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Abstract

This paper intends to give a comprehensive overview on the basic mathe-
matical tools which are presently used in optimal semiconductor design.
Focussing on the drift diffusion model for semiconductor devices we col-
lect available results concerning the solvability of design problems and
present for the first time results on the uniqueness of optimal designs.
We discuss the construction of descent algorithms employing the ad-
joint state and investigate their numerical performance. The feasibility
of this approach is underlined by various numerical examples.
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1 Introduction

From the very beginning of semiconductor industry there has been a never—ending
drive towards increased miniaturization. The rapidly increasing demand for semi-
conductor technology requires that the design cycle for a new device gets shorter
from year to year. The original aim was to produce more devices per unit area,
e.g. the Semiconductor Industry Association (SIA) projects that by 2009 the lead-
ing edge MOS device will employ a 0.05um length scale and an oxide thickness of
1.5 nm or less. So far, numerical simulations proved to be the main tool for the
reduction of the time of a design cycle. These require enhanced models which are
capable to describe the electronic behavior of the device appropriately. This reveals
several challenging problems for electrical engineers and applied mathematicians,
too. In fact, they all have to contribute to the three topics Modeling, Simulation
and Optimal Design.

Concerning the first point, there exists a hierarchy of models, which ranges from mi-
croscopic, like the Boltzmann—Poisson or the Wigner—Poisson model, to macroscopic
models, like the energy transport, the hydrodynamic and the drift diffusion (DD)
model [Sze81, Sel84, MRS90, Jiin01]. With these models at hand it was possible to
shorten the design cycle significantly. Numerical simulations helped to plan experi-
ments and the computer could even replace expensive experiment set—ups. Clearly,
also the development of new numerical techniques yielded an important speed up
of the required simulation times. There was a strong need for new discretization
schemes and nonlinear iterations exploiting the structure of the underlying model
equations, since they typically posed severe numerical problems. As the models
consist of nonlinear elliptic, parabolic or hyperbolic equations, which are generally
strongly coupled, this led to the development of many new mathematically tech-
niques. Most popular and widely used in commercial simulation packages is the DD
model, which allows for a very efficient numerical study of the charge transport in
many cases of practical relevance. There exists a large amount of literature on this
model (cf. [CPBO00] and the references therein), which covers questions of the math-
ematical analysis [Gaj85, Moc83, NW91] as well as of the numerical discretization
and simulation [Gum64, Ker86].

The increasing computing power and the availability of fast simulations tools made
it even possible to compute the optimal design of semiconductors. First approaches
in the engineering literature were based on black box optimization tools or non-
linear least—squares methods applied to the well understood DD model [Cia0l,
DKKS96, Kha95, KFBS95, PSSS98, LWT99, Sto00, SSPT98, SSPT99]. Unfortu-
nately, they require hundreds of solves of the underlying model equations. Nev-
ertheless, they gave reasonable results and sometimes even unexpected answers
to special design questions. Only recently the applied mathematics community
did begin to investigate methods from optimization theory and optimal control of
partial differential equations as well as specially designed optimization algorithms,
which made it possible to speed up the numerical optimization tools significantly
[BEMPO01, BEM02, FC92, F192, BF193, F194, HP01, HP02, BP03]).



The main objective in optimal semiconductor design is to get an improved current
flow at a specific contact of the device, e.g. focussing on the reduction of the leakage
current in MOSFET devices or maximizing the drive current [SSP198]. In both cases
a certain working point is fixed and one tries to achieve the objective by a change
of the doping profile.

This paper intends to give a comprehensive overview on the basic mathematical tools
which are presently used in optimal semiconductor design. We will focus on the DD
model which is presented in Section 1.1 and embed the design question in the context
of optimization with constraints given by partial differential equations (cf. Section
1.2). The question of uniqueness for optimal designs is investigated in Section 2,
where a non—uniqueness result is proven. Section 3 is devoted to the discussion of
the first—order optimality system leading to the adjoint state equations. These are
used in Section 4 for the construction of a descent algorithm whose performance is
studied for a new cost functional. Concluding remarks are given in Section 5.

