, (I, <) is a linear order, and
(M; : i € I)is a chain of models of T'. Show that | J M, is a model of T'.

We will show that the converse also holds. Suppose that whenever (M, :
i € I) is a chain of models of T, then UM; = T. Let I' = {¢ : ¢ is a
V3-sentence and T' |= ¢}. Let M |=T'. We will show that M |=T.

b) Show that there is N' |= T such that if ¢ is an JV-sentence and
M E 4, then N [ 1.

c¢) Show that there is NV O M with N/ = N.

d) Show that there is M’ D N such that M < M’.

e) Tterate the constructions from ¢) and d) to build a chain of structures

M=MyCN, CM;{CN>5...

such that M; < M, for ¢ = 0,1,... and each NV; < N 1. Let M* =
UM; =JN;. Show that M* =T and M < M*.
f) Conclude that T' is V3-axiomatizable.

Exercise 2.5.16 (Finitely Axiomatizable RN;-categorical Theory) Let £ =
{U,V,E,R,s,m,m, 73,81, S2, S3}, where U, V| E, and R are unary predi-
cates and s, m;, and s; are unary function symbols for i = 1,2, 3.

We consider the structure M, where M = UUV, U = Z, V = Z3x{0,1},
E C U is the even integers, s : U — U by s(z) =z + 1, m : V — U by
(21,0, T3, T4) = i, 8;: V. — U by

(x1+1,(172,.%'37$4) 1=1
si(w1, w2, 23,24) = § (v1,22 + 1, 23,04) =2,
($1,$27x3+1,x4) Z:3

and if D = {(z,y,2,w) € V:2x =yVy =2Vz = w} then R =
{(z,y,z,w) €D :(x <yVy=z)+<w=0}

Let T be the following L-theory:

i) Ve U(x) + =V (z);

ii) E(z) — U(x);

iii) s(x) =« for x € V and m;(z) = s,(x) = x for x € U;

iv) m; : V= U and if z1, 29,23 € U, there are exactly two y € V such
that m;(y) = a; for i = 1,2,3;

v) s is a bijection between E and U\E, 7;(s;(y)) = s(mi(y), mi(s;(y))mi(y)
for i =1,2,3 and j # i;

vi) s;85(x) = s;si(x) for 1 <4,j < 3;

vii) Let D = {y € V : mj(x) = m;(y) for some i # j}. Then R(y) = y € D
and for all x € D there is a unique y € V such that R(y) and m;(z) = m;(y)
fori=1,2,3;

viii) m(z) = ma(z) — [(R(z) < R(s3(x))) A (R(x) < R(s1s2(x)))] for
z eV,

ix) ma(x) = m3(x) = [(R(z) + R(s1(z))) A (R(z) < R(s2s3(z)))] for
x eV,
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x) m(z) = ms(x) = [(R(z) < (R(s2(z)) & m(z) # s(m(z)) A
(R(z) < (R(s153(2)) > mi(x) # ma(2)))]-

a) Show that M = T.

Suppose that N' = T, = € UN, and n > 0. We want to show that
s"(x) # x. Suppose, for purposes of contradiction, that s (z) = x.

b) Show that n is even and there is y € R such that m;(y) = z for
i=1,2,3.

c) Let 0 = 51535, " and 7 = 815, "s3 '. Show that =R(o%(y)) for 1 <i <
2, R(s3(y)), and R(77 (s3(y))). Use the fact that 0% = 725} to derive a
contradiction.

d) Argue that (UVN, sN|UV) = (Z, 5).

e) Show that T is k-categorical for all uncountable x but not Wo-
categorical.

Exercise 2.5.17 We say that M | T is existentially closed if whenever
NET,N 2 M,and N = 30 ¢(v,a), where @ € M and ¢ is quantifier-free,
then M = 37 ¢(7,a).

a) Show that if T is V3-axiomatizable, then T has an existentially closed
model. Indeed, if M |= T, there is N' O M existentially closed with |[N| =
M|+ |L] + Ro.

b) Suppose that 7" has an infinite nonexistentially closed model. Prove
that T has a nonexistentially closed model of cardinal x for any infinite
cardinal x > |£|. [Hint: Suppose that M C N are models of T and N
satisfies an existential formula not satisfied in M. Consider models of the
theory of N' where we add a unary predicate for M|

c¢) Suppose that T is k-categorical for some infinite x > |£| and axiom-
atized by V3-sentences. Prove that all models of T are existentially closed.
Conclude that every algebraically closed field is existentially closed.

Exercise 2.5.18 (Ultrafilters) Let I be a set and let P(I) = {X : X C I}
denote the power set of I. A filter on I is a collection D C P(I) such that:

i) I €D, ¢D;

ii) if A,B € D, then AN B € D;

iii)if A€ Dand AC B C1, then B € D.
Intuitively a filter is a collection of “big” subsets of I.

a) Suppose that I = R. Show that D = {X C R : R\ X has Lebesgue
measure zero} is a filter.

b) Let x be an infinite cardinal with x < |I|. Show that D = {X C I :
|T\ X| < &} is a filter. If K = Rg, we call D the Frechet filter.

c) Show that for = € I, the principal filter D ={X CI:z € X} isa
filter on I.

d) Suppose that D is afilteron I and X ¢ D. Let E ={Y CI: Z\ X C
Y for some Z € D}. Show that F is a filter, D C E, and I \ X € E.
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We say that a filter D on [ is an wltrafilter if X € D or I\ X € D for
all X C I. We can think of an ultrafilter as a finitely additive two-valued
measure on the subsets of I.

e) Show that every principal filter is an ultrafilter.

f) Show that for all filters D on I there is an ultrafilter U on I with
D C U. [Hint: Suppose that D is a filter on I. Let Z={F C P(I): F 2 D
and F is a filter}. Use Zorn’s Lemma to show that there is a maximal
element of Z. Use d) to show that a maximal filter is an ultrafilter.] In
particular if D is the Frechet filter on I, then U is a nonprincipal ultrafilter.

Exercise 2.5.19 (Ultraproducts) Let £ be a language and suppose that
I is an infinite set. Suppose that M; is an L-structure for each i € I. Let
D be an ultrafilter on I. We define a new structure M = [[ M;/D, which
we call the ultraproduct of the M; using D. Define a relation ~ on

X =M= {f:IeUMi:f(i)eMi foralli}
i€l iel
by f~gifandonlyif {i e I: f(i)=g(i)} € D.

a) Show that ~ is an equivalence relation.

The universe of M will be M = X/ ~, the ~ equivalence classes. We
must show how to view M as an L-structure. If ¢ is a constant symbol of
L, let ¢c™ be the ~ class of f. € X where f.(i) = ¢™i for all i € I.

Let f be an n-ary function symbol of L.

b) Suppose that g1,...,9n,h1,...,hp € X, and g; ~ h; fori=1,... n.
Define gn+1(7;) = fMi(gl (Z)v s 7gn(i)) and thrl(i) = fML(hl(Z)7 SRR hn(z))
for i € I. Show that g1 ~ hpy1. Thus fM(g1/~, ... G0/ ~) = Gni1/ ~
determines a well-defined function on M.

c) Suppose that R is a relation symbol of £ and ¢1, ..., gn, h1,..., hy are
as above. Show that {i € I : (g1(4),...,g.(i)) € RM:} € D if and only if
{ieI:(hi(i),...,h,(i)) € RM:} € D.

Thus, we can interpret

RM={(g1/~ - gm/~) :{i € I (91(4),..., 9m(i)) € R*'} € D}.

d) (Lo$’s Theorem) Let ¢(v1,...,v,) be an L-formula. Then, M |=
d(g1/~y ..., gn/~)if and only if {i € I : M; = ¢(g1(¢),...,g.(2))} € D.

e) What goes wrong in the proof of d) if D is a filter but not an ultrafil-
ter?

Exercise 2.5.20 (Ultraproduct and the Compactness Theorem) We show
how ultraproducts can be used to give a different proof of the Compactness
Theorem. Suppose that T is a finitely satisfiable theory. If T is finite, then
T is satisfiable, so we may assume that T is infinite. Let I = {A C T : A
is finite}.

a)For g € T, let Xy ={A e€l:¢eA}. Let

D={Y CI:X4CY for some ¢ € T}.
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Show that D is a filter on I.
b) For A € I, let Ma = A. Let U be an ultrafilter on I with U D D.
Show that [[ Ma/U 1.
Ael

Exercise 2.5.21 T For each prime p, let F,, be the field with p elements. Let
D be a nonprincipal ultrafilter on the set of primes, and let K = [[F,/D.

i) What can you say about the characteristic of K7

ii) Show that K has a unique algebraic extension of each degree.

iii) Let a,b € K \ {0}. Show that there are infinitely many points (z,y)
in K2 such that y? = 23 + z. [Hint: The equation defines an elliptic curve.
Hasse showed that if E is an elliptic curve defined over a finite field F, and
N, is the number of points on £ with coordinates in IF4, then [N, —¢q| < 2,/g
(see [95]).]

Exercise 2.5.22 Let M be a fixed £ structure, and let M; = M for every
i € w. Let D be a nonprincipal ultrafilter on w. Let M* = [[M;/D. We
call M* an ultrapower of M. Let d : M — M* by setting d(m) equal to
the ~ class of the constant function i — m. Show that d is an elementary
embedding and d is surjective if and only if M is finite.

Exercise 2.5.23 (Effective Henkin Constructions) Let £ be a recursive
language. Consider an L-structure M with underlying set N. We say that
M is decidable if {(¢(n1,...,nm)) : " € Nand M | ¢(ny,...,nm), ¢
and L-formula} is recursive. Show that if T is a complete, recursive £-
theory, then T has a decidable model. [Sketch: Let £* = LU {¢; : i =
0,1,...}, where the ¢; are new constant symbols. We do a recursive Henkin
construction. Let ¢g, ¢1,... list all L*-sentences, and let g, 1o, ... list all
L*-sentences with one free variable. At any stage s of the construction, we
will have a sentence 5 such that TU {fs : s = 0,1,2,...} is a complete
satisfiable theory with the witnessing property. Let 0y = Vo = = x. At
stage s = 2m, if T U {05, ¢y, } is satisfiable, let 051 = 05 A ¢y, otherwise,
let 0541 = 05 A\ =, Show that we can make this decision recursively and
that T U {f,41} is satisfiable. At stage s = 2m + 1, let 7 be least such that
the constant ¢; does not occur in 0,11 = 65 A (Fv YP(v)) — P(¢;). Show
that T'U {041} is satisfiable. Argue that T* =T U {6, : s =0,1,...} is a
satisfiable complete decidable theory with the witness property. Build M
as in Lemma 2.1.7. Let 0 : N — M by (i) = ¢;/ ~, where j is least such
that [{co/ ~,...,¢;/ ~}| =i+ 1. Use o to make N into an L*-structure N’
so that o is an isomorphism. Show that A is decidable.]

Exercise 2.5.24 We can also view a countable Henkin construction as
a forcing construction (see Appendix A). Let £,£*, and T be as in the
previous exercise. Let P = {3 : 3 is a finite set of L*-formulas and TU X
is satisfiable}. We order P by ¥ < A if and only if A C X. For each £*-
sentence ¢, let Dy = {3 € P : ¢ € ¥ or ~¢ € L}. For each L*-formula
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¥ (v) in one free variable v, let Ey, = {¥ € P: —Jv ¢(v) € L or ¢(c) € &
for some constant c}.

a) Show that each Dy and Ey; is dense.

b) Let D be the collection of all D, and Ey. If G C P is a D-generic
filter, then T* = (Jy,c; ¥ is a satisfiable complete theory with the witness

property.

Exercise 2.5.25 We say that a theory T has definable Skolem functions
if for any formula ¢(w, v) there is a formula ¥ (w, v) such that

T = Y3 (@, 0) |

T E Vovuvv (Y (w,uw) A(w,v)) = u =),

T E Vo (Jve(w,v) = Fu (W(W,u) A ¢(w,u)).

In other words, for each formula ¢(w,v) there is a function f with a
definable graph that is a Skolem function for ¢.

a) Show that Peano arithmetic has definable Skolem functions.

b) Show that if T" has definable Skolem functions, then there is an ex-
pansion by definitions of 7" with built-in Skolem functions.

Exercise 2.5.26 Suppose thatT has built-in Skolem functions. Show that
T has a universal axiomatization.

Exercise 2.5.27 If (I,<) is a linear order and (A;, <) is a linear order
for i € I, we may linearly order {(¢,z) : ¢ € I,x € A;} by (i,2) < (4,y) if
and only if i < j or i = j and x < y. We call this order ), ; A;.

Let x be an infinite cardinal. Let A be the linear order Q + 2 + Q (that
is, a copy of the rationals, followed by two discrete points, followed by a
copy of the rationals), and let B be the linear order Q + 3 + Q.

a) Let X C k. For a < k, let

c - A faeX
1B ifag X’

and let Ly be the linear order ) _, Co. Show that if X # Y, then Lx 2
Ly . Conclude that there are 2 nonisomorphic linear orders of cardinality
K.

b)T Show that if x > Ry, then there are 2% nonisomorphic dense linear
orders of cardinality «.

Exercise 2.5.28 Let L3 = {<,co,¢1,-..}, where cp,¢1,... are constant
symbols. Let T3 be the theory of dense linear orders with sentences added
asserting cog < c; < ....

a) Show that T5 has exactly three countable models up to isomorphism.
[Hint: Consider the questions: Does ¢y, ¢1, ¢z, ... have an upper bound? A
least upper bound?]

b) Prove the following two general results and use them to prove that T3
is complete.
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i) For any language £, two L-structures M and A are elementarily
equivalent if and only if they are elementarily equivalent for every finite
sublanguage.

ii) If £ is countable, T is an L-theory with no finite models, and any
two countable models of T" are elementarily equivalent, then T is complete.

c¢) Let £4 = L3 U {P}, where P is a unary predicate. Let Ty be T5 with
the added sentences

VaVy(z <y — FzFw(z < z<yAzx <w < yA P(z) AN =P(w))).

In other words, P is a dense-codense subset. Show that T is a complete
theory with exactly four countable models.

d) Generalize c) to give examples of complete theories with exactly n
countable models for n = 5,6, .. ..

Exercise 2.5.29 T a) Show that all ordinals a, 3 < w¥2, a # (3. [Here, w®
is the ordinal sup{w,w?,...} (see Appendix A).]

b) Show that for all ordinals « there is an ordinal 8 < w2 such that
a = 0.
Exercise 2.5.30 Prove Lemma 2.4.11.
Exercise 2.5.31 Show that the Compactness Theorem fails for L, ..
Exercise 2.5.32 Show that if M 2 N, then M =, , N.

Exercise 2.5.33 The definition of quantifier depth extends to formulas of
Lo, by defining

depth (/\ (;Si) = depth (/\ 1/)1') = sup depth(¢;).

We say that M =%, if M |= ¢ if and only if N |= ¢ for all L, -sentences
of quantifier depth at most a.

a) Show that (M,a) =% , (N,b) if and only if (M,a) ~4 (N, b).

b) Let ®M be the Scott sentence of M. Show that if N = ®M, then
N = M.

Exercise 2.5.34 If M and N are L-structures, then a back-and-forth
system for M and N is a family F of partial embeddings from M into N
with finite domain such that:

i) for all f € F and a € M, there is g € F such that ¢ O f and a is in
the domain of g, and

ii) for all f € F and b € N, there is g € F such that ¢ O f and b is in
the image of g.

a) Show that if M and N are countable and there is a back-and-forth
system, then M = N.

b) Suppose that F' is a back-and-forth system between M and NV, f € F,
and @ is the domain of F. Show that (M,a) ~, (N, f(@)) for all a.
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¢) Show that there is a back-and-forth system between M and N if and
only if M =4, N.

d)" Show that M =, ,, N if and only if there is a forcing extension of
the universe in which M is isomorphic to N.

Exercise 2.5.35 T Let £ = {R}, where R is a binary relation. If f €
28N “let M be the L-structure with universe N and (w,y) € RM/ if
and only if f(z,y) = 1. We topologize 2"*N by taking subbasic open sets
{f: f(m,n) =i} where m,n € Nand i € {0,1}. If o is a permutation of N
we view o as acting on 2MN by letting o(f)(i,5) = f(o(i),o(j)). We say
that X C 2N i invariant if

feXeof)eX

for all permutations o of f.

a) Show that for any sentence ¢ of Ly, o, {f € 2N : My | ¢} is an
invariant Borel set.

b) Show that for any countable L-structure M, {f € 28N M =2 M}
is an invariant Borel set.

c¢) Show that the equivalence relation fEg if and only if M; = M, is an
invariant analytic subset of 2N x 2NxN " (Recall that an analytic subset
of Y is the continuous image of a Borel set in ¥ x NI.)

d) Show that every invariant Borel subset of 28N is of the form {f :
M = ¢} for some L, -sentence.

Remarks

The Compactness Theorem was proved for countable languages by Godel.
Malcev proved the general result and was the first who saw its power. In-
deed in a review of a paper of Skolem’s, Godel [35] points out that the
existence of a nonstandard model of arithmetic follows from the Incom-
pleteness Theorem, but does not mention the simple compactness proof.

The completeness and decidability of ACF,, for p = 0 or prime was first
proved by Tarski using the method of quantifier elimination from Chapter
3.

Ax’s Theorem 2.2.11 was first proved as we described above. Later, Borel
[13] gave a topological proof and Rudin [90] gave an algebraic proof.

The method of diagrams from Section 3.2 is due to Abraham Robinson.
Theorem 2.3.9 is due to Los and Tarski. Theorem 2.3.11 is due to Tarski
and Vaught.

The analysis of the random graph is due to Fagin. See [97] for more
on zero-one laws for random graphs where we consider other probability
measures. These ideas can easily be generalized to study a random n-ary
relation. Constructions of this sort are generally referred to as Fraissé con-
structions. This topic is discussed more carefully in [40]. Hrushovski [41],



2.5 Exercises and Remarks 69

[42] has expanded these ideas into a powerful tool for constructing inter-
esting new structures.

Ehrenfeucht—Fraissé games, and their variants, play an interesting role
in finite model theory (see, for example, [32]). The use of games and back-
and-forth systems to understand infinitary equivalence is due to Karp. The
use of L, ., to characterize countable structures and Exercise 2.5.35 are
due to Scott. The reader is referred to [72] for a survey of the model theory
of infinitary logic and its connection to classical model theory.

Exercise 2.5.15 is due to Chang, Los, and Suszko. The finitely axiomatiz-
able N;-categorical theory given in Exercise 2.5.16 is Morley’s simplification
of an example by Peretjat’kin. Exercise 2.5.17 is due to Lindstrém.

Ultraproducts and ultrapowers are an important tool in model theory,
although they will not play a central role in this text. A very thorough
development of the model theory of ultraproducts is contained in [22]. A
high point of the theory is the Keisler—Shelah Theorem (see [22] 6.1.15).

Theorem 2.5.36 (Keisler—Shelah Theorem) Two L-structures M
and N are elementarily equivalent if and only if there is an index set I
and an ultrafilter D on I such that [[M/D = [[N/D.

The study of ultraproducts of finite fields mentioned in Exercise 2.5.21 is
a fascinating one initiated by Ax [2] and developed further by Chatzidakis,
van den Dries, and Macintyre [23].

The examples from Exercise 2.5.28 are due to Ehrenfeucht. The analysis
of elementary equivalence of ordinals is due to Mostowski and Tarski.






3
Algebraic Examples

3.1 Quantifier Elimination

The study of definable sets is often made quite complicated by quantifiers.
For example, in the structure (N, +, -, <) the quantifier-free definable sets
are defined by polynomial equations and inequalities. Even if we use only
existential quantifiers the definable sets become complicated. By the Mati-
jasevic—Robinson—Davis—Putnam solution to Hilbert’s 10th problem [24],
every recursively enumerable subset of N is defined by a formula

Fvy ... v, p(z,v1,..,0,) =0

for some polynomial p € N[X,Y7,...,Y,]. As we allow more alternations
of quantifiers, we get even more complicated definable sets.

Not surprisingly, it will be easiest to study definable sets that are defined
by quantifier-free formulas. Sometimes formulas with quantifiers can be
shown to be equivalent to formulas without quantifiers. Here are two well-
known examples. Let ¢(a, b, c) be the formula

3z az? +bx +c=0.
By the quadratic formula,
R |= ¢(a,b,c) < [(a AOAD? —dac>0)V (a=0A(b#0Vc=0)),
whereas in the complex numbers

CE¢(a,b,c) <> (a#£0Vb#0Ve=0).
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In either case, ¢ is equivalent to a quantifier-free formula. However, ¢ is
not equivalent to a quantifier-free formula over the rational numbers Q.
For a second example, let ¢(a, b, c,d) be the formula

JrIyFuv (za+ye=1Azb+yd =0Aua+vc=0Aub+vd =1).

The formula ¢(a, b, ¢, d) asserts that the matrix

(+ 4)
c d
is invertible. By the determinant test,
F = ¢(a,b,c,d) <> ad —bc #0
for any field F.

Definition 3.1.1 We say that a theory T has quantifier elimination if for
every formula ¢ there is a quantifier-free formula i such that

TE ¢+ .

We will start by showing that DLO, the theory of dense linear orders
without endpoints, has quantifier elimination. We need a slight variant of
the proof of Theorem 2.4.1.

Lemma 3.1.2 Let (A, <) and (B,<) be countable dense linear orders,
ai,...,an € A, by,...,b, € B, such that a1 < ... < a, and by < ... < by,.
Then there is an isomorphism f : A — B such that f(a;) = b; for
1=1,...,n.

Proof Modify the proof of Theorem 2.4.1 starting with Ag = {a1,...,an},
By = {b1,...,b,}, and the partial isomorphism fy : Ay — By, where
fo(a;) = b;. The rest of the proof works, and we build f : A — B, an
isomorphism extending fy.

Theorem 3.1.3 DLO has quantifier elimination.

Proof First, suppose that ¢ is a sentence. If Q |= ¢, then because DLO is
complete, DLO[ ¢ and

DLO):¢H$1:(E1,

whereas if Q | —¢,
DLO ':gf)HIl 7&131.

Next, suppose that ¢ is a formula with free variables x1,...,z,, where
n > 1. We will show that there is a quantifier-free formula 1) with free
variables from among x1, ..., x, such that

Q vz (¢(T) © (7)),
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Because DLO is complete,

DLO |=Vz (6(F) < ¢(T)),

so this will suffice.
For o :{(i,7): 1 <i<j<n}— 3, let x,(1,...,2,) be the formula

/\ Zi':i)']j/\ /\ ZL’1'<$J'/\ /\ Ty > Tj.

o (4,5)=0 o(i,j)=1 o(i,j)=2

We call x, a sign condition. Each sign condition describes a (possibly in-
consistent) arrangement of n elements in an ordered set.

Let £ be the language of linear orders and ¢ be an £-formula with n > 1
free variables. Let Ay be the set of sign conditions o : {(i,7) : 1 <i < j <
n} — 3 such that there is @ € Q such that Q = x, (@) A ¢(a). There are
two cases to consider.

case 1: Ay = 0.
Then Q = VZ —¢(Z) and Q = ¢(T) + 1 # 1.
case 2: Ay # 0.
Let
vo@ =\ xo(@).
o€Ny
By choice of Ay,
Q E ¢(T) = y().

On the other hand, suppose that b € Q and Q | (). Let o € A
such that Q = x,(b). There is @ € Q such that Q = ¢(a@) A x.(@). By
Theorem 2.4.1, there is f, an automorphism of (Q, <), such that f(a) = b.
By Theorem 1.1.10, Q = ¢(b). Thus ¢(b) <> 14 (D).

Note that there is a slight anomaly here. If ¢ is not a sentence, then
we can find an equivalent quantifier-free sentence using the same variables.
Because there are no quantifier-free L-sentences, to find a quantifier-free
formula equivalent to a sentence, we must introduce a new free variable. If
our language has constant symbols, this is unnecessary.

DLO is an example where we can give a direct explicit proof of quantifier
elimination. In the exercises, we will look at several more simple examples
where there is an easy explicit elimination of quantifiers. For more com-
plicated theories explicit proofs of quantifier elimination are often quite
difficult. Next we will give a useful model-theoretic criterion for quantifier
elimination.

Theorem 3.1.4 Suppose that L contains a constant symbol ¢, T is an
L-theory, and ¢(v) is an L-formula. The following are equivalent:

i) There is a quantifier-free L-formula ¥(T) such that T = Vo (¢(T) <
¥()).
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it) If M and N are models of T, A is an L-structure, A C M, and
ACN, then M = ¢(a) if and only if N |= ¢(a) for alla € A.

Proof i)= ii) Suppose that T = Vv (¢(v) <> (7)), where 1 is quantifier-
free. Let @ € A, where A is a common substructure of M and A and the
latter two structures are models of T'. In Proposition 1.1.8, we saw that

quantifier-free formulas are preserved under substructure and extension.
Thus

& M(a)
< AEy(a) (because A C M)
& N E¢(@) (because A C N)

& N o)

ii) = 1) First, if T |= V0 ¢(7), then T = Vo (¢(7) <> ¢ = ¢). Second, if
T = Vo —¢(), then T |= Vv (¢(V) <> ¢ # ¢).

Thus, we may assume that both T U {¢(v)} and T'U {—¢(D)} are satisfi-
able.

Let T'(v) = {¢(v) : ¢ is quantifier-free and 7' = Vv (¢(v) — (7)) }. Let
di,...,dn, be new constant symbols. We will show that TUT(d) = ¢(d).
Then by compactness, there are ¢q,...,1%, € I' such that

Tk (/\ 6i(@) — ¢(v)> .

M = ¢(a)

Thus

T o (/\ G(@) ¢<v>>

and /\ 1;(0) is quantifier-free. We need only prove the following claim.

Claim T UT(d) |= ¢(d).

Suppose not. Let M = T UT(d) U {=¢(d)}. Let A be the substructure
of M generated by d.

Let ¥ = TUDiag(A)Ug¢(d). If ¥ is unsatisfiable, then there are quantifier-
free formulas 1 (d), . ..,v,(d) € Diag(A) such that

T Vo (/\w — —( ))
But then

T =Vo <¢(v) — \/ —\1/)i(v)> ,
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S0 \/ —;(7) € I" and A |= \/ —p;(d), a contradiction. Thus, ¥ is satisfi-
i=1 =1
able. B
Let N |= X. Then N = ¢(d). Because ¥ 2 Diag(A), A C N, by Lemma
2.3.3 1). But M E —¢(d); thus, by ii), N' | =¢(d), a contradiction.

The proof above can easily be adapted to the case where £ contains
no constant symbols. In this case, there are no quantifier-free sentences,
but for each sentence we can find a quantifier-free formula 1 (v1) such that
T ¢« p(vr).

The next lemma shows that we can prove quantifier elimination by get-
ting rid of one existential quantifier at a time.

Lemma 3.1.5 Let T be an L-theory. Suppose that for every quantifier-
free L-formula 0(v,w) there is a quantifier-free formula ¥ (v) such that
TE Jw 0(w,w) <> (0). Then, T has quantifier elimination.

Proof Let ¢(7) be an L-formula. We wish to show that T = Vv (¢(7) +
1 (0)) for some quantifier-free formula ¢(v). We prove this by induction on
the complexity of ¢(7v).

If ¢ is quantifier-free, there is nothing to prove. Suppose that for i = 0, 1,
T =V (6;(v) <> ¢:(0)), where 9; is quantifier free.

If ¢(0) = —60(D), then T = VT ($(T) > —ho(T)).

If 6(2) = 00() A 03(), then T = Yo (6(5) + (1o(5) A 1 (D)),

In either case, ¢ is equivalent to a quantifier-free formula.

Suppose that T' = Vo(0(T,w) < (v, w)), where ¢ is quantifier-free
and ¢(T) = Jwb(T,w). Then T |= VU ($(U) < Jw (v, w)). By our as-
sumptions, there is a quantifier-free ¢ (v) such that T' = Vo (Jw o (T, w)
¥(v)). But then T |= Vo (6(V) + (D).

Combining Theorem 3.1.4 and Lemma 3.1.5 gives us the following simple,
yet useful, test for quantifier elimination.

Corollary 3.1.6 Let T be an L-theory. Suppose that for all quantifier-free
formulas ¢(T,w), if M,N =T, A is a common substructure of M and N,
a € A, and there is b € M such that M |= ¢(a,b), then there is c € N such
that N = ¢(@,c). Then, T has quantifier elimination.

Divisible Abelian Groups

In Proposition 2.2.4 we showed that the theory of nontrivial torsion-free di-
visible Abelian groups is k-categorical for uncountable cardinals and hence
complete by Vaught’s test. To illustrate Corollary 3.1.6, we will show that
the theory of divisible ordered Abelian groups has quantifier elimination.
It will be convenient (although not essential) to work with the language
L = {+,—,0} because in this language substructures of groups are groups,
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whereas with {+,0} substructures are semigroups. Let DAG be the £-
theory of nontrivial torsion-free divisible Abelian groups. We will show
DAG has quantifier elimination.

We start by verifying a special case of the quantifier elimination test.

Lemma 3.1.7 Suppose G and H are nontrivial torsion free divisible
Abelian groups, G C H, ¥(v,w) is quantifier-free, @ € G, b € H, and
H = ¢(a,b). Then, there is c € G such that G = ¢(a,c).

Proof We first note that i) can be put in disjunctive normal form, namely
there are atomic or negated atomic formulas 6; ;(7,w) such that:

H\/l/\lej(vw)

Because H = ¥(a,b), H |E /\;n=1 0;;(@,b) for some i. Thus, without
loss of generality, we may assume that 1 is a conjunction of atomic and
negated atomic formulas. If (vy, ..., vy, w) is an atomic formula, then for
some integers ny, ..., Ny, m, 0(T,w) is > n;v; + mw = 0.

Thus, we may assume that

S m S m
= /\ E ni ja; +miw =0 A /\ E n; ja; +miw # 0.
i=1j=1 i=1j=1

Let g; = Y n;ja; and h; = Zn;’jaj. Then, g;, h; € G and
(@, w) H/\gi—i—miw:O/\/\hi—&—mgw;&O.

If any m; # 0, then b = ~% € G and G | 0(a,b), so suppose that
(@, w) = N\h; + miw # 0. Thus Y(a, w) is satisfied by any element of H

that is not equal to any one of hl ey

an element of G satisfying ¥(a, w)

We will need the following algebraic lemma.

Lemma 3.1.8 Suppose that G is a torsion-free Abelian group. Then, there
is a torsion-free divisible Abelian group H, called the divisible hull of G,
and an embedding i : G — H such that if j : G — H' is an embedding of G
wnto a torsion-free divisible Abelian group, then there is h : H — H' such
that j = hoi.

Proof If G is the trivial group, then we can take H = Q, so suppose that
G is non-trivial.

Let X ={(g9,n):g € G,n € N,n > 0}. We think of (g,n) as g/n.

We define an equivalence relation ~ on X by (g,n) ~ (h,m) if and only
if mg = nh. Let H = X/ ~. For (g,n) € X, let [(g,n)] denote the ~-class
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of (g,n). We define + on H by [(g,n)] + [(h,m)] = [(mg + nh,mn)]. We
must show that + is well defined.

Suppose that (go, no) ~ (g,n). We claim that (mgo+noh, mng) ~ (mg—+
nh,mn). We must verify that mno(mg + nh) = mn(mgo + noh). Because
G is Abelian, mng(mg + nh) = m2ngg + mngonh. But ngy = neg. Thus,
mno(mg + nh) = m?ngo + mnonh = mn(mgo + noh), as desired. Thus, +
is well-defined.

Similarly, we can define — by [(g,n)] —[(h, m)] = [(mg—nh, mn)]. This is
also well-defined. It is easy to show that (H,+) is an Abelian group, where
[(0,1)] is the identity and [(—g,n)] is the inverse of [(g,n)].

It ((g,m)] € H and n.> 0, then n[(g,m)] = [(ng, m)]. If (ng,m) ~ (0,K),
then kng = 0. Because k > 0, n > 0, and G is torsion-free, g = 0. But then
[(g,m)] =[(0,1)]. Thus, H is torsion-free.

Suppose that [(g,m)] € H and n > 0, then n[(g,mn)] = [(ng,mn)] =
[(g,m)]. Thus, H is divisible.

We can embed G into H by the map i(g) = [(g, 1)]. Clearly, for go # g1,
(g0, D] # [(g1, 1)]. Also [(g, 1)] + [(h, 1)] = [(g + h, 1)}, as desired.

Suppose that H' is a divisible torsion-free Abelian group and j : G — H’
is an embedding. Let h : H — H’ by h([g,n]) = j(g)/n. The reader should
verify that h is a well-defined embedding and j = h o .

Theorem 3.1.9 DAG has quantifier elimination.

Proof Suppose that Gy and G are torsion-free divisible Abelian groups,
G is a common subgroup of Gy and G1, g € G, h € Gy, and Gy | ¢(g, h),
where ¢ is quantifier-free. Let H be the divisible hull of G. Because we
can embed H into G, by Lemma 3.1.7, H = Jw ¢(g, w). Because we can
embed H into Gy, there is b’ € G; such that G; = ¢(g,h’). By Corollary
3.1.6, DAG has quantifier elimination.

Quantifier elimination gives us a good picture of the definable sets in
a model of DAG. Suppose that ¢(vy,...,vn, w1,...,Wy,) is an atomic for-
mula. Then, there are integers k1, ..., k, and Iy, ..., 1, such that ¢(v,w) <
Skixi + > Ly, = 0. If G = DAG and ay,...,a,, € G, ¢(v,a) defines
{g € G™ : Y kigi + >_l;a; = 0}, a hyperplane in G". Because any L-
formula ¢(v,w) is equivalent in DAG to a Boolean combination of atomic
L-formulas, every definable subset of G™ is a Boolean combination of hy-
perplanes.

In particular, suppose that @ € G™ and ¢(v,a) defines a subset of G.
The “hyperplanes” in G are just single points. Thus, {g € G : G = ¢(g,a)}
is either finite or cofinite. Thus, every definable subset of G was already
definable already in the language of equality.! This is an example of a very
important phenomenon.

LOf course, in G2 there are definable sets which are not definable in the pure language
of equality.
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Definition 3.1.10 We say that an L-theory T is strongly minimal if for
any M = T every definable subset of M is either finite or cofinite.

Corollary 3.1.11 DAG is strongly minimal.

In Chapter 6.1, we will see that strongly minimal theories are X-categorical
and that their analysis is crucial in any understanding of Nj-categorical
theories.

Because several of the proofs of quantifier elimination that we give below
will follow the exact pattern of the proof of Theorem 3.1.9, we will isolate
the properties highlighted in Lemmas 3.1.7 and 3.1.8 and show that they
suffice for quantifier elimination.

If T is a theory then Ty is the set of all universal consequences of T'. In
Exercise 2.5.10 we saw that A |= Ty if and only if there is M = T with
A C M. One consequence of Lemma 3.1.8 is that every torsion-free Abelian
group is a substructure of a nontrivial divisible Abelian group. Because the
axioms for torsion-free Abelian groups are universal, DAGy is exactly the
theory of torsion-free Abelian groups.

We say that a theory T has algebraically prime models if for any A = Ty
there is M |= T and an embedding i : A — M such that for all N' = T and
embeddings j : A — N there is h : M — N such that j = h oi. Lemma
3.1.8 asserts that DAG has algebraically prime models.

If M\N =T and M C N, we say that M is simply closed in N' and
write M <, N if for any quantifier free formula ¢(v,w) and any @ € M, if
N E Jw ¢(a,w) then so does M. Lemma 3.1.7 says that if G and H are
models of DAG and G C H, then G <, H.

The proof of Theorem 3.1.9 can be easily modified to yield the following
quantifier elimination test.

Corollary 3.1.12 Suppose that T is an L-theory such that
i) T has algebraically prime models and
ii) M <3 N whenever M C N are models of T.

Then, T has quantifier elimination.

Quantifier elimination implies a significant strengthening of ii).

Definition 3.1.13 An L-theory T is model-complete M < N whenever
MCN and M\N ET.

Stated in terms of embeddings: T is model-complete if and only if all
embeddings are elementary.

Proposition 3.1.14 If T has quantifier elimination, then T is model-
complete.

Proof Suppose that M C N are models of T'. We must show that M is an
elementary submodel. Let ¢(7) be an L-formula, and let @ € M. There is
a quantifier-free formula (v) such that M = Vo (¢(v) < ¢ (7)). Because
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quantifier-free formulas are preserved under substructures and extensions,

M E ¢(a) if and only if N = +(a@). Thus
ME¢@) & MEy¢@ < N Ev@ e N @)

There are model-complete theories that do not have quantifier elimina-
tion. We will investigate model-completeness further in the exercises. For
now, let us just point out the following test for completeness of model-
complete theories.

Proposition 3.1.15 Let T be a model-complete theory. Suppose that there
is Mo = T such that Mg embeds into every model of T. Then, T is com-
plete.

Proof If M = T, the embedding of M into M is elementary. In particular
My = M. Thus, any two models of T' are elementarily equivalent.

Because (Q,+,0) embeds in every model of DAG, this gives another
proof of the completeness of DAG. We will use Proposition 3.1.15 below in
several cases where Vaught’s test does not apply.

Ordered Divisible Abelian Groups

Let us use the tools we have developed to analyze the theory of (Q, +, <, 0).
Let £ = {+,—,<,0} and let ODAG be the theory of nontrivial divisible
ordered Abelian groups. We will show that ODAG is a complete theory
with quantifier elimination. It follows from completeness that ODAG ax-
iomatizes the theory of the ordered group of rationals.

We start by trying to identify ODAGy. It is easy to see that the axioms
for ordered Abelian groups are universal and hence contained in ODAGy.
We claim that these axioms suffice. We must show that every ordered
Abelian group embeds in an ordered divisible Abelian group. Because or-
dered groups are torsion-free, it suffices to show that the ordering of the
group extends to an ordering of the divisible hull. The next lemma will
show this and prove that ODAG has algebraically prime models.

Lemma 3.1.16 Let G be an ordered Abelian group and H be the divisible
hull of G. We can order H such that i : G — H 1is order-preserving,
(H,+,<) = ODAG and if H = ODAG and j : G — H' is an embedding,
then there is an embedding h : H — H' such that j = hoi.

Proof We let £ denote [(g,n)]. We can order H by £ < L if and only

if mg < nh. If g < h, then £ < 2 so this extends the ordering of G. If

h h
qull < 7% and ;- < -2 then nogi < nigs and mohy < mihy. Then,

mimanagl + ninamaohy < mimanigs + ningmihe
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and
migr + nihy < mMaga + Naha

miny mana

Thus, < makes H an ordered group.

If H' is another ordered divisible Abelian group and j : G — H’ is an
embedding, let h be as in Lemma 3.1.8. It is easy to see that h is order-
preserving.

To prove quantifier elimination, we must show that if G and H are or-
dered divisible Abelian groups and G C H, then G <, H.

Suppose that ¢(v,w) is a quantifier-free formula, @ € G, and for some
be H, H = ¢(b,a). As above, it suffices to consider the case where ¢ is
a conjunction of atomic and negated atomic formulas. If (v, w) is atomic,
then 6 is equivalent to either Y n;w; + mv = 0 or > n;w; + mv > 0 for
some n;,m € Z. In particular, there is an element g € G such that (v, a)
is of the form mv = g or mv > g. Also note that any formula mv # g is
equivalent to mv > g or —mwv > g. Thus we may assume that

o(v,a) < /\miv =g N /\niv > h;,

where g;, h; € G and m;,n; € Z.

If there is actually a conjunct m;v = g;, then we must have b = 2 € G;
otherwise ¢(v,@) = Amyv > h;. Let ko = min{ : m; < 0} and k; =
max{ :1 :m; > 0}. Then, ¢ € H satisfies ¢(v,a) if and only if ko < v < k.
Because b satisfies ¢, we must have ky < ky. But it is easy to see that any
ordered divisible Abelian group is densely ordered because if g < h, then
g < # < h, so there is d € GG such that kg < d < k1. Thus G <; H.

Corollary 3.1.17 ODAG is a complete decidable theory with quantifier
elimination. In particular, every ordered divisible Abelian group is elemen-
tarily equivalent to (Q,+, <).

Proof By Lemma 3.1.16, ODAGy is the theory of ordered Abelian groups
and ODAG has algebraically prime models. From the remarks above and
Corollary 3.1.12 we see that ODAG has quantifier elimination. The ordered
group of rationals embeds into every ordered divisible Abelian group; thus,
by Proposition 3.1.15, ODAG is complete. Because ODAG has a recursive
axiomatization, it is decidable by Lemma 2.2.8.

ODAG is not strongly minimal. For example, {a € Q : a < 0} is infinite
and coinfinite. On the other hand, definable subsets are quite well-behaved.
Suppose that G is an ordered divisible Abelian group and X C G is defin-
able. By quantifier elimination, X is a Boolean combination of sets defined
by atomic formulas. If ¢(v,wy,...,w,) is atomic, then there are integers
ko, ...,k such that ¢ is equivalent to either

kov + Zkzwz =0
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or
kov + Z kw; > 0.

If @ € G™, in the first case ¢(v, @) defines a finite set whereas in the second
case it defines an interval. It follows that X is a finite union of points and
intervals with endpoints in G U {#o00}. This is also a very useful property.
Definition 3.1.18 We say that an ordered structure (M, <,...) is o-
minimal (where “0” comes from “order”) if for any definable X C M there
are finitely many intervals Iy, ... I, with endpoints in M U {£oc} and a
finite set X such that X = XqU I U...UI,,.

If M is o-minimal, then the only definable subsets of M are already
definable using only the ordering. Although there may be more complicated
definable subsets in M*, these sets will still be quite well behaved. We will
say a bit more about this in Section 3.3 (see [29] for a thorough treatment
of this important subject).

Presburger Arithmetic

We conclude this chapter by considering a slightly more complicated ex-
ample. Let £ = {+,—,<,0,1} and consider the L-theory of the ordered
group of integers. In fact this theory will not have quantifier elimination in
the language L. Let 1, (v) be the formula

yv=y+...+y,
—_——

n—times

which asserts that v is divisible by n. We will see in the exercises that v, is
not equivalent to a quantifier free formula. It turns out that this is the only
obstruction to quantifier elimination. Let £* = LU{P, : n = 2,3,...},
where P, is a unary predicate which we will interpret as the elements
divisible by n. We will see that the L*-theory of Z has quantifier elimination
and is decidable. Because we are only adding predicates for sets that we
could define already in the language £, we will not change the definable
sets (see Exercise 1.4.15).

There is something slippery going on here that we should be careful
about. For any language £ and L-theory T, there is a language £ D L
and an £'-theory 77 O T such that for any M |= T we can interpret the
new symbols of £’ to make M’ = T” such that any subset of M* definable
using £’ is already definable using £, and any £’-formula is equivalent to
an atomic £'-formula!

Let £' = LU{Ry : ¢ an L-formula}, where if ¢ is a formula in n free
variables, Ry is an n-ary predicate symbol. Let 7" be the theory obtained
by adding to T' the sentences

Vo (6(v) < Ry (0))
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for each L-formula ¢. As an exercise, show that 7" has the desired property.
Thus, by adding lots of predicate symbols for sets defined in the original
language, we obtain a new language in which we have quantifier elimination.

In general, this is a completely useless construction. Quantifier elimina-
tion in the new language is only helpful if the quantifier-free definable sets
are easy to understand. If we were having trouble understanding the sets
defined using £, we would have the same problems with sets defined using
L.

In our analysis of the ordered group of integers, we will see that adding
predicates for subgroups of elements divisible by n suffices to allow us to
eliminate quantifiers, but the language is simple enough that we can prove
decidability and easily understand definable sets. We will consider the £*-
theory, which we call Pr for Presburger arithmetic, with axioms:

i) axioms for ordered Abelian groups;

ii) 0 < 1;

iii) Vo (x <0Va > 1)

i), Ve(P(z) < Jyz=y+...+y), forn=2,3,..;

—_—

n—times
n—1
V)n Vo Vg [Pa(z+ 14+ DAN " Pa(z+14... +1)]
7 times J times

forn=2,3,....

Suppose that (G, +,—, <,0,1) is a model of Pr. For each n, axiom iv),
asserts that P& = nG. Axiom v),, asserts that % = nZ—Z.

What is Pry? Clearly the axioms i), ii), iii), and v),, are universal, whereas
axiom iv) is not. Let us define a theory T that we will eventually show is
Pry. The axioms for T are:

axioms 1), ii), iii), and v)y,;

vi), P, is closed under + and —;

vii), Va,y (y+...+y=1x) = Pp(x);

%,—/
n times
viii)p, m (for m dividing n) V(P (z) — P,(z));
iX)p V2 (Pen(x + ...+ x) = Py(x)) for k,n=2,3,....
k times

Axiom vi) ensures that the P,, are additive subgroups. Axiom vii),, as-
serts that nG C P,. Axiom viii),, ,,, asserts that if m|n, then P, C P,.
Axiom ix),, j asserts that if kx € Py, then x € P,. Clearly, T C Pry. The
next lemma shows that T' axiomatizes Pry and Pr has algebraically prime
models.

Lemma 3.1.19 Let (G,+,<,Ps,Ps,...) ET. There is H O G such that
H = Pr and if H 2 G and H' |= Pr, then there is h : H — H' such that
h|G is the identity.

Proof We define H a subgroup of the divisible hull of G. Let H = {Z :
r€Gandn=1or P,(x)}. Welet P¥ =nH.
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We first show that H is a subgroup of the divisible hull of G. Suppose
that = £ ¢ H. We assume that m # 1 and n # 1, leaving the other cases
to the reader. Then z € P,, and y € P,. Thus, by axiom ix), nx € Py,
and my € P,,,. Because P,,, is closed under addition and subtraction,
nx +my € Ppy,. Thus, "™ ¢ H and H is an ordered subgroup of the
divisible hull of G. In particular, H is Abelian.

Clearly, H = 0 < 1. Suppose that = € H and 0 < = < 1. Because G is
discretely ordered and 1 is the least positive element, m # 1 and 0 < z < m.
Thus z € {1,2,...,m — 1}. But then, by axiom v), ,, G E —Py,(x), a
contradiction.

P is defined so that axiom iv), holds. We need only check axiom

V)n. Let .= € H. Thus Py, (z). We would like = to be congruent one of
0,1,...,n—1 mod n. By axiom v), there is a unique ¢ such that 0 < i < mn
such that z + i € Py,,. By axiom viii),  + ¢ € P,,. Because P,, is a sub-
group, ¢ € P,,. Thus, i = Im, where 0 <[ < n. In H, there is y such that

y+...+y=z+Im. Then y+... +y = +[. Because there is only one
——— ‘—\/—’
mn times n times

choice for 4, there is only one choice for [.

Thus H | Pr. Thus T = Pry.

Moreover, suppose that H' O G and H' |= Pr. Let € G such that
G = P, (). Thereis y € H' such that my = x. Thus, there is an embedding
of H into H' fixing G.

Quantifier elimination will follow from the next lemma.

Lemma 3.1.20 If G,H = Pr and G C H, then G <; H

Proof Let a € G, let ¢(v,w) be a quantifier-free formula, and let b € H
such that H = ¢(b,a).
We claim that we may assume that ¢(v,@) is of the form

/\mw:gi/\/\Pni(siv—&—hi)/\/\ci <wv<dj,

where m;,n;, s; € Z and cl,dl,gl,h € G.

First note that P, (z) <> \/\—, Pn(z +1). If we first assume that ¢ is in
conjunctive normal form, we can then replace all negative occurrences of P,
by a disjunction of positive occurrences. We then use the distributive law
to get an equivalent formula in conjunctive normal form with no negative
occurrences of P,. As usual, we need only consider a single disjunct that
is satisfied by b. We can also replace mv > g; by v > h, where h € G and
mh < g; <m(h+1).

Thus, without loss of generality, we may assume that ¢(v,a) is of the
form above.

If there is any conjunct of the form m;v = g;, then b = 2- € G. Thus,
we may assume that there are no conjuncts of the first type

We can find ¢ and d € G such that ¢; < ¢ < b < d <d;. If d— c is finite,
then b € G. Thus we may assume that d — ¢ is infinite.
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For each i, there is a j; such that 0 < j; < n; and P,,(h; — j;) for all 4.
Thus, P, (s;v+ h;) if and only if P,,(s;v + j;). Then, b is a solution to the
system of congruences

s;v+71 = 0 (mod ny)
$o0+j2 = 0 (mod ng)
SmU+Jm = 0 (mod ny).

Let N = [[n; and let I € w such that Py(b —1). Then [ is a solution
to this system of congruences. Because d — c¢ is infinite, there is a g € G
such that ¢ < g < d and Py(g — ). Then g is a solution to the system of
congruences above. Thus G = ¢(g,a).

Corollary 3.1.21 Presburger arithmetic is a complete decidable theory
with quantifier elimination in the language L*.

Proof Because Z can be embedded in any model of Pr, Pr is complete
by Proposition3.1.15. Because we have given a recursive set of axioms Pr
is decidable by Lemma 2.2.8.

Corollary 3.1.21 provides an interesting counterpoint to Goédel’s Incom-
pleteness Theorem as Th(Z, +, <) is decidable whereas Th(Z, +, -) is not.

We have provided a number of proofs of quantifier elimination without
explicitly explaining how to take an arbitrary formula and produce a quan-
tifier free one. In all of these cases, one can give explicit effective procedures.
After the fact, the following lemma tells us that there is an algorithm to
eliminate quantifiers.

Proposition 3.1.22 Suppose that T is a decidable theory with quantifier
elimination. Then, there is an algorithm which when given a formula ¢ as
input will output a quantifier-free formula ¥ such that T |= ¢ <> 1.

Proof Given input ¢(7) we search for a quantifier-free formula ¢ (v) such
that T = Yo (¢(V) < ¥(v)). Because T is decidable this is an effective
search. Because T has quantifier elimination, we will eventually find .

3.2 Algebraically Closed Fields

We now return to the theory of algebraically closed fields. In Proposition
2.2.5, we proved that the theory of algebraically closed fields of a fixed char-
acteristic is complete. We begin this section by showing that algebraically
closed fields have quantifier elimination. The first step is to identify ACFy,
the universal consequences of the theory of ACF. We recall that the theory
of ACF is formulated in £,, the language of rings {+, —,-,0,1}.
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Lemma 3.2.1 ACFy is the theory of integral domains.

Proof The axioms for integral domains are universal consequences of ACF.
If D is an integral domain, then the algebraic closure of the fraction field
of D is a model of ACF. Because every integral domain is a subring of an
algebraically closed field, ACFy is the theory of integral domains.

Theorem 3.2.2 ACF has quantifier elimination.

Proof We will apply Corollary 3.1.12. If D is an integral domain, then the
algebraic closure of the fraction field of D embeds into any algebraically
closed field containing D. Thus, ACF has algebraically prime models.

To prove quantifier elimination, we need only show that if K and F' are
algebraically closed fields, F' C K, ¢(z,y) is quantifier-free, @ € F, and
K |= ¢(b,a) for some b € K, then F = Fv ¢(v,a).

As in Lemma 3.1.7, we may assume that ¢(z,%) is a conjunction of
atomic and negated atomic formulas. In the language of rings, atomic for-
mulas 6(v1,...,v,) are of the form p(v) = 0, where p € Z[X4,...,X,]. If
p(X,Y) € Z[X,Y], we can view p(X,a) as a polynomial in F[X]. Thus,
there are polynomials p1,...,pn,q1,-..,¢m € F[X] such that ¢(v,a) is

equivalent to
n

/\pz‘(U) =0A /\ qi(v) # 0.

i=1

If any of the polynomials p; are nonzero, then b is algebraic over F'. In this
case, because F' is algebraically closed, b € F'. Thus, we may assume that
¢(v,a) is equivalent to

/\ ai(v) # 0.

But ¢;(X) = 0 has only finitely many solutions for each ¢ < m. Thus,
there are only finitely many elements of F' that do not satisfy F'. Because
algebraically closed fields are infinite, there is a ¢ € F such that F |=

o(c,a).

Corollary 3.2.3 ACF is model-complete and ACF), is complete where p =
0 or p s prime.

Proof Model-completeness is an immediate consequence of quantifier elim-
ination.

The completeness of ACF,, was proved in Proposition 2.2.5, but it also
follows from quantifier elimination. Suppose that K, L |= ACF,. Let ¢ be
any sentence in the language of rings. By quantifier elimination, there is a
quantifier-free sentence v such that

ACF = ¢ ¢ 1.
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Because quantifier-free sentences are preserved under extension and sub-
structure,

KEYeF,E¢ye LEY,
where F,, is the p-element field if p > 0 and the rationals if p = 0. Thus,

KkooKkvolbvelEs
Thus K = L and ACF,, is complete.

Zariski Closed and Constructible Sets

Quantifier elimination has a geometric interpretation. To state this, we
first must review some basic definitions from algebraic geometry. Let K
be a field. If S C K[X1,...,Xy,], let V(S) = {a € K™ : p(a) = 0 for all
peSLIUY C K" welet IY) ={f € K[X1,...,X,,] : f(@) = 0 for
all @ € Y}. We say that X C K™ is Zariski closed if X = V(S) for some
S C K[Xy,...,Xn]. We summarize some basic facts about Zariski closed
sets. For more details, see [37] or [91].

Lemma 3.2.4 Let K be a field.
i) If X C K™, then I(X) is a radical ideal.
it) If X is Zariski closed, then X =V (I(X)).
it1) If X and'Y are Zariski closed and X CY C K", then I(Y) C I(X).
w) If X, Y C K™ are Zariski closed, then X UY = V( (X)NI(Y)) and
XNY =V{I(X)+I(Y)).

Proof

i) Suppose that p,q € I(X) and f € K[X;,...,X,]. If a € X, then
p(a) + q(a) = f(a)p(a) = 0. Thus, p+ ¢, fp € I(X) and I(X) is an ideal.
If fr € I(X) and a € X, then f"(a) =0 so f(a) =0. Thus, f € I(X) and
I(X) is a radical ideal.

ii) If a € X and p € I(X), then p(a) = 0. Thus X C V(I(X)). If
a € V(I(X))\X, then there is p € I(X) such that p(a) # 0, a contradiction.
Thus X = V(I(X)).

iii) If p e I(Y) and a € X, then p(a) = 0 because a € Y. Thus I(Y) C
I(X). By ii), if I(X) = I(Y), then X =Y.

iv) If p € I(X) N I(Y), then p(a) = 0 for a € X or a € Y. Thus
XUY CV(I(X)NI(Y)). On the other hand, if a ¢ X UY, there are
p € I(X) and ¢ € I(Y) such that p(a) # 0 and ¢(a) # 0. But then
p(a)g(a) # 0. Because pg € I(X)NI(Y), a ¢ V(I(X)NI(Y)).

Ifae XUY,pe I[(X), and ¢ € I(Y), then p(a) + g(a) = 0. Thus
XUY CVI(X)+I(Y)).Ifa & X, then there is p € I(X) C I(X) + I(Y)
such that p(a) # 0. Thus a ¢ V(I(X) + I(Y)). Similarly, if a € Y, then
ag VI(X)+I(Y)).
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By Lemma 3.2.4, the Zariski closed sets are closed under finite unions
and intersections. Closure under arbitrary intersections is a consequence of
the next important algebraic result (see, for example, [58] VI §2).

Theorem 3.2.5 (Hilbert’s Basis Theorem) If K is a field, then the
polynomial ring K[Xy,...,X,] is a Noetherian ring, (i.e., there are no
infinite ascending chains of ideals). In particular, every ideal is finitely
generated.

Corollary 3.2.6 i) There are no infinite descending sequences of Zariski
closed sets.
it) If X; is Zariski closed fori € I, then there is a finite Iy C I such that

X=X
i€l i€lp
In particular, an arbitrary intersection of Zariski closed sets is Zariski

closed.

Proof

i) If Xo D X; D Xo D ... is a descending sequence of Zariski closed
sets, then I(Xo) C I(X;7) C I(X3) C ... is an ascending sequence of prime
ideals contradicting Hilbert’s Basis Theorem.

ii) Suppose not. Then, we can find X1, X, ..., Zariski closed such that
n+1 n
i=1 i=1
for n =1,2,..., contradicting 1i).

Thus, the Zariski closed sets are closed under finite unions and arbitrary
intersections. Because ) = V(1) and K™ = V(0), the Zariski closed sets are
the closed sets of a topology.

We can now give a geometric description of the definable sets.

Lemma 3.2.7 Let K be a field. The subsets of K™ defined by atomic for-
mulas are exactly those of the form V(p) for some p € K[X]. A subset of
K" is quantifier-free definable if and only if it is a Boolean combination of

Zariski closed sets.

Proof If ¢(,%) is an atomic £,-formula, then there is ¢(X,Y) € Z[X,Y]
such that ¢(Z,7) is equivalent to ¢(Z,7) = 0. If X = {Z : ¢(Z,a)}, then
X = V(¢(X,a)) and q(X,a) € K[X]. On the other hand, if p € K[X],
there is ¢ € Z[X,Y] and @ € K™ such that p(X) = ¢(X,a). Then, V(p) is
defined by the quantifier-free formula ¢(X, @) = 0.

If X is Zariski closed, then by Hilbert’s Basis Theorem, there are
P1,---,p; such that

X =V(p1,....,pn) =V(p1) N ... V(pn).
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Because the quantifier-free definable sets are exactly finite Boolean combi-
nations of atomic definable sets, the quantifier-free definable sets are exactly
the Boolean combinations of Zariski closed sets.

If X C K™ is a finite Boolean combination of Zariski closed sets we call
X constructible. If K is algebraically closed, the constructible sets have
much stronger closure properties.

Corollary 3.2.8 Let K be an algebraically closed field.

i) X C K™ is constructible if and only if it is definable.

ii) (Chevalley’s Theorem) The image of a constructible set under a
polynomial map is constructible.

Proof i) By Lemma 3.2.7, the constructible sets are exactly the quantifier-
free definable sets, but by quantifier elimination every definable set is
quantifier-free definable.

ii) Let X € K™ be constructible and p : K™ — K™ be a polynomial
map. Then, the image of X = {y € K™ : 3z € K" p(z) = y}. This set is
definable and hence constructible.

Quantifier elimination has very strong consequences for definable subsets
of K.

Corollary 3.2.9 If K is an algebraically closed field and X C K is alge-
braically closed, then either X or K\ X is finite. Thus, ACF is strongly
minimal.

Proof By quantifier elimination X is a finite Boolean combination of sets
of the form V(p), where p € K[X]. But V(p) is either finite or (if p = 0)
all of K.

Lemma 3.2.4 shows that the map X — I(X) is a lattice inverting map
from Zariski closed subsets of K™ to radical ideals in K[X]. Hilbert’s Null-
stellensatz says that this is a bijection and for I a radical ideal I = I(V (I)).
The model-completeness of algebraically closed fields can be used to give a
proof of the Nullstellensatz.

We need one fact from commutative algebra ([58] VI §5).

Lemma 3.2.10 (Primary Decomposition) If I C K[X] is a radi-

cal ideal, then there are prime ideals Py, ..., P, containing I such that
I =P nNn..NP,, I# UjeJ for any proper J C {1,...,m}, and if
Q1,-..,Qn is another set of prime ideals with these properties, then n = m

and {Q1,...,Qn} ={P1,...,Pn}.

Theorem 3.2.11 (Hilbert’s Nullstellensatz) Let K be an algebraically
closed field. Suppose thatl and J are radical ideals in K[Xq,...,X,] and
IcJ. ThenV(J) C V(I). Thus X — I(X) is a bijective correspondence
between Zariski closed sets and radical ideals.
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Proof Let p € J\ I. By Lemma 3.2.10, there is a prime ideal P D I
such that p ¢ P. We will show that there is x € V(P) C V(I) such that
p(z) # 0. Thus V(I) # V(J). Because P is prime, K[X]/P is a domain
and we can take F', the algebraic closure of its fraction field.

Let q1,...,qm € K[X1,...,X,] generate J. Let a; be the element X;/P

in F'. Because each ¢; € P and p ¢ P,

FE @@ =0Ap@) #0.

i=1
Thus .
FE3w \ @) =0Ap@) 0
i=1
and by model-completeness
KE3w N\ ¢(®@) =0Ap®@) #0.
i=1
Thus there is b € K™ such that g;(b) = ... = g (b) = 0 and p(b) # 0. But

then b € V(P) \ V(J).

Corollary 3.2.12 If J C K[X] is a radical ideal, then J = I(V(J)).

Proof Clearly I(V(J)) 2 V(J). By Lemma 3.2.4, V(J) = V(I(V(J)).
Thus, by the Nullstellensatz, J = I(V (J)).

Quantifier elimination gives us a powerful tool for analyzing definability
in algebraically closed fields. For the moment, we will analyze definable
functions and equivalence relations. In Chapter 7.4, we will examine groups
definable in algebraically closed fields.

Definition 3.2.13 Let X C K™. We say that f : X — K is quasirational
if either _

i) K has characteristic zero and for some rational function ¢(X) €
K(X17"'7Xn)7 f(f):(I(f) OHX,OI' o

ii) K has characteristic p > 0 and for some rational function ¢(X) €
K(X), f(7) = q(T)7"

Rational functions are easily seen to be definable. In algebraically closed

1

fields of characteristic p, the formula z = yP defines the function x — x7»,

because every element has a unique p*"-root. Thus, every quasirational
function is definable.

Proposition 3.2.14 If X C K™ is constructible and f : X — K 1is defin-
able, then there are constructible sets X1, ..., X, and quasirational func-
tions p1, ..., pm such that |JX; = X and f|X; = pi| X;.
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Proof Let I'(v1,...,v,) = {f(T) # p(T) : p a quasirational function}
U{v € X}U ACF U Diag(K).

Claim T is not satisfiable.

Suppose that T" is consistent. Let L = ACF +Diag(K) with by,...,b, € L
such that for all v(v) € T, L = ~(b).

Let Ky be the subfield of L generated by K and b. Then, Ky is the
closure of B = {by,...,b,} under the rational functions of K. Let K; be
the closure of B under all quasirational functions. If K has characteristic

1
0, then Ky = K;. If K has characteristic p > 0, K; = UKOT", the perfect
closure of Kj.

By model-completeness, K < L, thus f¥, the interpretation of f in L,
is a function from X% to L, extending f. Because L = I'(b), f(b) is not
in Ki. Because K is perfect there is an automorphism « of L fixing K,
pointwise such that a(f% (b)) # f¥(b). But f is definable with parameters
from K; thus, any automorphism of L which fixes K and fixes @ must fix

f(@), a contradiction. Thus T is unsatisfiable.

Thus, by compactness, there are quasirational functions py, ..., p,, such
that

K Evee X\ [@) = p(@).
Let X; ={zT € X : f(T) = p:(T)}. Each X; is definable.

A similar argument shows the model theoretic notion of “algebraic” in-
troduced in Exercise 1.4.11 agrees with the field-theoretic notion. Recall
that if A C K we say that b € acl(A) if there is a formula ¢(z,7) and
a € A such that K |= ¢(b,a) and {z € K : K |= ¢(x,a)} is finite.

Proposition 3.2.15 Let K = ACF and A C K. Then, a € acl(A) if and
only if a is algebraic over the subfield of K generated by A.

Proof Let k be the field generated by A. If a is algebraic over k, there
are polynomials qo(X1,...,Xn), -, qm(X1,..., Xn) € Z[X1,...,X,] and
bi,...,b, € Asuchthat p(Y) = q(by,...,b,)Y"is a nonzero polynomial
such that p(a) = 0. Let ¢(x,7) be the L,-formula

Z ¢ (H)z' = 0.

Then ¢(a,b) and {x € K : K |= ¢(z,b)} is finite. Thus a € acl(A).

On the other hand, suppose that b € A, {x € K : ¢(z,b)} is finite, and
K = ¢(a,b), but a is transcendental over k. Let ¢ be any other element of a
that is transcendental over k. Then, there is an automorphism o of K such
that o is the identity on k but o(a) = ¢. By Theorem 1.1.10, K = ¢(c,b).
Because there are infinitely many choices for ¢, we have a contradiction.
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Elimination of Imaginaries in Algebraically Closed Fields

We conclude by studying definable equivalence relations in algebraically
closed fields. In Section 1.3, we remarked that quotient structures are
frequently important in mathematics. For example, if G is a group and
H is a subgroup, we study the coset space G/H. If G is a definable
group and H is a definable subgroup, then the equivalence relation xEy if
and only if y € Hzx is a definable equivalence relation. Another example
that arises in algebraic geometry is the construction of projective space.
If K is a field, define the equivalence relation ~ on K™™'\ {0}, where
(o, -, Tn) ~ (Yo,-.-,yn) if and only if there is a nonzero A € K such
that y; = Ax; for ¢ = 0,...,n. The equivalence relation ~ is definable and
the quotient is P% = K"*1\ {0}mod ~, projective n-space over K.

Our goal is to show that quotients are constructible. In particular, we
will show that if E is a definable equivalence relation on K", where K is
algebraically closed, then there is a definable function f : K™ — K™ for
some m such that TEY if and only if f(Z) = f(¥). Thus, we can identify
the quotient K™/FE with the image of f. In other words it allows us to view
the quotient of a constructible set by a constructible equivalence relation
as a constructible set.

We begin with a very important special case. Let k be a field (in this
special case we will not need to assume that k is algebraically closed). We
can think of T € k™™ as a sequence (Z1,...,Ty), where T; € k™. Let E be
the equivalence relation TE7Y if and only if (Zy,...,Z,) is a permutation of
(U1, --,7,)- Clearly, E is a definable equivalence relation.

Lemma 3.2.16 There is a definable function f : k"™ — k' for somel € w
such that ¢Ed if and only if f(¢) = f(d).

Proof Suppose that ¢ = (¢1,...,6,) where ¢; = (¢; 1,...,¢i ). Let ¢f be

the polynomial
Y — Z CiJ'Xj
=1

in k[X1,...,X,,Y] and let p° = [[¢¢. Let f(c) be the sequence of coef-
ficients of p°. Because k[X1,...,X,,Y] is a unique factorization domain,
p° = p? if and only if (¢§,...,q5,) is a permutation of (¢f,...,q%). Thus,
¢Ed if and only if f(¢) = f(d).

We need to do some preparatory work before examining the general case.

Definition 3.2.17 Let M be an L-structure and E be a definable equiv-
alence relation on M™. For @ € M™, let a/E denote the E-equivalence
class of @. For by,...,b,, € M and ¢ € M, we say that c is algebraic over
a/E,bi,..., by if and only if there is a formula ¢(x y1,...,Yn, 21, -, Zm)
such that

i) M = é(c,a,b),
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ii) if aEa’, then M |= ¢(z,a,b) < ¢(z,a@’,b), and
ili) {xr € M : M = ¢(z,a,b)} is finite.
We say that ¢ = (¢1,...,¢) is algebraic over @/E, by, ..., b, if and only
if each ¢; is.

This definition agrees with the natural notion of algebraic in M®? (see
Lemma 1.3.10). Algebraic closure in M®% has all of the properties of alge-
braic closure in M developed in Exercise 1.4.11.

Lemma 3.2.18 Suppose that ¢ is algebraic over a/E,d,b and b is algebraic
over a/E,d, then T is algebraic over a/E,d.

Proof Exercise 3.4.16.

Lemma 3.2.19 Suppose that K is an algebraically closed field and E is a

definable equivalence relation on K™. Let ¢(T,7,d) define E. Ifa € K",
then there is ¢ € K™ algebraic over a/E,d such that ¢Ea.

Proof Let ¢(Z,y,d) define E. Let 0 <m < n be maximal such that there
are ci, . . ., ¢y, algebraic over a/FE, d such that

K E Wy ... 30, ¥(E,0,a,d).
Suppose that m < n. Consider
X={z€K:K|E3wnis... 3w, ¥ z,w,a,d)}.

If X is finite we can choose ¢,,+1 € X algebraic over E/E,E, Cly. 3 Cm
(indeed any element of X would work). By Lemma 3.2.18, ¢;,,+1 is algebraic
over a/E,d, contradicting the maximality of m.

If X is infinite, then by strong minimality K \ X is finite. Because the
algebraic closure of the prime field is infinite, we can find ¢,,41 € X, which
is algebraic over ). This contradicts the maximality of m. Thus, m = n and
¢=(c1,...,cp) is the desired element of K™.

In Lemma 8.2.9 we will examine a generalization of 3.2.19. We can now
prove the main theorem.

Theorem 3.2.20 Suppose that K is an algebraically closed field, A C K,
and E is an A-definable equivalence relation on K™. Then for some [ there
is an A-definable function f : K™ — K' such that TEY if and only if
f@) =r@).

Proof For notational simplicity, we will assume that E is defined over §.
For each formula ¢(Z,7) and k > 0, let ©4 () be the conjunction of
i) va(o(z.7) » 7ED);
i) VIVZ(YEZ — (6(,7) <> &(T,2)));
iii) {Z : ¢(z,9)}| = k.
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By Lemma 3.2.19, for all @ € K", there are ¢ and k such that Oy (@).
By ii), if @¢7k(a) and EE@, then @¢,k(5)~

Let X = {a:04x(a)}. Ifa € X, let Yz = {b: ¢(b,a)}. Fora,b € X, akb
if and only if Yz = Y;. By Lemma 3.2.16, there is a (-definable function
f X — K' for some [ such that Yz = Y5 if and only if f(@) = f(b).

By compactness, we can find ¢1,...,¢, and k1, ..., k,, such that some
©4, 1 (7) holds for each element of K”. Let X; = {7 : Oy, 1, (T)}. There
is f; : X; — [; such that @Eb if and only if f;(@) = f;(b) for @,b € X;.
Extend f; to K™ by making f;(Z) = 0 for T & X;. Let f : K™ — K>l by
f(@) = (f1(@),..., fm(T)). Then, aEb if and only if f(a) = f(b), as desired.

Exercise 3.4.19 explains why Theorem 3.2.20 is referred to as the “elim-
ination of imaginaries.”

3.3 Real Closed Fields

In this section, we will concentrate on the field of real numbers. Unlike
algebraically closed fields, the theory of the real numbers does not have
quantifier elimination in £, the language of rings. The proof of Corollary
3.2.9 shows that any field with quantifier elimination is strongly minimal,
whereas in R, if ¢(x) is the formula 3z 22 = z, then ¢ defines an infi-
nite coinfinite definable set (see also Exercise 3.4.24). In 7.2 we will see
that algebraically closed fields are the only infinite fields with quantifier
elimination in the language of rings.

In fact, the ordering is the only obstruction to quantifier elimination. We
will eventually analyze the real numbers in the language Lo, and show that
we have quantifier elimination in this language. Because the ordering = < y
is definable in the real field by the formula

Jz(z£0A2+ 2% =y),

any subset of R™ definable using an L,,-formula is already definable using
an L,-formula (see Exercise 1.4.15). We will see that quantifier elimination
in Lo leads us to a good geometric understanding of the definable sets.

We begin by reviewing some of the necessary algebraic background on
ordered fields. All of the algebraic results stated in this chapter are due to
Artin and Schreier and proved in Appendix B.

Definition 3.3.1 We say that a field F' is orderable if there is a linear
order < of F making (F, <) an ordered field.

Although there are unique orderings of the fields R and Q, orderable fields
may have many possible orderings. The field of rational functions Q(X) has
280 distinct orderings. To see this, let 2 be any real number transcendental
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over Q. The evaluation map f(X) — f(x) is a field isomorphism between
Q(X) and Q(z), the subfield of R generated by x. We can lift the ordering
of the reals to an ordering Q(X) by f(X) < ¢g(X) if and only if f(z) < g(z).
Because X < ¢ if and only if x < ¢, choosing a different transcendental real
would yield a different ordering. These are not the only orderings. We will
see in Exercise 3.4.23 that we can also order Q(X) by making X infinite
or infinitesimally close to a rational.
There is a purely algebraic characterization of the orderable fields.

Definition 3.3.2 We say that F' is formally real if —1 is not a sum of
squares.

In any ordered field all squares are nonnegative. Thus, every orderable
field is formally real. The following result shows that the converse is also
true.

Theorem 3.3.3 If F is a formally real field, then F is orderable. Indeed,
if a € F' and —a is not a sum of squares of elements of F', then there is an
ordering of F' where a is positive.

Because the field of complex numbers is the only proper algebraic ex-
tension of the real field, the real numbers have no proper formally real
algebraic extensions. Fields with this property will play a key role.

Definition 3.3.4 A field F is real closed if it is formally real with no
proper formally real algebraic extensions.

Although it is not obvious at first that real closed fields form an ele-
mentary class, the next theorem allows us to axiomatize the real closed
fields.

Theorem 3.3.5 Let F' be a formally real field. The following are equiva-
lent.

i) F is real closed.

ii) F(i) is algebraically closed (where i? = —1).

iii) For any a € F, either a or —a is a square and every polynomial of
odd degree has a root.

Corollary 3.3.6 The class of real closed fields is an elementary class of
L. -structures.

Proof We can axiomatize real closed fields by:
i) axioms for fields
ii) for each n > 1, the axiom

Vo Vo, 23+ 422 +1#0

iii) Vady (y2 =2 Vy?: +2=0)
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iv) for each n > 0, the axiom

2n
Vo ... Vo, dy y? T + Zaziyi =0.
i=0

Although we can axiomatize real closed fields in the language of rings, we
already noticed that we do not have quantifier elimination in this language.
Instead, we will study real closed fields in L, the language of ordered rings.
If F is a real closed field and 0 # a € F, then exactly one of a and —a is a
square. This allows us to order F by

x <y if and only if y — x is a nonzero square.

It is easy to check that this is an ordering and it is the only possible ordering
of F.

Definition 3.3.7 We let RCF be the L,,-theory axiomatized by the axioms
above for real closed fields and the axioms for ordered fields.

The models of RCF are exactly real closed fields with their canonical
ordering. Because the ordering is defined by the £,-formula

Iz (z#£ 0Nz + 22 =y),
the next result tells us that using the ordering does not change the definable
sets.
Proposition 3.3.8 If F' is a real closed field and X C F™ is definable by
an Lop-formula, then X is definable by an L,-formula.

Proof Replace all instances of t; < t; by Jv (v # 0 Av? +t; = t;), where
t; and t; are terms occurring in the definition of X (see Exercise 1.4.15).

The next result suggests another possible axiomatization of RCF.

Theorem 3.3.9 An ordered field F' is real closed if and only if whenever
p(X) € F[X], a,b € X, a <b, and p(a)p(b) < 0, there is c € F' such that
a<c<bandp(c)=0.

We will prove quantifier elimination using the test given in Corollary 3.1.12.
We first identify RCFy.

Definition 3.3.10 If F' is a formally real field, a real closure of F' is a real
closed algebraic extension of F'.

By Zorn’s Lemma, every formally real field F' has a maximal formally
real algebraic extension. This maximal extension is a real closure of F.

The real closure of a formally real field may not be unique. Let F' =
Q(X), Fy = F(VX), and F; = F(v/=X). By Theorem 3.3.3, Fy and F}
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are formally real. Let R; be a real closure of F;. There is no isomorphism
between Ry and R; fixing F' because X is a square in Ry but not in R;.
Thus, some work needs to be done to show that any ordered field (F, <)
has a real closure where the canonical order extends the ordering of F'.

Lemma 3.3.11 If (F, <) is an ordered field, 0 < x € F, and z is not a
square in F, then we can extend the ordering of F' to F(\/x).

