Suboptimal control strategies for backward facing step flows

M. Hinze^1, K. Kunisch^2

Abstract In our talk suboptimal distributed and boundary control strategies for fluid flows governed by the Navier-Stokes equation (NSE) together with some aspects of the numerical and practical implementation of the underlying algorithms will be adressed. The objective of our numerical investigations is the development of practical relevant feedback control laws for backward facing step flows. We will present several examples as well as we will adress analytical questions related to the approach sketched in the following.

For what follows denote by Ω ⊂ IR^2(IR^3) the region of fluid flow with boundary Γ = Γc ∪ Γobs ∪ Γd, where in the case of boundary control Γc denotes the part of the boundary where control is applied, Γobs is the observation boundary and Γd is the remaining part of the boundary part where fixed Dirichlet data is prescribed. For the case of boundary control and boundary observation the control problem is given by

(P ) min J(Φ) = J(Φ, u) =^l_2 T∫ 0 ∫ Γc Φ^2dSdt + T∫ 0 ∫ Γs F (∇u)dSdt s.t. ut −^1_{Re} Δu + (u∇)u + ∇p = f in Ω × (0, T ] −div u = 0 in Ω × (0, T ] u = { Φ on Γc × (0, T ] 0 on (Γd ∪ Γobs) × (0, T ] u(0) = u0,

(1)

where F (z) = F (z1, . . . , z4) is some sufficiently smooth, scalar valued function, u0 denotes the initial value of the flow and Φ denotes the control. Applying a Lagrangian approach to problem (P) leads to an optimality system involving the NSE, a backward in time parabolic linear system for the adjoint variables and the optimality condition for Φ (see [1]). To solve (1) numerically for realistic flows necessitates a computing power that is beyond the presently available resources.

Instead of looking for an optimal control for problem (P) and thus looking for an optimal cost reduction, we apply a time integration scheme to the NSE and solve at each time step an optimization problem with an instantaneous cost function related to the one of problem (1). As we shall demonstrate this allows a significant reduction of the costs with readilly available computing power. To be more precise consider f.e. the first order semi implicit time integration scheme ui −^{δt}_{Re} Δui+1 + ∇pi = δt(fi − (ui−1∇)ui−1) + ui−1 =: Ri in Ω −div ui = 0 in Ω ui = { Φi on Γc 0 on Γd ∪ Γobs, (2)

where u0 = u(0). The minimization problem at each time step then is (Pi) { min J(Φi) = J(Φ, ui) =^l_2 ∫ Γc Φ^2_i dS + ∫ Γs F (∇ui)dS s.t. (2). (3) The Lagrangian corresponding to problem (1) turns out to be (subscripts are dropped) L(u, p, ϕ; ξ, π, μ) = l 2 ∫ Γc Φ^2 dS + ∫ Γs F (∇u) dS + ∫ Ω (u − cΔu + δt∇p − R)ξ dV − ∫ Ω πdivu dV + ∫ Γc (u − Φ)μ dS, 1TU Berlin, Fachbereich 3, Sekr. MA 6-3, Straße des 17. Juni 136 D-10623 Berlin, Germany e-mail: hinze@math.tu-berlin.de 2Universität Graz, Institut für Mathematik, Heinrichstraße 36 A-8010 Graz, Austria e-mail: kunisch@math.tu-berlin.de

REFERENCES 2

where ξ, π, μ denote the adjoint velocity, pressure and boundary control variable, respectively and c :=^{δt}_{Re} . The optimality system can be deduced from computing formally the derivatives of L w.r.t. u, p and Φ. Having in mind the application of a gradient-type algorithm to problem (3) one needs to be able to compute the derivatives of J at Φ in directions χ. Using the Lagrangian one obtains

∇J(Φ)(χ) = ∇ΦL(χ) = ∫ Γc (lΦ + c∇ξη − πη)χ dS, (4) where η denotes the outer normal to Ω, ξ is the adjoint velocity and π represents the adjoint pressure. The adjoint variables are determined by the following linear system of equations u − cΔu + δt ∇p = R in Ω −div u = 0 in Ω u = { Φ on Γc 0 on Γd ∪ Γobs, ξ − cΔξ + ∇π = 0 in Ω −δt div ξ = 0 in Ω ξ = {_1 c DF (∇u)η on Γobs 0 on Γd ∪ Γc.

(5)

With the gradient of J available the following gradient algorithm can be applied to reduce the value of the cost functional J.

1. Set k = 0 and choose Φ^0 2. ρ^∗ = argminρ≥0 H(ρ) := J(Φ^k − ρ∇J(Φ^k)) 3. Φ^{k+1} = Φ^k − ρ^∗∇J(Φ^k) 4. k = k + 1, goto 2.

In this algorithm the expensive part is step 2. Every evaluation H(ρ) involves the solution of system (5) with Φ = Φ^k − ρ∇J(Φ^k), so that an efficient inexact line-search should be utilized. At this stage the structure of problem (P) must be exploited. The optimal stepsize in the minimum problem of step 2. can be charactrized via a Lagrange approach similiar to the one above. In practical applications only a few steps of the gradient algorithm are applied at each time step utilizing the optimal stepsize ρ^∗ (or a suitable estimate thereof).

Further literature concerning this class of problems can be found in [2], [3], [4], [5] [7] and [8].

References

[1] Abergel,F.;Temam,R. On some Control Problems in Fluid Mechanics Theoret. Comput. Fluid Dynamics 1 (303-325), 1990.

[2] Choi,H. Suboptimal Control of Turbulent Flow Using Control Theory Int. Symp. on Math. Modelling of Turbulent Flows, Tokyo, Japan, 1995.

[3] Glowinski,R. Finite Element Methods for the Numerical Simulation of Incompressible Viscous Flow;

Introduction to the Control of the Navier-Stokes Equations Lectures in Applied Mathematics 28, 1991.

[4] Gunzburger,M.D. A prehistory of flow control and optimization Flow Control, IMA 68, Editor M.D.

Gunzburger, Springer 1995

[5] Hackbusch,W. On the Fast Solving of Parabolic Control Problems Siam J. Control and Optimization 17, No.2 (231-244), 1979.

[6] Hou,L.S.;Svobodny,T.P. Optimization Problems for the Navier-Stokes Equations with Regular Boundary Controls J. Math. Anal. Appl. (to appear).

[7] Ito,K.;Kang,S. A Dissipatative Feedback Control Synthesis for Systems Arising in Fluid Dynamics Siam J. Control and Optimization 32, No.3 (831-854), 1994.

[8] Temam,R. Remarks on the control of turbulent flows Flow Control, IMA 68, Editor M.D. Gunzburger, Springer 1995.