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Abstract: We consider an elliptic optimal control problem with pointwise state constraints. The
cost functional is approximated by a sequence of functionals which are obtained by discretizing
the state equation with the help of linear finite elements and enforcing the state constraints in the
nodes of the triangulation. The corresponding minima are shown to converge in L2 to the exact
control as the discretization parameter tends to zero. Furthermore, error bounds for control and
state are obtained both in two and three space dimensions. Finally, we present numerical examples
which confirm our analytical findings.
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1 Introduction

The aim of this paper is to analyze a finite element discretization of a control problem with
pointwise state constraints. Let Q C R¢ (d = 2,3) be a bounded, convex domain with a
smooth boundary. For a given function u € L?(Q) we denote by y = G(u) the solution of the
Neumann problem

—Ay+y = u in €,
0,y = 0 on 0f.

Here v denotes the outward pointing unit normal to 9Q. It is well known that y € H?()
and

(1.1) lylli < Cllullze.

We now consider the following control problem

J - 2
(12) JLuin /\y yol* + /Iu Uo|

subject to y = G(u) and y(z) < in €.

Here, o > 0 and yo, up € H'(Q) as well as b € W*>(Q) are given functions. We denote by
M(Q) the space of Radon measures which is defined as the dual space of C°(©) and endowed

with the norm
sy = sup [ g
FeCO(Q),|fI<1JQ
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The analysis of (1.2) is well understood and sketched in [14, Section 6.2.1] for the problem
under consideration. Since the state constraints form a convex set and the cost functional is
quadratic it is not difficult to establish the existence of a unique solution u € L*(€2) to this
problem. Moreover, from [3, Theorem 5.2] we infer (compare also [2, Theorem 2])

Theorem 1.1. A function u € L*(Q) is a solution of (1.2) if and only if there exist u €
M(Q) and p € L3(Q) such that with y = G(u) there holds

(1.3) /p(—Av +v) = /(y — Yo)v + / vdp Vv € H*(Q) with d,v =0 on 09Q
Q 0 Q
(1.4) p+alu—1uy) =0 a.e. in S
(1.5) p>0, ylx) <b(z) ae inQ and /(b —y)du = 0.
Q

The study of (1.2) is complicated by the presence of the measure p on the right hand side
of (1.3). As a consequence, the solution p of this problem is no longer in H'(£2) but only in
Whs(Q) for all 1 < s < dfl. This fact also accounts for the form of the weak formulation
(1.3).

The aim of the present paper is to develop a finite element approximation of problem (1.2).
The underlying idea consists in approximating the cost functional J by a sequence of func-
tionals J, where h is a mesh parameter related to a sequence of triangulations. The definition
of J,, involves the approximation of the state equation by linear finite elements and enforces
constraints on the state in the nodes of the triangulation. We shall prove that the minima of
Jy, converge in L? to the minimum of J as h — 0 and that the states convergence strongly
in H' as well as uniformly and derive corresponding error bounds.

To the authors knowledge only few attempts have been made to develop a finite element
analysis for state constrained elliptic control problems. In [4] Casas proves convergence of
finite element approximations to optimal control problems for semi-linear elliptic equations
with finitely many state constraints. Casas and Mateos extend these results in [5] to a less
regular setting for the states and prove convergence of finite element approximations to
semi-linear distributed and boundary control problems.

Let us comment on further approaches that tackle optimization problems for pdes with
state constraints. A Lavrentiev-type regularization of problem (1.2) is investigated in [11].
In this approach the state constraint y < b in (1.2) is replaced by the mixed constraint
eu+y < b, with € > 0 denoting a regularization parameter. It turns out that the associated
Lagrange multiplier u. belongs to L?(f2). The resulting optimization problems are solved
either by interior-point methods or primal-dual active set strategies, compare [10]. The
development of numerical approaches to tackle (1.2) is ongoing. An excellent overview can
be found in [8, 9], where also further references are given.

The paper is organized as follows: in §2 we describe our discretization and establish conver-
gence of controls and states to their continuous counterparts for two- and three-dimensional
domains. An error analysis is carried out in §3. We obtain

O(ht~c), ifd=2
v —unlzz, |y — yullar = 1 )
O(hz™c), ifd=3

(e > 0 arbitrary) where u;, and y, are the discrete control and state respectively. Roughly
speaking, the idea is to insert the discrete solution into the continuous functional and vice



versa. An important tool in the analysis is the use of L*—error estimates for finite element
approximations of the Neumann problem developed in [13]. The need for uniform estimates
is due to the presence of the measure p in (1.3).