Proof We can extend the ordering to F(v/z) by 0 < a + by/z if and only
if

i)b=0and a > 0, or

ii) b > 0 and (a>00rx>cb‘—§),or

iii) b < 0 and (a<0andx<‘g—j).

Corollary 3.3.12 i) If (F, <) is an ordered field, there is a real closure R
of F' such that the canonical ordering of R extends the ordering on F.
it) RCFy is the theory of ordered integral domains.

Proof

i) By successive applications of Lemma 3.3.11, we can find an ordered
field (L, <) extending (F, <) such that every positive element of F has a
square root in L. We now apply Zorn’s Lemma to find a maximal formally
real algebraic extension R of L. Because every positive element of F' is a
square in R, the canonical ordering of R extends the ordering of F'.

ii) Clearly, any substructure of a real closed field is an ordered integral
domain. If (D, <) is an ordered integral domain and F is the fraction field
of F, then we can order F' by

%>0<:>a,b>00ra,b<0.

By i), we can find (R, <) = RCF such that (F, <) C (R, <).

Although a formally real field may have nonisomorphic real closures, if
(F,<) is an ordered field there will be a unique real closure compatible
with the ordering of F'.

Theorem 3.3.13 If (F,<) is an ordered field, and Ry and Ry are real
closures of F' where the canonical ordering extends the ordering of F, then
there is a unique field isomorphism ¢ : Ry — Rg that is the identity on F.

Note that because the ordering of a real closed field is definable in L, ¢
also preserves the ordering. We often say that any ordered field (F, <) has
a unique real closure. By this we mean that there is a unique real closure
that extends the given ordering.

Corollary 3.3.14 RCF has algebraically prime models.
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Proof Let (D, <) be an ordered domain, and let (R, <) be the real closure
of the fraction field compatible with the ordering of D. Let (F, <) be any
real closed field extension of (D, <). Let K = {« € F : « is algebraic over
the fraction field of D}. By Theorem 3.3.5, it is easy to see that K is real
closed. Because the ordering of K extends (D, <), by Theorem 3.3.13 there
is an isomorphism ¢ : F' — K fixing D.

We are now ready to prove quantifier elimination.

Theorem 3.3.15 The theory RCF admits elimination of quantifiers in
Lor.

Proof Because RCF has algebraically prime models, by Corollary 3.1.12,
we need only show that FF <y K when F,K | RCF and F C K. Let
¢(v,w) be a quantifier-free formula and let @ € F, b € K be such that
K | ¢(b,@). We must find &’ € F such that F = ¢(V,a).
Note that
p(X) #0 < (p(X) >0V —p(X)>0)

and
p(X) #0 ¢ (p(X) =0V —p(X) > 0).

With this in mind, we may assume that ¢ is a disjunction of conjunctions
of formulas of the form p(v,w) = 0 or p(v,@) > 0. As in Theorem 3.2.2, we
may assume that there are polynomials py,...,p, and q1,...,qm € F[X]
such that

o(v,a) < /\pi(v) =0A /\ gi(v) > 0.

If any of the polynomials p;(X) is nonzero, then b is algebraic over F.
Because F' has no proper formally real algebraic extensions, in this case
b € F. Thus, we may assume that

The polynomial ¢;(X) can only change signs at zeros of ¢; and if all zeros of
q; are in F. Thus, we can find ¢;,d; € F such that ¢; < b < d; and ¢;(x) > 0
for all z € (¢;,d;). Let ¢ = max(cy, ..., ¢n) and d = min(dy, . .., dp, ). Then,
¢ < dand A", ¢(z) > 0 whenever ¢ < z < d. Thus, we can find &/ € F
such that F' = ¢(V',a).

Corollary 3.3.16 RCF is complete, model complete, and decidable. Thus
RCF is the theory of (R,+,-, <) and RCF is decidable.

Proof By quantifier elimination, RCF is model complete.
Every real closed field has characteristic zero; thus, the rational numbers
are embedded in every real closed field. Therefore, Ry, the field of real
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algebraic numbers (i.e., the real closure of the rational numbers) is a sub-
field of any real closed field. Thus, for any real closed field R, R, < R, so
R= Ralg

In particular, R = Ry, = R.

Because RCF is complete and recursively axiomatized, it is decidable.

Semialgebraic Sets

Quantifier elimination for real closed fields has a geometric interpretation.

Definition 3.3.17 Let F' be an ordered field. We say that X C F™ is
semialgebraic if it is a Boolean combination of sets of the form {7 : p(z) >
0}, where p(X) € F[X1,...,X,].

By quantifier elimination, the semialgebraic sets are exactly the definable
sets. The next corollary is a geometric restatement of quantifier elimination.
It is analogous to Chevalley’s Theorem (3.2.8) for algebraically closed fields.

Corollary 3.3.18 (Tarski—Seidenberg Theorem) The semialgebraic
sets are closed under projection.

The next corollary is a typical application of quantifier elimination.

Corollary 3.3.19 If F = RCF and A C F™ is semialgebraic, then the
closure (in the FEuclidean topology) of F' is semialgebraic.

Proof We repeat the main idea of Lemma 1.3.3. Let d be the definable
function

n
d(x1,...,TnyY1,---,Yn) = z if and only if ZZO/\ZQZZ(xi—yZ-f.
i=1

The closure of A is
{Z:Ve>03ye Ad(T,7) <€}

Because this set is definable, it is semialgebraic.

We say that a function is semialgebraic if its graph is semialgebraic. The
next result shows how we can use the completeness of RCF to transfer
results from R to other real closed fields.

Corollary 3.3.20 Let F' be a real closed field. If X C F™ is closed and
bounded, and f is a continuous semialgebraic function, then f(X) is closed
and bounded.
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Proof If F =R, then X is closed and bounded if and only if X is compact.
Because the continuous image of a compact set is compact, the continuous
image of a closed and bounded set is closed and bounded.

In general, there are @,b € F and formulas ¢ and 1 such that ¢(Z,a)
defines X and (%, y, b) defines f(Z) = y. There is a sentence ® asserting:

Vu,w [if ¢(Z,y,w) defines a continuous function with domain
¢(z,u) and ¢(T,u) is a closed and bounded set, then the range
of the function is closed and bounded].

By the remarks above, R = ®. Therefore, by the completeness of RCF,
F = ® and the range of f is closed and bounded.

Model-completeness has several important applications. A typical appli-
cation is Abraham Robinson’s simple proof of Artin’s positive solution to
Hilbert’s 17th problem.

Definition 3.3.21 Let F be a real closed field and f(X) € F(X1,..., X,
be a rational function. We say that f is positive semidefinite if f(a) >
for alla € F™.

)
0

Theorem 3.3.22 (Hilbert’s 17th Problem) If f is a positive semidef-
inite rational function over a real closed field F', then f is a sum of squares
of rational functions.

Proof Suppose that f(X7,...,X,) is a positive semidefinite rational func-
tion over F' that is not a sum of squares. By Theorem 3.3.3, there is an
ordering of F(X) so that f is negative. Let R be the real closure of F(X)
extending this order. Then

RE f(v) <0
because f(X) < 0 in R. By model-completeness

FE3v f(v) <0,
contradicting the fact that f is positive semidefinite.

In Exercise 3.4.28, we will show how model-completeness can be used to
give a real version of the Nullstellensatz.

We will show that quantifier elimination gives us a powerful tool for
understanding the definable subsets of a real closed field.

Corollary 3.3.23 RCF is an o-minimal theory.

Proof Let R = RCF. We need to show that every definable subset of
R is a finite union of points and intervals with endpoints in R U {£o00}.
By quantifier elimination, very definable subset of R is a finite Boolean
combination of sets of the form

{r € R:p(zx) =0}
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and
{z € R:q(x) > 0}.

Solution sets to nontrivial equations are finite, whereas sets of the second
form are finite unions of intervals. Thus, any definable set is a finite union
of points and intervals.

Next we will show that definable functions in one variable are piecewise
continuous. The first step is to prove a lemma about R that we will transfer
to all real closed fields.

Lemma 3.3.24 If f : R — R is semialgebraic, then for any open interval
U C R there is a point © € U such that f is continuous at x.

Proof

case 1: There is an open set V' C U such that f has finite range on V.
Pick an element b in the range of f such that {x € V : f(z) = b}

is infinite. By o-minimality, there is an open set V[ C V such that f is

constantly b on V.

case 2: Otherwise.

We build a chain U = Vy D Vi D V,... of open subsets of U such that
the closure V,, 41 of V,,41 is contained in V},. Given V;,, let X be the range
of f on V. Because X is infinite, by o-minimality, X contains an interval
(a,b) of length at most L. The set Y = {z € V,, : f(z) € (a,b)} contains a
suitable open interval V;,;1. Because R is locally compact,

Vi £ 0.

DL
DL

‘/i:

1 i

1

.
Il

If x € N, Vi, then f is continuous at z.

The proof above makes essential use of the completeness of the ordering
of the reals. However, because the statement is first order, it is true for all
real closed fields, by the completeness of RCF.

Corollary 3.3.25 Let F be a real closed field and f : F — F is a semi-
algebraic function. Then, we can partition F into Iy U...U I, UX, where
X is finite and the I; are pairwise disjoint open intervals with endpoints in
F U {+oo} such that f is continuous on each I;.

Proof Let
D={z:FEJe>0V>03y |z —y|<doA|f(z)— fly)| > €}

be the set of points where f is discontinuous. Because D is definable, by
o-minimality D is either finite or has a nonempty interior. By Corollary
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3.3.23, D must be finite. Thus, F'\ D is a finite union of intervals on which
F' is continuous.

The next result of van den Dries shows that real closed fields have defin-
able Skolem functions.

Corollary 3.3.26 Let F be a real closed field and X C F™T™ be semial-
gebraic. There is a semialgebraic function f : F™™ — F™ such that for all
T € F", if there is a§ € F™ such that (Z,7) € X, then (T, f(T)) € X.

In fact, we can choose F' such that if

{yeF":(ayeX}t={yeF: (b7},

then F(a) = F(b). We call such an F an invariant Skolem function.

Proof We proceed by induction on m. For each m we will show that our
claim holds for all n and for all definable X C F™t™,

Assume that m = 1. For @ € F", let Xz = {y : (a,y) € X}. By o-
minimality, X3z is a finite union of points and intervals. If Xz is empty we
let f(@) = 0. If X7 is nonempty, we define f(a@) by cases.
case 1: If Xz = F, let f(a) =0.
case 2: If Xz has a least element b, let f(a) = b.

—c

2

case 4: If the leftmost interval of Xz = (—00,¢), let f(a) =c— 1.
case 5: If the leftmost interval of Xz = (¢, +00), let f(a) = c+ 1.

This exhausts all possibilities. Clearly, f is definable and if Xz # ), then
(@ f(@) € X.

Assume that our claim is true for m, and let X C F"t™+l By in-
duction, there is f : F**!' — F™ such that if a1,...,a,,b € F and
Jz € F'™ (a,b,Z) € X, then (a,b, f(@,b)) € X. Also by induction, there
is g : F* — F such that if Jy3z(z,y,z) € X, then JZ(7, f(7),z) € X.
Let h : F* — F™ by h(z) = (f(T),9(7), f(@)). If @ € F™ and
Jy3z(a,y,z) € X, then (a,h(a)) € X.

We leave it to the reader to show that the chosen element of Xz depends
on Xz but not a.

d
case 3: If the leftmost interval of Xz = (¢, d), let f(a) =

Definable Skolem functions give an easy proof of the next result of Mil-
nor’s, which was first proved by geometric techniques.

Corollary 3.3.27 (Curve Selection) Let F be a real closed field. Let
X C F™ be semialgebraic and a be a point in the closure of X. There
is a continuous semialgebraic function f : (0,7) — F™ such that for all
e€ (0,r), f(x) € X and lgr(l)f(e) =a.

Proof Let

n

X = {(e,y) : Z(yl —a;)% < 6}.

i=1
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For all € > 0, there is 7 € F™ with (¢,7) € X. By Corollary 3.3.26, there
is a definable function f : (0,400) — F™ such that (¢, f(€)) € X for all
e > 0. By Corollary 3.3.25 there is 7 > 0 such that f is continuous on (0, r).
Clearly, gg% fe) =a.

Definable equivalence relations are very easy to analyze in real closed
fields.

Corollary 3.3.28 Let F' be a real closed field. Let E C F™ x F™ be a
definable equivalence relation. There is a definable X C F™ such that for
all a € F™ there is a unique b € X such that aEb. We call X a definable
transversal of E.

Proof Let f: F™ — F™" be a definable invariant Skolem function. Then,
aEf(a) for all a € F™ and if aEb, then f(a) = f(b). Let X be the range of

f.

If F is real closed, then o-minimality tells us what the definable subsets
of F' look like. Definable subsets of I'™ are also relatively simple.

Definition 3.3.29 We inductively define the collection of cells as follows.

e X C F™is a 0-cell if it is a single point.

e X C F is a l-cell if it is an interval (a,b), where a € F U {—o0},
be FU{+o0}, and a < b.

e If X C F" is an n-cell and f : X — F is a continuous definable
function, then Y = {(7, f(Z)) : T € X} is an n-cell.

e Let X C F™ be an n-cell. Suppose that f is either a continuous defin-
able function from X to F' or identically —oo and g is either a continuous
definable function from X to F such that f(Z) < g(Z) for all T € X or g is
identically +o0; then

Y={@y):TeXN[f(Z)<y<g(@}
is an n + 1-cell.

In a real closed field, every nonempty definable set is a finite disjoint
union of cells. The proof relies on the following lemma.

Lemma 3.3.30 (Uniform Bounding) Let X C F"*! be semialgebraic.
There is a natural number N such that ifa € F™ and Xz = {y: (a,y) € X}
is finite, then |Xz| < N.

Proof First, note that Xz is infinite if and only if there is no interval
(¢,d) such that (¢,d) C Xg. Thus {(a,b) € X : X7 is finite} is definable.
Without loss of generality, we may assume that for all @ € F™, X5 is finite.
In particular, we may assume that

F EVaVcVd-lc <dAVy(le <y <d—y € Xz)].
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Consider the following set of sentences in the language of fields with
constants added for each element of F' and new constants ¢, ...,c,. Let T’
be

RCF + Diag(F) + § y1,- - Ym /\yi#yj/\/\yieXg TmEw
i<j i=1

Suppose that T is satisfiable. Then, there is a real closed field K O F and
elements ¢ € K" such that Xz is infinite. By model-completeness, F' < K.
Therefore

K E=Vave,d -[e<d AVy (c<y<d—ye Xg)]

This contradicts the o-minimality of K. Thus, I' is unsatisfiable and there
is an N such that

N
RCF + Diag(F) = VZ ~ ( 3y1, - oun | Nvi 2y A N\ vi€ Xz

i<j i=1
In particular, for all @ € F™, | Xz| < N.

We now state the Cell Decomposition Theorem and give the proof for
subsets of F2. In the exercises, we will outline the results needed for the
general case.

Theorem 3.3.31 (Cell Decomposition) Let X C F™ be semialgebraic.
There are finitely many pairwise disjoint cells Cy,...,Cy such that X =
Ciu...ua,.

Proof (for m = 2) For each a € F, let
Co={2:Ve>03y,z€ (x—e,x+¢) [(a,y) € X A(a,2) & X]}.

We call C, the critical values above a. By o-minimality, there are only
finitely many critical values above a. By uniform bounding, there is a nat-
ural number N such that for all @ € F, |Cy| < N. We partition F' into
Ao, Ay, ..., An, where A, = {a: |Cy| = n}.

For each n < N, we have a definable function f, : A;U...UA,, — F by
fn(a) = nth element of C,. As above, X, = {y: (a,y) € X}.

For n < N and a € A, we define P, € 221, the pattern of X above a,
as follows.
If n =0, then P,(0) =1 if and only if X, = F. Suppose that n > 0.

P,(0) =1 if and only if z € X, for all x < fi(a).

P,(2i —1) =1 if and only if f;(a) € X.
For i < n, P,(2i) =1 if and only if x € X, for all z € (fi(a), fi+1(a)).

P(2n) =1if and only if z € X, for all z > f,(a).



104 3. Algebraic Examples

For each possible pattern o € 22"*1 let Apno ={a € A, : P, = o}.
Each A,, , is semialgebraic. For each A,, ,, we will give a decomposition of
{(z,y) € X : z € A, ,} into disjoint cells. Because the A, , partition F,
this will suffice.

Fix one A, ,. By Corollary 3.3.25, we can partition 4, , = C1U...UCY,
where each Cj is either an interval or a singleton and f; is continuous on
C; for i <n,j <I. We can now give a decomposition of {(z,y) : x € 4, »}
into cells such that each cell is either contained in X or disjoint from X.

For j <1, let Djo={(z,y):xz € Cj and y < f1(x)}.

For j <land 1<i<m,let D;o_1={(z, fi(z)): z € C;}.

For j <land 1 < i <mn,let Djo = {(z,y) : z € Cj, filzr) <y <
fir1 (@)}

For j <l,let Djon = {(z,y) : 2z € Cj,y > fu(x)}.

Clearly, each Dj; is a cell, UD;; = {(z,y) : ¢ € An o}, and each D;;
is either contained in X or disjoint from X. Thus, taking the D;; that are
contained in X, we get a partition of {(z,y) € X : € A,, ,} into disjoint
cells.

3.4 Exercises and Remarks

Exercise 3.4.1 Let £ = {E} where E is a binary relation symbol. For each
of the following theories either prove that they have quantifier elimination
or give an example showing that they do not have quantifier elimination
and a natural £’ D £ in which they do have quantifier elimination.

a) F has infinitely many classes all of size 2.

b) E has infinitely many classes all of which are infinite.

¢) E has infinitely many classes of size 2, infinitely many classes of size
3, and every class has size 2 or 3.

d) E has one class of size n for each n < w.

Exercise 3.4.2 Show that DAGy is the theory of torsion-free Abelian
groups.

Exercise 3.4.3 a) Show that the theory of (Z, s) has quantifier elimination
where s(x) = x 4+ 1. Show that this theory is strongly minimal and that
acl(A) is the set of elements “reachable” from A.

b) Show that the theory of (N, s) does not have quantifier elimination.

Exercise 3.4.4 Show that the theory of (N, <) admits quantifier elimi-
nation in the language where we add a function symbol s for the function
s(z) = x+1 and a constant symbol for 0. Show that every definable X C N
is either finite or cofinite but that (N, <) is not strongly minimal.

Exercise 3.4.5 Show that in models of DAG, algebraic closure and de-
finable closure agree and acl(A) is the Q-vector space span of A.
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Exercise 3.4.6 Consider the theory of (Z,+,0,1) in the language where
we add the predicates P, for the elements divisible by n. Axiomatize this
theory and show that it has quantifier elimination. We call this the theory
of Z-groups.

Exercise 3.4.7 For G a Z-group, there is a natural homomorphism W :
G = [l Z/nZ, given by ¥(g)(n) = g mod n.

a) Let D = ker G. Show that D = (2, nG, the subgroup of divisible
elements of G.

b) Let H C [],,~o Z/nZ be the image of 1. Show that G = D& H. [Hint:
If A, B,C are Abelian groups, A is divisible, and there is a short exact
sequence 0 > A - B — C — 0, then B A® C]

c¢) Show that if x > 280 then there are exactly 92" nonisomorphic Z-
groups of cardinality k.

Exercise 3.4.8 It is useful to use a slightly more subtle homomorphism
than W. For p a prime, let Z, be the additive group of p-adic integers.

a) Show that for each prime p there is a homomorphism ¢, : G — Z,
such that g mod p"G = ®,(g) mod p"Z, for all n.

Suppose that (G, <,0,1) is an ordered group with least element 1, and
for each prime p, ®, : G — Z, such that p does not divide ®,(1). Let H
be the divisible hull of G, and let G* = {£ € H : g € G and n|®,(g) in Z,
for all primes p}.

b) Show that G* is a model of Presburger arithmetic.

c¢) Show that if G is a model of Presburger arithmetic and ®9, @3, ... are
as in a), then G* = G.

Exercise 3.4.9 Show that in (Z,+,0,1) we cannot define the ordering.
[Hint: Find G |= Pr and a bijection a : G — G such that « is a group
isomorphism preserving 0 and 1 but not preserving <.]

Exercise 3.4.10 Show that in Presburger arithmetic 3y 2y = « is not
equivalent to a quantifier-free £,-formula. [Hint: Find G C H models of
Pr, and a € G such that a is divisible by 2 in H but not in G]

Exercise 3.4.11 Suppose that M |= Pr and A C M. What is acl(A4)?
What is dcl(A4)?

Exercise 3.4.12 In Exercise 2.5.17, we introduced the notion of existen-
tially closed structures.

a) Show that if M C N and M is existentially closed, then there is
M; E T such that M C N C M; with M < M;j. [Note: See Exercise
2.5.15]

b) Show that T is model-complete if and only if every model of T is
existentially closed. [Hint: (<) Suppose that My C Ay are models of T.
Use a) to build My C Ny C M; CN; € M5 C ..., a chain of models of
T such that M; < M, 1 and N; < Niy1.]
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¢) Suppose that T' is a V3-axiomatizable theory with infinite models that
is k-categorical for some infinite cardinal x. Show that 7" is model-complete.
[Hint: See Exercise 2.5.17.]

d) Show that T is model-complete if and only if for any formula ¢(7)
there is a quantifier-free formula (v, w) such that T' = ¢(v) + Jw ¢ (v, ).
[Hint: Use Exercise 2.5.12.]

e) Show that any model-complete theory has a V3 axiomatization. [Hint:
Use Exercise 2.5.15.]

Exercise 3.4.13 Suppose that T and T’ are L-theories. We say that T’
is a model companion of T if

i) T is model-complete,

ii) every model of T has an extension that is a model of T”, and

iii) every model of T” has an extension that is a model of T

a) Show that any theory has at most one model companion.

b) Show that DLO is the model companion of the theory of discrete
linear orders.

¢) Suppose that T is V3-axiomatizable. Show that if 7" is a model com-
panion of T', then T” is the theory of existentially closed models of T

Exercise 3.4.14 If 7" is a model companion of T and 7" U Diag(M) is
complete for any M = T, then T" is a model completion of T.

We say that T has the amalgamation property if and only if whenever
Moy, M1 and My are models of T and f; : Mg — M, are embeddings
there is N =T and g; : M; — N such that f; 0 g1 = fa 0 g.

a) Suppose that T” is a model companion of 7. Show that 7" is a model
completion of T if and only if T" has the amalgamation property.

b) Suppose that T has a universal axiomatization and 7" is a model
completion of T'. Show that T’ has quantifier elimination.

Exercise 3.4.15 Let M be an L-structure. We say that a definable X C
M™ is strongly minimal if X is defined by an £j;-formula ¢(7) and for any
M < N, if XM is the subset of N defined by ¢(7), then every definable
subset of X* is finite or cofinite.

Suppose that X C M™ is strongly minimal. Let acl™ (A) = X Nacl(A)
for AC M.

a) Show that, if z € acl® (AU {b}) and = ¢ acl* (A), then b € acl* (AU
{a}). (This is called the exchange principle.)

b) We say that A C X is independent if a ¢ acl™ (A \ {a}) for all a € X.
Show that for any A C X, there is an independent B C A such that
A = acl®(B). We call B a basis for X.

¢) Suppose that By and B; are bases for A. Show that |By| = | B1].

Exercise 3.4.16 Prove Lemma 3.2.18. [Hint: Use Exercise 1.4.11 in M*®4.]

Exercise 3.4.17 Let K be an algebraically closed field and let V' C K™ be
Zariski closed. We say that V is irreducible if there are Zariski closed sets
Fy, F1 C V such that V = Fy U Fy.
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a) Show that V is irreducible if and only if I(V') is a prime ideal.

b) Suppose that V' C K™ is an irreducible Zariski closed set and K < F.
Let ¢() be the system of equations that defines V. Let V(F) C F™ be the
solutions to ¢(7) in F™. Use model-completeness to show that V(F) is also
irreducible.

c¢) Show that every Zariski closed set is a finite union of irreducible sets.

Indeed, if V' is Zariski closed, there are irreducible sets Vi,...,V,, such
that V. = Vi U...UV,, V # U,e;, for any proper Iy C {1,...,n}. This
decomposition is unique in that if Wy, ..., W,, are irreducible closed sets,

V=WiuU...uW,,, and W # UjEJo W, for any proper Jo C {1,...,m},
then n = m and {V4,...,V,} = {Wq,..., Wy, }. We call V4,...,V, the
irreducible components of V. [This can be proved using Lemma 3.2.10 but
can also be proved directly (see also Exercise 8.4.15).

Exercise 3.4.18 Suppose that K is an algebraically closed field and
P C K[Xy,...,X,] is a maximal ideal. Show that P is generated by
X1 —aq,...,X, — a, for some ay,...,a, € K.

Exercise 3.4.19 (Elimination of Imaginaries for ACF) Show that if K is
an algebraically closed field, then for all x € K9 there is ¥ € K™ such that
x € del®d(g) and § € del®(z).

Exercise 3.4.20 Let K C L be algebraically closed fields. Let VW C L™
be Zariski closed sets defined over K. Suppose that thereis f:V — W a
bijective polynomial map defined over L. Show that thereis g : VN K" —
W N K™ a bijective polynomial map defined over K.

Exercise 3.4.21 (Positive Quantifier Elimination) We say that an L-
formula ¢(v) is positive if it is in the smallest collection of L-formulas
containing the atomic formulas and closed under A,V,3, and V.

We say that n: M — N is a L-homomorphism if and only if:

i) n(cM) =n(c) for all constants ¢ in L;

i) n(fM(@)) = fN(9(@)) for all T € M and function symbols f;

iii) if R is a relation symbol of £ and T € RM, then n(Z) € RV .

a) Show that if f : M — A is a surjective £L-homomorphism, @ € M,
#(0) is positive, and M = ¢(a@), then N |= ¢(a).
Let T be a complete L-theory and ¢(7) be an L-formula such that T =

Jv ¢(v). We will prove that the following are equivalent.

i) There is a positive quantifier-free formula ¥ () such that T E
VU $(v) <> (D).

ii) For all M,N =T and A C M, if f : A — N is an L-homomorphism,
aec A and M = ¢(a), then N = ¢(a).

b) Show that i)=- ii).

Assume that ii) holds. Let I'(7) = {¢(v) : ¥ is a positive quantifier-free
formula and T = ¢¥(0) — ¢(¥)}. Let =T U {=(¢(¢)) : v e T} U {4(D)}.
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¢) Show that ¥ is unsatisfiable. [Hint: Let M = T with ¢ € M such
that M |= ¢(¢) and M = —(e) for ¢p € T'. Let &' = T U —¢(e) U {0(e) :
M E 0(¢),0(v) positive quantifier-free}. Show that X’ is satisfiable. Let
N E ¥'. Let A be the substructure of M generated by ¢ and apply ii) to
get a contradiction.]

d) Show that ii)=- 1).

Exercise 3.4.22 T (Completeness of Projective Varieties) Let K be an alge-
braically closed field. Suppose that pi,...,px € Z[Y1,..., Yy, Xo, ..., Xim]
are homogeneous in Xy, ..., X, (i.e., if ¢ is a new variable, then

pi(Y,tXo,...,tXp) =t (Y, Xo,..., X))

for some d). Let ¢(7) be the formula

k m
Jz </\pi(y7$) ZO/\\/JSi 7’50>

=0

asserting that the system of equations p;(7,Z) = ... = px(7,Z) = 0 has a
nontrivial solution.

a) Show that ¢(y) is equivalent to a positive quantifier-free formula.
[Hint: Use Exercise 3.4.21. Suppose that A is a subring of K, L is an
algebraically closed field and o : A — L is a homomorphism. We may
without loss of generality assume that A is a valuation ring (see [58] IX
83). If (zo, ..., 2m) is a nontrivial solution in A, there is an i such that each
ﬁ—] € A. Show thatL = ¢(o(32),...,0(3)).

b) Let P! denote projective I-space over K, and let 7 : P x P™ — P™
be the natural projection map. Show that 7 is a closed map in the Zariski
topology.

Exercise 3.4.23 a) Show that for ¢ € Q we can order Q(t) such that t —g
is a positive infinitesimal. [Hint: Let p(¢) > 0 if and only if there is € > 0
such that p(x) > 0 for z € (¢,q +¢€).]

b) Show that we can order Q(¢) such that ¢ is infinite.

Exercise 3.4.24 Let x and y be algebraically independent over R.

a) Show that R(x,y) is formally real and that we can find orders <y and
<9 of R(z,y) such that x <7 y and y <3 «.

b) Use a) to show that the ordering < is not quantifier-free definable in
R in the language of rings.

Exercise 3.4.25 Show that the L£,-theory of the real field is model-
complete.

Exercise 3.4.26 Show that for real closed fields dcl(A) = acl(A).
Exercise 3.4.27 Let I' be a real closed field. We say that a function
g: F™ — Fis algebraic if there is a nonzero polynomial p(X,Y) € F[X,Y]
such that for all @ € F, p(a, g(a)) = 0.
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a) Use quantifier elimination to show that every semialgebraic function
is algebraic.

b) Show that if f : R — R is semialgebraic, then there are disjoint
intervals I1,...,I™ and a finite set X such that R=1; Ul,, UX and f is
analytic on each I;. (Hint: Use the Implicit Function Theorem for R.)

Exercise 3.4.28 (Real Nullstellensatz) Let F' be a real closed field, and

let I be an ideal in F'[X]. Then, Vr(I) is nonempty if and only if whenever
P1s--->pm € F[X] and " p? € I, then all the p; € I.

Exercise 3.4.29 Let C be a k-cell. Show that there is a semialgebraic
homeomorphism h : (0,1)* — C.

Exercise 3.4.30 (Dimension) Let X C F™ be semialgebraic. In partic-
ular, let ¢(T,w) be a formula, and let @ € F™ be such that X = {7 €
F" : ¢(z,a)}. If K D F is a real closed field, we define dimg (X), the al-
gebraic dimension of X in K, to be the maximum transcendence degree of
F(ci,...,¢q) over F, where ¢ € K™ and K = ¢(¢,a). We define dim(X),
the algebraic dimension of X, to be the maximum value of dimg (X) as K
ranges over all real closed extensions of F'.

a) Show that every k-cell has algebraic dimension k.

b) Show that dim(X; U...UX,,) = max dim(X;).

c¢) Show that if f : F™ — F™ is semialgebraic and X C F™ is semialge-
braic, then dim(X) > dim(f(X)).

d) Show that if X C F™™™ is semialgebraic, then for all k¥ < m, {a €
F™ . dim(X7z) = k} is semialgebraic.

e) Show that X C F™ has dimension n if and only if X has a nonempty
interior.

f) Show that if U C F™ is open and semialgebraic, then U cannot be
decomposed into a union of finitely many semialgebraic sets with empty
interior.

g) Suppose that U C F™ is open and semialgebraic and there is a semi-
algebraic f : U — F. Show that there is T € U such that f is continuous
at .

Exercise 3.4.31 Prove the Cell Decomposition Theorem. [Hint: It is best
to do this by proving a) and b) by simultaneous induction.]

a) Every semialgebraic set in X C F™ can be written as a finite disjoint
union of cells.

b) If X C F™ is semialgebraic and f : X — F is semialgebraic, X can
be partitioned into disjoint cells Cy,...,C,, such that for all ¢, f|C; is
continuous.]

Exercise 3.4.32 We say that X C F is semialgebraically connected if
there are no semialgebraic open sets Uy and U; such that each U; N X # 0,
UgﬁUlﬂX:(Z), and (UoUUl)ﬂX:X.

a) Show that every cell is semialgebraically connected.
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b) (Whitney’s Finiteness Theorem) If X is semialgebraic, then X = C; U
...UC,, where the C; are pairwise disjoint and each C; is semialgebraically
connected and closed in X.

Exercise 3.4.33 Suppose that M = (G, +,<,...) is o-minimal and G is
an ordered group.
a) Show that if H C G is a nontrivial subgroup, then H is convex.
b) Show that G is Abelian. [Hint: For each z, consider {g € G : gz = zg}.]
c¢) Show that G is divisible. [Hint: Consider the groups nG.]
d) Show that G has definable Skolem functions.

Exercise 3.4.34 Suppose that (F,+, -, <) is an o-minimal field. Show that
F is real closed. [Hint: Show that F' has the intermediate value property.]

Exercise 3.4.35 If K is a field, let K[[t]] denote the field of formal power
series over K in variable ¢, and let K((¢)) denote its fraction field, the field
of formal Laurent series over K. Let

= ()

n=1
be the field of formal Puiseuz series over K. Series in K ((t)) are of the form

o0
Z a;t for some m,n € Z with n > 0. An important theorem is that if

K is algebraically closed, then K((t)) is also algebraically closed ([102] IV
§3). Suppose that R is real closed.

a) Show that R((t)) is real closed, R < R((t)), and ¢ is a positive infini-
tesimal element of R(()).

b) Suppose that » € R and f : (0,7) — R is definable. Show that there
is u € R((t)) such that R((t)) = f(t) = pu. Suppose that u = at?+ higher-
degree terms. Show that f is asymptotic to az? at 0. In other words, show
that

R = Ve > Oexistsd > 0 <O<x<6—>|f(m2—1’<e).
ax

Exercise 3.4.36 Suppose that (D, +,-,<,0,1) is an ordered integral do-
main with least element 1. We say that D is a model of open induction. if
whenever ¢(v, W) is a quantifier-free formula and @ € A, then

DE (3Jv>0¢wa)—Iv>0(pv,a) AVw (0 <w < v— —¢(w,a))).

In other words, the positive part of D satisfies the induction axioms for
quantifier-free formulas.

a) Let R be the real closure of the fraction field of D. Show that D is a
model of open induction if and only if for every r € R there is d € D such
that |r —d| < 1.
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Let D C R{{t)), be the subring of series of the form

0 .
E a;tm,
i=m

where m,n € Z, m <0, n > 0 and ag € Z.

b) Use a) to show that D is a model of open induction.

¢) Show that D |= Ja3b(b # 0 A a® = 2b?). This shows that the irra-
tionality of v/2 is independent of open induction.

Remarks

Tarski first showed completeness and decidability for the fields of real and
complex numbers. His proof gave an explicit algorithm for eliminating
quantifiers. Robinson showed that quantifier-elimination results could be
proved by finding the right embedding theorems. These ideas were fur-
ther extended by Blum. Robinson also introduced the notion of model-
completeness and saw how it could be used to prove Hilbert’s Nullstel-
lensatz and answer Hilbert’s 17th-problem. All of the results on model-
complete theories developed in Exercises 3.4.12 and 3.4.13 are also due to
Robinson.

The completeness and decidability of Presburger arithmetic is due to
Presburger, although the proof of quantifier elimination given here is due
to van den Dries. Theorem 3.2.20 is due to Poizat [84], although the proof
given here is due to Lascar and Pillay.

The positive quantifier-elimination result of Exercise 3.4.21 is due to van
den Dries [28], who showed how it could be used to prove the completeness
of projective varieties and show that any closed semialgebraic set can be
built up from unions and intersections of semialgebraic sets of the form
{z: f(x) =0}

The real Nullstellensatz was originally proved by Krivine. His model-
theoretic proof was not noticed by real algebraic geometers, and the result
was proved again later by Dubois and Risler. Model-completeness and
quantifier elimination have many applications in real algebraic geometry
(see for example [12]). Exercises 3.4.33 and 3.4.34 on o-minimal ordered
groups and fields are due to Pillay and Steinhorn. [83] Exercise 3.4.36 is
due to Shepherdson. There are many algebraic constructions of models of
open induction (see, for example [61]).

O-minimality was introduced by van den Dries, Pillay, and Steinhorn.
Surprisingly, o-minimal structures have many of the good topological and
geometric properties of strongly minimal sets. This material is developed
carefully in [29].

Once we know that the theories of the real and complex fields are de-
cidable, it is natural to wonder about the computational complexity of
these theories. Our proofs of decidability give no complexity information,
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but more direct proofs do yield concrete bounds. Collins gave an explicit
quantifier-elimination procedure using cylindric decomposition. His proof
leads to a doubly exponential upper bound on the complexity. Although
there are some good algorithms for attacking specific subproblems, Fischer
and Rabin showed that the decision problem is exponentially hard. Indeed,
they proved that there are exponential lower bounds even for the theory of
nontrivial torsion-free divisible Abelian groups. See [21] for a collection of
fundamental papers on these issues.

Tarski asked whether the theory of the structure Rexp, = (R, +, -, exp, <
,0,1) is decidable. In the early 1980s, van den Dries recast this question,
asking whether this structure was o-minimal. This was answered positively
by Wilkie [103].

Theorem 3.4.37 The theory of Rexp is model-complete and o-minimal.

The decidability of the theory of Reyp, is still an open question, but Mac-
intyre and Wilkie [62] have given a partial positive result.

Conjecture 3.4.38 (Schanuel’s Conjecture) If A1,...\, € C are lin-
early independent over R, then the field Q(\y,..., Ap,e™M, ..., e*) has
transcendence degree at least n.

Theorem 3.4.39 If Schanuel’s Conjecture is true, then Th(Reyxp) is de-
cidable.

Although we know that Rexp, is model-complete, it does not have quanti-
fier elimination. Quantifier elimination was proved by van den Dries, Macin-
tyre, and Marker [30] if we add log and all restrictions of analytic functions
to compact sets.

Because Th(Reyp) is model complete it must have a V3-axiomatization.
At present we have no clue what such an axiomatization might look like,
even assuming Schanuel’s Conjecture.

Ax, Kochen, and Ersov [3], [4], [5], and [55] investigated the model
theory of the p-adic field. If K is a valued field, let K be the residue field,
and G(K) be the value group.

Theorem 3.4.40 i) Let K and L be Henselian valued fields of character-
istic zero. Then, K = L if and only if K = L and G(K) = G(L).

it) The theory of Qp is decidable. It is exactly the theory of Henselian
fields of characteristic zero with residue field I, and value group a model
of Presburger arithmetic.

One important corollary is that if D is a nonprincipal ultrafilter on the
set of prime numbers, then [[Q,/D = [[F,((t)), where F,((t)) is the
field of formal Laurent series over IF,,. This corollary was used to settle the
following conjecture of Artin.
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Corollary 3.4.41 For any integer d, there is M > 0 such that if p > M 1is
prime and f € Qp[X1,...,X,] is a homogeneous polynomial of degree d <
V/n, then there are x1,. .., x, € Qp not all zero such that f(z1,...,z,) = 0.

Macintyre [60] showed that Q, has quantifier elimination if we add a
predicate P, for the nth-powers for n = 2,3,.... Macintyre’s quantifier
elimination was shown to have interesting applications by Denef [25] who
used it to prove the rationality of certain p-adic zeta functions.

The model theory of modules is another interesting area that we will not
discuss. The interested reader should consult [87].






4
Realizing and Omitting Types

4.1 Types

Suppose that M is an L-structure and A C M. Let L4 be the language
obtained by adding to £ constant symbols for each a € A. We can naturally
view M as an L 4-structure by interpreting the new symbols in the obvious
way. Let Tha(M) be the set of all £4-sentences true in M. Note that
Th 4(M) C Diaga(M).

Definition 4.1.1 Let p be the set of Lj-formulas in free variables
U1y ..., 0,. We call p an n-type if p U Thy(M) is satisfiable. We say that
p is a complete n-type if ¢ € p or =¢ € p for all L4-formulas ¢ with free
variables from vy, ..., v,. We let S (A) be the set of all complete n-types.

We sometimes refer to incomplete types as partial types. Also, we often
write p(v1,...,v,) to stress that p is an n-type.

By the Compactness Theorem, we could replace “satisfiable” by “finitely
satisfiable” in Definition 4.1.1.

Consider the example M = (Q, <) where A is the set of natural numbers.
Let p(v) be the set of formulas {v > 1,v > 2,v > 3,...}. If A is a finite
subset of p(v) U Tha(M), then we see that A is satisfiable by interpreting
v as a sufficiently large element of Q. By the Compactness Theorem, p(v)U
Th 4 (M) is satisfiable and p(v) is a 1-type.

For the same structure, let g(v) = {¢(v) € L4 : M |= ¢(1)}. For example
the formula v < 3 is in ¢(v), whereas v > 2 is not. For any £ 4-formula
¥(v), either M = (1) or M = —(3). Thus, g(v) is a complete 1-type.
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The latter example can be generalized to produce complete types in arbi-
trary structures. If M is any L-structure, A C M, and @ = (a1, ...,a,) €
M™, let tpM(a/A) = {¢(v1,...,vn) € La : M |= ¢(ay,...,a,)}. Then,
tp™M(a/A) is a complete n-type. We write tp™ (@) for tp™ (@/0).

Definition 4.1.2 If p is an n-type over A, we say that @ € M™ realizes p if
M = ¢(a) for all ¢ € p. If p is not realized in M we say that M omits p.

In the examples given above, p(v) is not realized in M = (Q, <), whereas
clearly 1/2 realizes q(v). In fact, there are many realizations of ¢(v) in M.
Suppose that r is any rational number with 0 < r < 1. We can construct
an automorphism o of M that fixes every natural number but o(1/2) =

r. Because o fixes all elements of A, o is also an L4-automorphism. By
Theorem 1.1.10,

M= ¢(1/2) & M= ¢(r).
Thus, r also realizes q(v).

In fact, the elements of Q that realize ¢(v) are exactly the rational num-
bers s such that 0 < s < 1. If s <0, then the formula 0 < v is in ¢(v) but
M E —(0 < s). Thus, s does not realize ¢(v). Similarly, no s > 1 realizes
q(v).

The Compactness Theorem tells us that every type can be realized in an
elementary extension.

Proposition 4.1.3 Let M be an L-structure, A C M, and p an n-type
over A. There is N an elementary extension of M such that p is realized

in N.

Proof Let I' = p U Diag, (M). We claim that T is satisfiable.
Suppose that A is a finite subset of I'. Without loss of generality, A is
the single formula

(U1, Uy @1, ey a) A(ar, .oy am, b1, .o by),

where ai1,...,a, € A, by,...,bp € M\ A, ¢(v,a) € p, and M = 9(a,b).
Let My be a model of the satisfiable set of sentences p U Th4(M). Because
Jw (@, w) € Tha(M),
NO ): ¢(67a) A Jw w(67w)'

By interpreting by,...,b; as witnesses to Jw v¥(aq,...,am,w), we make
No E A. Thus, A is satisfiable.

By the Compactness Theorem, T' is satisfiable. Let N' = T'. Because
N E Diag, (M), the map that sends m € M to the interpretation of the

constant symbol m in N is an elementary embedding. Let ¢; € N be the
interpretations of v;. Then, (c1,...,¢,) is a realization of p.

It is worth noting that if A/ is an elementary extension of M, then
Th (M) = Tha(N). Thus S;M(A) = SV (A). This observation and Propo-
sition 4.1.3 yield a characterization of complete types.
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Corollary 4.1.4 p € SM(A) if and only if there is an elementary exten-
sion N of M and @ € N™ such that p = tp™ (@/A).

Proof If @€ N™, then tp(a/A) € SN (A) = SM(A). On the other hand
if p € SM(A), then, by Proposition 4.1.3, there is an elementary extension
N of M and @ € M realizing p. Because p is complete, if ¢(v) € L4, then
exactly one of ¢(7) and —¢(7) is in p. Thus, ¢(7) € tp" (a/A) if and only
if () € p and p = tpN (a/A).

Complete types tell us what possible first-order properties elements can
have in an elementary extension. What does it mean if two elements of a
structure M realize the same complete type over A7 Let us return to the
example where M = (Q, <) and A is the natural numbers. We showed that
a,b € Q realize the same complete 1-type over A if and only if there is an
automorphism o of M fixing A such that a(a) = b. Although this is not
true in general (see, for example, Exercises 4.5.1 and 4.5.9), it is if we allow
passage to an elementary extension.

Proposition 4.1.5 Suppose that M is an L-structure and A C M. Let
@,b € M™ such that tp™(@/A) = tp™(b/A). Then, there is N an elemen-
tary extension of M and o an automorphism of N firing all elements of A
such that o(@) = b.

If M and N are L-structures and B C M, we say that f : B — N is a
partial elementary map if and only if

M= 6(b) & N = ¢(£(b)

for all £-formulas ¢ and all finite sequences b from B. We will prove Propo-
sition 4.1.5 by carefully iterating the following lemma and its corollary.

Lemma 4.1.6 Let M,N,B be as above and let f : B — N be partial
elementary. If b € M, there is an elementary extension N1 of N and g :
BU{b} — N1 a partial elementary map extending f.

Proof LetI' = {¢(v, f(a1),..., f(an)) : M E ¢(b,a1,...,an),a1,...,ay, €
B} U Diagg, (V).

Suppose that we find a structure A7 and an element ¢ € N; satisfying
all of the formulas in I'. Because N7 = Diag,(N), N; is an elementary
extension of N. It is also easy to see that we can extend f to a partial
elementary map by b+ c.

Thus, it suffices to show that I is satisfiable. By the Compactness Theo-
rem it suffices to show that every finite subset of I is satisfiable in /. Taking
conjunctions, it is enough to show that if M = ¢(b,a1,...,a,), then N |=
v ¢(v, f(a1),..., f(an)). But this is clear because M |= Fv ¢(v,aq,...,a,)
and f is partial elementary.
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Corollary 4.1.7 If M and N are L-structures, BC M and f : B — N
is a partial elementary map, then there is N’ an elementary extension of
N and g: M — N an elementary embedding.

Proof Let k = |M]|, and let {an : @ < k} be an enumeration of M.
Let Ny = N, By = B, and go = f. Let B, = BU{ag : 8 < a}. We
inductively build an elementary chain (N, : @ < k) and ¢, : By — N,
partial elementary such that gg C g, for 8 < a.

If o = B+1, and gg : Bg — Ng is partial elementary, then, by Proposition
4.1.3, we can find Ng < N, and g, : B, = N, extending gg.

If o is a limit ordinal, let No = Us-,, Ng and go = Uz, 95- By Lemma
2.3.11, N, is an elementary extension of Ng for § < « and f, is a partial
elementary map.

Let NV = UyeuNo and g = U, 9o- Again by Lemma 2.3.11, N <
N’ and g is partial elementary. But dom(g) = M, so g is an elementary
embedding of M into A.

Proof of 4.1.5 Let f : AU {a} — AU {b} such that f|A is the identity
and f(a) = b. Because tp™(a/A) = tp™(b/A), f is a partial elementary
map. By Corollary 4.1.7 there is Ny an elementary extension of M and
fo : M — Ny an elementary embedding extending f. We will build a
sequence of elementary extensions

M=M0<N0-<M1 -<N1-<M2 -<N2...

and elementary embeddings f; : M; — Nj such that fo C f1 C fo... and
N; is contained in the image of f;11. Having done this, let

N=JN =M

i<w <w

and 0 = J f;- By Lemma 2.3.11, AV is an elementary extension of M and
o : N = N is an elementary map such that o|A is the identity and o(a) = b.
By construction o is surjective. Thus, o is the desired automorphism.

We now describe the construction. Given f; : M; — N, we can view
f;l as a partial elementary map from the image of f; into M; < N;.
By Corollary 4.1.7, we can find M; 1 an elementary extension of N; and
extend f{l to an elementary embedding g; : N; — M, 1. We can view g;l
as a partial elementary map from the image of g into N; < M;;1. Again
by Corollary 4.1.7, we can find NV;;1 an elementary extension of M;;; and
an elementary embedding fi+1 : M;y1 — Ny extending g; . Because
fir1 2 g;l and g; O f;l, fir1 2 fi- Because N; is the domain of g;, N; is
in the range of f;11.
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Stone Spaces

There is a natural topology on the space of complete n-types S2*'(A). For
¢ an L s-formula with free variables from vy, ..., v,, let

[¢] = {p € SM(A): ¢ € p}.

If p is a complete type and ¢ V¢ € p, then ¢ € p or ¢ € p. Thus [p VY] =
(6] U []. Similarly, [6 A 9] = [6 N4,

The Stone topology on S:'(A) is the topology generated by taking the
sets [¢] as basic open sets. For complete types p, exactly one of ¢ and —¢
is in p. Thus, [¢] = SM(A) \ [-¢)] is also closed. We refer to sets that are
both closed and open as clopen.

The topology of the type spaces will eventually play an important role.
The next lemmas summarize some of the basic topological properties.

Lemma 4.1.8 i) SM(A) is compact.
ii) SM(A) is totally disconnected, that is if p,q € SM(A) and p # q,
then there is a clopen set X such thatp € X and q ¢ X.

Proof

i) It suffices to show that every cover of S*(A) by basic open sets has a
finite subcover. Suppose not. Let C' = {[¢;(®)] : i € I} be a cover of S (A)
by basic open sets with no finite subcover. Let

T = {~¢:(v) i €I}

We claim that I' U Th4 (M) is satisfiable. If Ij is a finite subset of I, then
because there is no finite subcover of C, there is a type p such that

pé U [¢:].

Let A be an elementary extension of M containing a realization @ of p.

Then
N ETha(M)u A —¢:(@).
i€ly
We have shown that I is finitely satisfiable and hence, by the Compactness
Theorem, satisfiable.
Let N be an elementary extension of M, and let @ € N realize I'. Then

pV(@/4) € S\ Jl6i(0)
el

a contradiction.
ii) If p # g, there is a formula ¢ such that ¢ € p and —¢ € ¢. Thus, [¢]
is a basic clopen set separating p and q.

Natural operations on types often give rise to continuous operations on
the type space.
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Lemma 4.1.9 i) If A C B C M and p € S}(B), let p|A be the set of
L a-formulas in p. Then, p|A € SM(A) and p — p|A is a continuous map
from SM(B) onto SH(A).

i) If f : M — N is an elementary embedding and p € SM(A), let

f(p) ={¢(v, f(@)) : ¢(v,a) € p}.

Then, f(p) € SN(f(A)) and p— f(p) is continuous.
iii) If f + A — N is partial elementary, then SM(A) is homeomorphic
to Sy (f(A)).

Proof

i) Because p|A U Thy (M) C pUThg(M), p|AU Tha(M) is satisfiable.
Because p|A is the set of all £4-formulas in p, p|A is complete. If ¢ is an
L a-formula, then

{pe SM(B): ¢ ep} =g

Thus, ¢ is continuous.

If ¢ € SM(A), there is an elementary extension N of M and @ € N real-
izing q. Then, p = tp™(@/B) € SM(B) and p|A = ¢. Thus, the restriction
map is surjective.

ii) Suppose that A is a finite subset of f(p). Say

A={1(v, f(@)),...,om (v, f(@))}
where ¢1(7,a),...,¢m(7,a) € p. Because p U Th4 (M) is consistent,
METo 7\ i (U, a).
i=1
Because f is elementary,
N bt @)

and f(p) UThya)(N) is consistent. It is easy to see that f(p) is complete.
Because

{p € S3"(A): 6, (@) € f(p)} = [¢(v,a)],
p+— f(p) is continuous.
iii) Exercise 4.5.12.

Definition 4.1.10 We say that p € SM(A) is isolated if {p} is an open
subset of SM(A).

Isolated points will play an important role in Section 4.2.
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Proposition 4.1.11 Let p € S}(A). The following are equivalent.
i) p is isolated.
ii) {p} = [¢(D)] for some La-formula ¢(v). We say that $(V) isolates p.
iii) There is an L z-formula ¢(U) € p such that for all L z-formulas (),
Y(T) € p if and only if

Tha(M) |= ¢(v) = ¢(v).

Proof
i) = ii) If X is open, then

X = Jleil

el

for some collection of formulas (¢; : ¢ € I). If {p} is open, then {p} = [¢]
for some formula ¢.

ii) = iii) Suppose that {p} = [¢(7)]. Suppose that ¥(v) € p. We claim
that Tha (M) = ¢(T) — ¥(v). If not, then there is an elementary extension
N of M and @ € N such that N |= ¢(@) A —b(@). Let ¢ = tpV(a/A) €
SM(A). Because ¢(7) € q, ¢ = p. But —)(7) € ¢, a contradiction.

If, on the other hand, ¢(v) & p, then —)(v) € p and, by the argument
above, Tha(M) E ¢(@) — - (D). Because Tha(M)U{¢(v)} is satisfiable,
Tha(M) = 6(v) = ().

iii) = i) We claim that [¢(7)] = {p}. Clearly, p € [¢(7)]. Suppose that
q € [¢(D)] and ¥ (v) is an L s-formula. If ¢)(v) € p, then Ths (M) E ¢(T) —
¥ (U) and (T) € g. On the other hand, if ¢¥/(v) & p, then —)(v) € p and,
by the argument above, ¥ (7) € ¢q. Thus p = q.

Examples

We conclude this section by giving concrete descriptions of SM(A) for
several important examples.

Example 4.1.12 Dense Linear Orders

Let £ = {<}. Let M = (M, <) be a dense linear order without endpoints
and let A C M. Let p € S{'(A). If a € A, then, because p is a complete
type, exactly one of the formulas v =a, v < a, or v > a is in p.

case 1: p is realized in A.
In other words, the formula v = a € p for some a € A. In this case,
p={(v): M= ¢(a)} and p is isolated by the formula v = a.

case 2: Otherwise.
Let Ly ={a € A:a<veptand U, ={a€ A: v <acp}If
a < v,v < b € p, then, because p U Ths(M) is satisfiable, a < b. Thus,



122 4. Realizing and Omitting Types

a<bforae€ L,andbe U, and L, and U, determine a cut in the ordering
(A, <).

Also note that if A is the disjoint union of L and U where a < b for
a€LandbeU, then Thy(M)U{a<v:ae€L}and {v<b:beU}is
satisfiable. Thus, there is a type p with L, = L and U, = U.

We claim that the cut completely determines p; that is,

= (Nla<vln () v<bl.

a€Ly, a€Up

Suppose that ¢ # p, L, = L, and U, = U,. Because the only atomic
formulas are u = v and u < v, p and ¢ determine the same cut in A, and
they contain the same atomic formulas. Because quantifier-free formulas
are Boolean combinations of atomic formulas, p and ¢ contain the same
quantifier-free formulas. Because every formula is equivalent to a quantifier-
free formula, p = q.

Using the identification between types and cuts, we can give a complete
description of all types in S?(Q).

For a € Q, let p, be the unique type containing v = a.

Let pyoo be the unique type p with L, = Q and U, = (), and let p_
be the unique type p with L, = 0 and U, = Q. For r € R\ Q, let p, be
the unique type p with L, ={a € Q:a <r}and U, = {b € Q: r < b}.
Finally, for ¢ € Q, let p.+ be the unique type p with L, = {a € Q:a < ¢}
and Up = {b € Q: c < b}, and let p.— be the unique type p with L, = {a €
Q:a<c}and Uy = {be€ Q:c < b}. These are all possible types. Note in
particular that |SZ(Q)| = 2%,

We return to the general case where M = DLO and A C M is nonempty.
Aside from the types realized by elements of A, what types in S{'(A) are
isolated? Suppose that L, has a largest element a and U, has a smallest
element b. Then p € [a < v < b]. Moreover, Thy(M) Fa<v <b—c<
v <dforall ce L, and d € U,. Thus, a < v < b isolates p. Similarly, if
Up, = 0 and L, has a greatest element a, then a < v isolates p, and if U,
has a smallest element b and L, = (), then v < b isolates p.

We claim that these are the only possibilities. For example, suppose that
Up # 0 and has no least element. Suppose that ¢(v) isolates p. Because U,
and L, determine p,

ThaM)U{a<v:ae L,}U{v<b:velU,} = é().
Thus, we can find a € L, U{—o0} and b € U, such that
Thya(M) = {a <v < b} = ¢(v).

There is ¢ € U such that ¢ < b. Because a < ¢ < b, M = ¢(c). But then
the type containing v = ¢ is in [¢(v)] contradicting the fact that [¢(v)]
isolates p. Other cases are similar. We summarize as follows.
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Proposition 4.1.13 Let M EDLO and let A C M be nonempty. Types in
SM(A) not realized by elements of A correspond to cuts in the ordering of
A. A nonrealized type p is nonisolated if either U, # () has no least element
or L, # 0 has no greatest element.

Example 4.1.14 Algebraically Closed Fields

Let K = ACF, and let A C K. We first argue that, without loss of general-
ity, we may assume that A is a field. Let k be the subfield of K generated by
A. If p € SE(k), then p|A € SK(A). We claim that the restriction map is
a bijection. By Lemma 4.1.9, we know that it is surjective, so we need only
show that it is one-to-one. Suppose that ¢ € SX(A). For by, ..., b € k, there

are ai,...,a, € A such that for each i there is ¢;(X) € Z(X1,...,Xm)
such that b; = ¢;(@). Thus, for any f(X1,...,X;) € Z[X1,...,X;,Y]
there is g € Z[X1,..., X, Y] such that f(b1,...,b,%) = 0 if and only
if g(a1,...,am,y) = 0 for any g. Thus, by quantifier elimination, for any

formula ¢(v,b) with b € k, there is a formula (7, @) with @ € A such that
K = 6(,b) < ¢(v,a).

Thus, if p, ¢ € SE (k) and p # g, then p|A # g|A.
Let &k be a subfield of K. We will show that n-types over k are determined
by prime ideals in k[X1, ..., X,,]. For p € SK(k), let

I, = {/(X) € H[Xy,.... X,] : f(B) =0 € p}.

If f,g € I,, then f+g € I,, and if f € I, and g € k[X], then fg € I,,.

Thus, I, is an ideal. If f, g € k[X], then
K =W f()gv) =0 (f(v) =0V g(v) =0).

Thus, if fg € I, then either f € I, or g € I,,. Hence, I, is a prime ideal.

On the other hand, suppose that P C k[X] is a prime ideal. There is a
prime ideal Q C K[X] such that Q N k[X] = P.! Let F be the algebraic

closure of the fraction field of K[X]/Q. By model-completeness, F is an
elementary extension of K. Let z; = X;/Q fori = 1,...,n. For f € K[X],
f(@) = 0if and only if f € Q. Thus, if p = tp? (F/k), then I, = P. Thus,
p + I, is a surjective map from SX (k) onto the prime ideals of k[X]. We
claim that p + I, is one-to-one. Suppose that p,q € SEK(k) and p # q.

IThis follows, for example, from [68] 7.5, because K[X] is a faithfully flat k[X]-
algebra, but we sketch a more elementary proof. If K[X]P is the K[X] ideal generated

by P, we first claim that K[X]P N k[X] = P. Let B be a basis for K as a k-vector
space with 1 € B. B is also a basis for K[X] as a free k[X]-module. If f € K[X], then
f = > vcp fob, where each f, € k[X] and all but finitely many f, = 0. If f € K[X]P,
then each f, € P. If f € K[X]P Nk[X], then f = f1 € P. Let S be the multiplicatively

closed set k[X]\ P. Let @ C K[X] be maximal among the ideals containing P and

avoiding S. Then, Q is a prime ideal and Q N k[X] = P.
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There is a formula ¢ € p such that —¢ € ¢. By quantifier elimination, we
may assume that ¢ is

\/ /\fz] —0/\/\91’1(5)7&0 )
=1

=1 | j=1
where f; j,gi1 € k[X]. If I, = I, then
fi,j(ﬁ) =0ep& f@j(ﬁ) =0€gq
and
9.1 (0)=0€p<g;(0) =0€q.
Thus, ¢ € p if and only if ¢ € q.

Definition 4.1.15 For A a ring, the Zariski spectrum of A is the set
of all prime ideals of A. We denote the Zariski Spectrum by Spec(A) and
topologize Spec(A) by taking basic closed sets { P € Spec(A) : a1,...,am €
P} for aq,...,a, € A. This is called the Zariski topology on Spec(A).

Proposition 4.1.16 The map p — 1, is a continuous bijection from
SE (k) to Spec(k[Xy,...,X,]).

Proof We have shown that the map is one-to-one so we need only show
that it is continuous. Suppose that fi,..., fm € k[X1,...,X,]. Then, the
inverse image of { P € Spec(k[X]) : fi,..., fm € P}is{p € SK(k): fi(v) =
OA...A fin(7) =0 € p}, a clopen set. Thus, p — I, is continuous.

Although p — I, is continuous, it is not a homeomorphism. In particular,
for f € K[X]\ k, {p € SK(k) : f(v) = 0} is clopen in S (k), whereas the
image in Spec(A) is closed but not open. Although the Stone topology is
finer than the Zariski topology, we can use it when studying the Zariski
topology.

Corollary 4.1.17 The Zariski topology on Spec(k[X]) is compact.

Proof This is clear because SX (k) is compact and p + I, is continuous.
Proposition 4.1.16 also allows us to count types.

Corollary 4.1.18 Suppose that K = ACF and k is a subfield of K. Then

|Si (k)| = [k| +Ro.

Proof By Hilbert’s Basis Theorem, all ideals in k[X] are finitely generated.
Thus, there are only |k| + Rg prime ideals.
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4.2  Omitting Types and Prime Models

The Compactness Theorem allows us to build models realizing types. It
is often also useful to build models that omit certain types. Let £ be a
language and T an L-theory. For p an n-type consistent with T, we would
like to know whether there is M | T omitting p. It is not hard to give a
necessary topological condition.

For T an L-theory, we let S,,(T) be the set of all complete n-types p such
that pUT is satisfiable. If T is complete and M [= T, then S, (T) = SA4(0).
In particular, S, (7T") is a totally disconnected compact topological space
with basic open sets

(9] ={p: ¢ €p}

For p a complete type, p is isolated in S, (T) if and only if {p} = [¢] for
some ¢. We can extend this notion to possibly incomplete types.

Definition 4.2.1 Let ¢(v1,...,v,) be an L-formula such that T'U {¢(7)}
is satisfiable, and let p be an n-type. We say that ¢ isolates p if

T = Yo(s(v) = ¥(v))
for all ¢ € p.
Note that if p is a complete type and ¢(7) isolates p, then

TEo@) =y < ¢@ep

for all formulas (7). In particular, for all formulas ¥ (7) exactly one of
T+ ¢(©) ANp(v) and T + ¢(v) A —=p(D) is satisfiable.

We can only omit an isolated type if we do not witness the isolating
formula.

Proposition 4.2.2 If ¢(v) isolates p, then p is realized in any model of
TU{Fv ¢(©)}. In particular, if T is complete, then every isolated type is
realized.

Proof If M E T and M E ¢(a), then @ realizes p. If T is complete and
T U {¢(v)} is satisfiable, then T' = 30 ¢(7v).

For countable languages, this is also a sufficient condition.

Theorem 4.2.3 (Omitting Types Theorem) Let L be a countable lan-
guage, T an L-theory, and p a (possibly incomplete) nonisolated n-type over
(). Then, there is a countable M =T omitting p.

Proof We will prove this by a modification of the Henkin construction
used to prove the Compactness Theorem. Let C = {c¢o, ¢1, ...} be countably
many new constant symbols, and let £* = LU C. As in the proof of the
Compactness Theorem, we will build 7* O T, a complete L*-theory with
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the witness property, and build M = T* as in Lemma 2.1.7. We will
arrange the construction such that, for all dy, ..., d, € C, there is a formula
#(v) € p such that T* |= =é(dy, ..., dy). This will ensure that d{1, ..., d*
does not realize p. Because every element of M is the interpretation of a
constant symbol in C';, M omits p.

We will construct a sequence 6g, 61,05, ... of L*-sentences such that

E 6, — 6

fort>sand T* =T U{6;:i=0,1,...} is a satisfiable extension of T
Let ¢q, ¢1, @2, . .. list all L*-sentences. To ensure that T™* is complete, we
will either have

0301 — &
or
= 03i11 — ;.
If ¢; is v ¥(v) and |= 03,41 — ¢;, then

= 32 — ()

for some ¢ € C. This will ensure that T has the witness property. Let

dy,dy, ... list all n-tuples from C. We will choose 03;,3 to ensure that d;
does not realize p in the canonical model of T*.

stage 0: Let 6y be Vz =z = x.

Suppose that we have constructed 6, such that T'U6; is satisfiable. There
are three cases to consider.

stage s +1 = 3i + 1: (completeness) If T'U {0, ¢;} is satisfiable then 6,44
is 05 A ¢;; otherwise, 0541 is 05 A =¢;. In either case T'U 0,41 is satisfiable.

stage s + 1 = 3i + 2: (witness property) Suppose that ¢; is Jv ¥ (v) for some
formula ¢ and T = 05 — ¢;. In this case, we want to find a witness for
¥. Let ¢ € C be a constant that does not occur in 7'U {fs}. Because only
finitely many constants from C' have been used so far, we can always find
such a c. Let 0541 = 05 Ap(c). If N =T U {65}, then there is a € N such
that A |= ¢(a). By letting ¢V = a, we have N |= 6, ;. Thus, in this case
T U {0541} is satisfiable.

If ¢; is not of the correct form or T' = 05 — ¢;, then let 6541 be 6.
stage s + 1 = 3i 4+ 3: (omitting p) Let d; = (e1,...,en). Let (vi,...,v,)
be the L-formula obtained from 65 by replacing each occurrence of e; by
v; and then replacing every other constant symbol ¢ € C\ {eo,...,e,}
occurring in 64 by the variable v, and putting a Jv. quantifier in front. In
particular, we get rid of all of the constants in 6, from C either by replacing
them by variables or by quantifying over them. For example, if 6, is

Vady cx + ejeq = y2 + des,
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where ¢, d, e1,es are distinct constants in C, then 1 (v1,v2) would be the
formula
Fv.FvgVady vex + vivg = y2 + vgvs.

Because p is nonisolated, there is a formula ¢(7) € p such that
T =Y (9() = ¢(v)). (%)

Let 05,1 be 0, A =¢(d;). We must argue that T U6, is satisfiable. By (%)
there is N' |= T with @ € N such that

N E (@) A —¢(a).
We can make A into a model of 0,1 by interpreting the constants ¢ €
C\{e1,...,e,} as the witnesses to v, and e; as a;.

This completes the construction. Let T* = T U {6, 01, ...}. Because
T U {6s} is satisfiable for each s, T* is satisfiable. If ¢ is any L-sentence,
then ¢ = ¢; for some i, and at stage 3i + 1 we ensure that T* = ¢ or
T* = —¢. Thus, T* is complete.

If ¢(v) is an L-formula and 7™ = v ¥ (v), then there is an ¢ such that
¢; is Jv P (v) and at stage 3i 4+ 2 we ensure that T* = 1)(c) for some c € C.
Thus, T* has the witness property.

If M is the canonical model of T* constructed as in Lemma 2.1.7, we
claim that M omits p. Suppose that @ € M™. Because every element of M

. . . .5 =M _
is the interpretation of a constant symbol, there is d; such that d; = a.
At stage 3i + 3, we ensure that M = —¢;(d) for some ¢; € p. Thus @ does
not realize p.

The proof of the Omitting Types Theorem can be generalized to omit
countably many types at once.

Theorem 4.2.4 Let L be a countable language, and let T' be an L-theory.
Let X be a countable collection of nonisolated types over (). There is a
countable M |= T that omits all of the types p € X.

Proof (Sketch) Let pg,p1,... list X. Let C be as in the proof of Theorem
4.2.3, and let dy, d; ... list all finite sequences from C. Fix 7 : N x N — N,
a bijection.

We do a Henkin-style argument as in the proof of Theorem 4.2.3. If s = 0,
3i+1, or 3i + 2, we proceed exactly as above. If ¢ = w(m, n), then at stage
s = 3i + 3 we proceed as above to ensure that d,, does not realize p,.

If M is the canonical model, we eventually ensure that no finite sequence
from M realizes any of the types p;.

The assumption of countability of £ is necessary in the Omitting Types
Theorem. Suppose that £ is the language with two disjoint sets of constant
symbols C' and D, where C is uncountable and |D| = Rg. Let T be the
theory {a #b:a,b € C,a # b} and p be the type {v # d : d € D}. Because
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every model of T is uncountable, there is always an element that is not the
interpretation of a constant in D. Thus, every model of T realizes p. On the
other hand, if ¢(v) is any L-formula, then, because only countably many
constants from D occur in T'U {¢(v)}, there is d € D such that T'U {¢(d)}
is satisfiable. Thus, p is nonisolated.

The necessity of X being countable in Theorem 4.2.4 is more problematic.
For example, if Ry < A < 2%, we could ask whether for a countable T we
can omit a family of A\ nonisolated types. This turns out to depend on set
theoretic assumptions (see Exercise 4.5.14).

We give one concrete application of the Omitting Types Theorem. Let
L={+,-,<,0,1}, and let PA be the axioms for Peano arithmetic. Suppose
that M, N = PA. We say that A is an end extension of M if N D M and
a<bforallae M and be N\ M.

Theorem 4.2.5 If M is a countable model of PA, then there is M < N
such that N is a proper end extension of M.

Proof Consider the language £* where we have constant symbols for all
elements of M and a new constant symbol ¢. Let T' = Diag, (M)U{c > m :
m € M}, and for a € M \ N let p, be the type {v < a,v #m :m € M}.
Any M | T is a proper elementary extension of M. If AV omits each p,,
then A is an end extension of M. By Theorem 4.2.4, it suffices to show
that each p, is nonisolated.
Suppose that ¢(v) is an L* formula isolating p,. Let ¢(v) = (v, ¢), where
0 is an Lys-formula. Then
TUb(v,c) Ev<a.
Because T'U {0(v, ¢)} is satisfiable,
M EVzIy > zFv < a O(v,y).
The Pigeonhole Principle is provable in Peano arithmetic. Thus
M E [Vz3y > z3v < a 0(v,y)] = Fv < aVz3y > x 6(v, y). (%)
Thus, there is m < a such that
M EVzIy >z 0(m,y).
We claim that T'U {6(m, ¢)} is satisfiable. If not, there is n € M such that
Diag, (M) + ¢ >n = —0(m,c)

contradicting (xx). Thus, ¢(v) does not isolate p,, a contradiction.
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Prime and Atomic Models

We use the Omitting Types Theorem to study small models of a com-
plete theory. For the remainder of this section, we will assume that £ is a
countable language and T is a complete L-theory with infinite models.

Definition 4.2.6 We say that M |= T is a prime model of T if whenever
N E T there is an elementary embedding of M into V.

For example, let T =ACF,. If K EACFq, and F is the algebraic closure
of Q, then there is an embedding of F' into K. Because ACF( is model
complete this embedding is elementary. Thus, F' is a prime model of ACFy.
Similarly, RCF has a prime model, the real closure of Q.

For a third example, consider £ = {+,-,<,0,1} and let T be Th(N),
true arithmetic. If M = T, then we can view N as an initial segment
of M. We claim that this embedding is elementary. We use the Tarski-
Vaught test (Proposition 2.3.5). Let ¢(v, w1, ..., w,,) be an L-formula and
let ny,...,n, € N such that M | Jv ¢(v, 7). Let ¢ be the L-sentence

v (v, 14+...4+1,...,1+...4+1).

ni—times Ny, —times

Then, M = ¢ and N |= ¢ because M = N. But then, for some s € N,
NE6s,1+...+1,....1+...+1)

n1—times Ny —times

and
NE(1+...+L,1+...4+1,...,14+...+1).

s—times ni—times N —times

Because the latter statement is an L-sentence,

MEGSI+...+1L,1+... 41, 1+...+1)

s—times ni—times Ny —times

and M E ¢(s,n1,...,ny). By the Tarski-Vaught test, N < M. Thus, N
is a prime model of T'.

Suppose M is a prime model of T. Suppose that j : M — A is an
elementary embedding. If @ € M™ realizes p € S,,(T'), then so does j(a@). If
p € S, (T) is nonisolated, there is N/ such that N omits p. If M realizes p,
then we can not elementarily embed M into N; thus, M must also omit
p. In particular, if @ € M, then tp™ (@) must be isolated. This leads us to
the following definition.

Definition 4.2.7 We say that M = T is atomic if tp™ (@) is isolated for
alla e M™.

We have just argued that prime models are atomic. For countable models,
the converse is also true.
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Theorem 4.2.8 Let L be a countable language and let T be a complete
L-theory with infinite models. Then, M = T is prime if and only if it is
countable and atomic.

Proof
(=) We have argued that prime models are atomic. Because L is count-
able, T' has a countable model. Thus, the prime model must be countable.

(<) Let M be countable and atomic. Let A/ = T. We must construct an
elementary embedding of M into N. Let mqg, m1,...,Mn,... be an enumer-
ation of M. For each i, let 0;(vo,...,v;) isolate the type of (mq,...,m;).
We will build fyo C f; C ... a sequence of partial elementary maps from M
into N where the domain of f; is {my,...,m;_1}. Then, f = Ui, f; is an
elementary embedding of M into N.

Let fo = (. Because M = N, f is partial elementary.

Given fs, let n; = f(m;) for i < s. Because O5(mo,...,ms) and fs is
partial elementary,

N E Jv 0s(ng, ..., ns_1,v).

Let ng € N such that NN | 04(ng,...,ns). Because 65 isolates
tp™M(mo, ..., ms),
M( N(TLQ,...,?’LS).

tp™ (mo, ..., ms) = tp

Thus, fsy1 = fs U{(ms,ns)} is a partial elementary map.
Theorem 4.2.8 will lead to a criterion for the existence of prime models.

We need one preparatory lemma.

Lemma 4.2.9 Suppose that (@,b) € M™T™ realizes an isolated type in
Sm4n(T). Then @ realizes an isolated type in Sy, (T). Indeed if A C M
and (a,b) € M™™ realizes an isolated type in SH'., (A), then tp™(a/A)
is isolated.

Proof Let ¢(v,w) isolate tp™(a@,b/A). We claim that Jw ¢(7,w) isolates
tp™M(a/A). Let ¥(v) be any L4-formula such that M |= 1 (@). We must
show that

Tha(M) |= Fw (6(v,w) = $(0)).

Suppose not. Then, there is ¢ € M™ such that
M =3 (6(e,T) A —6(0).

Let d € M™ such that M | ¢(¢,d) A —(¢). Because ¢(v,w) isolates
tp™(@,b/A),
Tha(M) = o(v,w) — (D).

This is a contradiction because

¢(v) € tp™(a/A) C tp™(a,b/A).
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An extension of this lemma is proved in Exercise 4.5.11.

Theorem 4.2.10 Let L be a countable language and let T be a complete
L-theory with infinite models. Then, the following are equivalent:

i) T has a prime model;

it) T has an atomic model M;

ii1) the isolated types in Sp(T') are dense for all n.

Proof We have already shown i) < ii).

ii) = iii) Let ¢(7) be an L-formula such that [¢(7)] is a nonempty open
set in S, (7). We must show that [¢(7)] contains an isolated type.

