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INFINITE RAMSEY THEORY 3
1. RAMSEY’S THEOREM

1.1. The arrow-notation.

Definition 1.1. a) For a set X and a cardinal v let
X]Y = {¥ € X :Y]= v},
(X2 ={y c X Y|< v},

and
(X]<" ={Y C X :[Y|< v}.

b) For a natural number n and a cardinal p, an n-coloring on X
with with p colors is a function ¢ : [X|* — p. If p is not specified
(and not clear from the context), we usually mean p = 2. Also, if n
is not specified (and not clear from the context), we mean n = 2. In
particular, a coloring on X typically is a function ¢ : [X]*> — 2 and an

n— 2.

n-coloring on X typically is a function ¢ : [X]
¢) If ¢ is an n-coloring on X with p colors, then H C X is c-
homogeneous or just homogeneous if ¢ is constant on [H|". H is homo-
geneous of color i € p if ¢ is constant on H with value 1.
d) Let x and A be cardinals. We write A — (k)7 if for every n-coloring

on A with u colors there is a homogeneous set of size k.

Lemma 1.2. Let & <k, N > X, and i/ < p. Then A — (k)" implies

“w
N = (K
Proof. Easy. O

n

Lemma 1.3. Let k, A\, n, u be as before and let n’ < n. Then A — (k)};

nl

implies A — (k)

Proof. Let ¢ be an n/-coloring on A with u colors. We define an n-
coloring on A as follows. Let {z1,...,z,} € [\]". We may assume that
ry < oo <z Put e(xy, ... x,) = (a1, .., T).

Now, if H C X is c-homogeneous, then H is ¢-homogeneous as well.

This shows the lemma. U
1.2. The finite and infinite versions of Ramsey’s theorem.

Theorem 1.4 (Ramsey’s theorem, infinite version). For all n,m € w

with nym >0, Ry — (Rg) .
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Proof. We first observe that Xy — (Xg)" follows from Xy — (Xg)5 by
induction on the number m of colors.

Assume Ry — (Ng)” and Rg — (Ng)5. Let ¢ be an n-coloring on w
with m+1 colors. Define an n-coloring ¢’ on w with 2 colors as follows:

Let
. 0, ifc(zy,...,x,) <m

(1, ) =
1, ife(xy,...,z,) =m.
Now, by Rg — (Xg)4 there is an infinite ¢’-homogeneous set H C w. If
¢’ has the value 1 on [H]", then H is c-homogeneous of color m. If the
value of ¢’ is 0 on all n-element subsets of H, then ¢ assumes only m
different colors on [H]™ and the existence of an infinite c-homogeneous
subset of H follows from Ry — (Rg)r,. This shows Rg — (No) ;.

Hence we may restrict our attention to the case m = 2. We show
Ng — (No)5 by induction on n. Note that for n = 1 the statement is
just the familiar Pigeon Hole Principle. Now assume Rg — (Xg)?. We
will show Ry — (Rg)™FL,

Let ¢ be an (n+1)-coloring on w with two colors. We define a strictly
increasing sequence (ay)ke, of natural numbers, a decreasing sequence
(Ag)kew of infinite subsets of w and a sequence (i )xew Of elements of 2.

Let ap = 0 and Ay = w. Suppose we have already defined a;, and Ay.
Let cgiq : [Ax \ (ax + 1)]" — 2 be defined by

Chr1(x1, .. ) = clag, x1, ..., Ty).

Using the induction hypothesis Rg — (Rg)5, there is an infinite cgqq-
homogeneous set Ag11 € A \ (ax + 1) of some color i;. Let agi; be
the least element of Ag,;. The finishes the recursive construction of
the three sequences.

Let A ={ay: k € w}. Given ky,...,k, € w with ky < -+ < k, we
have

gy, -y ag,) = Cror1(Ayy -+ Qky)) = gy -

In other words, the color of the (n + 1)-element set {ay,, ..., ax, } only
depends on its smallest element. Let C' C w be an infinite set such that
for all k € C, iy is the same i € 2. Let H = {a; : k € C'}. Now H is

infinite and c-homogeneous of color . O

Exercise 1.5. Show that every sequence (x,),e, of real numbers has

an infinite subsequence that is decreasing or increasing.
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Theorem 1.6 (Ramsey’s theorem, finite version). For all n,m,k € w
with m > 0 there is { € w such that { — (k)7

m*

It is convenient to introduce Ramsey numbers for the proof of this

theorem.