2 Finite element discretization

Let 75, be a triangulation of Q2 with maximum mesh size h := maxper, diam(7") and vertices
T1,...,Tm. We suppose that € is the union of the elements of 7;, so that element edges lying
on the boundary are curved. In addition, we assume that the triangulation is quasi-uniform
in the sense that there exists a constant x > 0 (independent of h) such that each T' € 7, is
contained in a ball of radius k= !'h and contains a ball of radius xh. Let us define the space
of linear finite elements,

X, :={v € C°(Q) | vy, is a linear polynomial on each T € 7p,}.

In what follows it is convenient to introduce a discrete approximation of the solution operator
G. For a given function v € L*(2) we denote by z;, = G,(v) € X}, the solution of the discrete
Neumann problem

/(Vzh -V, + zhvh) = / vuy,  for all vy, € Xj,.
Q Q

It is well-known that for all v € L?*(Q)

(2.1) IG(v) = Gu(w)ll < CR*|v],
d
(2.2) 1G(v) = Gr(v)lz= < CR*7Z|Ju]].
Here, || - || denotes the L?-norm. We propose the following approximation of the control

problem (1.2):

1 o
i Jy(u) = - Pl + 2 Ju— Pouol?
(2.3) i 3= b= Pl [ = P
subject to y, = Gp(u) and yu(z;) < b(x;) for j=1,...,m.

Here, P, denotes the L?-projection, i.e.

(2.4) /thvh = / zZp Yo, € X,
Q Q
It is well-known that
(2.5) |z — Pnz|| < Ch||lz]| g Vz € Hl(Q).

Problem (2.3) represents a convex infinite-dimensional optimization problem of similar struc-
ture as problem (1.2), but with only finitely many equality and inequality constraints which
form a convex admissible set. Again we can apply [3, Theorem 5.2] which together with [2,
Corollary 1] yields (compare also the analysis of problem (P) in [4])



Lemma 2.1. Problem (2.8) has a unique solution u;, € L*(Q). There exist piy,. .., jim € R
and p, € Xy, such that with y, = Gy (up) and py, = Z;“:l e, we have

(2.6) / (Vo - Vo, + pron) = /(yh — Puyo)vn + / vpdip, for all v, € X,
Q Q aQ
(2.7) pn+ a(up — Pyug) = 0 in €,

(2.8) 1 >0, yp(z;) < b(zj),7=1,...,m and /([hb— Yn)dpn = 0.
o

Here, ¢, denotes the Dirac measure concentrated at x and I, is the usual Lagrange interpo-
lation operator.

Remark 2.2. From (2.7) we deduce that in problem (2.3) it is sufficient to minimize over
controls u € X, instead of u € L?(Q) in order to obtain the same unique solution u;. For
the resulting finite dimensional optimization problem the result of Lemma 2.1 then follows
from e.g. [12, Theorem 12.1].

We have the following convergence result.

Theorem 2.3. Let up, € L*(2) be the optimal solution of (2.8) with corresponding state
yn € Xy and adjoint variables p, € Xy and pp, € M(S2). Then, as h — 0 we have

up — w in L2(Q), yn — y in H(Q) and in C°(Q),
where u is the solution of (1.2) with corresponding state y.

Proof. Let b := min,cq b(z). Since b = G (b) and b < b(z;) for j =1,..., m we have

1 o
5/ lyn — Payol® + 5/ lun — Pruol® = Jin(un) < Ju(b) < C(yo, uo, b).
Q Q
This implies that there exists a constant C' which is independent of h such that

(2.9) Nynlls luall, [[pal] < C forall0 < h < 1.

Note that the bound on py, follows from (2.7). In order to estimate yy;, we use v, = 1 in (2.6)
and obtain for every f € C%(Q),|f| <1

/fduh<ZM]|f ;) SZ 1duh=/(ph+Phyo—yh) <C
o Q

2

by (2.9). This yields
(2.10) linll gy < C forall 0 <h <1

In view of (2.9), (2.10) there exists a sequence h — 0 and @, p € L*(Q) as well as i € M(Q)
such that

(2.11) up — 0, p,—pin L*(Q), and pp — o in M(Q).