Let M = T be atomic. Because T is complete and T'U {¢(7)} is satis-
fiable, T' = 3v ¢(v). Thus, there is @ € M™ such that M | ¢(a@). Then,
tp™ (@) € [#] and, because M is atomic, tp™ (@) is isolated. Therefore, the
isolated types are dense.

iii) = ii) Suppose that the isolated types in T" are dense. We will build

an atomic model of T' by a Henkin argument. Let C = {cg,...,cp,...}
be a new set of constant symbols, and let £* = L U C. Let ¢g,¢1,...
list all £*-sentences. We build 6, 61, ... a sequence of L*-sentences such

that T* = {6; : ¢ = 0,1,...} UT is a complete satisfiable theory with the
witness property. We do this so that the canonical model of T* is atomic.
We assume inductively that T'U {0,} is satisfiable and 6.1 = 6;.

stage 0: 0y = dz =z = x.

stage s+ 1 = 3i+ 1: (completeness) If T + 6, A ¢, is satisfiable, let 0,11 =
Os A\ ¢;; otherwise, 0511 = 05 A —¢;.

stage s + 1 = 3i + 2: (witness property) If ¢; is Fv ¥(v) and 05 | ¢;, let
¢ € C be a constant symbol not occurring in 65, and let 8,11 = 05 A 9(c).
Otherwise, let 0541 = 65. As in Theorem 4.2.3, T'U {6,41} is satisfiable.

stage s + 1 = 3¢ + 3: Let n be minimal such that all of the constants in C'
occurring in 6, are from {cg,...,c,}. Let ¥(vo,...,v,) be an L-formula
such that 65 = ¥(co,...,cn). Clearly, T U {¢(vg,...,v,)} is satisfiable.
Because the isolated types in S, (T') are dense, there is an isolated type
p € [¢(U)]. Let x(v) be an L-formula isolating p; in particular, [x(v)] = {p}
and TU{x(v)} is satisfiable. Let 6511 = x(¢). Then, TU{0;,1} is satisfiable.
Because 9(7) € p, 0541 = 0s.

As in Theorem 4.2.3, the theory T* = T U {61,6s,...} is a complete
theory with the witness property. Let M be the canonical model of T*. We
must show M is atomic. Let d € M. We can find an n and an s = 3; + 2
such that each d; is in {co, ..., ¢, } and n is minimal such that {cg,...,c,}
contains all the constants occuring in 6,. At stage s + 1 we make sure that

(cé\/', ..., cM) realizes an isolated type. By 4.2.9, d realizes an isolated type.
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In Exercise 4.5.16 we use Theorem 4.2.10 to give an example of a theory
with no prime models. We now give one important case where the iso-
lated types are dense. Note that if £ is countable and A is countable, then
|SM(A)| < 2% because there are only 280 sets of L 4-formulas. We will
show that if there are fewer than the maximal possible number of types,
then there are prime models.

Theorem 4.2.11 Suppose that T is a complete theory in a countable lan-
guage and A C M |= T is countable. If |SM(A)| < 2%, then

i) the isolated types in SM(A) are dense and

i) |SM(A)] < Ro.

In particular, if |S,,(T)| < 2%, then T has a prime model.

Proof

i) We first prove that the isolated types are dense. Suppose that there is
a formula ¢ such that [¢] contains no isolated types. Because ¢ does not
isolate a type, we can find v such that [¢pA1)] # @ and [pA -] # 0. Because
[¢] does not contain an isolated type, neither does [¢ A +1].

We build a binary tree of formulas (¢, : o € 2<%) such that:

i) each [¢,] is nonempty but contains no isolated types;

ii) if o C 7, then ¢, | ¢o;

iii) ¢o,i [ Po,1—i-

Let ¢pg = ¢ for some formula ¢ where [¢] contains no isolated types.
Suppose that [¢,] is nonempty but contains no isolated types. As above,
we can find v such that [¢, A 1] and [, A —1)] are both nonempty and
neither contains an isolated type. Let ¢y 0 = ¢ A and ¢o,1 = ¢ A 9.

Let f:w — 2. Because

[P110] 2 [¢(fIV)] 2 [6(fI2)] 2 ...

and SM(A) is compact, there is

Py € U [¢f\n]'
n=0
If g # f, we can find m such that flm = glm but f(m) # g(m). By
construction, @¢jmi1 F @gims1; thus py # py. Because f +— py is a
one-to-one function from 2¢ into SM(A), |SM(A)| = 2%o.

ii) Suppose that |SM(A)| > Ng. We claim that [SM(A)| = 2%, Because
|SM(A)| > Ng and there are only countably many £ 4-formulas, there is a
formula ¢ such that |[¢]| > Ro.

Claim If |[¢]| > No, there is an £ 4-formula ¢ such that |[¢ A1)]| > Rg and

|[¢ A =] > No.
Suppose not. Let p = {(T) : |[¢ A ¢]| > Ng}. Clearly, for each ¢ either
1 € p or M) € p but not both. We claim that p is satisfiable. Suppose that
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Ui,...,m € p. Either 1 A ... Ay, € p, in which case {¢1,...,¥n} U
Th 4 (M) is satisfiable, or =101 V...V =, € p. Because

[~ V..oV ohy] =[] UL U [ ],

we must have |[-);]| > R for some Ry, a contradiction. Thus p € S (A).
Moreover, if ¢ € p, then |[¢ A ¢]| < Rg. But

(6] = |J [ AvlU{p}.

PéEp

Because [¢] is the union of at most Ry sets each of size at most Ry, we have
[[#]] < Ng, a contradiction.

We build a binary tree of formulas (¢, : o € 2<) such that:

i) if o C 7 then ¢ = ¢o;

H) (rbo,i ': _‘gba,l—i;

i) |[go]| > No.

Let ¢y = ¢ for some formula ¢ with |[¢]| > Rg. Given ¢, where |[¢,]]| >
Rg, by the claim we can find ¢ such that |[¢, AY]| > Rg and |[¢s A—2]| > No.
Let d)o,O = ¢o A9 and ¢a,1 = ¢g N\ 7).

As in i), for each f € 2¢ there is a

pr € () [¢fim),

m=0
and if f # g, then py # p,. Thus [SM(A)| = 2%.

We note that it is possible for there to be prime models even if |\S,,(T)| =
2%, For example, Th(N, +, -, <,0,1) and RCF have prime models.

Countable Homogeneous Models

Our next goal is to show that prime models are unique up to isomorphism.
This will follow from work on homogeneous models.

Definition 4.2.12 Let x be an infinite cardinal. We say that M = T is
k-homogeneous if whenever A C M with |A| < k, f: A — M is a partial
elementary map, and a € M, there is f* O f such that f*: AU {a} = M
is partial elementary.

We say that M is homogeneous if it is | M|-homogeneous.

In homogeneous models, partial elementary maps are just restrictions of
automorphisms.

Proposition 4.2.13 Suppose that M is homogeneous, A C M, |A| < |M]|,
and f : A — M is a partial elementary map. Then, there is an automor-
phism o of M with ¢ D f.

In particular, if M is homogeneous and @,b € M" realize the same n-
type, then there is an automorphism o of M with o(a@) = b.
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Proof Let |M| = &, and let (ay : @ < k) be an enumeration of M. We
build a sequence of partial elementary maps (f, : @ < k) extending f with
fa C fs for a < B such that a, is in the domain and image of f,4; and
|fat1] < [fal +2 < k. Then, 0 = U, fo is the desired automorphism.
Let fo = f

If o is a limit ordinal and fg is partial elementary with
|fal <Al + 18] +Ro < &
for all 8 < a, let fo =z, fp- Then, fq is partial elementary and
| fal < laf(|A] + |e] + Ro) < |A] +[a] +Ro < k.

Given f, with |f,| < k, because M is homogeneous, there is b € M such
that if g, = fo U {(aa,b)}, then g, is partial elementary. Note that g, ! is
also partial elementary. Thus, because M is homogeneous there is ¢ € M
such that g ! U{(aa,c)} is partial elementary. Thus, fot1 = go U{(c,aa)}
is partial elementary, |fot1| < |fal +2 < |A] + |a] + g, and a,, is in the
domain and range of fq41.

If M is homogeneous and tp™ (@) = tp™(b), then @ ~ b is a partial
elementary map that must extend to an automorphism.

Lemma 4.2.14 If M is atomic, then M is Xg-homogeneous. In particular,
countable atomic models are homogeneous.

Proof Suppose that @ + b is elementary and ¢ € M. Let ¢(7,w) isolate
tpM (@, c). Because M = Jw ¢(a,w) and @ +— b is elementary, M |=
Jw ¢(b, w). Suppose that M = ¢(b,d). Because ¢(v,w) isolates a type,
tp™M (@, ¢) = tp™(b,d). Thus, @,c+ b, d is elementary.

For countable homogeneous models, there is a simple test for isomor-
phism. Clearly, if M = N, then M and N realize the same types from
Sn(T). For countable homogeneous models, this condition is also sufficient.

Theorem 4.2.15 LetT be a complete theory in a countable language. Sup-
pose that M and N are countable homogeneous models of T and M and
N realize the same types in S, (T) forn > 1. Then M = N

Proof We build an isomorphism f : M — N by a back-and-forth ar-

gument. We will build fy, C fi C ..., a sequence of partial elementary
maps with finite domain, and let f = U;’io fi- Let ag,ay,... enumerate M
and by, by, ... enumerate N. We will ensure that a; € dom(fy;41) and b; €

img( fai+2). Thus, we will have dom(f)=M and f : M — N, a surjective
elementary map, as desired.

stage 0: Let fo = (0. Because T is complete fy is partial elementary.

We inductively assume that f; is partial elementary. Let @ be the domain
of fs and b= f,(a).
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stage s +1=2i +1: Let p = tp™(@,a;). Because M and N realize the
same types, we can find ¢,d € N such that tpN(E7 d) = p. Note that
tpV () = tp™ (@), by choice of ¢, and tpM (@) = tp™ (b) because f, is partial
elementary. Thus, tp" (€) = tp"V (D). Because N is homogeneous, there is
e € N such that tpV(b,e) = tpV (¢, d) = p. Thus, foy1 = fs U{(as,e)} is
partial elementary with a; in the domain.

stage s + 1 = 2i + 2: As in the previous case, we can find ¢,d € M such
that tp™(c,d) = tp™ (b, b;). Because M is homogeneous, there is e € M
such that tpM (¢, d) = tp™M(@, e). Then, fo11 = fsU{(e,b;)} with b; in the
range.

Corollary 4.2.16 Let T be a complete theory in a countable language. If
M and N are prime models of T, then M = N

Proof By Theorem 4.2.8, M and N are atomic. Because the types in
Sn(T) realized in an atomic model are exactly the isolated types, M and
N realize the same types. By Lemma 4.2.14, countable atomic models are
homogeneous. Thus, by Theorem 4.2.15, M = N.

Prime Model Extensions of w-Stable Theories

We conclude this section by looking at a relative notion of prime models.
Suppose that M = T and A C M. We say that M is prime over A
if whenever N |= T and f : A — N is partial elementary, there is an
elementary f* : M — A extending f.

We give three examples. Let L be any linear order. We build L* = DLO
prime over L as follows. If L has a least element a, add a copy of Q below a.
If L has a greatest element b, add a copy of Q above b. If ¢,d € L with ¢ < d
but there are no elements of L between ¢ and d, add a copy of Q between
¢ and d. We add no other new elements. It is easy to see that L* = DLO
and that if f: L - M = DLO, then f extends to f*: L* — M. Because
DLO has quantifier elimination, it is model-complete and f* is elementary.

For ACF, if R is any integral domain and F' is the algebraic closure of the
fraction field of R, then F' is prime over R and any embedding of R into an
algebraically closed field K extends to F'. Because ACF is model-complete,
this map is elementary. Similarly, if R is an ordered integral domain, then
the real closure of the fraction field of R is a model of RCF prime over R.
In Exercise 4.5.26, we will give examples of theories without prime model
extensions.

There is one very natural class of theories with prime model extensions.
This class will play a very important role later in the book.

Definition 4.2.17 Let T be a complete theory in a countable language,
and let x be an infinite cardinal. We say that T is k-stable if whenever
MET, AC M, and |A| = &, then |SM(A)| = .
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We say that M is s-stable if Th(M) is k-stable.

For historical reasons, we will refer to Ry-stable theories as being “w-
stable.” By Corollary 4.1.18, ACF is w-stable. On the other hand,
1SZ(Q)| = 2% so DLO is not w-stable.

We will show that w-stable theories have prime model extensions. An
important first step is to show that if there are few types over countable
sets, then there are few types over arbitrary sets.

Theorem 4.2.18 Let T be a complete theory in a countable language. If
T is w-stable, then T is k-stable for all infinite cardinals k.

Proof Suppose that M =T, A C M, |A| = k and |SM(A)| > k. Because
there are only x formulas with parameters from A, there is some £ 4-formula
¢p(v) such that |[¢pp]| > k. The argument from Theorem 4.2.11 ii) can be
extended to show that if |[¢]| > & there is an L£s-formula ¢ such that
o A9l > K and [[¢ A =] > k.

As in Theorem 4.2.11 ii), we build a binary tree of formulas (¢, : o €
2<¢) such that:

i) if o C 7, then ¢, E ¢y

11) d)a,i ': _‘Qba,lfi;

i) |[60]] > .

Let Ag be the set of all parameters from A occurring in any formula ¢,.
Clearly A is a countable set. Arguing as in Theorem 4.2.11 ii), |SM(Ag)| =
2% contradicting the w-stability of T

Proposition 4.2.19 Let T be a complete theory in a countable language.
If T is w-stable, then for all M =T and A C M, the isolated types in
SM(A) are dense.

Proof Suppose not. We can build a binary tree of formulas as in Theorem
4.2.111). As in Theorem 4.2.18, we can find a countable Ay C A such that
all parameters come from Ag. But then |SM(Ag)| = 2%0, contradicting the
w-stability of T.

Theorem 4.2.20 Suppose that T is w-stable. Let M =T and A C M.
There is My < M, a prime model extension of A. Moreover, we can choose
My such that every element of Mg realizes an isolated type over A.

Proof We will find an ordinal ¢ and build a sequence of sets (A, : a < §)
where A, C M and

1) AO = A;

ii) if « is a limit ordinal, then A, = Uﬁ<a Ag;

iil) if no element of M \ A, realizes an isolated type over A,, we stop
and let § = «; otherwise, pick a, realizing an isolated type over A,, and
let Aar1 = Aq U {an}. Let Mg be the substructure of M with universe

As.
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Claim 1 My < M.

We apply the Tarski-Vaught test. Suppose that M = ¢(v,a), where
@ € As. By Proposition 4.2.19, the isolated types in S™(As) are dense.
Thus, there is b € M such that M = ¢(b,a) and tp™(b/As) is isolated. By
choice of §, b € As. Thus, by Proposition 2.3.5, My < M.

Claim 2 Mj is a prime model extension of A.

Suppose that AV =T and f: A — N is partial elementary. We show by
induction that there are f = fo C ... C fo C ... C fs,where fo : Aqg = N
is elementary.

If o is a limit ordinal, we let fo = Uz, f5-

Given f, : A, — N partial elementary, 1 ¢(v,a) isolate tp™°(a,/Ay).
Because f, is partial elementary, by Lemma 4.1.9 iii), ¢(v, fo(@)) isolates
fa(tp™o(ag/Ay)) in SY(fa4(A)). Also, because f, is partial elementary,
there is b € N with V' = ¢(b, fu(@)). Thus, for1 = foU{(aa,b)} is elemen-
tary.

In particular,fs : Mg — N is elementary. Thus, Mg is a prime model
extension of A.

To see that every element of Mg realizes an isolated type over A, we
must show that @ realizes an isolated type over A for alla € A,, a < §. We
argue by induction on «a. For a a limit ordinal,this is clear. For successor
ordinals,it follows from the following lemma.

Lemma 4.2.21 Suppose that AC B C M =T and every b € B™ realizes
an isolated type in S (A). Suppose that @ € M™ realizes an isolated type
in SM(B). Then, @ realizes an isolated type in S (A).

Proof Let ¢(v,w) be an L-formula and b € B™ such that ¢(7,b) isolates
tpM(a/B). Let 6(w) be an L 4-formula isolating tp™ (b/A). We first claim
that ¢(v,w) A 0(w) isolates tp™ (@, b/A).

Suppose that M = (@, b). Because ¢(3,b) isolates tp™(a/B),

Tha(M) & ¢(v,b) — (T, b).
Thus, because (W) isolates tp™ (b/A),
Tha(M) |= 0(w) — (6(v,w) = (v, W))

and

Tha(M) |= (0(w) A ¢(v,w)) — ¢ (v, W),

as desired. B
Because tp™ (@, b/A) is isolated, so is tp™(a/A) by Lemma 4.2.9.

For w-stable theories (indeed, for theories that are k-stable for some k),
prime model extensions are unique, although we postpone the proof to
Chapter 6.
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Theorem 4.2.22 Let T be w-stable. Suppose that M = T and N = T
are prime model extensions of A and Tha(M) = Tha(N). Then, there is
f: M — N, an isomorphism firing A.

4.3 Saturated and Homogeneous Models

In Section 4.2 we concentrated on models that realize very few types. In
this section, we will study models realizing many types. Throughout this
section, we will assume that T is a complete theory with infinite models in
a countable language L.

Definition 4.3.1 Let s be an infinite cardinal. We say that M | T is
k-saturated if, for all A C M, if |A| < x and p € S (A), then p is realized
in M.

We say that M is saturated if it is |M|-saturated.

Proposition 4.3.2 Let k > Ny. The following are equivalent:

i) M is k-saturated.

it) If A C M with |A| < k and p is a (possibly incomplete) n-type over
A, then p is realized in M.

i) If A C M with |A| < k and p € SM(A), then p is realized in M.

Proof

i)= ii) If M is k-saturated and p is an incomplete n-type over A where
|A| < &, then there is a complete type p* € SM(A) with p* D p. Because
p* is realized in M so is p.

ii) = iii) Clear.

iii) = i) We prove this by induction on n. Let p € SM(A). Let ¢ €
SM | be the type {¢(v1,...,vn_1) : ¢ € p}. By induction, ¢ is realized
by some @ in M. Let r € S{(A U {ay,...,a,_1}) be the type {¥(a,w) :
¥(v1,...,v,) € p}. By iii), we can realize r by some b in M. Then, (a,b)
realizes p.

Homogeneity is a weak form of saturation.
Proposition 4.3.3 If M is k-saturated, then M is k-homogeneous.

Proof Suppose that A C M, |A| < k, and f: A — M is partial elemen-
tary. Let b € M \ A. Let

I = {6(v, f(@):a € A™ and M = ¢(b,a)}.

If ¢(v, f(@)) € T, then M E Jv ¢(v,a) and hence, because f is partial
elementary, M = Jv ¢(v, f(@)). Thus, because I" is closed under conjunc-
tions, I' is satisfiable. Because M is saturated, there is ¢ € M realizing T.
Thus, fU{(b,c)} is elementary and M is k-homogeneous.



4.3 Saturated and Homogeneous Models 139

Countably Saturated Models

We will begin by examining Ng-saturated models. If M is Ny-saturated,
then M realizes every type in S, (7). We will show that for Ng-homogeneous
models this condition is also sufficient.

Proposition 4.3.4 If M =T, then M is Ng-saturated if and only if M
is Ng-homogeneous and M realizes all types in S, (T).

Proof

(=) Clear.

(<) Let @ € M™ and let p € SM(@). Let ¢ € Sym(T) be the type
{¢(w,w) : p(v,a) € p}. By assumption, there is (b,¢) € M"T™ realizing q.
Because tpM(¢) = tp™ (@) and M is Rp-homogeneous, there is d € M such
that tp™ (@, d) = tp™ (¢, b). Hence, d realizes p and M is Ny-saturated.

Countable saturated models are unique up to isomorphism.

Corollary 4.3.5 If M,N =T are countable saturated models, then M =
N.

Proof Because M and N are 8p-homogeneous and both realize all types
in S, (T) for all n < w, by Theorem 4.2.15, M = N.

The next proposition shows that we can extend models to
Nog-homogeneous models without increasing the cardinality.

Proposition 4.3.6 Let M = T. There is M < N such that N is Rg-
homogeneous and |N| = |M]|.

Proof We first argue that we can find M < Nj such that |[M| = |Ny],
and if @,b,c € M and tp™ (@) = tp™ (D), then there is d € N; such that
tpN1 (@, ¢) = tpM1 (b, d).

Let ((@a,ba;ca) : « < |M]) list all tuples (@, b, c) where @,b,c € M and
tp™ (@) = tp™(b). We build an elementary chain My < M ... < M, <
... for a < |M].

Let Mo =M.

If o is a limit ordinal, let My =s_, Mg.

Given Mg, let M, < Myy1 with |[M,| = |Mgay1| such that there is
d € M, with tpMe+1(b, d) = tpMe+1(a, c). Let N} = Ua<|ar) Ma- Because
N is a union of |M| models of size |[M|, |[N1| = |M].

We now build Ny < N1 < N5 ... such that |N;| = |[M] and if @,b, ¢ € N;
and tp/\f (@) = tp"i(b), then there is d € N;y; such that tpNi+1(a,c) =
tpNit1 (b, d).

Let N' = J,., Ni. Clearly, |IN| = |M| and N is Ryg-homogeneous.

1<w
Propositions 4.3.5 and 4.3.6 allow us to characterize theories with count-
able saturated models.
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Theorem 4.3.7 T has a countable saturated model if and only if | S, (T)| <
RNy for all n.

Proof We need only show that if |S,(T)| < Ny for all n then T has a
countable saturated model. Let po, p1, ... list all elements of {J,,,, Sn(T).
Let My = T. Iterating Lemma 4.1.3, we build My < M; < ... such that
M, is countable and M realizes p;. Thus, M = J,.,, M; is countable
and contains realizations of all types in S, (T') for n < w. By Proposition
4.3.6, there is M < N such that N is countable and Rg-homogeneous. By
Corollary 4.3.5, N is Ng-saturated.

Curiously, theories with large countable models also have small countable
models.

Corollary 4.3.8 i) If T has a countable saturated model, then T has a
prime model.

ii) If T has fewer than 2%° countable models, then T has a countable
saturated model and a prime model.

Proof

i) If T has a saturated model, then |S,(T)| is countable for all n. By
Theorem 4.2.11, the isolated types are dense in S, (T) for all n. Thus, by
Theorem 4.2.10, T' has a prime model.

ii) It suffices to show that S, (T') is countable for all n < w. Suppose
not. By Theorem 4.2.11, if |S,,(T)| > R, then | S, (T)| = 2%°. Each n-type
must be realized in some countable model. Because each countable model
realizes only countably many n-types, if there are 280 n-types, then there
must be 2% nonisomorphic countable models.

We consider several examples.
Example 4.3.9 Dense Linear Orders

We will show that (Q, <) is saturated. Suppose A C Q is finite. Suppose
that A = {ay,...,an} where a1 < ... < a,,. By the analysis of types in
DLO given in Section 4.1, there are exactly 2m+1 types in S1(A). Each
type is isolated by one of the formulas v = a;, v < ag, a; < v < @441, Or
am < v. Clearly, all of these types are realized in Q. Note that in this case
Q is both saturated and prime! In Section 4.4, we will see that this always
happens in Xg-categorical theories.

Example 4.3.10 Algebraically Closed Fields

Fix p prime or 0. Let k be F,, if p > 0 and Q if p = 0. Because S,,(ACF,) is in
bijection with Spec(k[X7,...,X,]), by Corollary 4.1.18, |S,,(ACF,)| = Xo.
Thus, there is a countable saturated model of ACF,,.

Let g, be the type corresponding to the 0 ideal in k[Xy,...,X,]. If
ai,...,ay, realizes ¢, then ay,...,a, are algebraically independent over
k. Thus, any saturated model has infinite transcendence degree. It follows
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that the countable saturated model of ACF,, is the unique algebraically
closed field of characteristic p and transcendence degree Ng.

Example 4.3.11 Real Closed Fields

Let r € R\ Q. Let p, be the set of formulas {v+...+v< 14+...+1:

m—times n—times
n n

m,n € N,r < —}U {v—i—...—i—v >14+...+41:mmn e N,r > —}.
m m

m—times n—times
Clearly, p, is satisfiable. Let p* € S1(RCF) with p¥ D p,. If r # s, then
pi # pt. Thus, |S;(RCF)| = 2% and RCF has no saturated model.

Existence of Saturated Models
Next we think about the existence of k-saturated models for k > .

Theorem 4.3.12 For all M, there is a k™ -saturated M < N with |[N| <
| M.

Proof

Claim For any M there is M < M’ such that |[M'| < [M|%, andif A C M,
|A| <k and p € S{(A), then p is realized in M.
We first note that

{ACM:|A] <k} < |MI*

because for each such A there is f mapping x onto A. Also, for each such
A, [SM(A)] < 2%, Let (po : a < |M|®) list all types in S{M(A) for n < w,
A C M with |A] < k. We build an elementary chain (M, : a < |[M]|*) as
follows:

1) Mo = M;

ii) Mo = Ug., Mp for a a limit ordinal;

ili) My < Maq1 with [Myq1| = |[M,], and M4 realizes p,. By induc-
tion, we see that [Ma| < [M|[" for all o Let M" = U, pr» Ma. Then,
|M'| < |M|® and M’ is the desired model. This proves the claim.

We build an elementary chain (N, : a < k™) such that each |N,| < |[M|*
and

i) NQ = M;

ii) No = Ugeq Np for o a limit ordinal;

iti) Ny < Noa1, No| < |M|*, and if A C N, with |A] < x and p €
SNe(A), then p is realized in N, ;. This is possible by the claim because,
by induction,

[Na|® < (IM|7)" = [M]".

Let N = U,<p+ No. Because k¥ < |M|*®, N is the union of at most
|M|" sets of size |[M|"® so |[N| < |M]*. Suppose that |A| C N, |A| < &, and



142 4. Realizing and Omitting Types

p € SN(A). Because k7T is a regular cardinal, there is o < T such that
A C N, and p is realized in N1 < N. Thus, N is k*-saturated.

Theorem 4.3.12 guarantees the existence of saturated models under suit-
able set-theoretic assumptions.

Corollary 4.3.13 Suppose that 25 = k+. Then, there is a saturated model
of T of size k*. In particular, if the Generalized Continuum Hypothesis is
true, there are saturated models of size kT for all k.

For arbitrary T', some set-theoretic assumption is necessary. For example,
if |S,(T)| = 2%, then any Rp-saturated model has size 280, If R; < 2%o,
then there is no saturated model of size N;.

We can extend this a bit further.

Corollary 4.3.14 Suppose that k > Ry is reqular and 2* < K for A < k.
Then, there is a saturated model of size k. In particular, if Kk > Wy is
strongly inaccessible, then there is a saturated model of size k.

Proof Let M =T with |[M| = k. If kK = A" for A\ < k, then the corollary
follows from Corollary 4.3.13. Thus, we may assume that x is a limit car-
dinal. We build an elementary chain (M : A < k, A a cardinal). Each M
will have cardinality x. Let Mo = M.

Let M = U#O\ M, for X a limit cardinal. Because M, is the union of
fewer than x models of size k, |M,| = k.

Given My, by Theorem 4.3.12 there is M) < M, + such that M is
AT-saturated and |[My+| < k* = K (see Corollary A.17).

Let N' = [UM,. Because & is a regular limit cardinal, x = N, (see
Proposition A.13). Thus, because « is regular, if A C N and |A| < &, then
there is A < k such that A C M. Thus, if p € Sﬁ/(A), then p is realized in
M+ < N.

The assumption of regularity is necessary for some T'. For example, sup-
pose that M |= DLO with |M| = R,,. We claim that M is not saturated.
Let M = U, ., M, where |[M,| = R,. If M is saturated, then for each
n < w we can find a,, € M such that a,, > b for all b € M,,. One more use
of saturation allows us to find ¢ € M such that ¢ > a,, for n < w. This is
impossible. Similar arguments show that all saturated dense linear orders
must have regular cardinality.

If T is k-stable, then we can eliminate all assumptions about cardinal
exponentiation.

Theorem 4.3.15 Let k be a regular cardinal. If T is k-stable, then there
is a saturated M =T with |M| = k. Indeed, if Mo |E T with |My| = &,
then there is a saturated elementary extension M of Mg with |M| = k.

In particular, if T is w-stable, then there are saturated models of size k
for all reqular cardinals k.
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Proof We build an elementary chain (M, : a < k) where |[Mg| = k such
that:

i) Mo = T with |[My| = &;

ii) Mo = Ug., Mp for a a limit ordinal;

iii) My < Moy and if p € SMe (M), then p is realized in M.

Because T is k-stable, if [My| = &, then |SM=(M,)| = . Thus, as in
Theorem 4.3.12, we can find M, < Mg41 such that [My41] = & and
M1 realizes all types in S{Vla (M,).

Let M = |J M. Because M is the union of x models of size x, | M| = k.
We claim that M is saturated. Let A C M with |A| < k. Because & is
regular, there is an a < x such that A C M, If p € S{*(A), then there is
q € SM(M,) = S{M‘* (M) with p C q. Because q is realized in M1, p is
realized in M. Thus, M is saturated.

Saturated models of singular cardinality exist for w-stable theories, but
the proof is much more subtle. We prove this in Theorem 6.5.4.

Homogeneous and Universal Models

Although prime models elementarily embed into all models of T, saturated
models embed all small models.

Definition 4.3.16 We say that M = T is k-universal if for all N' = T
with |N| < & there is an elementary embedding of N into M.
We say that M is universal if it is |M|T-universal.

Lemma 4.3.17 Let k > Ng. If M is k-saturated, then M is k* -universal.

Proof Let N | T with [N| < k. Let (nq : @ < k) enumerate N. Let
Ay = {ng : B < a}. We build a sequence of partial elementary maps
foCfic...C foC...for a <k with f,: Ay, = M.

Let fo =0 and, if o is a limit ordinal, let fo =z, f5-

Given f, : Ay — M partial elementary, let

I'(v) = {(v, fa(@)) : M |= $(na, @)}

Because f, is partial elementary and |A,| < &, I is satisfiable and, by
k-saturation, realized by some b in M. The fo11 = fo U {(nq,d)} is the
desired partial elementary map.

We have constructed f = | fa, an elementary embedding of A into M.

Theorem 4.3.18 Let k > Xg. The following are equivalent.
i) M is k-saturated.
ii) M is k-homogeneous and k+-universal.

If Kk > Wy i) and i) are also equivalent to:
iti) M is k-homogeneous and k-universal.
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Proof By Proposition 4.3.2 and Lemma 4.3.17, i) = ii). Clearly, ii) =
ili). We argue that ii) = i) and, if x is uncountable, iii) = i).

Let A C M with |A| < k, and let p € S{'(A). We can find N = Th (M)
such that A C N and there is a € N realizing p. If kK = Ng, then we can
choose N with |[N| = Rq. If K > Ry, then we can choose N with |N| < &.
By assumption, there is an elementary embedding f : NV — M. Because
f|A is partial elementary, by k-homogeneity, there is b € M such that

™ (b/A) = tp™(f((a)/f(A)) = " (a/4) = p.
Thus, M is k-saturated.

Corollary 4.3.19 M is saturated if and only if it is homogeneous and
universal.

Similar arguments can be used to show that there is at most one satu-
rated model of any particular cardinality.

Theorem 4.3.20 If M and N are saturated models of T' of cardinality ,
then M= N.

Proof By Corollary 4.3.5, we may assume that £ > N;. Let (mq, : @ < K)
enumerate M and (n, : a < k) enumerate A/. We build a sequence of
partial embeddings fo C ... C fo ... for a < k such that m, € dom(fa+1)
and ny € img(fo+1). Let A, denote the domain of f,. We will have |A4,| <
la] + Ry < & for all a.

Let fo =0, and let fo =z, fp for B a limit ordinal.

Suppose that f, is partial elementary. By saturation, we can find b € N
such that

N 6(b, fa(@) & M | ¢(ma, @)

for all ¢ and all @ € A,. Then g, = fo U{(m4,b)} is partial elementary.
Again by saturation, we can find @ € M such that

N | ¢(na, 9(a)) & M = ¢(a,a)

for all ¢ and all @ € A, U {mu}. Then, fot1 = ga U {(a,n,)} is partial
elementary and f = | f, is an isomorphism from M to N.

Lemma 4.3.17 and Theorem 4.3.20 are special cases of embedding and
uniqueness results on homogeneous models generalizing Theorem 4.2.15.

Lemma 4.3.21 Suppose that N = T is k-homogeneous where £ < |N]|
and M = N such that every type in S, (T) realized in M is realized in N
forn <w. If AC M and |A| < &, then there is a partial elementary map

f:A—=N.

Proof We prove the claim by induction on |A|. Suppose that |A] is finite.
Let A = {a1,...,a,}. Because every type realized in M is realized in
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N, there is b € N™ such that tp™(a@) = tp™'(b). Then, @ — b is partial
elementary.

Suppose that |A] = A < k and the claim is true for sets of size p < A.
Let (aq : @ < A) enumerate A. For a < A, let A, = {ag : f < a}. We build
a sequence of partial elementary maps fy C ... C f, C ... where A, is the
domain of f, for a < A.

Let fo = 0. If o is a limit ordinal, let fo =U;_,, f5-

Suppose that we are given f,. Because |Ay+1| < A, by the induction
assumption, there is a partial elementary g : A,y1 — N. Let B be the
image of A, under f, and let C be the image of A, under g. Let h =
faog':C — B. Because f, and g are partial elementary, h : C — B
is partial elementary. Because N is homogeneous, we can extend h to a
partial elementary h* : C U {g(an)} — N. Let b = h*(g(a,)), and let
fat1 = faU{(aqa,b)}. Then, foyr1 = h* o g is partial elementary.

Clearly, f = U,cy fa : A — N is partial elementary.

Corollary 4.3.22 If M | T is k-homogeneous and realizes all types in
Sp(T) for all n < w, then M is k-saturated.

Proof By Lemma 4.3.21, M is x*-universal. Thus, by Theorem 4.3.18,
M is saturated.

Theorem 4.3.23 If M = N are homogencous models of T of the same
cardinality realizing the same types in Sy (T) for alln < w, then M =N,

Proof If M and N are countable, this is Theorem 4.2.15 so we assume
that x = |M| = |N| is uncountable. We build an isomorphism f : M —
N by a back-and-forth argument. Let (a, : o < k) enumerate M. Let
(ba : @ < k) enumerate N. We build a sequence of partial elementary maps
fo C ... C fo C ... such that the domain of f, has cardinality at most
|a| + Vo < K, a, is in the domain of f,41, and b, is in the image of fo11.
Then, f =J,, fa is the desired isomorphism.

Let fo = 0. If « is a limit ordinal, then f, = Uﬁ<a fs. Let A be the
domain of f,, and let B be its image. By Lemma 4.3.21, there is a partial
elementary h : AU {an,} — N. Let C be the image of A under h, and
let ¢ = h(as). As in the proof of Lemma 4.3.21, f,oh™! : C — B is
partial elementary and, because A is homogeneous, we can extend this
map to C'U{c}. Let b be the image of ¢ under this extension. Then, g, =
fa U{(aq,b)} is partial elementary and a,, is in the domain.

Let D be the image of g,. Then, g;! : D — M is partial elementary.
By a symmetric argument, we can find a € M such that g;1 U {(by,a)} is
partial elementary. Let fo1+1 = go U{(a,ba)}.

Corollary 4.3.24 i) The number of nonisomorphic homogeneous models
of T of size Kk is at most 22",

it) If T has a countable saturated model, then the number of homogeneous
models of T of size k is at most 280,
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Proof Homogeneous models of cardinality x are determined by the set
of types realized. Because |S,(T)| < 2%, the number of possible sets of
types realized in a model is at most 22" If T has a saturated model, then
|8, (T)| < Vg for all n < w and there are at most 2% possible sets of types.

Applications of Saturated Models

We conclude this section with several applications of saturated and homo-
geneous models. Saturated models are useful because we can do things in
the model that we usually could only do in an elementary extension.

Proposition 4.3.25 Let M be saturated. Let A C M with |A| < |M|. Let
X C M™ be definable with parameters from M. Then, X is A-definable if
and only if every automorphism of M that fixzes A pointwise fizes the X
setwise.

Proof B B
=)IfaceA X={beM": M[E ¢b,a)} and o is an automorphism
of M, then

o(X) = {ceM": M ¢(0'(2),a)}

{ce M": M = ¢(¢,0(a))} because o is an automorphism
{ce M" : M E ¢(¢,a)} because o(a) =a

= X.

(«=) Let ¢ (v, m) define X, where m € M¥. Consider the type I'(v,w) =
{Y(©,m), p(w,m}U{p[®) & ¢(W) : ¢ an L4-formula}.

Suppose that I'UDiag, (M) is satisfiable. Then, by saturation, we can find
(@,b) realizing T' in M. Let f be the map that is the identity on A and
sends @ to b. By choice of I, f is elementary. Because M is homogeneous,
f extends to an automorphism o of M. But M = (@, m) A - (b, m), thus
@ € X and o(a) = b ¢ X, a contradiction. Thus, I' U Diag,,(M) is not
satisfiable.

Therefore, there are £ 4-formulas ¢q, . .. ¢, such that

M = Vovw (/\(¢i(v) © ¢i(W)) = (Y(v,m) w(w,m))> NG

For 7:{1,...,n} — 2, let 6,(7) be the formula

N s@n N\ 6@

T(i)=1 7(3)=0
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If 0. (@) and 0, (b), then, by (), @ € X if and only if b € X. Let S = {7 :
{1,...,m} - 2: M |=0.(a) for some @ in M"}. Then,

aeX if andonlyif M E \/ 0-(v).

TES
Hence, X is definable with parameters from A.

Recall that b € M is definable from A if {b} is A-definable. The next
corollary is a simple consequence of Proposition 4.3.25.

Corollary 4.3.26 Let M be saturated, and let A C M with |A] < |M].
Then, b is definable from A if and only if b is fized by all automorphisms
of M that fix A pointwise.

Proof By Proposition 4.3.25, {b} is A-definable if and only if every auto-
morphism that fixes A pointwise fixes the set {b}.

Recall that b is algebraic over A if there is a finite A-definable set X such
that b € X.

Proposition 4.3.27 Let M be saturated. Let A C M with |A| < |M| and
be M. The following are equivalent:

i) b is algebraic over A;

i1) b has only finitely many images under automorphisms of M fizing A
pointwise;

iii) tpM (b/A) has finitely many realizations.
Proof

i)= ii) Let X be a finite A-definable set with b € A. By Proposition

4.3.25, any automorphism of M that fixes A pointwise permutes the ele-
ments of the finite set X.

ii)= iii) If ¢ realizes tp™(b/A), then, because M is homogeneous, there
is an automorphism of M fixing A pointwise and mapping b to ¢. Thus,
if b has only finitely many images under automorphisms fixing A, then
tp™(b/A) has only finitely many realizations.
iii) = i) Suppose that p = tp™(b/A) has exactly n realizations. Let
I'=Tha(M)U{p(v;) : p€p,i=0,...,n}U{ /\ v; # v;}.
0<i<j<n

Because p has only n realizations in M and M is saturated, I' is not
satisfiable. Thus there are ¢q, ..., ¢, € p such that

M ': (/\ /\gbk(vl)) — \/1}1':1}]‘.
k=11i=0 1]

In particular {¢ € M : M |= AJ_, ¢;(c)} is an A-definable set of size n
containing b, so b is algebraic over A.
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Saturated models can be used to give a new test for quantifier elimina-
tion.

Proposition 4.3.28 If L is a language containing a constant symbol and
T s an L-theory, then T has quantifier elimination if and only if whenever
MET, ACM, N ET is |M|"-saturated, and f : A — N is a partial
embedding, f extends to an embedding of M into N .

Proof
(=) By quantifier elimination f is a partial elementary embedding. As in
the proof of Lemma 4.3.17, we can extend f to an elementary embedding

of M into N.

(<) We use the quantifier elimination criterion from Corollary 3.1.6.
Suppose that M,N E T, A C M NN, and M = ¢(b,a), where ¢ is
quantifier-free, @ € A, and b € M. Let N' < N’ be an |M|"-saturated
model of T'. By assumption the identity map on A extends to an embedding
f: M — N’. Because f is the identity on A, N7 | ¢(f(b),a). Because
N <N, N E Fv ¢(v,a), as desired.

Quantifier Elimination for Differentially Closed Fields

We will show how to apply Proposition 4.3.28 in one very interesting case.
A derivation on a commutative ring R is a map § : R — R such that

d(z+y)=d(x) +(y)

and
6(zy) = xo(y) + yo(z).
We often write a’,a”, ..., a™ for 6(a),d(5(a)),. . ..

If (R, ) is a differential ring, we form the ring of differential polynomials
R{X} = R[X, X', X" ..., X .. ]. There is a natural extension of the
derivation ¢ to R{X} where §(X™) = X+ For f in R{X}\ R, the
order of f is the least n such that f € R[X,..., X(™)], whereas if f € R we
say that f has order —oo.

We will consider differential fields, which we always assume have charac-
teristic zero.

Definition 4.3.29 We say that K is a differentially closed field if K is a
differential field of characteristic zero such that if f,g € K{X} \ {0} and
the order of f is less than the order of g, then there is x € K such that
f(xz) =0 and g(z) # 0.

In particular, if f has order 0, there is € K with f(x) =0, so K is al-
gebraically closed. We can give axioms for DCF, the theory of differentially
closed fields, in the language £ = {+, —,-,4,0,1}, where § is a unary func-
tion symbol for the derivation. Our goal is to show that DCF has quantifier
elimination.
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Let £ C K be differential fields, we say that a € K is differentially
algebraic over k if f(a) = 0 for some nonzero f € k{X}. Otherwise, we say
that a is differentially transcendental over k.

The next proposition summarizes some basic algebra of differential fields
that we will need. We assume that all of our fields have characteristic zero.
If £ C K are differential fields and a € K, we let k(a) be the differential
subfield of K generated by a over k.

Proposition 4.3.30 Let k C K be differential fields of characteristic zero.

i) Suppose that f(X,X',...,X™) € k{X}\ 0 and ab € K such
that f(a) = f(b) = 0, a,...,a™ Y are algebraically independent over k,
b,...,b" =Y are algebraically independent over k, and g(a) # 0, g(b) # 0
for any g of order n of lower degree in X™. Then, k{a) and k(b) are
isomorphic over k.

ii) If a € K is differentially algebraic over k, then there is f € k{X}\{0}
such that f(a) =0 and if g € k{X} \ {0} has lower order, then g(a) # 0.
Moreover, we can choose f such that if f(b) = 0 and g(b) # 0 for any lower
order g, then k{a) and k(b) are isomorphic over k.

i) If f € k{X}, there is a differential field F' O k and a € F such that
f(a) =0 and g(a) # 0 for all g € k{X} \ {0} where the order of g is less
than the order of f.

Proof

i) Certainly, k(a, ...,a™) and k(b,...,b™) are isomorphic as fields. We
need only show that the isomorphism preserves the derivation. For ¢« < n
we have 6(a?) = a*1) and §(b@) = b(+V), Because f(a,...,a") =0, we

must have §(f(a,...,a™)) =0, but an easy calculation shows that
(n)y — 9 (n) n (2)
o(f(a,...,a'™)=f@a,...,a )+Z;aX(i)(a7...7a )o(a'")),
where f9 is the polynomial obtained by differentiating the coefficients of f.
Because f(a,...,a” 1Y) is irreducible,
af n
m(a,...,a( )) #O
Thus
n n—1 n [
5(a(")) _ —f%(a,...,a™) —azi;o %(a, o a™)s(al )).
W{n)(a, co,am)
Similarly,
n n—1_9 n 7
sy = =100 = B g (b, D))

%(b,...,bn)
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Thus, the natural field isomorphism is a differential field isomorphism.

ii) Let n be minimal such that a,a’, ... ,a(™ are algebraically dependent
over k and let f(X,...,X™) € k[X,...,X™)] be of minimal degree such
that f(a,d’,...,a™) = 0. Clearly, g(a) # 0 for any g € k{X}\ {0} of order
less than n.

Suppose that f(b) = 0 and g(b) # 0 for any lower order g. Then,
b,..., b1 are algebraically independent over k and b, is a solution to
the irreducible polynomial f(b,...,b,—1,Y). Thus, by i), k(a) and k(b) are
isomorphic over k.

iii) Let n be the order of f. By taking an irreducible factor of f of maximal
order, we may assume that f is irreducible. Let K be the field obtained
from k by first adding elements a,d’, ..., 1 algebraically independent
over k. Let K be the algebraic extension of K obtained by adding a solution
a™ to the irreducible algebraic equation f(a,d’,...,a" 1Y) = 0. We
must extend the derivation § from k to K. For i < n, let 6(a(¥) = a(+1).
As in i), we let

—fa,...,a™) = 2, a™)§(a®)

6(a(n)) _ i=0 9X (i) )
o
76)({”) (a,...,a™)
Because q, . ..,a™ 1) are algebraically independent over k, a satisfies no

differential polynomial over k of order less than n.

Corollary 4.3.31 If k is a differential field of characteristic zero, then
there is K 2O k with K = DCF.

Proof If f, g € k{X}\{0} with g of lower order than f, then by Proposition
4.3.30 iii) we can find k1 D k with a € k; where f(a) = 0 and g(a) # 0.
Tterating this process, we build K D k differentially closed.

We can now prove quantifier elimination.
Theorem 4.3.32 DCF has quantifier elimination.

Proof Let K, L be differential closed fields where L is | K|"-saturated. Let
R be a differential subring of K, and let f : R — L be a differential ring
embedding. We must show that f extends to an embedding of K into L.
Because there is a unique extension of the derivation from R to its fraction
field k, we may as well assume that R = k is a field. By induction, it
suffices to show that if f : & — L is a differential field embedding and
a € K \ k, there is a differential field embedding of k(a) into L extending
f. Identifying k with f(k), we may assume that k C L and f is the identity
on k. There are two cases to consider.

case 1: a is differentially algebraic over k.

Let f be as in Proposition 4.3.30 ii). Let n be the order of f. Let p be
the type {f(v) = 0} U {g(v) # 0 : g is nonzero of order less than n}. If
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g1, ---,9gm are nonzero differential polynomials of order less than n, then
there is € L such that f(x) =0 and [[ ¢;(x) # 0. Thus p is satisfiable. If
b € L realizes p, then b, b/, ... ,b(n—1) are algebraically independent over k;
thus, by i), we can extend the embedding by sending a to b.

case 2: a is differentially transcendental over k.

We claim that there is b € L differentially transcendental over k. Let p
be the type {f(v) # 0: f € E{X}\ 0}. Let f1,..., fn € k{X} \ {0}. Let
N be greater than the order of f; for ¢ = 1,..., N. Because L is differen-
tially closed, there is 2 € L such that ™) = 0 and [] fi(x) # 0. Thus
p is consistent and must be realized in L by some element b differentially
transcendental over k. Because a and b are differentially transcendental
over k, k{a) and k(b) are isomorphic to the fraction field of the differential
polynomial ring k{X} over k. In particular, we can extend the embedding
by sending a to b.

Vaught’s Two-Cardinal Theorem

We conclude this section with an application of homogeneous models that
will be useful in Chapter 6. If M is an L-structure and ¢(vy,...,v,) is an

L-formula, we let p(M) ={z € M" : M = ¢(T)}.

Definition 4.3.33 Let k > A > Ny. We say that an L-theory T has a
(k, A)-model if there is M |= T and ¢(v) an L-formula such that |M| = &
and [p(M)] = A.

(1, A)-models are an obstruction to k-categoricity. If T is a theory in a
countable language with infinite models, then an easy compactness argu-
ment shows that there is M |= T of cardinality x where every (-definable
subset of M has cardinality . If T also has a (k, A)-model, then T is not
k~categorical. Our main goal is the following theorem of Vaught.

Theorem 4.3.34 If T has a (k,A)-model where k > XA > N, then T has
an (N1, Ng)-model.

We will prove Theorem 4.3.34 by first showing that the existence of a
(k, A)-model has interesting implications for the countable models of T

Definition 4.3.35 We say that (NV, M) is a Vaughtian pair of models of
T if M <N, M # N, and there is an £y;-formula ¢ such that ¢(M) is
infinite and if (M) = ¢(N).

For example, if M and N are nonstandard models of Peano arithmetic
and N is a proper elementary end extension of M, then (N, M) is a
Vaughtian pair. If ¢ is any infinite element of M, then the formula v < a
defines an infinite set containing no elements of N \ M.

Lemma 4.3.36 If T has a (k,A)-model where kK > X\ > Ng, then there is
(N, M) a Vaughtian pair of models of T.
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Proof Let N be a (k, \)-model. Suppose that X = ¢(N) has cardinality
. By the Lowenheim—Skolem Theorem, there is M < A such that X C M
and |M| = \. Because X C M, (N, M) is a Vaughtian pair.

We would like to show that if there is a Vaughtian pair, then there is a
Vaughtian pair of countable models. In the right context, this is a simple
Lowenheim—Skolem argument.

Let £* = LU{U}, where U is a unary predicate symbol. If M C A are £-
structures, we consider the pair (M, M) as an L*-structure by interpreting
U as M.

If ¢(v1,...,v,) is an L-formula, we define ¢¥ (D), the restriction of ¢ to
U, inductively as follows:

i) if ¢ is atomic, then ¢V is U(vy) A... AU (vn) A &;

i) if ¢ is =, then ¢V is —pV;

iii) if ¢ is 1 A 0, then ¢V is U A Y

iv) if ¢ is Jv 1, then ¢V is Jv U(v) A Y.

An easy induction shows that if M C N, @ € M* and we view (N, M)
as an L*-structure, then M = ¢(@) if and only if (M, M) = ¢Y (a).

Lemma 4.3.37 If (M, M) is a Vaughtian pair for T, then there is a
Vaughtian pair (No, Mo) where Ny is countable.

Proof Let ¢ be an Lj-formula such that ¢(M) is infinite and ¢p(M) =
d(N). Let g be the parameters from M occurring in ¢. By the Lowenheim—
Skolem Theorem, there is (Ny, Mp) a countable L*-structure such that
m € My and (Ny, Mo) < (N, M). Because M < N, for any formula

(v, ..., k)

k
(N, M) = Vo ((/\ (vi) A (T >%¢U(v)>.

Because (No, Mo) < (N, M), these sentences are also true in (Ny, M),
so Ny < M.

Let ¢(T) be an Ljs-formula with infinitely many realizations in M and
none in N\ M, witnessing that (N, M) is a Vaughtian pair. For each k,
the sentences

Ju, ... v /\vi#vjA/\qﬁvl

1<J

hold in (N, M), as do the sentences 3x —U(x) and

o(®) = \U®))

Because these sentences also hold in (Ny, M), this structure is also a
Vaughtian pair.

We need one more lemma before proving Vaught’s Theorem.
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Lemma 4.3.38 Suppose that Mg < Ny are countable models of T. We can
find (No, M) < (N, M) such that N and M are countable, homogeneous,
and realize the same types in S, (T). By Theorem 4.2.15 M = N

Proof

Claim 1 If @ € My and p € S,(a) is realized in Ny, then there is
(No, Mo) < (N, M) such that p is realized in M’.

Let I'(v) = {¢"Y(v,a) : ¢(v,a) € p} UDiagy(No, Mo). If ¢1,...,¢m € p,
then Ny = JoA¢i(v,a), thus My = FoA¢;(v,a) and (Ny, My) =
Fo A\ oY (v,@). Thus, I'(v) is satisfiable. Let (N, M’) be a countable el-
ementary extension realizing I'.

By iterating Claim 1, we can find (Ny, Mg) < (N*, M*) countable such
that if @ € My and p € S, (@) is realized in N, then p is realized in M*.
Claim 2 If b € Ny and p € S, (b), then there is (Mg, Ng) < (N, M')
such that p is realized in N”.

Let T'(w) = p U Diagy(Ng, Mo). If ¢1,...,0m € p, then Ny [
Jv A ¢:(7,b); thus, we can find a countable elementary extension of
(No, M) realizing p.

We build an elementary chain of countable models
(NOaMO) < (N1,M1) < ...

such that

i) if p € S, (T) is realized in N3;, then p is realized in M3, 1;

i) if @,b,c € Mg and tpMsiti(a) = tpMsi+1(D), then there is d €
M3, 1o such that tpMsi+2(a, c) = tpM3i+2 (b, d);

iii) if @, b, ¢ € N340 and tpNSi“(a) = tpNsi+2 (b), then there is d € N3;. 3
such that tp™si+3(a, ¢) = tpNsi+3 (b, d).

i) and ii) are done by using the first claim to build elementary chains,
iii) is done by using the second claim to build an elementary chain.

Let (M, M) = U, ., (Ni, M;). Then, (N, M) is a countable Vaughtian
pair. By i), M and N realize the same types. By ii) and iii), M and N are
homogeneous and hence isomorphic by Theorem 4.2.15.

Proof of 4.3.34 Suppose that T has a (k, A)-model. By the lemmas above,
we can find (N, M) a countable Vaughtian pair such that M and A are
homogeneous models realizing the same types. Let ¢(7) be an Lj;-formula
with infinitely many realizations in M and none in N \ M.

We build an elementary chain (N, : @ < wi), each N, is isomorphic
to N, and (Nys1,Na) =2 (N, M). In particular, N,11 \ N, contains no
elements satisfying ¢.

Let My = N. For « a limit ordinal, let NV, = Uﬁ<a N3. Because N, is
a union of models isomorphic to A/, N, is homogeneous and realizes the
same types as A so N, 2 N by Theorem 4.2.15.

Given NV, 2 N, because N = M there is M,11 an elementary extension

of N, such that (N, M) = (N,41,Na). Clearly, N1 2 N.
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Let N* = Uy o, Na- Then, [N*| = Xy and if N* |= ¢(a), then @ € M;
thus, N* is an (Rq, Ng)-model.

Corollary 4.3.39 If T is Ny-categorical, then T has no Vaughtian pairs
and hence no (K, \) models for Kk > X\ > Ng.

If T is w-stable, we can prove a partial converse to Vaught’s Theorem.

Lemma 4.3.40 Suppose that T is w-stable, M =T, and |M| > Ny. There
is a proper elementary extension N of M such that if T'(w) is a countable
type over M realized in N, then T'(w) is realized in M.

Proof

Claim There is an Lp/-formula ¢(v) such that |[¢(v)]| > Ny and for all
¥(v) € Ly either [[¢(v) Ah(v)]| < Rg or [[¢(v) A —1p(v)]] < Ro.

Suppose not. Then for any £js-formula ¢(v) with |[¢(v)]| > Ry, there
is a formula v (v) such that [¢(v) A ¥(v)] and [p(v) A =p(v)] are both
uncountable. Let ¢y be the formula v = v. Then [¢pg] = |M]| > ¥;. We can
build an infinite tree of formulas (¢, : 0 € 2<¢) such that for all o € 2<%:

i) 60| > N

11) [¢U,O] N [¢0,1] = @

As in Theorem 4.2.18 we can find a countable A C M such that
|SM(A)| = 280, contradicting w-stability.

Let ¢(v) be as above. We construct the type p of formulas that are true
for “almost all” elements satisfying ¢(v). Let p = {¢(v) : ¢ an Ly,-formula
and |[$(v) A Y(0)]| > X1} TF Py, ..., v € p, then [[$(0) AV~ ()] < Ro.
Thus, A", ¥(v) € p and p is finitely satisfiable. Because |[¢(v)]| > Ry, for
each Ljs-formula ¥ (v) exactly one of ¥(v) and —(v) is in p. Thus, p is a
complete type over M.

Let M’ be an elementary extension of M containing ¢, a realization of p.
By Theorem 4.2.20, there is N' < M’ prime over M U {c} such that every
@ € N realizes an isolated type over M U {c}.

Let I'(w) be a countable type over M realized by b € N. There is an
L ys-formula 0(w,v) such that 6(w, c) isolates tp™ (b/M U {c}). Note that
Jw 0(w,v) € p and

V@ (6w, v) - (@) € p
for all v(w) € T'. Let
A = {3w 6(w,v)} U{vw (0(w,v) = v(w)) : v € T'}.

Then, A C p is countable and, if ¢ realizes A, then Jw 6(w, '), and if
9(5/, '), then b’ realizes T.

Let d9(v), 61(v), ... enumerate A. By choice of p, [{x € M : ¢(z)}| > Ny
and {z € M : ¢(z) A =(do(z) A ... Adp(2))} < Ng for all n < w. Thus
{z € M : ¢(z) and z realizes A}| > N;. Let ¢ € M realize A and choose
b such that M = 9(51, ). Then, b is a realization of T' in M.
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Theorem 4.3.41 Suppose that T is w-stable and there is an (N1, Rg)-model
of T. If k > Ny, then there is a (k,Rg)-model of T

Proof Let M =T with [M| > Xy such that |¢(M)| = Ry and let M < N
be as in Lemma 4.3.40. The type I'(v) = {p(v)} U{v #m :m € M and
M [ ¢(m)} is a countable type omitted in M and hence in N. Thus
ON) = p(M).

Iterating this construction, we build an elementary chain (M, : a < k)
such that My = M and Mqyq1 # M, but ¢(My) = ¢(My). If N =
Ua<r Ma, then NV is a (k, Rg)-model of T'.

Without the assumption of w-stability, Theorem 4.3.41 is false (see Ex-
ercise 5.5.7).

4.4 The Number of Countable Models

Throughout this section, T" will be a complete theory in a countable lan-
guage with infinite models.

For any infinite cardinal x, we let I(T, k) be the number of nonisomorphic
models of T" of cardinality . In this section, we will look at the possible
values of I(T,Rg). We have already considered a number of examples.

e I(DLO,XNg) = 1.

e In Exercise 2.5.28, we gave examples of T,, where I(T},,Rq) = n for
n=34,...,

o I(ACF,,Ry) = Ng.

e I(RCF, Xg) = I(Th(N), Rg) = 2%,

Because there are at most 2%° nonisomorphic countable models of T,
there are two natural questions:

Can we have I(T,Ng) = 27

Can we have Ry < I(T,Rg) < 2%0?

Surprisingly, Vaught answered the first question negatively. If the Con-
tinuum Hypothesis is true, then the second question has a trivial negative
answer. Vaught conjectured that the answer is negative even when the
Continuum Hypothesis fails. This remains one of the deep open questions
of model theory. Although Vaught’s Conjecture has been proved for some
special classes of theories (for example, Shelah [93] proved Vaught’s Con-
jecture for w-stable theories), the best general result is Morley’s theorem
that if 1(T,Rg) > Ny, then I(T,Rq) = 2%o.

Ng-categorical Theories

We begin by taking a closer look at Ry-categorical theories. In particular,
we show how to recognize Ng-categoricity by looking at the type space.
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Theorem 4.4.1 The following are equivalent:
1) T is Ng-categorical.
1) Every type in S, (T') is isolated for n < w.
ii1) |Sn(T)| < Rg for alln < w.
iv) For each n < w, there is a finite list of formulas

D11y VR, e ey D (V14 Op)

such that for every formula ¥ (v, ..., vy)

T E ¢:(v) ¢ ¢(v)
for some i < m.

Proof

i) = i) If p € S,(T') is nonisolated, then there is a countable M =T
omitting p. There is also a countable A/ = T realizing p. Clearly, M % N
so T is not Ny-categorical.

ii) = iii) Suppose that S,(T") is infinite. For each p € S,(T), let ¢,
isolate p. Because g, (r)[¢p] = Sn(T") and S, (T) is compact, there are
D1, ---,Pm such that [¢,, |U...Ulp,, ] = S,(T). Because [¢,] = {p}, Sn(T)
is finite.

iii) = iv) For each ¢, we can find a formula 6; such that 6; € p; and
—0; € p; for ¢ # j. Then, 6, isolates p;. For any formula ¥ (v1,...,v,),

T 4@« \/ b

PED;
Thus, each i with free variables vy, ..., v, is equivalent to \/ 0; for some
€S
S C{1,...,m}. There are at most 2™ such formulas.

iv) = i) Let M be a countable model of T. If @ € M™, let Sg = {i < m:
M = ¢;(@)}. Then, tp™ (@) is isolated by

A a@n N\ ~6().

1€ST ¢S

Thus, M is atomic and hence, by Theorem 4.2.8, prime. Because there is
a unique prime model, T  is Nyp-categorical.

Theorem 4.4.1 tells us a great deal about definability in Ny-categorical
theories. Recall that b is algebraic over A if there is a formula ¢(v, w) and
a € A such that M = ¢(b,a) and {x € M : M = ¢(z,a)} is finite. Also,
acl(A) = {b € A: b is algebraic over A}.

Corollary 4.4.2 Suppose that T is Wg-categorical. There is a function f :
N — N such that if M =T, A C M, and |A| <mn, then |acl(A)] < f(n).
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Proof By Theorem 4.4.1, |S,+1(T)] is finite. Let ¢1,. .., g list all n + 1-
types. Let X = {i : ¢; contains a formula ¢(v,w) such that M |
Yo, ..., UN /\f\ioqﬁ(vi,@) — Vicj<nvi = v; for some N}. For i € X,
let N; be the least N such that some formula ¢,

N
vUO7 <5 UN /\ ¢(/U7,7E) - \/ Vi = Uy,
i=0 i<j
is in g;. ~ B
If a,by,...,bp, € M and a is algebraic over b, then (a,b) realizes some
¢; € X and |{z : (z,b) realizes ¢;}| < N;. Thus,

lacl(by, ..., bp)| < ZNi.

i€ X

f(n) = ZNi-

i€ X

Let

Corollary 4.4.2 is very useful in understanding algebraic examples.

Corollary 4.4.3 If F is an infinite field, then the theory of F is not Ng-
categorical.

Proof By compactness, we can find an elementary extension K of F' such
that K contains a transcendental element ¢. Because ¢, t2,t3, .. . are distinct,
acl(t) is infinite. Thus, by Corollary 4.4.2, Th(F') is not Ngp-categorical.

For groups, the situation is more interesting. We study groups in the
multiplicative language £ = {-,1}. We say that a group G is locally finite
if, for any finite X C G, the subgroup generated by X is finite.

Corollary 4.4.4 Let G be an infinite group.

i) If Th(Q) is Ro-categorical, then G is locally finite. Moreover, there is
a number b such that if g € G, then g™ =1 for some n < b (we say that G
has bounded exponent ).

it) If G is an infinite Abelian group of bounded exponent, then Th(G) is
No-categorical.

Proof

i) By Corollary 4.4.2, there is a function f : N — N such that if | X| < n,
the group generated by X has size at most f(n). In particular, if g € G,
then g" =1 for some n < f(1).

ii) Suppose that G is a countable abelian group of bounded exponent.
Then, there are ¢y, ..., ¢, distinct prime powers such that

C=(Z/@L)" &...8 (L /Gl)™ ©PL/gpnZ® ... & PZ/gmZ
=1

i=1
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where n; € N for ¢ < k. Because G is infinite, we must have k < m.

Let ¢; = pli"'7 where p; is a prime. The group (Z/q;Z)™ has p;” —p?"(lﬁl)
elements of order exactly ¢;. If g € (Z/¢;Z)™ has order less than ¢;, then
there is h € (Z/q;Z)™ with p;h = g (i.e., g is p;-divisible).

Let T be the theory with the following axioms:

i) the axioms for Abelian groups;

i) Vo 2lla = 1;

i) there are pl' —
p;-divisible for i < k;

iv) there are infinitely many elements of order exactly ¢; that are not
pi-divisible for ¢ > k.

By the remarks above G |= T. If H is a countable model of T, then
H = G. Thus, T is Ng-categorical.

We now move on to Vaught’s result that I(T,Rg) # 2. We will use the
next lemma, although we leave the proof for the exercises.

Uz lifl
)

; elements of order exactly ¢; that are not

Lemma 4.4.5 Let k > Wg. Let A C M with |A| < k. Let My be the L4-
structure obtained from M by interpreting the new constant symbols in the
natural way. If M is k-saturated, then so is M 4.

Theorem 4.4.6 I(T,Xg) # 2.

Proof Suppose that I(T,Rg) = 2. By Corollary 4.3.8 ii), there is A a prime
model of T" and M a countable saturated model of T'. Because T is not
Ng-categorical, by Theorem 4.4.1, there is a nonisolated type p € S, (T) for
some n. The type p is realized in M and omitted in N. Let @ € M realize
p. Let T be the Lg-theory of Mgz (in the notation of the previous lemma).
By Theorem 4.4.1, there are infinitely many T-inequivalent formulas in
the free variables v, ...,v,. As they are still T*-inequivalent, T* is not
Ng-categorical. By Lemma 4.4.5, Mz is a saturated Lg-structure. Thus, by
Corollary 4.3.8 i), T* has a countable atomic model A. Let B denote the
L-reduct of B. Because A = T*, B contains a realization of p, thus B % N.
Because T™* is not Nyp-categorical, there is a nonisolated Lg-type. This type
is not realized in A. Thus A is not saturated. If B were saturated, then, by
Lemma 4.4.5, A would be saturated. Thus, B % M and I(T,Rg) > 3.

Morley’s Analysis of Countable Models

Next we prove Morley’s theorem that if I(T,Rg) > Ry, then I(T,Rg) = 2%0.
As in the proof of Theorem 2.4.15 , we will use infinitary logic to analyze
countable models.

Definition 4.4.7 A fragment of L., ., is a set of L,,, ,-formulas contain-
ing all first-order formulas and closed under subformulas, finite Boolean
combinations, quantification, and change of free variables.
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If F is a fragment of £, ,,, we say that M =p N if
ME¢ if and only if N | ¢

for all sentences ¢ € F'.

If F is a fragment of L, ., we say that p C F is an F-type if
there is a countable L-structure M and aq,...,a, € M such that p =
{d(v1,...,0,) € F: M | ¢(a)}. Let S, (F,T) be the set of all F-types
realized by some n-tuple in some countable model of T

We will count models by counting types for various fragments. If
|8, (F, T)| = 2% for some countable fragment F', then, because a countable
model can realize only countably many types, we must have I(T,Rg) = 2%0.

Next, we look at a case where we have the minimal number of types for
all countable fragments.

Definition 4.4.8 We say that an L-theory T is scattered if |S,(F,T)| is
countable for all countable fragments F' of £, ,, and all n < w.

In particular, if T is scattered, then for countable fragments F', there are
only countably many =pg-classes of countable models of T. We will show
that if T is scattered, then I(T,Ng) < Vy.

Suppose that T is scattered. We build a sequence of countable fragments
(Lo @ oo < wy) as follows. Let Lo be all first-order £-formulas. If « is a limit
ordinal, then Lo = s, Lg-

Suppose that L, is a countable fragment. For p € S,(L,,T), let
®,(v1,...,0,) be the L, ,-formula /\ ¢. This is an L, ,-formula be-

dep
cause L, is countable. Let L,y be the smallest fragment containing @,
for p € Sp(La,T), n < w. Because T is scattered, L,41 is a countable
fragment.

If M is a countable model of T" and ay,...,a, € M, let tpM(a) €
Sn(La,T) be the L,-type realized by @ in M.

Lemma 4.4.9 For each countable M |= T, there is an ordinal v < wq
such that if @,b € M™ and tpé"‘ (@) = tpé"‘ (b), then tpM(a) = tp(b) for
aoll o < wy.

We call the least such ~ the height of M.

Proof Note first that if tp2*(@) # tp(b), then tpg/‘ (@) # tpg/‘ (b) for all
B> «. For a,bin M™, let

f(a,b) = —1 tpM(a) = tpM(b) for all <wi
’ a if ais least tp(@) # tpM(b).

Because M is countable, we can find v < w; such that v > f(a, b) for all
a,be M™ and n < w.
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Lemma 4.4.10 Suppose that M and N are countable models of T such
that M has height v and M =p_., N. Ifa,b € N" and tpy(ﬁ) = tpjvv(b),

then tpl), (@) = tpl,, (D).

y+1

Proof Let p= tpfy\/(a) = tpjv\[(g) and let ¢ (v) be an L,41-formula. Let ©
be the £, -formula

VIV ((8,(7) A B, () = (6(D) < ¥(@))).

Because v is the height of M, M = ©. Because N' =,
Thus tpjvvﬂ(a) = tpjvvﬂ(b).

Lemma 4.4.11 If M and N are countable models of T such that M has
height v and M =r_,, N, then M = N.

Proof Let ag,aq,... list M and let by, by, ... list N. We build a sequence
of finite partial embeddings fo C f1 C ... such that if @ is the domain of f,,,
then tpfy\’t (@) = tpfy\/(fn (@)). We will ensure that a,, is in the domain of f, 1
and by, is in the image of f,+1. Then f =] f,, is the desired isomorphism.

Let fo = (. Suppose that @ is the domain of f,, and f,(@) = b. Let
p = tp2'(a, ay). We must find e € N such that tpjv\f(g7 e) = p. Because

M, N = ©.

y+1

M T3w )\ ¢(@,w)

PEP

and this is an L,-sentence,

N E Fvdw /\ H(v,w).

PED

Let (¢,d) € N realize p. Because @ and ¢ realize the same L.-type, ¢ and
b realize the same L.,-type. By Lemma 4.4.10, ¢ and b realize the same
L. 1-type. Because

NEIw A 6@ w)

aSy
and this is an L.4-formula,

NEFw A 60 w).

IS

Thus, there is e € N such that p = tpfyv(g, e).
By a symmetric argument, we can find s € M such that tpé‘/‘ (@, an,s) =

tp{Y\/(Ee,bn). Let froir1 = fn U {(an,€),(s,bn)}.

Theorem 4.4.12 If T is scattered, then I(T,Ry) < Np.
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Proof For each countable M = T, let i(M) = (v,tp}%,(0)), where 7 is
the height of M. Note that M = N if and only if tpM(0) = tp (0).
By Lemma 4.4.11, if M and A are countable models of T, then M = N
if and only i(M) = i(N). There are only R; possible heights and, for any
given a, there are only R possibilities for tpA*(()). Thus I(T,Rq) < Ny.

To finish the proof of Morley’s theorem, we will show that if T' is not
scattered, then |S,,(F,T)| = 2% for some countable fragment F. Although
this is a generalization of Theorem 4.2.11 i), complications arise because we
do not have the Compactness Theorem in L, ,,. The proof requires some
ideas from descriptive set theory.

Suppose F' is a fragment of L, .. We will consider L-structures where
the universe of the models is w. If M = (w,...) is an L-structure, the
F-diagram of M is {¢(vo,...,v,) € F: M = ¢(0,1,...,n)}.

We consider D(F,T) the set of all possible F-diagrams of models of T'.
There is a natural bijection between the power set P(F) and 2%, the set
of all functions from F' to {0,1} (identifying a set with its characteristic
function). Because D(F,T) is a set of subsets of F', we can view D(F,T') as a
subset of 2. If we think of {0, 1} as the two-element space with the discrete
topology, then we can give 2 the product topology. The topology on 2F
has a basis of clopen sets of the form {f € 2F" : Vo € Fy f(x) = o(z)} where
F, C Fis finite and o : Fy — 2. If F' is countable, then 2% is homeomorphic
to 2¢.

Lemma 4.4.13 If F is a countable fragment of Ly, ., then D(F,T) is a
Borel subset of 2F .2

Proof Let
Ey = {fe2f:f(¢)=1% f(=¢) =0forall ¢ € F}
= ({fe2": (f(9) =0A f(=¢) =1) V (f(¢) = LA f(=¢) = 0)}.
¢eEF

Because Ej is an intersection of clopen sets, Ej is closed.
Let By = {f € 2" : f(Fvg(v)) = 1 if and only if f(¢(v;)) =1 for some i
for all ¢ € F with one free variable}. If
Efy=1{f€2": fBuo(v)) = 1} n [ J{f €27 f(o(vi)) = 1}
i=0

and

Er,={f€2": f(Qp(v)) =0} n({f €2 : f(p(vi)) = 0},

=0

2Recall that the collection of Borel subsets of 2F is the smallest collection of sets
containing the open sets and closed under complement and countable unions and inter-
sections.
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then

B = () (B, U By )
PEF

and F is Borel.
If = \ ¢ and ¢ € F, let

el
By ={f €2 f(¥) = 1if and only if f(¢;) =1 for all i € I}.

Because I is countable, we argue as above that Fs ., is Borel. Thus

Ezzﬂ{Ew;zp:/\@ and1/16F}

i€l

is Borel. Similarly the following sets are Borel:

Es={fe2f: f(v; =v;) =0 for all i # j},

E,={fe€2f: f(v; =v;) =1 for all i},

Es={fe2f: flvy=v; > vj=v;) =1 for all 4,5},

Ees={f €2 f((vi =v; ANvj =) = v; = vy) = 1 for all 4,5, k}, and

Er={fe2r: f(¢)=1forall p € T}.

Let D = EgN...N E7. Clearly, D is Borel. We claim that D = D(F,T).
It is easy to see that if M = T with universe w, then the F-diagram of M
isin D.

Suppose that f € D. We build an L-structure M with universe w. If
R is an n-ary relation symbol of £, then (iy,...,i,) € RM/ if and only if
f(R(viy,...,v;,)) = 1. Let g be an n-ary function symbol of £. Because f €
E7, f(Jvg(viy,...,v;,) =v) = 1. Because f € Eq, f(g(viy,...,0,) =v;) =
1 for some j. Let gM7(iy,...,i,) = j. Because f € D, f(g(vi,,...,4;,) =
vy) = 0 for j # k and g™+ is well-defined. Now, using the fact that f € D,
we can do an induction on formulas to show that

Mf ): ¢(Zl77ln) Aad f(d)(vil""?vin)) =1
for all ¢ € F. Thus, f isin D(F,T).

We may also view S, (F,T) as a subset of 2. Although this set may not
be Borel, it is not much more complicated.

We construct a continuous map ¥ such that S, (F,T) is the image of
D(F,T) under this map. For f € 2F let U(f) € 2¥, where

_ {1 ¢ has free variable vy, ...,v,_1 and f(¢) =1
U -
(£)(9) { 0 otherwise.

Because U(f)(¢) = Y(g)(¢p) if f(¢p) = g(¢), ¥ is continuous. If p €
Sn(F,T), then there is M |= T with universe w such that (0,1,...,n — 1)

realizes p in M. Thus, the space of F-types S,,(F,T) is the image of D(F, T
under .
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We now need a classical result from descriptive set theory.

Definition 4.4.14 If | X| = X, we say that Y C 2% is analytic if there is
a continuous map 7 : 2X — 2% and a Borel set B C 2¥X such that Y is the
image of B under 7.

By the remarks above S,,(F,T) is an analytic subset of 2f" for any count-
able fragment F'.

Theorem 4.4.15 Suppose that X is countable and Y C 2% is analytic. If
Y| > Ng, then |Y| = 2%,

Proof See [52] 14.13.

Theorem 4.4.16 Let T be a complete theory in a countable language. If
I(T,Rg) > Ry, then I(T,Ry) = 2%0.

Proof For any countable fragment F', S, (F,T) is analytic. Thus, by The-
orem 4.4.15, we either have |S,,(F,T)| < Rg or |S,,(F,T)| = 2%0. If there is
any countable fragment F', where |S,,(F,T)| = 2%, then I(T,Rg) = 2% If
not, then T is scattered and, by Theorem 4.4.12, I(T,Rg) < N;.

4.5 Exercises and Remarks

We assume throughout that £ is a countable language and that 7' is an
L-theory with only infinite models.

Exercise 4.5.1 a) Let M = (X, <) be a dense linear order, let A C M and
b,c € M™ with by < ... < b, and ¢; < ... < ¢,. Show that tp™(a@/A) =
tp™M(b/A) if and only if b; < a < ¢; < a and b; > a < ¢; < a for all
i =1,...,n and a € A. In particular, show that any two elements of X
realize the same 1-type over ().

b) If a,b € Q, then tp%(a/N) = tp?(b/N) if and only if there is an
automorphism o of Q fixing N pointwise with o(a) = b.

gLt A={1-1:n=12..3u{2+L:n=12..} Show that
1 and 2 realize the same type over A, but there is no automorphism of Q
fixing A pointwise sending 1 to 2.

Exercise 4.5.2 Let T be the theory of (Z, s) where s(z) = x+1. Determine
the types in S, (T) for each n. Which types are isolated? Do the same for
(Z,<,s).