Definition 1.7. Let n > 0. For each k € w let R(k;n) denote the least
cardinal ¢ such that ¢ — (k)5. Note that Theorem 1.4 guarantees the
existence of such a cardinal /.

Proof of Theorem 1.6. An inductive argument similar to the one used
in the proof of the infinite version of Ramsey’s theorem shows that we
may restrict our attention to the case m = 2. Also, it is easily seen
that 2k — (k)3

Now assume that for some n > 0 and all k € w, R(k;n) is finite. Fix
k € w. We show that there is ¢ € w with ¢ — (k)5 *'.

We start by defining a sequence ({;);e, of natural numbers. Let

¢y = 1. Suppose £; has been chosen for some j € w. Let
U1 = R(Gin) + 1.
This finishes the definition of the ¢;. Now let £ = (.

Claim 1.8. ¢ — (k)5™!

To show the claim, let ¢ : [(]"*!1 — 2. We define an increasing
sequence (a;);<2, of elements of ¢, a decreasing sequence (A;) <o of
subsets of £ and a sequence (i;) <o of colors in 2.

Let Ay = ¢. Suppose for some j < 2k we have chosen A; C / of size
lop—j. Let a; be the least element of A;. Define

¢« [A; \ {a;}]" — 2
by ¢j(x1,...,z,) = c(aj, z1,...,2,). The set A; \ {a;} is of size
lop—j — 1 = R(lap—j_1;m).

It follows that there is a ¢;-homogeneous set Aj 11 € A; \ {a;} of some
color ¢; € 2 of size lo,_;_1 = log_(j+1). This concludes the definition of
the three sequences.

Now, given jp < --- < j, < 2k, we have

C(Cljo, RN ,ajn) = cjo(ajl, Ce ,ajn) = ijo‘
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In particular, the color of {a;,,...,a; } only depends on j,. Choose a
set C' C 2k of size k such that for some fixed 7 € 2 and all j € C we have
i; =1i. Let H={a;:j € C}. H is of size k and c-homogeneous. [

Exercise 1.9. Show that for k € w we have 9* — (k)3.
Hint: Go through the proof of Theorem 1.6 and do some explicit

computations.
1.3. Limitations.

Theorem 1.10. a) 2% 4 (3)%,
b) 280 4 (R)3 (Sierpiriski)

Proof. a) Consider the set 2¢ of all sequences of zeroes and ones of
length w. Given {z,y} € [2¥]? let c(x,y) be the least n € w such that
x(n) # y(n). It is easily checked that there is now c-homogeneous set
of size three.

b) Let < denote the usual linear order in R. Choose a well-ordering
< of R. Define ¢ : [R]?* — 2 by

0, if < and < agree on {z,y}
c(z,y) = ,
1, otherwise.
Now every homogeneous set of color 0 is an increasing well-ordered
subset of R and every homogeneous set of color 1 is a reversely well-
ordered subset of R. But since not uncountable ordinal order-embeds

into R, the c-homogeneous sets cannot be uncountable. U

Exercise 1.11. Show that for n € w with n > 1, 2" /4 (3)2

n*

Exercise 1.12. Sierpinski’s example relies on the fact that wy, the first
uncountable ordinal, does not order-embed into R. Give a proof of that
fact.

Hint: R has a countable dense subset.

1.4. Compactness: The infinite Ramsey theorem implies the

finite.

Definition 1.13. A tree is a partial order (7', <) such that for all t € T’
the set {s € T : s < t} is well-ordered by <. If (T, <) is a tree and
t € T, then the height ht(t) is the ordertype of {s € T : s < t}. Given
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an ordinal a, the a-th level of T is the set
Levo(T) ={t € T : ht(t) = a}.
The height ht(T") of T is the least a with Lev,(T) = 0. For ¢t € T let
sucer(t) ={s €T :t <sAht(s) =ht(t) + 1}

denote the set of immediate successors of t. T is finitely branching if
succr(t) is finite for all t € T'. T is rooted if it has a unique minimal
element, i.e., if Levo(T) is a singleton. A branch of T' is a maximal

linearly ordered subset of T'.