Since G is compact as an operator from L?(Q) into C°(Q) we have, after passing to a further
subsequence if necessary,

(2.12) G(up) — G(1) in C%(Q2)

and hence

lyn = G (@) |z < 11Gn (un) = G (un) e +1|G (un) = G(@) [ e < CB2~2 [[unl|+ |G (un) — G(@)]|
so that y, — G(@) =: 9 in C°(Q) as h — 0 by (2.9) and (2.12). A similar argument shows
that v, — ¢ in H1(Q).

Let us now pass to the limit in (2.6)—(2.8). To begin, let v € H*(Q) with d,v = 0 on 9 and
denote by Rjv the Ritz projection of v. Recalling (2.11), (2.6) and the fact that Ryv — v in
C°(2) we obtain

/Qp(—Av+v) — /Qph(—Av+v) :/Q(Vph-Vv + ppo)

= /(Vph -VRyv + thhv) = /(yh — Phyo)RhU + / Ryvduy,
Q Q

Q
= [a-ww+ [ vdp
Q Q

Using (2.11) we may pass to the limit in (2.7) and deduce p+a(i—ug) = 0 a.e. in (2. Clearly,
i > 0; since y, < I,b in Q and y, — ¢ in C°(Q) we have § < b in Q. Furthermore, recalling
that [;(/nb — yn)du, = 0 we obtain in the limit

/Q(b—g)dﬂ: 0.

Lemma 1.1 now implies that @ is a solution of (1.2); as the solution of this problem is unique
we must have u = @ and hence y = ¢ and the whole sequence is convergent.
Let us finally prove that u, — w in L*(Q). To begin, note that by (2.2)

d
2

Gn(u —vh>%) = Gu(u) — G(u) + G(u) — yh* "2 < Ch* 2 |ul| + b — yh> % <b

in O, provided that  is large enough. Evaluating the above inequality at the nodes z1, . .., T,
d
we see that Gy, (u —vh?™2) is admissible for the discrete problem and hence Jj,(up) < Jp,(u —
fed
vh*72) or

«a o 4 1 _d 1
§||Uh — Pyugl” < §||U —h*"2 — Pyuol” + §||Qh(u) —yh*"2 — Puyol® — §||yh — Puyoll*.

Since y, — vy, Gn(u) — G(u) =y in L*(Q) we infer that

lim sup ||up — Phug||* < ||u — uo||* < liminf ||uy, — Pyuol|?,

h—0 h—0
where the second inequality is a consequence of the weak convergence u, — Pyug — u — uqg.
Thus, [Jup, — Pyuol|?> — |Ju — uol|? which implies u, — Pyug — u —ug in L? and hence uy, — ug
in L2 1



3 Error analysis

Let us now turn to the error analysis and start with a couple of auxiliary results.

Lemma 3.1. Suppose that u,u;, € L*(Q) are the optimal solutions of (1.2) and (2.3) respec-
tively with corresponding statesy € H*(Q),y;, € X;,. Letv € L*(Q) and z = G(v), 2z, = Gu(v).
Then

(3.13) s+ [le=ul+5 [lo=ul+ [@=2d = I
(314) Jh<uh)—|—%/Q|zh—yh|2_|_%/g|v—uh|2—|—/ﬂ([hb—Zh)d,uh = Jh<U)

Proof. An elementary calculation using (1.3) shows

J(w) — J(u) = 3/|z—y|2 S [l [G-no-mta [w-we-u
_ /\z_yp /\U_ue /( A=) + (=~ )
/Q( )d,u+oz/g(u—uo)(v—u).

Since z = G(v),y = G(u) we have

so that (1.4) and (1.5) finally imply

I = I =5 [1=oP+5 [lo=ul+ [ 0=

The second claim follows in a similar way. 1

Remark 3.2. Note that in the above z = G(v), z;, = Gx(v) do not necessarily have to be
admissible for the minimization problems.

The next lemma examines in more detail the approximation of J by Jj.

Lemma 3.3. Suppose that v € W*(Q) for some deQ < s<2. Then

|T(0) = Ju(v)] < CR*55(

[wollm[[vllws + 1l + llyollz + lluollz)-
Proof. Let z = G(v), z,, = Gp(v). Then

1 o
J(v) = Jp(v) = 3 /Q(|z — yol® = |2n — Payol?) + ) /Q(|v — up|* = |v — Pyuol?).