Exercise 4.5.3 Recall that for A C M, dcl(A) denotes the definable
closure of A (see Exercise 1.4.10). Show that if @,b € M™ and tp™(a/A) =
tpM(b/A), then tpM(a/dcl(A)) = tp™(b/dcl(A)).

Exercise 4.5.4 Suppose that M is an L-structure, A C M, b€ M, and b
is algebraic over A (see Exercise 1.4.11). Show that tp™(b/A) is isolated.
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Exercise 4.5.5 Let K be an algebraically closed field and &k be a subfield
of K. What are the isolated types in S¥(k)?

Exercise 4.5.6 Let R be a real closed field. Show that 1-types over R
correspond to cuts in the ordering (R, <).

Exercise 4.5.7 Let T be a complete extension of Peano arithmetic. Show
that |S1(T)| = 2%°. [Hint: Let p,, be the nth prime number. For X C N, let
I'x(v) = {p, divides v: n € X} U {p,, does not divide v:n & X}.]

Exercise 4.5.8 T If A is a commutative ring, then an ideal P C A is real
if whenever a? + ...+ a2 € P, then ay,...,a, € P.

a) Show that a prime ideal P is real if and only if A/P is orderable.

Let Spec,(A) = {(P,<) : P C A is a real prime ideal and < is an
ordering of A/P}. We call Spec, (A) the real spectrum of A. If a € A, let
X, = {(P,<) € Spec,.(A) : a/P > 0 in A/P}. We topologize Spec, (A4) by
taking the weakest topology in which the sets X, are open.

If R is a real closed field, k is a subfield of R, and p € SE(k), let P, =
{fek[Xy,....,Xpn]: f(v1,...,0,) =0€Ep}.

b) Show that P, is a real prime ideal.

¢) Show that we can order k[X]/P, by f(X)/P, <, g(X)/P, if and only
if f(v) < g(v) € p. Thus (P,, <,) € Spec,(k[X]).

d) Show that p — (P,, <,) is a continuous bijection between SZ(k) and
Spec, ([X]).

e) Show that Spec, (k[X]) is compact.

f) What are the isolated types in ST (k)?

Exercise 4.5.9 Let  and y be algebraically independent over R. Order
R(z,y) such that x > r for all » € R and y > 2™ for all n > 0. Let F
be the real closure of R(z,). Show that tpf(z) = tpf(y), but there is no
automorphism of F' sending z to y.

Exercise 4.5.10 Suppose that A C B, 6(7) is a formula with parameters
from A, and 6 isolates tp™ (@/B). Then, 6 isolates tp™(a@/A).

Exercise 4.5.11 Suppose that A C M, @,b € M such that tp™(a, b/A) is
isolated. Show that tp™(@/A,b) is isolated.

Combining this with Lemma s4.2.9 and 4.2.21, we have shown that
tpM (@, b/A) is isolated if and only if tp™(a@/A, b) is isolated and tp™ (b/A)
is isolated.

Exercise 4.5.12 Prove Lemma 4.1.9 iii).

Exercise 4.5.13 Let A be a set of L-formulas closed under A, V,— and
let M be an L-structure. Let S2(T) = {X C A : L UT is satisfiable and
pE€Xor¢geXforall p € A}

a) Show that for all p € S2(T) there is g € S, (T) with p C q.

b) Suppose that for each n and each p € S5 (T) there is a unique ¢ €
Sp(T) with p C ¢. Show that for every L-formula ¢(v) there is ¥(v) € A
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such that T = ¢(v) <> ¥(v). In particular, if every quantifier-free type has
a unique extension to a complete type, then T has quantifier elimination.

Exercise 4.5.14 T We continue with the notation from Exercise 2.5.24.
Suppose that p is a non-isolated n-type over ) and cy,...,c, are constants
in £*. Let D, - = {¥ € P: —=¢(c) € X for some ¢(v1,...,v,) € p}.

a) Show that D), - is dense.

b) Use a) and Exermse 2.5.24 to give another proof of Theorem 4.2.4.

c¢) Assume that Martin’s Axiom is true (see Appendix A). Suppose that
L is a countable language, T' is an L£-theory, and X is a collection of noniso-
lated types over () with |X| < 280, Show that there is a countable M |= T
that omits all of the types p € X.

Exercise 4.5.15 We say that a linear order (X, <) is Ny-like if | X| = ¥
but [{y:y <z} <Ry for all z € X.
Show that there is an Ni-like model of Peano arithmetic.

Exercise 4.5.16 Let £, = {Uy,Uy,...,U,}, where Uy, Uy,...,U, are
unary predicates. Let T, be the L,-theory that asserts that for each
X C {0,...,n} there are infinitely many z such that U;(z) for i € X
and —U;(x) for i ¢ X.

a) For which k is T}, k-categorical?

b) Show that T, is complete.

c¢) Show that T, has quantifier elimination. [Remark: It is probably eas-
iest to do this explicitly.]

Let £ =|J L. For X and Y finite subsets of N, let ®x y be the sentence

3z N\ Ui(z) A N\ ~Ui(x).
i€X €Y

Let T be the L-theory {®x y : X,Y disjoint finite subsets of N}.

d) Suppose that M = T. Show that M = T, for all n.

e) Show that 7" is complete and has quantifier elimination.

f) For X C N, let 'y = {U;(v) : i € X} U{=U;(v) : i ¢ X}. Show that
there is a unique 1-type px over ) with px D I'x.

g) Show that X + px is a bijection between 2¢ and S (0).

h) Show that S{*(()) has no isolated points and hence has no prime
model.

i) If 2¢ is given the product topology, then X +— px is a homeomorphism
between 2 and S ().

j) Describe all 2-types over §).

k) Show that 7T is k-stable for all x > 2%o,

Exercise 4.5.17 Show that every algebraically closed field is homoge-
neous. Show that any uncountable algebraically closed field is saturated.

Exercise 4.5.18 Suppose that M = (R,+,-,<,0,1) is a real closed
field. Show that M is k-saturated if and only if the ordering (R, <) is
k-saturated.
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Exercise 4.5.19 a) Show that the theory of Z-groups is k-stable for all
K > 280,
b) Does the theory of Z-groups have prime models over sets?

Exercise 4.5.20 Let £ = {E} be the language with a single binary
relation symbol. Let T be the theory of an equivalence relation where for
each n € w there is a unique equivalence class of size n.

a) Show that T is w-stable but not R;-categorical.

b) Exhibit a Vaughtian pair of models of T'.

Exercise 4.5.21 Show that DLO is not s-stable for any infinite .

Exercise 4.5.22 Let £ = {E}, E, Es, ...}, and let T be the theory assert-
ing that:

i) each F,, is an equivalence relation where every equivalence class is
infinite;

ii) if ®F;11y, then zEy.

We say that E1, Es,... is a family of refining equivalence relations.

Let T? D T be the theory that asserts that £ has two classes and each
FE; class is the union of two infinite F;;1 classes.

Let T°° D T be the theory that asserts that F has infinitely many classes
and each E; class is the union of infinitely many infinite ;11 classes.

For example, if F,, is the equivalence relation f|n = g|ln on w®, then
(w¥, By, Ey,...) = T and (2¥,F1, Es,...) = T% Both T? and T are
complete theories with quantifier elimination.

a) Show that T2 is x-stable for all x > 2%o.

b) Show that T is k-stable if and only if x such that x%° = k.

Exercise 4.5.23 Suppose that M is interpretable in N and s > Ng.
a) Show that if M is k-stable, then N\ is k-stable.
b) Show that if M is k-stable, then M°®% is k-stable.
c¢) Show that if M is k-saturated, then N is k-saturated.

Exercise 4.5.24 We say that M | T is minimal if M has no proper
elementary submodels.
a) Show that the field of algebraic numbers is a minimal model of ACF
and that the field of real algebraic numbers is a minimal model of RCF.
b) Give an example of a theory with a prime model that is not minimal.

Exercise 4.5.25 Suppose that T is a theory in a countable language with
a prime model M that is not minimal. We will show that 7" has an atomic
model of size Nj.

a) Show that there is an elementary embedding j : M — M such that
M) # M.

b) Use a) to show that there is M < N, M 2 N and M # N.

¢) Show that if My < M; < Ms... and each M; = M, then M, =
M. [Hint: Use the uniqueness of atomic models.]
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d) Use b) and ¢) to construct an elementary chain (M, : @ < wy) such
that each My, = M and M, # Myy1. Let M' =, Mq. Show that
M’ is atomic and |M'| = N;.

e) Show that if T is not Ng-categorical, then T" has a nonatomic model
of size N;. Conclude that if T is Nj-categorical, but not Ny-categorical,
then any prime model is minimal. (We will prove in Corollary 5.2.10 that
N;-categorical theories are w-stable, thus there always is a prime model.)

f) Give an example of a theory that is N;-categorical and Rg-categorical
but has a prime model that is not minimal.

Exercise 4.5.26 Let £ = {U, <}, where U is a unary predicate and < is
a binary relation symbol. Let T" be the L-theory extending DLO where U
picks out a subset that is dense and has a dense complement. Let M =T
and let A = UM. Show that there is no prime model over A.

Exercise 4.5.27 Suppose that A C M, |A] < Ny, My, and M; are
elementary submodels of M with A C My N M, and Mg and My are
prime model extensions of A. Then, My and M are isomorphic over A
(i.e., there is an isomorphism f : My — M that fixes A pointwise).

Exercise 4.5.28 Suppose that T is an o-minimal theory, M = T, and
A C M. Show that the isolated types in A C M are dense. Conclude that
o-minimal theories have prime models over sets.

Exercise 4.5.29 Show that the union of an elementary chain of Wy-
homogeneous structures is Ryg-homogeneous.

Exercise 4.5.30 Show that if T is Rg-categorical, then any homogeneous
model is saturated. In particular, a dense linear order is saturated if and
only if it is homogeneous.

Exercise 4.5.31 Show that if M is k-saturated, then every infinite defin-
able subset of M* has cardinality at least .

Exercise 4.5.32 Prove Lemma 4.4.5.

Exercise 4.5.33 Suppose that M is k-saturated, A C M, and |A| < k. If
p € SM(A) has only finitely many realizations in M and @ realizes p, then
a € acl(p).

Exercise 4.5.34 Suppose that M is k-saturated, and (¢;(v) : ¢ € I) and
(0;(@) : j € J) are sequences of L-formulas such that |I|,|J| < x and

MEN\ ¢i@) <~ |\ 0,0
icl jeJ

Show that there are finite sets Iy C I and Jy C J such that

ME\/6:(@) < \/ ¢:(0).

iel i€l
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Exercise 4.5.35 (Expandability of Saturated Models) Suppose that x >
Ny and M is a saturated L-structure of cardinality . Let £* D £ with
|£*| < k. Suppose that T is an L*-theory consistent with Th(M). We
show that we can interpret the symbols in £* \ £ to obtain an expansion
M* of M with M* =T.

Let £3, be the language obtained by adding to £* constants for every
element of M. Let (¢q : o < k) enumerate all £},-sentences. We build an
increasing sequence of L*-theories (T, : a < k) such that T,,UT'UDiag,; (M)
is satisfiable and |T,| < & for all & < k (indeed |To11] < |Tw| + 2).

Let Ty = (. For a a limit ordinal, let T, = Uz, 7. Suppose that we
have T,, such that |T,| < x and T, UT U Diag, (M) is satisfiable.

a) Show that either T, U {¢,} U T U Diag, (M) is satisfiable or T, U
{=¢o}UT UDiag, (M) is satisfiable.

b) Show that if ¢, is Fv ¥ (v) and T, U{¢, }UT UDiag, (M) is satisfiable,
then for some a € M, T, U{dq, ¥ (a)} UT UDiag, (M) is satisfiable. [Hint:
Let A C M be all parameters from M occurring in formulas in T, U {¢q}-
Let T'(v) be all of the £ 4-consequences of T, U{¢pq, ¥ (v)} UT UDiag,(M).
Show that I'(v) is satisfiable and hence, by saturation, must be realized by
some a in M. Show that T, U {¢q,1(a)} UT U Diag, (M) is satisfiable.]

¢) Show that we can always choose T, 41 such that

i) To4+1 UT UDiag, (M) is satisfiable;

ii) either ¢ € Tyi1 O ¢y € Tott;

i) if ¢ € Toy1 and @4, is Fv ¥ (v), then ¥(a) € T, 11 for some a € M;
V) [Tog1] < |Tal +2 < k.

Let T = J, <\ Ta-

d) Show that T is a complete L£},-theory with the witness property and
T* > T UDiag,(M). Let N be the canonical model of T*. Show that as
an L-structure N is exactly M. Thus, A is the desired expansion of M to
a model of T'.

Exercise 4.5.36 Let £ = {Uy,Uy,...} U{so,s1,...}. We describe an L-
structure M with universe N x Z. Let UM = {i} x Z and

. j, X ifi #£j
si((J @) = { 8 x)+ 1) ifi ii
Let T be the full theory of M. Basically, T is the theory of countably many
copies of (Z, s).
a) Show that |S,(T)| = Xg for all n. (Either show or assume that T has
quantifier elimination.)
b) Show that I(T,Ry) = 2%,

Exercise 4.5.37 (X;-saturation of Ultraproducts) Suppose that U is a non
principal ultrafilter on w. Let (Mg, M1, ...) be a sequence of L-structures,
and let M* = [ M,;/U. We will show that M* is R;-saturated.
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Let A C M* be countable. For each a € A, choose f, € [[ M; such that
a = fo/~. Let T'(v) = {¢i(v) : i < w} be a set of L4-formulas such that
I'(v) U Tha(M*) is satisfiable. By taking conjunctions, we may, without
loss of generality, assume that ¢;+1(v) — ¢;(v) for i < w. Let ¢;(v) be
0;(v,a;1,-..,am,), where 0; is an L-formula.

a) Let D; = {n <w: M, E Fb;(v, fo, ,(n),. .., fa; ., (n))}. Show that
D; eU.

b) Find g € [[ M; such that if i <n and n € D;, then

Mn ': ol(g(n)’ fai,l (n)’ ceey fai.jn,i (’I’L))

c¢) Show that g realizes I'(v). Where do you use the fact that U is non-
principal? Conclude that M* is Nj-saturated. Show that if the Continuum
Hypothesis holds, then M* is saturated.

Exercise 4.5.38 (Recursively Saturated Models) Let £ be a recursive
language. We say that M is recursively saturated if whenever A C M is
finite and I' is a recursive (possibly incomplete) n-type over A, then I is
realized in M. In particular, every Wgp-saturated structure is recursively
saturated.

a) Suppose that A is a countable model of T. Show that there is a
countable recursively saturated M with N' < M.

b) Show that if M is recursively saturated, then M is Rg-homogeneous.
[Hint: If tp(@) = tp(b), consider the set of formulas {¢(v,b) <> é(c,a) : ¢
an L-formula}.]

¢) Show that if Mg < M7 < ... is an elementary chain of recursively
saturated models, then M = (J, ., M is recursively saturated.

d) Suppose M, N = T and such that (M, N) is a countable recursively
saturated model of the theory of pairs of models of T' (as in our proof of
Vaught’s Two-Cardinal Theorem). Show M = N. [Hint: Recall that count-
able Ng-homogeneous models are isomorphic if and only if they realize the
same types.|] Use this to give a simplified proof of Vaught’s Two-Cardinal
Theorem.

e) Let M be a recursively saturated L-structure. Suppose that £* D L
is recursive and 7T is a recursive L£*-theory such that Diag,(M) U T is
satisfiable. Show that there is an expansion of M* of M such that M* = T.
[Hint: Follow the proof of expandability of saturated models.] Show that
we can make M* recursively saturated.

Exercise 4.5.39 (Robinson’s Consistency Theorem) Let £y and £; be
languages, and let £L = £, N Ly. Let T be a complete L-theory and let
T; O T be a satisfiable L;-theory for i = 1, 2.

a) Show that there is a recursively saturated structure (M;, Ms) where
M; =T, fori=1,2.

b) Let NV; be the L-reduct of M;. Show that (N7, N2) is still recursively
saturated and that AV = Ns.



170 4. Realizing and Omitting Types

¢) Conclude that we can view M; and My as expansions of a single
L-structure and that T U Ty is satisfiable.

Exercise 4.5.40 T Let M be a nonstandard model of Peano arithmetic.
a) Let A be a finite subset of M, and let T' be a recursive type over A
of bounded quantifier complexity (i.e., there is n such that all formulas in
I have at most n-quantifiers). Show that I' is realized in M. [Hint: (see
[51] §9). There is a formula S(v,w) that is a truth definition for formulas
with at most n quantifiers. In other words if [¢] is the Gddel code for a
formula ¢(v1,...,v,) and [b] codes a sequence b = (b, ...,b,) € M™, then
M E S([¢],b) <> ¢(b1,...,by). Because T is recursive, there is a formula
G([¢]) if and only if ¢(v,a) € T'. Because I is satisfiable for all n < w

M = 3¥m < n G(m) — S(m, [(b,a)])].

Apply overspill (Exercise 2.5.7).]
b) Let (G, +, <,0) be the ordered additive group of M. Use a) to show
that G is a recursively saturated model of Presburger arithmetic.

Exercise 4.5.41 T (Tennenbaum’s Theorem) If M is a nonstandard model
of Peano arithmetic and @ € M, let r(a) = {n € N : p,, divides a}, where p,
is the nth prime number. Let SS(M) = {r(a) : a € M}. We call SS(M)
the Scott set of M.

a) Suppose that X € SS(M) and Y is recursive in X, then Y € SS(M).
[Hint: use Exercise 4.5.40.]

b) We say that T C 2<¢ is a tree if whenever ¢ € T and 7 C o, then
7 € T. We say that f € 2¥ is an infinite path through T if f|n € T for all
n < w. Show that if X € SS(M) and T is an infinite tree recursive in X,
then there is Y € §S(M) and f an infinite path through T recursive in Y.
[Hint: use Exercise 4.5.40.]

c) Let ¢g,¢1,... be a list of all partial recursive functions. We write
@i(n) =7 if on input n Turing machine ¢ halts with output j. Let A = {i :
¢i(i) {=0} and B = {i : ¢;(i) }= 1}. Show that there is no recursive set C
such that A C C and BNC = ). We call A and B recursively inseparable.
[Hint: Suppose that ¢; is the characteristic function of C' and ask whether
ieC\

d) There is a recursive infinite tree T C 2<% with no recursive infinite
paths. [Hint: Let T'= {o € 2<¥ : if i < |o| and Turing machine ¢ on input
i halts by stage |o| with output j € {0, 1}, then o(i) = j}. Show that if f
is a recursive infinite path through 7', then C' = {i : f(i) = 0} contradicts
c).]

e) We can find an isomorphic copy of M with universe w. Thus, we may
assume that M = (w, @, ®). Show that r(a) is recursive in & for all a € M.
Conclude that @ is not recursive.

Exercise 4.5.42 Show that there is no Vaughtian pair of real closed fields.
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Exercise 4.5.43 Let k be a differential field, K = DCF, and k C K. The
ring of differential polynomials in X = (X1,...,X,,) is the ring

B{X1, .. Xy =k[X1, . X, X, XXM X

We extend the derivation from k to k{X} by letting 5(X\™) = x{™+",
An ideal I C k{X} is called a differential ideal if §(f) € I whenever f € I.

a) For p € SK(k), let I, = {f € k{X} : f(v1,...,v,) = 0 € p}. Show
that I, is a differential prime ideal.

b) Show that if I C k{X} is a differential prime ideal, then I = I, for
some p € SK(k). Thus, p — I, is a bijection between complete n-types
over k and differential prime ideals in k{X}.

¢) The Ritt—Raudenbusch Basis Theorem (see [50]) asserts that every
differential prime ideal in k{X} is finitely generated. Use this to show that
DCF is w-stable.

d) If K |= DCF, we say that X C K™ is Kolchin closed if X is a finite
union of sets of the form {Z € K" : fi(Z) = ... = fn(T) = 0} where
fi,-- s fm € K{X}. Prove that there are no infinite descending chains of
Kolchin closed sets.

e) (Differential Nullstellensatz) Suppose that K | DCF, P C
K{Xi,...,X,} is a differential prime ideal and g € K{X} \ P. Show that
there is @ € K™ such that f(a) =0 for all f € P but g(a) # 0.

f) (Existence of Differential Closures) Suppose that k is a differentially
closed field and k C K |= DCF. We say that K is a differential closure of
k if whenever k C L and L = DCF there is a differential field embedding
of K into L fixing k. Show that every field has a differential closure. [Hint:
Show that differential closures are prime model extensions.]

Exercise 4.5.44 Suppose that £ is a countable language and T is an L-
theory. Let C = {T'" 2 T : T’ a complete L-theory}. Show that if |C] > Ry,
then |C| = 2. Argue that if Vaught’s Conjecture is true for complete
theories, then it is also true for incomplete theories.

Exercise 4.5.45 Suppose L is a finite language with no function sym-
bols and T is an L-theory with quantifier elimination. Prove that T is
No-categorical.

Exercise 4.5.46 Describe all Ny-categorical linear orders.

Remarks

The Omitting Types Theorem is due to Henkin and Orey , each of whom
used it to prove the Completeness Theorem for w-logic. Theorem 4.2.5
is due to MacDowell and Specker. Their proof uses an ultraproduct con-
struction and works for uncountable models as well. See [51] §8.2 for further
results on end extensions of models of arithmetic.
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The results on prime models, atomic models, and countable saturated
models are due to Vaught and appear in [99], one of the most elegant
papers in model theory. Theorem 4.3.23 is due to Keisler, and the other
basic results on saturated and homogeneous models are due to Morley and
Vaught.

Recursively saturated models were introduced by Barwise and Schlipf.
Many results that can be proved using saturated models have elegant proofs
using recursively saturated models (see [22] §2.4 or [53]). Friedman showed
the weak recursive saturation of nonstandard models of arithmetic and used
it to prove the following result (see [51] §12.1).

Theorem 4.5.47 If M is a countable nonstandard model of Peano arith-
metic, then there is T a proper initial segment of M with T = M.

The Nj-saturation of ultraproducts is due to Keisler (see [22] §6.1 for
generalizations).

Morley introduced w-stable theories in his proof of Theorem 6.1.1. He
also proved that w-stable theories have prime model extensions. Shelah
showed that there are three possibilities for {x > ¢ : T' is k-stable}.

Theorem 4.5.48 If T is a complete theory in a countable language, then
one of the following holds:

i) there are no cardinals k such that T is k-stable,

ii) T is k-stable for all k > 2%0,

iii) T is k-stable if and only if k™0 = k.

A proof of this theorem can be found in [7], [18] or [76]. If i) holds, we
say that T is unstable; otherwise, we say that T is stable. If ii) holds,
we say that T' is superstable. By Theorem 4.2.18, every w-stable theory is
superstable. In Exercise 4.5.22, we gave an example of a superstable theory
that is not w-stable and a stable theory that is not superstable.

The saturated model test for quantifier elimination is due to Blum, who
also axiomatized the theory of DCF, proved that DCF is w-stable, and
deduced from that the existence of differential closures.

In Theorem 5.2.15, we will examine another two-cardinal result. There
are many interesting two cardinal questions, but most can not be answered
in ZFC. The following Theorem gives several interesting examples.

Theorem 4.5.49 Let L be a countable language and T an L-theory.

i) Assume that V.= L3 If k > X\ >Ry and T has a (k, \)-model, then T
has a (u*, p)-model for all infinite cardinals p.

ii) Assume that V. = L. If T has a (kTT,k)-model for some infinite
cardinal K, then T has a (AT, X)-model for all infinite cardinals .

3V = L is Gédel’s Axiom of Constructibility asserting that all sets are constructible
(see [57] or [47]).
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it) If ZF'C is consistent, then it is consistent with ZFC that there is a
countable theory with an (N1, Rg)-model but no (N, Nq)-model.

The first result was proved by Chang (see [22] 7.2.7) for regular y under
the weaker assumption that the Generalized Continuum Hypothesis holds.
The general case is due to Jensen who also proved the second result (see
[27] §VIII). The third result is due to Mitchell and Silver (see [47] §29).

The characterization of Xg-categorical theories was proved independently
by Ryll-Nardzewski, Engler, and Svenonius.

Although Vaught’s Conjecture is open for arbitrary theories, we do know
that it holds for several interesting classes of theories.

Theorem 4.5.50 Vaught’s Conjecture holds for:
i) (Shelah [93]) w-stable theories;
it) (Buechler [19]) superstable theories of finite U-rank;
iii) (Mayer [69]) o-minimal theories;
iv) (Miller) theories of linear orders with unary predicates;
v) (Steel [98]) theories of trees.

See [100] for more on iv) and v).

Theorem 4.4.16 also follows from another powerful theorem in descriptive
set theory. Consider the equivalence relation on D(L,T') given by fFEg if
and only if My =2 M,. It is easy to argue that E is an analytic subset of
D(L,T)xD(L,T). Burgess (see, for example, [98]) proved that any analytic
equivalence relation on a Borel subset of 2 with at least Ny classes has 270
classes.

If ¢ is an L,,, ,-sentence, we can ask about the number of nonisomorphic
countable models of ¢. Burgess’ Theorem shows that if there are at least
R, nonisomorphic models, then there are 280, but it is unknown whether
there can be an L,,, .-sentence with exactly 8; < 2% models.

Questions around Vaught’s Conjecture can be reformulated in a way
that does not involve any model theory. We say that a topological space
X is Polish if it is a complete separable metric space. Suppose that G is
a Polish topological group and G acts continuously on a Borel subset X
of a Polish space X. For example, X could be D(L,T) and G could be
the group of permutations of w topologized by taking subbasic open sets
Npm = {f : f(n) = m}. The Topological Vaught Conjecture asserts that
if G has uncountably many orbits on X, then G has 2% orbits. See [9] for
more on this topic.
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Indiscernibles

5.1 Partition Theorems

In this chapter, we will develop a powerful method for analyzing and con-
structing models. We begin by developing some tools from infinite combi-
natorics that will play a crucial role.

For X a set and s, A (possibly finite) cardinals, we let [X]" be the collec-
tion of all subsets of X of size k. We call f : [X]® — X a partition of [X]".
We say that Y C X is homogeneous for the partition f if there is @ < A
such that f(A) = « for all A € [Y]" (i.e., f is constant on [Y]*). Finally,
for cardinals x,n, 4, and A\, we write k — (n)% if whenever |X| > x and
£ [X]* — A, then there is Y C X such that [Y| > n and Y is homogeneous
for f.

The starting point is Ramsey’s Theorem.
Theorem 5.1.1 (Ramsey’s Theorem) If k,n < w, then Xg — (Rg)7.

Before proving Ramsey’s Theorem, we give several sample applications
to give the flavor of the subject.

One simple application is the standard fact that any sequence of real
numbers (rg, 71, . ..) has a monotonic subsequence. Let f : [N]> — 3 by

0 i<jandr; <7y
fHi, i) =11 i<jandri=r;.
2 i<jandr; >1;
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By Ramsey’s Theorem, there is Y C N an infinite homogeneous set for f.
Let jo < j1 < ...list Y. Thereis ¢ < 3 such that f({jm,jn}) = ¢ for m < n.
If ¢ = 0, the sequence 7, 7;,,... is increasing, if ¢ = 1 it is constant, and
if ¢ = 2 it is decreasing.

For another application, suppose that G is an infinite graph. Let f :
[G)? — 2 by

_ 1 (a,b)is an edge of G
f({a,b}) = {0 (a,b) is not an edge of G
By Ramsey’s Theorem, there is an infinite H C G homogeneous for f.
If f is constantly 1 on [H]Q, then H is a complete subgraph, and if f is
constantly 0, there are no edges between vertices in H. Thus, every infinite
graph either has an infinite complete subgraph or an infinite null subgraph.

Proof We prove Ramsey’s Theorem by induction on n. For n = 1, Ram-
sey’s Theorem asserts that if X is infinite, k < w, and f : X — k, then
f71(4) is infinite for some i < k. This is just the Pigeonhole Principle that
if we put infinitely many items into finitely many boxes, at least one of the
boxes will contain infinitely many items.

Suppose that we have proved that if i < n, £ < w, X is infinite, and
f : [X]? — K, then there is an infinite Y € X homogeneous for f.

We could always replace X by a countable subset of X; thus, without
loss of generality, we may assume that X = N.

Let f: [N]® = k. For a € N, let f, : [N\ {a}]""! = k by f.(4) =
f(AU{a}). We build a sequence 0 = ag < a; < ...in Nand N= X, D
X7 D ... asequence of infinite sets as follows. Given a; and X;, let X; 1 C
X;\{0,1,...,a;} be homogeneous for f,,. Let a;;1 be the least element of
Xit1-

Let ¢; < k be such that f,,(A) = ¢; for all A € [X;41]""!. By the
Pigeonhole Principle, there is ¢ < k such that {i : ¢; = ¢} is infinite. Let
X = {a; : ¢; = ¢}. We claim that X is homogeneous for f. Let 21 < ... < z,
where each x; € X. There is an i such that 1 = a; and zo,...,z, € X;.
Thus

fHz, . yzn}) = fo, ({2, .. an}) = =c¢
and X is homogeneous for f, as desired.

From Ramsey’s Theorem, we can deduce some results of finite combina-
torics.

Theorem 5.1.2 (Finite Ramsey Theorem) For all k,n,m < w, there
is l <w such that I — (m)7}.

Proof Suppose that there is no [ such that [ — (m)}. For each | < w,
let T; = {f: [{0,...,0 = 1}]™ — k : there isno X C {0,...,l — 1} of size
at least m, homogeneous for f}. Clearly, each 7T; is finite and if f € Tj41
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there is a unique g € T} such that g C f. Thus, if we order T' = |JT; by
inclusion, we get a finite branching tree. Each T; is not empty, so T is an
infinite finite branching tree. By Konig’s Lemma (see Lemma A.21) we can
find fo C fi C fo C ... with f; € T;.

Let f = fi- Then f : [N]” — k. By Ramsey’s Theorem, there is an infi-
nite X C N homogeneous for f. Let z1, ..., x,, be the first m elements of X
and let s > x,,,. Then {z1,...,x,,} is homogeneous for fs, a contradiction.

Because the finite version of Ramsey’s Theorem is a statement about
the natural numbers, it might be more satisfying to give a direct proof
that does not use infinite methods. Such proofs are well-known to finite
combinatorists (see [36]). The proof we gave, in addition to being quite
slick, also allows us to prove stronger finite versions. In Section 5.4, we will
show that a small variant of the argument allows us to prove a result that
cannot be proved in Peano arithmetic.

When we begin partitioning sets into infinitely many pieces it becomes
harder to find homogeneous sets.

Proposition 5.1.3 2% 4 (3)%0.

Proof We define F : [2¢]2 — w by F({f,g}) is the least n such that
f(n) # g(n). Clearly, we cannot find {f,g,h} such that f(n) # g(n),
9(n) # hin), and f(n) # h(n).

On the other hand, if x > 2%, then k — (Nl)io. This is a special case
of an important generalization of Ramsey’s Theorem. For k an infinite
cardinal and « an ordinal, we inductively define 3, (k) by Jo(k) = x and

J.(k) = sup 27 ().
B<a

In particular J;(x) = 2. We let 3, = 3,(Ng). Under the Generalized
Continuum Hypothesis, J, = N,.

Theorem 5.1.4 (Erdés—Rado Theorem) 3, (k)" — (x1)7 "1,

Proof We prove this by induction on n. For n = 0, k™ — (k1)1 is just
the Pigeonhole Principle.

Suppose that we have proved the theorem for n—1. Let A = J,,(x)", and
let f: [A]"*! — k. For o < A, let f,, : [A\{a}]" — s by fa(A) = f(AU{a}).

We build Xg C X3 € ... € X, C ... for a < J,,_1(k)" such that
X, C 3,(k)" and each X,, has cardinality at most 3, (). Let Xo = 3, (k).
If o is a limit ordinal, then X, = U Xg.

B<a
Suppose we have X, with |X,| =3, (k). Because

T ()10 = (P 09T () = 92000 = 3, (),



178 5. Indiscernibles

there are J,,(x) subsets of X, of cardinality J,,_1(x). Also note that if
Y € X, and |Y| = 3,,_1(k), then there are 3,,(k) functions g : [Y]" — &
because

g1 () = 9Fn—1(k) — 7 ().

Thus, we can find X441 2 X, such that |[Xaq1| = Jn(k), and if Y C X,
with |Y| = :ln_l(n) and 8 € A\ Y, then there is v € X,11 \ Y such that
FallY]" = £ lY]",

Let X = U5 (s Xo. Y € X with [Y] < 3,1 (k), then Y C X,
for some o < J,(k )+ If 8 € A\ Y, then there is v € X \ Y such that
FlIYT" = £, IIVT"

Fix 6 € A\ X. Inductively construct Y = {y, : o < 3t (k)} C X. Let
yo € X. Suppose that we have constructed Y, = {ys : 8 < a}. Choose
Yo € X such that f, |[Yo]™ = f5][Ya]"

By the induction hypothesis, there is Z C Y such that |Z] > kT and Z
is homogeneous for f5. Say fs(B) =~ for all B € [Z]". We claim that Z is
homogeneous for f. Let A € [Z]"T!. There are a; < ... < a, 41 such that
A= {yoa AR yan+1}' Then

f(A) = fyanJrl ({yal""’yan}) = fﬁ({ycnw"vyan}) =7-

Thus, Z is homogeneous for f.
We will use the following corollary.
Corollary 5.1.5 3/, — (37)%+".
Proof This follows from Erdés-Rado because 3,1, = 3,(3s).

5.2  Order Indiscernibles

Let M be an L-structure.

Definition 5.2.1 Let I be an infinite set and suppose that X = {z; : i € I'}
is a set of distinct elements of M. We say that X is an indiscernible set if
whenever i1, ..., and ji, ..., jm are two sequences of m distinct elements

of I, then M |= ¢(xs,, ..., xi,,) <> d(xj,,...,xj,,)-

For example, suppose that F' is an algebraically closed field of infinite
transcendence degree and x1, x2, . .. is an infinite algebraically independent
set. For any two sequence i1, ...,%m, J1,---,Jm as above, there is an au-
tomorphism o of F with o(z;,) = xj, for k = 1,...,m. It follows that
T1,Ts,...1s an infinite set of indiscernibles.

Unfortunately, many structures have no infinite sets of indiscernibles. For
example if (A, <) is an infinite linear order, then because we cannot have
a < band b < a there is no set of indiscernibles of size 2. Remarkably, this
is the only obstruction.
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Definition 5.2.2 Let (I, <) be an ordered set, and let (z; : i € I) be a
sequence of distinct elements of M. We say that (x; : ¢ € I) is a sequence

of order indiscernibles if whenever i; < iy < ... < iy, and j; < ... <
Jjm are two increasing sequences from I, then M | ¢(ziy,...,z;,) <
¢(Ij1, oo ,.’Ejm).

For example, in (Q, <), by quantifier elimination, if z; < ... < z,, and

Y1 < ... < Ym, then Q = ¢(T) <> ¢(7) for all ¢. Thus Q, itself is a sequence
of order indiscernibles.
We can always find models with infinite sequences of order indiscernibles.

Theorem 5.2.3 Let T be a theory with infinite models. For any infinite
linear order (I,<), there is M =T containing (z; : i € I), a sequence of
order indiscernibles.

Proof Let £* = LU{¢; :i € I}. Let I be the union of

o T,
o ¢; # ¢ for 4,5 € I with i # j;
o &(Ciyy...,¢i,) = d(cjy,-..,¢y,,) for all L-formulas ¢(T), where i1 <

oo <im and j1 < ... < jn, are increasing sequences from I.

If M =T, then (¢M : i € I) is an infinite sequence of order indiscernibles.
Thus, it suffices to show that I' is satisfiable. Suppose that A C I is finite.
Let Iy be the finite subset of I such that if ¢; occurs in A, then i € Ip.
Let ¢1,...,¢,, be the formulas such that A asserts indiscernibility with
respect to the formula ¢;, i < m. Let vq,...,v, be the free variables from
¢17 [N ¢m

Let M be an infinite model of T'. Fix < any linear order of M. We will
define a partition F' : [M]* — P({1,...m}). If A = {a41,...,a,} where
a1 < ...<ay, then

F(A) = {Z . M ': gbi(al,...,an)}.

Because F' partitions [M]™ into at most 2™ sets, we can find an infinite
X C M homogeneous for F. Let n C {1,...,m} such that F(A) = n for
A e [X]™

Suppose that Iy is a finite subset of I. Choose (z; : i € Iy) such that each
x; € X and such that o; < z; if i < j. If ¢y < ... <i, and j1 < ... < jn,
then

M |: (bk(xil,...,Iin)@kEﬁ@M ':¢k($j1,...,xjn).

If we interpret ¢; as x; for i € Iy, then we make M a model of A. Because
I is finitely satisfiable, it is satisfiable.

If (x; : ¢ € I) is any sequence of order indiscernibles in M, we can order
X ={x;:i €I} by z; <zjifi <j. In this way, we frequently identify X
and .
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Suppose that ¢ (z, y) is a formula in the language such that in some M |=
T, v linearly orders an infinite set Y. When we did the construction above,
we could add the condition that ¥(c;, ¢;) for ¢ < j. We would then restrict
the partition to [Y]™ and let the ordering < be the ordering determined by
1. In this way, we would get an infinite sequence of indiscernibles (z; : i € I)
such that ¢(z;, ;) if and only if ¢ < j. In this case, ¢ is the ordering of
the indiscernible sequence.

Ehrenfeucht—Mostowski Models

Suppose that our theory has built-in Skolem functions. Then, when we
have a model containing an infinite sequence of order indiscernibles, we can
form the elementary submodel generated by the indiscernibles. We can use
properties of the indiscernible set to deduce properties of the elementary
submodel. For example, automorphisms of the indiscernibles will induce
automorphisms of the elementary submodel. If T does not have built in
Skolem functions, we will still get interesting information when we study
skolemizations of T

Let T be an L-theory. By Lemma 2.3.6 we can find £* D L, and T* O T
an L*-theory with built-in Skolem functions, such that if M is any model
of T, we can interpret the symbols of £* such that M | T*. Note that if
I is a sequence of order indiscernibles for £*, then I is also a sequence of
order indiscernibles for L.

If M |=T*and X C M, let H(X) be the L*-substructure of M generated
by X. We call H(X) the Skolem hull of X. Because X has built in Skolem
functions, H(X) < M. Models built as Skolem hulls of sequences of order
indiscernibles are called Ehrenfeucht—Mostowski models.

If I is an infinite set of order indiscernibles, then order-preserving per-
mutations of I induce automorphisms of H(I).

Lemma 5.2.4 Suppose that T* is an L*-theory with built-in Skolem func-
tions. Let M = T*. Let I C M be an infinite sequence of order indis-
cernibles. Suppose that T : I — I is an order-preserving permutation. Then,
there is an automorphism o : H(I) — H(I) extending T.

Proof For each element a € H([I), there is a Skolem term ¢t and z1 < 2o <
... < Zp € I such that a = t(x1,...,2,). Let o(a) = t(7(z1),...,7(xn)).

We first show that o is well-defined. Suppose that there is a second
Skolem term s such that a = s(x1, ..., z,). Because

MEt(xr,...,x0) = s(x1,...,Tp)
and 7 is order-preserving,
MEtr(x1),...,7(xn)) = s(t(x1), ..., 7(xn))-
Thus o is well defined.
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We must show that o is an automorphism. If a = ¢(Z) and b = t(17 (7)),
then o(b) = a so o is surjective.

Let ¢(v1,...,v,) be any L*-formula, and let aq,...,a,, € H(I). There
are terms ti,...,t,, and T € I such that a; = ¢;(¥). By indiscernibility,

M §ar,. . am) & ME GG tn(T))
& ME(t(7(T)), ., tm(T(T)))
& MEd(o(ar),...,o(am)).

Thus, o is an automorphism.

Lemma 5.2.4 shows that it would be useful to find order indiscernibles
where there are many order-preserving permutations. Indeed, once we have
an infinite sequence of order indiscernibles, we can find them of any given
order type.

Let X = (x; : i € I) be a sequence of order indiscernibles in M. Let

tp(I) = {o(v1,...,0n) : M E d(ziy,..., 2, )01 < ...<in €I,n<w}h
We call tp(X) the type of the indiscernibles.

Lemma 5.2.5 Let T™ be an L*-theory with built-in Skolem functions. Sup-
pose that X = (x; : i € I) is an infinite sequence of order indiscernibles in
M ET*. If (J,<) is any infinite ordered set, we can find N =T contain-
ing a sequence of order indiscerniblesY = (y; : j € J) and tp(X) = tp(Y).

Proof Add to L£* constant symbols ¢; for j € J and let I' = T* U {¢; #
cjii,jeJi#jrU{o(cy,. .. ¢, i1 <...<im€Jand ¢ € tp(X)}.

If A is a finite subset of I'; then by choosing elements of X we can make
M a model of A. Thus, I is satisfiable.

If N |= T, then the interpretation of the (¢; : j € J) is the desired
indiscernible sequence.

Lemma 5.2.6 Suppose that T is an L*-theory with built-in Skolem func-
tions. If I is a sequence of order indiscernibles in M |= T* and J is
a sequence of order indiscernibles in N |= T* with tp(I) = tp(J), then
any order-preserving map 7 : I — J extends to an elementary embedding
o:H(I) — H(J).

Proof If a =1t(z1,...,2y,) for t a term and z1,...,2, € I we let o(a) =
t(r(x1),...,7(z,)). We then argue as in Lemma 5.2.4 that this map is
well-defined and elementary.

We give several applications of this method.

Corollary 5.2.7 Let T be an L-theory with infinite models. For any k >
|L] 4+ N, there is N |E T of cardinality x with 25 automorphisms.
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Proof Let £* and T* be as above. We can find M = T™* containing an
infinite sequence of order indiscernibles I.

Claim There is a linear order (X, <) of size k with 2" order-preserving
permutations.

Let X = k x Q with the lexicographic ordering («,q) < (8,7) if a <
or « = $ and ¢ < r. For each A C k let o4 be the order-preserving

permutation
O'A((OQQ))_{(O(’Q_Fl) ifag A’

Clearly, 04 = op if and only if A = B. Thus, there are 2% order-preserving
permutations of X.

By Lemma 5.2.5, we can find N = T* containing J a sequence of order
indiscernibles of order type (X, <). By Lemma 5.2.4, each order preserv-
ing permutation of the indiscernibles induces an automorphism of H(.J).
Thus, H(J) has 2% automorphisms and |H(J)| = x. When viewed as an
L-structure, N still has 2 automorphisms.

Indiscernibles can be used to build large models omitting types.

Corollary 5.2.8 Suppose that T* is an L*-theory with built in Skolem
functions, M |= T*, M omits p— a type over ), and M contains an infinite
sequence of order indiscernibles I. There are arbitrarily large models of T*
omitting p.

Proof Let k > Ny. By Lemma 5.2.5, we can find A/ | T* containing
a sequence of order indiscernibles J with |J| > & and tp(I) = tp(J).
Then |H(J)| > k. Suppose that (a1,...,a,) € H(J) realizes p. Let a; =
ti(x1,...,2m), where t; is a Skolem term, x1 < ... < &,,, and each z; € J.
If y1 < ... < yp is an increasing sequence in I, then, because ¢(I) = t(J),

MEot(@), - () & N | ¢lar, ..., an).
Thus, (t1(9), ..., tn (7)) realizes p € M, a contradiction.

If we are careful about the order type of our sequence of indiscernibles,
we can also omit types over sets of parameters.

Theorem 5.2.9 Let L be countable and T be an L-theory with infinite
models. For all & > Ng, there is M = T* with |M| = k such that if
A C M, then M realizes at most |A| + Rq types in S (A).

Proof For notational simplicity we assume that n = 1. This is no loss of
generality. Let £* and T* be as above. Let M = T be the Skolem hull of
a sequence of order indiscernibles I of order type (k, <). Then |M| = &.

Let A C M. For each a in A, there is a term ¢, and T, a sequence from
I such that a = t,(T,). Let X = {& € I : = occurs in some T,}. Then
|X] < JA] + No.
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Ify <...<ypand 21 < ... < z,, we say that § ~x Z if y; < x if
and only if, for all z € X, 2; < z and y; = x if and only if z; = « for
1=1,...,n.

Claim If g ~x Z and t is a Skolem term, then ¢(y) and ¢(%) realize the
same type in S{M(A).

Let ai,...,a,, € A. Because § and Z are in the same position in the

ordering with respect to X, by indiscernibility,

MEOt®),a1,....am) & MEED),te, (Tay),-- - ta,, (Tan,))
& ME(t3),ta,([Tar)s s tan (Ta,n))
& ME(t3Z),a1,...,am).

It suffices to show that |[I"/ ~x | < |A] +Ro. For y € T\ X, let C =
{z € X : z < y}. Then, § ~x Z if and only if for each i:

i) if y; € X, then y; = z;; and

ii) if y; € X, then z; ¢ X and Cy, = C.,.

Because I is well-ordered, Cy, = C, if and only if C;, = C, =0 or

inf{le el:i>Cy}=inf{iel:i>C,}

In particular, there are at most |X| 4+ 1 possible cuts C,. It follows that
[I"/~x| < |A| + Ng and M realizes at most |A| + Ry types over A.

From Theorem 5.2.9, we get crucial information about uncountably cat-
egorical theories.

Corollary 5.2.10 Let T be a complete theory in a countable language with
infinite models, and let k > Wy. If T is k-categorical, then T is w-stable.

Proof If T is not w-stable, then we can find a countable M = T with
A C M such that |[SM(A)| > Ng. By compactness, we can find M < Aj
of cardinality  realizing uncountably many types in S(A). By Theorem
5.2.9, we can find ] = T of cardinality x such that for all B ¢ M if
|B] = Ng, then A realizes at most RNy types over B. Then, Ny ¥ N,
contradicting k-categoricity.

Combining Corollary 5.2.10 with Theorem 4.3.41 allows us to extend
Corollary 4.3.39.

Corollary 5.2.11 Let T be a complete theory in a countable language with
infinite models. If k > Ry and T is k-categorical, then T has no Vaughtian
pairs and hence no (k, \)-models for k > X > Ng.

Proof Because T is k-categorical, T' is w-stable. If there is a Vaughtian
pair, then by Theorem 4.3.34 there is an (X;, Xp)-model, and, by Theorem
4.3.41, a (k,Ng)-model. Because we can find a model of T of cardinality
where every infinite definable set has cardinality , this is a contradiction.

In Theorem 6.1.18, we will show that Corollaries 5.2.10 and 5.2.11 char-
acterize uncountably categorical theories.
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Indiscernibles in Stable Theories

We have seen that, although it is always possible to find infinite sequences of
order indiscernibles, for some theories we cannot find infinite indiscernible
sets. There are, however, very important classes of theories where every
infinite sequence of order indiscernibles is a set of indiscernibles. We need
one combinatorial lemma.

Lemma 5.2.12 For any infinite cardinal k, there is a dense linear order
(A, <) with B C A such that B is dense in A and |B| < k < |A].

Proof Let A < k be least such that 2* > k. Let A be the set of all functions
from X to Q. If we order A by f < g if and only if f(a) < g(«), where « is
least such that f(«) # g(a), then (A4, <) E DLO.

Let B be the set of sequences in A that are eventually 0. Then

|B| =sup{u < A:2*} <k
and, for all f,g € X, if f < g, there is h € Y such that f < h < g.

Theorem 5.2.13 Suppose that L is a countable language, k is an infinite
cardinal, and T is a k-stable L-theory. If M =T and X C M is an infinite
sequence of order indiscernibles, then X is a set of indiscernibles.

Proof Let ¢(vy,...,v,) be an L-formula and x1,...,z, be an increasing
sequence from I such that M = ¢(x1,...,x,). Let S, be the group of all
permutations of {1,...,n}. Let I'y = {0 € S, : M = ¢(z501),- - Tom))}-
To show that X is a set of indiscernibles, we must show that I'y, = S,,.
Claim T'y =5,.

Suppose not. Because every permutation is a product of transpositions we
can find o € 'y and 7 € S,, \ 'y such that 7 = o o u for some transposition

- Say (Y, Yn) = W1, Ym—1, Yot 15 Y Yk 2, - - - » Y-
Let ¢ (v1,...,v,) be the formula ¢(vy(1),...,Vsm)). Then

M ):1/1(1’1,...,.%“)

but
ME (T, Tm—1s Tt 1s Tmy Tmt2y - - - » Tn)-
Let (A, <) and B be as in Lemma 5.2.12. We can find N’ = T containing a
sequence of order indiscernibles Y of order type (4, <) with tp(Y) = tp(X).

Let Yj be the subset of Y corresponding to B. If y; < ... <y, are in Y,
then

NEYWL, - yn)

and
N ': _‘w(yh o YUm—1Ym+1Yms Ym+425 - - - ayn)
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Ifz,y €Y and x < y we can find z1,...,2,_1 in Yy such that 21 < ... <
21 <X < 2 <Y< 2Zpy1 < ...2Zp—1. Then

NEU(21, - 21, %y 2y -+ s Zn—1)

but
N ': _'1:[}(213 sy REk—15Yy Bk - - '7Zn—l)~

Thus, any two elements of Y realize distinct 1-types over Y,. Because
[Yo| < k < |Y|, T is not k-stable, a contradiction.

Applications of Erdos—Rado

So far, we have tried to build interesting models by controlling the order
type of the sequence of indiscernibles. There are other constructions where
we instead control tp(I). This is more difficult and often requires more
complicated combinatorics.

Corollary 5.2.8 showed that if we can omit a type in a model of T*
containing an infinite sequence of order indiscernibles, then we can omit
the type in arbitrarily large models, but it is nontrivial to find models
with indiscernibles omitting a type. The Erdoés-Rado Theorem provides
one method for building such models.

Theorem 5.2.14 Let T be a theory in a countable language. Suppose that
for all o < wy there is M =T with | M| > 3, such that M omits p, a type
over (). Then, there are arbitrarily large models of T omitting p.

Proof For notational simplicity, we assume, without loss of generality,
that p is a 1-type. Let T* O T be a skolemization of T in a language
L* D L as in Lemma 2.3.6. By Corollary 5.2.8, it suffices to find M = T*
omitting p and containing an infinite set of indiscernibles I. We will do this
by building the type of the indiscernibles. Let C' = {¢; : i < w} be a new
set of constant symbols. We build an £* U C theory ¥ O T™ such that ¥ is
satisfiable and:

a) ¢; # ¢j € X for all i # j;

b) for each L*-formula ¢(vq,...,v,) either ¢(c;,,...,c;,) € X for all

i1 < ...<ipor 2(Ciy,...,c,) €D forallip <...<ip;
c) if t(v1,...,v,) is a term, then there is ¢(v) € p such that
—(t(Ciyy vy ) forall iy < ... <.

Suppose that we have such a theory 3. If N |= 3, then the interpretation
of the ¢; are, by a) and b), an infinite order-indiscernible sequence I. Let
M be the Skolem hull of I. If a = t(¢;,, ..., ¢, ), then, by ¢), a does not
realize T, so M omits p.

The construction of ¥ will use the following two claims. Suppose that for
a < wy we have M, = T* omitting p, X, C M, such that | X,| > 3,, and
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< a linear ordering of each M,. For notational simplicity, we will drop
the subscript and refer to <, as <.

Claim 1 Let ¢(vq,. .., v,) be an L*-formula. There is a sequence of models
(ML i a < w) with Y, C M/, |Y,| > 3, such that for all & < w; there is
(> a such that M., = Mg, Y, C Xg, and either

i) M/, = od(y1,...,yn) for all @ < wy and for all y; < ... <y, in Y,, or

i) M, |E =é(y1,-..,yn) for all @« < w; and for all y; < ... <y, inY,.

Let Ny = Mogn—1. We define F,, : [Xoqyn—1]" = 2. If A ={ay,...,an}
where a1 < ... < ap, then F,(A) = 0if Ny, E é(a1,...,a,) and F,(A) =1
if N, E —é(ay,...,a,). By Corollary 5.1.5, we can find Z, C X,4,_1 and
ia € {0,1} such that |Z,| > 3, and F, : [Za]™ — {ia}-

Let W; = {a < wy : 4o =i} for i = 0,1. If |WWy| = Ny, let @ — d, be

a nondecreasing map from w; into W;. Let M/, = Ns_, and let Y,, = Z5_.
Then, Y, C X5, 4n—1, |[Ya| > Js, > I, and i) holds. Similarly, if |W; | = Ry,
then we can find M/, and Y, such that ii) holds.
Claim 2 For each Skolem term t¢(vq,...,v,), we can find a sequence of
models (MY, : o < wy) with Y,, C M/, |Y,| > 3, such that for all & < wy
there is 3 > « such that M/, = Mg, Y, C X3, and there is ¢(v) € p such
that M., | =¢(t(y1,...,yn)) for all @ < w; and all y; < ... <y, € Yy,.

Let ¢g,@1,... list the formulas in p. Let Ny = Mgyin_1. Let Fy :
[Xatn—1]" — w such that if A = {a1,...,a,} where a1 < ... < ap,
then F,(A) is the least ¢ such that N, = —¢;(t(a1,...,a,)). Because each
N, omits p, this is well-defined. By Corollary 5.1.5, there is i, < w and
Zo C Xoin—1 such that |Z,| > 3, and Fy, : [Za]™ = {ia}-

As in Claim 1, we can thin this sequence to get (M., : @ < wy) and
(Y, : a < wq), as desired.

We construct ¥ as the union of a chain ¥y C 3y C .... At each stage of
the construction we will also have (M., Xi o) : @ < wy) and < a linear
order of |JM,; o such that X; o C M; o, |Xi ol > 3o, and for all ¢ < j and
a < wy there is 8 > a such that M;, = M, 3, X; o C Xj 3, and if we
interpret cg, ¢1, c2, . .. as any increasing sequence in X; o, then M, o, = X;.

Let ¢g, ¢1, ... list all L*-formulas, and let ¢, ¢, ... list all Skolem terms.
stage 0: Let o =T*U{c; #¢; 1 i < j <w} For a < wq, let Moo =T
omit p with |My o| > 3,. We may interpret the Skolem functions of £* in
Mo, so that Mg o = T%, let Xo o = Moo
stage s + 1 = 2i + 1: Let ¢; = ¢(v1,...,v,). By the first claim we can find
(Mot1,a Xst1.0) + @ < wy) with [ X414 > 3, and for each « there is
B > a such that M1, = M; g and X510 € X5 g such that either

i) for all @ < wy and for all 1 < ... < x,, an increasing sequence from
Xot1,0 Mst1,0 E ¢(x1,...,2p), OF

ii) for all @ < wy and for all 1 < ... < x,, an increasing sequence from
Xs-l—l,(x Ms+1,o¢ ): _\(25(1‘1, cee axn)~

In the first case, let X511 = 3 U {p(ciy, ..., ¢i,) 201 < ... < ip}; other-
wise, let X511 = X5 U{=¢(ciy,...,¢i,) 141 < ... < in}. By construction,
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for any «, if we interpret the constants ¢; as any increasing sequence in
XSJFLDU then MSJFLQ ’: ES+1.
stage s+ 1 = 2i 4+ 2: Let t; = t(v1,...,v,). By the second claim we can find
d(v) € pand (Mst1,0, Xs+1,0) 1 @ < wi) such that | Xs41,4| > Iy and for
each o there is 3 > « such that M1, = M3 and Xsp1.0 € X5 3 and
Msii.a E 20(t(z1,...,2,)) for all & < wq and all increasing sequences
1 <...<xy € Xs+1,o¢~

Let X541 = X5 U {=d(t(ciyy---y¢,)) 181 < ... < in}. By construction,
for any «, if we interpret the constants ¢; as any increasing sequence in
X3+17a, then Ma ': Zs-{—l-

Because each ¥, is satisfiable, so is ¥. Our construction ensures that
the desired properties a), b), and ¢) hold. Thus we can find a model of T*
omitting p and containing an infinite sequence of order indiscernibles.

In Exercise 5.5.8, we show that the bounds in Theorem 5.2.14 are opti-
mal.

We give one further application of Erdés—Rado. Suppose that £ contains
a unary predicate U. We say that M is a (k, A)-model if |M| = x and
[UM)| =X, where UUM)={z e M: MEU(x)}.

Theorem 5.2.15 Let T be a theory in a countable language such that T
has a (3,,,R0)-model for all n < w. Then, T has a (k,\)-model for all
K> A > No.

Proof The proof will be similar to the proof of Theorem 5.2.14. Let L*
and T be a skolemization as in Lemma 2.3.6.

Let {c1,ca,...} be a set of new constant symbols. We will construct a
satisfiable theory ¥ D T* such that:
a) ¢; # ¢ € X for i # j;

b) Jvy ... Jv, (/\vi;ﬁvj/\/n\U(vi)) eXforn=12,..;

i#j i=1

c) for each L*-formula ¢(v1,...,v,), either ¢(c;,...,c;,, ) € ¥ for all
i1 <...<ipor(cy,...,c,) &S forallig <...<ip;

d) if t(v1,..., 0, w1,...,wg) is a term, let O¢(vy,..., v, u1,...,u,) be

the formula

Ywy ... Vwg <<7\ U(w;) A U(t(v,w)) — t(v,w) = t(u,w)) .

i=1
Then, 0;(¢;,,...,¢i,,Cjy,...,¢j,) € X foriy <...<i,andji; <...</jn.
We build ¥ as a union of chains ¥y C ¥; C .... At any stage s, we

will have a sequence of models (M, : n < w), X, € M, and < linear
order of each Mj,, such that |X,,| > 3,, for all n there is m > n such
that Msi1,n = Msm, Xsti1.n C X5 m, and if we interpret the ¢; as any
increasing sequence in X ,,, then M, ,, = %;.
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Let ¢g, ¢1,... list all L*-formulas and ¢y, %1, ... list all Skolem terms in
variables v; and w;, 1 < w.

stage 0: Let Xo be T union the axioms from a) and b) above. Let Mg, =
T* with |Mp | > 3, and |U(Mg.,)| = No.

stage s + 1 = 2i + 1: Let ¢; be ¢(v1,...,vm). As in the odd stages of the
previous construction, we can find a sequence (Msi1 ., Xst1,n) 1 0 < w)
such that | Xs41,,| > 3, and for each n there is k > n such that Myyq, =
M and Xgp1 , C X,k such that either

i) for all n < w and for all 1 < ... < x,,, an increasing sequence from
XSJrl-,na Ms+17n ): ¢(.’£1, cee 7il'm), or

ii) for all n < w and for all z; < ... < z,,, an increasing sequence from
Xerl,n; Ms+17n ): _'¢(x17 e 7xm)-1

In case i), we let Xoq1 = s U {p(ciy,...,¢i,) 181 < ... < ip}, and in

case ii) we let Z,11 = S, U {=¢(ciy, - -r ¢, ) ti1 < ... <im}

stage s+1=2i+2: Let t; = t(v1,...,Vn, W1,...,wg). Let Mgyq,
Msivn. Fix n & UM qn). For 1 < ... < 2, In Mgi1p, let fz:
U(Ms,i-&-n)k — U(Ms,i—i-n) U {77} by

fo(@) = {t(a:,a) if (7, @) € U(May1n)

n otherwise

Because U is countable, there are at most 2% such functions. Thus, T — fz
partitions [X ;4n]* into 2% pieces. By Corollary 5.1.5, there is X 41 C
X i+n homogeneous of size greater than J;.

Let X541 = 35 U {Gt(cil,...,cin,cjl,...,cjn) <<, <L <
Jn}. By construction, if we interpret ¢, ¢1, ... as an increasing sequence in
Xot1,4, then Mo, = ¥s4q.

Thus, the theory ¥ that we have constructed is satisfiable. If My = X
such that |U(My)| = A, the interpretation of the constants cg, 1, ... in My
is an infinite sequence of order indiscernibles J. We can find My < M;
containing an infinite sequence of order indiscernibles I O J with tp(I) =
tp(J) and |I| = k. Let M = H(U(Mp) U I). Then |M| = k. Suppose
that a € U(M). Then, a = t(z1,...,7,,b), where t is a Skolem term,
71 < ...<z, €1I,and b € U(My). By condition d), a = t(y1,...,Yn,b)
where y1 < ... <y, € J. Thus a € My. Hence, M is a (k, A)-model.

In Exercise 5.5.7 we show that the hypothesis of 5.2.15 is necessary.

INote that, in the proof of Theorem 5.2.14, the fact that we have a sequence of models
of length w is only used in the Pigeonhole argument at the end of the second claim.
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5.3 A Many-Models Theorem

In this section, we give a taste of one of the main applications of indis-
cernibles. Let T be a complete theory in a countable language with infinite
models. We know that T has at most 2* nonisomorphic models of cardinal-
ity k. In a series of results, Shelah forged dividing lines between theories
where there is a good structure theory for the models and theories where
there is none. One of the main ideas is that theories with no good structure
theory have 2" nonisomorphic models of size x for all kK > Nj.

Definition 5.3.1 We say that T is stable if it is A-stable for some A > Ng;
otherwise, we say T is unstable.

Stability is the first dividing line for structure vs. nonstructure. Shelah
proved that if T is unstable, then T has 2" nonisomorphic models of car-
dinality x for all kK > Ng. Indeed, he showed that unless T is x-stable for
all K > 2% then T has the maximal number of nonisomorphic models for
each uncountable cardinal k. We will prove a special case of the first result.

Assumptions For the rest of this section, we will make the following as-
sumptions:
e T is a complete theory in a countable language £ with infinite models;
e there is a binary relation symbol < in the language;
e there is M =T containing an infinite set linearly ordered by <.

These simplifying assumptions are not particularly strong. In fact, if T
is any unstable theory, we can find M = T and I C MP* an infinite set
that is linearly ordered by some L-formula ¢(T,7). The arguments we will
give can easily be modified to work in the general unstable context.

Theorem 5.3.2 If k > Ny, then there are 2% nonisomorphic models of T .

To simplify the combinatorics of the proof, we will prove this only for
regular £ > Ny. The proof for k = N; is a bit harder. The proof for « singular
is much more involved. We begin with some results from combinatorial set
theory that will be used in the proof.

Definition 5.3.3 Let x > N; be a regular cardinal. We say that C' C & is
closed unbounded if

i) for all & < k there is § € C with a < 3, and

ii) if X C C is bounded, then the least upper bound is in C (i.e., C is
closed in the order topology).

For example, if C = {a < k : « is a limit ordinal}, then C is closed
unbounded.

Lemma 5.3.4 Let kK > Ny be a regular cardinal.
i) If Cy and Cy are closed unbounded subsets of k, then Cy U Cy and
Co N C4 are closed unbounded.
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i) If o < K and (Cg : B < &) is a sequence of closed unbounded subsets

of k, then C' = ﬂ Cp is closed unbounded.
<o

Proof

i) Clearly, CoUC1 is unbounded. If X C CyUC, then XNC; is unbounded
in X for some ¢ and the least upper bound of X N C; is the least upper
bound of X.

It is easy to see that Cy N C1 is closed. Suppose that o < k. We build a
sequence o = qp < a1 < ag < ... such that ag;11 € Cy and ag;4o € Ch.
Because 8 =supa; € Co N Cy, Cy N Cy is unbounded.

ii) If X C C is bounded and = is the least upper bound of X, then v € Cp
for all 8 < a. Hence, v € C and we need only show that C' is unbounded.
We will prove this by induction on a. For 8 < a, let Dg = nv<ﬁ C,. By
induction, each Dg is closed unbounded. If & = §+1, then D, = DgNCjg is
closed unbounded by i). Suppose that « is a limit ordinal and § < k. Define

f(B) for B < a such that f(0) =6 and f(vy) € D41 with f() > f(B) for
B < . This is possible because D~ is unbounded and & is regular. Then

§=sup f(B) € (| Ds= () Cp-

B B<a B<a

A stronger closure property is true. Suppose that (X, : a < k) is a
sequence of subsets of k. The diagonal intersection of this sequence is the
set

AXa:{a</i:oz€ ﬂXg}.

B<a

Lemma 5.3.5 If (C, : a < k) is a sequence of closed unbounded subsets
of k, then AC, is closed unbounded.

Proof Suppose that X C AC, is bounded. Let 8 = sup X. If a < £,
then {y € X : @ < v} is a bounded subset of C,, with supremum . Thus,
B € Cy. Because §is in C, for all a < 3, 8 € AC,. Thus AC,, is closed.

Let o < k. Build a sequence a = y < 1 < f2 < ... where ;41 is in

the closed unbounded set D; = ﬂ C,. Let 8 = sup B;. Because

Y<Bi
e\ Di=[)C
<w y<pB

6 € AC,. Thus, AC,, is unbounded.

Definition 5.3.6 We say that S C & is stationary if X N C # () for every
closed unbounded C C «.
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If C is closed unbounded, then, by Lemma 5.3.4 i), C' is stationary. For
example, the set S = {& < k : « has cofinality w} is a stationary set. For
any closed unbounded set C, we can find a sequence oy < oy < ... where
each a; € C. Then a = supa; € CNS. If kK > Ny, then S is not closed.
Note that if S is stationary and S’ O S, then S’ is stationary.

Definition 5.3.7 We say that f : kK — & is regressive on S if f(a) < « for
all a € S.

If f is regressive on a stationary set, then it is constant on a stationary
subset.

Lemma 5.3.8 (Fodor’s Lemma) Suppose that f : kK — Kk is regressive
on a stationary set S, then, there is v < k such that SN f~1(v) is stationary.

Proof Suppose not. Then, for each a < &, we can find a closed unbounded
set C, such that C, N SN f~1(a) = 0. By Lemma 5.3.5, AC,, is closed
unbounded; thus, there is 8 € SN AC,. Let v = f(8) < (. Because
B € AC,, B €C,. But then g € C,NSN f(y), a contradiction.

Corollary 5.3.9 If S is stationary and S = |
then some S, is stationary.

aer Sa for some X < K,

Proof Let f:S — A by f(a) = least § < A such that o € Sg. Because
A < K, f(a) < « on the stationary set {a € S : A < a}. Thus, by Fodor’s
Lemma, f is constant on a stationary subset of S.

The following lemma of Ulam’s will play an important role in our proof.

Lemma 5.3.10 Suppose that k > RNy is reqular. There is a family (S, :
a < k) of disjoint stationary subsets of k.

Proof
case 1: K = \T.

For each ordinal o < &k, let f, : A = «a be surjective. For # < X\ and
v < K, let Ugy ={a < k: fo(B) =~} We think of the sets as the matrix

Uo’o UO,l o Uoﬁ
Uwo Uin ... Uiy
Uso Upr ... Usy

We first argue that each column contains a stationary set. Fix v < k.
Let E be the stationary set Jz_, Usy ={a <r:a >~} Let g: E — A
be g(a) = inf{f : @ € Ug,}. Because g : kK — A\, g is regressive on the
stationary set {a € F : @ > A}. Thus, by Fodor’s Lemma, there is § such
that g~'(3) N E is stationary. Thus, Ug  is stationary.
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By the Pigeonhole Principle, we can find a single B such that W = {v:
U By is stationary} has cardinality . But all of the sets in any fixed row are
pairwise disjoint (i.e., if v # 0, then Uz ,NUg,s = 0). Thus, {UB,’Y iy e W}
is a collection of k pairwise disjoint stationary subsets of S.
case 2: k is inaccessible.

Recall that k = N, (see A.17). For each regular infinite cardinal A < &, let
Sy ={a < K : cof(ar) = A}. This is a pairwise disjoint family of stationary
sets.

We can now begin the proof of Theorem 5.3.2. Let T be a skolemization
of T'. By the remarks after Theorem 5.2.3, we can find a countable M |= T*
containing an infinite sequence of order-indiscernibles I that is linearly
ordered by <. We will build 2% nonisomorphic models by stretching the
indiscernible sequence I. The following lemma will allow us to distinguish
models. If I is an ordered set, we say that [ = Iy + I if I = Iy U I; and
Iy<I (ie,a<bforae€lyand b€ ).

Lemma 5.3.11 Let N' = T* contain an infinite sequence of order indis-
cernibles J linearly ordered by <.
i) Suppose that J = Jo + J1, where |Ji| > 2. Then, no element of Jy is
1) Suppose that J = Jg + J1, where Jy has no top element and J; has
no bottom element. There is no a € H(J) with Jo < a < J;.

Proof

i) Let a € J;. Suppose that ¢ is a sequence from Jy and ¢ is a Skolem
term such that a = #(¢). By indiscernibility, t(¢) = b for all b € Jp, thus
|J1] < 1.

ii) Suppose that Jy < a < Ji. Let a = t(z1,...,Zn, Y1, .., Ym) Where
rn<...<zp€Jpand y; < ... <y, € J1. Pick x € Jy and y € J; with
Tp < x <y <y Because a < J1, N | t(x1, ..., Tn, Y1, -+, Ym) < y. By
indiscernibility, N = t(x1,...,Tn, Y1, - ., Ym) < ¥, contradicting Jy < a.

We start by building a family of 2 linear orders. By Lemma 5.3.10, we
can find (S, : a < k), a sequence of k disjoint stationary subsets of . For
A C kK, let Sy =yeca Sa- If A# B, then there is S stationary such that
S C(Sa\Sp)U(Sp\ Sa).

If X is a linear order, we let X* be the same set with the ordering
reversed. For a an ordinal, let a* be the order type of a decreasing a-
chain. If X, is a linear order for @ < x we let > X, be the order with
universe {(o,2) : © € X,,a < k} with the lexicographic order (in other
words, the order obtained when we replace each o < k with a copy of X,,).

For each A C k, we build a linear order L as follows. Let

1A _ wi ifae Sy
@ w* ifagSa’
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andlet Ly =3, L. Clearly, L# is a linear order of size «. It will follow
from the arguments below that L4 2 Lg if A # B. The reader is asked to
prove this directly in Exercise 5.5.11.

For each A C &k, we build a model M# that is the Skolem hull of
a sequence of order indiscernibles 4 with ¢(I4) = t(I) and I order-
isomorphic to LA. We will show that M4 22 MPB for A # B. Note that
although we build M4 as an L*-structure, we must show that M4 and
ME are not isomorphic as L-structures.

Suppose that f : MB — MA is an L-isomorphism. We let M be M?4
viewed as an L-structure. Because |M| = k we may assume that the un-
derlying set of M is k. Let I = I4 and let J = f(IP), J is a set of
L-indiscernibles of order type LZ. There are two ways to expand M to
make it into an L*-structure. Let A be the expansion where we take the
MA-structure and let B be the expansion where we use f to expand M
so that it is isomorphic to M. The structure A is the Skolem hull of I,
and B is the Skolem hull of J. For ¢ a Skolem term we let +* denote the
interpretation of ¢ in A and t® denote the interpretation of ¢ in B.

We have I = 3 _, I, and J = Y _, Jo, where each I, and .J, has
order type w* or wi and there is a stationary set S such that I, and J,
have different order types for @ € S. By Lemma 5.3.9, we may, without
loss of generality, assume that I, = w* and J, = wi for a € S. We write
I.o and J.,, for Zﬁ<a I3 and Zﬁ<a Jg, respectively.

For a < k let A, be the Skolem hull of I, in A and let B,, be the Skolem
hull of J.. If A, and B,, are the universes of A, and B, respectively, then

ﬁ:UAa:UBa

a<k a<k

and |Aa|, |Ba| < & for all a < &.
Frequently, A, = B,.

Lemma 5.3.12 The set C = {a < K : Ay = By = a} is closed unbounded.

Proof We show that Cy = {a < £ : Ay = a} is closed unbounded. Sim-
ilarly {a < k : B, = a} is closed unbounded, and C is closed unbounded
because it is the intersection of these two sets.

Because Cy is clearly closed, we need only show that it is unbounded.
Let ap < k. We build a9 < a1 < ag < ... such that A,, C a;+1 and
a; CA If « = sup a;, then A, = .

Q41"

For each o < k, pick a, € I,. Note that by Lemma 5.3.11 i), 6 & Aq.
There is a Skolem term t,(v) and by € J such that t5(by) = ao. We write
bo as Cq,da, where T, € Joo and dy, € J \ J<q.

Lemma 5.3.13 The set D = {a < k : dg € B, for all B < a} is closed
unbounded.
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Proof It is easy to see that D is closed. Let ap < . Build a sequence
oo < a1 < ...such that for all 8 < a,, dg € B If @ = sup oy, then
a€D.

AOpn41°

Next, we make several applications of Fodor’s Lemma.

Lemma 5.3.14 i) There is a stationary S’ C SN C N D and a Skolem
term t such that to, =1t for all a € S'.

ii) There is ¢ a sequence from J and a stationary S” C S’ such that
Co=CforaeS”.

Proof

i) Because C and D are closed unbounded and S is stationary, SNC'ND
is stationary. Because there are only countably many terms, this follows
from Lemma 5.3.9.

ii) Suppose that ¢, = (¢a1,-- -, Ca,m)- Each
Coi € J<a Q Ba = Q.

Thus, the function o — ¢, ; is regressive on S’. By repeated applications of
Fodor’s Lemma, we find S’ 2 5] D ... 2 5], and ¢; < & such that ¢, ; = ¢;
for v € Si. Let S = 5], and ¢ = (cq,...,cm).

m

Because there are only finitely many possible permutations of each se-
quence d,, by one further application of Corollary 5.3.9 and permuting
the variables, we may assume that each d, = (da1,da,2;s---,da,n) Where
do < ... < dgn. By replacing S with S”, we may, without loss of gener-
ality, assume that S C C'N D and there is a Skolem term ¢ and ¢ € J such
that a, = t5(¢,d,) for all a € S.

Although S is not closed, it must contain a stationary set of limit points.

Lemma 5.3.15 The set S’ = {a € S:a=sup(anS)} is stationary.

Proof The set X = {a < k: a = sup(anN S)} is closed unbounded and
S'=XnNS§s.

In particular, S’ # (). For the remainder of the proof, we fix § € S’. In
particular, § € S and § is a limit point of elements of S.

Lemma 5.3.16 Ifa € S and o < 6, then d, € Jcs.

Proof Because § is a limit point of S, there is § € S with a < § < 4.

Because 3 € S, do € Bp. By Lemma 5.3.11 i), Bs N J = J.g. Thus
d(x € J<ﬂ C J<(§.

Lemma 5.3.17 Let a € Is. There is x € Jos and y € Js such that if

Glyeverin €J withx < j1 < ... < jn <y, then t3(¢,7) < a.
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Proof Becaused € S, A; = Bsanda & Bs. Let a = s5(x1, ..., 2,91, ..., 1)
where s is a Skolem term, T € J.s5, and § € J\ J<5. Note that [ > 0 because
a € Bs. Choose z € J.5 and y € Js such that > sup{c,x1,..., 2z} and
y <wy; fori=1,...,1. By indiscernibility, if i; < ... < i, and j1 < ... < jn
are two sequences from .J with z < i1, 5; and 4,,j, < ¥, then t5(¢,i) < a
if and only if t5(¢, j) < a.

Because 4 is a limit point of S, we can find o < § with a € S such that
T < dy1 and dy , < y. But then t5(¢,d,) = a, < a and hence t5(¢,j) < a
for all j1,...,jn € Jwithz <j1 <...<jn<y.

Finally, we will exploit the fact that because § € S, Is = w* and Js = wf.

Lemma 5.3.18 i) If j1,...,jn € Js and j1 < ... < jn, then t5(¢,7) > aq
for a € S with a < 6.
ii) There are j1 < ... < jn in Js such that t5(¢,7) < a for all a € I5.