1.1 The Drift Diffusion Model

The stationary standard DD model for semiconductor devices stated on a bounded
domain Q C R4, d = 1,2, or 3 reads

Jn=q(DpVn+ pu,nVV), (1.1a)
Jp=—=a(DpVp — pppVV), (1.1b)
div J, =0, (1.1c)

div J, =0, ( )

—eAV =q(n—p—C). (1.1e)

The variables are the densities of electrons n(z) and holes p(z), the current densities
of electrons J,, () and holes Jy,(x), respectively, and the electrostatic potential V'(x).
The total current density is given by

J=Jn+Jy. (1.1f)

The doping profile is denoted by C(z). The parameters Dy, Dy, iy, f1p are the
diffusion coefficients and mobilities of electrons and holes respectively. The physical
constants are the elementary charge ¢ and the permittivity constant e.

Remark 1.1. For notational simplicity we assume that the device is operated near
thermal equilibrium such that no generation-recombination processes are present.
But is possible to extend the forthcoming ideas also to cases where recombination
models of Shockley—Read—Hall or Auger type as well as impact ionization play a
role [Sze81].

In the following we will only consider regimes in which we can assume the Einstein
relations
Dy, =Ur pin, Dp =Ur pip,



where Up = kp T'/q is the thermal voltage of the device and T' denotes its temper-
ature and kp the Boltzmann constant. Further, let the mobilities be constant.

System (1.1) is supplemented with the following boundary conditions: We assume
that the boundary 092 of the domain  splits into two disjoint parts I'p and I'y,
where I'p models the Ohmic contacts of the device and I" iy represents the insulating
parts of the boundary. Let v denote the unit outward normal vector along the
boundary. First, assuming charge neutrality and thermal equilibrium at the Ohmic
contacts I'p and, secondly, zero current flow and vanishing electric field at the
insulating part I';y yields the following set of boundary data

n=np, p=pp, V=Vp onlp, (1.1g)
Vn-v=Vp-v=VV.vr=0 only, (1.1h)

where np, pp, Vp are the H'(Q)-extensions of

C+,/C?+4n?

np = )

2
—C+,/C? +4n?
bpD = 9 )
np
Vp = —Ur log <—> + U, onI'p.
g

Here, U denotes the applied voltage and n; the intrinsic carrier density.

We employ the following scaling

n— Cpn, p— Cmp, v — Lz,

qUr Cpy 1o =

C — Cm é, V— UT V7 Jn,p - T Jnvp

where L denotes a characteristic device length, C',, the maximal absolute value of the
background doping profile and pg a characteristic value for the mobilities. Defining
the dimensionless Debye length

2 o € UT
AT qC,p L?
the scaled equations read
div(Vn+nVV) =0, (1.2a)
div(Vp —pVV) =0, (1.2b)
~NAV=n-p-0C, (1.2¢)

where we eliminated the current densities and omitted the tilde for notational con-



venience. The Dirichlet boundary conditions transform to

O+ V0?4 45%

np 5 (1.2d)
—C+VC? +464
Vp = —log <7;—12)) +U, onlp, (1.2f)

where 62 = n;/C,, denotes the scaled intrinsic density.

This system is analytically well understood, e.g. the solvability of the state equations
for every C € H'(Q) is a consequence of the following result whose proof can be
found in [Mar86, NW91].

Proposition 1.2. Let 0Q be reqular. Then for each C € H*(Q) and all boundary
data (np,pp,Vp) € HY(Q) with

1
% Sno),pp(e) <K, €, and [[Vp|pecig) < K
for some K > 1, there exists a solution (n,p,V) € X of system (1.2) fulfilling

<n(x),plx) <L, x€Q, and ”VHLOO(Q) <L

SIE

for some constant L = L(%, K, ||C| 1p(y) = 1, where the embedding HY(Q) — LP(Q)
holds.

Note, that in general one cannot expect uniqueness of solutions to the DD model.
This will only hold near to the thermal equilibrium [MRS90].

1.2 The Optimization Problem

The objective of the optimization, the current flow over a contact I', is given by

I— /FJ dv = /F(Jn + ) dv. (1.3)

This can be done minimizing the functional
def Y =12

where C is a given reference doping profile and the ~ allows to adjust the deviations
from C. One is mainly interested in functionals @1, which depend only on the values
the outflow current density on some contact I’

Q1(n,p,V) = R(Jv|p). (1.5)



In [HPO02], the functional under investigation was
R(IvI) = 2 17 — T 1.6
(o) = 5 10T =TIy (1.6)
corresponding to the objective of finding an outflow current density Jv close to a

desired density J*v. In [BP03] the total current flow on a contact is studied, i.e.