Using (2.4), (2.5), (2.1) and (1.1) we obtain

|/(|Z—yo|2— 2 — Pagol?)| = |/<z—yo—zh+Phyo><z—yo+zh—Phyo>|
Q Q

|/Q((Z — 20)(2 = Yo + 20 — Payo) — (Yo — Puyo) (2 — Yo — Pu(z — wo))|

Cliz = 2nll (=l + llzall + llgoll) + CR2llyollar (1l + llyoll )

<
< CR(J[o]* + llyoll 7).

For the second term we obtain in a similar way

/Q(|U—Uo\2— [v = Pyuol?) I/Q(Uo—Phuo)w:/(uo—Phuo)(w—Phw%

Q

where w = ug + Pyug — 2v and where we have used (2.4). Applying Lemma 5.1 from the
Appendix we infer

d_d
|/(\v —u0|2 —|v— Phu0\2)| < Ch?*ta—s wol| g1 [|w||w.s
Q
d_d
S Ch2+2 s U(]HHI(HUOHHI -+ H’l]”wl,s).
This proves the lemma. |

Lemma 3.4. Suppose that v € W(Q) for some 1 < s < 5% Then

1G(v) = Gn(v)]| 1= < CHP~%

log hf [[oflw.s.

Proof. Let z = G(v), 2z, = Gy(v). Elliptic regularity theory implies that z € W35(Q) from
which we infer that z € W?9(Q) with ¢ = 2% using a well-known embedding theorem.
Furthermore, we have

(3.15) ellwes < cllzllwss < cllellwne

Using Theorem 2.2 and the following Remark in [13] we have

(3.16) |z — zn||ze < c|logh| inf ||z — x||Le,
XEXn
which, combined with a well-known interpolation estimate, yields

Iz — zp[ e < ch?> | log h|||2|lwae < ch® ¢

log Al[|v]lw1.s
in view (3.15) and the relation between s and g. |
Our next aim is to derive a uniform bound on [|uy |y for s < 74

Lemma 3.5. Let 1 < 5 < d%‘ll. Then there exists a constant c, which is independent of h,
such that
lun|lwis < c for all0 < h <1.



Proof. In view of (2.7) we have

1 1
|un|lws < EHPhHWLS + || Prouo|| g < EHPhHWLS +c,

so that it is sufficient to bound ||pp||yw1.s.
Let s’ be such that 1 + L =1 and suppose that ¢ € L*'(€2). Let us denote by ¢ € W>*'(Q)

s’

the unique solution of the Neumann problem

A+ = ¢ in{
o, = 0 on 0.

Integration by parts and (2.6) yield

/ph o = / (Von - VU + prp) = / (Vpn - VR + prRyt))
0 Q 0
(3.17) = /Q(?/h — Puyo) Rnyp + / Rppdpn,

Q

where Ry is the Ritz projection of 1. Arguing similarly as in Theorem 1 of [1] one shows
that there exists a unique solution p" € W1#(Q) of the problem

(3.18) /ph(—Av +v) = /(yh — Pyyo)v + / vdpy, Vv € H*(Q) with 9,v = 0 on 0.
0 0 o

Furthermore, there exists a constant ¢ = ¢(s) > 0 such that

(3.19) 1" lwr.s < e(llyn — Payoll + lunll ) < ¢

uniformly in A in view of (2.9) and (2.10). If we use v = # in (3.18) and combine it with
(3.17) we obtain

[ =6 = [ Pandw - Bty + [ (6= Rl

Q
ch? [l a2 (lynll + 1 Payoll) + v — Butllzoe |l e

_da
ch?|[ ]| 2 + ch®= % | log Al [ yy2.s
< ch® ¥ |loghl||¢|

IA

IA

Ls'

Note that we have again applied (3.16) in order to control |[¢) — Ry1||z~. Since ¢ € L*'(Q)
is arbitrary we infer
Ls S Ch2isil

1" — pu logh|.

Interpolation and inverse estimates then give

d
IVpulles < || VD" ||ps + ch'~+|logh| < ¢

by (3.19) and since 1 — £ = =1(-4- — ) > 0. |

Let us finally turn to an error estimate for the optimal controls and the optimal states.



Theorem 3.6. Let u and uy, be the solutions of (1.2) and (2.3) respectively. For every e > 0
there exists C. > 0 such that

_d_,
o= unll + lly — gl < Coh® 3.