Proof
i) Because § € S and o < 6, d, € Bs. Because, by Lemma 5.3.11 i),
BsnJ=Jcs, dé,l € J<s. Thus da’n < d(;’l.
Because
Ao = t8(6780¢) < t8(6785)a
by indiscernibility
ae = t5(¢,dy) < t5(z, 7).

ii) Let z9 > 21 > ... be a cofinal descending sequence in Is. For each 4,
we find z; € Jo5 and y; € Js such that tB(E,j) < z;forall j1,....5, € J
with z; < j1 < ... < jn < yn. Because Js has order type wj, we can find
J1s--yJn € Jg such that x; < j; < ... < j, < y; for all i < n. Thus,
t5(¢,7) < a; for i =0,1,2,.... Thus, t3(¢,5) < a for all a € Is.

Thus, there is an element of M that is above all of the elements of I
but below all of the elements of I5. Because A is the Skolem hull of I,
this violates Lemma 5.3.11 ii). Thus, M“ and M?® are not isomorphic as
L-structures.

In this proof, we needed x > Ry so we could use the ordering wi and still
have |A,| < k. More care is needed to prove the theorem when x = 8.

5.4 An Independence Result in Arithmetic

Godel’s famous Incompleteness Theorem asserts that there are sentences ¢
in the language of arithmetic such that ¢ is true in the natural numbers
but unprovable from the Peano Axioms for arithmetic. Indeed, for any con-
sistent recursive extension 71" of Peano arithmetic, we can find a sentence
that is independent from 7. The original independent sentences were self-
referential sentences that asserted their own unprovability or metamathe-
matical sentences asserting the consistency of the theory. People wondered
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whether the independent statements could be made more “mathematical.”
In the late 1970s, Paris and Harrington [73] showed that a slight variant
of the finite version of Ramsey’s Theorem is true but unprovable in Peano
arithmetic. The proof is an interesting application of indiscernibles.

We begin with the combinatorial statement.

Theorem 5.4.1 (Paris—Harrington Principle) For all natural num-
bers n,k,m, there is a number I such that if f : [[|* — k, then there is
Y C 1 such that Y is homogeneous for f, |Y| > m, and if yo is the least
element of Y, then |Y| > yq.

Proof We argue as in the proof of the finite version of Ramsey’s Theorem.
Suppose that there is no such I. For [ < w, let T; = {f : [{0,...,l—1}]" —
k : there is no Y homogeneous for f with |Y'| > m,minY}. Clearly, each
T, is finite, and if f € T;41 there is a unique g € T} such that g C f. Thus,
if we order T' = |J T} by inclusion, we get a finite branching tree. Because
each T; is nonempty, T is an infinite finite branching tree and by Konig’s
Lemma there is fo C f1 C fo C ... with f; € T;.

Let f = Jfi. Then f : [N]* — k. By Ramsey’s Theorem, there is an
infinite X C N homogeneous for f. Let x; be the least element of X,
and choose s > x1,m. Let z1,...,x; be the first [-elements of X and let
I > ;. Then, Y = {x1,...,2;} is homogeneous for f; and |Y| > m,minY’,
a contradiction.

Although the proof above is only a minor variant of the proof of the
finite version of Ramsey’s Theorem, the use of the infinite version of Ram-
sey’s Theorem is in this case unavoidable. We will show that the Paris—
Harrington Principle cannot be proved in Peano arithmetic. The approach
we give here is due to Kanamori and McAloon [49].

Definition 5.4.2 Let X C w. We say that f : [X]|" — w is regressive if
f(A) < min A for all A € [X]". We say that Y C X is min-homogeneous
for f, if whenever A, B € [Y]" and min A = min B, then f(A) = f(B).

If a < b, we let (a,b) and [a,b] denote {z :a <z < b} and {xr:a <z <
b}, respectively.

We will consider the combinatorial principle.

() For all ¢,m,n,k, there is d such that if fi,...,fx : [d]™ — d are
regressive, then there is Y C [¢,d] such that [Y| > m and Y is min-
homogeneous for each f;.

We will show that (x) is true but not provable in Peano arithmetic. We
begin by giving a finite combinatorial proof that (x) follows from the Paris—
Harrington Principle. This proof can be formalized in Peano arithmetic.
This tells us that not only is () true but also if it is not provable in Peano
arithmetic, then neither is the Paris-Harrington Principle.
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Lemma 5.4.3 For all c,m,n, k < w, there is d < w such that if g : [d]" —
k, then there is a homogeneous set Y C (¢,d) with |Y| > m+ 2n,minY +
n+ 1.

Proof By the Paris—Harrington Principle, there is a d such that for
any partition h : [d]® — k + 1 there is a homogeneous set Z with
|Z] > c+m+2n+ 1,min Z. Given g : [I|" — k, we define h: [[|" = k+1
by h({ai,...,a,}) = k if some a; < n+ 1 or some a; < ¢; otherwise,
h({a1,...,an}) =h({a1+n+1,...,a,+n+1}). Let Z be a homogeneous
set for h with |Z] > ¢4+ m 4+ 2n 4 1, min Z. Because |Z| > ¢+ m + 2n + 1,
we can find ai,...,a, € Z such that each a; > ¢+ n + 1. Because
h({a1,...,an}) # k, we must have h(A) # k for all A € [Z]". Thus, every
element of Z is greater than or equal to c+n+1.Let Y = {a—n—1:a € Z}.
Then Y C (¢,d), |Y|=1Z| > c+m+2n+1,minZ. But min Z > minY".

Lemma 5.4.4 For all ¢,m,n,k, there is d such that, if f1,..., fr: [d]* —
b are regressive, then there is Y C d such that |Y| > m and Y is min-
homogeneous for each f;.

Proof By Lemma 5.4.3, there is a d < w such that for all g : [d]"T! — 3%,
there is Y C (¢, d) homogeneous for g with |[Y| > m +n,minY +n + 1.
Suppose that fi,..., fx : [d]" — d are regressive. For ¢ < [, define g; :

[d]"*t! — 3. Suppose that A = {aq,...,a,} where ag < a; < ... < a,; then
0 if fi(ao,a1,...,an-1) < fi(ag,az,...,ay)
gi(A): 1 if fi(ao,al,...7an_1):fi(ao,a27...,an)
2 if fi(ao,al,...,an_l) > fi(ao,aQ,...,an).

Let g : [d]” — 3* by g(A) = (91(A),...,q(A)). By Lemma 5.4.3, there is
Y C (¢,d) homogeneous for g with |Y| > minY +n+1, m+n. Clearly, Y is
homogeneous for each g;. Let yg < y1 < ... <yslistY.Forj=1,...s—n+1,
let @; = (Y¢,Yj+1,---,Yj+n—1). Because f; is regressive f;(yo,a;) < yo for
eachj<s—n+1.Buts+1=|Y|>yo+n+1 Thuss—n+1>z¢+1.
Thus, we must have f;(yo,@;) = fi(yo, @) for some j # [. Because Y is
homogeneous, the sequence f;(yo,a1), fi(¥o,@2),- -, fi(Yo,@s—n—2) is either
increasing, decreasing, or constant. Because we know that at least two
values are equal, they must all be equal. Thus, g; is constantly zero on
[Y}n-ﬁ—l_

Let z; < ... < zp—1 be the largest n — 1 elements of Y, and let X =
Y \ {#1,...,2n}. Because |Y| > m + n, |X| > n. We claim that X is

min-homogeneous for each f;. Suppose that 1 < x,... < x,,. Then
fi(l'hl'g,...?xn,l,xn) = fi(x17x37"'7$nflazl)
= fi(wlaxéla"'aZl;ZQ)

fi(xlvzh .. ’7277,71)'
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But the same argument shows that if ys,...,y,—1 € X with 1 < y2 <
co. < Yp—1, then

fi(xla Yz, - .- 7yn—1) = fi(I17 Rly-v e Zn—l) = fi(xtha R 'rn—hxn)-
Thus, X is min-homogeneous for each f;.

Note that aside from appealing to the Paris—Harrington Principle in the
proof of Lemma 5.4.3, the two proofs above are straightforward finite com-
binatorics that could easily be formalized in Peano arithmetic.

The independence proof will use a strong form of indiscernibles. Let
I' be a finite set of formulas in the language of arithmetic and M be
a model of Peano arithmetic. We say that I C M is a sequence of

diagonal indiscernibles for T' if whenever ¢(ui,..., Um,v1,...,0,) € T
TOyeves Ty Yty ET With g <21 < ... <zpandxg <y <...<Yn
and ay,...,a, < g, then

M '=¢(E7x1,...7mn) <_>¢(a7y17"'7yn)~

We first show how the combinatorial principle () allows us to find sets
of diagonal indiscernibles in the standard model N.

Lemma 5.4.5 For any l,m,n and formulas ¢1(u1, ..., Uk, V1, Vn)se -y
dr(uty ... ug,v1,...,0,) in the language of arithmetic, there is a set I of
diagonal indiscernibles for ¢1,..., ¢y with |I| > m.

Proof We may assume that m > 2n. By the Finite Ramsey Theorem, we
can find w such that w — (m + n)?ﬁ'l By (x), we can find s such that
whenever f1,..., fr : [s]" — s are regressive there is Y C s with |Y| > w
and Y is min-homogeneous for each f;. We define regressive functions f; :
[s]*"t1 — [ for j = 1,...,k and a partition g : [s]*"T1 — [ + 1 as follows.
Let X = {xg,...,zon} where zg < 1 < ... < x9, <. If

(bi(a,l‘l, e ,.Tn) <~ ¢l<67 Tn+4lye-- am2n)

for all ¢ < [ and ai,...,am < o, then let f(X) = 0 and g(X) = 0.
Otherwise, let g(X) =7 and (f1(X),..., fx(X)) =@ such that

(bg(X)(E,l'l, s ,In) % ng(X)(a? Lo+l .- 7':62")'

Because each function f; is regressive, there is ¥ C s min-homogeneous
for each f; with |Y| > w. By choice of w there is X C Y and i < k such
that |X| > m +n and g(A) =i for A € [X]*"T1.

Suppose that ¢ > 0. Because m > 2n, |X| > 3n. Thus, we can find
o <21 < ... <3, in X. Because X is min-homogeneous for each f;, we
can find a; < x¢ such that

aj = fi(zo,z1,...,T20)
= fj(-’fo,l‘l,.-.,l'n,l‘2n+1,...7x3n)

= fi(zo, Tny1,.-.,T2n).
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Let @ = (a1, ...,ar). But then,
(bi(ﬁ,xl,. .. ,l‘n) §L> Qﬁlf(a,xn_;,_l, ce ,Jjgn),
¢i(@ w1,...,xn) # 03(@, T2ng1, ..., T3n)

and

¢i(aa Tp+1y--- 7x2n) % (j)f(av Toan41y - .- 7x3n)~
But this is impossible because at least two of the formulas must have the
same truth value. Thus i = 0.

Let 21 < ... < z, be the n-largest elements of X and let I = X \
{#z1,...,2n}. Then, |[I| > m and we claim that I is the desired sequence
of diagonal indiscernibles. If g < 1 < ... < x, and y; < ... < y, are
sequences from I with x¢ < y; and a < zq, then for any 7 < k,

d)i(aaxl?"'axn) e ¢i(aazlv"'7zn)

and

Di(@ Y1, -, Yn) < i@, 21, ..., 2n).
Thus

0i(@,x1,. .., Tn) < Gi(@ Y1, Yn)
and [ is a set of diagonal indiscernibles.

We will look for diagonal indiscernibles for a rather simple class of for-
mulas.

Definition 5.4.6 The set of Ag-formulas is the smallest set D of formulas
in the language of arithmetic such that:

i) every quantifier-free formula is in D;

il) if ¢,% € D, then ¢ A, ¢ V¢, and —¢ are in D;

iii) if ¢ € D and t is any term, then Jv < ¢t ¢ and Vv < t ¢ are in D.

For example, if ¢(x) is Vo < z Yw < 2 vw # x is a Ag-formula defining
the set of prime numbers. The next lemma is an easy induction on formulas
that we leave to exercise 5.5.12.

Lemma 5.4.7 Suppose that M is a model of Peano arithmetic and N' C
M is an initial segment of N (i.e., if a € M, b € N, and a < b, then
a € N). If p(V) is a Ag-formula and @ € N, then M = ¢(a) if and only if
N ¢(a).

Diagonal indiscernibles can be used to find initial segments that are models
of Peano arithmetic.

Lemma 5.4.8 Suppose that M is a model of Peano arithmetic and zo <
x1 < ... 18 a sequence of diagonal indiscernibles for all Ag-formulas. Let
N={yeM:y<u for somei < w}. Then, N is closed under addition
and multiplication, and if N is the substructure of M with underlying set
N, then N is a model of Peano arithmetic.
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Proof Suppose that i < j < k <l and a < x;. If a + z; > xi, then we
can find b < a such that b + x; = x;. By indiscernibility, b + x; = x;, so
xp = 1, a contradiction. Thus a + x; < xj. It follows that IV is closed
under addition. Indeed z; + x; < x.

Suppose that ¢ < j < k <. We claim that ax; < z;, for all a < z;. If
not, then, by induction, we can find a < z; such that az; < z; < (a+1)z;.
By indiscernibility, 2; < (a + 1)z;. But, adding x; to the first two terms,
we see that (a+1)z; < x4+ ;. By the remarks above, x; +x; < 2;. Thus,
x; < (a+ 1)xj < xy, a contradiction. Thus ax; < x. It follows that N is
closed under multiplication.

Next, we show that truth of arbitrary formulas in A can be reduced to
the truth of Ag-formulas in M.

Suppose that ¢(w) is the formula Jv, Ve Jvs . .. Jv, (W, vy, . . ., vy ), Wwhere
Y(w,v) is quantifier-free. By adding dummy variables, every formula can
be put in this form. Let @ < x;.

Because the sequence zg < z1 < ... is unbounded in I, then N = ¢(a)
if and only if 3ip > Vio > dq ... iy, > i1 :

N E Jv < 2, Vg < x4y ... Joy < i, P(@, 01, ..., 00).
By Lemma 5.4.7, N | ¢(a) if and only if 3iy > i Vig > iy ... iy > ip_1 :
ME Ty <z, Vg < gy ... T < x4, (@01, ..,0,).
By diagonal indiscernibility, N = ¢(a) if and only if
METuy < 241V < Tigo ... vy < Tijgpn V(@ 01, ..., 0,).

Next, we show that induction holds in V. Let ¢(u,w) be a formula in the
language of arithmetic. Suppose that @,b € N and N | ¢(b,a). Choose i
such that @,b < x;,. If ¢ is Fvi Vs ... Jv, Y(u,W,T) where ¢ is Ay, then,
by the analysis above, if i < iy < ... < ,, then for ¢ < z;

N E d(c,a) & M E vy < Voo < ziy ... Fo, < 24, Y(c,a,v1,...,0,).

Because induction holds in M, there is a least ¢ < x;, such that N |=
¢(c,a). Thus, N is a model of Peano Arithmetic.

To prove the independence of the Paris—Harrington Principle from Peano
arithmetic, we will assume familiarity with formalizing finite combinatorics
and syntactic manipulations in arithmetic via coding. We summarize what
we will need and refer the reader to [51] §9 for more complete details.

There are formulas S(u), l(u, v), e(u, ) in the language of arithmetic such
that in the standard model S(u) defines the set of codes for finite sequence,
l(u,v) if u codes a set of length v, and e(v, u,4) if v is the ith element of
the sequence coded by v. All basic properties of finite sets and sequences
are provable in Peano arithmetic. Using these predicates, we can formalize
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the Paris—Harrington Principle and (%) as sentences in the language of
arithmetic. We can pick our coding of finite sets such that if X C {0,...,a—
1}, then the code for X is less than 22°.

Next, we use some basic facts about coding syntax in the language of
arithmetic. For each formula ¢, we let [¢] be the Godel code for ¢. There
is a formula Formg(v) that defines the set of Godel codes for Ag-formulas,
and there is a formula Satg(u, v, w) such that Sato(u,v,w) asserts that u
is a code for a Ag-formula with free variables from v, ..., v,, v codes a se-
quence @ of length w, and the formula with code u holds of the sequence a@.
We call Satq a truth-definition for Ag-formulas. All basic metamathemati-
cal properties of formulas and satisfaction for Ag-formulas are provable in
Peano arithmetic.

Theorem 5.4.9 The combinatorial principle () and the Paris—Harrington
Principle are not provable in Peano arithmetic.

Proof By the remarks after Lemma 5.4.4, it suffices to show that (x) is
unprovable. Suppose that M is a nonstandard model of Peano arithmetic
and c is a nonstandard element of M. Suppose that M |= (x). We will use
Lemma 5.4.8 to construct an initial segment of M where (x) fails.

Because the Finite Ramsey Theorem is provable in Peano arithmetic,
there is a least w € M such that M | w — (3¢ + 1)%*!. Let d € M
be least such that if fi,..., f. : [d]***! — d are regressive, then there is
Y C (¢,d) with |Y| > w and Y min-homogeneous for each f;.

Using the truth predicate for Ag-sets, we can follow the proof of Lemma
5.4.5 inside M and obtain I C (¢, d) with |I| > ¢ such that M believes I
is a set of diagonal indiscernibles for all Ag-formulas from M with Godel
code at most ¢, free variables from vy, ..., v., and parameter variables from
w1, - .., We. In particular, I is a set of diagonal indiscernibles for all standard
Ag-formulas.

Let 29 < z1 < ... be an initial segment of I, and let A/ be the initial
segment of M with universe N = {y € M : y < z; for some i = 1,2,...}.
By Lemma 5.4.8, N is a model of Peano arithmetic. Clearly, ¢ € N and
d ¢ N. We claim that w € N. Because the finite version of Ramsey’s
Theorem is provable in Peano arithmetic, there is w’ € N such that A =
w' — (3c+ 1)2¢TL. Because all functions from [w’]?“*1 — ¢ and all subsets
of w’ that are coded in M are coded in N, M = w’ — (3c+1)%¢T1. Because
w was minimal, w < w’ and w € N. By a similar argument, if d € N and
N B Vfi, oo fe o [d]*TY — d is regressive, there is Y C (¢, d’) min-
homogeneous for each f; with |Y| > w. Then, this is also true in M; thus,
by choice of d, d < d'. Because d ¢ N, this is a contradiction. Thus, (*)
fails in A and (%) is not provable from Peano arithmetic.
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5.5  Exercises and Remarks

Exercise 5.5.1 Show that 6 — (3)3 (i.e., if there are six people at a
party, you can either find three mutual acquaintances or three mutual non-
acquaintances).

Exercise 5.5.2 Let £ = {E}, where E is a binary relation symbol, and
let T be the theory of an equivalence relation with infinitely many classes
each of which is infinite. Show that in any M =T we can find infinite sets
of indiscernibles Iy and I; such that tp(Iy) # tp(I1), but if J is any other
infinite set of indiscernibles, then tp(J) = tp(1;) for ¢ =0 or 1.

Exercise 5.5.3 Let G be the free group on generators X. Show that X is
a set of indiscernibles in G.

Exercise 5.5.4 Show that if M is k-saturated, then there is I C M, a
sequence of order indiscernibles with |I| = k.

Exercise 5.5.5 Show that, for any infinite £-structure M, we can find
(Np i n < w), a descending elementary chain (i.e., Nj 11 < N, for each n)
of elementary extensions of M, such that M =, V. [Hint: Let N be
the Skolem hull of M and an infinite set of indiscernibles.]

Exercise 5.5.6 We say that a theory T has the order property if and only
if there is a formula ¢(vy,...,v,, w1,...,w,) and M E T with Z,Ta, . ..
in M™ such that M = ¢(Z;,7;) if and only if i < j.

a) Show that if ¢ has the order property in 7', then T is not x-stable for
any infinite x. [Hint: Let (A, <) and B be as in Lemma 5.2.12. Find N =T
containing (T, : a € A) such that N' = ¢(T,, Tp) if and only if a < b. Argue
as in Theorem 5.2.13 that |S,({Zp : b € B})| > |B|.]

b) Show that T" has the order property if and only if there is a formula
’(/J(@,@) and M ': T with 6175162,5”. .. such that T ': 1/}(61',57') if and
only if i < j.[Hint: (=) Let ¢(v1, 0o, w1, Ws) be 1 (v1,Ws). Let & = (@j, b;).
Show that ¢(¢;,¢;) if and only if ¢ < j. The other direction is even easier.]

Exercise 5.5.7 Let £ = {Uy,U1,...,U,, Er,...,E,}, where each U; is
unary and Fj; is binary, and let T' be the L-theory:

\ Uie) A N\ ~(Uila) AT (@)
=1

i#]

dxq ... 3z, /\ x; # xj A /\ Uo(x;)
i#j i=1
E’L(x’y) - (Uifl(aj) A U’L(y)) for i = 17 2a sy Ny
(Ui(x) NU;(y) AVz(Ei(z,2) > Ei(z,y))) 2 x =y, fori=1,2,...,n.
For example, if X is any infinite set, let U(My) = X, U(M;11) = P(U;),
and EM be € restricted to U;_1 x U;, then M |= T. Show that if M =T
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and |UM| = R, then |M| < 3,,. Thus, T has a (3, R¢)-model but does
not have (k,Ng)-models for arbitrarily large x. Thus, Theorem 5.2.15 is
optimal.

Exercise 5.5.8 Let w < o < wq. Let £L ={0,<,V,E,cg: 8 < a}, where
O is unary, < and V are binary, E is ternary, and cg is a constant symbol
for B < a. Let T be the following L-theory:

< is a linear order of O;

O(cp) for B < a;

cg < cs for 6 < ay

O(z) = x < cq;

(O@)NO(Y) Nz <yAV(z,2) = V(z,y);

VaV(z,cq);

Vz O(z) <> V(z,c);

E(z,y,2z) = (0(2) AV(y,2) A Jw < 2V (z,w));

O@)AVy<zIzy<z<z)—=>Vz(V(zx) < Jy<zV(zy);

O@)ANJy < avz < z 2z < y) — Yuvu (V(u,z) A V(w,x) A
Yo(E(v,u,z) < E(v,w,x))) = u =w).

There is a natural model of T. Let Xg = {8 : 8 < a}. For 8 < «
a limit ordinal, let Xg = s, Xs, and let X1 = X5 U P(Xp). Let
M = X,. Let OM = X{ with the natural ordering, and interpret cg as f3.
Let VM = {(z,a) : 2 € X, } and let EM(2,y, «) if and only if y € X,, and
x € y. Then, M =T and |M| = 13,.

Let I'(v) be the set of formulas {O(v),v # cg : 8 < «a}. Show that any
model of T omitting I'(v) has cardinality at most J,. Thus, the bound on
Theorem 5.2.14 is optimal.

Exercise 5.5.9 Let £ be a countable language and x > ¥; a reg-
ular cardinal. Let M be an L-structure of cardinality x. Suppose that
M = Uy Ma where |[M,| < k. Then, {a < k : My < M} is closed
unbounded.

Exercise 5.5.10 Recall from Exercise 4.5.15 that a linear order (X, <) is
N;-like if and only if |X| =8y and |{y : y < z}| < Xg for all z € X. We
will show that there are 28t R;-like dense linear orders.

Let (S4 : A C wy) be a family of stationary subsets of w; such that
SaASp contains a stationary set if A #B. Fix (L, <) a countable dense
linear ordering with a least element but no greatest element. For A C wy,
we define a linear order (X4, <) as follows. For o < wy, let

wa_ [(@<) ifaes,
o TV(L,<) ifagSa

and let X4 = Q+ >, X2 Welet X2, = Q+ ZB<QX[‘34. We will
assume that each X* has underlying set w.
a) Show that each X4 is an RN;-like model of DLO.
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b) Show that {a < w; : the underlying set of X4, = a} is closed
unbounded.

¢) Suppose that f : k — & is a bijection. Then, {a < k : f|« is a bijection
from « onto a} is closed unbounded.

d) Show that X 2 X for A # B. [Hint: Suppose that f : k — & is an
isomorphism. Use b) and ¢) to find @ € S4ASg such that X4, = XB =«
and f|o is an isomorphism between X2, and X2, . Find a contradiction.]

Exercise 5.5.11 Suppose that k > N is a regular cardinal, A, B C k and
L4 and Lp are the linear orderings constructed in the proof of 5.3.2. Show
that L4 % Lp.

Exercise 5.5.12 Prove Lemma 5.4.7.

Exercise 5.5.13 T If f : N = N, let f(z) be defined by f(z) = =
and f*+D(z) = f(f™(z)). We define a sequence of functions f; : N — N
by fo(z) = x + 1 and fr41(z) = 7o) (z). For example, fi(z) = 2z and
fa(x) = 2%x. Each f,, is primitive recursive and, if g : N — N, then there
are n,m € N such that f,(z) > g(z) for all z > m (see [94]).

Consider the function F : N> — N given by F(m, k) is the least [ such
that if f : [I]> — k then there is X C [ homogeneous for f with |X| >
m,min X. By the Paris—Harrington Principle, F' is a total function. We
will show that F' grows very fast.

Fix m and k. Let g : [fx(m)]> — k be defined by g({z,y}) = 0 if
x < mory < m, and otherwise g({x,y}) is the least ¢« > 1 such that

x,y € {ff(m),ff“(m)) for some j.

Suppose that X is homogeneous for g with |X| > m. Let i < k + 1 such
that g : [X]? — {i}.

a) Show that x > m for all z € X.

b) Show that there is j such that X C fj)( ), f(]H)( )) Let p =
fi(j)(m)-

¢) Suppose that ¢ = 1. Show that |X| < min X.

d) Show that p = fi(l_)l(m) for some [ and f;(p) = f(H"’)( ).
e) Show that if ¢ > 1, then

CIp iy O [ (9) (1), 454D )>

and each { fio (3 )( ), fi(l_tj 1) (m)) contains at most one element of X. Con-

clude that \X| < min X.
f) Conclude that F'(m,k) > fr(m). Let g(m) = F(m,m). Show that g
majorizes all primitive recursive functions.
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Remarks

Ehrenfeucht and Mostowski introduced indiscernibles and showed that
Skolem hulls of models generated by indiscernibles could be used to build
models with many automorphisms. Morley showed that indiscernibles could
be used to build large models realizing few types and also showed that the
Erdos-Rado Theorem could be used to build models with indiscernibles
omitting a type. Theorem 2.11 is due to Vaught.

Shelah has proved much finer many-models theorems than the one
sketched in Section 5.3. For example, if T is unstable, then, for any uncount-
able k, we can find a family of 2% mutually nonelementarily embeddable
models of T" that are all £ .,-equivalent. The simplified proof in Section 5.3
is from Poizat’s review [85] of Shelah. Proofs of the many-models theorems
that we mentioned can be found in Shelah [92]. Hodges [40] contains the
proof that unstable theories have 2% nonisomorphic models of cardinality &
for all regular uncountable x (in particular, this includes the case k = Ry,
which we ignored). Baldwin [7] has the proof that stable unsuperstable
theories have the maximum number of models in uncountable cardinals in
regular cardinals.

The proof of the independence of the Paris—Harrington Principle given
is Section 5.4 is from Kanamori and McAloon [49]. The growth analysis of
Exercise 5.5.13 is just the tip of the iceberg because we have only really used
Paris—Harrington for partitions of pairs of sets. The sequence fy, f1,... can
be extended to f, for a < €. For example, f,(n) = f,(n). Any recursive
function that we can prove total in Peano arithmetic is majorized by f,
for some a < €g. These classic results of proof theory are surveyed in [33].
Let G(n) be the least number m such that whenever g : [m]” — n there
is X C m homogeneous for g with |X| > n + 1,min X. By the Paris—
Harrington Principle, G is a total recursive function, but G majorizes f,
for all @ < €p. This analysis was done by Ketonen and Solovay and is
explained well in [36]. Kanamori and McAloon do a similar analysis for
their combinatorial principle.

Indiscernibles also play a central role in the set-theoretic investigation of
large cardinals. Rowbottom showed that if there is a measurable cardinal,
then there are indiscernibles for Gddel’s constructible universe. This idea
was developed much further by Silver. These results can be found in [47]
§29-30 or [48] §9.






6
w-Stable Theories

6.1 Uncountably Categorical Theories

Throughout this chapter, T" will be a complete theory in a countable lan-
guage with infinite models.

We say that T is uncountably categorical if it is k-categorical for some
uncountable k. We have already seen several examples of uncountably cat-
egorical theories. For example, the theory of algebraically closed fields of
a fixed characteristic, the theory of (Z,s), and the theory of torsion-free
divisible Abelian groups are k-categorical for all uncountable x but not
No-categorical. On the other hand, the theory of an infinite Abelian group
where every element has order 2 is k-categorical for all infinite cardinals.

Every uncountably categorical theory that we have examined is actu-
ally k-categorical for all uncountable k. Morley proved that this is true
for all countable uncountably categorical theories. Morley’s proof was the
beginning of modern model theory.

Theorem 6.1.1 (Categoricity Theorem) IfT is k-categorical for some
uncountable k, then T is k-categorical for every uncountable k.

In Theorems 5.2.10 and 5.2.11, we proved two important facts about
uncountably categorical theories.

o If Kk > Ny and T is k-categorical, then T is w-stable.
o If kK > Ny and T is k-categorical, then T has no Vaughtian pairs.

Baldwin and Lachlan showed that, conversely, if T is w-stable with no
Vaughtian pairs, then T is k-categorical for all uncountable cardinals k.
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Morley’s Theorem follows immediately. We will prove this in Theorem
6.1.18. We begin by considering the simplest uncountably categorical the-
ories.

Strongly Minimal Sets

If M is an L-structure and ¢(7) is an £ y/-formula, we will let ¢(M) denote
the elements of M that satisfy ¢.

Definition 6.1.2 Let M be an L-structure and let D C M™ be an infinite
definable set. We say that D is minimal in M if for any definable Y C D
either Y is finite or D\ Y is finite. If ¢(7,a) is the formula that defines D,
then we also say that ¢(7,a) is minimal.

We say that D and ¢ are strongly minimal if ¢ is minimal in any elemen-
tary extension N of M.

We say that a theory T is strongly minimal if the formula v = v is
strongly minimal (i.e., if M =T, then M is strongly minimal).

We have already seen several examples of strongly minimal theories.
In particular, we have shown that DAG and ACF, are strongly minimal
theories (see Corollaries 3.1.11 and 3.2.9).

Let £ = {E} and consider the L-structure M, where E is an equivalence
relation with one class of size n for n = 1,2, ... and no infinite classes. In
this structure, v = v is a minimal formula, but suppose that M < N and
a € N such that the equivalence class of a is infinite. Then, the formula
vFa defines an infinite-coinfinite subset of the universe. Thus, the formula
v = v is not strongly minimal.

Let M be an L-structure and D C M be strongly minimal. We will
consider aclp, the algebraic closure relation restricted to D. Recall that
b is algebraic over A if there is a formula ¢(x,@) with @ € A such that
d(M,a) is finite and ¢(b,a). For A C D, we let aclp(A) = {b € D : b is
algebraic over A}. We will omit the subscript D when no confusion arises.

We have already examined algebraic closure in several strongly minimal
theories. If K is an algebraically closed field and A C K, then acl(A) is the
algebraic closure of the subfield generated by A (Proposition 3.2.15). If G
is a torsion-free divisible Abelian group, then acl(A) is the Q-vector space
span of A (Exercise 3.4.5). If M = (Z, s), then acl(A) is the set of points
reachable from A (Exercise 3.4.3).

The following properties of algebraic closure are true for any set D (see
Exercise 1.4.11).

Lemma 6.1.3 i) acl(acl(A)) = acl(4) 2 A.
it) If A C B, then acl(A) C acl(B).
i) If a € acl(A), then a € acl(Ag) for some finite Ay C A.

A more subtle property is true if D is strongly minimal.
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Lemma 6.1.4 (Exchange Principle) Suppose that D C M is strongly
minimal, A C D, and a,b € D. If a € acl(A U {b}) \ acl(A4), then b €
acl(AU{a}).

Proof We write acl(A4,b) for acl(AU {b}).

Suppose that a € acl(A4,b) \ acl(A4). Suppose that M = ¢(a,b), where ¢
is a formula with parameters from A and [{z € D : ¢(x,b)}| = n. Let ¢(w)
be the formula asserting that [{z € D : ¢(z,w)}| = n. If ¥(w) defines a
finite subset of D, then b € acl(4) and a € acl(A), a contradiction. Thus,
t(w) defines a cofinite subset of D.

If {y € D: ¢(a,y) ANp(y)} is finite, we are done (because b € acl(4,a)).
Thus, we assume, for purposes of contradiction, that |D — {y : ¢(a,y) A
¥(y)}| =1 for some . Let x(x) be the formula expressing

ID—{y: oz, y) NY(y)H =1

If x(x) defines a finite subset of D, then a € acl(A), a contradiction. Thus,
x(z) defines a cofinite set.

Choose ay, ..., an41 such that x(a;). The set B; = {w € D : ¢(a;, w) A
Y(w)} is cofinite for i = 1,...,n + 1. Choose b € (] B;. Then, P(ai, b) for
each i, so [{x € D : ¢(z, b)}| > n + 1, contradicting the fact that 1/)( ).

In any strongly minimal set, we can define a notion of independence that
generalizes linear independence in vector spaces and algebraic independence
in algebraically closed fields.

We fix M =T and D a strongly minimal set in M.

Definition 6.1.5 We say that A C D is independent if a & acl(A \ {a})
for all @ € A. If C C D, we say that A is independent over C if a &
acl(CU (A\ {a})) for all a € A.

We will show that infinite independent sets are sets of indiscernibles.

Lemma 6.1.6 Suppose that M,N = T and ¢(v) is a strongly minimal
formula with parameters from A, where either A = () or A C My where
Mo ET, Mg <M, and Mo <N. Ifay,...,a, € (M) are independent
over A and by, ..., b, € ¢(N) are independent over A, then tp™(a/A) =

N (0/A).

Proof We will assume that ¢(v) has parameters from A C My where
Mo < M and My < N, and leave the case A = () until Exercise 6.6.4.

We prove this by induction on n. Assume that n =1, a € (M) \ acl(A),
and b € ¢(N) \ acl(A). Let ¢(v) be a formula with parameters from A.
Suppose that M = v¥(a). Because a & acl(A), $(M) N (M) is infinite.
Because ¢ is strongly minimal, ¢(M) \ ¢(M) is finite. Thus there is an n
such that

Mz : o(x) Ay (2)} =
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Because My < M, Mo < N, and b ¢ acl(A), N = ¢ (b). Thus tp™(a/A) =

tpN (b/A).
Suppose that the claim is true for n and aj,...,ap4+1 € #(M) and
bi,...,bpr1 € ¢(N) are independent sequences over A. Let @ = (a1, ..., a,)

and b = (b1, ...,b,). By induction, tpM(a/A) = tp™ (b/A). Let ¥ (w,v) be
a formula with parameters from A such that M | (@, a,+1). Because
an+1 € acl(A,a), (M) Ny (a, M) is infinite and ¢(M) \ ¥ (a, M) is finite.

There is an n such that

ME{v: $(o) A (@, o)} = .
Because Mo < M and My < N and tpM(a/A) = tpV (b/A),

N E v d(v) A=(b,v)}| = n.

Because bpi1 & acl(A,0), N |= ¢(b,byy1). Thus tpM(@,ani1/A) =
tpN (D, bny1/A).

Corollary 6.1.7 If M\N ET, A, and ¢(v) are as above, B is an infinite
subset of $(M) independent over A and C is an infinite subset of p(N)
independent over A, then B and C are infinite sets of indiscernibles of the
same type over A.

Therefore, cardinality is the only way to distinguish independent subsets
of D.

Definition 6.1.8 We say that A is a basis for Y C D if A C Y is
independent and acl(A) = acl(Y').

Clearly, any maximal independent subset of Y is a basis for Y. Just as in
vector spaces and algebraically closed fields, any two bases have the same
cardinality.

Lemma 6.1.9 Let A, B C D be independent with A C acl(B).

i) Suppose that Ag C A, By C B, Ay U By is a basis for acl(B) and
a € A\ Ag. Then, there is b € By such that AgU{a} U (B \ {b}) is a basis
for acl(B).

ii) 4] < |BI.

iti) If A and B are bases for Y C D, then |A| = |B|.

Proof

i) Let C C By be of minimal cardinality such that a € acl(4y U C).
Because A is independent, |C| > 1. Let b € C. By exchange, b € acl(4y U
{a} U (C \ {b})) and thus acl(4p U {a} U (By \ {b})) = acl(B). If a €
acl(Ag U (Bo \ {b})), then b € acl(Ag U (By \ {b})), contradicting the fact
that Ag U By is a basis. Thus, Ag U {a} U (Bp \ {b}) is independent.

ii) Suppose that B is finite. For purposes of contradiction, suppose that
|B| = n and ay,...,ap4+1 are distinct elements of A. Let Ay = 0 and
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By = B. Using i) inductively, we can find b1,...,b, € B distinct such
that {a1,...,a;} U (B\ {b1,...,b;}) is a basis for acl(B) for ¢ < n. But
then acl(aq, ..., a,) = acl(B). Because a,+1 € acl(B), this contradicts the
independence of A.

If B is infinite, then for any finite By C B, A Nacl(By) is finite and

AC U acl(By).
BoCB finite

Thus |4] < |B|.

iii) This is immediate from ii).
Definition 6.1.10 If Y C D, then the dimension of Y is the cardinality
of a basis for Y. We let dim(Y") denote the dimension of Y.

Note that if D is uncountable, then dim(D) = |D| because our language
is countable and acl(A) is countable for any countable A C D.

For strongly minimal theories, every model is determined up to isomor-
phism by its dimension.

Theorem 6.1.11 Suppose T is a strongly minimal theory. If M\N = T,
then M = N if and only if dim(M) = dim(N).

More generally, if M,N and ¢ are as in Lemma 6.1.6, and dim(¢p(M)) =
dim(¢(N)), then there is a bijective partial elementary map f : p(M) —
PN).

Proof Let B be a transcendence basis for ¢(M) and C be a transcendence
basis for ¢(N). Because |B| = |C|, we can find a bijection f : B — C. By
Corollary 6.1.7, f is elementary. Let I = {g: B’ - C": B C B’ C ¢(M),
C CC" C¢(N), f C g partial elementary}. By Zorn’s Lemma, there is a
maximal g : B' — C’. Suppose that b € ¢p(M) \ B’. Because b is algebraic
over B', there is a formula (v, d) isolating tp™ (b/B’) (see Exercise 4.5.4).
Because g is partial elementary, we can find ¢ € ¢(N) such that ¥ (c, g(d)).
Then, tp™(b/B’) = tp" (¢/C"), and we can extend g by sending b to ¢. This
contradicts the maximality of g. Thus ¢(M) = B’. An analogous argument
shows that C' = ¢(N).

Corollary 6.1.12 IfT is a strongly minimal theory, then T is k-categorical
for k >Ny and I(T,Ng) < Ng.

Proof If M has cardinality x > N;, then any transcendence basis for M
has cardinality &, whereas if |M| = Rg, then dim(M) < Ny.

Existence of Strongly Minimal Formulas

In w-stable theories, we can always find minimal formulas.



212 6. w-Stable Theories

Lemma 6.1.13 Let T be w-stable.

i) If M =T, then there is a minimal formula in M.

it) If M = T is Ng-saturated and ¢(v,a) is a minimal formula in M,
then ¢(v,a) is strongly minimal.

Proof

i) Suppose not. We build a tree of formulas (¢, : 0 € 2<%) such that:

if o C 7, then ¢, | ¢

boi F Po1—i;

¢ (M) is infinite.

Let ¢y be the formula v = v. Suppose that we have a formula ¢, such that
oo (M) is infinite. Because ¢, is not minimal, we can find a formula ¢ such
that (oo A)(M) and (¢ps A —1p)(M) are both infinite. Let ¢, 0 = ¢ A1),
and let ¢,1 be ¢, A —1p. As in Theorem 4.2.18 we can find a countable
A C M such that |SM(A)| = 2%, contradicting w-stability.

ii) Suppose not. Let M < N, b € N such that ¥(N,b) is an infinite
coinfinite subset of ¢(N, a@). Because M is Ng-saturated, we can find beM
such that tp™(a, BI) = tpN(a@,b). Then, ¢(7,b) defines an infinite coinfinite
subset of ¢(M, @), a contradiction.

We will show that if there are no Vaughtian pairs, then any minimal
formula is strongly minimal. The key to the proof is the following lemma
showing that we can express “there exist infinitely many” in theories with
no Vaughtian pairs.

Lemma 6.1.14 Suppose that T is an L-theory with no Vaughtian pairs.
Let M =T, and let ¢(v1, ..., V5, W1, ..., Wy) be a formula with parameters
from M. There is a number n such that if a € M and |¢p(M,a)| > n, then
o(M,a) is infinite.

Proof Suppose not. Then, for each n € N, we can find @, in M such
that ¢(M,a,) is a finite set of size at least n. Consider the language £* =
L U{U} for pairs of models of T" used in the proof of Lemma 4.3.37, and
let T'(w) D T be the L*-type asserting:

U defines a proper L-elementary submodel;

NiZ1 U(wi);

there are infinitely many elements T such that ¢(v, w);

o, m) —~ Aiy U(va).

Let NV be a proper elementary extension of M. Because ¢(M, @,,) is finite
and M < N, ¢(M,a,) = ¢(N,a,). If A C I'(w) is finite, then by choosing
n sufficiently large, @, realizes A in (M, N). Thus, by the Compactness
Theorem, I' is satisfiable.

Suppose that @ realizes I'(w) in (N, M’) where M’ =T and N’ is a
proper elementary extension. Then, ¢(M’,@) is an infinite set such that
o(M',a) = ¢(N',a), contradicting the fact that there are no Vaughtian
pairs of models of T'.
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Note that if n is as in Lemma 6.1.14, then in any elementary extension

N of M, |¢(N,b)] is infinite whenever |¢p(N,b)| > n.

Corollary 6.1.15 IfT has no Vaughtian pairs, then any minimal formula
is strongly minimal.

Proof Let ¢(7) be a minimal formula over M = T (possibly with parame-
ters). Suppose, for purposes of contradiction, that there is an elementary
extension NV of M, b € N, and an £-formula (7, ™) such that ¥ (N, b) is
an infinite coinfinite subset of ¢(N).

By Lemma 6.1.14, there is a number n such that, for any M < N’ and
a € N, ¥(N’,a) is an infinite coinfinite subset of ¢(N’) if and only if
[N, @) N d(N')| > n and |-(N’,a) N d(N')| > n. But

M v ([p(M, ) N p(M)| < nV [=(M, ) N gM)] < n).

Because this is a first-order statement, it must also be true in A/, a contra-
diction.

Corollary 6.1.16 If T is w-stable and has no Vaughtian pairs, then for
any M | T there is a strongly minimal formula over M. In particular,

there is a strongly minimal formula with parameters from My, the prime
model of T.

The Categoricity Theorem

Our proof of categoricity will follow the argument in Theorem 6.1.11. We
can find a strongly minimal formula ¢(v) over the prime model. If M and
N are models of T of the same uncountable cardinality, then we can find
a partial elementary bijection between ¢(M) and ¢(N'). The next lemma
allows us to extend this to an isomorphism between M and N.

Lemma 6.1.17 If T has no Vaughtian pairs, M = T, and X C M™ is
infinite and definable, then no proper elementary submodel of M contains
X. If, in addition, T is w-stable, then M is prime over X.

Proof Let ¢(v) define X. If A/ is a proper elementary submodel of M
containing X, then X = ¢(M) = ¢(N) and (M, N) is a Vaughtian pair.

If T is w-stable, then by Theorem 4.2.20, there is ' < M, a prime model
over X. Because T has no Vaughtian pairs, we must have N' = M, so M
is prime over X.

We can now prove the Baldwin—Lachlan characterization of uncountably
categorical theories and deduce Morley’s Categoricity Theorem.

Theorem 6.1.18 Let T be a complete theory in a countable language with
infinite models, and let k be an uncountable cardinal. T is k-categorical if
and only if T is w-stable and has no Vaughtian pairs.
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In particular, if T is k-categorical for some uncountable cardinal k, then
T is A-categorical for all uncountable cardinals X.

Proof

(=) If T is k-categorical, then, by Corollaries 5.2.10 and 5.2.11, T is
w-stable and has no Vaughtian pairs.

(<) Suppose that T is w-stable and has no Vaughtian pairs. Because T is
w-stable, it has a prime model M. By Lemma 6.1.13 and Corollary 6.1.15,
there is ¢(v), a strongly minimal formula with parameters from M.

Suppose that M and N are models of T of cardinality x > N;. We
can view M and N as elementary extensions of M. Then dim(¢(M)) =
dim(¢(N)) = k. By Theorem 6.1.11, there is f : ¢(M) — ¢(N), a partial
elementary bijection. By Lemma 6.1.17, M is prime over ¢(M). Thus, we
can extend f to an elementary f’ : M — AN. But, by Lemma 6.1.17, N/
has no proper elementary submodels containing ¢(N). Thus f’ is surjective
and f’ is an isomorphism.

Because the Baldwin—Lachlan characterization of k-categorical theories
does not depend on k, T is k-categorical for some uncountable cardinal if
and only if T is A-categorical for every uncountable cardinal .

The proof shows that if M is the prime model of T, ¢(v) is a strongly
minimal formula with parameters from some finite A C My, M, N E T,
and dim(¢p(M)/A) = dim(¢(N)/A), then M = N. Because there are only
R possibilities for dim(M/A), we also get an upper bound on the number
of countable models.

Proposition 6.1.19 If T is uncountably categorical, then I(T,Rg) < Vg.

Note that in the analysis above we did not assert that if M = A/, then
dim(p(M)/A) = dim(¢(N)/A). This converse is true if A = 0. If ¢(v)
is a strongly minimal L-formula, then any isomorphism maps ¢(M) onto
@(N). In this case, dim(¢p(M)) = dim(¢(N)). What values are possible for
dim(p(M))?

Lemma 6.1.20 Suppose that T is an w-stable L-theory and ¢(v) is a
strongly minimal L-formula (with no additional parameters). Suppose that
M E T and dim(¢p(M)) = n < Rg. Then, for all m > n there is N =T
with dim(¢(N)) = m.

Proof Let M* =T be an w-saturated elementary extension of M. It is
easy to see that dim(¢(M*)) > V. Let aq, . .., a, be independent elements
of ¢(M*). By Theorem4.2.20, there is N' < M* prime over a, where every
b € N realizes an isolated type over @.

In M, ¢(M) is infinite and ¢(M) is the algebraic closure of n in-
dependent elements. Because m > n, acl(a) is infinite. We claim that
d(N) = acl(@). Suppose not. Let b € ¢(N) \ acl(@). There is 0(v,a)
isolating tp? (b/@). Because b ¢ acl(@), #(N) \ O(N,a) is finite. Because
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acl(a@) is infinite, there is ¢ € acl(a) such that ¢(c) and 6(c,a@). But then
tpVN (¢/a) = tp™V (b/a@), because 0(v, @) isolates tp™ (b/a@). This is impossible
because b & acl(@). Thus, ¢(N) = acl(a) and dim(¢p(N)) = m.

Thus, the set of dimensions for a strongly minimal £-formula in a count-
able model is either {Ro} or {n,n+1,...} U{Ng} for some n.

Corollary 6.1.21 If T is uncountably categorical and there is a strongly
minimal L-formula, then either T is Rg-categorical or I(T,Ro) = Np.

The situation is much more murky if we really need to use parameters
from the prime model. Suppose that My is the prime model of T';, M and
N are elementary extensions of Mo, and the strongly minimal formula ¢(v)
is (v, @), where v is an L-formula and @ € My. A priori it seems possible
that dim(¢(M)) # dim(¢(N)), but there is b € N with tp™(a) = tp ()
and dim(y (M, a)/a) = dim(x»(N,b)/b). Then, we could find f : M — N,

an isomorphism with f(@) = b, and have M = N despite the fact that
dim(¢p(M)) # dim(¢p(N)). In fact, this does not happen.

Theorem 6.1.22 (Baldwin—Lachlan Theorem) If T is uncountably
categorical but not Ng-categorical, then I(T,Ry) = Rg.

A generalization of this was later proved by Lachlan.

Theorem 6.1.23 IfT is superstable but not Ng-categorical, then I(T,Rg) >
Ng.

The proofs of these results use more detailed results from stability theory
than we will develop here. The reader can find the proofs in [7] or [18].

6.2 Morley Rank

Throughout this chapter, T" is a complete theory with infinite models.

In this section, we will develop Morley rank, one of the most impor-
tant tools for analyzing w-stable theories. Morley rank provides a notion
of “dimension.” We begin with an illustration from linear algebra. Suppose
that K is an infinite field and V' C K" is an m-dimensional vector space.
Suppose that f is a linear function that is not constant on V. For a € K,
let V, = {& € V: f(x) = a}. Then, {V, : a € K} is an infinite family
of (m — 1)-dimensional affine subsets of V. Morley rank is an attempt to
generalize this property of dimension. The basic idea is that if a definable
set X contains infinitely many pairwise disjoint sets of dimension m, then
X should have dimension at least m + 1. To make this precise, we must
allow arbitrary ordinals to occur as dimensions.

Definition 6.2.1 Suppose that M is an L-structure and ¢(7) is an Ly;-
formula. We will define RM™ (¢) the, Morley rank of ¢ in M. First, we
inductively define RM™(4) > a for a an ordinal:
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i) RM™M(¢) > 0 if and only if ¢(M) is nonempty;

ii) if o is a limit ordinal, then RM™(¢) > « if and only if RM™(¢) > 8
for all 8 < «;

iii) for any ordinal a, RM™(¢) > o + 1 if and only if there are L£j;-
formulas 11 (7), ¥2(7), . .. such that 1 (M), P2(M), ... is an infinite family
of pairwise disjoint subsets of ¢(M) and RM™ (1) > « for all i.

If ¢(M) = 0, then RMM(¢) = —1. If RM™M(¢) > o but RM™M (¢) # a+
1, then RM™(¢) = a. If RM™M(¢) > « for all ordinals «, then RM™ (¢) =
Q.

We would like to define Morley rank so that it does not depend on which
model the parameters come from. The next lemmas show that we can elim-
inate dependence on the model if we restrict our attention to Ng-saturated
models. We first show that if M is Ro-saturated, then RM™ (0(7,@)) de-
pends only on tp™(@).

Lemma 6.2.2 Suppose that Q(@, w) is an L-formula, M is Rg-saturated,
@,b e M and tp™M (@) = tp™M(b). Then RM™M(0(7,a)) = RMM (0(7,D)).

Proof We prove by induction on « that if 6(7,w) is any L-formula and
tpM (@) = tp™M(b), then RMM((v,a)) > « if and only if RM™M (6(w,b)) >
.

Because tpM(a) = tp™(b), 0(M, @) = 0 if and only if (M, b) = 0. Thus,
RM™M(0(7,@)) > 0 if and only if RMM(0(T, b)) >

If o is a limit ordinal and the claim is true for all [ < «a, then

RMM(0(7,a)) > a « RMM(9(T,a)) > forall B<a

& RMM(0(w,b)) > B forall § <, by induction

& RMM(0(,D)) > a.

Suppose that the claim is true for o and RM™(0(,@)) > a + 1. There are
L p-formulas 11, ¥, . . . such that ¢ (M), 13(M), . .. is an infinite sequence
of pairwise disjoint subsets of #(M, @) and RM™(¢);) > a for all 7. For each
i, there is an L-formula x; (7, w1, ..., wn,) and ¢; € M™: such that 1;(7) is
Xz(v C;). Because M is Ro- saturated we can do a back-and-forth argument
to find dy, ds, . .. such that

for all m < w. Then, x1(M,d;), x2(M,dz), ... is an infinite sequence of
pairwise disjoint subsets of #(M,b) and, by induction, RM™M (x;(7,d;)) >
. Thus RMM(0(7,0)) > o + 1.

A symmetric argument shows that if RMM(#(7,0)) > o + 1, then
RMM(0(7,a)) > a + 1.
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Thus, by induction, RM™ (0(7,a)) > « if and only if RM™M (0(7,b)) > «
for all a. Consequently,

RMM(6(w,@)) = RMM(6(3,D)).

Lemma 6.2.3 Suppose that M and N are Ng-saturated models of T and
M < N. If ¢ is an Ly-formula, then RMM(¢) = RMV (¢).

Proof We will prove by induction on « that if ¢ is an L£y;-formula, then
RM™M(¢) > « if and only if RMY (¢) > a.

Because M < N, ¢(M) = 0 if and only if ¢(N') = 0. Thus, RM™M(¢) > 0
if and only if RM™ (¢) > 0.

Suppose that «a is a limit ordinal. Then

RMM(6(0)) > a & RMM(¢) >4 forall § < a
& RMY (¢) > B for all § < «, by induction

) >
& RMY(9) > a.

If RMM (¢) > a+ 1, then we can find Ly;-formulas 11,19, ... such that
1 (M), 1h2(M), ... is an infinite sequence of pairwise disjoint subsets of
¢(M) and RMM (1;) > « for all 4. By induction, RMN(wi) > «. Because
M <N, 1 (N), 2 (N), ... is an infinite sequence of pairwise disjoint sub-
sets of ¢(N). Thus RMV (¢) > o + 1.

Suppose that RMN(¢) > a + 1. There are Ly-formulas 11,19, ... such
that 11 (N), 9o(N),. .. is an infinite family of pairwise disjoint subsets of
»(N) and RM* (1;) > o for all i. Let @ be the parameters from M occurring
in the formula ¢. Let ¥;(v) be 6;(7, b;), where 6; is an L-formula and b; € N.
Because M is Ng-saturated, we can find ¢1,¢s,... in M such that

tpN(@, by, ... b)) = tpM(@, T, .. Cm) = PV (@, C1, ., T)

for m < w. By Lemma 6.2.2, RMV(6;(v,5;)) > a. By induction,
RM™M(6;(7,%)) > a. Consequently, RMM(¢) > o + 1.
This concludes the induction. Thus RM™(¢) = RMY (¢).

Corollary 6.2.4 Suppose that M is an L-structure, ¢ is an Ly-formula,
and Ny and N7 are Ng-saturated elementary extensions of M. Then
RM* (¢) = RMM (¢).

Proof By Exercise 2.5.11 there is Ms, a common elementary extension
of My and V7. Let A3 be an Ng-saturated elementary extension of N5. By
Lemma 6.2.3, RM™ (¢) = RM™? (¢) = RM1 ().

Corollary 6.2.4 allows us to define the Morley rank of ¢ in a way that
does not depend on which model contains the parameters occurring in ¢.
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Definition 6.2.5 If M is an L-structure and ¢ is any L-formula, we define
RM(¢), the Morley rank of ¢, to be RMN(¢), where A is any Ng-saturated
elementary extension of M.

Morley rank gives us our desired notion of “dimension” for definable sets.

Definition 6.2.6 Suppose that M =T and X C M™ is defined by the
L p-formula ¢(v). We let RM(X), the Morley rank of X, be RM(¢).

In particular, if M is Nyp-saturated and X C M™ is definable, then
RM(X) > a + 1 if and only if we can find Y7,Ys,... pairwise disjoint
definable subsets of X of Morley rank at least a.

The next lemma shows that Morley rank has some basic properties that
we would want for a good notion of dimension.

Lemma 6.2.7 Let M be an L-structure and let X and Y be definable
subsets of M™.

i) If X CY, then RM(X) < RM(Y).

it) RM(X UY) is the mazimum of RM(X) and RM(Y').

iii) If X is nonempty, then RM(X) = 0 if and only if X is finite.

Proof We leave the proofs of i) and ii) as exercises.

iii) Let X = ¢(M). Because X is nonempty, RM(¢) > 0. Because ¢p(M)
is finite if and only if ¢(N) is finite for any M < N, we may, without loss
of generality, assume that M is Ny-saturated. If X is finite, then, because
X cannot be partitioned into infinitely many nonempty sets, RM(X) # 1.
Thus RM(X) = 0. If X is infinite, let a1, ag, ... be distinct elements of X.
Then, {a1},{az},... is an infinite sequence of pairwise disjoint definable
subsets of X. Thus RM(X) > 1.

We will be interested in theories where every formula is ranked.

Definition 6.2.8 A theory T is called totally transcendental if, for all
M ET,if ¢ is an Ly-formula, then RM(¢) < oo.

The Monster Model

The definition we just gave of Morley rank is rather awkward because
even if a formula has parameters from M | T we need to work in an
No-saturated elementary extension to calculate the Morley rank. Then, to
show that Morley rank is well-defined, we must show that our calculation
did not depend on our choice of Ny-saturated model. Arguments such as
this come up very frequently and tend to be both routine and repetitive. To
simplify proofs, we will frequently adopt the expository device of assuming
that we are working in a fixed, very large, saturated model of T'.

Let M = T be saturated of cardinality x, where k is “very large.” We
call M the monster model of T. If M =T and |M| < &, then by Lemma
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4.3.17 there is an elementary embedding of M into M. Moreover, if M < M,
f: M — N is elementary, and |N| < , we can find j : N' — M elementary
such that j|M is the identity. Thus, if we focus attention on models of T
of cardinality less than x, we can view all models as elementary submodels
of M.

There are several problems with this approach. First, we really want
to prove theorems about all models of T, not just the small ones. But
if there are arbitrarily large saturated models of T, then we can prove
something about all models of T by proving it for submodels of larger and
larger monster models. Second, and more problematic, for general theories
T there may not be any saturated models. For our purposes, this is not a
serious problem because, for the remainder of this text, we will be focusing
on w-stable theories and, by Theorem 4.3.15, if T is w-stable, there are
saturated models of T' of cardinality « for each regular cardinal . If we
were considering arbitrary theories, we could get around this by making
some extra set-theoretic assumptions. For example, we could assume that
for all cardinals A there is a strongly inaccessible cardinal x > A. Then, by
Corollary 4.3.14, there are arbitrarily large saturated models.

We will tacitly assume that T" has arbitrarily large saturated models, and
thus we can prove theorems about all models of T" by proving theorems
about elementary submodels of saturated models.! We will only use this
assumption in arguments where, by careful bookkeeping as in the proofs
above, we could avoid it.

For the remainder of the chapter, we make the following assumptions:

e M is a large saturated model of T

e all M = T that we consider are elementary submodels of M and
| M| < M;

e all sets A of parameters that we consider are subsets of M with |A] < M

o if ¢(7,a) is a formula with parameters, we assume @ € M;

e we write tp(a/A) for tp"(@/A) and S, (A) for SM(A).

Note that if @ € M, then, because M < M, M [ ¢(a) if and only if
M E ¢(a). We will say that ¢(a) holds if Ml = ¢(a).

Because M is saturated, if A C M and p € S, (A), then p is realized in
M. Moreover, if f: A — M is a partial elementary map, then f extends to
an automorphism of M.

We could define Morley rank referring only to the monster model. The
Morley rank of an Ly-formula is inductively defined as follows:

RM(¢) > 0 if and only if ¢(M) is nonempty;

RM(¢) > a + 1 if and only if there are Ly-formulas 11,5, ... such
that 91 (M), 9(M),... is an infinite sequence of pairwise disjoint subsets
of (M) and RM(v);) > « for each i;

1There are other approaches to the monster model, which we discuss in the remarks
at the end of this chapter.
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if v is a limit ordinal, RM(¢) > « if and only if RM(¢) > § for each
8 < a.

Morley Degree

If X is a definable set of Morley rank «, then we cannot partition X into
infinitely many pairwise disjoint definable subsets of Morley rank «. Indeed,
we will show that there is a number d such that X cannot be partitioned
into more than d definable sets of Morley rank a.

Proposition 6.2.9 Let ¢ be an Ly-formula with RM(¢) = « for some
ordinal «. There is a natural number d such that if ¥q1,...,%, are Ly-
formaulas such that ¢y (M),. .., ¢, (M) are disjoint subsets of ¢p(M) such
that RM(¢;) = « for all i, then n < d.

We call d the Morley degree of ¢ and write degy;(¢) = d.

Proof We build S C 2<% and (¢, : 0 € S) with the following properties.

i)Ifc e Sand 7 C o, then 7 € S.

it) 6y = 0.

iii) RM(¢y) = a for all o € S.

iv) If o € S, there are two cases to consider. If there is an Ly-formula
¥ such that RM (¢, A ¥) = RM(¢p, A —)) = v, then 0,0 and 0,1 are in S,
D00 18 ¢o AN, and ¢4 1 is ¢o A —1p. If there is no such ¢, then no 7 D o is
in S.

The set S is a binary tree. We claim that S is finite. If S is infinite,
then, by Konig’s Lemma (see Lemma A.21), there is f : w — 2 such that
fln € S for all n. Let ¢, be the formula ¢, A ~¢f|p41 for n =1,2,....
Then, RM(¢),,) = « for all n and 11 (M), ¢2(M), ... are disjoint subsets of
»(M). But then RM(¢) > a+ 1, a contradiction. Thus, S is finite.

Let So = {0 € S : 7 & S for all 7 D o} be the terminal nodes
of the tree S. Let d = |Sp|, and let t1,...,9%4 be an enumeration of
{¢s : 0 € Sp}. Then, RM(¢);) = « for all i, ¢(M) is the disjoint union
of (M), ...,¥qe(M), and, for each i, there is no formula y such that
RM(¢); A x) = RM(¢; A =x) = a.

Suppose that 61, ...,0, is a sequence of Ly-formulas of Morley rank «
such that 61 (M),...,0,(M) is a sequence of pairwise disjoint subsets of
»(M). We claim that n < d. By our choice of 91, ...,1q4, for each i < d,
there is at most one j < n such that RM(¢; A 6;) = a. If n > d, there is
7 < n such that RM(t; A 0;) < afor all i < d. But

d
M = 65 < \/ i A 6.

i=1

Thus, by Lemma 6.2.7, RM(@;) < @, a contradiction.
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Strongly minimal formulas can be described using Morley rank and de-
gree.

Corollary 6.2.10 A formula ¢ is strongly minimal if and only if RM(¢) =
degy(¢) = 1.

Proof If ¢ is strongly minimal, then, because ¢(M) is infinite, RM(¢) >
1. Because ¢(M) cannot be partitioned into two definable infinite sets,
RM(¢) =1 and degy(¢) = 1.

On the other hand, if RM(¢) = degy;(¢) = 1, then ¢(M) is infinite and
cannot be partitioned into two infinite definable sets. Thus, ¢ is strongly
minimal.

Recall from Exercise 5.5.6 that a formula ¢(7, @) has the order property if
there are @y, by, @2, ba, . .. in M such that M = ¢(a;, b;) if and only if i < j.
We can use Morley rank and degree to show that in totally transcendental
theories no formula has the order property.

Proposition 6.2.11 If T is totally transcendental, then no formula has
the order property.

Proof Suppose, for purposes of contradiction, that ¢(7,w) has the order
property. By compactness and saturation, we can find (Eq,gq :q € Q) such
that M |= ¢(a@g, b,) if and only if ¢ < r. Note that {qg € Q : ¢(@,,b,)} =
(—o0,7) is an infinite convex set. Thus, there is 1(v), an Ly-formula of
minimal rank and degree such that C' = {¢g € Q : M = 9(a@,)} is an infinite
convex set. Choose 7 in the interior of C. Let 1o(7) be ¥(v) A (v, b,.), and
let 11 (v) be ¥(V) A=¢ (T, b;.). The set {g € Q : 1;(a,)} is infinite and convex
for ¢ = 0, 1, and if neither v; has lower Morley rank than 1, then both have
lower Morley degree, contradicting the minimality of 1.

Ranks of Types

We extend the definitions of Morley rank and degree from formulas to
types.

Definition 6.2.12 If p € S,,(A), then RM(p) = inf{RM(¢) : ¢ € p}. If
RM(p) is an ordinal, then degy;(p) = inf{degy;(¢) : ¥ € p and RM(¢) =
RM(p)}-

If RM(p) < oo, then (RM(p),degy(p)) is the minimum element of
{(RM(¢),degp(#)) : & € p} in the lexicographic order. For each type p with
RM(p) < oo, we can find a formula ¢, € p such that (RM(p),degy(p)) =
(RM(¢p), degpi (¢p))-

Lemma 6.2.13 If p,q € S,(A), RM(p),RM(q) < oo, and p # q, then
bp # &g
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Proof There is a formula ¢ such that ¢ € p and 9 ¢ ¢. Because ¢, A\ € p,
RM(¢, A1) < RM(¢p) < RM(p). Because RM(¢y,) is minimal,

RM(¢p A 9) = RM(¢,) = RM(p).

Similarly,

RM(¢q A =) = RM(¢,) = RM(q).
If ¢, = ¢y, then

RM(¢, A h) = RM(p A —¢0) = RM(¢y).
Thus, degy;(¢p A 1Y) < degyi(¢p), contradicting our choice of ¢p.

Theorem 6.2.14 If T is w-stable, then T is totally transcendental. Con-
versely, if L is countable and T is totally transcendental, then T is w-stable.

Proof

(=) Suppose, for purposes of contradiction, that ¢(vy,...,v,) is an Ly-
formula such that RM(¢) = co. Let 8 = sup{RM(¢) : ¢ an Ly-formula
and RM(v) < oo}.

Because RM(¢) = co > B+ 2, we can find an Ly-formula 1 such that
RM(pAp) > B+1and RM(¢ A1) > 5+ 1. Then RM(¢p Ap) = RM(o A
) = o,

Iterating this construction, we can build a binary tree of Ly-formulas
(¢ : 0 € 2<¥) such that:

i) ¢ = ¢;

ii) RM(¢y) = oo for all o;

iii) for each o there is a formula ¥, such that ¢,0 = ¢, A P, and
d)ml = ¢a A =g

There is a countable A C M such that each ¢, is an £ -formula. Then,
|Sn(A)] = 2% so T is not w-stable.

(<) Suppose that |A| < Ry. For each p € S,,(4), RM(p) < oo so there is
¢p as above. Because ¢, # ¢4 for p # ¢ and there are only countably many
choices for ¢y, |S,(A)| < Ry. Thus, T is w-stable.

Because we are concentrating on theories in countable languages, we will
not mention totally transcendental theories again, but the reader should
note that many of the results we state for w-stable theories only use the
existence of ranks and thus follow for totally transcendental theories as
well.

Definition 6.2.15 If A C M and @ € M, we write RM(a) for RM(tp(a))
and RM(a/A) for RM(tp(a/A)).

The following facts are easy to prove and we leave them as exercises.

Lemma 6.2.16 i) If X C M" is definable, then RM(X) = sup{RM(a/A) :
ae X, ACM, |A| < |M|, X, A-definable}.
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it) If X C M" is definable, and § < RM(X), then there is a definable
Y C X with RM(Y') = 8. In particular, if RM(X) = « and § < a we can
find disjoint definable sets Y1,Ys, ... such that each Y; has Morley rank «.

iii) For any La-formula ¢, [{p € S,(M) : ¢ € p and RM(p) = RM(¢)}| =
deg; ().

Next, we prove an important generalization of Lemma 6.2.7 iii).

Lemma 6.2.17 Suppose that A C M, a,b € M, and b is algebraic over
Au{a}. Then RM(a,b/A) = RM(a/A).

Proof Without loss of generality we will assume that A = (). We leave as
an exercise the proof that RM(a, b) > RM(a@). We will prove by induction
on « that if @,b € M, b is algebraic over @, and if RM(a,b) > «a, then
RM(a) > a.

By Exercise 6.6.10, RM(@) > 0. Thus, the claim is true for o = 0. If v is
a limit ordinal and the claim is true for all 3 < «, then it is also true for a.

Suppose that the claim is true for o and RM(@, b) > a+ 1. By induction,
RM(a) > a. Suppose, for purposes of contradiction, that RM(a) = «. Let
¢(v) be an L-formula such that RM(¢(7)) = « and there is no L-formula
¢1 such that RM(¢ A ¢1) = RM(¢p A —¢1) = a.

Because b is algebraic over a, there is a formula (7, w) such that +(a, b)
and [{z : ¢¥(a,z)}| = n. Let QAS(@, w) be the formula

o) AT, w) A {z : (@, )} =n.

Because ¢(a,b) holds and RM(a,b) > a, RM(¢) > a. Suppose that
01,05, ... are Ly-formulas such that 61 (M), 82(M), ... is a sequence of dis-
joint subsets of ¢(M) and RM(6;) > « for all i. Let x;(7) be the formula
Jw 6;(v, w).
Claim 1 RM(y;) > « for all 4.

Because RM(6;) > «, there is ¢, d € M such that 0;(¢, d) and RM(¢, d) >
a. By induction, RM(¢) > a. Because x;(¢), RM(x;) > a.
Claim 2 RM(x1 A ... A Xm) > « for all m.

Suppose that m is least such that this fails. Then

m—1
RM(XI /\-~'/\me1) =RM (Xrn/\j /\ XZ) > a,
i=1
contradicting our assumption that we cannot find an L-formula ¢; such
that ¢ A ¢1 and ¢ A =¢1 both have rank a.

Because M is saturated, we can find ¢ € M such that x;(¢) for all i. For
each i, we can find d; such that 6;(¢, d;). Because the 6;(M) are disjoint,
dy,ds, ... are distinct. But 6;(M) C ¢(M). Thus, ¥(¢,d;) holds for all 4,
contradicting the fact that |{z : (¢, z)}| = n. Thus, RM(@) > o+ 1 and
the lemma follows by induction.
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In particular, this shows that Morley rank is preserved by definable bi-
jections or indeed definable finite-to-one functions.

Corollary 6.2.18 Suppose that T is w-stable, M ET, X CM" Y CM™
are definable, and f : X =Y is a definable finite-to-one function from X
onto Y. Then RM(X) = RM(Y).

Proof Let A C M such that X,Y and f are definable over A. Suppose
that f(a) = b. Then, b is definable over A, @ and, because f is finite-to-one,
a is algebraic over A,b. By Lemma 6.2.17

RM(a@/A) = RM(@, b/A) = RM(b/A).
If @ € X such that RM(a/A) = RM(X), then
RM(Y) > RM(f(a)/A) = RM(a/A) = RM(X).

On the other hand, if b € Y such that RM(b/A

) = RM(Y'), then, because
f is surjective, there is @ € X such that f(a) = b and

RM(X) > RM(a/A) = RM(b/A) = RM(Y).
Hence RM(X) = RM(Y).

Morley Rank in Strongly Minimal Theories

In strongly minimal theories, Morley rank agrees with the notion of di-
mension introduced in Definition 6.1.10. Recall that a theory is strongly
minimal if the formula v = v is strongly minimal (i.e., if M is a strongly
minimal set).

Theorem 6.2.19 Suppose that T is a strongly minimal theory. If A C M
and @ € M, then RM(a/A) = dim(a/A).

Proof We will first show by induction that if aq,...,a; are independent
over A, then RM(a) = k. We prove this by induction on k.

Suppose that k = 1. If ¢(v) € tp(a/A), then, because a ¢ acl(A), ¢(M)
is infinite and RM(¢) > 1. Because T is strongly minimal RM(v = v) = 1.
Thus RM(¢) <1

Suppose k > 1 and a4, . .., a, are independent over A. Let ¢(v) € tp(a/A)
be a formula of minimal Morley rank. We first argue that RM(a/A) > k.
Let by, ba, ... be distinct elements of M that are not in acl(A). Let ¢;(7) be
the formula ¢(T) Avy = b;. Clearly, ¥ (M), 12 (M), ... is a family of pairwise
disjoint subsets of p(M). If co, . . ., ¢k are independent over AU{b;}, then, by
Lemma 6.1.6, tp(b;,¢/A) = tp(a1,...,ar/A). In particular, M = ¢(b;,¢).
Thus M [ ;(b;,¢). Then

M(¢;) > RM(b;,¢/A) > RM(¢/A)
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and, by induction, RM(¢/A) > k—1. Thus, RM(¢;) > k—1 and RM(¢) > k.
Hence RM(a/A) > k.

Next, we show that RM(a/A) < k. Let M be an Rg-saturated model
containing A. If dy, ..., d; are independent over M, then, by Lemma 6.1.6,
tp(@/A) = tp(d/A) so we may without loss of generality assume that
ai,...,ar are independent over M. Suppose that (7) is an £/-formula
such that (M) C ¢(M) and —)(@). It suffices to show that RM(¢)) < k. If
¥(b), then, because tp(b/M) # tp(a/M), by, ..., by, are dependent over M.
By permuting variables, we may assume that by, € acl(M,by,...,bg_1). Let
0(v) be an Ly-formula such that [{w : 0(by,...,bk—1,w)}| = s for some
s < w. Replacing ¢ by

1/1@) A |{w : 0(’01, e 7Uk—1a'w)}| EX

we may assume that if ¥(¢), then ¢ € acl(M,c1,...,cr—1).

Choose ¢q, . .., ¢ such that 9 (¢) and RM(¢) = RM(¢/M). By permuting
variables, we may assume that cq,...,¢; are independent over M and ¢ €
acl(M,cy,...,¢) for some | < k. But then, by Lemma 6.2.17,

RM(¢) = RM(¢/M) = RM(eq,...,c1/M)

and RM(¢q,...,¢/M) =1 < k by induction.

The equivalence of Morley rank and dimension will allow us to conclude
that Morley rank is definable in strongly minimal theories.

Lemma 6.2.20 Let T be strongly minimal. Suppose that C C M™T" is
definable. Let Cz = {T € M" : (a,T) € C} fora € M™. The set Y, =
{a e M : RM(C3) > k} is definable for each k < n.

Proof We prove this by induction on n.
Suppose that n = 1. We first note that there is a number N such that
|Cz| < N or M\ Cz| < N for all @ € M™ because otherwise the type

s 2s
{31}1,...,1}25 /\vi # vj A /\¢(E7vi)/\ /\ —¢(W,v;) 1 s = 1,2,...}
i) i=1 i=s+1

is satisfiable and a realization violates strong minimality.

Thus, RM(C5) > 1 if and only if |C3| > N, so Y71 is definable. Clearly,
Yl,O = {E: 3@ w e CE}.

Suppose that n = s+1. We work by induction on k. Clearly, Y;, o = M" is
definable. For @ € M™, let Bz = {b € M* : 3y (b,y) € Cz}. If RM(Bg) > k,
then RM(Cgz) > k. Suppose that RM(Bg) < k. If b € Bz and (b,c) € Cg,
then dim(b, c¢) = dim b + dim(c/b). Let Az = {b € M?® : {y : (b,y) € Cg} is
infinite}. As above, there is an N (independent of @) such that

be Az if and only if |{y: (b,y) € Cz}| > N.
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Thus, Az is definable and RM(Cz) > k if and only if RM(A4g) > k — 1.
Thus, RM(Cgz) > k if and only if RM(Bz) > k or RM(Ag) > k — 1, so,
by induction, Y, j is definable.

Morley Rank in Algebraically Closed Fields

For algebraically closed fields, we will show that Morley rank is equal to
the classical notion of dimension from algebraic geometry.

Definition 6.2.21 Let K be an algebraically closed field. Let V' C K™ be
an irreducible algebraic variety. Let I(V') be the prime ideal of polynomials
in K[Xy,...,X,] vanishing on V. The Krull dimension of V is the largest
number m such that there is a chain of prime ideals

IV)=PhcP,CP,C...CP,CK[Xi,...,X,]

If V has Krull dimension 0, then I(V') is a maximal ideal. Because K is
algebraically closed, I(V') is the ideal generated by X; — as,..., X, — a,
for some ay,...,a, € K and V is the single point {G}.