2
R(Jv|p) = =

1 /Jdl/—[*
2\Jr

(for some desired current flow I*). Note, that especially for a onedimensional setting
these two functionals are equivalent.

(1.7)

Since the current density J is given by a solution of the DD model this yields al-
together a constrained optimization problem which is well-known the context of
optimal control of nonlinear partial differential equations [IK96]. To get a solution
to this problem one can follow two different ideas. On the one hand one can dis-
cretize the overall problem and then use discrete nonlinear optimization techniques
[LWT99]. One the other hand one can formulate the optimization algorithms on
the continuous and use then internal approximations for each step. This is also
the method we want to use since it inherits more structure of the problem and
allows finally for different discretization techniques. For this purpose we intro-

duce the state z = (n,p,V) and an admissible set of controls C C H'(2) and
rewrite the state equations (1.2) shortly as e(z,C) = 0. Now one defines function

spaces X def rp + Xy, where zp def (np,pp,Vp) denotes the boundary data in-

troduced in (1.2) and Xo % (HI(QUTy)NL®(Q))* as well as Z & [H1(Q)]2.

Then e : X x H'(Q) — Z* is well-defined. These prelimenaries allow for the exact
mathematical setting of our minimization problem

)r?ircl Q(n,p,V,C) such that e(n,p,V,C)=0. (1.8)
X

Remark 1.3. This concept of constrained optimization is very general, since it
allows to study various cost functionals and all forthcoming techniques can also be
adopted to other constraints, e.g. different semiconductor models.

In [HP02] the existence of a minimizer is proved under mild assumptions on the cost
functional Q.

Theorem 1.4. The constrained minimization problem (1.8) admits at least one
solution (n*,p*,V*,C*) € X x C.

Note, that generally one cannot expect the uniqueness of the minimizer since one has
no convexity for the optimization problem. Especially, since the state system might
admit multiple solutions. This will be investigated in more detail in the following
section.



2 Uniqueness and Non—uniqueness

The question of uniqueness or possible non—uniqueness of the minimizer is so far
not studied in the existing literature. This question is challenging since already
the state system may admit for multiple solutions [MRS90] and also for the adjoint
system uniqueness could be only established for small current flows [HP02]. In the
following we present analytical and numerical results that show that there exist
indeed multiple solutions to the above minimization problem.

2.1 Multiple Solutions in the Symmetric Case

In this section we consider the optimal design problem for a onedimensional sym-
metric np—diode, i.e. we assume that C(x) = —C(1 — z). Then the following
non—uniqueness result holds.

Theorem 2.1. There exist at least two minimizer C; € H'(Q), i = 1,2, to the
optimal design problem (1.8) with Qi(n,p,V) = fF‘J—j{Q ds. Especially, let
(n1,p1,V1,Ch) € [HI(Q)]3 x C be a minimizer. Then, there exists a second mini-
mizer (ng, p2, Va,C2) € [Hl(Q)]3 x C given by
Co(z) = -Ci(1 —xz), no(x)=p1(1—2x), po(x)=n1(1—2x), (2.1a)
Va(w) = Vil —2) + U, Jpo=—Jp1, Jpp = —Jn1. (2.1b)
Furthermore, it holds Q(n1,p1,V1,C1) = Q(na, p2, Vo, Cs).

Proof. Let (ni,p1,V1,C1) € [Hl(Q)]g x C be a minimizer and (ng, p2, V2, C2) be
defined by (2.1). First, we show that the second minimizer fulfills the state system.
We define the new variable £ = 1 — x and calculate

In2 = Ozna(z) + na ()0, Va(x) = —09p1(§) + p1(§) 9eVi(§) = —Jp,
—Jp2 = —0zpa(2) + p2(2)0: Va(2) = Oeni(§) + n1(§) 9eVi(§) = Jnr-
Hence, it holds 0, Jp2 = 0z Jp2 = 0. Further, we have
N0, Va(z) = N20ee V1 (€)
=—n1(§) + p1(§) + C1(1 = &)
= na(x) — pa(r) — Ca(z).

One easily verifies that (n1,pa, V2, Cs) also satisfies the boundary conditions such
that it is indeed a solution of the state system and the total currents fulfill J; = Js.