Proof. Let us define §" := G(uy,) € H*(Q)) and §j := Gp,(u) € Xj. Then Lemma 3.1 implies

oy 17 =ol 4 [l o= = )
T + 5 / =l + 5 [l + / (b= ) = )

Since u = ug — Lp € W#(Q) for all d%:g < s < 7% we obtain with the help of Lemma 3.3

1 . 1 N

3 [t =sl 45 [P+ a [ -

2 Ja 2 Ja Q
3:20) = () = J0) + (o) = Jafun) = [ (b= )= [ (b= )

< 4 (ol (fullwrs + unllwn) + [l + Jen >+ ol + ol )
+ [@ = vdat [ (= b
Q Q

Let us first consider the last two integrals. We have for z €

7"(@) = b(x) = (§"(@) —yn(@)) + (ya(x) — (Inb)(2)) + ((In) (x) — b(x))
< N1G(un) = Gnlun)llzoe + [[Inb = bl L=,

since yp(7;) < b(x;),j = 1,...,m implies that y, < I;b in Q. If we combine Lemma 3.4 with
Lemma 3.5 we infer

/ (i7" = b)dp < ch® = [log h| unllwr.s + CB?[blwzoe < ch®~%|loghl.
Q

Similarly we have from (1.5)

Un(z) — () () = (Gn(x) —y(2)) + (y(x) — b(z)) + (b(x) — ([nd)(x))
< Gn(w) = G(u) L + [|b = Inb| o<,

so that (2.10) and Lemma 3.4 give
/(yh — Iyb)dpy, < ch* 5[ log h| ||ullwrs + Ch2[blwace < ch®=%|loghl.
o

Inserting these estimates into (3.20) and applying again Lemma 3.5 we derive

= unl® + [ly = ynll* < ch®*

If we now choose s sufficiently close to ;%5 we obtain
lu = unll* + [ly — ynll* < Cht7.
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Finally, in order to obtain the error bound for v in H' we note that

lxv@—yw'vwﬁ%y—yww)z/ku—u@%

Q

for all v, € X}, from which one derives the desired estimate using standard finite element
techniques and the bound on ||u — uy|. |

In general we only expect weak convergence of p;, to pu. Nevertheless we have the following
partial result.

Corollary 3.7. Let K C Q be compact with K N suppp = 0. For every e > 0 there exists a
constant C, such that )
pn(K) < Ch* 27

Proof. By Lemma 5.2 in the Appendix there exists a nonnegative function ¢ € C%(Q) which
satisfies
¢>1on K, ¢ =0 on suppy, d,¢ =0 on 0f).

Since pp > 0 we obtain from (2.6)
pn(K) < /Qﬁbduh = /Q(ﬁb — Rpo)dun, + /Q Ry dpy,
= /(<Z5 — Rpd)dpn + / (Vpn - VRy¢ + prRuo) — /(yh — Puyo) Rno
a Q
= /(¢ — Rypg)dp + / (Vpn - Vo + pro) — / Yn — Puyo) Rnd
Q
= /Q(<Z5 — Rpd)dpn + / —A¢+¢) — [ (yn — Puyo) Rn9,

Q

where Rj, is again the Ritz projection. On the other hand, (1.3) and the fact that ¢ = 0 on

suppy imply
Jw=wmlo- [ p-26+6)=0
Q Q

Combining this relation with the first estimate we derive
() < [ (@ Ruo)dmn+ [ (on=p)(=86+0)+ [ (o~ Puw)(6 ~ Fuo)

+/(y—yh — Yo+ Puyo)o
Q

< o — Rudllzee il ey + 12 — pallll@llerz + (lynll + 11 Pugioll) [|¢ — Ridl|
+(lly = wnll + llyo — Pugioll) 9]

< Cll6— Radllpe + C.H24— < CLpzi—
in view of (1.4), (2.7) and Theorem 3.6. 1

Remark 3.8. We mention here a second approach that differs from the one discussed above
in the way in which the inequality constraints are realized. Denote by Dy, ..., D,, the cells
of the dual mesh. Each cell D; is associated with a vertex z; of 7; and we have

Q=U",D;, int(D;)Nint(D;) =0,i # j.