There are many alternative characterizations of dimension. For example,
the Krull dimension is the minimum of the vector space dimension of the
tangent space to V at points p € V. If K = C and V is smooth, then
the Krull dimension is equal to the dimension of V' as a complex man-
ifold. We will use another characterization of dimension. If V- C K™ is
an algebraic variety, the function field of V is K(V), the fraction field of
K[X1,...,X,]/I(V).

Theorem 6.2.22 If K is an algebraically closed field and V- C K™ is an
wrreducible variety, then the Krull dimension of V is equal to the transcen-

dence degree of the function field K(V') over K.

Proof See [6] §11.

It follows that in algebraically closed fields, the Morley rank of a variety
is equal to the Krull dimension.

Corollary 6.2.23 If K is an algebraically closed field and V- C K" is an
irreducible variety, then RM(V') is equal to the Krull dimension of V.

Proof We prove this by induction on the Krull dimension of V. If V' has
Krull dimension 0, then V is a point and RM(V') = 0.

Suppose that V" has Krull dimension k& > 0. Let ¢(7) be the £g-formula
defining V. If @ € ¢p(M), let V7 C V be

{ZeK": f(a)=0— f() =0 forall fe K[X]}
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(i.e., Vi is V(Iz) where I is the prime ideal of polynomials in K[X] van-
ishing at @). If V7 C V, then V has Krull dimension at most k£ — 1 and, by
induction,

RM(a/K) < RM(V;) < k — 1.

Suppose that Vz = V. Then, Iz = I(V) and the field K(a) is ex-
actly the function field K (V). By Theorem 6.2.19 RM(a/K) = dim(a/K).
By Proposition 3.2.15, the model-theoretic notion of algebraic closure
agrees with the classical algebraic notion in algebraically closed fields.
Thus, RM(@/K) is the transcendence degree of K (V'), which is k. Because
RM(V) = max{RM(a/K) :a € ¢(M)}, RM(V) = k.

Suppose that K is an algebraically closed field and K is a large saturated
model with K < K. If V' C K" is an irreducible algebraic variety defined
by polynomial equations with coefficients in K, then we can also consider
V(K) the subset of K™ defined by the same system of equations. By model-
completeness, V(K) is still irreducible (see Exercise 3.4.17).

Definition 6.2.24 We say that @ € V(K) is a generic point of V over K
if a ¢ W(K) for any Zariski closed W C V defined over K.

If Iz = {f € K[X]: f(a) = 0}, then @ is a generic point if and only if
Iz = I(V). The following lemma will motivate an important definition in
Chapter 7. We leave the proof as an exercise.

Lemma 6.2.25 If V C K" is an irreducible Zariski closed set and @ €
V(K), then RM(a/K) = RM(V) if and only if a is a generic point of V.

The following lemma will be useful in Chapter 7.

Lemma 6.2.26 Suppose that V. C K" is an irreducible closed set, X C K™
is constructible, and RM(X) = RM(V'). There is an open O C K" such
that ONV C X and ONV # 0.

Proof By quantifier elimination, X = (., F; N O; where F; C F is
Zariski closed, O; C K™ is Zariski open, and F; N O; is nonempty. Because
RM(X) = RM(V) and V is irreducible, X is not contained in any proper
closed subset of F'. Thus, there is an ¢ such that F; = F and FNO; C X.

6.3 Forking and Independence

For this section we assume that T is a complete w-stable theory.

Suppose that we have a type p € S,(A4) and A C B. It will often be
important to find ¢ € S,,(B) with p C ¢ such that ¢ is as “free” as possible
(i.e., ¢ imposes the fewest possible restrictions on its realizations). For ex-
ample if K is an algebraically closed field, k£ C [ are subfields and p € 51 (k)
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is the type of an element transcendental over k. Then ¢ will be the type of
a transcendental over I. Any other r € S1(l) will be less “free” as we have
asserted that v satisfies algebraic equations that are not imposed by p. The
next definition describes the “free” extensions.

Definition 6.3.1 Suppose that A C B, p € S,(4), ¢ € Sp(B), and p C gq.
If RM(q) < RM(p), we say that ¢ is a forking extension of p and that ¢
forks over A. If RM(q) = RM(p), we say that ¢ is a nonforking extension
of p.

The nonforking extensions will be the “free” ones.? Our first goal is to
show that nonforking extensions exist.

Theorem 6.3.2 (Existence of nonforking extensions) Suppose that
p € Sp(A) and A C B.

i) There is q € Sy (B) a nonforking extension of p.

it) There are at most degy;(p) nonforking extensions of p in S,(B), and,
if M is an Rg-saturated model with A C M, there are ezxactly degy;(p)
nonforking extensions of p in Sp(M).

iii) There is at most one q € S, (B), a nonforking extension of p with
degyi(p) = degy(q)- In particular, if degy(p) = 1, then p has a unique
nonforking extension in Sy (B).

Proof Let ¢(7) € p be of minimal Morley rank and degree with RM(¢) =
a.

i) Let M be an Ny-saturated model containing B. Let ¢ (7) be an Ljy;-
formula such that (M) C ¢(M), RM(¢)) = «, and degy,(¢)) = 1.

Let ¢ = {0(v,b) : 0 is an L-formula, b € B, and RM(0(v,b) A (7)) = a}.
Because RM(¢)) = a, for any Lp-formula x(v) either x € g or =x € gq.
Because degy;(¥) = 1 if x1, x2 € ¢, then x1 A x2 € ¢. In particular, for any
X (), exactly one of y and —x is in ¢. Thus g € S,(M). Clearly, p C q and
RM(q) = .

ii) Suppose that A C B and ¢y, . . ., g, are distinct nonforking extensions
of p. Let ¢;(7) be a formula of minimal rank and Morley degree in g;.
Then, RM(¢;) = a while RM(¢; A 9;) < « for 4,j < d with ¢ # j. Thus
m < degy ().

If M is an Nyp-saturated model containing A and RM(¢) = d, there are
1, ...,%q such that RM(¢;) = o while RM(¢); A ¢;) < a for 4, j < d with
i # j. As in i), we can find ¢; € S, (M) extending p such that RM(¢;) = «
and ¥; € ¢;. Because 9; & g; for i # j, the g; are distinct.

iii) Exercise.

21t is unfortunately typical of model-theoretic terminology that the desirable property
(in this case nonforking) is defined as the negation of the undesirable property (forking).



6.3 Forking and Independence 229

Definable Types
To analyze nonforking extensions, we need the notion of a definable type.

Definition 6.3.3 We say that a type p € S,,(A) is definable over B if for
each L-formula ¢(7, W) there is an £p-formula d,¢(w) such that

¢(v,a) € p if and only if d,¢(a)
for all @ € A.

We first show that in an w-stable theory every type in S, (A) is definable
over A. We need one lemma.

Lemma 6.3.4 Suppose that M is Ng-saturated, ¢(V) is an Lpr-formula
with RM(¢) = «, and () is an Ly-formula with RM (¢ A ) = a. There
isa € M such that M = ¢ A Y(a).

Proof We prove this by induction on «a. If a = 0, this is clear because
¢ (M) is finite and ¢(M) = ¢(M). Suppose that o > 0. If degy; () = d > 1,
then we can find £/-formulas 64 (), . .., 04(7) of Morley rank o and Morley
degree 1 such that M = ¢(7) < \/0 ( ). We must have RM(¢) A 6;) =

for some ¢, and it suffices to find @ € M such that M | ¢ A 6;(a). Thus7
without loss of generality, we may assume that degy(¢) = 1.

If degy;(¢p) = 1, then RM(¢ A =) = (3 for some 8 < «. Because M is
Rg-saturated, by Lemma 6.2.16 ii) we can find £j;-formulas 04(7), 61(9), . ..
such that RM(0;) = 5 and 0p(M), 61 (M), ... are pairwise disjoint subsets
of ¢(M). Because RM(¢ A —p) = 8, RM(—¢) A 0;) < 8 for some ¢ (indeed,
for all but finitely many 7). Thus, RM(¢) A 6;) = 8 and by induction there
is @ € M such that M =¥ A 6;(a) and M | ¢ A ¢(@).

Theorem 6.3.5 Let M be an Rg-saturated model, ¢(T) be an Lpr-formula
with RM(¢) = «, and (v, w) be an L-formula. The set {b € M :
RM(¢(w,b) A ¢(0)) = a} is definable with parameters from M.

Moreover, if A C M and ¢ is an L a-formula, then {b € M : RM(2) (7, b) A
#(0)) = a} is definable with parameters from A.

Proof We first argue that we may, without loss of generality, assume
degyi (o) = 1. If degp(¢) = d > 1, let 04, ...,04 be Ly-formulas of Morley
rank o and Morley degree 1 such that M = ¢(7) + \/ 6;(7). Because

n

{b € M: RM(¢(v,0) A $(v)) = a} = [ J{b € M: RM(¢(7,5) A 6;(v)) = a},

1=1

it suffices to prove that each set {b € M : RM(¢)(9,b) A 6;(D)) = a} is
definable.

Claim For each ¢ € M such that RM(¢p(T) A ( )) = a, there is a
finite set Xz C ¢(M) N (M, ©) such that for all b, if Xz C (M, b), then
RM(¢(v) A ¢ (v, b)) =
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Suppose not. We build a sequence @, by, @1, b1, . . - violating the order
property such that, @; € ¢(M) N (M, ¢) and RM(¢p(v) A (v, b;)) < a for
all 7. Suppose that we have already constructed ay, by, . . . , Gn, b,. Because

RM <¢(u) ANp(T,8) A\ w@,zm) =a,

i=1
by Lemma 6.3.4 there is

n

@ni1 € GM)NPM,2) \ | ¥(@,b:).

i=1

By assumption, we can find b, such that {@o,...,@n+1} C (M, b,41)
such that RM(¢ A (T, b,41)) < .

By construction, v (a;,b;) if and only if i < j. This violates the order
property.

Let Y = {X C ¢(M) : X is finite, and if X C (M, b), then RM(¢ () A
¥(w,b)) = a}. For each X € Y, let Ox(w) be the £-formula

N\ ¢(@,).

zeX

By the claim,

RM(¢(0) A9 (0,0)) = a = \/ 0x(D).
Xey
Thus, RM(¢(7) A ¢ (0,W)) = « is equivalent to an infinite disjunction of
L y-formulas.
A similar argument with —¢(v,w) shows that RM(¢(7) A (7, W)) = «
is equivalent to an infinite disjunction of L ,;-formulas.
Because M is saturated (see Exercise 4.5.34), there is a finite Yy C Y

such that
\/ 9)((@) > \/ 9)((@)
XeYo Xey
The formula \/yy, Ox(w) is an Ly-formula defining {b : RM(¢(®) A
Y(v,w)) = a}.
Suppose that A C M and ¢ is an L4-formula. If ¢ is any automorphism
of M fixing A pointwise, then, by Lemma 6.2.2,

RM(¢(v) A (7,b)) = a if and only if RM(¢(D) A ¥(7,0(b))) = «

for all b. Because {b : RM(¢(v) A1) (7, b)) = a} is definable and fixed setwise
by any automorphism of M that fixes A pointwise, this set is definable over
A by Proposition 4.3.25.
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Corollary 6.3.6 Ifp € S,,(A), then p is definable over Ag for some finite
Ay C A.

Proof Let ¢(v) € p be of minimal Morley rank and degree. Let Ay C A
such that ¢ is an £ 4,-formula, and let RM(¢) = a. For any formula ¢ (7, @)
and @ € M,

Y(v,a) € p if and only if RM(¢p(v) A (7,a)) = .
By Theorem 6.3.5, this is definable by an £ 4,-formula.

The following corollary shows that if M is w-stable and D C M is
(-definable, then any definable subset of D™ can be defined using only
parameters from D.

Corollary 6.3.7 Suppose that A C M and X C M™ is A-definable. Then,
any Y C X™ is AU X -definable.

Proof Let 1(v,b) define Y. Then Y = {¢ € X" : 4(c,b) € tp(b/X)}.
Because tp(b/X) is definable over X, Y is definable over AU X.

We can use the definition of a type to understand the nonforking exten-
sions. The situation is most clear for types of Morley degree 1.

Proposition 6.3.8 Suppose that p € S,,(A) and degy(p) = 1. Then, p is
definable over A. If B D A, let

PB = {1/)(575) M dpifi(g),g € B,y an L-formula}.

Then, q is the unique nonforking extension of p to B and q is definable
over A—indeed, we can take dqyp = dpip for all L-formulas 1.

Proof Suppose that p € S, (A), RM(p) = a, and degy;(p) = 1. Let ¢(v)
be an L4-formula with RM(¢) = « and degy(p) = 1. If ¢(7,w) is an
L-formula, there is an £4-formula d, such that RM(¢ A (7,7)) = « if
and only if M |= d,¢(@). Suppose that A C B. The proof of Theorem 6.3.2
shows that

q={¥(1,b) : b € B and RM(¢(v) A (v,@)) = o, ¢ an L-formula}
is the unique nonforking extension of p, but
q={¢®,b) : M = dpy(b),b € B, an L-formula}.
Thus, ¢ is definable over A. Indeed we can use d,¢ = d,¢ to define q.

We could replace A by any Ao C A such that there is an £ 4,-formula of
Morley rank « and Morley degree 1.

If degy;(p) > 1, the situation is more complicated. We will show that any
nonforking extension of p € S,,(A) is definable over the algebraic closure of
A in Me4.
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Suppose that M is Rp-saturated, A C M, p € S,,(A), g € S,(M), p C q,
RM(p) = RM(q) = «, and degM( ) = 1. Let ¢(v) and ¢(v,w) be La-
formulas and b € M such that ¢(?) € p is a formula of minimal rank and
degree and ¢ (v,b) € ¢ has Morley rank a and Morley degree 1. We may
assume that ¢ (7, w) implies ¢ (V).

Let X = {¢: RM(¢(v,¢)) = a and Vd if RM(¢)(v,d)) = a, then either
RM(¢(w,¢) A (,d)) < o or RM(¢(v,¢) A —)(v,d)) < a}. By Theorem
6.3.5, X is definable over A.

Define E C X x X by

(¢,d) € E < RM(¥(7,¢) A(v,d)) = a.

Claim FE is an A-definable equivalence relation with at most degy;(¢)
equivalence classes.
By Theorem 6.3.5, E is A-definable. It is clear that £ is symmetric and

reflexive. Suppose ¢Ed and —(¢Ee). Then, RM(¢ (7, d) A= (7,¢)) < o and
RM(¢(7,¢) A(7,€)) < a. Because (T, ¢) A (T, d) implies

(w(@78) A _'77[}(676)) v (w(ﬁaé) A %/1(5’5)),

M(¢(v,d) Ap(v,€)) < a. Thus, =(dE€) and E is an equivalence relation.

If by,...,by € X are E- mequlvalent then (7, b;) defines a Morley rank
a subset of ¢(M) and RM(¢(7,b;) A ¥(0,b;)) < a for i # j. Thus m <
degy; ().

Suppose that ¢Eb. Because degy(¢(v,b)) = 1, RM(¥(7,¢)) = «, and
RM (¢ (w,¢) A (9,b)) < a, (7, ¢) is also a formula in q of Morley rank o
and Morley degree 1. Thus, q is definable over AUE. In fact, for any formula
0(v,z) and @ € M, 0(v,a) € ¢ if and only if RM(¢(7,¢) A 0(v,a)) = a. In
particular, there is an £ 4-formula 8*(w, Z) such that 0(7,a) € ¢ if and only
if 0*(¢,@). The definition of ¢ depends on b/E rather than the choice of €.

We think of b/E as an element of M®? (see Lemma 1.3.10). Because E
is definable over A and has only finitely many equivalence classes b/E is
algebraic over A in M®4. We let acl®d(A) denote the algebraic closure of A
in Meq.

We summarize our analysis in the following theorem.

Theorem 6.3.9 Suppose that A C B, p € S,,(A), q¢ € Sp(B), and q does
not fork over A. There is a € acl®d(A) such that q is definable over AU{a}.
In other words, there is an A-definable equivalence relation E with finitely

many classes and @ € M such that for any L-formula ¢(v,w) there is an
L g-formula dpyo(w, Z) such that if bEG then

#(v,d) € p if and only if d,é(d,b)

for all d € B.
If degyi(p) = 1, then any nonforking extension of p is definable over A.
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Proof We choose M, an Ng-saturated model containing B, and ¢* €
Sn(M), a nonforking extension of g. The argument above shows that ¢*,
and hence g, is definable over acl®(A).

Corollary 6.3.10 If M =T, p € S,(M), M C B and g € Sp(B) is a
nonforking extension of p, then q is definable over M.

Proof If F is a definable equivalence relation with finitely many classes,
then, because M < M, every a € M is equivalent to an element of M.

Our analysis can also be used to show that types over models have unique
nonforking extensions.

Definition 6.3.11 We say that p € S,,(A) is stationary if, for all B D A,
there is a unique nonforking extension of p to B.

Corollary 6.3.12 Let M = T, and let ¢(v) be an Lyr-formula with
RM(¢) = a and degy(¢) = d.

i) There is an Lyr-formula 6(v) such that (M) C ¢(M), RM(6) = «,
and 0 has Morley degree 1.

it) There are Lys-formulas 01, . ..,04 such that each 6; has Morley rank
a and Morley degree 1 and $(M) is the disjoint union of 01(M), ..., 04(M).

iii) If p € S, (M), then p has Morley degree 1. In particular, p is sta-
tionary.

Proof

i) In our argument above, we had ¢ (7,w) and b € M and an M-definable
equivalence relation F with finitely many classes such that if @Fb, then
(M, a) is a Morley rank «, Morley degree 1 subset of ¢(M). Because E
has only finitely many classes, there is @ € M such that aFEb, so (7, a) is
the desired formula.

ii) We inductively define 61, . .., 4. For m < d, if we are given 61, ...,60,,_1,
use i) to find 6,, defining a Morley rank «, Morley degree 1 subset of

S0\ J 6.(00).

Let
d—1
Oa=0 N |\ 0:.
i=1
iii) If p € S, (M), choose ¢(v) € p such that RM(¢) = RM(p), and let
01,...,04 be as in ii). Then p must contain one of the formulas 6;, so p has

Morley degree 1. Because the number of nonforking extensions is at most
the Morley degree, p is stationary.

Corollary 6.3.12 generalizes from models to sets that are algebraically
closed in M4, We leave the proof to Exercise 6.6.24.



234 6. w-Stable Theories

Corollary 6.3.13 If p € S, (acl®(A)), then p is stationary.
We next prove a partial converse to Theorem 6.3.9.

Lemma 6.3.14 Suppose that M =T, p € S, (M), M C B, q € S,(B),
p C q, and q is definable over M. Then, q is a nonforking extension of p.

Proof There is r € S,(B) a nonforking extension of p that is definable
over M. Because ¢ and r both extend p,

M EVT d,¢(W) < dyd(W)

for all formulas ¢(v,w). Because M < M, M |= dy¢(b) <> dg¢(b) for all
be B. Thus p=gq.

Independence
Forking can be used to give a notion of independence in w-stable theories.

Definition 6.3.15 We say that @ is independent from B over A if tp(a/A)
does not fork over AU B. We write @ | ,B.

This notion of independence has many desirable properties.
Lemma 6.3.16 (Monotonicity) Ifa | ,B and C C B, thena | ,C.

Proof Because RM(a/A) > RM(a/AUC) > RM(a/AUB), if RM(a/A) =
RM(a/A U B), then RM(a/A) = RM(a/AU C).

Lemma 6.3.17 (Transitivity) a J/AE,E if and only if @ J/AB and

a | e
Proof Because RM(a/A,b,¢) < RM(a/A,b) < RM(a/A), RM(a/A) =
RM(a/A,b,¢) if and only if RM(a/A) = RM(a/A,b) and RM(a/A,b) =

RM(a/A,b,e).

Lemma 6.3.18 (Finite Basis) a | , B if and only ifa | , By for all fi-
nite Bg C B.

Proof

(=) This is clear because for any By C B, RM(a/A) < RM(a/AUBy) <
RM(a/A U B).

(<) Suppose that @ )  B. Then, there is ¢(v) € tp(a/A U B) with
RM(¢) < RM(a/A). Let By be a finite subset of B such that ¢ is an
L aup,-formula. Then @ \ZABO'

Lemma 6.3.19 (Symmetry) Ifa J/AE, then b L@
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Proof Suppose that RM(a/Ab) = RM(a/A). We must show that
RM(b/Aa) = RM(b/A). Let @ = RM(a/A) and 3 = RM(b/A).

We first assume that A = M, an Rp-saturated model. Let ¢(v) € tp(a/M)
such that a = RM(¢) and degy;(¢) = 1. Let 1 (v) € tp(b/M) such that
8 =RM(v) and degy;(¥) = 1. Suppose, for purposes of contradiction, that
there is a formula 6(7,w) such that M | 0(a,b) and RM((a,w)) < S.
By Theorem 6.3.5, there is an £s-formula x(v) defining {Z : RM(¢(w) A
0(z,w)) < 3}. Because RM(a/M, b) = «, the formula

¢(v) NO(@,b) A x(D)
has rank a. Thus, by Lemma 6.3.4, there is @ € M such that (@’,b) and
RM(¢(w) A 0(a’,w)) < 3, contradicting the fact that RM(b/M) = .

For the general case, let M be an Rg-saturated model containing A. Let
b’ realize a nonforking extension of tp(b/A) to M. Then RM(E//M) = 0.
Because M is saturated, there is ¢ such that tp(a@, b/A) = tp(c, Bl/A). Let @
realize a nonforking extension of tp(¢/A, BI) to M,b . Then RM(a' /M, B/) =
o = RM(@/M). By the first part of the proof, RM(b /M, @) = RM(b /M) =
6. Hence

RM(b/A,a@) = RM(b /A, @) > RM(b /M, @) = 8.
Thus RM(b/A, @) = RM(b/A).
Corollary 6.3.20 a,b L ,C if and only ifa | ,C and b L -C.

Proof Because forking occurs over a finite subset, it suffices to assume
that C is a finite sequence ¢.

abl,c & e, ab bysymmetry
& ¢, aande |, b by transitivity
< a | ,cand b | AaC by symmetry.

Symmetry also gives an easy proof that no type forks when it is extended
to the algebraic closure.

Corollary 6.3.21 For anya, a | ,acl(A).

Proof Suppose that b € acl(4). By Lemma 6.2.7 iii), RM(b/A, @) =
RM(b/A) = 0. Thus, b J/AE and, by symmetry, @ J/Ab.



236 6. w-Stable Theories
6.4 Uniqueness of Prime Model Extensions

Throughout this section T will be a complete theory in a countable language
with infinite models.

In Theorem 4.2.20 we proved the existence of prime model extensions for
w-stable theories. In this section, we will prove that these extensions are
unique up to isomorphism.

Constructible Models

Definition 6.4.1 Let M be an L-structure and let A C M. Let § be an
ordinal and (a, : a < ) be a sequence of elements from M. Let A, =
AU{ag: B < a}. We call (ay : a < §) a construction over A if tp(as/Aq)
is isolated for all o < 4.

We say that B C M is constructible over A if there is a construction
(aq : & < ) such that B = AU {aq : @ < §}. We say that a model M is
constructible over A if M is constructible over A.

Note that if (aq : @ < 0) is a construction over A, then it is also a
construction over A, for all o < 6.

Our proof of Theorem 4.2.20 can be broken into the following two asser-
tions about constructible models.

Lemma 6.4.2 i) If T is w-stable, M =T, and A C M, there is N < M
constructible over A.

i) If M is constructible over A, then M is prime over A and every type
realized in M is isolated over A.

We will prove the uniqueness of prime model extensions in two steps.
We will first prove Ressayre’s Theorem that constructible extensions are
unique for any theory. We will then prove that in w-stable theories all prime
model extensions are constructible.

Definition 6.4.3 Suppose that (a, : @ < J) is a construction of M over A.
For each a < 4, let 0,(v) be a formula with parameters from A, isolating
tp(an/As). We say that C C M is sufficient if whenever a,, € C, then all
parameters from 6, are in C.

Lemma 6.4.4 Suppose that (aq : a < §) is a construction of M over A.
i) Fach A, is sufficient.
i1) If C; is sufficient for all i € I, then | J;c; C; is sufficient.
i) If X C M 1is finite, then there is a finite sufficient C O X.
i) If C C M is sufficient, then M is constructible over AU C.

Proof
i) and ii) are clear.
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iii) We prove by induction on « that if X C A, is finite, then there is a
finite sufficient C' O X. This is clear if @« = 0 or « is a limit ordinal. Suppose
that « = 8+ 1 and X = X U {ag} where Xy C A,. Let B C A, be the
parameters from 6. By induction, there is a finite sufficient C' 2 Xy U B.
Then, C'U {ag} is a finite sufficient set containing X.

iv) We must show that tp(as/A,UC) is isolated for all @ < 6. If a, € C,
this is trivial, so we will assume that a, ¢ C. In this case, we claim that 6,,
isolates tp(aqs /Ao UC). Suppose not. Then, there is an £ 4-formula (v, @)
and b € C such that ¥(a,b), but

Tha,uc(M) = 0a(v) = ¥(v,b).

Thus, 0, does not isolate tp(as/Aq,b). By ii) and iii) we may, without
loss of generality, assume that A,,b is sufficient. We may assume that

b= (aay,---,0q,) Where @ < ag < ... < ay,. Note that A,U{aq,,...,aq,,}
is sufficient for m =1,...,n.
Claim For each ¢ = 1,...,m, there is an L4 -formula isolating

tp(Aays- -5 Qa,, [Aat1)-
We prove this by induction on m. Suppose that the claim holds for
I < m. The formula 6,,,, isolates tp(as/Aq,,,). All parameters occurring

in 0, are in Ay U{aq,,...,0q}. Thus, b,,,, isolates tp(aq,,,/Aat1 U
{Gays- 500y })- .

Let 0a,,, be ¥(aq,,.--,0q,,vi41) where (vi,...,vq1) is an Ly, -
formula. By induction, there is an L4 _-formula ¢(vy,...,v;) isolating

tp(aays---»0a,/Aa+1). As in  the proof of Lemma 4.2.21,
tp(aays - - Gay,y [Aayr) is isolated by ¢(vi,...,v) A(vr,. .., vi41). This
proves the claim.

Let ¢(w) be an L4 _-formula isolating tp(b/Aq+1). Then, 6, (v) A h(w)
isolates tp(aq, b/As). Because a,, does not occur as a parameter in 1, 6, (v)
isolates tp(aq/Aa,b), as desired.

We can now give Ressayre’s proof of the uniqueness of constructible
extensions.

Theorem 6.4.5 (Uniqueness of Constructible Models) Suppose that
ACM, M <M, N <M, and M and N are constructible over A. The
identity map on A extends to an isomorphism between M and N'.

Proof Let (aq : o < 6) and (by : o < 7y) be the constructions of M and
N over A. Let k = |[M|. Let I = {f : X — N : f is partial elementary,
A C X, X is sufficient in M, f|A is the identity, and img(X) is sufficient
in N'}. Because the identity map on A is in I and the union of a chain
of elements of I is an element of I, we may apply Zorn’s Lemma to get a
maximal f: X — N in I. We claim that f is an isomorphism between M
and NV. We must show that dom(f) = M and img(f) = N.
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Suppose that a € M \ X. Let Cy be a finite sufficient subset of M with
a € Cy. By Lemma 6.4.4 iv) and 6.4.2 ii), tp(Co/X) is isolated. Thus, we
can extend f to a partial elementary fo : X UCy — N. Let Dy 2O fo(Cp) be
a finite sufficient subset of N. Because tp(Dy/f(X)) is isolated, by Exercise
4.5.11, tp(Do/ f(X U Cy)) is isolated. Thus, we can find a finite C}) D Cj
and a surjective partial elementary f: X UC) — f(X)U Dy. Let C; be a
finite sufficient set containing C{. By the same argument, tp(Cy/X U C{)
is isolated and we may extend f{ to a partial elementary f; : C; — M.

Continuing in this manner, we build Cy C Cy; C Cs C ..., a sequence of
finite sufficient subsets of M, and f C fo C f1 C ... where f;, : X UC; —
N is partial elementary and f;(C;) is contained in a sufficient subset of
fit1(Cix1). If g = U fi, then g € I, contradicting the maximality of f.
Thus X = M.

A symmetric argument shows that img(f) = N. Thus, f is the desired
isomorphism.

Prime Models of w-Stable Theories

It remains to show that if T' is w-stable, then any prime model extension is
constructible. We need one lemma relating forking and isolation in w-stable
theories. This lemma is a special case of the Open Mapping Theorem (see
Exercise 6.6.30).

Lemma 6.4.6 Let T be w-stable. If AC B, pe S,(A), p' € Sp(B), p' is
a nonforking extension of p, and p' is isolated, then p is isolated.

Proof We work in M®?. Let ¢(7,b) isolate p’. Let ¢ = tp(b/acl®®(A)). By
Theorem 6.3.9, there is an L,cjea(a)-formula 1) (7) such that

Yo(a) if and only if ¢(a,w) € tp(b/acl®(A))

(1o is just dy¢, where we interchange the roles of the variables). Let 1o (7)
be 11 (v, @) where 91(7,7) is an La-formula and @ € acl®*(A4). Let 6(u)
isolate tp(@/A), and let (v) be Ju (1 (v, @) A 6(1)).

We claim that 4 isolates p. Suppose that r € S,,(B) and ¢ € r. Then,
there is 3 € acl®d(A) such that 6(3) and rU{; (v, 3)} is satisfiable. Because
6 isolates tp(a/A), r U{y1 (v, @)} is satisfiable. Let ' € S, (acl®l(A)) be an
extension of r with ¢ (7, @) € r’. By Corollary 6.3.21, 7’ does not fork over
A. Let 7"’ be a nonforking extension of r’ to acl®d(A)U{b}, and let @ realize

r”. Because @ \La b, by symmetry b \La a. Thus, b realizes the

clea(A) clea(A)
unique nonforking extension of ¢ to acl®*(A4). But this type has the same
definition as g. Because M = ¢4 (a,a), M = ¢(a,b). Because ¢ isolates p’,

a realizes p’ and thus @ realizes b.

We can now prove the main lemma needed to show that a prime model
of an w-stable theory is constructible.
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Lemma 6.4.7 Suppose that T is w-stable, M is constructible over A, and
AC BC M. Then, B is constructible over A.

Proof Let (a, : @ < k) be an enumeration of M. We start by building
(X4 1 a < K), a sequence of subsets of M such that:

i) Xo=A, X, C Xg for a < 8 < k, and each X,, is sufficient;

ii) ag € Xo41 for all a < &;

iii) [Xaq1 \ Xaof < No; B

iv) if d is a sequence from X,, then d \LXQHBB for all a.

If o is a limit ordinal, we can take Xo = Js_,, Xp-

Suppose that we have built X,. Let Cy be a finite sufficient set con-
taining a.. Let ¢ be an enumeration of Cy. We can find b € B such that
T | X ;B Let C} be a finite sufficient set containing Cy U {b}. Continuing

in this Way, we build a sequence of finite sufficient sets Cy C C; C Cy C ...
such that if ¢, is an enumeration of C,,, then

Cn J/XC(u(BanH)B' (1)
Let Xot1 = Xo U~y Cn. Let T € X,. There is § € X,, such that
e LixannmuEn? )
By our inductive assumption,
T,y J/XanBB and hence 7,7 \LXQHQBB. (3)
By Corollary 6.3.20, it follows from (2) and (3) that

Z,Y;Cn J/Bmxaﬂ

It follows that
d J/anm+1 B)

for any sequence d € X 1.

Let B, = X, N B.

Claim If b € B, then tp(b/B,) is isolated for each a. -

Because X, is sufficient, M is constructible over X, and tp(b/X,) is iso-
lated by some formula ¢(7,d) with d € X,,. By iv), d LB b. By symmetry
b |, d. Because tp(b/Ba,d) is isolated tp(b/B,) is isolated, by Lemma
6.4.6."

If bg,b1,... is an enumeration of By11 \ B,, then, by the claim and

Exercise 4.5.11, (bg,b1,...) is a construction over B,. Combining these
constructions, we see that B is constructible over A.
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Theorem 6.4.8 (Uniqueness of Prime Models) Suppose that T is w-
stable, A C M, Mo < M, M1 < M, and My and My are prime models
over A. The identity map on A extends to an isomorphism between My

and M.

Proof By Lemma 6.4.2, there is N' < M|, a constructible model over A.
Because each M; is prime over A, we can find an elementary embedding
of M; into N. By the previous lemma, each M; is constructible. Thus,
by the uniqueness of constructible models, there is f : My — My, an
isomorphism fixing A pointwise.

Differential Closures
We give one application of the uniqueness of prime models.

Definition 6.4.9 Let K and k be differential fields with £ C K. We say
that K is a differential closure of k if K is differentially closed and for any
differentially closed L D k, there is a differential field embedding f : K — L
fixing k pointwise.

Because the theory of differentially closed fields has quantifier elimination
(Theorem 4.3.32), a differential field embedding of differentially closed fields
is an elementary embedding. Thus, a differential closure of k is a model of
DCF prime over k. In Exercise 4.5.43, we argued that DCF is w-stable.

Theorem 6.4.10 Let k be a differential field. There is K D k a differential
closure of k. If K and L are differential closures of k, then K and L are
isomorphic over k. If K is a differential closure of k, then tp(a/k) is isolated
foralae K.

Proof Because DCF is w-stable and a differential closure of k& is a prime
model of DCF over k, this follows from the existence and uniqueness of
prime model extensions for w-stable theories (Theorems 4.2.20 and 6.4.8).

Because the differential closure is a prime model over k, every a € K
realizes an isolated type over k.

6.5 Morley Sequences

In Theorem 4.3.15 we proved that if T is w-stable and & is a regular cardinal,
then T has a saturated model of cardinality . In this section we will extend
this result to singular cardinals. The new idea we will need is the notion of
a Morley sequence.

Throughout this section T" will be a complete w-stable theory in a count-
able language and M will be a monster model of T'.
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Definition 6.5.1 Suppose that p € S1(A) and § is an ordinal. We say
that (an : a < 0) is a Morley sequence for p over A if for each « the type
tp(aa/A U {ag : B < a}) is an extension of p of the same Morley rank and
degree.

In particular each a, is a realization of p with aq | ,{ag : 8 < a}. Recall
from Theorem 6.3.2 that for any B C A there is at most one nonforking
extension of A to B of the same Morley degree. If degy,(p) = 1, then p is
stationary and there is a unique nonforking extension of p to any B D A.

We first show that Morley sequences are sets of indiscernibles.

Theorem 6.5.2 Suppose that I = (a, : o < §) is an infinite Morley
sequence for p over A. Then, I is an infinite set of indiscernibles.

Proof By Theorem 5.2.13, it suffices to show that I is a sequence of
order indiscernibles. Let d = degy;(p). We will show by induction on n that
tp(Gays- - -5 0a, /A) = tp(ag,s ..., a8, /A) f a1 < ..., <, f1 < ... <
Bn < 6. For n =1, an, and ag, are both realizations of p so tp(aq,/A) =
tp(as, /).

Suppose that tp(aa,,---;0a, ,/A) = tplag,,...,as, ,/A). Let ¢ be an
automorphism of M with o(aa;) = ag, for i < n. Because aa, | ,{ay :
v < an}, @a, | {0, a0, .} and aq, realizes the unique nonforking
extension p to AU{aq,, ..., aq,_, } of Morley degree d. Thus, o(a,,, ) realizes
the unique nonforking extension of p to AU {ag,,...,as, ,} of Morley
degree d. Because ag, also realizes the unique nonforking extension of p to
AU{ag,,...,as, ,} of Morley degree d,

tp(Gays- -+ Gan /A) =tp(0(Gay ) - -, 0(Aa, ) /A) =tp(ag,,. .., a8, /A),
as desired.

Lemma 6.5.3 Suppose that I is an infinite set of indiscernibles over A C
M. For any b € M, there is a finite J C I such that I\ J is a set of
indiscernibles over AU {b}.

Proof Let p = tp(b/AUI). There is a finite J C I such that p] AUJ has the
same Morley rank and degree as p. Let x1,...,Zn,¥1,...,Yn C I\ J with
x; # o and y; # y; for i < j < n. Because I is a set of indiscernibles over
A, there is a partial elementary o with domain AUJU{Z} fixing AUJ with
o(x;) = y; fori < n. Let ¢ = tp(b/AUJU{T}) and r = tp(b/AUJU{7}). By
choice of J, RM(p) = RM(q) = RM(r) and degy;(p) = degy(q) = degy (7).
Because r is the unique extension of p to AU JU{y} of the same rank and
degree, we must have oq = r. Thus, we can extend o to AUJU{Z, b} with
o(b) =b.

In particular,

$(T) < o(y)
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for any £, j-formula ¢(v). Thus, I\ J is an infinite set of indiscernibles

over A,b.

We can now prove that there are saturated models of all infinite cardi-
nalities.

Theorem 6.5.4 Let T be a complete w-stable theory in a countable lan-
guage, and let K be an infinite cardinal. There is a saturated M = T with
|M| = k.

Proof In Theorem 4.3.15, we proved this when « is regular. Thus, we
may assume that s is singular. We can use Theorem 4.3.15 to build an
elementary chain (M, : @ < k), and each M,, is a saturated model of T
of cardinality (No + |a|). Let M =] ,_,. Mq. Then, |[M| = k and we will
prove that M is saturated.

Let A C M with |A| < &, and let ¢ € S1(A). We must show that ¢ is
realized in M. There is a finite Ag C A such that ¢ does not fork over
Ap. Without loss of generality, we may assume that Ay C M. By taking a
nonforking extension of ¢ to AUM)j, we may also, without loss of generality,
assume that My C A. Let p = g| M. Because M is a model, p is stationary
by Corollary 6.3.12.

We begin by building a Morley sequence {a, : @ < x} for p such that
for each 0 < k there is a v < k such that {an : & < §} C M,. Given
(aq : @ < &) C M,, choose 8 > ~ such that Mg is | MU d|*-saturated. Let
ps be the unique nonforking extension of p to My U {as : & < §}. Because
Mg is saturated, we can find a5 € Mg realizing ps.

We now extend this sequence to a Morley sequence in M of ordinal length
K+ k as follows. Let p, be the unique nonforking extension of p to M. Note
that p, D q. Let a, realize p,. For k < § < k+ K, let as € M realize ps the
unique nonforking extension of p to M U {aq : £ < a < §}.

Because I = (a, : @ < k+k) is a Morley sequence, by Theorem 6.5.2 it is
an infinite set of indiscernibles over M. Suppose that b is a finite sequence
from A. By Lemma 6.5.3, we can find a finite J; C I such that I\ J; is a

set of indiscernibles over My, b. Let J = U Jy. Then, |J| = |A| < k and
beA<w

a<k

I'\ J is a set of indiscernibles over A.
Choose o < k and 8 > k such that a,,ag € I\ J. Because p, D ¢, ag
realizes ¢q. Thus, by indiscernibility, a,, realizes q. But a, € M, as desired.

We give one further application of Morley sequences to show that all un-
countable models of w-stable theories contain infinite sets of indiscernibles.
An interesting feature of this proof is that we do not use any partition
theorems.

Theorem 6.5.5 Suppose that T is w-stable, M =T, AC M, |A| < |M|,
and | M| > Ny. There is I C M an infinite set of indiscernibles over A.
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Proof If k = |M] is a limit cardinal we could find N' < M such that
A C N, |A| < |N|, and |N| is a successor cardinal. Thus, we may, without
loss of generality, assume that x is regular.

If B C M and |B| < k, then |S1(B)| < s and, because & is regular, there
is p € S1(B) such that p has k realizations in M. We call such a p large.
Let (v, d) be least in the lexicographic order such that thereis M D B D A
with |B| < k, p € 51(B) large, RM(p) = +, and degy;(p) = d. Choose Ay
and pg € S1(Ap) large with RM(pg) = v and degy;(po) = d.

Claim i) Suppose that M D B D Ay and |B| < k. There is a unique
pp € S1(B) with pg D po and pp large.

ii) RM(pp) = v and degy (p5) = d.

iii) If Ag C BC C C M and |C| < &, then pc 2 pp.

Because py is large and |S,(B)| < &, there is a large pp 2 pg in S, (B).
Because pp 2 po, RM(pp) < v. By our choice of Ag, RM(pp) = 7. If
q € Sn(B), q # pB, 4 D po, and q is large, then RM(q) = v as well. Because
q and pp are both nonforking extensions of pg to B, both must have Morley
degree less than d, contradicting our choice of Ag. Thus, pp is unique and
degyi(pp) = d.

If Ag C B C C, then pc|B is a large extension of py. Because pp is the
unique large extension of py to B, pp = pc|B.

We build a Morley sequence (aq : o < k) as follows. Let ag € M realize
po. Given (aq : @ < 0), let As = Ag U {aq : a < §), and let a5 realize pa;.
This is possible because p4, is large. By the claim, (pa, : @ < k) is an
increasing sequence of types of Morley rank « and Morley degree d. Thus,
(aq : @ < k) is a Morley sequence over Ag. By Theorem 6.5.2, (aq : & < K)
is a set of indiscernibles over Ay D A.

6.6 Exercises and Remarks

Exercise 6.6.1 Show that the theory of the group (Z/47)“ is k-categorical
for all uncountable cardinals but not strongly minimal.

Exercise 6.6.2 Give an example of an uncountably categorical theory
where there is no strongly minimal formula over §.

Exercise 6.6.3 Let M = Th(Z,s). We can find a set X such that M =
X X Z where s(z,n) = (z,n + 1). Show that dim(M) = | X|.

Exercise 6.6.4 Prove Lemma 6.1.6 when A = ().
Exercise 6.6.5 a) Give examples of uncountably categorical theories
where the dimensions of the prime models are 0,1, and X.

b) Let £L = {R}, where R is a ternary relation symbol. Suppose that
V is a Q-vector space. We view V as an L-structure by interpreting R as



244 6. w-Stable Theories

{(a,b,¢) : a +b+ ¢ = 0}. Show that the L-theory of V is uncountably
categorical and the prime model has dimension 2.

Exercise 6.6.6 Prove Lemma 6.2.7 i) and ii).

Exercise 6.6.7 Suppose that T is w-stable and M = T is Nyp-saturated,
and ¢ is an Ljy-formula with RM(¢) = « an ordinal. Show that there
is a maximum d such that there are Lj;-formulas 1, ...,%4 such that
Y1 (M), ..., hg(M) are disjoint subsets of ¢(M) and RM(z);) = « for
i =1,...,d. Show that for any N |= T, if N contains the parameters oc-
curring in ¢ and 1, ..., %, are £Ly-formulas such that 11 (N),. .., ¥, (N)
are disjoint subsets of ¢(N) and RM(v);) = a, then n < d. Prove these
results without using the monster model assumptions. (This is the type of
argument one needs to do to completely avoid using monster models.)

Exercise 6.6.8 Suppose that T is w-stable and ¢ is an Ly-formula with
RM(¢) = a. Show that for all ordinals 8 < « there is an Ly-formula 1)
such that M |= ¢ — ¢ and RM(y) = 3.

Exercise 6.6.9 Suppose that T is a complete w-stable theory. Show that
there is an ordinal o < wj such that for all A ¢ M if p € S,(A4), then
RM(p) < a.

Exercise 6.6.10 Show that RM(a@) > 0 for all @ € M.
Exercise 6.6.11 Show that RM(a, b/A) > RM(a/A).

Exercise 6.6.12 Show that in a strongly minimal theory the notions of
independence from Definitions 6.3.15 and 6.1.5 agree.

Exercise 6.6.13 Prove Lemma 6.2.16.

Exercise 6.6.14 Suppose that K is an algebraically closed field, X C K™
is constructible, and V' O X is the closure of X in the Zariski topology.
Show that RM(V \ X) < RM(X) and hence RM(X) = RM(V). [Hint: By
quantifier elimination, it suffices to prove this when V is irreducible, O is
Zariski open, and X =V N0.]

Exercise 6.6.15 a) Prove Lemma 6.2.25.

b) Show that if V' C K™ is an irreducible Zariski closed set and a,b €
V(K) are generic points of V, then tp(a/K) = tp(b/K).

¢) Suppose that V' C K™ is a Zariski closed set, K < K, and a € V(K).
Then, RM(a/K) = RM(V) if and only if a is the generic point of an
irreducible W C V with RM(W) = RM(V).

Exercise 6.6.16 Recall that if F, K and L are fields with F C K N L,
then K and L are free over F if whenever a1, ...,a, € K are algebraically
dependent over L, they are already algebraically dependent over F'.

Let K be a saturated algebraically closed field, @,b € K and FF C K a
subfield. Show that @ | FB if and only if F(a) and F(b) are free over F.
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Exercise 6.6.17 We define the Morley rank of a theory to be the Morley
rank of the formula v = v.

a) Let L = {E}, where F is a binary relation symbol. Let T be the
theory of an equivalence relation with infinitely many classes, each of which
is infinite. Show that RM(T) = 2.

b) Let £ = {Py, P, ...} where each P; is a unary predicate. Let T be the
theory that asserts Py D P1 D ..., =P is infinite, P, \ P41 is infinite for
each n. Show that RM(T) = 2.

¢) For each n < w, give an example of a theory with RM(T") = n.

d) Let K C F be algebraically closed fields of characteristic 0. Let £ =
{+,-,U,0,1}, where U is a unary predicate, let M be the L-structure with
universe F' where U(M) = K, and let T be the theory of M. Show that K
is an w-stable theory and that the formula v = v has Morley rank w. [Hint:
For example, if 2 € K\ F, {y € K : Ja,b € F y = ax + b} is in definable
bijection with F? and has Morley rank at least 2.]

Exercise 6.6.18 T Let K be a differentially closed field. We follow the
notation of Exercise 4.5.43. If p € S1(X) is a type, let f(X) € I, be of
minimal order and degree. We let ord(p) be the order of f, if I, # {0}.
Otherwise, we let ord(p) =w. Let V, ={T € K,, : g(T) =0 for all g € I,,}.
We will need one fact from differential algebra (see [65]). If V,, C V,, then
ord(p) < ord(q).

(
a) Show that RM(p) < ord(p) for all p € S1(M).
b) Show that the formula v(™) = 0 has Morley rank n.
c¢) Let p be the type of an element differentially transcendental over K.
Show that RM(p) = w.
d) Conclude that RM(DCF) = w.

Exercise 6.6.19 (Cantor-Bendixson Analysis) Let X be a compact Haus-
dorff space (for example, a Stone space Sy, (A) or the real unit interval). Let
I'(X) = {z € X : x is not isolated in X}. For o an ordinal, we inductively
define I'*(X) as follows:

i) TO(X) = X;

if) Lo H(X) = D(re)),

iii) T'*(X) = U I'%(X) if a is a limit ordinal.

B<a

We call I' the Cantor—Bendixzson derivative.

a) Show that I'*(X) is a closed subset of X and hence a compact Haus-
dorff space.

b) Show that there is an ordinal § such that I'°(X) = I'*(X) for all
a > 6. We let T°°(X) denote ' (X).

¢) Show that T'°>°(X) is a closed subset of X with no isolated points.

d) Suppose that X is separable (i.e., there is a countable collection of
open sets Uy, U, ... such that for all  and all open V there is an 4 such
that © € U; C V) then there is o < wy such that I'*(X) = I'*°(X).
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e) If X is separable, then either I'**(X) = ) or [['*°(X)| = 2%°.

f) Show that, for any closed X C R", there is P C X such that X \ P
is countable and either P = () or P is a closed set with no isolated points
and |P| = 2%,

g) Let T be an w-stable theory, and let M = T be Ryp-saturated. Consider
the Cantor-Bendixson derivative I" on Sy, (M). For each type p € S, (M), we
say that p has Cantor—Bendizson rank o if and only if p € ToH1(S,, (M) \
I'*(S,(M)). Show that every type has a Cantor-Bendixson rank and that
the Cantor-Bendixson rank is exactly the Morley rank.

Exercise 6.6.20 Prove Theorem 6.3.2 iii).

Exercise 6.6.21 Suppose that T is w-stable, M,N = T, and M < N.
If X C N* is definable in NV, then X N M* is definable in M. [Hint: Let
¢(v,a) define X, and use the definability of tp(a/M).]

Exercise 6.6.22 If K is a differential field, the field of constants of K is
the subfield Cx = {z € k: 6(z) = 0}.

a) Show that C is algebraically closed in K. (Suppose that X"+ a; X*
is the minimal polynomial of & Differentiate o™ + Y a;a.) If K is dif-
ferentially closed, show that Ck is an algebraically closed field.

b) Suppose that & C [ are differential fields and ¢ € C; is algebraic
over k; then, c is algebraic over C;. [Hint: If X" + > a;X* is the minimal
polynomial of ¢ over k, show that > ajc; = 0, contradicting minimality
unless each a} = 0.]

¢) Suppose K is differentially closed and X C C™ is definable in K.
Show that X is a constructible subset of C™ (i.e., X is already definable
in the fields (C,+,-,0,1)). [Hint: Combine quantifier elimination in DCF
with Exercise 6.6.21 in ACF.]

Exercise 6.6.23 a) Suppose that M is w-stable, A, B C M" are defin-
able, RM(A) is finite and f : A — B is a definable surjective map such
that RM(f~1(b)) = k for all b € B. Show that RM(A) > RM(B) + k.
[Hint: Prove by induction on rank that RM(f~1(X)) > RM(X) + k for all
definable X C B.]

b) Suppose that G is an w-stable group of finite Morley rank and H < G
is an infinite definable subgroup. Show that RM(G) > RM(H)+RM(G/H).
In particular, RM(G) > RM(G/H).

¢) Show that b) is not true for all w-stable groups. [Hint: Let K be a
differentially closed field and consider the derivation ¢ : K — K|

Exercise 6.6.24 Prove Corollary 6.3.13.

Exercise 6.6.25 (U-rank) Suppose that T is w-stable. Let A C M, and
let p € S, (A); we inductively define RU(p), the U-rank of p, as follows:

RU(p) =sup{RU(¢q)+1:3B AC BCMgqe€ S,(p),p C q and ¢ forks
over A}.
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a) Show that RU(p) = 0 if and only if RM(p) = 0 if and only if p has
only finitely many realizations.

b) Show that RU(p) is well defined for all types and RU(p) < RM(p).

¢) Let T be as in Exercise 6.6.17 b). Let p be the unique 1-type containing
P;(v) for all i. Show that RM(p) = 2 but RU(p) = 1.

Exercise 6.6.26 (Strong Types) The strong type of @ over A is stp(a/A) =
{vEa : E an A-definable equivalence relation with finitely many classes}.

a) Show that if stp(@/A) = stp(b/A), then tp(a/A) = tp(b/B).

b) Show that stp(@/A) = stp(b/A) if and only if tp(a/acl®(A4)) =
tp(b/acl®d(A)).

c) Suppose that T is w-stable. Show that stp(a/A) = stp(b/A) if and
only if there is M |= T with A C M such that tp(a/M) = tp(b/M).

Exercise 6.6.27 (Finite Equivalence Relation Theorem) Suppose that T'
is w-stable, A C B, p,q € S,,(B) do not fork over A, and p # ¢. Show that
there is E an A-definable equivalence relation with finitely many classes
such that if @ realizes p and b realizes ¢, then stp(a/A) # stp(b/A).

Exercise 6.6.28 Suppose that p € S,,(4) and go,q1 € S, (M) are non-
forking extensions of p. Show that there is an automorphism o of M with

0qo = (q1-

Exercise 6.6.29 a) Show that if p € S,,(M) is definable over A, then p
does not fork over A. [Hint: First replace A by a model M ]

b) Show that if A C M and p € S,,(M) is definable over acl®*(A4), then
p does not fork over A. [Hint: Use i).]

Exercise 6.6.30 [Open Mapping Theorem] Suppose T that is w-stable.
Let A C B, and let S,,(B/A) be the set of types in S,,(B) that do not fork
over A. We give S,,(B/A) the subspace topology. Show that the restriction
map p — p|A is an open map. [Hint: Modify the proof of Lemma 6.4.6.]

Exercise 6.6.31 Prove Lemma 6.4.2.

Exercise 6.6.32 Suppose that k is a differential field and K is the differen-
tial closure of k. Show that the constant field of K is the algebraic closure
of the constant field of k. [Hint: Let ¢ € Ck. There is a formula ¢(v) that
isolates tp(c/K). Show that c is algebraic over k. Argue that c is algebraic
over Cy.]

Exercise 6.6.33 Suppose that p € S;(A) is stationary and {aq,...,a,}
is a finite Morley sequence. Show that {ai,...,a,} extends to an infinite
Morley sequence.

Give an example showing that this may not be possible if degy;(p) > 1.

Exercise 6.6.34 Suppose that T is w-stable and I is an infinite set of

indiscernibles. For any A, we define the average of I over A, Av(I/A) =

{#(v) : ¢ an L4-formula such that ¢(x) for all but finitely many = € I'}.
a) Show that Av(I/A) € S1(4).
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b) Suppose that p € S1(Ao), Ao C A, and I is a Morley sequence over
Ag. Then, Av(I/A) is a nonforking extension of p.

Exercise 6.6.35 Suppose that p € S1(A), degy(p) =1, and I = (a0 : @ <
0) is an infinite Morley sequence for p. Show that if ¢ is any automorphism
of M fixing I setwise, then op = p.

Exercise 6.6.36 Suppose that @; € M* for i € I. We say that (@; : i € I)
is an indiscernible set of k-tuples if

M ': d)(ail,...,ain) if and only if M ': (;5(6]-1,...76%)

whenever iq,...,i, € I and ji,...,j, € I are two sequences of distinct
elements.

a) Generalize the definition of Morley sequences to stationary k-types.

b) Show that if I = (@, : a < k) is a Morley sequence for a k-type, then
I is an indiscernible set of k-tuples.

¢) Generalize Lemma 6.5.3 and Exercise 6.6.35 to indiscernible sets of
k-tuples.

Remarks

Morley [71] introduced ranks in his proof of the Categoricity Theorem. He
originally defined rank using the Cantor—Bendixson derivative as discussed
in Exercise 6.6.19.

There are several alternative approaches to the monster model M. Ziegler
[104] views the monster model as a proper class—rather than a set—
containing all set models of T'. Hodges [40] defines a notion of k-big models
such that if M is k-big, then M is k-saturated, and whenever A, B C M,
|Al,|B| < k, and f: A — B is elementary, then f extends to an automor-
phism of M. He shows that if x is a regular cardinal greater that |£] + R,
then there is a x-big model M with |[M| < x<%. If we are considering
models of cardinality less than x, we can use a k-big model as the monster
model.

All of Section 6.3 is due to Shelah. Although we have only defined forking
and independence for w-stable theories, these concepts can be defined for
arbitrary stable theories so that most of the results of Section 6.3 hold. One
notable exception is that, in a stable theory, if p € S, (A), then there is a
countable Ay C A such that p does not fork over A but p might fork over
every finite subset of A. There are a number of good references on stable
theories—for example, [7], [18] or [75]. Recently, many of these ideas have
also been generalized to simple unstable theories (see, for example, [54]).

The notion of U-rank from Exercise 6.6.25 was introduced by Lascar. If
T is superstable, then RU(p) < oo for all p € S, (A). Although U-rank is
not quite as natural as Morley rank, it has some properties that make it
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very nice to work with. If « is an ordinal, we can write « as a finite sum

n
o= g wYmy,
i=1

where a; > ag > ...a, and m; € NLIf o = Y w®m; and = > wn,,
then a® 3 is defined to be Y w®i(m;+n;). We call @ the symmetric sum of
« and (. Note that a+ (8 < a® § and equality need not hold. For example,
24+ w = w while 2@ w = w4+ 2 > w. Lascar proved the following U-rank
inequality.

Theorem 6.6.37 If T is superstable, then
RU(a/A,b) +RU(b/A) < RU(@,b/A) < RU(@/A,b) @ RU(b/A).

For a proof, see [18] 6.1.1.

The uniqueness of constructible models is an unpublished result of
Ressayre.

In Exercise 4.5.28, we argued that we have prime model extensions in
o-minimal theories. Pillay and Steinhorn [83] showed that in o-minimal
theories prime model extensions are constructible. Thus, by Ressayre’s The-
orem, we have unique prime model extensions in o-minimal theories.

The uniqueness of prime models is due to Shelah. The proof of Lemma
6.4.7 can easily be generalized to stable theories, although stable theories
need not have prime model extensions.

Blum [11] showed that DCF is w-stable and stability to show the ex-
istence and uniqueness of differential closures. Kolchin [56] later gave an
algebraic proof. Kolchin, Rosenlicht, and Shelah gave independent proofs
that differential closures need not be minimal. For more on differentially
closed fields, see [65].

Morley introduced Morley sequences and proved Theorem 6.5.5. Theo-
rem 6.5.4 is due to Harnik and Shelah.






7
w-Stable Groups

7.1 The Descending Chain Condition

By an w-stable group, we mean an w-stable structure (G,-,1,...) where
(G,-,1) is a group. We will say that G is a group of finite Morley rank if
(G,-,1,...) is w-stable with RM(G) < w.

We have already encountered several simple examples. Of course, all
finite groups are w-stable, but we will focus on infinite groups. If G is a
torsion-free divisible Abelian group, then Th(G) is N;-categorical and hence
w-stable. If p is prime, then an infinite-dimensional vector space over I, is
categorical in every infinite cardinal and hence w-stable.

If M is w-stable and (G, -, 1,...) is interpretable in M, then G is w-stable.
In particular, any group interpretable in an algebraically closed field is w-
stable. For example, the multiplicative group of an algebraically closed field
is w-stable. We can go much further on these lines.

Algebraic Groups

Let K be an algebraically closed field and let GL, (K) be the group of
invertible n x n matrices over K. If A is an n X n matrix over K, we
naturally think of A as an element of K™ and we can identify GL,, (K) with
the Zariski closed set V = {(4,w) € K"**1 : wdet(A) = 1}. We can define
multiplication on V by (A, w)(B,v) = (AB,wv). This is a polynomial map.
By Cramer’s rule, the inverse is also a polynomial map.
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Definition 7.1.1 A linear algebraic group is a Zariski closed subgroup of
GL,(K).

For example, SL,,(K) = {(4A,w) € GL,(K) : w =1} and

{(g l{) :a,beK,a;éO}

are linear algebraic groups. Because linear algebraic groups are inter-
pretable in algebraically closed fields, they are w-stable.

Other groups are interpretable in algebraically closed fields. For example,
let P? be the projective plane over an algebraically closed field, and let
E C P? be the elliptic curve {(X,Y,Z) € P? : Y2Z = X3 + XZ?}. The
curve E has one point at infinity O = (0,1,0). We can define a group law
on E (see [95]). For example if A, B and C' are three collinear points of F,
then A@® B @ C = 0. By Theorem 3.2.20, (E,®,O) is an w-stable group.
In Section 7.4, we will give a general definition of algebraic groups that
includes both the linear algebraic groups and elliptic curves.

One of our main themes in this chapter will be that w-stable groups
behave very much like algebraic groups. Indeed, the following conjecture is
one of the guiding problems in the subject.

Cherlin—Zil’ber Conjecture If GG is an infinite simple group of finite
Morley rank, then G interprets an algebraically closed field K and G is
definably isomorphic to a simple algebraic group defined over K.

Chain Conditions

If G is a group, we write H < G if H is a subgroup of G and H < G if H
is a normal subgroup of G.

In algebraically closed fields, there are no infinite descending chains of
Zariski closed sets. Thus, in linear algebraic groups there are no infinite de-
scending chains of algebraic subgroups. We will generalize this to arbitrary
w-stable groups.

Suppose that G is an w-stable group and H < G is a definable subgroup.
Because H C G, RM(H) < RM(G). For a € G\ H, the coset aH is a
subset of G disjoint from H and, because x — ax is a definable bijection,
RM(H) = RM(aH). Thus, if [G : H] is infinite, then RM(H) < RM(G).
If 1 < [G: H] < Yg, then RM(H) = RM(G) but degy(H) < degy(G),
indeed, degy;(G) = [G : H]degy(H). These easy observations have very
important consequences.

Theorem 7.1.2 (Descending Chain Condition) If G is an w-stable
group, then there is no infinite descending chain of definable subgroups
G>G >G> ...

Proof Let a = RM(G). Let n; = (RM(G;),degy(Gy)). If G > G1 >
G5 > ... is a descending chain, then the remarks above show that 71 >jex
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N2 >lex - - - Where <jex is the lexicographic order on o x w. Because this is
a well-ordering, there are no infinite descending chains.

A simple corollary shows that in some ways w-stable groups behave like
finite groups.

Corollary 7.1.3 Suppose that G is an w-stable group and 0 : G — G is a
definable injective group homomorphism. Then, o is surjective.

Proof If not then, because G = G, G D 0G D 0?G D ..., contradicting
the Descending Chain Condition.

Corollary 7.1.4 If G is an w-stable group and {H; : i € I} is a collection
of definable subgroups, then there is Iy C I finite such that

(H:= () H-

iel iely
Proof If not we can find 4, %1, ... such that if G,,, = H;,N...NH; , then
Go>G1>Gy > ...

We can use the Descending Chain Condition to find some interesting
definable subgroups of G.

Suppose that A C G. The centralizer of A is C(A) = {g € G : ga = ag
for all a € A}. If G is an arbitrary group and A is definable, then C'(4) is
definable. In w-stable groups, C'(A) is definable even if A is not.

Corollary 7.1.5 If G is an w-stable group and A C G, then the centralizer
C(A) is definable.

Proof Because
C(4) = () C({a}),
acA
there are aq,...,a, € A such that C(A) = {g € G : ga; = a;g for i =
1,2,...,m}.

Corollary 7.1.6 If G is an w-stable group, there is G° < G the smallest
definable finite index subgroup of G. Moreover, G° is a normal subgroup of
G and definable over ().

Proof Let H={H < G : H definable, [G : H] < Xy}. By Corollary 7.1.4,
there are Hy, ..., H, € H such that

ﬂ H=HN...NH,y,.
HeH

Let G° = HyN...N H,,. Clearly, G° is contained in every finite index
subgroup of G. Because G is an intersection of finitely many finite index
subgroups, [G : GY] is finite.
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We need to show that G is definable over . Let [G : G°] = n. Suppose
that ¢(v,w) is an L-formula, @ € G, and ¢(v,@) defines G°. Then, W =
{b: ¢(v,w) defines a subgroup of index n} is defined over ). If b € W and
H={g€G:GE ¢(g,b)}, then HN G is a finite index subgroup of G°.
Because GO is the smallest definable subgroup of G of finite index, H = G°.
Thus

G'={g:3b € W A¢(g,b)}

is definable over ().
If h € G, then x — hxh™! is a group automorphism. Thus, hG°h~! is a
definable subgroup with [G : hG°h™1] = [G : GY], so hG°h~! = GY and G°

is normal.
Definition 7.1.7 We call G° the connected component of G. If G = G°,
then we say that G is connected.

We leave the proof of the following useful lemma as an exercise.

Lemma 7.1.8 Suppose that G is an w-stable group and o0 : G — G is a
definable group automorphism. Then, o fizes G° setwise.

Stabilizers

We can view the group G as acting on S1(G) by

gp =A{o(z) : ¢(gz) € p}.
If G < G, and a € G realizes p, then ga realizes gp.
Definition 7.1.9 The stabilizer of p is the group Stab(p) = {g € G : gp =

P}

We have considered the “left” action of G on S;(G). We could also con-
sider the “right” action where pg = {¢(x) : #(xg) € p} and define the right
stabilizer of p.

Theorem 7.1.10 If G is an w-stable group and p € S1(G), then Stab(p)
s a definable subgroup of G.

Proof For ¢(v) an Lg-formula, let Stab?(p) = {g € G : ¢(hv) € p if and
only if ¢(hgv) € p for all h € G}.

Claim 1 Stab(p) = (") Stab?(p).

¢ep
(C) Suppose that g € Stab(p), ¢(v) € p, and h € G. Let ¥(v) be the

formula ¢(hv). Because g stabilizes p,

Pp(hv) € p = Y(v) € p & P(gv) € p & ¢(hgv) € p.

Thus g € Stab?(p).



7.2 Generic Types 255

(D) Suppose that ¢(v) € pand g € Stab®(p); then, (using 2 = 1) ¢(v) € p
if and only if ¢(gv) € p. Thus, if g € Stabd’(p) for all ¢(v) € p, then gp = p.
Claim 2 Each Stab?(p) is a definable subgroup of G.

If g1, g2 € Stab?(p) and h € G, then, applying the definition first with A
and then with hgy,

o(hv) € p & ¢(hgiv) € p < d(hg192v) € p.
Thus g192 € Stab¢(p). Applying the definition with hg; ",

d(hg; 'v) € p & ¢(hgy 'g1v) € p & d(hw) € p.

Thus, g;* € Stabd’(p) and Stabd’(p) is a subgroup of G.

Let ¢(w,v) be the formula ¢(wv). By definability of types (Theorem
6.3.5), there is an Lg-formula d,(w) such that ¢(g,v) € p if and only if
G | dyt(g). Thus, Stab®(p) = {g € G : Vh (dyib(h) < dpto(hg)))} is a
definable subgroup of G.

Thus, Stab(p) is an intersection of definable subgroups of G. By Corollary
7.1.4, there are ¢1,..., ¢, € p such that Stab(p) = Stab®(p) N ... N
Stab?™ (p). Hence, Stab(p) is a definable subgroup of G.

Suppose that G < G and p; is the unique nonforking extension of p to
G1. The formula defining Stab(p) in G also defines Stab(p;) in G; (this is
Exercise 7.6.3).

We can bound the rank of the stabilizer by the rank of p.

Lemma 7.1.11 RM(Stab(p)) < RM(p).

Proof Let G < G with a,b € G; such that a realizes p, b € Stab(p) such
that RM(b/G) = RM(Stab(p)), and a and b are independent over G. Then
RM(ba/G,a) = RM(b/G,a) = RM(b/G) = RM(Stab(p)). On the other
hand, RM(ba/G, a) < RM(ba/G) = RM(p).

Lemma 7.1.12 Stab(p) < G°.

Proof Let a € Stab(p), and let ¥(v) define G°. Let b € G such that
P(b~1v) € p. Thus (b~ tav) € p. Let G < H with ¢ € H realizing p. Then
b=tac € HY and b~'c € H. Thus

(b re) v rac = ctac € HO.

Because H? is normal, a € H°. Thus a € G°.

7.2  Generic Types

In Lemma 6.2.25 and Exercise 6.6.15 we introduced generic points of alge-
braic varieties. In this section, we will generalize this notion to arbitrary w-
stable groups. Generics will be a powerful tool for studying w-stable groups.



256 7. w-Stable Groups

Throughout this section, G = (G, -,...) is an infinite w-stable group. We
let G be a monster model with G < G.

Definition 7.2.1 Let p € S1(G). We say that p is generic if and only if
RM(p) = RM(G). We say that a € G is generic over G if RM(tp(a/G)) =
RM(G).

We begin by proving some of the basic properties that we will use about
generic types.

Lemma 7.2.2 If tp(z/G) is generic and a € G, then tp(ax/G) and
tp(z=1/Q) are generic.

Proof The maps z — ax and x — z~! are definable bijections and hence
preserve Morley rank.

Lemma 7.2.3 p € 51(G) is generic if and only if [G : Stab(p)] < No.

Proof

(«<) If Stab(p) has finite index, RM(Stab(p)) = RM(G). But
RM(Stab(p)) < RM(p). Thus, p is generic.

(=) Because there are only finitely many types of maximal Morley rank,
{ap : a € G} is finite. Choose by, ..., b, such that if a € G, then ap = b;p
for some i < n. If ap = b;p, then b; *a € Stab(p) and a € b;(Stab(p)). Thus
[G : Stab(p)] < n.

Corollary 7.2.4 p € S1(G) is generic if and only if Stab(p) = G°.

Proof

(<) Clear from Lemma 7.2.3.

(=) By Lemma 7.2.3, G° < Stab(p), and by Lemma 7.1.12, Stab(p) <
G°.

We have proved Lemma 7.2.3 and Corollary 7.2.4 for left stabilizers, but
symmetric arguments show that they are also true for right stabilizers.

Lemma 7.2.5 i) G has a unique generic type if and only if G is connected.
ii) degy (G) = [G : GY].

Proof

i) (=) Let p be the unique generic type. For all a € G, ap is generic and
hence ap = p. Thus, G = Stab(p) and, by Corollary 7.2.4, G = G.

(<) Suppose that p and ¢ are distinct generic types. We will get a con-
tradiction by showing that if a and b are independent realizations of p and
q, then ba realizes both p and gq.

Let G1 be an elementary extension of G containing b. Let p; € G;
be the unique nonforking extension of p and let a; realize p;. Because
a; and a both realize the unique nonforking extension of p to G U {b},
tp(a,b/G) = tp(a1,b/G). Because G; is connected and p; is a generic
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type of G1, by Corollary 7.2.4, Stab(p1) = G1. Thus, bay realizes p;. In
particular, ba; realizes p and hence ba realizes p. A symmetric argument,
using right stabilizers, shows that ba realizes ¢, a contradiction.

ii) Because connected groups have a unique type of maximal Morley
rank, the connected component G° must have Morley degree 1. Because G
is a union of [G : GY] disjoint translates of G°, the Morley degree of G is
exactly the index [G : G].

Next, we show that every element is the product of two generics.

Lemma 7.2.6 Ifg € G, there are a,b € G generic over G such that g = ab.

1

Proof Let a € G be generic over G. Because z — gz~ is a definable

bijection, b = ga~! is also generic over G and g = ab.

Corollary 7.2.7 Suppose that G is connected and A C G is a definable
subset with RM(A) = RM(G). Then G=A-A={ab:a,be A}.

Proof Let ¢(v) be an Lg-formula defining A. For any g € G, we can find
a,b € G generic over G such that g = ab. Because there is a unique generic
type, ¢(a) and ¢(b). Thus G = Jz3y (é(z) A d(y) A zy = g). Because
G < G, there are a’,1’ € A such that g = a'b’.

We say that a definable A C G is generic if RM(A) = RM(G). Next, we
show that finitely many translates of a generic set cover the group.

Lemma 7.2.8 Let A C G be a definable generic subset of G. There are
a1y---,0, € G such that G =a1AU...UayA.

Proof Because finitely many translates of G° cover G, we may, without
loss of generality, assume that G is connected. Let ¢(v) be the Lg-formula
defining A. Let p € S1(G) be the unique generic type.

Claim For any ¢ € S1(G), there is ¢ € G such that ¢(gv) € ¢ (i.e.,
o(v) € 99).

Let a and b be independent realizations of p and ¢. Because ab is generic,
¢(ab). Let (v, w) be the formula ¢(w-v). By definability of types, there is
an Lg-formula dg1 such that (v, g) € gif and only if G = dg1)(g). Because
b realizes the unique nonforking extension of ¢ to G U {a}, G = dg¢(a).
Thus G = Jw dg9(w). Because G < G, there is g € G such that ¢(gv) € g.

For each g € G, let O, = {q € S1(G) : ¢(gv) € ¢}. This is an open subset
of S1(G) and by the claim S1(G) = U,cq Og- By compactness, there are
ai,...,an € G such that S;(G) = Og, U...UQO,,. In particular, if g € G,
and ¢ is the unique type containing the formula v = g, there is an 4 such
that ¢ € O,,. But then ¢(a;g) and g € a; *A. Thus G = a; *AU...Ua, ' A.

When working with generic types, we frequently tacitly assume that G
is somewhat saturated. We say things like “let @ € G be generic over A.”
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By this we mean let a € G such that RM(a/A4) = RM(G). Also, it X C G
is definable and «a is generic, we say that a € X if a € X(G), the elements
of G that satisfy the formula defining X.

w-stable Fields

We will conclude this section by using generic types to prove two important
results. The first is Macintyre’s theorem that any infinite w-stable field is
algebraically closed. The second is Reineke’s theorem that minimal w-stable
groups are Abelian.

The proof of Macintyre’s Theorem uses the following result from Galois
theory (see [58] VIII §6 Theorems 10 and 11).

Theorem 7.2.9 a) Suppose that L/ K is a cyclic Galois extension of degree
n, where n is relatively prime to the characteristic of K and K contains
all nth roots of unity. The minimal polynomial of L/K is X™ — a for some
a€ K.

b) Suppose that K has characteristic p > 0 and L/ K is a Galois extension
of degree p. The minimal polynomial of L/ K is XP4+ X —a for some a € K.

Theorem 7.2.10 If (K,+,-,...) is an infinite w-stable field, then K is
algebraically closed.

Proof We first show that the additive group (K, +,...) is connected.
Suppose that K° is the connected component of the additive group. For
a € K\ {0}, z — ax is a definable group automorphism. By Lemma 7.1.8
KV is closed under multiplication by a. Thus, K° is an ideal of K. Because
K is a field, there are no proper ideals and K° = K.

Because K is connected as an additive group, there is a unique type of
maximal Morley rank. Thus, the multiplicative group (K*,-,...) is also
connected.

For each natural number n, the map =z +— z™ is a multiplicative homo-
morphism. If a is generic, then, because a™ is interalgebraic with a, a™ is
also generic. Thus, K", the subgroup of nth powers, contains the generic.
Because the multiplicative group is connected, K™ = K and every element
has an nth root. In particular, if K has characteristic p > 0, then every
element of K has a pth root. Thus, K is perfect.

Suppose that K has characteristic p > 0. The map « — zP + z is an
additive homomorphism. If a is generic, then, because a? + a is interalge-
braic with a, a? + a is also generic. Thus, as above, the homomorphism is
surjective.

Claim 1 Suppose that K is an infinite w-stable field containing all mth
roots of unity for m < m. Then, K has no proper Galois extensions of
degree n.

Let n be least such that there is an w-stable field K containing all mth
roots of unity for m < n and K has a proper Galois extension L of degree n.
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Let ¢ be a prime dividing n. By Galois theory, there is K C F' C L such that
L/F is Galois of degree ¢q. The field F is a finite algebraic extension of K
and thus interpretable in K (see Exercise 1.4.12). Because F is interpretable
in an w-stable structure, F is also w-stable. Thus, by the minimality of n,
F=Kandn=gq.

If K has characteristic 0 or characteristic p # ¢, then, by Theorem 7.2.9
a), the minimal polynomial of L/K is X? — a for some a € K. But every
element of K has a gth root, thus X¢ — a is reducible, a contradiction.

If K has characteristic p = ¢, then, by Theorem 7.2.9 b), the minimal
polynomial of L/ K is XP+X —a for some a € K. But the map x — zP+x—a
is surjective; thus X? 4+ X — a is reducible, a contradiction. This proves the
claim.

Claim 2 If K is an infinite w-stable field, then K contains all roots of
unity.

Let n be least such that K does not contain all nth roots of unity. Let &
be a primitive nth root of unity. Then K () is a Galois extension of K of
degree at most n — 1. This contradicts the previous claim.

Because K contains all roots of unity, the first claim implies that K
has no proper Galois extensions. Because K is perfect, K is algebraically
closed.

Minimal Groups

Next, we prove Reineke’s Theorem. Recall that for G a group, the center
of G is the group Z(G) = {a € G: Vg € G ag = ga}.

Theorem 7.2.11 If G is an infinite w-stable group with no proper defin-
able infinite subgroups, then G is Abelian.

Proof Suppose not. Then, the center Z(G) is finite and for all a € G\ Z(G),
the centralizer C'(a) = {g € G : ag = ga} is finite.