Finally, we note that

/Q 0.(C@) ~ Qo) do = [ |o(C01 =) = Co(1 — ) da
= [ |8:(C(x) - Ci(2))|? da,
Q
which finishes the proof due to Q(n1,p1, Vi, C1) = Q(n2, p2, V2, Ca). O
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From the proof we learn that the main reason for the multiplicity of optimal designs
is the prescription of the total current density J, which allows for an interchange
of roles of the electron and hole current density. This can be clearly seen in the
following numerical example. In Figure 2.1 we present the two optimal designs for a
symmetric np—diode and the corresponding reference doping profile. The computa-
tions were performed on a uniform grid with 300 points and the scaled parameters
were set to A2 = 1073, 62 = 1072 and U = 10, i.e. ten times the thermal voltage.
For the parameter v we chose 1073. The state system and the adjoint system were
discretized by an exponentially fitted scheme [SG69, BP]. The first minimizer is
computed using a descent algorithm (see Algorithm 1 in Section 4), while the sec-
ond is given by (2.1). That this is also a stationary point for the descent algorithm
can be seen from Figure 2.2, which shows the evolution of the cost functional if the
algorithm is initialized with (2.1).

2.2 Numerical Study of the Unsymmetric Case

Now, we study the case of an unsymmetric np—diode numerically. The main reason
is that the above proof cannot be directly extended to the unsymmetric case, since it
crucially exploits the symmetry of the reference doping profile. The reference doping
profile, depicted in Figure 2.3, is also the starting point for the gradient algorithm
which will be discussed in Section 4. The parameters are the same as in Section 2.1.

The good performance of the algorithm can be seen from Figure 2.4, where the
evolution of the cost functional is depicted. The algorithm terminates with the
minimizer Cy given by the dashed line in Figure 2.3.

Secondly, we initialize the algorithm with Co(z) = 2 - C(x) — Ca(z). Again, the

8



algorithm terminates and the computed solution can be found as the solid line in
Figure 2.3. But now, we only know that this is another critical point of the first—
order optimality system, which still might be a saddle point. Nevertheless, this
example underlines that one has to interpret the numerical results carefully, although
the gradient algorithm behaves very robust. Clearly, the convergence properties and
also the limit strongly depends on the starting point for the iteration.

1
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3 The First—order Optimality System

In this section we want to discuss the first—order optimality system which is somehow
the basis for all optimization seeking at least a stationary point. Since we have a
constrained optimization problem, we write the first—oder optimality system using
the Lagrangian £ : X x C x Z — R associated to problem (1.8) defined by

L(z,0,6) € Q(x,0) + (e(x,C),) gus 7 -

where £ def (€7, 6P, €V) denotes the adjoint variable. For the existence of a Lagrange
multiplier associated to an optimal solution (z*,C*) of (1.8) it is sufficient that the
operator e(%o)(ac*, C*) is surjective. Note the equivalence

o) (@ O)(v,O)] =g nZ* & efr,C)] =g-eclr,uw)C] inZ"

Since the DD model might allow for multiple solutions this might not be case.
One can ensure the bounded invertibility of e(, c)(z*, C*) only for small current
densities [MRS90]. This idea was used in [HP02] to prove the unique existence of
adjoint states.



Theorem 3.1. There exists a constant j = j(Q,\, V') > 0 such that for each state
x € X with

2 J2
o — <j
Tllze@) | Pl peo o)

there exists an adjoint state & € Z fulfilling e’(km C)(x, C) = —Qu(z,C).

Hence, at least for small current densities there exists a unique Lagrange multiplier
&* such that together with an optimal solution (z*,C*) it fulfills the first—order
optimality system

V(gg’ag)ﬁ(x*, C*, 5*) =0. (3.1)

In fact one can rewrite this equations in a more concise form [HP02]:

e(x*,u*) =0 in Z*,
er(z*,u)E + Qup(z",u*) =0 in X¥,
ew(z®,u")E + Qu(z*,u*) =0 inC".

A critical point of the Lagrangian has to satisfy the state system (1.1) with boundary
data given in (1.2), as well as the adjoint system

A" —VV Ve =¢Y,
AP+ VV VEP = ¢V,
—N2AEY 4+ div (n VE™) — div (p VEP) = 0,

supplemented with appropriate boundary data and the optimality condition

~yA (C — C_’) =&V inQ, (3.2a)
C=C onlp, VC-v=VC-v only. (3.2b)

Remark 3.2. The specific form of the boundary data for the adjoint system depends
on the special choice of the cost functional @ (cf. [HP02, BP03]).