10



In (2.3), we now impose the constraints

(3.21) ][(yh—]hb)gOforjzl,...,m
D;
on the discrete solution y, = Gj(u). Here, we have abbreviated va f = \Tlv\fn f. The
J J J
measure ji, that appears in Lemma 2.1 now has the form pu, = E;nzl uijj -dx, and the

pointwise constraints in (2.8) are replaced by those of (3.21). The error analysis for the
resulting numerical method can be carried out in the same way as shown above with the
exception of Theorem 3.6, where the bounds on y—b and g, —I,b require a different argument.
In this case, additional terms of the form

1= Flimco,

have to be estimated. Since these will in general only be of order O(h), this analysis would
only give ||u — upll, |y — yallmr = O(Vh). The numerical test example in §4 suggests that at
least ||u — up|| = O(h), but we are presently unable to prove such an estimate.

4 Numerical examples

Example 4.1. The following test problem is taken - in a slightly modified form - from [10],
Example 6.2. Let Q := B1(0), a > 0,

1 1 1 1 1
=44 — — —|z]*+ —1 =44 — |z — —1
o) =4+ = — —[af + —loglal, uo(e) i= 4+ ] — s—loglal

and b(x) := |z|* + 4. We consider the cost functional

1 o
sw) =5 [o=wl+ 5 [ u—l
Q Q

where y = G(u). By checking the optimality conditions of first order one verifies that u = 4
is the unique solution of (1.2) with corresponding state y = 4 and adjoint states

1

log |z| and p = d.
2T

1 2
pla) = ol -

The finite element counterparts of y, u, p and pu are denoted by yp, up, pp and py.
For an error functional E(h) we define the experimental order of convergence as

In E(hy) — In E(hy)
E = )
0c Inhy — Inhy

To investigate EOCs for our model problem we choose a sequence of uniform partitions of €2
containing five refinement levels, starting with eight triangles forming a uniform octagon as
initial triangulation of the unit disc. The corresponding grid sizes are h; = 2 ¢ fori =1,...,5.
As error functionals we take E(h) = ||(u,y) — (un, yn)|| and E(h) = |[(u,y) — (up, yn)|| 2 and
note, that the error p — py, is related to u — uy, via (2.7). We solve problems (2.3) using the
QUADPROG routine of the MATLAB OPTIMIZATION TOOLBOX. The required finite
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element matrices for the discrete state and adjoint systems are generated with the help
of the MATLAB PDE TOOLBOX. Furthermore, for discontinuous functions f we use the

quadrature rule
/f Ydz ~ Y f (zm) T,

TeT),

where ) denotes the barycenter of T'. In all computations we set a = 1.

In Table 1, we present EOCs for problem (2.3) (case S = D) and the approach sketched in
Remark 3.8 (case S = M). As one can see, the error ||u — uy|| behaves in the case S = D
as predicted by Theorem 3.6, whereas the errors ||y — yp|| and ||y — yp||z: show a better
convergence behaviour. On the finest level we have |[u — uy| = 0.003117033, ||y — yu| =
0.000123186 and |y — yu|z1 = 0.000083757. Furthermore, all coefficients of u;, are equal to
zero, except the one in front of dy whose value is 0.62820305383493. The errors ||u — ]|,
|y —yn|l and ||y — yn ||z in the case S = M show a better EOC than in the case S = D. This
can be explained by the fact that the exact solutions y and u are very smooth, and that the
relaxed form of the state constraints introduce a smearing effect on the numerical solutions
at the origin. On the finest level we have ||[u — uy|| = 0.001020918, ||y — yx| = 0.000652006
and |y — yp|z1 = 0.000037656. Furthermore, the coefficient of py, corresponding to the patch
containing the origin has the value 0.66505911271141.

Figures 1 and 2 present the numerical solutions v, and wuy, for h = 27% in the case S = D
and S = M, respectively. We note that using equal scales on all axes would give completely
flat graphs in all four figures.