Let a € G\ Z(G), and let b be generic over a.

Claim 1 b is algebraic over {a,bab=1}.

The set {c: cac™ = bab™'}{c: b~ 'c € C(a)} is a finite set containing b.

Thus, RM(bab~!/a) = RM(b/a) and bab~! is generic over a, so a¥ =
{gag=!: g € G} is generic.

Suppose a,b € G\ Z(G). Because G is connected there is a unique generic
type. Thus a® N & # § (indeed, it must be generic). If cac™! = dbd—*,
then b = d~'cac™'d € a®. Similarly, a € b, so a® = b“. Thus, any two
elements not in Z(G) are conjugate.

Let H = G/Z(G). Then, H is an infinite w-stable group, and all elements
except 1 are conjugate.

Claim 2 All elements of H \ {1} have the same order.
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Suppose that b = 1 and cac™! = b. Then

Thus a™ = 1.

Claim 3 Some element of H does not have order 2.
Suppose that every element of H has order 2. Let a,b € H. Then

ab=(ab)"' =b"ta"! = ba.

Thus, H is Abelian, but then for all a € H, aff = {a}, a contradiction.

Suppose that all elements of H \ {1} have order n > 0. Clearly, n must
be a prime number. Let a € H, there is b € H such that bab~! = a~!. Note
that ba='b~! = a. Thus, for all k£ > 1

bF b_k:{a if kis even
“ a~' if kis odd

This leads to a contradiction because n is odd, so b%ab™" = a~'. But
b™ = 1; thus b"ab™" = a.

Corollary 7.2.12 If G is an infinite w-stable group, then there is an infi-
nite definable Abelian H < G.

Proof By the Descending Chain Condition, there is an infinite definable
H < G with no infinite definable proper subgroups.

Corollary 7.2.13 If G is a group of Morley rank 1, then G is Abelian-by-
finite (i.e., there is a definable Abelian subgroup of finite index).

Proof If RM(G) =1, then G is Abelian.

Corollary 7.2.14 If G is an infinite w-stable group with no definable in-
finite proper subgroups, then either G is a divisible Abelian group or every
element of G has order p for some prime p.

Proof For any prime p, GP = {¢gP : ¢ € G} is a definable subgroup and
hence must either be finite or all of G. If GP = G, then every element is
divisible by p. If G is p-divisible for all primes p, then G is divisible. If G?
is finite then {g € G : ¢? = 1} is an infinite definable subgroup and hence
must be all of G.

Note that even if G is divisible, G might have some torsion elements. For
example, if K is an algebraically closed field of characteristic zero and F
is an elliptic curve, then F is divisible and has n? elements of order n for
each n.
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7.3 The Indecomposability Theorem

In this section, we prove a theorem of Zil’ber’s that is an important tool
for studying groups of finite Morley rank. It again generalizes a result from
algebraic group theory (see [14] 1.2.2).

Definition 7.3.1 We say that a definable X C G is indecomposable if and
only if whenever H is a definable subgroup of G the coset space X/H =
{zH : x € X} is either infinite or contains a unique element.

Indecomposable sets play the role of irreducible subvarieties in arbitrary
finite Morley rank groups (see Exercise 7.6.13). For example, if X < G
is an infinite connected definable subgroup, then X is indecomposable. If
H < @ is a definable group and a,b € X, then aH = bH if and only if
b € a(X N H). Thus, the number of cosets in X/H is equal to the index
[X : X N H]. Because X is connected, this is either one or infinite.

Theorem 7.3.2 (Zil’ber’s Indecomposability Theorem) Let G be a
group of finite Morley rank and (X; : © € I) a collection of definable in-
decomposable subsets of G each containing 1. Then, the subgroup of G
generated by \J;c; X; is definable and connected.

Proof For each o = (i1,...,ip) € <%, let X7 = {21 -2, : 71 €
Xiys--yxn € X, }. Because RM(G) is finite, there is a o such that
RM(X?) = k is maximal. Let p € S1(G) be a type of Morley rank k
containing the formula v € X?. Let H = Stab(p).

Claim Each X; C H.

If not, then |X;/H| > 1 as 1 € X;NH and X; € H. Because X;
is indecomposable, there are aj,as,... in X; such that a, H # a,,H for
n # m. Because a,'a, ¢ H = Stab(p), a,p # amp for n # m. Thus,
a1p, azp, - . . are infinitely many distinct types of rank k. But each of these
types contains the formula v € X; - X°. Thus, X’ - X° has rank at least
k + 1, contradicting our choice of o.

Thus, the group generated by (J;o; X; is contained in H.

Because H = Stab(p), by Lemma 7.1.11, RM(H) < RM(p) = RM(X?7) <
RM(H). Thus, p € H and RM(p) = RM(H), so p is a generic type of H.
Because any w-stable group acts transitively on its generic types (see Ex-
ercise 7.6.9) and H = Stab(p) fixes p, H is connected. Because X7 C H is
generic, by Lemma 7.2.7, H = X? - X?. Thus, H is contained in the group
generated by (J;c; Xi.

We have shown that H is the group generated by |J
connected.

serXi and H is

The proof of the Indecomposability Theorem shows a bit more. Namely,
there are 41, ...,%, € I such that H = X;, --- X, . If we start with a single

indecomposable set X, and H is the group generated by X, then there is a
number m such that every element of H is a product of m elements of X.
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Let I" be a group and S a set. An actionof 'on Sisamapa:I'xS — S
such that a(1,s) = s for all s € S and a(y,a(u,s)) = a(yu,s) for all
v, € T and s € S. When no confusion arises, we write s for a(v, s).
We say that X C S is I'-invariant if yX = X for all v € I'. We say that
I' acts transitively on X C S if for all z,y € X there is v € " such that
vyr =y. If G is a group, we say that a : I' x G — G is the action of a group
of automorphisms, if for each v € T, the function g — a(vy,g) is a group
automorphism.

We say that the action is w-stable if (T, -, S, «) is interpretable in an w-
stable structure. Similarly, we say that the action has finite Morley rank if
(T',+, S, ) is interpretable in a finite Morley rank structure.

For example, if G is a group, G acts on itself by conjugation a(h,g) =
hgh~!. If K is a field, then K* acts on (K,+) by a(a,r) = az. If G and
K are w-stable (finite Morley rank), then these actions are also w-stable
(finite Morley rank).

The next lemma shows that to test the indecomposability of a I'-invariant
X we need only show that it is indecomposable by I'-invariant definable
subgroups.

Lemma 7.3.3 Suppose that there is an w-stable action of I' on a group G
as a group of automorphisms, X C G is I'-invariant, and for all definable
I-invariant subgroups H of G either |X/H| =1 or X/H is infinite. Then,
X is indecomposable.

Proof Suppose that H is a definable subgroup of G and 1 < | X/H| < Ry.
Suppose that X C x;HU...Ux,H. If y € T and x € X, then v 'z €
X. Thus, v 'z = x;h for some h € H and z = (yx;)(vh). Thus X C
(vz1)(yH) U ... U (yx,)(vH). In particular, X/vyH is finite.

Let H* = mveF vH. By the Descending Chain Condition there are
Y1y ---5Ym € ' such that H* =~y HN...Nvy,, H. Because X is [-invariant,
X/~:H is finite for each ¢ and X/H* is finite. Thus 1 < |X/H*| < Ry. But
H* is I'-invariant, a contradiction.

If g,h € G we let g" denote hgh™!. If H < G, we let g7 = {¢g": h € H}.

Corollary 7.3.4 Suppose that G is an w-stable group. If H is a definable
connected subgroup of G and g € G, then g is indecomposable.

Proof The group H acts on G via conjugation, and g¥ is invariant under
this action. Thus, by the preceding lemma, it suffices to show that g is
indecomposable for definable N < G where hNh™' = N for all h € H.
Suppose that gff /N is finite and m is minimal such that g C a; N U
asNU...Ua,,N for some ai,...,a, € ¢g'. If h € H, then ha"h=! = o’
and h(a;N)h=! = a?(hNh~1!) = al* N. Thus, for each i there is a unique j
such that a? N = a;N. This gives a definable transitive action of H on the
finite set {ai,...,a,}. By Exercise 7.6.11, m = 1 as desired. Thus, g% is
indecomposable.
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For a,b € G, we let [g, h] denote the commutator g~'h~tgh. The com-
mutator subgroup G’ is generated by {[g,h] : g,h € G}.

Corollary 7.3.5 If G is a connected group of finite Morley rank, then the
commutator subgroup G’ is a connected definable subgroup of G.

Proof By Corollary 7.3.4, g© is indecomposable. Thus, g~'(g%) is inde-
composable, 1 € g71(¢g%) and G’ is the group generated by {g~'(g%) :
g € G}. By Zil’ber’s Indecomposability Theorem, G’ is definable and con-
nected.

Next, we use the Indecomposability Theorem to show that for groups of
finite Morley rank, simplicity is preserved under elementary equivalence.

Theorem 7.3.6 If G is an infinite non-Abelian group of finite Morley rank
and G has no nontrivial definable normal subgroups, then G is simple.

Proof Because G° is a normal subgroup of G, G is connected. For a € G,
let C(a) be the centralizer {g € G : ga = ag}. For g,h € G, a9 = a" if
and only if g € hC(a). Suppose a® is finite. Then, C(a) is a finite index
subgroup of G. Because G is connected, C'(a) = G, and a is in the center,
Z(G) = {a : ga = ag for all g € G}. Because Z(G) is a definable normal
subgroup and G is non-Abelian, Z(G) = {1}. Thus, we may assume a® is
infinite for all a € G\ {1}.

Suppose that N is a nontrivial normal subgroup of G and a € N \
{1}. Let X = a~(a®). By Corollary 7.3.4 (and Exercise 7.6.12) X is
indecomposable and gX g~ is indecomposable for all g € G. Because N is
normal, gXg~! C N for all g € G. Let H be the subgroup of N generated
by {gXg~!: g € G}. Because a© is infinite, H is nontrivial. By Zil’ber’s
Indecomposability Theorem, H is definable.

We claim that H is normal. If h = (g12197") - (gnng, ') where
T1,...,T, € X and ¢1,...,9, € G, then

ghg™' = (9q17197 '97 ) (9927195 97 ") - (ggnangy, t9~t) € H.

Because G has no proper definable normal subgroups, this is a contradic-
tion.

We leave the proof of the following corollary for Exercise 7.6.18.

Corollary 7.3.7 If G is a simple group of finite Morley rank and H = G,
then H is simple.

Finding a Field

If G is an algebraic group over an algebraically closed field K, then the field
K is interpretable in G. Indeed, if V' is any infinite variety, we can find a
projection map 7 : V' — K such that the image of V' is a cofinite subset of
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K. We can use the equivalence relation z ~ y if and only if 7(z) = 7(y) to
interpret K.

To have any hope of proving the Cherlin-Zil’ber Conjecture, we would
have to show that any simple group of finite Morley rank interprets an
algebraically closed field. For the remainder of this section, we will show
how the Indecomposability Theorem gives us ways to interpret fields in
some finite Morley rank groups.

Definition 7.3.8 We say that an action o : H x A — A is faithful if
whenever g, h € H and g # h there is a € A such that a(g, a) # a(h,a).

Theorem 7.3.9 Let (H,-) and (A,+) be infinite Abelian groups, and sup-
pose that there is a faithful w-stable action of H on A as a group of auto-
morphisms such that no infinite definable B < A is H-invariant. Then, we
can interpret an algebraically closed field K.

Proof Because A° is invariant under all definable automorphisms, A is
H-invariant, and hence A = A° so A is connected. Let a € A be sufficiently
generic.

Claim 1 Ha is infinite.

If Ha is finite, then Ha is finite and, by Exercise 7.6.11, H’a = {a}.
Thus, X = {z € A: H% = {z}} is generic and every element of A4 is a
product of two elements of X. But then H% = {b} for all b € A. Because
H acts faithfully, H° = {1} and H is finite, a contradiction.

Claim 2 Ha U {0} is indecomposable.

Because Ha U {0} is H-invariant, by Lemma 7.3.3 we need only test
indecomposability for H-invariant subgroups. If B is a definable proper H-
invariant subgroup of A, then B is finite. Because Ha is infinite, HaU{0}/B
is infinite. Thus, Ha U {0} is indecomposable.

By the Indecomposability Theorem, the subgroup generated by HaU{0}
is definable. Because this group is H-invariant, it must be all of A. From
the proof of the Indecomposability Theorem, we see that there is an n such
that every element of A is a sum of n elements in Ha U {0}.

Let End(A) be the ring of endomorphisms of the group G. We can iden-
tify H with a subset of End(A). Let R be the subring of End(A) generated
by H. Because H is Abelian, R is commutative. If b € A, then b= >"", h;a
for some hq,...,hy, € H and m <n. If r € R, then

r(b) = zm:rhia = zm:hﬂ"a
i=1 i=1

because R is commutative. Thus if 1,79 € R and r1a = rea, then r = ro.

Suppose ra = b and b = Y. | h;a. Then hy + ...+ hy, € R and ra =
(h1+...+hp)a. Thus, r = hy +...+ hy,, and every r € R is the sum of n
elements of H U {0}.
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Claim 3 The ring R is interpretable.
Define ~ on (H U {0})" b

(h1y...yhn) ~ (91, -.,9n) if and only if Zhia = Zgia.

Define @ and ® on (H U {0})"/ ~ by

h @ g =1 if and only if Zhia—&-Zgia:Zlia
and

h®§ =1 if and only if ZZhlgjafZla

Then R ((HU{0})"/~,®,®).

Claim 4 R is a field.

Suppose that r € Rand r # 0. If b € B and rb = 0, then for any h € H,
r(hd) = (rh)b = (hr)b = h(rb) = 0. Thus, the kernel of r is H-invariant. By
our assumptions about A, the kernel of r is finite. Because A is connected,
by Exercise 7.6.5, r is surjective. Thus, there is ¢ € A with rc = a. Let
¢=>Y hijaand s =Y h; € R. Then sa = ¢ and rsa = a. Because la = a
and elements of R are determined by their actions on a, rs = 1.

The additive group R of the interpreted field is isomorphic to A via
the map r — r(a), and we can view H as a subgroup of the multiplicative
group of R so that the action of H on A corresponds to multiplication. In
particular, the field R is infinite and, by Macintyre’s Theorem, algebraically
closed.

Definition 7.3.10 A group G is solvable if there is a chain of normal
subgroups G = Gy > ... > G,, = {1} such that G;/G;4;1 is Abelian for
each 1.

If G is a group, we define the derived series by GO = G, G+ = G’
the commutator subgroup of G™.

We need two facts about solvable groups. See, for example, [89] 7.46 and
7.52.

Lemma 7.3.11 i) A group G is solvable if and only if G = {1} for
some n.
it) If G is solvable, then all subgroups and quotients of G are solvable.

Theorem 7.3.12 If G is an infinite connected solvable group of finite Mor-
ley rank with finite center, then G interprets an algebraically closed field.

Proof We will prove this by induction on the rank of G. We first argue
that we may, without loss of generality, assume that G is centerless. Sup-
pose that Z(G) is finite. We claim that G/Z(G) is centerless. Let a € G
such that a/Z(G) € Z(G/Z(G)). For all g € G, a~'g~tag € Z(G). Thus,
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a"'a® C Z(G), and, hence, a“ is finite. Thus, [G : C(a)] is finite. Because
G is connected, C(a) = G and a € Z(G). Thus, G/Z(G) is solvable and
centerless. By Exercise 7.6.4, G/Z(G) is connected. Because G/Z(G) is in-
terpretable in G, if G/Z(G) interprets an algebraically closed field, so does
G.

Let A < G be a minimal infinite definable normal subgroup. By Lemma
7.3.11 and Corollary 7.3.5, A is solvable and A’ is a proper connected
normal definable subgroup of A. Moreover, any automorphism of A fixes
A’ setwise, thus A’ < G. By choice of A, A’ = {1} and A is Abelian.

Let C(A) = {g € G : ga = ag for all a € A}. Because G is centerless,
C(A) # G. Because A is normal, so is C'(A). Let G; = G/C(A).

If g,h € G and g = hc where ¢ € C(A), then fora € A

1 1

hah™' = gecac™ g™ = gag™?.
Thus, G acts on A by conjugation. If gag™' = hah™! for all a € A, then
g thah™lga = a and g7'h € C(A). Thus, g/C(A) = h/C(A) and G,
acts faithfully on A. Moreover, because A is the smallest infinite normal
definable subgroup, no infinite definable subgroup of A is Gi-invariant.

The group Gj is solvable and, because A < C'(A4), RM(G;1) < RM(G).
If Z(Gy) is finite, then G; (and hence G) interprets an algebraically closed
field by induction. Thus, we may assume that Z(G1) is infinite. Let H be a
minimal definable infinite subgroup of Z(G1). Then, H is Abelian, H < Gy,
and H acts faithfully on A by conjugation.

If there are no definable infinite H-invariant proper subgroups of A,
then by Theorem 7.3.9 there is an interpretable algebraically closed field.
Otherwise, let B < A be a minimal infinite H-invariant definable subgroup.
Let Hy={h € H :b" =b for all b € B}.

Suppose that H = Hy (i.e., H acts trivially on B). Because B is a min-
imal H-invariant subgroup, B is indecomposable by 7.3.3 and, by Lemma
7.6.12, BY is indecomposable for all g € G;. Because H < Z(G4),if he H
and b € B, then

()" = (4)7 = .

Thus, H acts trivially on BY as well. By Zil’ber’s Indecomposability The-
orem, the group generated by (BY : g € G;) is a definable G;-invariant
subgroup of A. But A is a minimal G1-invariant subgroup, thus A is gener-
ated by (B9 : g € G1). Because H acts trivially on each BY, H acts trivially
on A, a contradiction.

Thus, Hy is a proper subgroup of H and, because H is minimal, Hy
is finite. But then H/H, acts faithfully on B and there are no infinite
definable H/Hjy-invariant subgroups of B. Thus, by Theorem 7.3.9, we can
interpret an algebraically closed field.
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We have already seen a concrete example of Theorem 7.3.12 in Section
1.3. Let K be an algebraically closed field and G be the group of matrices

Gz{(g I;):a,beK,a;«éO};

then G is a connected, solvable, centerless group of finite Morley rank
(see Exercise 7.6.19). The proof of Theorem 7.3.12 is an abstraction of the
concrete interpretation of the field in Section 1.3.

We will give one more extension of this result.

Definition 7.3.13 A group G is nilpotent if there is a chain of normal
subgroups G = G > ... > G,, = {1} such that G;/G;y1 < Z(G/G;41) for
all ¢ < n.

For a group G, we define the lower central series as To(G) = G,
I'h+1(G) = [I'h(G) : G] the group generated by commutators {[a,b] : a €
I'n(G),b € G]}. Then G > T'4(G) > T'2(G).... We define the upper central
series by Zo(G) = {1} and Z,,(G) ={9 € G :g9/Zpn-1 € Z(G/Zp-1)}.

We will use the following facts about nilpotent groups. See, for example,
[89] 7.54.

Lemma 7.3.14 A group G is nilpotent if and only if there is an n such
that I, (G) = {1} if and only if there is an n such that Z,(G) = G.

Theorem 7.3.15 If G is an infinite connected, solvable, monnilpotent
group of finite Morley rank, then G interprets an algebraically closed field.

Proof Let Zy(G) < Z1(G)... be the upper central series of G. Because
G has finite Morley rank, there is an n such that RM(Z,,(G)) is maximal.
Then, Z,,11(G)/Z,(G) is finite and, because G is nonnilpotent, Z, (G) # G.

Consider G/Z,(G). By Lemma 7.3.11 and Exercise 7.6.4 G/Z,(G) is a
connected solvable group of finite Morley rank. Because Z(G/Z,+1(G)) =
Zn+1(G)/Z,(QG) is finite, G/Z,(G) has finite center. By Theorem 7.3.12,
G/Z,(G), and hence G, interprets an algebraically closed field.

7.4 Definable Groups in Algebraically Closed
Fields

In this section, we will investigate groups interpretable in algebraically
closed fields. Our goal is to show that any such group is definably isomor-
phic to an algebraic group. If G is interpretable in an algebraically closed
field K, then, by elimination of imaginaries, there is a definable X C K™
and a definable f : X x X — X such that (G,-) is definably isomorphic
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to (X, f). Thus, to study interpretable groups it suffices to study groups
where the underlying set and multiplication are definable sets. In alge-
braically closed fields, the definable subsets are exactly the constructible
subsets, so our goal is to show that any constructible group is definably
isomorphic to an algebraic group.

Varieties

We have already encountered two types of algebraic groups: linear algebraic
groups and elliptic curves. We define the category of algebraic groups to
include both types of examples. We begin by defining an abstract algebraic
variety. The idea is that we build abstract varieties from Zariski closed

subsets of K™ in the same way that we build manifolds from open balls in
R™ or C™.

Definition 7.4.1 A wvariety' is a topological space V such that V has a
finite open cover V =V U...UV,, where for i =1,...,n thereis U; C K™
a Zariski closed set and a homeomorphism f; : V; — U; such that:

1) U;; = fi(ViN'V;) is an open subset of U;, and

i) fij=rfio f;l :U;; — U; ;j is a rational map.

We call f1,..., fn charts for V.

Varieties arise in many natural ways. Let K be an algebraically closed
field.

Lemma 7.4.2 i) If V C K" is Zariski closed, then V is a variety.

i) If V.C K™ is Zariski closed and O C K™ is Zariski open, then V N O
18 a variety.

iii) PY(K) is a variety.

w) If V CP™(K) is Zariski closed and O C P*"(K) is Zariski open, then
VN O is a variety.

Proof

i) Clear.

ii) Let O = J;*; O; where O; = {z € K" : g;(z) # 0} for some g; €
K[X1,...,X,]. Let V; = {& € V : g;(z) # 0}. Then, V; is an open subset
of Vand VNO = Vi U...UV,. Let U; = {(z,y) € K" : 2 € V and
ygi(x) = 1}, and let f; : V; — U; be z — (z, ﬁ) Then, f; is a rational
bijection with rational inverse (z,y) — x, so VZ and U; are homeomorphic.
In this case, U; ; is the open set {(z,y) € U; : f;j(z) # 0} and f;; is the
rational map (z,y) — (z, %)

IThe objects we are defining here are usually called prevarieties and varieties are
prevarieties where the diagonal {(z,y) : © = y} is closed in V x V. If a prevariety
has a group structure, the diagonal is automatically closed, so this distinction is not so
important to us. See Exercise 7.6.22.
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iii) Projective 1-space P!(K) is the quotient of K2\ {(0,0)} by the equiv-
alence relation (z,y) ~ (u,v) if there is A € K such that Az = u and
Ay = v, (Le., if zv = yu). Let V1 = {(z,y)/ ~:  # 0}, and let Vo =
{(z,y)/ ~: x # 0}. Let Uy = Uz = K, and let f1((z,y)/ ~) = y/z, while
fo((z,y)/ ~) = /y. Then, U1 » = Usy = K\{0} and fi;(z) = fji(z) = 3.

iv) Exercise.

A quasiprojective variety is the intersection of Zariski open and Zariski
closed subsets of projective space. Part iv) of the preceding lemma shows
that quasiprojective varieties are examples of abstract algebraic varieties.

Lemma 7.4.3 IfV is a variety, then V is interpretable in the algebraically
closed field K.

Proof Let V = Vi U...UV, with charts f; : V; — U,, without loss of
generality, there is an m such that each U; C K™. Let a1,...,a, € K be
distinct, and let X = {(x,y) € K™ : y = a; and x € U; for some i < n}.
Then, X is a Zariski closed subset of K™t!. We define an equivalence
relation ~ on X, by (z,a;) ~ (y,qa;), if and only if a; = a; and = y or
a; #aj, v €U j,y €Uj,, and f; j(y) = z.

If V is a variety with charts f1 : Vo = Ug,..., fno : Vo = U,, X CU; is
open in U;, and W = f; ! (X), then we call W an affine open subset of V.
Any open subset of V' is a finite union of affine open subsets of V.

We will consider maps between varieties that are given locally by rational
functions.

Definition 7.4.4 Suppose that V and W are varieties and f : V — W.
We say that f is a morphism if we can find Vi,...,V,, and Wq,..., W,
covers of V and W by affine open sets with homeomorphisms f; : V; — U,
g; + Wj — U, where U; and U} are open subsets of affine Zariski closed

sets and gj o f o fi_1 is a rational function for each i < n, j < m.

In characteristic p > 0, one should also consider quasimorphisms where
the maps are locally given by quasirational functions (i.e., compositions of
rational functions and z — ¥/7).

We next define the product of two varieties.

Definition 7.4.5 Suppose that V and W are varieties and f : V — W.
Suppose that V=V, U...UV,and f; : V; 2 U; and W =W U...UW,,
and g; : W; — U/ are charts for V and W. We topologize V; x W, so that
(firg;) : Vix W; = U; x Ujf is a homeomorphism and take {V; x W; : 4 <
n,j < m} as a finite open cover of V x W.

Note that the topology on V' x W is a proper refinement of the product
topology. For example the line y = z is a closed subset of K2, but it is not
closed in the product topology on K x K.
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We summarize some of the basic topological properties of varieties that
we will need. These follow easily from the corresponding properties of
Zariski closed sets. We leave the proofs as exercises.

Lemma 7.4.6 Suppose that V and W are varieties.

1) If V is a variety and X C 'V is open, then X is a variety.

1) There are no infinite descending chains of closed subsets of V.

iii) Any closed subset of V is a finite union of irreducible components
(see Exercise 3.4.17).

w) If f:V — W is a morphism, then f is continuous.

v) If f:V — W and for each a € V there is an open U C V such that
a €U and f|U is a morphism, then f is a morphism.

vi) The product V- x W is a variety and the topology on V- x W refines
the product topology.

In our proof that constructible groups are definably isomorphic to alge-
braic groups, we will use heavily Proposition 3.2.14, which states that if
X is constructible and f : X — K is definable, then we can partition X
into constructible sets X1, ..., X,, such that f|X; is quasirational for each
1 < m. The next lemma shows how we will combine Proposition 3.2.14 and
Lemma 6.2.26.

Lemma 7.4.7 Suppose that V and W are varieties, Vo C V is open, and
f Vo = W is a definable function. There is an affine open U C Vi such
that f|U is a quasimorphism.

Proof Without loss of generality, we may assume that V{ is an affine open
subset of V, the closure of V; is irreducible, Wy is an affine open subset
of W, and f : Vj — Wy. By Proposition 3.2.14, there are quasirational
functions fi,..., f;n such that for each a € Vj there is i < m such that
f(a) = fi(a). Choose i such that {x € V : f(z) = fi(z)} has maximal
rank. By Lemma 6.2.26, this set has a nonempty interior in Vj.

Algebraic Groups
Definition 7.4.8 An algebraic group is a group (G, -) where G is a variety
and - and z — ! are morphisms.

We derive some basic properties of algebraic groups.
Lemma 7.4.9 A definable subgroup of an algebraic group is closed.

Proof Suppose that G is an algebraic group and H < G is definable. Let
V be the closure of H in G. Suppose, for contradiction, that a € V' \ H.
By Exercise 6.6.14, RM(V \ H) < RM(H). Every open set containing a
intersects H. If b € H, then = — bx is continuous. Thus, every open set
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containing ba intersects H and Ha C V \ H. But = — za is a definable
bijection. Thus

RM(H) =RM(Ha) <RM(V \ H) < RM(H),
a contradiction.

In particular an algebraic group is connected if it has no proper algebraic
subgroups of finite index.

Lemma 7.4.10 A connected algebraic group is irreducible.

Proof Let G be a connected algebraic group. Let Vi,...,V,, be the ir-
reducible components of G. If a € G, then = — az is continuous. Thus,
each aV; is irreducible and G = aV; U ... U aV,,. Because the decom-
position into irreducible components is unique, G acts on the irreducible
components. Because there are only finitely many irreducible components,
H = {a : aVh = V4} is a finite index subgroup of G. Because G is con-
nected, we must have H = (. Because aV; = V; for all a € G, we must
have V7 = G.

For the remainder of this section, we will make the simplifying assump-
tion that K has characteristic zero so that we do not have to deal with
quasirational functions. In characteristic p > 0, our proof will show that
every constructible group is definably isomorphic to a “quasialgebraic”
group (i.e., one where multiplication and inversion are quasimorphisms).
A second argument is then needed to show that quasialgebraic groups are
definably isomorphic to algebraic groups. We refer the reader to [86] for
details in this case.

We will be doing some model-theoretic arguments with generic types
and generic elements of our field. Let K < K be a monster model. The
formulas defining a group G in K will define a group G in K that will also
be a monster model. If X C G is definable and a € G, we will sometimes
write “a € X,” to mean that a satisfies the formula defining X.

Lemma 7.4.11 Suppose that K is an algebraically closed field of char-
acteristic zero. Suppose that G is a variety, (G,-) is a group, and - is a
morphism. Then, (G,-) is an algebraic group.

Proof We must show that z — x~! is a morphism. Let G° be the con-

nected component of G, and let U C G° be an affine open subset of G°.
Because GP is irreducible, it is the closure of U. Thus, U is a generic subset
of G°. Because x — ! preserves the unique generic type of G, if a is a
generic of G°, then a,a=! € U.

By Lemma 7.4.7, there is an open V C U such that the inverse map is
a morphism on V. Let Vi = VN V~! Then V; is an open subset of U
containing the generic, the inverse is given by a rational function on V7,
and if x € V4, then 27! € 1.
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Because V' contains a generic type of G, by Lemma 7.2.8, there are
ai,...,a,, € G such that G = a1 V1 U...Ua,Vi. On a;V7, the inverse is
obtained by the composition of morphisms

1

e a ez e (a7 '2) " e (a7 2) et

7

By Lemma 7.4.6 v), inversion is a morphism on G.

Lemma 7.4.12 Suppose that K is an algebraically closed field of charac-
teristic zero, G and H are algebraic groups and f : G — H is a definable
group homomorphism, then f is a morphism.

Proof Let a € G° be generic. By Lemma 7.4.7, there is an affine open set
U such that f|U is a morphism. Finitely many translates of U cover G. If
x € aU, then f(x) is given by the composition

i a e fla™'z) — fla)f(a ).
Because a~'z € U, this is a composition of morphisms; thus, f is a mor-
phism.

Constructible Groups

We now begin the proof that constructible groups are isomorphic to alge-
braic groups. If GG is a constructible group, we must find a finite cover by
definable open sets V7, ..., V,, and find definable charts f; : V; — U; making
G an algebraic variety such that multiplication becomes a morphism.

We first show that, without loss of generality, we may assume that G is
connected.

Lemma 7.4.13 Suppose that K is an algebraically closed field of charac-
teristic zero, G is a constructible group, and G is definably isomorphic to
an algebraic group; then, so is G.

Proof Let A be a set of representatives for G/G°. For g € G, let i(g) € A
such that g € i(g)G°. We can choose A such that i(1) =1 and a~! € A for
all a € A. Then, G is the disjoint union (J,. 4 aG.

We will use the variety structure of G® to topologize G. We say that
U C aGY is open if and only if {x € G° : ax € U} is open, and X C G is
open if and only if X NaGP is open for all a € A. It is easy to see that this
topology makes G a variety.

We must show that multiplication is a morphism. The variety G x G is
covered by the disjoint open sets aG° x bG® for a,b € A. Let a,b € A and
z,y € G, then

axby = ab(b~'ab)y = i(ab)i(ab) " *ab(b~ xb)y.
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Because i(ab)tab € G° and b~1zb € GO (because G is normal), azby €
i(ab)G°. Thus, multiplication maps aG°® x bG® to i(ab)GP. It suffices to
show that (z,y) — i(ab)"taxby is a morphism of G°. Because G < G, x
b~lzb is a definable automorphism of GY and hence, by Lemma 7.4.12, a
morphism. Because i(ab) "tab € G° the map z + i(ab) ~tabz is a morphism
of G°. Thus

(z,y) — i(ab) " tab(b~ zb)y = i(ab) ‘axby

is a morphism of G°, as desired.

Theorem 7.4.14 Let K be an algebraically closed field of characteristic
zero. If G C K™ is a constructible group, then G is definably isomorphic to
an algebraic group.

Proof Without loss of generality, we may assume that G is connected.
By quantifier elimination, G = |JI_, F; N O; where F} is Zariski closed and
irreducible and O; is open. Let V; be some F; N O; containing the generic
type of G. Note that V; is a variety. Because x — 2~ is definable, we can
find an open Vo C V; containing the generic such that inversion is rational
on V;. Because (z,y) — x - y is definable, there is an open W7 C Vo x V4
and a rational function f such that f(x,y) =z -y for (z,y) € Wi. Then,
Vs ={z € Vy: (y,x) € Wy and (y~!,yx) € W; for all y generic over x}
contains the generic of G and, by definability of types, V3 is definable. Thus,
there is V4 C V3 such that Vj is open in V3 and Vj contains the generic.
Let V=VynV, ' and W = {(2,y) € W, : x,y,zy € V}. Note that:

e VV and W are open;

e multiplication is a morphism on W

eif a € V and z € G is generic over a, then (z,a) € W and (z~ !, za) €
wW.

Claim 1 If a,b € G, then U, = {(z,y) € V x V : azby € V'} is open in
V x V and (z,y) — axby is a morphism from U, to V.

Because V is generic, we can find b’,b” € V such that b = b'b”. Suppose
that xzg,yo € V and azgbyy € V. Let ¢ be a realization of the generic
independent from a, g, b’,b", yo. The following pairs are all in W: (ca, zo),
(caxo,b'), (caxob',b"), (caxob’b”, yo). In each case, the first element of the
pair is generic over the second. Because

X ={(z,y) : x € V,y € V,(ca,z), (cazx,V'), (caxt/ V"), (caxb'b",y) € W}

is the inverse image of W under a composition of morphisms, X is an open
set containing (xo,yo). If (z,y) € X, then axby € V. Thus X C U, and
Uap is open. Because multiplication is rational on W, (z,y) — azby is a
composition of rational functions on X . Hence. (x,y) — axby is a morphism
from U, to V.
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Claim 2 Let c € G, then V., = {y € V:icy € V} =V N 'V is open and
y — cy is a morphism from V, to V.

Let z9 € V. Let a = cag’ and b = 1. Then, U,y = {(z,y) € V x V :
cxytry € V}is open and (z,y) — cxy oy is a morphism. Considering the
section where xo = z, we see that V. is open and y — cy is a morphism.

Because V' is generic, we can cover G by finitely many translates of V.
We say that X C ¢V is open if and only if {x € V : cx € X} is open in V.
By the claim 2, V N ¢V is open in V; thus, aV N bV is an open subset of
aV and bV. Thus, we can topologize G by making X C G open if and only
if X NaV is open for all a € G. This topology makes G a variety.

To show that multiplication is a morphism, we argue that for a,b,c € G
Y = {(z,y) € VXV : axby € ¢V} is open and (z,y) — c laxby is a
morphism. But ¥ = U,-1,, so this follows from the first claim.

By elimination of imaginaries, we can extend Theorem 7.4.14 to inter-
pretable groups.

Corollary 7.4.15 If G is a group interpretable in an algebraically closed
field of characteristic zero, then G is definably isomorphic to an algebraic
group.

Corollary 7.4.16 If K is an algebraically closed field of characteristic
zero, G is an algebraic group and H < G is an algebraic subgroup, then
G/H is an algebraic group.

Proof Because G/H is interpretable, by elimination of imaginaries it
is constructible and, by Theorem 7.4.14, it is isomorphic to an algebraic

group.

Both corollaries are true in finite characteristic as well.

Differential Galois Theory

Poizat [84] showed how Theorem 7.4.14 can be used to give a new proof of
a result of Kolchin’s in differential Galois theory.

Definition 7.4.17 Suppose that k and [ are differential fields with k& C [.
The differential Galois group G(I/k) is the group of all differential field
automorphisms of [ that fix the field k& pointwise.

Differential Galois groups were first studied when [ is obtained from k
by adjoining solutions of linear differential equations. We say that f(X) €
E{X} is a linear differential polynomial over k if

F(X)=anX™ 4+ 4 a X" + a1 X +aoX +b

where ag, ..., a,,b € k. If a,, # 0, then we say that f has order n. If b = 0,
we say that f(X) = 0 is a homogeneous linear differential equation.
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Definition 7.4.18 Let xg,...,z, be elements of some differential field.

We define the Wronskian of xq, ..., x, to be the determinant
Z 1 ... Ip
/ / /
Weoom)=|
FONSC I

The next lemma summarizes some of the basic facts we will need about
linear differential equations. If k is a differential field, we let C}, denote the
constant field of k.

Lemma 7.4.19 Let k be a differential field with constants Cy. Let f(X) €
E{X} be a homogeneous linear differential polynomial of order n.

1) The solutions to f(X) =0 in k form a vector space over Cy of dimen-
sion at most n.

it) Let xq,...,z, € k; then W(xo,...,x,) = 0 if and only if xo,..., 2z,
are linearly dependent over Cl.

i11) Let K D k be differentially closed. There are x1, ..., x, € K solutions
to f(X) =0 such that x1,...,x, are linearly independent over C .

Proof i) and ii) are standard facts that can be found in any book on
differential equations (for example, [39] or [65]).

iii) Given z1,...,2,;, with m < n. Because W (x1,...,2Zmy+1) has or-
der m < n, we can find z,,41 € K such that f(z,,+1) = 0 and
W(z1,...,Zmy1) # 0.

In particular, if K is differentially closed with constant field Ck, and
f(X) = 0 is a homogeneous linear differential equation of order n, then

there are z1,...,x, linearly independent over C'x such that the solution
set for f(X) = 0 is exactly the Ck-vector space spanned by x1,...,2,. In
this case, we call x1,...,x, a fundamental system of solutions.

Definition 7.4.20 Let [/k be differential fields. We say that [ is a Picard—-
Vessiot extension of k if there is a homogeneous linear differential equation
f(X)=0and z1,...,z, € a fundamental system of solutions such that
I =k{xy,...,2,) and Cy = C;. We say that [/k is a Picard—Vessiot exten-
sion for f.

Using differential closures, it is easy to show the existence of Picard—
Vessiot extensions. Recall that in Exercise 6.6.32 we proved that if k is
a differential field and K is the differential closure of k, then Ck is the
algebraic closure of Cj. In particular, if Cy is algebraically closed, then
Cg = Cy.
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Lemma 7.4.21 Let k be a differential field with algebraically closed con-
stant field Cy,, and let f(X) = 0 be a homogeneous linear differential equa-
tion over k. There is l/k a Picard—Vessiot extension for f with | contained
in the differential closure of k. Moreover, if l1 is a second Picard—Vessiot
extension of k for f, then ly is isomorphic to l over k.

Proof Let K be the differential closure of k. By Exercise 6.6.32, C'x =
C%. By Lemma 7.4.19, we can find z1,...,z, € K a fundamental system
of solutions for f(X) = 0. Thus, | = k(z1,...,2,) is a Picard—Vessiot
extension of k.

Suppose that [y is a second Picard—Vessiot extension of k for f. Let K7 be
the differential closure of [;. By Exercise 6.6.32, Ck, = C;, = C). Because
K is the differential closure of k, there is a differential field embedding o :
K — K, fixing k. Let y; ...y, € K7 be a fundamental system of solutions
of f(X) = 0 such that I = k{y;...yn). But then each o(x;) is in the
span of (y1,...,yn) over C and each y; is in the span of (o(z1),...,0(x,))
over Ck. Thus, Iy is the image of I. Thus, f(X) = 0 determines a unique
Picard—Vessiot extension of k.

Picard—Vessiot extensions have linear algebraic differential Galois groups.

Theorem 7.4.22 Suppose that k is a differential field with algebraically
closed constant field C. Let f(X) € k{X} be a homogeneous linear differ-
ential equation of order m, and let l/k be a Picard—Vessiot extension for f.
The differential Galois group G(1/k) is isomorphic to an algebraic subgroup
of GL,(C).

Proof Suppose that | = k{xy,...,x,), where z1,...,x, is a fundamental
system of solutions to linear equation f(X) = 0. Because [/k is Picard—
Vessiot, C; = C.

Let V. ={y €1 : f(y) = 0}. Then V is an n-dimensional vector space
over C. We let GL(V') denote the group of C-linear automorphisms of this
vector space. We can identify GL(V) with the algebraic group GL,,(C).

Let K be a monster model of DCF with [ C K.

Claim Suppose that y1,...,y, € V. Then, tp(Z/k) = tp(y/k) if and only
if there is o € G(I/k) such that o(z;) =y; fori=1,... n.

If  and 7 realize the same type over k, then there is an automorphism 7 of
K fixing k such that 7(z;) = y; for all i = 1, dots, n. In this case, y1,...,Yn
is also a fundamental system of solutions for f = 0 and zq,...,z, are
in the C-linear span of y1,...,¥y,. Thus, k{y1,...,yn) =l and o = 7|l €
G(l/k). On the other hand, if there is 0 € G(I/k) with o(z;) = y;, then,
by quantifier elimination, tp(Z/k) = tp(g/k).

By Lemma 7.4.21, we can embed [ into K the differential closure of
k. By Theorem 6.4.10, tp(z/k) is isolated by some formula (7). Thus,
G ={7 € GL,(V) : Y(7(T))} is definable in K. Because G is a definable
subgroup of the algebraic group GL,,(C), by Exercise 6.6.22, G is definable
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in the pure field (C,+,-). By Lemma 7.4.9, G is an algebraic subgroup of
GL,(C).

There is a very beautiful Galois theory for Picard—Vessiot extensions. For
example, there is a correspondence between differential subfields of I/k and
algebraic subgroups of G(I/k). We refer the reader to [63] for an exposition
of these results.

Kolchin generalized the notion of Picard—Vessiot extension to a class
of extensions where the differential Galois groups are arbitrary algebraic
groups over the constants.

Let K be a monster model of the theory of differentially closed fields. We
consider only differential subfields of K.

Definition 7.4.23 Let k and [ be differential fields with k& C [. We say
that [/k is strongly normal if and only if

i) C; = Cy, is algebraically closed;

ii) I/k is finitely generated;

iii) if 0 : K — K is a differential field automorphism fixing k point-
wise, then (I, Ck) = (o(l),Ck), where (E, F') denotes the differential field
generated by F and F.

If Cy, is algebraically closed and I/k is Picard—Vessiot, we show that I/k
is strongly normal. Suppose that | = k(a), where @ is a fundamental system
of solutions to a linear equation over k. For any automorphism o fixing k
pointwise, o(@) € (I, Ck), thus (I, Ck) 2 (o(l), Ck). Similarly, [ is contained
in (o(1), Ck), so equality holds.

Lemma 7.4.24 Suppose that l/k is strongly normal and K is the differ-
ential closure of k. Then | C K.

Proof Let | = k(a) and let F' be the differential closure of [. We may
assume that K C F. Note that Cr = C; = Cf. Suppose, for purposes of
contradiction, that @ ¢ K. Let p = tp(a/K), let ¢ be the unique nonforking
extension of p to F and let b realize ¢. In particular, b ¢ F.

Claim CF@ =C}.

If not, there is a K-definable function f(Z,7) and d € F such that
f(b,d) € Cr@ \ Ck- Let ¢(v,w) be the formula f(v,w)" = 0, and let
(U, w,u) be the formula f(v,w) = u. Because p is definable and q is the
unique nonforking extension of p, by definability of types, there are Lx-
formulas d,¢(w) and dpy (W, u) such that for @&, 5 € F

¢(v,a) € ¢ & F = dpop(a)
and
?/1(5»5, ﬂ) € q <~ F >: dpw(a’ ﬂ)

Thus,
F = dp(d) AV (2" = 0 = =dptp(v,d, 2)).
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By model-completeness, there is § € K such that
K ': dpgb(ﬁ) /\V.’E (LL'/ =0— _‘dpw(ﬂvﬁv .’E))

Then, because @ realizes p, f(a, B) = 0 and f(a,B) # c for all ¢ € Ck.
Thus, f(a,3) € Cr \ Ck, a contradiction.

Let L be the differential closure of F'(b). Then Cp = CF.

Because @ and b realize the same type over k, there is an automorphism
of K fixing k and sending @ to b. Because I /k is strongly normal, b € (I, C).
In particular, there is a k-definable function f such that

K32 (/\¢ =0A f(@c) =b).
By model-completeness,
Li3e (/\¢ =0nf(@ze) =0).

Thus b € (I,Cr) =1 C F, a contradiction.

If | = k(@) /k is strongly normal, then, because @ is in the differential clo-
sure of k, tp(a/k) is isolated. Let ¢(7) be an L g-formula isolating tp(a/k).

Lemma 7.4.25 ¢(7) isolates tp(a/{k,Ck)).

Proof Suppose, for contradiction, that b € k,¢ € Ck, and ¢(7,b,¢) and
—¢(v,b,¢) split ¥(v). Then

K = e (/\ ¢ =0 A 303w ((T) A (@) A 3(T,5,8) A —¢(w, b, e))).

By model-completeness, this is also true in the differential closure of k.
But the differential closure of k has the same constants as k. Thus, ¢ does
not isolate tp(a/k), a contradiction.

Let k be algebraically closed, and suppose that G is an algebraic group
defined over k. We can view G C K" as a constructible group defined over
k. The k-rational points of G are the points in G N k™.2

Theorem 7.4.26 Suppose that l/k is strongly normal and C is the con-
stant field of k. The differential Galois group G(l/k) is isomorphic to the
C-rational points of an algebraic group defined over C.

Proof Suppose | = k(@). Let ¢(v) isolate tp(a/k).
If (b), then tp(a/k) = tp(b/k) and there is 0 € G(K/k) such that

o(@) = b. Because [/k is strongly normal, b € (I, Ck). In particular, there is

2This is rather awkward. A more general view is that the k-rational points are the
points of the algebraic group G fixed by all automorphisms of K fixing k pointwise.
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a k-definable function gy and ¢ € Ck such that g;(@,¢) = b. By compactness
and coding tricks, we can find a single k-definable function g such that for
all b € 1(K) there is ¢ € Ck such that b = g(a,¢).

Let F be the differential closure of k. Then, I C F and Cp = C.Ifb € F,
then any automorphism of [ sending @ to b lifts to an automorphism of K.
By model-completeness, there is ¢ € C such that b = g(a, ¢).

It is easy to see that o € G(I/k) is determined by its action on @. Clearly,
Y(o(a@)) and, if 1 (b), then there is o € G(I/k) with o (@) = b.

Consider the relation R(b, d,€), which asserts that if o(@) = b and 7(a) =
d, then o o7(@) = €. Then R(b,d, ) holds if and only if o(d) = €. But there
are constants ¢ € C' such that d = ¢(@,¢). But then o(d) = g(b,¢), so

R(b,d,e) & v(b) Ap(d) Ap(e) ATe [\ ¢, =0nd=g(@e)ne=g(bo).

Let X be the set ¢! and define - on X by b-d =€
We have shown that (X, ) is isomorphic to G(I/k).

We can do even better. Let Y = {¢ € C : 9¥(g(a,¢))}. We define an
equivalence relation F on Y by ¢yE¢; if and only if g(a,cy) = g(a,c).
We also define a ternary relation R* on Y by R*(¢,¢1,¢2) if and only if
R(g(a,y),g(a,c1),g(a,c2)). Clearly, R* is E-invariant.

Because C is a pure algebraically closed field, Y, F, and R* are definable
in the language of fields. By elimination of imaginaries in algebraically
closed fields, we can find a field-definable function f : Y — C"™ such that
¢Eqy if and only if f(¢) = f(¢p). Let G be the image of Y under f. Define
-on G by xg - 1 = x5 if and only if there are ¢y, ¢; and ¢; € Y such that
f(@) = z; and R*(¢o,¢1,2). Then, (G, -) is isomorphic to G(I/k) and (G, -)
is definable in the pure field structure of C. By Theorem 7.4.14, G(I/k) is
isomorphic to the C-rational points of an algebraic group defined over C.

if and only if R(b,d,€).

7.5 Finding a Group

One of the most powerful ideas in modern model theory is that when one
finds an interesting pattern of dependence it is often caused by a defin-
able group. In this section we will prove some of the most basic results of
this kind. In particular, we will prove Hrushovski’s result that a “generi-
cally presented” group is a group. We begin by investigating groups and
semigroups that are nearly definable.
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N\-Definable Groups and Semigroups

Definition 7.5.1 We say that X C M is A-definable if there is I with
|[I] < M| and Ly-formulas, ¢;(v) for i € I such that

X = {xEM: /\qﬁi(a:)}.

icl

We will consider G C M that is A-definable and * a function definable
on D x D, where D is a definable set containing G. We say that (G, *) is a
right-cancellation semigroup if * is associative, there is an identity element
1, and if f* g = hx g, then f = h.

Lemma 7.5.2 IfM is stable, then any \-definable right-cancellation semi-
group s a group.
Proof Let A;.; #i(v) define G.

Claim 1 We can find a definable D D G such that for x,y,z € D, x * (y *
z)=(xxy)*xz,zxl=1%xz =1z, and if z*xy = z*xy, then x = 2.
Because G is a right-cancellation semigroup,

M (/\ di(x) A\ o) A\ ¢i(2)> -

iel icl icl

and

M E (/\@(J:)/\/\(bi(y)A/\(Z%(Z)/\Ji*y:z*y) o=z

i€l iel iel

By compactness and saturation, there is a finite Iy C I such that

M (/\ di(@) A N\ dily) AN d%(Z)) -
i€lp i€lp i€l
(xx(yxz2)=(xxy)szAzxl=1%xz=1)

and

i€lp i€lp i€lp

We define D by /\ @i (v).
i€ly
Let a € G. We must find an inverse to a in G.
Claim 2 For all definable D D G, there is b € D such that axb = bxa = 1.
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Because

M = (/\ pi(z) A /\ ¢z(y)> - /\ pi(z *y)
il i€l i€l

there is a definable D; C D such that G C Dy and xxy € D for x,y € D;.

By the claim 1, we may assume that = is associative and satisfies right-

cancellation on D;.

Let 6(z,y) be Ju € Dyu*x = y. Then, M = 0(a™,a™) for m < n.
Because M is stable, 6 does not have the order property (see Exercise
5.5.6). Thus there is m < n such that M = 0(a™,a™). Suppose that ¢ € Dy
and ¢ *x a™ = a™. Because we have associativity and right-cancellation on
Dy, ((cxa™ ™ 1) xa)*a™ = 1%xa™ and (c*a™ ™ 1) xa = 1. On the other
hand, a* (cxa™ ™ 1) xa=ax1=1xa. Thus a* (cxa” ™" !) = 1. Thus,
c+a™ ™ ! is a left and right inverse to a.

We claim that a has an inverse in G. Suppose not. Then, by a final
compactness argument, we can find a definable D O G such that a has no
inverse in D, contradicting our second claim.

Theorem 7.5.3 Suppose that M is w-stable and G C M is an \-definable
group. Then, G is definable.

Proof Let \,.; ¢i(v) define G. Without loss of generality, we may assume
that if Iy C I is finite, there is j € I such that

¢j(v) = J\ ¢i(v).

i€ly

As above, by compactness we can find [ € I such that if ¢;(z), ¢;(y),, and
d1(2), then zx (y*x2z) = (xxy)*z, xx1 = lxx =z, and if zxy = x* 2, then
y = z. Further, we can choose k € I such that ¢;(v) — ¢(v) and ¢x(v)
is of minimal Morley rank and degree. Let M < M contain all parameters
occurring in any ¢;, j € I. Let p1,...,pm € S1(M) list the finitely many
1-types over M such that ¢ € p; and RM(p;) = RM(¢y) for j =1,...,m.
Note that if y is a realization of any p;, then y € G.

Let H = {x € M : ¢y (x) and ¢y (x*y) for all y € G such that tp(y/M) =
p; for some j =1,...,m and y \LMx} By definability of types (Theorem
6.3.5), H is definable. We need only show that H = G.

Suppose that z € H and y is a realization of p; with y J/Ma;. Thus
or(x * y). Because we have left-cancellation on ¢ (M), the map g — z* g
is one-to-one on ¢, (M) and RM(z *x y/M U {z}) = RM(y/M U {z}). Thus

RM(z *y/M) > RM(z*y/M U{z}) = RM(y/M U {z}) = RM(y/M).

Because ¢r(z * y) and RM(z * y/M) is maximal,  * y realizes some p;.
Hence z xy € G. Because ¢(z) and y € G,

=gk (yxy ') = (wxy)xy .
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But z*y,y~! € G, and hence 2 € G. Thus H C G.
On the other hand, suppose that x € G, y € G realizes some p; and
y JJMx. Because x xy € G, ¢r(z*y) and v € H. Thus G C H.

In Exercise 7.6.20, we give an example of an unstable structure where
there is a /\-definable group that is not definable.

Generically Presented Groups
We now state and prove Hrushovski’s Theorem.

Theorem 7.5.4 Suppose that T is w-stable and M is a monster model of
T. Let A C M, and let p € S1(A) be a stationary type (for notational
simplicity, we will assume that A = 0, but this is no loss of generality).
For B C M, we let pp denote the unique nonforking extension of p to B.
Suppose that * is a definable partial function such that:

i) for all small B, if a and b realize pg and a J/Bb, then a x b is defined
and a x b realizes pg and a,b and a x b are pairwise-independent over B.

i) if a, b, ¢ are independent realizations of p, then a* (bxc) = (a*b) * c.

Then there is a group G definable in M®Y and an injective definable func-
tion o mapping realizations of p to realizations of the generic of G such that
o(a) * o(b) = o(a*b) for independent realizations of p.

Proof Suppose that f and g are definable functions. We say that f and g
have the same germ at p if and only if whenever A is large enough so that
f and g are both defined over A, and a realizes pyu, then f(a) = g(a). We
write f ~ g.

Suppose that F'(v, w) is a definable function. For ¢ in some definable set
A, let f. be the function z — F(x,a) and let F be the family of germs of
functions f, for a € A. Let ¢(v,w,u) be the formula “F(v,w) = F(v,u)”.
Then f, ~ f. if and only if ¢(v,b,¢) € pa if and only if M = d,¢(b,c).
Thus the equivalence relation ~ is definable on the family F. We can thus
think of the germs of functions in F as elements of M.

Suppose that g is a germ of a function in F and a realizes p,. Suppose
that b1,b2 € A such that b; \Lga and if f;(z) = F(z,b;), then f1, fo € g.
We claim that fi(a) = fa2(a). This gives a well-defined value to the germ g
at a.

Choose b3 € A such that bg \an7b1,b2 and if fs(z) = F(x,bs), then
f3 € g. Because b3 \Lga,bl and by J/ga, we have by, b3 J/ga. By symmetry,
a J/gbl, bs. Because a \L(Z)g, we have a J/(Z)bl’ bs. Because fi; and f3 are in
the same germ, f;(a) = f3(a). Similarly f2(a) = f5(a). Thus, fi(a) = f2(a),
as desired.

Suppose that f and g are germs at p such that if a realizes p; 4, f(a)
and g(a) realize p as well. One can consider the composition f o g, which
is also a germ at p. Let S(p) be the semigroup of all germs at p mapping
realizations of p to realizations of p. In general, S(p) is not definable.
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We argue that S(p) has right-cancellation. Suppose goh ~ foh. Let a be
independent of g, h, f. Then, h(a) is well-defined and h(a) | f,g. Because
f(h(a)) = g(h(a)), f ~ g, as desired.

Consider the map p — S(p), which sends a to f,, the germ of the function
T axT.

We first show that this is one-to-one. This uses the following key fact.
Suppose that a, b realize pg and b \L a. Then, there is by realizing p such
that by J/ a and b by = a. To prove this, begin by taking ¢, ¢; realiza-
tions of p 1ndependent over B. Let d = c* c¢;. Then, d, c,c; are pairwise-
independent over B and a, b realize the same type as d, c over B.

Suppose that aq,as realize p and fq, = fq,. Let b realize pg, 4,. There
are ci,cp such that ¢; x b = a;. Let d realize py, a5.b,c1,co- Then, a; * d =
(c; % b) * d = ¢; * (b* d) because b, ¢;,d are independent. But f,, = fa, so
a1 *d = as * d. Because b * d is a realization of p independent from ¢; and
c2, fe, and f,, must be the same germ. But then ¢; xb = ca b and a1 = as,
as desired. Thus a — f, is one-to-one.

Next, we show that the semigroup of germs generated by the f, is in fact
N\-definable. Let G be the collection of germs {f, o f : a,b realizations of
p}. G is A-definable and is contained in the semigroup of germs generated
by the f,. If a € p, then, as above, we can find b and ¢ independent
realizations of p such that b* ¢ = a. If d a realization of p, ., then axd =
(bxc)xd=0bx*(cxd) and f, = fp o fe. Thus, G contains the germs f,
for a realizing p. We claim that G is closed under composition. Suppose
that a, b, ¢ realize p. It suffices to show that there are d and e realizing p
such that f, o fp o fo = fq0 fe. We can, as above, find b; and by such that
b1 J/a,cb2’ b, [ a,b,c, and by % by = b. Let x realize py p ¢, p,. Using the

generic associativity of x, we see

fao foofe(x) = ax((byxby)*(cx))
=a* (b * (by x (cx x)))
= (a*by) * (by x (c* 7))
= (a*by)* ((ba *c) * x)

Thus, if we let d = a*b; and e = by *c, we see that ax (bx (cxx)) = dx*(exx)
so the germs fy o fy o fo = fqo fe.

Thus, G is a /\-definable right-cancellation semigroup. By Lemma 7.5.2
and Theorem 7.5.3, G is a definable group.

Clearly, a generic of G will arise from f, o fj,, where a and b are indepen-
dent realizations of p. But in this case, f, o f, = fqsp. Thus, for a realizing
P, fa is a generic of G.

We mention one corollary to Theorems 7.5.4 and 7.4.14. This result of
Weil is used in the construction of Jacobians (see, for example [59] II §3).

Corollary 7.5.5 Let K be an algebraically closed field, and let V. C K"
be an irreducible variety. Suppose that f is a rational function defined on
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a Zariski open U C V x V such that if a,b,c are independent generic
points of V', then f(a,b) is a generic point of V, a,b, f(a,b) are pairwise-
independent, and f(a, f(b,c)) = f(f(a,b),c). Then, there is an algebraic
group G and a birational map o : V. — G such that o(a) - o(b) = o(f(a,b))
for a,b € V independent generic points.

The Group Configuration

Theorem 7.5.4 is the first example of a theorem where we produce a defin-
able group once we have spotted some trace evidence of its existence. We
conclude this section by stating a version of the most powerful result of
this type.

Definition 7.5.6 Suppose that M is w-stable. We call a,b, ¢, z,y, z € M1
a group configuration if:

i) RM(a) = RM(b) = RM(c) = RM(z) = RM(y) = RM(z) = 1;

ii) any pair of elements has rank 2;

iii) RM(a, b, ¢) = RM(c, z,y) = RM(a,y, z) = RM(b, z, z) = 2;

iv) any other triple has rank 3;

v) RM(a, b, ¢, z,y, z) has rank 3.

We represent the group configuration by the following diagram.

The points in the diagram have rank 1. Conditions iii) and iv) assert
that each line has rank 2 while any three non-collinear points have rank 3.

There is one easy way that a group configuration arises. Suppose that
G is a strongly minimal Abelian group. Let a, b, x be independent generic
elements of G. Let ¢ = ba, y = cx, and z = bx; then, y = az and it is easy
to check that conditions i)—v) hold. Remarkably, Hrushovski proved that
whenever there is a group configuration there is also a definable group.

Theorem 7.5.7 Suppose that there is a group configuration in M®4. Then,
there is a rank one group definable in M®4.

We give an application of the group configuration in Theorem 8.3.1.
Proofs of Hrushovski’s Theorem appear in [18] §4.5 and [76] §5.4.
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7.6 Exercises and Remarks

Throughout the Exercises G is an w-stable group.

Exercise 7.6.1 a) Show that the Descending Chain Condition fails for
the stable group (Z,+, 0).

b) Suppose that G is a stable group and ¢(z, ) is a formula. Show that
we cannot find @y,@g, ... such that G; = {x : G = ¢(x,a;)} is a subgroup
of G and G; D G2 D G5 D .... [Hint: Suppose not and find a violation of
the order property.]

Exercise 7.6.2 Prove Lemma 7.1.8.

Exercise 7.6.3 Let p € S51(G), let Gy be an elementary extension of G,
and let p; be the unique nonforking extension of p to G;. Show that the
formula that defines Stab(p) in G defines Stab(py) in Gy.

Exercise 7.6.4 Show that if G is connected and H < G is definable, then
G/H is connected.

Exercise 7.6.5 Suppose that G is a connected w-stable group and o :
G — G is a definable homomorphism with finite kernel. Show that o is
surjective.

Exercise 7.6.6 Use Lemma 7.5.2 to show that any infinite stable integral
domain is a field.

Exercise 7.6.7 Suppose that (K,+,,...) is a field of finite Morley rank.
Show that K has no infinite definable subrings. [Hint: By Exercise 7.6.6,
any definable subring is a subfield. Show that if there is a definable subfield,
then K must have infinite rank.]

Conclude that if ¢ : K — K is a nontrivial field automorphism and
(K,4+,,0,0,1) has finite Morley rank, then K has characteristic p > 0 and
the fixed field of ¢ is finite.

Exercise 7.6.8 Let K be a finite Morley rank field of characteristic 0.
a) Show that there are no nontrivial definable additive subgroups of K.
[Hint: Let G be a definable subgroup and consider R = {a : aG = G}.]
This is still an open question in characteristic p.
b) If o : K™ — K™ is a definable additive homomorphism, then o is
K-linear. [Hint: Consider {a : Vz o(az) = ao(z)}.] In particular, the only
definable homomorphisms of KT are x + ax, a € K.

Exercise 7.6.9 Show that G acts transitively on the generic types of G.

Exercise 7.6.10 Show that if RM(p) = RM(Stab(p)), then Stab(p) is
connected and p is a translate of the generic of Stab(p).

Exercise 7.6.11 Suppose that I" is a connected group and there is a de-
finable transitive action of I' on a finite set S. Then |S| = 1.
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Exercise 7.6.12 Show that if X C G is definable and indecomposable and
g € G, then ¢gX is indecomposable and g X ¢! is indecomposable.

Exercise 7.6.13 Suppose that G is an algebraic group and X C G is an
irreducible subvariety. Prove that X is indecomposable.

Exercise 7.6.14 Show that if G is an infinite group of finite Morley rank
with no definable infinite proper subgroups, and X C @ is infinite and
definable, then X generates G.

Exercise 7.6.15 Show that if G is an Nyp-saturated w-stable group and
X C G is an infinite definable set, then there are Y7, ...,Y,, C X such that
X =Y U...UY, and Y7,...,Y, are indecomposable.

Exercise 7.6.16 Suppose that (K,+,,...) is a field of finite Morley rank
and X C K is an infinite definable set.

a) Show that there are ay,...,a, € K such that K = a1 X +ax X +...+
an X . [Hint: Without loss of generality, assume that K is Np-saturated and,
by Exercise 7.6.15, that X is indecomposable. Let x € X and Y = X — z.
Show that the additive subgroup A generated by {aY : a € K} is definable.
Argue that A = K]

b) Show that if the language £ is countable, then the theory of K is
categorical in all uncountable powers.

Exercise 7.6.17 Let F' be an infinite field, and let G be a group of
automorphisms of F' such that the action of G on F has finite Morley rank.
Show that G = {1}. [Hint: Without loss of generality, G is Abelian. Using
Exercise 7.6.7, F has characteristic p > 0 and for all 0 € G — {1}, Fiz(o),
the fixed field of o, is finite. Show that if 0 € G — {1} then for all n > 1,
o™ # 1 and |Fiz(c™)| > |Fiz(o)|. Thus, if G # {1}, then G is infinite.
On the other hand, if G is infinite and o is generic, so is ¢™. Derive a
contradiction.]

Exercise 7.6.18 Show that if G is a simple group of finite Morley rank,
and H = G, then H is simple. [Hint: You first must show that an infinite
Abelian simple group is not w-stable.]

Exercise 7.6.19 Let K be an algebraically closed field, and let G be the
affine group of matrices

G{(g ?) :a,beK,a;«éO}.

a) Show that G is connected.

b) Show that
a={(L ") vex
B 0o 1/)°

and G = {1}. Thus, G is solvable.
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¢) Show that G is centerless.

Exercise 7.6.20 Let M be a monster model of the theory of real closed
fields. Let I = {x € M : |#| < % for n = 1,2,...}. Show that (I,+) is an
/\-definable group that is not definable.

Exercise 7.6.21 Fill in the details in the proof of Lemma 7.4.2 iv).

Exercise 7.6.22 Let K be an algebraically closed field.

a) Show that there is a variety V' with open cover VoUV; and f; : V; - K
a homeomorphism such that f;(V; N Vi_;) = K \ {0} and f; o f;'; is the
identity on K \ {0} for i« = 0,1. (The variety V looks like the line K with
0 “doubled”.)

b) Show that A = {(z,y) € V x V : 2 =y} is not closed in V x V.

¢) Show that if G is an algebraic group, then A = {(z,y) € GXG : z = y}
is closed in G.

Exercise 7.6.23 Prove Lemma 7.4.6.

Remarks

We know some things about the Cherlin—Zil’ber Conjecture for groups of
very small rank. Of course, a connected group of rank 1 is Abelian. Cherlin
proved that there are no non-Abelian simple groups of rank 2.

Theorem 7.6.24 If G is a connected rank 2 group, then G is solvable.

Problems arise in the analysis starting at rank 3.

Definition 7.6.25 We say that G is a bad group if G is connected, non-
solvable, and all proper connected definable subgroups of G are nilpotent.

An algebraic group over an algebraically closed field is not a bad group.
The real algebraic group SO3(R) is connected, nonsolvable, and all real
algebraic subgroups are one-dimensional, but SO3(R) is unstable. It is not
known whether there are any bad groups of finite Morley rank. The next
result of Cherlin shows how bad groups could be obstacles to proving the
Cherlin—Zil’ber Conjecture.

Theorem 7.6.26 If G is a simple group of Morley rank 3, then

i) G is a bad group, or

it) G interprets an algebraically closed field K and G is definably iso-
morphic to PSLay(K).

For proofs of these results and more on groups of finite Morley rank, see
[86] or [15].
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Macintyre first noted the Descending Chain Condition for w-stable
groups. Although the Descending Chain Condition does not hold for sta-
ble groups, Baldwin and Saxl showed that there are no uniformly defined
descending chains (see Exercise 7.6.1).

The notion of generic types is due to Poizat. There are important gen-
eralizations in stable and superstable groups (see [86]).

The proof we gave that an w-stable field is algebraically closed follows
the proof given by Cherlin and Shelah, who, using U-rank, generalized the
result to superstable fields.

The Indecomposability Theorem and its consequences for groups of finite
Morley rank are due to Zil’ber. The exercises on finite Morley rank fields
are due to Poizat and Wagner [101].

Theorem 7.4.14 was first stated by van den Dries, who noticed that
it follows from Weil’s group chunk theorem. The proof above was given
by Hrushovski. In fact, one can prove a stronger version of the theorem.
Suppose that the constructible group G is defined over a subfield k; then G
is definably isomorphic to an algebraic group defined over k. This requires
a descent argument of Weil’s. A sketch of the proof is given in [77].

The model theoretic treatment of Kolchin’s differential Galois theory
is due to Poizat. Surveys of differential Galois theory for linear differen-
tial equations can be found in [50], [63], and [96]. Pillay [78] developed a
generalized differential Galois theory where arbitrary finite Morley rank
differential algebraic groups arise as Galois groups.



8
Geometry of Strongly Minimal Sets

8.1 Pregeometries

In our proof of Morley’s Categoricity Theorem in Chapter 6, we examined
the algebraic closure relation on strongly minimal sets. In this chapter, we
will return to strongly minimal sets and study more carefully the combi-
natorial geometry of algebraic closure. One of the great insights of modern
model theory is that the local properties of the geometry of strongly min-
imal sets have a great influence on global properties of structures. These
ideas play an important role in Hrushovski’s proof of the Mordell-Lang
Conjecture for function fields. In Theorem 8.3.20, we sketch how this works
in one simple case.

We begin by reviewing some basic ideas from combinatorial geometry.
The proofs are quite easy, and we leave them as exercises.

Definition 8.1.1 Let X be a set and let cl : P(X) — P(X) be an operator
on the power set of X. We say that (X, cl) is a pregeometry if the following
conditions are satisfied.

i) If AC X, then A C cl(A4) and cl(cl(A)) = cl(A4).

ii) If AC B C X, then cl(A) C cl(B).

iii) (exchange) If A C X, a,b € X, and a € cl(AU{b}), then a € cl(A) or
b e cl(AU{a}).

iv) (finite character) If A C X and a € cl(A), then there is a finite
Ap C A such that a € cl(Ap).

We say that A C X is closed if cl(A) = A.
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By Lemmas 6.1.3 and 6.1.4, if D is strongly minimal, we can associate a
pregeometry by defining cl(A) = acl(4) N D for A C D. We can generalize
basic ideas about independence and dimension from strongly minimal sets
to arbitrary pregeometries.

Definition 8.1.2 If (X, cl) is a pregeometry, we say that A is independent
if a € cl(A\ {a}) for all a € A and that B is a basis for Y if B C Y is
independent and Y C acl(B).

The natural generalization of Lemma 6.1.9 is true for all pregeometries.

Lemma 8.1.3 If (X,cl) is a pregeometry, Y C X, By, By CY, and each
B; is a basis for Y, then |By| = |Ba|.
We call | B;| the dimension of Y and write dim(Y) = |B;|.

If A C X, we also consider the localization cla(B) = cl(AU B).
Lemma 8.1.4 If (X,cl) is a pregeometry, then (X,cla) is a pregeometry.

If (X,cl) is a pregeometry, we say that Y C X is independent over A if
Y is independent in (X, cls). We let dim(Y/A) be the dimension of Y in
the localization (X, cla). We call dim(Y/A) the dimension of Y over A.

Definition 8.1.5 We say that a pregeometry (X,cl) is a geometry if
cl(P) = 0 and cl({z}) = {z} for any z € X.

If (X,cl) is a pregeometry, then we can naturally associate a geometry.
Let Xo = X \ cl(@). Consider the relation ~ on X, given by a ~ b if and

only if cl({a}) = cl({b}). By exchange, ~ is an equivalence relation. Let X
be X/ ~. Define cl on X by cl(A/~) = {b/~: b€ cl(A)}.

Lemma 8.1.6 If (X, cl) is a pregeometry, then ()A(, 81) is a geometry.

We distinguish some properties of pregeometries that will play an im-
portant role.

Definition 8.1.7 Let (X,cl) be a pregeometry.
We say that (X, cl) is trivial if cl(A) = U, 4 cl({a}) for any A C X.
We say that (X,cl) is modular if for any finite-dimensional closed
ABCX
dim(A U B) =dim A + dim B — dim(A N B).

We say that (X, cl) is locally modularif (X, cl,) is modular for some a € X.
In Exercise 8.4.8, we show that a localization of a modular geometry is

modular.
We give several illustrative examples.



8.1 Pregeometries 291

Example 8.1.8 Pure Sets

Let D be a set with no structure. Then for all @ € D, acl(a) = {a} and
acl(@) = 0. Thus, (D, acl) is a trivial geometry.

Example 8.1.9 Successor

Let D E Th(Z,s), where s(z) = z + 1. Then, acl()) = @ and acl(A) =
{s"(a) :a € A,n € Z} for any A C D. Thus, (D,acl) is a trivial pregeom-
etry that is not a geometry.

Example 8.1.10 Projective Geometry

Let F be a division ring and V' be an infinite vector space over F. We view
V as a structure in the language £ = {+,0, A, : @ € F'} where \,(z) = ax.
Then, V is a strongly minimal set, and for any set A C V the algebraic
closure of A is equal to the smallest F-subspace spanned by A. The usual
dimension theorem for intersections of linear subspaces shows that this
pregeometry is modular. This is not a geometry because cl() = {0} and
for any a € V'\ {0}, cl(a) is the line through @ and 0. To form the associated
geometry, we take as points the lines through 0. The closure of a set of lines
is the set of all lines in their linear span. Thus, the associated geometry is
just the projective space associated to V. If dim V' = n, then the projective
space has dimension n — 1.

Example 8.1.11 Affine Geometry

Let V and F be as above. We define a second geometry on V where
the closure of a set A is the smallest affine space containing it and
cl(@) = 0. (An affine space is any translate of a linear space). Here
cl({a}) = {a}, so this is a geometry. Let a,b,c € V be noncollinear. Then,
dim(a,b,c,c + b — a) = 3, whereas dim(a,b) = dim(c,c + b — a) = 2 and
cl(a,b) Ncl(c,c + b — a) = O because these are parallel lines. Thus, the
geometry is not modular. If we localize at zero, then the pregeometry is
exactly projective geometry, so this is locally modular.

For FF = Q, we can view this as the algebraic closure geometry of a
strongly minimal set by viewing V as a structure in the language {7}
where 7(x,y,2) = ¢ + y — z. (For arbitrary F', add function symbols for
axr +y — az for each a € F.)

Example 8.1.12 Algebraically Closed Fields

Let K be an algebraically closed field of infinite transcendence degree.
We claim that (K, acl) is not locally modular. Let k£ be an algebraically
closed subfield of finite transcendence degree. We will show that even lo-
calizing at k the pregeometry is not modular. Let a, b, x be algebraically
independent over k. Let y = ax + b. Then, dim(k(z,y,a,b)/k) = 3 and
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dim(k(z,y)/k) = dim(k(a,b)/k) = 2. We contradict modularity by show-
ing that acl(k(x,y)) Nacl(k(a,b)) = k. To see this, suppose for purposes
of contradiction that d € (acl(k(a,b)) Nacl(k(x,y))) \ k. Because k(z,y)
has transcendence degree 2 over k, we may, without loss of generality,
assume that y is algebraic over k(d,z). Let k1 = acl(k(d)). Then, there
is p(X,Y) € k1[X,Y] an irreducible polynomial such that p(z,y) = 0.
By model-completeness, p(X,Y) is still irreducible over acl(k(a,b)). Thus,
p(X,Y) is a(Y — aX — b) for some « € acl(k(a, b)) which is impossible as
then a € k1 and a,b € k.

Algebraically closed fields are the only known naturally arising examples
of nonlocally modular strongly minimal sets. Zil’ber conjectured that every
non-locally modular strongly minimal set interprets an algebraically closed
field. In [41], Hrushovski gave a general method of constructing non-locally
modular strongly minimal sets and showed that many of these sets do
not even interpret groups. Hrushovski’s method has been generalized to
construct many interesting pathological structures. For example, in [42]
Hrushovski showed that there is a strongly minimal structure (D, +, -, ®, ®)
where (D, +,-) is an algebraically closed field of characteristic p > 0 and
(D,®,®) is an algebraically closed field of characteristic g # p.

Next, we give a useful characterization of modularity.

Lemma 8.1.13 Let (X, cl) be a pregeometry. The following are equivalent.

i) (X, cl) is modular.

it) If A C X is closed and nonempty, b € X, and x € cl(A,b), then there
is a € A such that x € cl(a,b).

iit) If A, B C X are closed and nonempty, and x € cl(A, B), then there
are a € A and b € B such that x € cl(a,b).

Proof
i)= ii) By the finite nature of closure, we may assume that dim A is finite.
If x € cl(b), we are done, so we may assume x ¢ cl(b). By modularity,

dim(A, b, z) = dim A + dim(b, z) — dim(A N cl(b, x))
and
dim(A, b, x) = dim(A,b) = dim A + dim b — dim(A N cl(d)).