Theorem 1.14 (Konig's lemma). Every infinite, finitely branching,

rooted tree has an infinite branch.

Proof. Let T be an infinite, finitely branching, rooted tree. We choose
a strictly increasing infinite chain (¢,),e, in 7. By Zorn’s lemma, this
chain extends to an infinite branch of T

Let to be the root of T', i.e., the unique minimal element. Suppose

for some n € w, t,, has been defined such that
T(t,) ={se€T:s<t,Vs=t,Vs>t,}

is infinite. Since succr(t,) is finite and T'(t,,) = (J{T(s) : s € succr(t,)},
there is t,,41 € sucer(t,) such that T'(t,1) is infinite. This finishes the

construction of the sequence (t,,)ne.- O

Exercise 1.15. 2<% is the tree of all finite sequences of zeroes and
ones. The order on 2<“ is proper set-theoretic inclusion. Let S C 2<¢
be such that for every x € 2“ there is s € S such that s is an initial
segment of x, i.e., s C x. Show that there is a finite set Sy C S such
that for all z € 2% there is s € Sy with s C z.

Hint: Suppose this fails for some S C 2<“ and consider the collection
of those t € 2<“ that don’t have an initial segment in S. Use Konig’s
lemma.

For topologists: This exercise essentially asks you to use Konig's

lemma to show the compactness of the Hausorff space 2¢.

We now give a proof of the finite version of Ramsey’s theorem from
the infinite.
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Alternative proof of Theorem 1.6. Suppose for some k,m,n € w with
m,n > 0 there is no ¢ € w such that ¢ — (k)" . Then for each ¢ € w,
the set

Cy = {c: ¢ is an n-coloring on ¢ with m colors without

a c-homogeneous set of size k}.

is finite and nonempty.

Let T' = {J,e,, Ce. T, ordered by proper set-theoretic inclusion C, is
an infinite tree and for all £ € w there is ¢’ € w such that Lev,(T) = Cy.
It follows that 7" is finitely branching. The lowest level Levy(T") has
exactly one element, the empty coloring.

Hence Konig’s lemma applies to T and therefore T" has an infinite
branch {¢, : ¢ € w}. Now ¢ = |J,, ¢ is an n-coloring on w with m
colors without a homogeneous set even of size k. But this constradicts
Ng — (No)2. 0

1.5. Uncountable versions of Ramsey’s theorem. In Lemma 1.10
we observed that the natural generalization of the infinite version of
Ramsey’s theorem to the uncountable fails. However, there is an un-
countable version of Ramsey’s theorem if you choose the cardinal on

the left hand side of the arrow relation sufficiently large.

Definition 1.16. For a cardinal x let Jy(x) = . If J,(k) has been
defined for some ordinal «, let J,1(x) = 272®). If o is a limit ordinal
and Jg(k) has been defined for all 3 < a, let

Ja(k) =sup{3s(k) : B < a}.
By 3, we denote 3,(Ng).

Theorem 1.17 (Erdés-Rado). For alln € w and every infinite cardinal
K?
(Fu(w))*F — (F)H

K

In particular, (2°)" — (k7)% and therefore (2%0)" — (V)3 -

K

Proof. First, we consider the case n = 0. We have to show

/£+ N (/{")1

K*

But this is just an instance of the pigeon hole principle: If k* is parti-

tioned into x classes, one of the classes has to be of size k.
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Now let n > 0 and assume

(T (k)" = (7).

K

Let ¢ : [\]"*! — &, where A = (3,,(x))". For each a € ) let the coloring
Ca @ [A]" — K be defined by

Ca(Toy ..oy pn1) = c(xo, ..., Tp_1,0).

Claim 1.18. There is a set A C X of size J,(k) such that for every
set B C A of size J,,_1(k) and every b € A\ B there is a € A\ B such

n

that ¢, and ¢, agree on [B]".

To show the claim, we construct an increasing chain (Aq)a<(3,_; (k) *+
of subsets of A of size 3, (k). We start with an arbitrary set Ay C A
of size 3, (k). Suppose we have chosen A, for some o < (3,_1(k))™.