(S=D) (S=M) (S=D) (S=M) (S=D) (S=M)
Level lu—unl lu—unll [y —yull Ny —wnll Ny =yl lly = yallm
1 0.788985 0.654037 0.536461 0.690302 0.860516 0.688531
2 0.759556  1.972784 1.147861 2.017836 1.272400 2.015602
3 0.919917 1.962191 1.389378 2.004383 1.457095 2.004286
4 0.966078 1.856687 1.518381 1.989727 1.564204 1.990566
5 0.986686 1.588722 1.598421 1.979082 1.632772 1.979945
Table 1: Experimental order of convergence
Example 4.2. The second test problem is taken from [11], Example 2. It reads
ugg;nmJ /Iy vol* + 5 /Iu—uOl
subject to y = G(u) and y(x) > in €.
Here, € denotes the unit square,
2 1 1
ri— 5 T1 <3y,
201 4+ 1, xy <1
) =< - RS S
7 Y %7 Ty > %7
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Figure 1: Numerically computed state y; (left) and control u, (right) for h = 275 in the case
S=D.
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Figure 2: Numerically computed state y; (left) and control u, (right) for h = 275 in the case
S=M.
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The exact solution is given by y = 2 and u = 2 in 2. The corresponding Lagrange multiplier
p € H(Q) is given by

2
_1'1’

9

N N[

T <
x>
The multiplier p has the form

(122) | s~ /{m:

In our numerical computations we use uniform grids generated with the POIMESH func-
tion of the MATLAB PDE TOOLBOX. Integrals containing g, uo are numerically evalu-

fds+/ fdx, feC Q).
} {z1>1}

1
2
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ated by substituting o, ug by their piecewise linear, continuous finite element interpolations
I yo, Ihuo The grid size of a grid containing [ horizontal and [ vertical lines is given by
h; = l+1 Fig. 3 presents the numerical results for a grid with h = % in the case (S=D).
The corresponding values of pj, on the same grid are presented in Fig. 4. They reflect the
fact that the measure consists of a lower dimensional part which is concentrated on the line
{r € Q|2y =1} and a regular part with a density X|{z,>1}- We again note that using equal
scales on all axes would give completely flat graphs for y; as well as for wuy,.

We compute EOCs for the two different sequences of grid-sizes s, = {hi, hs,...,hio} and
se = {ho, ha, ..., hig}. We note that the grids corresponding to s, contain the line z; = % Ta-
ble 2 presents EOCs for s,, and Table 3 presents EOCs for s.. For the sequence s, we observe
super-convergence in the case (S=D), although the discontinuous function yq for the quadra-
ture is replaced by its piecewise linear, continuous finite element interpolant I5,1,. Let us note
that further numerical experiments show that the use of the quadrature rule (4.1) for integrals
containing the function yo decreases the EOC for ||u — uy|| to 2, whereas EOCs remain close
to 2 for the other two errors ||y — yn|| and ||y — ys|| g1 For this sequence also the case (S=M)
behaves twice as good as expected by our arguments in Remark 3.8. For the sequence s, the
error ||u — uy| in the case (S=D) approximately behaves as predicted by our theory, in the
case (S=M) it behaves as for the sequence s,. The errors ||y —y|| and ||y —yn ||z behave that
well, since the the exact solutions y and u are very smooth. For h9 we have in the case (S=D)
|u — up|| = 0.000103428, ||y — yn|| = 0.000003233 and |y — yu|z: = 0.000015155, and in the
case (S=M) ||u —up|| = 0.011177577, ||y — yx|| = 0.000504815 and |y — yn |1 = 0.001547907.
We observe that the errors in the case S = M are two magnitudes larger than in the case
(S=D). This can be explained by the fact that an Ansatz for the multiplier x4 with a linear
combination of Dirac measures is better suited to approximate measures concentrated on sin-
gular sets than a piecewise constant Ansatz as in the case (S=M). Finally, Table 4 presents

> p; and > py for s, in the case (S=D). As one can see > u; tends
IiE{x1=1/2} {L'Z'G{:L'1>1/2} :B¢€{331=1/2}
to 1, the length of {z; = 1/2},and > p; tends to 1/2, the area of {x; > 1/2}. These

x16{$1>1/2}
numerical findings indicate that u;, = Z 1i0,, well approximates i, since fQ dup, = Z i

and that py, also well resolves the structure of p, see (4.22). For all numerical computatlons
of this example we have p; = 0 for x; € {x; < 1/2}.