Because dim(b, z) = dim(b) + 1, there is a € A such that a € cl(b, x) \ cl(b).
By exchange, z € cl(b, a).

ii)= iii) We may suppose that A and B are finite-dimensional. We pro-
ceed by induction on dim A. If dim A is zero then iii) holds. Suppose that
A = cl(Ap, a), where dim Ag = dim A — 1. Then z € cl(A4y, B,a). By ii),
there is ¢ € cl(Ag, B) such that = € cl(c,a). By induction, there is ag € Ay
and b € B such that ¢ € cl(ag,b). Again by ii), there is a* € cl(ag,a) C A
such that x € cl(a*,b).
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iii)= i) Suppose that A, B C X are finite-dimensional and closed. We
prove i) by induction on dim A. If dim A = 0, then we are done. Suppose
that A = cl(Ayp, a), where dim Ay = dim A—1 and we assume, by induction,
that
dim(Ag, B) = dim Ag + dim B — dim(4y N B).

First, assume that a € cl(Ag, B). Then dim(4p, B) = dim(A, B) and,
because a € Ag, dim A = dim Ay + 1. Because a € cl(Ag, B), by iii) there is
ag € Ap and b € B such that a € cl(ag, b). Because a ¢ cl(ag), by exchange,
b € cl(a,ap). Thus b € A. But b € Ay, because otherwise a € Ag. Therefore,
dim(A N B) = dim(Ap N B) + 1, as desired.

Next, suppose that a & cl(Ag, B). In this case, we need to show that
AN B = AyN B. Suppose that b € B and b € cl(Ap, a) \ cl(Ag). Then, by
exchange, a € cl(4y,b), a contradiction.

If V is a vector space, ai,...,a, is a basis for A C V, and by,...,by,
is a basis for B, then any x in the span of A U B is the sum of a linear
combination of the a; and a linear combination of the b;. Thus, condition
iii) above holds.

Lemma 8.1.13 can be used to give another proof that algebraically closed
fields are not locally modular (see Exercise 8.4.9).

8.2 Canonical Bases and Families of Plane Curves

Let D be a strongly minimal set. In this section, we will consider families
of strongly minimal subsets of D2.

Definition 8.2.1 Suppose that D C M" is strongly minimal and A C M*4
is definable. We say that a definable C C D?x A is a family of plane curves if
for all a € A the set C, = {(z,y) € D : (z,y,a) € C} is a strongly minimal
subset of D?.

Consider the following two examples. Suppose that V is a Q vector space.
Let E = {(z,y,2) € V3 : y = mx + 2z} where m € Q. For a € V, let
E, = {(z,y) : (z,y,a) € E}. We think of E as describing the family of
plane curves {E, : a € V}. We call V the parameter space for the family
E. Note that in this case the parameter space is rank 1. Indeed, if F is a
family of plane curves in V2 and the parameter space has rank greater than
1, then there is a one-dimensional family C such that for any E, there is
Cyp such that E, A Cy is finite. This says that every family of plane curves
is “essentially one-dimensional.”

On the other hand, suppose that K is an algebraically closed field. Fix
n € N and consider

E={(2,4,20,2n-1) Yy ="+ 2p_12" '+ ...+ 212+ 20}
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If
n—1 )
By ={(z,y):y=a"+) ai'}
i=0
for a = (ag,...,an—1) € K", then {Ea ia € K"} is an n-dimensional

family of strongly minimal sets.

In this section, we will examine families of plane curves and show that a
strongly minimal set is locally modular if and only if any family of plane
curves is “essentially one-dimensional.” To make these notions precise, we
must first digress and discuss canonical bases.

Canonical Bases

We work in a monster model M. To find canonical bases, we will usually
have to work in M°4. We recall from Lemma 1.3.10 that every automor-
phism of M lifts to an automorphism of M®? and every automorphism of
Me®4 restricts to an automorphism of M. Thus, we can naturally identify
the automorphism groups Aut(M) and Aut(M°®?). Recall that acl®d(A) is
the algebraic closure of A in M® and dcl®(A) is the definable closure of
A in M9,

Definition 8.2.2 Let X C M" be definable. We say that A C M is a
canonical base for X if o fixes X setwise if and only if ¢ fixes A pointwise
for all 0 € Aut(M).

If p € S,,(M), then A C M® is a canonical base for p if op = p if and
only if o fixes A pointwise for all o € Aut(M).

For any theory, we can find canonical bases for definable sets in M.

Lemma 8.2.3 Suppose that X C M is definable. There is a € MY such
that « is a canonical base for X. Indeed, if X is A-definable, we can find
a canonical base in dcl®d(A).

Proof Suppose that X is defined by the formula ¢(Z,a). Let E be the
equivalence relation

a Ebs (¢(T,a) « 6(T,b)).

Let o = a/FE € M®. Then, « is a canonical base for X.

Next, we consider canonical bases for types. We first note that canonical
bases are determined up to definable closure in M®4. This works equally
well for definable sets instead of types.

Lemma 8.2.4 If A is a canonical base for p € S, (M), then B is a canon-
ical base for p if and only if del®d(A) = dcl®d(B).
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Proof Suppose that C € M and |C| < |M|; let Aut(M/C) denote the
automorphisms of M fixing C pointwise. The proof of Proposition 4.3.25
generalized to MY shows that

del®Y(C) = {z e M*Y : g(z) = x for all ¢ € Aut(M/C)}.

Suppose that B is a canonical base for p. If o is an automorphism fixing
B pointwise, then op = p and o fixes A pointwise. Thus A C dcl®d(B).
Similarly, if 7 is an automorphism fixing A pointwise, 7p = p and 7 fixes
B pointwise. Thus B C dcl®d(A). Hence dcl®¥(A4) = dcl®d(B).

Conversely, suppose that dcl®d(A) = dcl®Y(B). If ¢ € Aut(M), then o
fixes A pointwise if and only if o fixes B pointwise. Because A is a canonical
base for p, so is B.

Definition 8.2.5 If A is any canonical base for p, let cb(p) = dcl®d(A).

By Lemma 8.2.4, this definition of cb(p) does not depend on the choice
of A. It is easy to see that cb(p) is the largest possible choice of canonical
base for p.

Using definability of types, it is easy to find canonical bases in w-stable
theories.

Lemma 8.2.6 Suppose that M is w-stable and p € S,,(M). Then, p has a
canonical base in M9,

Proof For each L-formula ¢(v,w), let Xy = {a € M : ¢(7,a) € p}. By
definability of types, X is definable. If ¢ is an automorphism of M, then
op = p if and only if o fixes each X setwise. Let ay € M®? be a canonical
base for X, and let A = {ay : ¢ an L-formula}. Then, op = p if and only
if o fixes A pointwise. Thus, A is a canonical base for p.

A more careful analysis shows that we can always find a finite canonical
base in acl®d(A) for any A over which p does not fork.

Theorem 8.2.7 Suppose that M is w-stable and p € S,,(M) does not fork
over A C M. There is a € acl®(A), a canonical base for p. If p|A is
stationary, then we can find a canonical base a € dcl®d(A).

Proof Suppose that ¢(v,w) is an L-formula such that ¢(v,a) € p and
RM(¢(v,a)) = RM(p). Let X = {b: ¢(7,b) € p}. By definability of types,
X is definable. Indeed, by Theorem 6.3.9, X is definable over acl®d(A) and,
if p|A is stationary, X is definable over A.

Claim If ¢ is an automorphism of M, then op = p if and only if c X = X.
If op = p, then

ceX & ¢(v,c) Epe o(1,¢) EopeceonkX.

Thus o X = X.
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Conversely, suppose 0. X = X. Then, a € ¢ X and ¢(7,a) € op. Because
RM(p) = RM(c(p)) and degyi(¢(v,a)) = 1, op = p.

Thus, B C M*®? is a canonical base for p if and only if B is a canonical
base for X. Because X is acl®d(A)-definable, by Lemma 8.2.4, we can find
a canonical base in acl®d(A). If p| A is stationary, then X is A-definable and
we can find a canonical base in dcl®d(A).

If p € S, (M), then p is definable over any canonical base. Thus, the
converse to Theorem 8.2.7 holds as well.

Corollary 8.2.8 Suppose M is w-stable, then p € S,,(M) does not fork
over A if and only if cb(p) C acl®d(A).

We say that the canonical base for a set X (or a type p) has rank « if «
is least such that there is a canonical base b € M* with RM(b) = .

For strongly minimal theories, we can compute ranks in M®? using the
following elimination of imaginaries result of Lascar and Pillay. We have
already proved a special case in Lemma 3.2.19, and the proof of the general
case is a straightforward generalization, which we leave as an exercise.

Lemma 8.2.9 Let M be a strongly minimal set and let X C M be infinite.
Suppose that E is an ()-definable equivalence relation on M™. Let a € M™
and o = @/E. There is a finite C C MF (for some k) such that any
automorphism of M fizing X fizes a if and only if it fires C' setwise.

In particular, if Mx is M viewed as an Lx-structure, then for every
a € MY there is d € M such that acl®(a, X) = acl®d(d, X).

Suppose that M is strongly minimal and a € M®. Let X C M be infi-
nite such that o | X. Because RM(«) = RM(«/X), it suffices to calculate
RM(a/X). By Lemma 8.2.9, there is d € M such that the set « is interal-
gebraic with d over X. Then, RM(«) is equal to RM(d/X).

Famailies of Plane Curves

Using canonical bases, we can make precise the idea that in locally mod-
ular strongly minimal sets families of plane curves are “essentially one-
dimensional.”

Definition 8.2.10 Suppose that D C M" is strongly minimal and ¢ is
the strongly minimal formula defining D. We say that D is linear if for all
p € So(D), if ¢p(v1) A ¢p(v2) € p and RM(p) = 1, then the canonical base for
p has rank at most 1.

Suppose that ¢(vy,ve,b) is strongly minimal. Let F be the family of sets
Cz = {(z,y) : ¢(x,y,a)} where @ and b realize the same type. There is a
natural equivalence relation on F, Cz ~ Cz if and only if CzAC% is finite.
In Exercise 8.4.11, we show that ~ is definable. If p is the generic type of
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¢, then the Morley rank of the canonical base of p intuitively corresponds
to the dimension of F/ ~. Thus, D is linear if and only if there is no family
of plane curves of dimension greater than 1. Algebraically closed fields are
nonlinear because we have the family of curves Cq ) = {(2,¥y) : y = ax+b},
whereas vector spaces are linear.

Next, we show that the linear strongly minimal sets are exactly the locally
modular ones.

Theorem 8.2.11 Let D C M"™ be a strongly minimal set. The following
are equivalent:

i) for some small B C D, the pregeometry Dpg is modular;

it) D is linear;

iii) for any b € D\ acl(9), Dy is modular;

i) D is locally modular.

Proof Often when we want to prove things about arbitrary strongly min-
imal sets D C M", we instead assume that M is strongly minimal. This is
no great loss of generality. By extending the language, we may assume that
D is (-definable. By Corollary 6.3.7, any subset of D™ that is definable is
definable using parameters from D. Thus, to study definability in D, we
can ignore all of M outside of D. For this reason, we may, without loss of
generality, assume that D is the universe of our structure.

i)= ii) We first claim that if D is nonlinear, then Dp is also nonlin-
ear. Suppose that p € So(D), RM(p) = 1, « is a canonical base for
p, and RM(a) > 2. If o realizes a nonforking extension of tp(a) to
B, then o' is a canonical base for a rank 1 type and Dpg is nonlin-
ear. Thus, adding the parameters B to the language, we assume that
B = () and D is modular.

Let p € S3(D) with RM(p) = 1. Let ¢(v1,v2,a) be a strongly minimal
formula in p. Let by, by realize p. Let X = acl(@)Nacl(b1, b2). By modularity,

dim X = dlm(a) + dim(bl, bQ) — dim(a, by, bg)

Because dim(a, b1,b2) = dim(a) + 1 and 1 < dim(b1,b2) < 2, dim X < 1.
Thus,

dim(bl, bg/a) == dlm(bl, bg, E) — dlm(a)
= dlm(bl, bg) —dim X
= dim(by, ba/ X).

Thus dim(by,b3/X) = 1 and p does not fork over X. By Theorem 8.2.7,
cb(p) C acl®(X), so RM(a) < 1.

ii)= iii) Let b € D \ acl(). We will use the equivalence from Lemma
8.1.13. Suppose that B is a finite-dimensional closed set. Suppose that a; €
acl(aq, B,b). We must find d € acl(B,b) such that a1 € acl(as, d, ). Clearly,
we may assume that a1 € acl(B,b), as & acl(B,b), and a1 ¢ acl(as,b)
(otherwise we are done). Thus, dim(a, a2/b) = 2 and dim(a;, as/Bb) = 1.
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Let a € acl®(B,b) be a canonical base for the type of aj,as over
acl®d(B,b).

Claim « € acl®(aq, as).

Because « is a canonical base, RM(a1, asa) = 1. Because RM (a1, as/a) <
RM(a1,az2), RM(a/ai,a2) < RM(a). By ii), RM(a) = 1; thus a €
acleq(al,ag).

Because RM(aq,a2/b) = 2 and RM(a1,a2/a) = 1, a ¢ acl(b). Thus,
because b & acl(D), b & acl(a). Thus, a; and b realize the same type over
« and, by saturation, there is d € D such that tp(ai,as/a) = tp(b,d/a).
Then

d € acl(bh,a) C (acl(al, as,b) N acl(Bb))

and d & acl(b).

We claim that d ¢ acl(ag,b). If d € acl(aq, b), then, because d & acl(b),
ag € acl(d, b) C acl(B,b), a contradiction.

Thus, because d € acl(a1, az,b) \ acl(asz, b), a1 € acl(ag, b, d), as desired.

iii)= iv) and iv)=- i) are clear.

One-Based Theories

We give one further characterization of locally modular strongly minimal
sets. In Exercise 8.4.6, we show that a pregeometry is modular if and only
if any two closed sets A and B are independent over A N B. It turns out
to be interesting to look at theories where any two sets A and B that are
algebraically closed in M are independent (in the sense of forking) over
ANB.

Definition 8.2.12 Suppose T is an w-stable theory with monster model
M. We say that T' is one-based if whenever A, B C M1 A = acl®(A), and

B =acl®(B), then A |, _B.

The next lemma explains why we call these theories one-based.’

Lemma 8.2.13 Suppose that T is w-stable. The following are equivalent.
i) T is one-based.
it) For all @ € M®t and B C MY, if tp(a/B) is stationary, then
cb(tp(a/B)) C acl®i(a).

Proof

i) = ii) Let A = acl®d(a). Because tp(a/acl®*(B)) does not fork over B,
we may without loss of generality assume that B = acl®d(B). Because T is
one-based, @ | , . B. Thus cb(tp(a/B)) C AN B C A.

LCompare this to Exercise 8.4.12 for arbitrary w-stable theories.
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ii) = i) Let A, B C M with acl®l(4) = A, acl®!(B) = B, and @ € A.
For any w-stable theory, cb(tp(a/B)) is contained in acl®!(B) = B. By ii),
cb(tp(a/B)) C acl®d(a) C A. Thus, cb(tp(a/B)) € ANB and tp(a/B) does
not fork over AN B.

Theorem 8.2.14 Suppose that M is strongly minimal. Then, T is one-
based if and only if D is locally modular.

Proof We first assume B B

(%) For every @ € M®, there is d € M such that acl®(«) = acl®(d).

Under this assumption we claim that M is one-based if and only if M
is modular. Suppose that M is one-based. If A, B C M are algebraically
closed, then A \I-/aclcq(A)ﬁacl”q(B)B' By (%), we can find d € AN B such that
A | -B. By monotonicity, A | , B, as desired.

Suppose, on the other hand, that M is modular. If A,B C M*®
are algebraically closed in M®! we can find Ag,By C M such that
acl®d(4g) = A and acl®d(Bj) = B. By modularity, Ay |
Thus, A J/AmBB by Corollary 6.3.21.

We need to show that one-basedness is preserved by localization. Suppose
that X € M. Let Mx denote M viewed as an £ x-structure.

acl(Ao)ﬁacl(Bg)BO ’

Claim M is one-based if and only if My is one-based.
Suppose M is one-based. If A, B C M®4, then

acl™(AX) | acl®!(BX).

acl®d(AX)Nacl®d(AX)
Thus, M x is one-based.

Suppose M x is one-based. Let B C M and @ € M. We want to show that
cb(tp(@/B)) C acl®d(a). Because tp(a/B) does not fork over some finite
By C B, we may, without loss of generality, assume that B is finite. Also,
without loss of generality, we may assume that @, B J/Q)X . Otherwise, we

replace @ and B by @ and §/7 realizing a nonforking extension of tp(a, B)
over X.

Because @, B | X, @ | ,X by transitivity. Let € be a canonical base for
tp(@/B, X). Because @ | , X, € € acl®!(B) and, because My is one-based,
¢€acl®(@ X). But ¢ | _X because @, B | ;X. Thus, ¢ € acl*!(a).

We can now finish the proof. Suppose that M is locally modular. We
can find d € M such that My is modular. By Lemma 8.2.9, if X C M is
infinite, then Mx 4 satisfies (x). By Exercise 8.4.8, Mx 4 is also modular.
Thus, Mx 4 is one-based and M is one-based. On the other hand, if M is
one-based and X C M is infinite, then My is one-based and satisfies (x).
Thus, My is modular. By Theorem 8.2.11, M is locally modular.

There are much stronger versions of Theorem 8.2.14.
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Theorem 8.2.15 Suppose that T is uncountably categorical and M is the
monster model of T'. The following are equivalent.

i) T is one-based.

it) Every strongly minimal D C M"™ is locally modular.

111) Some strongly minimal D C M™ is locally modular.

For a proof, see Theorem 4.3.1 in [18].

8.3 Geometry and Algebra

In this section, we will sketch some important results showing the relation-
ship between the geometry of strongly minimal sets and the presence of
definable algebraic structure. We conclude with a sketch of how these ideas
come together in Hrushovski’s proof of the Mordell-Lang Conjecture for
function fields.

Nontrivial Locally Modular Strongly Minimal Sets

So far, the only examples we have given of nontrivial locally modular
strongly minimal sets are affine and projective geometries. In both cases,
there is a group present. The following remarkable theorem of Hrushovski
shows that this is always the case.

Theorem 8.3.1 Suppose that M is strongly minimal, nontrivial, and lo-
cally modular; then there is an infinite group definable in M®9.

Proof We will deduce this result using the group configuration theorem.
A direct proof of this result would be an easier special case of the group
configuration theorem. The reader can find direct proofs in [18] or [76].

Because M is nontrivial, we can find a finite A C M and b, ¢ € M\ acl(A)
such that ¢ € acl(4,b) \ (acl(A) Uacl(b)). Choose d € M independent from
A, b, c. By Theorem 8.2.11, M is modular. Adding d to the language, we
may assume that M is modular. Because d is independent from A, b, ¢, we
still have ¢ € acl(A,b) \ (acl(A) U acl(b)).

Let C = acl(A) Nacl(b, ¢). By modularity (see Exercise 8.4.6),

dim(b, ¢, A) = dim(b, ¢) + dim(A) — dim C.

Because dim(b, ¢, A) = dim A+ 1 and dim(b, ¢) = 2, dim C' = 1. Thus, there
is a € C with dim(a) = 1. Note that

dim(a, ¢) = dim(a, b) = dim(b, ¢) = dim(a, b, c) = 2.

Choose y,z € M such that (b,c) and (y, z) realize the same type over
acl®d(a) and (y, z) are independent from (b, ¢) over a (i.e., dim(y, z/a, b, c) =
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dim(y, z/a) = dim(b, ¢/a) = 1). Thus, dim(a, b, c,z,y) = 3. Because (y, z)
and (b, ¢) realize the same type over a,

dim(a, z) = dim(a, y) = dim(y, z) = dim(a, y, z) = 2.

Because a € acl(b, c), z € acl(b, ¢,y). Thus, dim(b, ¢, y) = 3 and dim(b, y) =
2. Symmetric arguments show that

dim(b, z) = dim(c, y) = dim(c, z) = 2

and
dim(b, ¢, z) = dim(b, y, z) = dim(c, y, 2) = 3.

Let X = acl(c, y) Nacl(d, z). By modularity,
dim(e, y, b, z) = dim(c, y) + dim(b, z) — dim X.
Thus, dim X = 1 and there is € X with dim(x) = 1. Then
dim(e, z,y) = dim(e, z) = dim(c,y) = 2

and
dim(b, z, z) = dim(b, ) = dim(b, z) = 2.

If u=yorzand v =0 or ¢, then a,b,c,z,y,2 € acl(a,u,v), thus;
dim(a, u,v) = 3. Similarly, dim(b, z,y) = dim(c, z, z) = 3.

Using the fact that dimension and Morley rank are the same in strongly
minimal sets, we have:

i) RM(a) = RM(b) = RM(c) = RM(z) = RM(y) = RM(z) = 1;

ii) any pair of elements has rank 2;

iii) RM(a, b,¢) = RM(c, z,y) = RM(a,y, z) = RM(b, z, z) = 2;

iv) all other triples have rank 3;

v) RM(a,b,c,x,y,2) = 3.

Thus, a, b, ¢, z,y, z is a group configuration and, by Theorem 7.5.7, there
is a definable rank one group in M®4.

Theorem 8.3.1 is just the beginning of the story. In fact, the group that
we define tells us a great deal about the structure of M. For example,
Hrushovski proved the following.

Theorem 8.3.2 Let M be a nontrivial locally modular strongly minimal
set. Then, there is a rank 1 Abelian group G definable in MY such that G
acts definably as a group of automorphisms of the unique rank 1 type of M.

One-Based Groups

Theorem 8.3.1 shows that to understand nontrivial locally modular strongly
minimal sets we must understand locally modular groups. In this section
we will go one step further and analyze w-stable one-based groups.
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Suppose that (G, -,...) is an w-stable, one-based group. We will prove
that G is Abelian and any definable X C G is a Boolean combination of
cosets of definable subgroups. This analysis of one-based groups is due to
Hrushovski and Pillay.

Let G < G be a monster model.

Lemma 8.3.3 If H < G™ is a connected definable subgroup, then cb(H) C
acl®d(().

Proof We will assume that n = 1. If n > 1, then we can replace G by
the group G* = (G",-,G,71,...,Tp,...), where G is a predicate that picks
out the elements of the form (g,1,...,1) and 71, ..., 7, are the coordinate
maps. It is easy to see that G* is one-based (see Exercise 8.4.13) and every
X C G™ is definable in G if and only if it is definable in G*.

Let g € G be generic over G. Let p be the generic type of H, and let a
realize p with a | g. Let ¢ be the nonforking extension of tp(ga/G, g) to
G. Note that

RM(q) = RM(ga/G, g) = RM(a/G, g) = RM(H).

Let a be a canonical base for H, and let 8 be a canonical base for q.

Claim 1 « € dcl®¥(9).

Let ¢(,b) be the formula defining H. Let H= {g € G: G |= ¢(7,b)}. It
suffices to show that if o is an automorphism of G and oq = ¢, then o fixes
H setwise. Because ¢(g~'v,b) € q, ¢(a(g)~tv,0(b)) € oq. If 0q = ¢, then
#(g~1v,b) Ap(a(g)~tv,0(b)) € g. The formula ¢(v, o (b)) defines the group
oH. Thus, g asserts that v is in gH N o(g)oH. Hence, RM(¢H N o(g)H) >
RM(q). Because gH N o(g)oH is a coset of HN oH,

RM(q) > RM(H) > RM(H N oH) > RM(q).

Thus, HN o¢H is a definable subgroup of H of finite index. Because H is
connected, HNoH = H. Thus H C ocH. A symmetric argument shows that
ocH C H. Thus ¢H = H, as desired.

Because G is one-based, § € acl®d(ga), and, by the claim, a € acl®(ga).

Claim 2 « L@ga.
Because a J/Gg, by symmetry g \LGa. Because g is generic over G, ga is
generic over GG, a. In particular

RM(G) > RM(ga/a) > RM(ga/G) = RM(G).

Thus o | ga.
Because a € acl®¥(ga) and « Lgga, a € acl®d(0), as desired.

One-based groups have very few definable subgroups.
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Corollary 8.3.4 If G is an w-stable, one-based group, then there are at
most countably many definable subgroups of G™.

Proof Any definable subgroup H has a canonical base in acl®d((}). Because
our language is countable, acl®d() is countable and there are only countably
many definable subgroups.

Next, we prove that one-based groups are Abelian-by-finite.

Lemma 8.3.5 If G is a connected one-based w-stable group, then G is
Abelian. Thus every one-based w-stable group is Abelian-by-finite.

Proof For g € G, let H; = {(h,g 'hg) : h € G} C G x G. Then,
H, = Hy if and only if ¢/Z(G) = h/Z(G). If G is non-Abelian, then
Z(G) has infinite index in G; thus {H, : g € G} is an infinite collection of
definable subgroups of G x G. Because G is saturated, there must be |G|
subgroups, a contradiction.

Lemma 8.3.6 If p € S1(G), then there is b € G such that “v €
Stab(p)b” € p. In, particular, every I-type is the translate of the generic
type of its stabilizer.

Proof By adding the canonical base for p to the language, we may, without
loss of generality, assume that cb(p) = (. If p’ is the unique nonforking
extension of p to G, then the formula defining the stabilizer of p defines the
stabilizer of p’. Because any automorphism of G fixes p/, it also fixes the
stabilizer of p’. Thus, Stab(p) is defined over 0.

Let G1 be a |G|T-saturated elementary extension of G. Let g € Gy be
generic over G. Let a be a realization of p such that a J/ G1. Let ¢q be
a nonforking extension of tp(ga/G1) to G. Let a be a canonlcal base for
gStab(p’) and let 8 be a canonical base for g.

Claim 1 « and 3 are interdefinable.
Let o be an automorphism of G. We must show that oq = ¢ if and only
if o(gStab(p’)) = g Stab(p’). Because ¢ = gp’ and o(p’) = p/,

Thus

oqg=q < o(g)p

gr’
-1 /

g lo(gp' =1

<:>g “lo(g) € t b(p')
( )Stab(p’) = g Stab(p’)
o(g)Stab(p’) = g Stab(p’).

The last equivalence follows because o(gStab(p’)) = o(g)o(Stab(p’)) =
o(g)Stab(p’).

Claim 2 a | ga,c.
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First, note that
RM(G) > RM(ga/G) = RM(ga/G,a) > RM(g/G, a) = RM(g/G)

because a J/GGl. But RM(¢g/G) = RM(G). Thus, RM(ga/G) =
RM(ga/G,a) and a | ,ga.

Because G is one-based, 5 € acl®)(ga). But a and ( are interdefinable.
Thus, « € acl*(ga) and a | ga, o

Let ¢ € G realize p with ¢ J/GO" Because ¢ € G, 3 is a canonical base
for tp(ga/G1), and B8 and « are interdefinable,

c \|/G7QQCL.

Because ¢ J/Ga, by transitivity, c¢ J/Gga, Q.

Because a and ¢ are both realizations of p, a \LGga, aandc | ga,a,a
and ¢ both realize the unique nonforking extension of p to G, ga, «. Thus
tp(a/G, ga,a) = tp(c/G, ga, o).

Clearly, ga € gStab(p’)a. Because gStab(p’) is definable from «, we must
have ga € gStab(p’)c and a € Stab(p')c.

Let ¢(v,w) be the formula “v € Stab(p)w.” By definability of types,
there is an Lg-formula d,¢ defining ¢. Because ¢ € G; and G < Gy, there
is b € G with G = d,¢(b). Thus “v € Stab(p)b” € p.

The lemma above also works for n-types.

Corollary 8.3.7 Suppose that p € S,(G) then, there is b € G™ such that
“v € Stab(p)b”e p.

Proof As we argued above, the group G" is also one-based, and we can
view p as a l-type over G™ and apply the previous lemma.

Next, we show that, for @ € G, tp(a/G) is determined by the cosets of
definable subgroups to which @ belongs.

Corollary 8.3.8 Suppose that p,q € S, (G) and for all definable subgroups
H of G" and alla € G,

“0 € Ha” € pif and only if “v € Ha’ € q.
Then p = q.

Proof Choose b and ¢ realizing p and ¢ with b L e Suppose, without
loss of generality, that RM(p) > RM(q). We will show that b also realizes

q.
By Corollary 8.3.7, there is @ € G™ such that “v € Stab(q)a” € q.
By assumption, ‘0 € Stab(q)a” € p as well. Let ¢’ be the nonforking
extension of ¢ to G. The same formula defines Stab(q) and Stab(q’). Thus,

b, € Stab(q')a. Thus be~! € Stab(q’).



8.3 Geometry and Algebra 305

Claim ¢ J/Ggéfl.

Because BLGE RM(bc !/G,e) = RM(b/G,2) = RM(p) > RM(q)
RM(Stab(q)) > RM(be~1/G) > RM(bc'/G,e). Thus, RM(be!/G,¢) =
RM(bc~1/@G), as desired.

Let d realize ¢'. Because be~! € Stab(q’), bc—'d realizes ¢/. But ¢ and
d both realize the unique nonforking extension of ¢ to G U {b¢'}. Thus,
b = bc ¢ realizes q.

Y

Theorem 8.3.9 If G is an w-stable one-based group and X C G™ is defin-
able, then X is a finite Boolean combination of cosets of definable subgroups
H<G".

Proof This follows from Corollary 8.3.8 and Exercise 4.5.13.

Zariski Geometries

In Theorem 8.3.1, we saw that nontrivial locally modular, strongly min-
imal sets interpret groups. Zil’ber conjectured that if a strongly mini-
mal set is nonlocally modular, it is because it interprets an algebraically
closed field. As we noted above, Hrushovski refuted Zil’'ber’s conjecture,
but Hrushovski and Zil'ber found an important class of strongly minimal
sets where Zil’ber’s conjecture is true. This work also answers the inter-
esting metamathematical question: Can one characterize the topological
spaces that arise from the Zariski topology on an algebraic curve?? We will
describe their work but refer the reader to [44] and [45] for the proofs and
[67] for a more lengthy survey.

We say that a topological space is Noetherian if there are no infinite
descending chains of closed sets. If K is a field, then the Zariski topology
on K™ is Noetherian. If K is a differential field, the Kolchin topology on
K™ is Noetherian (see Exercise 4.5.43).

A closed set X is irreducible if there are no proper closed subsets X and
X7 such that X = Xy U X;. The following lemma is an easy application of
Konig’s Lemma, we leave the proof as an exercise.

Lemma 8.3.10 Suppose that X is a Noetherian topology. If Y C X is
closed, then there are irreducible closed sets Yi,...,Y, such that ¥ =
YiU...UY, and Y is not the union of any proper subset of {Y1,...,Y,}.
Moreover, if W1, ..., Wy, are irreducible closed sets, Y = Wi U...UW,,,
and 'Y is not the union of any proper subset of {W1y,..., Wy}, thenn =m
and W1,..., W, is a permutation of Y1,...,Y,. We call Y1,...,Y, the ir-
reducible components of Y.

2This work could be thought of in the same spirit as the result that a Pappian
projective plane is coordinatized by a field.
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In Noetherian topological spaces, we can inductively assign an ordinal
dimenston to any nonempty irreducible closed set X by

dimX =sup{dimY +1:Y C X,Y #0,Y irreducible}.

Note that if @ € X, then dim{a} = sup ) = 0. The dimension of a reducible
closed set is the maximum dimension of an irreducible component.

Definition 8.3.11 A Zariski geometry is an infinite set D and a sequence
of Noetherian topologies on D, D?, D3, ... such that the following axioms
hold.

(Z0) i) If f: D™ — D™ is defined by f(z) = (f1(z),..., fm(z)) where
each f; : D™ — D is either constant or a coordinate projection, then f is
continuous.

ii) Each diagonal A7, = {z € D" : z; = z;} is closed.

(Z1) (Weak QE): If C C D™ is closed and irreducible, and 7 : D™ — D™
is a projection, then there is a closed F' C w(C) such that 7(C) 2 7(C)\ F.

(Z2) (Uniform one-dimensionality): i) D is irreducible.

ii) Let C C D™ x D be closed and irreducible. For a € D", let C(a) =
{zx € D : (a,z) € C}. There is a number N such that, for all a € D" either
|C(a)] < N or C(a) = D. In particular, any proper closed subset of D is
finite.

(Z3) (Dimension theorem): Let C' C D™ be closed and irreducible. Let W
be a nonempty irreducible component of CNAY ;. Then dim €' < dim W+1.

The basic example of a Zariski geometry is a smooth algebraic curve C'
over an algebraically closed field where C™ is equipped with the Zariski
topology. In this case, Z0 is clear, Z1 follows from quantifier elimination,
and Z2 follows from the fact that C is strongly minimal. The verification
of Z3 uses the smoothness of C' (although a weaker condition suffices).

Zariski geometries may be locally modular. If X is an infinite set, we can
topologize X" by taking the positive quantifier-free definable sets in the
language of equality (allowing parameters) as the closed sets. This deter-
mines a trivial Zariski geometry on X. If K is a field, we could topologize
K™ by taking the affine subsets (i.e., cosets of subspaces). This is a non-
trivial, locally modular Zariski geometry. Clearly, a locally modular Zariski
geometry will not interpret a field, but Hrushovski and Zil’ber showed that
this is the only restriction.

First, one must see how model theory enters the picture. Given a Zariski
geometry D, let £ be the language with an n-ary relation symbol for each
closed subset of D™. Let D be D viewed in the natural way as an L-
structure.

Lemma 8.3.12 The theory of D admits quantifier elimination, and D is
a strongly minimal set. Moreover, Morley rank in D is exactly dimension.
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Theorem 8.3.13 Suppose that D is a nonlocally modular Zariski geome-
try; then D interprets an algebraically closed field K. If X C K™ is definable
in D, then X is definable using only the field structure of K (we say that
K is a pure field).

Hrushovski and Zil’ber give a more refined version of Theorem 8.3.13
with additional geometric information. By a family of plane curves in D
we mean closed sets X C D™ and C' C D? x X such that, for all a € X, if
we let C,, denote {(z,y) € D?: (z,y,a) € C}, then C, is a one-dimensional
irreducible closed subset of D?.

Definition 8.3.14 We say that a family of plane curves is ample if when-
ever z and y are independent generic points of D? there is a plane curve
C, with z,y € C,.

An ample family is called very ample if for x,y (not necessarily inde-
pendent) generic points in D? there is a curve C(a) with € C(a) and
y & C(a). In this case, we say that the family separates points.

We say that D is (very) ample if there is a (very) ample family of plane
curves.

Using Theorem 8.2.11 it is not hard to show that a Zariski geometry is
nonlocally modular if and only if it is ample.

Corollary 8.3.15 If D is an ample Zariski geometry, then D interprets
an algebraically closed field.

For most model-theoretic applications, we only need the results for ample
Zariski geometries, but the following result shows that very ample geome-
tries are intimately related to smooth algebraic curves.

Theorem 8.3.16 If D is a very ample Zariski geometry, then there is an
interpretable algebraically closed field K, C' a smooth quasiprojective curve
defined over K, and a definable bijection f : D — C such that the induced
maps " : D™ — C™ are homeomorphisms for all n.

Hrushovski and Sokolovi¢ showed that Zariski geometries arise naturally
in differentially closed fields (see [67] for a proof).

Theorem 8.3.17 If K is a differentially closed field and D is a strongly
minimal set, there is a finite X C D such that if we topologize (D\ X )™ with
the restriction of the Kolchin topology, then (D \ X) is a Zariski geometry.

This shows that, in differentially closed fields, any nonlocally modular,
strongly minimal set interprets an algebraically closed field. This field must
have finite rank. Sokolovi¢ showed that any finite rank field interpretable in
a differentially closed field is definably isomorphic to the field of constants.
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Thus, in differentially closed fields, any nonlocally modular strongly mini-
mal set interprets the constants.3

Applications to Diophantine Geometry

Theorem 8.3.9 plays an important role in Hrushovski’s applications of
model theory to Diophantine geometry. We will try to briefly give the
flavor of these applications.

Definition 8.3.18 Suppose that K is an algebraically closed field. An
algebraic group A that is embedded as an irreducible closed set in projective
n-space over K is called an Abelian variety. We say that A is simple if A
has no proper infinite algebraic subgroups.

For example, an elliptic curve is a simple Abelian variety. The next lemma,
summarizes some of the group-theoretic properties of Abelian varieties. See
[38] for details.

Lemma 8.3.19 Suppose that A is an Abelian variety.

i) A is a commutative divisible group.

it) If K has characteristic zero, the subgroup of n-torsion points of A has
size n?¢, where d is the dimension of A.

111) The torsion points of A are Zariski dense in A.

If G is an algebraic group and we consider the structure (G, -, ...) where
we have predicates for all constructible subsets of G™, then G is not one-
based. Indeed, we can always find a definable subset X C G and a definable
map X — K such that the image is a cofinite subset of K. Using this map,
we can interpret the field, a nonlocally modular, strongly minimal set,
contradicting Exercise 8.4.14.

Surprisingly, this is not true for differential algebraic groups. Let K be
a differentially closed field, and let C be the field of constants of K. If A
is an Abelian variety defined over K, then we can still view A as a group
definable in the differentially closed field K. In Exercise 4.5.43, we intro-
duced the Kolchin topology, the extension of the Zariski topology where we
also consider solution sets of algebraic differential equations, and showed
that there are no infinite descending chains of Kolchin closed sets. Even if
there are no interesting algebraic subgroups of A, there will be new Kolchin
closed subgroups. The following result is due to Hrushovski and Sokolovic,
drawing on earlier work of [64] and Buium|[20].

Theorem 8.3.20 Suppose that K is a differentially closed field and A is a
simple Abelian variety defined over K that is not isomorphic to an Abelian
variety defined over C. Let A% be the closure in the Kolchin topology of

3Recently, Pillay and Ziegler [82] have given a direct proof of this avoiding the Zariski
Geometry machinery.
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the torsion points of A. Then, A# is a one-based group and there are no
proper infinite definable subgroups of A% .

The results of Manin and Buium show that A# is a finite Morley rank
group with no infinite definable subgroups. There are two cases to consider.
If all strongly minimal subsets of A# are locally modular, then A# is one-
based. If there is any nonlocally modular strongly minimal subset of A%,
then, using Zariski geometries, we can interpret the constants in A#. In
this case, one can, by some additional model-theoretic arguments, show
that A is isomorphic to an Abelian variety defined over the constants. A
more detailed sketch is given in [66].

We argue that in fact A# is strongly minimal. Suppose that X C A# is
strongly minimal. Because A# is one-based, X is a Boolean combination of
cosets of definable subgroups of A#. Because A# has no infinite definable
proper subgroups, A% \ X is finite and A# is strongly minimal.

The following simple application is a special case of Hrushovski’s proof
of the Mordell-Lang Conjecture for function fields.

Theorem 8.3.21 Let K and k be algebraically closed fields of characteris-
tic zero with k C K. Let A be a simple Abelian variety defined over K that
is not isomorphic to an Abelian variety defined over the algebraic closure
of k. If V. C A is a proper subvariety of A, then V contains only finitely
many torsion points of A.

Proof We can define a derivation ¢ on K such that the constant field is &
(see [68] X §7). If K is the differential closure of (K, d), then, by Exercise
6.6.32, the constant field of Kisk. Thus, replacing K by K if necessary, we
may assume that K is differentially closed. Let A# be the Kolchin closure
of the torsion points of A. We will show that A# NV is finite.

If A# NV is infinite, then, because A% is strongly minimal, A% \ V is
finite. Because A% contains the torsion points of A, A% is Zariski dense in
A. Thus, V is Zariski dense in A, contradicting the fact that V is a proper
subvariety.

8.4 Exercises and Remarks

Throughout the Exercises assume that we are working in an w-stable theory.
Exercise 8.4.1 Prove Lemma 8.1.3.
Exercise 8.4.2 Prove Lemma 8.1.4.

Exercise 8.4.3 Suppose that (X,cl) is a pregeometry, A, Y C X,
dim(A) < N and dim(Y) < Rg. Then, dim(Y/A) = dim(AUY) — dim(A4).

Exercise 8.4.4 Prove Lemma 8.1.6.
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Exercise 8.4.5 Suppose that M = Th(Z, 8) Show that the associated
geometry (M, acl) has acl(A) = A for all A C M.

Exercise 8.4.6 Show that a pregeometry is modular if and only if any two
closed sets A and B are independent over AN B.

Exercise 8.4.7 Prove Lemma 8.2.9.

Exercise 8.4.8 Suppose that (X, cl) is a modular pregeometry. Show that
any localization of (X, cl) is also modular.

Exercise 8.4.9 a) Suppose that K is an algebraically closed field,

T, ag,...,a, € K are algebraically independent, and
Y= Z a’,
i=0
then y is not algebraic over k(z) for k a subfield of acl(ao,...,a,) of di-

mension less than n + 1.
b) Use Lemma 8.1.13 to conclude that algebraically closed fields are not
locally modular.

Exercise 8.4.10 Suppose that A is a canonical base for X and dcl®d(A) =
dcl®d(B), then B is also a canonical base for X.

Exercise 8.4.11 Suppose that D is a strongly minimal set and C C D x A
is a family of strongly minimal subsets of D x D. Let ~ be the equivalence
relation a ~ b if and only if C, A Cj is finite. Show that ~ is definable.

Exercise 8.4.12 Suppose that p € S,,(A) is stationary and p’ € S,,(M) is
the unique nonforking extension of p. Let @y, as, ... be a Morley sequence
for p. Show that there is an n such that c¢b(p) C dcl®¥(ay, ..., a@y). In other
words for any stationary type p, we can find a finite set of realizations of p
over which p’ does not fork. [Hint: Use Exercise 6.6.35 and its generalization
to n-types.|

Thus, if p = tp(a/B) is stationary, then a canonical base for p can be
found in the definable closure of a sufficiently large finite set of independent
realizations of p.

Exercise 8.4.13 Suppose that M is one-based. Consider the structure M*
with universe M where, for some a € M, we have a predicate picking out
{(z,a,qa,...,a): x € M} which we identify with M. We also have projection
maps mi, ..., T, where m;(21,...,2,) = (2;,a,q,...,a). For each function
(relation) symbol of £, we have a function (relation) symbol in £*, which
we interpret in the natural way. Show that M* is one-based.

Exercise 8.4.14 Show that if M is an w-stable one-based structure, then
any strongly minimal set D interpretable in M is locally modular. [Hint:
Prove that D is one-based.]
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Exercise 8.4.15 a) Prove Lemma 8.3.10.

b) Let o be an ordinal. Topologize « by taking closed sets of the form
{y:v < B} for B < a+ 1. Show that « is a Noetherian topology, and
calculate the dimension of the space.

Exercise 8.4.16 Prove that a Zariski geometry is nonlocally modular if
and only if it is ample.

Remarks

Zil’ber was the first to recognize the importance of studying the combina-
torial geometry of algebraic closure. Pillay’s Geometric Stability Theory is
an excellent reference for the material in this chapter.

Although Zil’ber’s conjecture is false, the analog for o-minimal theories
is true. Peterzil and Starchenko [74] proved that, in an o-minimal theory, if
there are two-dimensional families of plane curves, then one can interpret
a real closed field.

Zariski geometries also arise when studying compact complex manifolds.
Suppose that M is a complex manifold. We say that X C M is analytic
if for all @ € M there is an open neighborhood U of a and fi,..., fi,
holomorphic functions on U such that

XNU={z€U: fi(z)=...= fm(z) =0}

If M is compact, then there are no infinite descending chains of analytic
subsets. Thus, we can give M™ a Noetherian topology where the closed sets
are exactly the analytic subsets.

If M is a complex manifold we consider the structure M, where the
underlying set is M and we have relation symbols for each analytic subset
of M, M? M3, ....1fa € M, then {a} is analytic so this language will have
size 2%0,

Zil’ber proved the following result (see [80]).

Theorem 8.4.17 If M is a compact complex manifold, then M has elim-
ination of quantifiers and is totally transcendental. Indeed, if A C M™ is
analytic, then RM(A) is at most the complex dimension of A.

If M is strongly minimal, then M is a Zariski geometry.

One way to get a compact complex manifold is by taking a smooth pro-
jective variety. By Chow’s Theorem (see [37] B.2.2), every analytic subset
of projective space is already defined algebraically. Thus, these examples
are interpretable in the field C and hence nothing new. In particular, a
smooth projective variety is strongly minimal if and only if it is an alge-
braic curve. Riemann’s Existence Theorem (see [37] B.3.1) says that any
one-dimensional compact complex manifold is a smooth projective alge-
braic curve. Thus, to look for new examples, we need to consider manifolds
of dimension greater than one.
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Suppose that aq,...,as, € C" and ag, ..., as, are linearly independent
over R. Let A be the lattice Zay & ... & Zas,. We can form a compact
complex manifold M, by taking the quotient structure C/A. We call M a
complex torus. Because A is an additive subgroup of C™, M is a complex
Lie group.

If aq, ..., a9, are algebraically independent over QQ, we call M a generic
torus. Classical results from complex manifolds (see [91] VIII 1.4) imply
that M is strongly minimal. Pillay [81] showed that M is a locally modular
group.

The most striking recent result in model theory is Hrushovski’s [43] proof
of the Mordell-Lang Conjecture for function fields. We conclude our re-
marks by explaining the conjecture and stating Hrushovski’s result.

Let K be an algebraically closed field of characteristic zero and A an
Abelian variety defined over K. Suppose that I' is a subgroup of A. We
say that ' is finite rank if there is a finitely generated subgroup I'g such
that ' C {g € A : ng € Ty for some n = 1,2,...}. For example, taking
'y = {0}, the torsion subgroup of A is of finite rank.

Mordell-Lang Conjecture (characteristic zero) Suppose that K has
characteristic zero, A is an Abelian variety, I" is a finite rank subgroup
of A and X is a proper subvariety of A. Then, X N T is a finite union of
cosets of subgroups of A.

Next we show how the Mordell-Lang conjecture implies the Mordell Con-
jecture. Suppose that C' is a curve of genus g > 1 defined over a number field
k. The Mordell Conjecture asserts that C' has only finitely many k-rational
points (i.e., points with coordinates in k).

To any curve C of genus g > 1, we can associate a g-dimensional Abelian
variety J(C') defined over k called the Jacobian of C' (see [38]). The curve C'
is a subvariety of J(C), and J(C) is the smallest Abelian variety in which
C embeds. If C has genus 1, then C is an elliptic curve and J(C) = C.

Let C have genus g > 1. Let T" be the k-rational points of J(C'). The
Mordell-Weil theorem (see [38]) asserts that I' is a finitely generated group.
Thus, C N T is a finite union of cosets of subgroups of I'. If any of these
subgroups is infinite, then the Zariski closure of that coset is also a coset
and the Zariski closure must be the entire curve C. But then there would
be a group structure defined on C' and C would be an Abelian variety
contradicting the fact that J(C) D C and J(C) is the smallest Abelian
variety in which C' embeds. Thus, C N T" is finite and C' contains only
finitely many k-rational points.

The Mordell Conjecture was proved by Faltings, who also proved the
Mordell-Lang Conjecture in case I' is finitely generated. The full charac-
teristic zero Mordell-Lang Conjecture was proved by McQuillen, building
on Faltings’ work as well as work of Raynaud, Hindry, and Vojta.

In number theory, when studying question about number fields, it is often
insightful to ask the same question about finitely generated extensions of
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algebraically closed fields (we call these function fields). Long before Falt-
ings’ work, Manin proved the function field case of the Mordell Conjecture.

Theorem 8.4.18 Let k be algebraically closed of characteristic zero, and
let K D k. Let C be a curve of genus g > 1 defined over K. Then, either
C has only finitely many K -rational points or C' is isomorphic to a curve
defined over k.

So far, we have only considered characteristic zero. What about charac-
teristic p > 07 The obvious generalization of the Mordell-Lang Conjecture
to characteristic p is false. Suppose that C'is a curve of genus g > 1 defined
over I, and let J(C) be its Jacobian. Let a be a generic point of C. Let
I be the group of F,,(a)-rational points of J(C'). By the Lang-Néron The-
orem (the function field version of the Mordell-Weil Theorem (see [38])),
I" is finitely generated. If ¢ is the Frobenius automorphism x — xP, then
0" () € C for all n. Thus, C NT is infinite, but C is not a coset of a sub-
group. In this case, our curve C is defined over the prime field. Abramovich
and Voloch [1] stated a plausible version of the Mordell-Lang Conjecture
for function fields in characteristic p and proved it in many important cases.
Their conjecture was proved by Hrushovski, who also gave a new proof for
the function field case in characteristic zero.

Theorem 8.4.19 (Mordell-Lang Conjecture for function fields)
Let k be an algebraically closed field with K O k. Let A be an Abelian
variety defined over K, X a subvariety of A, and T a finite rank subgroup
of A. Suppose that X NI is Zariski dense in X. Then, there is a sub-Abelian
variety Ay C A, an Abelian variety B defined over k, a surjective homo-
morphism g : Ay — B, and a subvariety Xo of B defined over k such that
g Y(Xo) is a translate of X.

For more on Hrushovski’s result, see [16], [17], and [79].






Appendix A
Set Theory

In this Appendix, we will survey some of the elementary results from set
theory that we use in the text. We give very few proofs and refer the reader
to set theory texts such as [26], [47], or [57] for further details.

We will work in ZFC, Zermelo—Fraenkel set theory with the Axiom of
Choice. The Axiom of Choice asserts that if (A; : i € I) is a family of
nonempty sets, then there is a function f with domain I such that f(i) € A;
for all ¢ € I.

Zorn’s Lemma and Well-Orderings

If X is a set and < is a binary relation on X, we say that (X, <) is a partial
order if (X, <) Ve -(z < z) and (X, <) EVaVyVz ((x <yAy < z) =
z < z).

We say that (X, <) is a linear order if in addition

(X, <) EVaVy (z<yVz=yVy<uz).

If (X, <) is a partial order, then we say that C' C X is a chain in X if C
is linearly ordered by <.

Theorem A.1 (Zorn’s Lemma) If (X,<) is a partial order such that
for every chain C C X there is x € X such that ¢ < x for all c € C, then
there is y € X such that there is no z € X with z > x. In other words, if
every chain has an upper bound, then there is a mazimal element of X.
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We give one application of Zorn’s Lemma. We say that a linear order
(A, <) is a well-order if for any nonempty C' C A, there is a € C such that
a < b for all b € C. The following characterization is also useful.

Lemma A.2 (A, <) is a well-order if and only if there is no infinite de-
scending chain ag > a1 > as > ... in A.

Theorem A.3 (Well-Ordering Principle) If A is any set, then there
18 a well-ordering of A.

Proof Let X = {(Y,R) : Y C A and R is a well-ordering of A}. We
say that (Y,R) < (Y1,R1) f Y C Y3, R C Ry, and if a € Y1 \'Y and
b €Y, then bRa (i.e. every new element is greater than every old element).
Suppose that C' C X is a chain. Let

Y = U Yandﬁz U R.
(Y,R)eC (Y,R)eC

We claim that R is a well-ordering of Y. We first show that Risa linear
order. Clearly, —~(aRa) for all a € Y. If aj,a9,a3 € Y such that aj Ras
and agﬁag, then we can find (Y;, R;) € C such that a; € Y; for i = 1,2,3.
Because C' is a chain, there is j such that (¥;, R;) < (Y;, R;) for each
i =1,2,3. Because (Y;, R;) is transitive, a1 Rja3 and a1 Ras.

If ag > a; > ... is a decreasing chain in R, we can find (Y,R) € C such
that ag € Y. Because of the way we order X, all of the a; € Y. In this case,
R would not be a well-order, a contradiction. Thus (Y, R) € X. Clearly,
(Y,R) > (Y, R) for all (Y, R) € C. Thus, every chain has an upper bound.

By Zorn’s Lemma, there is (Y, R) € X maximal. We claim that Y = A.
Suppose that a € A\Y. Let Y/ = AU {a}, and let R = RU (Y x {a})
(i.e., we order Y’ by making a the largest element). Then, R’ is a well-
ordering and we have contradicted the maximality of (Y, R). Thus ,R is a
well-ordering of A.

Zorn’s Lemma and the Well-Ordering Principle are equivalent forms of
the Axiom of Choice.

Ordinals

Definition A.4 We say that X is transitive if, whenever x € X and y € =,
then y € X. We say that a set X is an ordinal if X is transitive and
well-ordered by €. Let On be the class of all ordinals.

Lemma A.5 i) On is transitive and well-ordered by €.
it) If o and B are ordinals, then the orderings (o, €) and (8,€) are
isomorphic if and only if a = (.
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It follows from i) that On is not a set. If On were a set, then On is itself
an ordinal and On € On. This gives rise to an infinite descending chain
contradicting the fact that On is well-ordered by €.

Because € is an ordering of On we often write o < 3 instead of « € 3.
Note that a = {f € On : § < a}.

Every well-ordering is isomorphic to an ordinal.

Proposition A.6 If (X, <) is a well-ordering, then there is an ordinal
a such that (X, <) is isomorphic to (a,€). We call a the order type of
(X,<).

Lemma A.7 i) () is an ordinal and if « € On, and o # 0 then § € «.
Thus, 0 is the least ordinal.

i) If o is an ordinal, then suc(a) = aU{a} is an ordinal, and if 8 € On,
then § < a or suc(a) < .

i) If C is a set of ordinals, then 6 = J ¢ o is an ordinal, and ¢ is the
least upper bound of the ordinals in C.

Lemma A.7 gives us a description of the first ordinals. By i), 0 = 0 is
the least ordinal. The next ordinals are 1 = {0}, 2 = {0,{0}},.... In
general, we let n + 1 = suc(n). Note that n = {0,1,...,n — 1}. Thus, the
natural numbers are an initial segment of the ordinals. The next ordinal is
w=1{0,1,2,3,...}.

If a € On, we say that « is a successor ordinal if o = suc(() for some
ordinal 3. If @ # 0 and « is not a successor ordinal then we can say « is
a limit ordinal. The next proposition is the main tool for proving things
about ordinals.

Theorem A.8 (Transfinite Induction) Suppose that C is a subclass of
the ordinals such that

i)0eC,

it) if a € C, then suc(a) € C, and

i11) if « is a limit ordinal and B € C for all B < «, then a € C.
Then C' = On.

We can define addition, multiplication, and exponentiation of ordinals. If
a, B € On, let X be the well-order obtained by putting a copy of 3 after a
copy of a. More precisely, X = ({0} x ) U ({1} x ) with the lexicographic
order. Then o+ 3 is the order type of X. Let Y be the well-order obtained
by taking the lexicographic order on 8 X a.. Then « - 3 is the order type of
B x o. We define o by transfinite recursion as follows:

i)a? =1,

i) o e®) = oPa;

iii) if 3 is a limit ordinal, then o = sup{a” : v < g} = U,<pa”

Addition and multiplication are not commutative, but we do have the
following properties.
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Lemma A.9 i) suc(a) =a+ 1.
i) suc(a+ ) = a + suc(f).
W) a+ (B+7) = (a+3)+7.
w) a(By) = (aB)y.
v) a(B+7) = af+ar.
vi) If B =sup,cc 7y, then a+ 3 =sup,cca+7.

We can start building the ordinals above w:
ww+lw+2,. ., sup{fw+n:n<wl=wtw=w2, W2+ 1,w2+2,...,

sup{w2+n:n<wl=w24+w=w3, ..., w3 ...,wd ..., w5..., sup{wn :
n<wl=wxw=w? w+1,...,w3 . wh o sup{ew” in <w)=w.
. . . 2
Contlnumgthlsway:w...,w“’“,...,w‘””,...,w‘*’Q,...,w“’?’,...,w“’ s
w’n, WW UJW
W WY WYL

This is the limit of the ordinals we can easily describe. The next ordinal
is
€0 = sup{w,w”,w® ,...}.
We could now continue as before. Indeed, all of the ordinals we have de-
scribed so far are still quite small.

Cardinals

We need a method of comparing sizes of sets. Let A be any set. By the Well-
Ordering Principle, there is a well-ordering < of A and, by Proposition A.6,
there is an ordinal « such that (A, <) is isomorphic to a. We let |A| be the
least ordinal « such that there is a well-ordering of A isomorphic to «.

Proposition A.10 The following are equivalent.
i) |4 = |B|.
ii) There is a bijection f : A — B.
iii) There are one-to-one functions f: A— B and g : B — A.

We say that A is countable if |A] < w. All of the ordinals a < ¢y that we
described above are countable. Let wy = {& € On : « is countable}. It is
easy to see that wq is transitive and well-ordered by €. If w; is countable,
then w; € wi and we get a contradiction. Thus, w; is the first uncountable
ordinal. Note that |w1| = w;.

We say that an ordinal « is a cardinal if |a] = . We recursively define
wq for a € On as follows:

wop = W,

Wat1 ={0 € On: |§] =wa};

if o is a limit ordinal, then w, = supg., wg.

Proposition A.11 i) Each w, is a cardinal and w, < wg if a < .

i) If k is a cardinal, then either k < w or k = w, for some a € On.
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We also use the notation X, = w,. When we are thinking of it as an
ordinal, we use w, and when we are thinking of it as a cardinal, we use N,,.

If k is a cardinal, there is a least cardinal greater than x, which we call
k1. We say that « is a successor cardinal if K = AT for some ), otherwise (if
K is nonzero), we say that  is a limit cardinal. Note that infinite successor
cardinals are limit ordinals.

For any limit ordinal o > w, the cofinality of « is the least cardinal A
such that there is a function f : A — « and the image of f is unbounded
in a. We let cof(«) denote the cofinality of «.

For example, cof(w) = Ny because a finite function cannot be unbounded
in w. On the other hand, cof(w,) = w because the function n — w, has
unbounded image.

If kK > N is a cardinal, we say that x is regular if cof(k) = k; otherwise,
we say that x is singular.

Proposition A.12 If k > Ng is a cardinal, then kT is regular.

Ny is a regular limit cardinal. It may be the only cardinal with both
properties. We say that k > N is inaccessible if k is a regular limit cardinal.
Although we cannot prove that inaccessible cardinals exist, it seems likely
that we also cannot prove that they do not exist. Inaccessible cardinals are
quite large.

Proposition A.13 If k > X is inaccessible, then kK = V.

Proof An induction shows that w, > « for all a. If kK = R, where a < &,
then  +— wg is an unbounded map from « into &, a contradiction.

Cardinal Arithmetic

We define addition and multiplication of cardinals. If | X| = k and |Y| = ),
then k + A = [({0} x X)U ({1} x V)| and kA = | X x Y|. These operations
are commutative but not very interesting.

Lemma A.14 Let k and A be cardinals. If k and \ are both finite, then
these operations agree with the usual arithmetic operations. If either k or
A is infinite, then

K+ A= kA =max{r, \}.

Corollary A.15 i) If |I| = k and |A;| < k for all i € I, then ||J A;i] < k.
it) If k is reqular, |I| < k, and |A;| < k for alli € I, then ||J 4;| < k.
i11) Let k be an infinite cardinal. Let X be a set and F a set of functions

f: X" — X. Suppose that |F| < k and A C X with |A] < k. Let cl(A)

be the smallest subset of X containing A closed under the functions in F.

Then |cl(A)| < k.



320 Appendix A. Set Theory

Exponentiation is much more interesting. If A and B are sets, then A”
is the set of functions from A to B and |A|lBl = |AB|.

Lemma A.16 Let k, A\, and p be cardinals.
i) (/@)‘)“ = M
i) If A\ > Rg and 2 < Kk < X, then 2* = k* = A\,
iii) If K is regular and \ < K, then k* = sup{r, p* : p < K}.

Proof iii) If f : A — k, then, because k is regular, there is @ < k such
that f: A = a. Thus &* = Uacr a?. The right-hand side is the union of
sets each of size yu* for some u < k.

We say that an inaccessible cardinal s is strongly inaccessible if 2* < &
for all A < k.

Corollary A.17 If k is strongly inaccessible and A < k, then kK = k.

We know by Cantor that 2% > « for all cardinals x. The next theorem is
a slight generalization.

Proposition A.18 (Konig’s Theorem) If k > R, then (%) > .

This gives us Cantor’s theorem because 2" = k" > k but also gives us, for
example, that X¥0 > X,

ZFC is too weak to answer basic questions about cardinal exponentiation.
The most interesting is the Continuum Hypothesis.
Continuum Hypothesis (CH) 2% = R;.
Generalized Continuum Hypothesis (GCH) 2% =R, ;.

The Continuum Hypothesis is unprovable in ZFC, but GCH is consistent
with ZFC.! Assuming the Generalized Continuum Hypothesis, we get a
complete picture of cardinal exponentiation.

Proposition A.19 Assume the Generalized Continuum Hypothesis. Let
K, A > 2 with at least one infinite.

i) If A\ < K, then \" = k™.

i) If A < cof(k), then k* = k.

i) If cof(k) < A < K, then k* = kt.

Finite Branching Trees

Definition A.20 A finite branching tree is a partial order (T, <) such
that:

i) there is € T such that r < « for all x € T}

ii) if # € T, then {y : y < x} is finite and linearly ordered by <;

IProvided ZFC itself is consistent.
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iii) if € T, then there is a finite (possibly empty) set {y1,...,ym} of
incomparable elements such that each y; > = and, if z > x, then z > y; for
some 1.

A path through T is a function f : w — T such that f(n) < f(n+ 1) for
all n.

Lemma A.21 (Koénig’s Lemma) If T is an infinite finite branching
tree, then there is a path through T.

Proof Let S(z) = {y : y > z} for x € T. We inductively define f(n)
such that S(f(n)) is infinite for all n. Let 7 be the minimal element of
T, then S(r) is infinite. Let f(0) = r. Given f(n), let {y1,...,ym} be the
immediate successors of f(n). Because S(f(n)) = S(y1)U...US(yn), S(v:)
is infinite for some i. Let f(n+ 1) = y;.

Forcing Constructions

Definition A.22 Let (P, <) be a partial order. We say that FF C P is a
filter if:

i)ifpe F,qe P,and p < q, then q € F}

ii) if p,q € F, there is r € F such that »r <p and r < q.

We say that D C P is dense if for all p € P there is ¢ € D such that
qg < p. If D is a collection of dense subsets of P, we say that G C P is a
D-generic filter if DN G # 0 for all D € D.

Lemma A.23 For any partial order P, if D is a countable collection of
dense subsets of P, then there is a D-generic filter G.

Proof Let Dgy,Dq,..., list D. Choose py € P. Given p,, we can find
Prt1 < pp With p11 € D, Let G = {q: ¢ > p, for some n}.

Lemma A.23 is the best we can do without extra assumptions. Let P be
the set of all finite sequences of zeros and ones ordered by p < ¢ if p D q.
The following sets are dense:

E,={pe P:ncdom(p)} for n € w;

Dy ={p € P:3n e dom(p) p(n) # f(n)} for f € 2.

If G is a filter meeting all of the F,, then g = Uper' Then g : w — 2. If
G meets Dy, then g # f. Thus if D= {E,, Dy :n € w, f € 2*}, then there
is no D-generic filter.

We say that p and ¢ € P are compatible if there is 7 < p, ¢ and say that
(P, <) satisfies the countable chain condition if whenever A C P and any
two elements of A are incompatible, then |A] < Rg.
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Martin’s Axiom If (P, <) is a partial order satisfying the countable chain
condition, and D is a collection of dense subsets of P with |D| < 2%0, then
there is a D-generic filter on P.

Of course, if the Continuum Hypothesis is true, then Martin’s Axiom is
a trivial consequence of Lemma A.23. On the other hand, Martin’s Axiom
is consistent with, but not provable from, ZFC +-CH.
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Real Algebra

We prove some of the algebraic facts needed in Section 3.3. All of these
results are due to Artin and Schreier. See [58] XI for more details. All fields
are assumed to be of characteristic 0.

Definition B.1 A field K is real if —1 can not be expressed as a sum of
squares of elements of K. In general, we let > K? be the sums of squares
from K.

If F' is orderable, then F' is real because squares are nonnegative with

respect to any ordering.

Lemma B.2 Suppose that F' is real and a € F \ {0}. Then, at most one
of a and —a is a sum of squares.

Proof If a and b are both sums of squares, then ¢ = ;5b is a sum of

squares. Thus, if F is real, at least one of a and —a is not in > F2.

Lemma B.3 If F is real and —a € F \ Y. F?, then F(\/a) is real. Thus,
if F is real and a € F, then F(y/a) is real or F(v/—a) is real.

Proof We may assume that v/a ¢ F. If F(y/a) is not real, then there are
b;,c; € F such that

—-1= Z(bz + Ci\/a)2 = Z(bf + 2¢;biv/a + c?a).

Because y/a and 1 are a vector space basis for F(y/a) over F,

—1:Zb?+aZc§.
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Thus
CLE (20 () + (Xe)

2 (S e2)?

and —a € > F?, a contradiction.

Lemma B.4 If F is real, f(X) € F[X] is irreducible of odd degree n, and
f(a) =0, then F(«) is real.

Proof We proceed by induction on n. If n = 1, this is clear. Suppose, for
purposes of contradiction, that n > 1 is odd, f(X) € F[X] is irreducible
of degree n, f(a) = 0, and F(«) is not real. There are polynomials g;
of degree at most n — 1 such that —1 = > g;(a)?. Because F is real,

~

some g; is nonconstant. Because F(«) = F[X]/(f), there is a polynomial
q(X) € F[X] such that

1= 3 g2 (X) + a(X)F(X).

The polynomial 3~ g2(X) has a positive even degree at most 2n — 2. Thus,
q has odd degree at most n — 2. Let 8 be the root of an irreducible factor
of ¢. By induction, F(f3) is real, but —1 = 3" ¢g?(f3), a contradiction.

Definition B.5 We say that a field R is real closed if and only if R is real
and has no proper real algebraic extensions.

If R is real closed and a € R, then, by Lemmas B.2 and B.3, either
a € R? or —a € R?. Thus, we can define an order on R by

a>0<ace R

Moreover, this is the only way to define an order on R because the squares
must be nonnegative. Also, if R is real closed, every polynomial of odd
degree has a root in R.

Lemma B.6 Let F' be a real field. There is R O F a real closed algebraic
extension. We call R a real closure of F'.

Proof Let I ={K D F: K real, K/F algebraic}. The union of any chain
of real fields is real; thus, by Zorn’s Lemma, there is a maximal R € I.
Clearly, R has no proper real algebraic extensions; thus, R is real closed.

Corollary B.7 If F is any real field, then F' is orderable. Indeed, if a € F
and —a ¢ Y F?, then there is an ordering of F, where a > 0.

Proof By Lemma B.3, F(y/a) is real. Let R be a real closure of F. We
order F' by restricting the ordering of R because a is a square in R, a > 0.

The following theorem is a version of the Fundamental Theorem of Al-
gebra.
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Theorem B.8 Let R be a real field such that

i) for all a € R, either \/a or /—a € R and

i) if f(X) € R[X] has odd degree, then f has a root in R.
Ifi = /—1, then K = R(i) is algebraically closed.

Proof

Claim 1 Every element of K has a square root in K.
Let a + bi € K. Note that 2+va~+b~ “52"'1’2 is nonnegative for any ordering of
R. Thus, by i), there is ¢ € R with

2 a+va? + b2
-

If d = £, then (c+ di)? = a + bi.
Let L O K be a finite Galois extension of R. We must show that L = K.

Let G = Gal(L/R) be the Galois group of L/R. Let H be the 2-Sylow
subgroup of G.

Claim 2 G = H.

Let F be the fixed field of H. Then F/R must have odd degree. If F' =
R(z), then the minimal polynomial of z over R has odd degree, but the
only irreducible polynomials of odd degree are linear. Thus, F' = R and
G=H.

Let G; = Gal(L/K). If G, is nontrivial, then there is G2 a subgroup of
G of index 2. Let F be the fixed field of G3. Then, F/K has degree 2.
But by Claim 1, K has no extensions of degree 2. Thus, G is trivial and
L=K.

Corollary B.9 Suppose that R is real. Then R is real closed if and only
if R(7) is algebraically closed.

Proof
(=) By Theorem B.8.
(<) R(i) is the only algebraic extension of R, and it is not real.

Let (R, <) be an ordered field. We say that R has the intermediate value
property if for any polynomial p(X) € R[X] if a < b and p(a) < 0 < p(b),
then there is ¢ € (a, b) with p(c) = 0.

Lemma B.10 If (R,<) is an ordered field with the intermediate value
property, then R is real closed.

Proof Let a > 0 and let p(X) = X2 —a. Then p(0) < 0, and p(1+a) > 0;
thus, there is ¢ € R with ¢ = a.
Let

n—1
fX) = X"+ Y axt

i=0
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where n is odd. For M large enough, f(M) > 0 and f(—M) < 0; thus,
there is a ¢ such that f(c) = 0.

By Theorem B.8, R(i) is algebraically closed. Because R is real, it must
be real closed.

Lemma B.11 Suppose that R is real closed and < is the unique ordering,
then (R, <) has the intermediate value property.

Proof Suppose f(X) € R[X],a < b, and f(a) < 0 < f(b). We may assume
that f(X) is irreducible (for some factor of f must change signs). Because
R(i) is algebraically closed, either f(X) is linear, and hence has a root in
(a,b), or

f(X)=X%+cX +d,

where ¢ — 4d < 0. But then

and f(x) > 0 for all z.

We summarize as follows.

Theorem B.12 The following are equivalent.

i) R is real closed.

it) For all a € R, either a or —a has a square root in R and every
polynomial of odd degree has a root in R.

i11) We can order R by a > 0 if and only if a is a square and, with respect
to this ordering, R has the intermediate value property.

Finally, we consider the question of uniqueness of real closures. We first
note that there are some subtleties. For example, there are nonisomorphic
real closures of F' = Q(+/2). The field of real algebraic numbers is one real
closure of F. Because a 4+ bv/2 — a — bv/2 is an automorphism of F, /2
is not in Y F2. Thus, by Corollary B.5, F(y/—2) is real. Let R be a real
closure of F' containing F(y/—2). Then, R is not isomorphic to the real
algebraic numbers over F.

This is an example of a more general phenomenon. It is proved by suc-
cessive applications of Lemmas B.2 and B.3.

Lemma B.13 If (F, <) is an ordered field, then there is a real closure of
F in which every positive element of F is a square.

Because Q(1/2) has two distinct orderings, it has two nonisomorphic real
closures. The field Q(t) of rational functions over Q has 2%° orderings and
hence 280 nonisomorphic real closures.

The next theorem shows that once we fix an ordering of F', there is a
unique real closure that induces the ordering.
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Theorem B.14 Let (F, <) be an ordered field. Let Ry and Ry be real clo-
sures of F' such that (R;, <) is an ordered field extension of (F,<). Then,
Ry is isomorphic to Ry over F' and the isomorphism is unique.

The proof of Theorem B.14 uses Sturm’s algorithm.

Definition B.15 Let R be a real closed field. A Sturm sequence is a finite
sequence of polynomials fy, ..., f, such that:

i) f1= fo;

ii) for all z and 0 < ¢ < n—1, it is not the case that f;(x) = fi11(x) = 0;

iii) for all x and 1 < i < n—1,if f;(x) =0, then f;_1(z) and fi11(x)
have opposite signs;

iv) f, is a nonzero constant.

If fo,..., fnis a Sturm sequence and x € R, define v(z) to be the number
of sign changes in the sequence fo(x),..., fu(x).

Suppose that f € R[X] is nonconstant and does not have multiple roots.
We define a Sturm sequence as follows:

Jfo=1T;

fi=rf.

Given f; nonconstant, use the Euclidean algorithm to write
fi=gifi-1— fina

where the degree of f; 1 is less than the degree of f;_1. We eventually reach
a constant function f,.

Lemma B.16 If f has no multiple roots, then fo,..., fn is a Sturm se-
quence.

Proof

iv) If f, =0, then f,,_1|f; for all i. But f has no multiple roots; thus f
and f’ have no common factors, a contradiction.

ii) If fi(x) = fix1(z) = 0, then by induction f,(x) = 0, contradicting
iv).

lll) If1 S ) S n — 1 and fz(l') = 0, then fi_l(fﬁ) = 7f7+1(I) Thus,
fi—1(x) and f;;1(z) have opposite signs.

Theorem B.17 (Sturm’s Algorithm) Suppose that R is a real closed
field, a,b € R, and a < b. Let f be a polynomial without multiple roots. Let
f=fo, .y fn be a Sturm sequence such that f;(a) # 0 and f;(b) # 0 for
all i. Then, the number of roots of f in (a,b) is equal to v(a) — v(b).

Proof Let z; < ... < z, be all the roots of the polynomials fy,..., f,
that are in the interval (a,b). Choose ci, ..., ¢m—1 With z; < ¢; < z;41. Let
a=cy and b = ¢,,. For 0 < i < m — 1, let r; be the number of roots of
f in the interval (¢;, ¢;41). Clearly, > r; is the number of roots of f in the
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interval (a,b). On the other hand,

iy

m—

v(a) —v(b) = D (v(ei) = v(citn)).

=0

Thus, it suffices to show that if ¢ < z < d and z is the only root of any f;
in (¢,d), then
_Jw(e)—1 zisaroot of f
v(d) = {v(c) otherwise '

If f;(b) and f;(c) have different signs, then f;(z) = 0. We need only see
what happens at those places.

If 2z is a root of f;, ¢ > 0, then f;11(2) and f;_1(2) have opposite
signs and f;11 and f;_; do not change signs on [¢, d]. Thus, the sequences
fi—1(c), fi(c), fir1(c) and fi_1(d), fi(d), fi+1(d) each have one sign change.
For example, if f;_1(z) > 0 and f;_1(z) < 0, then these sequences are
either 4,4+, — or 4+, —, +, and in either case both sequences have one sign
change.

If z is a root of fy, then, because f'(z) # 0, f is monotonic on (¢, d). If
f is increasing on (¢, d), the sequence at ¢ starts —, +, ... and the sequence
at d starts +,+,.... Similarly, if f is decreasing, the sequence at ¢ starts
+,—, ..., and the sequence at b starts —, —, .. .. In either case, the sequence
at ¢ has one more sign change than the sequence at d. Thus, v(c)—v(d) = 1,
as desired.

Corollary B.18 Suppose that (F, <) is an ordered field. Let f be a non-
constant irreducible polynomial over F. If Ry and Ry are real closures of F
compatible with the ordering, then f has the same number of roots in both
Ry and R;.

Proof Let fq,..., f, be the Sturm sequence from Lemma B.16. Note that
each f; € F[X]. We can find M € F such that any root of f; is in (—M, M)
(if g(X) = X™ + " a; X", then any root of g has absolute value at most
1+ > |a;], for example). Then, the number of roots of f in R; is equal to
v(—M) —v(M), but v(M) depends only on F'.

Proof of Theorem B.14 Let K C Ry be a finite extension of F. Say
K = F(a). Let f(X) be the irreducible polynomial of « over F. Let oy <
... < ay, be the roots of f in Ry, and let §; < ... < 3, be the roots of f
in R;. We can map F(a,...,ay) into Ry by «; — f;, and this is the only
field embedding that could possibly extend to an isomorphism.

Using this idea and Zorn’s Lemma, build a maximal embedding of sub-
fields, this must be an isomorphism.

Uniqueness follows because the ith root of f(X) in Ry must be sent to
the ith root of f(X) in R;.
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