Observe that there are
(R 10) = 27100 = 3, ()

subsets of A, of size 3, 1(k). Given a set B C A, of size J,,_1(k),
there are
(Fn—1(k))" < Tn(k)
functions from [B]" to k.
Choose A,11 C A such that A, C Aut1, |Aar1]|= Jn(k) and such
that for every B C A, of size J,_1(k) and every b € X\ B there is
a € A1 such that ¢, and ¢, agree on [B]™. This is possible since there

are not too many B C A, of size 3, _1(x) and functions ¢, [ [B]™.
If @« < (3,-1(k))" is a limit ordinal, let

Ao =|J{45: 8 <a}.

This finishes the construction of the sequence (Aqs)a<(3,_,(x)*-

Let A =J{As : a < (3n-1(k))*}. Now, whenever B C A is of size
3.-1(k), then there is o < (3,,-1(k))" such that B C A,. If b € A\ B,
then by the choice of A,,1, there is a € A,11 C A such that ¢, and ¢,
agree on [B]". This shows that A works for the claim.

Continuing the proof of the Erdés-Rado theorem, let A C X be as
in the claim. Choose a € A\ A. Recursively, we construct a sequence

(Ta)a<(@n_1(x)+ of pairwise distinct elements of A such that for all
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a < (3n-1(k))T, cu, agrees with ¢, on [{zs: < a}]™. This is possible
by the choice of A.
Now let X = {xp: [ < (3J,-1(k))"}. Define d : [X]" — & by letting

A(Tagy -y Tay 1) = CalTagy -+ s Tap_y) = (A Tayy -y Tay)-

By the choice of the z,, for all ag < -+ < @, < (Tp-1(k)) T,

(1) c(Tag---sTan) = Can, (Tags -+ s Tay_y)
= Ca(Tagy -y Tay 1) = A(Tags -y Tayy_y)-

By (3,_1(k))" — (k1)7, there is a d-homogeneous set H C X of size

kT. H is in fact c-homogeneous by equation (1). O

Exercise 1.19. Let x be an infinite cardinal a consider the set 2~
of all sequences of zeroes and ones of length k. Let <), denote the
lexicographic order on 2%, i.e., let x <)o y if x # y and for the smallest
a < k with z(a) # y(a) we have z(a) < y(«).

Show that 2% does not contain strictly increasing or decreasing se-
quences of length x¥.

Instructions: Assume 2" contains a strictly increasing sequence of
length k*. Let v < & be the minimal ordinal such that there is a strictly
increasing sequence (T, )q<x+ in 27 (with respect to the lexicographic
ordering on 27). For each o < k7 let £, < 7 be the unique ordinal with
To [ €a = Tar1 | &u and 24(&) = 0 and z441(&) = 1.

How many possibilities are there for £,7 Can v really be minimal?

Arrive at a contradiction.

Exercise 1.20. Show that for every infinite cardinal , 2% /4 (kT)3.

Hint: Generalize Theorem 1.10 b) using Exercise 1.19.
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Definition 1.21. Let n and m be natural numbers > 0. Let A and

Ko, . ..,Km—1 be cardinals. Then

A — (/{0, Ce ,/{m_l)n

n

iff for every coloring ¢ : [\|* — m there is ¢ € m and a c-homogeneous

set of color 7 of size k.

Theorem 1.22 (Dushnik-Miller). For every infinite cardinal k,

K — (K,w)?

Proof. We only give the proof in the case that x is regular. The proof
of the singular case is slightly more involved and can be found in [2].
Let ¢ : [k]*> — 2 be a coloring. Let A =¢"'(0) and B = ¢7(1). For

every x € K let
B, ={yer:z<yn{x,y} € B}
First assume that every set X C x has an element = such that
|B, N X|= k.

In this case we can construct an c-homogeneous set H of color 1 as
follows:

Let Xy = k and g € Xj be such that |B,, N Xo|= k. For each n € w
let X, 11 = B,, N X, and choose z,, 11 € X,, ;1 such that

’l} r1)(n+1k: K.

Tn+1

Let H = {z,, : n € w}. By the choice of the z,,, H is c-homogeneous of
color 1.

Now assume that there is a set X C k of size s such that for all z € X
we have |B, N X|< k. If k is regular, we can recursively construct a
sequence (4 )a<x such that for all o < f < k we have {z,, 25} € A.