5 Appendix

Lemma 5.1. Let 2% < 5 <2 and v € W"*(Q). Then

a+2
v — Pl < C s
Proof. The assertion is clear if s = d2f2 or if s = 2 so that we may assume dQ—fQ < s < 2. Let
us write
sd—2d+2s d(2—s)
/ v — Pyol? :/ lv— Py = |v— Pyl
Q Q

14



in the case
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Figure 3: Numerically computed state y;, (left) and control wy, (right) for A
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Figure 4: Numerically computed multiplier w;, for A
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(S=D) (S=M) (S=D) (S=M) (S=D) (S=M)
Level |lu—wup| |lu—un|| lly—wull Ny —wll lv—wuller Ny —yullm

1 1.669586 0.448124 1.417368 0.544284 1.594104 0.384950
2 1.922925 1.184104 1.990906 1.473143 1.992097 1.239771
3 2.000250 1.456908 2.101633 1.871948 2.080739 1.745422
4 2.029556  1.530303 2.125168 2.427634 2.108241 2.348036
5 2.041913 1.260744 2.124773 2.743918 2.116684 2.563363
6 2.047106 1.142668 2.117184 1.430239 2.117739 1.318617
7 2.048926 1.177724 2.107828 1.503463 2.115633 1.409563
8 2.049055 1.194893 2.098597 1.578342 2.112152 1.497715
9 2.048312  1.194802 2.090123 1.622459 2.108124 1.549495
Table 2: Experimental order of convergence, x; = % grid line
(S=D) (S=M) (S=D) (S=M) (S=D) (S=M)
Level flu—unl lu—wunll [y =yull Ny —wnll Ny =yl lly = yallm
1 0.812598 0.460528 1.160789 2.154570 0.885731 1.473561
2 1.361946 0.406917 2.042731 0.597846 1.918942 0.405390
3 1.228268 1.031763 1.832573 1.392796 1.700124 1.088595
4 1.245030 1.262257 1.678233 1.621110 1.570580 1.392408
5 1.252221  1.416990 1.646124 1.844165 1.554434 1.686808
6 1.256861 1.505759 1.696309 2.128776 1.620231 2.021210
7 1.264456 1.489061 1.627539 2.507863 1.559065 2.415552
8 1.260157 1.316627 1.640964 2.989867 1.580113 2.818148
9 1.265599 1.169109 1.686579 1.601263 1.635084 1.460153

Table 3: Experimental order of convergence, z; = % not a grid line

Lemma 5.2. Suppose that K and K are two disjoint compact subsets of Q. Then there exists
a nonnegative function ¢ € C*(Q) which satisfies

0,0=00n0Q2 ¢>1onkK, ¢=0 on K.

Proof. For r > 0 let us define Q, := {x € Q|dist(z,dQ) < r}. In view of the smoothness of
09 there exists 6 > 0 such that for each z € €5 there exists a unique point y = y(z) € 02
with

x =y — dist(z, 0Q)v(y)

16



Level

Z 125

xz;€{x1=1/2}

Hi
$i6{$1>1/2}

©O© 00 N O Ot ke W N =

1.13331662624081
1.06315278164899
1.03989323182608
1.02893022155910
1.02265064139378
1.01855129775903
1.01569011772403
1.01359012331610
1.01198410389649

0.36552954225441
0.43644163287114
0.45990635060758
0.47095098878247
0.47727091447291
0.48139306499280
0.48426838085822
0.48637773715316
0.48799027450619

Table 4: Approximation of the multiplier in the case (S=D), x; = % grid line

(see [7], 14.6). Since K N K = () we may assume that dist(K, K) > 6. Let us define

Tk i={y(x) [z € KN}, Ti:={y()|zec KN}

I'x and Tz are disjoint, compact subsets of 9, since dist(K, K) > & and z — y(z) is
continuous. Let ¢, € C?(99Q) be a nonnegative function satisfying ¢; > 1 on I'x, ¢; = 0 on
['. By setting ¢(x) = ¢1(y(z)) we extend ¢; as a C? function to Q5. Clearly, d,¢; = 0 on
0. Let v € C?(Q) be a nonnegative cut-off function with ¢ = 1 in Q% and ¥ = 0 in Q\Q%
Then ¢ := 1h¢, satisfies

0,02 = 0 on 09, ¢2210nKﬁQ%, ¢ =0o0n K.

Finally, choose a nonnegative function ¢35 € C?(Q2) with

3 >1on KN(Q\Qs), o¢s(z) =0if dist(z, KN (Q\ Q

ol >

) =

o

5
4

Then, 0,¢3 = 0 on 0f2, ¢35 =0 on K and ¢ := ¢o + ¢3 has the required properties. |
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