4 Numerical Methods

The construction of numerical algorithms for the solution of (1.8) mainly relies on
the knowledge of derivatives of the cost functional and the constraint, since one
wants to construct first or second order convergent algorithms, like gradient descent
or Newton-like method. The differentiability of the cost functional is easy to achieve
by its convenient definition, while the differentiability of the state mapping is the
content of the following result [HP02].

Theorem 4.1. The mapping e is infinitely often Fréchet—differentiable with deriva-
tives vanishing for order greater than 2.
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An adequate and easy to implement numerical method for the solution of (1.8) is
the following gradient algorithm

Algorithm 1.

1. Choose Cy € C.
2. Fork=1,2,... compute Cj = Ch_1 — o, Q' (Cl)
Here, Q(C) o Q(z(C),C) denotes the reduced cost functional, which can be intro-

duced near to the thermal equilibrium state, and Q’(Ck) is the Riesz representative
of its first variation. The evaluation of

Q'(C) = Qc(x,C) + &€

requires the solution of the nonlinear state system as well as a solution of the linear
adjoint system and finally a linear solve of a Poisson problem to get the correct
Riesz representative .

Remark 4.2. There exist various choices for the parameters « ensuring the con-
vergence of this algorithm to a critical point. The overall numerical performance of
this algorithm relies on an appropriate choice of the step—size rule for a, since these
methods require in general consecutive evaluations of the cost functional requiring
additional solves for the nonlinear state system [Lue89].

4.1 Numerical Examples

In this section we apply Algorithm 1 for the optimal design of an unsymmetric n—
p—diode (for the reference doping profile see Figure 4.1). We already learned that
the cost functional employed so far might admit for multiple minimizers. For this
reason we study here a slightly different functional of the form

/dey—I;
r

This allows to adjust the electron and hole current separately. The computations
were performed on a uniform grid with 1000 points and the scaled parameters were
set to A2 = 1073, 62 = 1072 and U = 10. For the parameter v we chose 2 - 1072
The step—size a4 is computed by an exact onedimensional linesearch

1 2 2
RUalr Jprle) = 5 '/ Judv = T;| 4
r

oy = argmin,, Q (Ck—l - an(Ck)> .

The iteration terminates when the relative error

than 5 - 1074,

’Q/(Ck)‘

L / HQ,(CO)HB is less

In Figure 4.1 we present the optimized doping profiles for different choices of 1}, I*

nytps

i.e. we are seeking an amplification of either the hole current (I} = J7, I; =15 J;;)

11
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Figure 4.1: Optimized Doping Profiles Figure 4.2: Evolution of the relative er-
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or of the electron current (I, = 1.5-J;, I, = J;;) or of both of them I}, = 1.5-J3, I} =
1.5+ J;) by 50%. The evolution of the relative error of the gradient can be found
in Figure 4.2. Note, that the number of gradient steps is independent of the cost
functional. To get an impression of the overall performance of the method we also
have to consider the nonlinear solves needed for the exact onedimensional linesearch.
These are presented in Figure 4.3 and one realizes that this is indeed the numerically
most expensive part. In Figure 4.4 we present the evolution of the observation
R(Jnv|r, Jpv|r), where one observes that a good approximation of the minimizer is
already attained after a few gradient steps, which is characteristic for this method.
Further, we not that the third case has the worst match which can one the hand

be explained by the unsymmetry of the device and on the other hand by the fixed
choice of 7.
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the Line Search tion

The dependence of the algorithm on the grid spacing is studied in Figure 4.5, where
we solve the second test case for various grid sizes. One sees that the number of
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gradient steps is not affected by the grid size , whereas the function evaluations for
the line search are indeed depending on the grid. Note that the it is essential that
the stopping criterion is related to the discretization error, else it might happen that
the iteration does not terminate.

5 Conclusion

In this paper gave an overview of the mathematical tools which are employed in op-
timal semiconductor design. Using the DD model as the underlying semiconductor
model it was possible to apply techniques from variational calculus to prove existence
of optimal designs. There is analytical and numerical evidence that such optimal
designs are not unique which should be encountered by the construction of numer-
ical algorithms. The introduction of the adjoint state yields an elegant possibility
to formulate numerical algorithms on the continuous level and allows for an ade-
quate consecutive discretization. Gradient—based descent algorithms yield a robust
performance. Future work will focus on the development of second—order methods,
multi-objective optimization as well as additional constraints on the design variable
or the state.
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