Namely, let o € X be arbitrary. Suppose for some o < k we have

already chosen zg for all 3 < . Since & is regular,

‘U{Bm f<alnNX|<k.

Let x, € X\U,B<a B, be such that for all 8 < «, x, > xg. This finishes
the construction of the sequence (x, )<, and shows the existence of a

c-homogeneous set of color 0 of size k. U
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1.6. Weakly compact cardinals.

Definition 1.23. A cardinal x is weakly compact if it is uncountable

and satisfies k — (k)3.

Lemma 1.24. Every weakly compact cardinal is inacessible, i.e., Kk s

reqular and for all X < k we have 2* < k.

Proof. Let k be weakly compact. We first show that x is regular.
Suppose not. Then for some § < k there is a partition (A )a<s Of K
into sets of size < k. Define ¢ : [k]> — 2 by letting c(x,y) = 1 is
x and y are in the same A, and c(z,y) = 0 otherwise. If H C & is
c-homogeneous, then either it intersect each A, in at most one point
or it is contained in a single A,. In both cases it follows that |H|< k,
a contradiction.

In order to show that 2* < k for all A\ < k assume that this is not
the case and let A\ < & be such that 2* > k. Since A* < k we have
2* — (AT)Z by the monotonicity properties of the arrow-relation. On
the other hand, by Exercise 1.20, 2* /4 (AT)3. A contradiction. O

Lemma 1.25. The existence of an inaccessible cardinal is not provable

i ZFC.

Proof. Suppose there is an inaccessible cardinal. Let x be the least
inaccessible cardinal. It is not hard to check that V. satisfies ZFC. On
the other hand, it is not hard to check that no cardinal is inaccessible
in V.. ]

Exercise 1.26. Show that if x is inaccessible, then V,, satisfies the

Power Set Axiom (Potenzmengenaxiom).

Exercise 1.27. Show that if x is inaccessible, then V, satisfies the

Axiom of Replacement (Ersetzungsaxiom).

Corollary 1.28. [t is consistent with ZFC that there s no uncountable

cardinal k satisfying k — (K)3.
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2. CONTINUOUS RAMSEY THEORY

2.1. Polish spaces.

Definition 2.1. X is a Polish space if it is a separable complete metric

space.

Example 2.2. a) For every n € w, R” with the usual (euclidean)
metric is a Polish space. Every separable Banach space is Polish.

b) 2¢ and w* are Polish spaces. The metric is given by

278wty
d(z,y) =

0, r =1y,
where A(z,y) = min{n € w: z(n) # y(n)} for {z,y} € [w~]?.

Exercise 2.3. Verify that the space w“ with the metric defined in
Example 2.2 is indeed a separable complete metric space.

Hint: A nice countable subset of w* is the collection of all sequences
that are eventually constant. Given two elements of w*, what does it

mean that there distance smaller than 2777

Definition 2.4. Let X be a topological space and let A C X. A is
nowhere dense if its closure cl(A) contains no nonempty open set. A
is meager (of first category) if it is a union of countably many nowhere

dense sets. A nonmeager set is of second category.

Theorem 2.5 (Baire category theorem). Every complete metric space

is of second category (in itself).

Proof. Let X be a space equipped with the complete metric d. Let
(Ny)new be a collection of nowhere dense subsets of X. By enlarging
the N, if necessary, we may assume that each N, is closed. Notice that
if A and B are closed and nowhere dense, then so is A U B. Hence,
replacing N,, by J,, Nr we may assume that N, C N, if n < m.
We construct a s;quence (Up)new of nonempty open subsets of X

and a sequence (2, )new of points in X such that for all n € w,

(1) U, is disjoint from N,

(2) C ( n-l—l) C Um

(3) the diameter of U, is at most 27", and
(4) =

4
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Let Uy = be a nonempty subset of X \ Ny of diameter at most 1.
Since N, is closed an nowhere dense, Uy is open and nonempty. Choose
xo € Uy. Suppose for some n € w, U,, has been defined. Since N, is
nowhere dense, U,, € N,.1. Let x,.1 € U, \ Nyy1. Since U, \ Nyiq
is open, there is € > 0 such that the e-ball about x,; is contained in
U, \ Npi1. We may choose ¢ < 2771, Finally let U, be the £/2-ball
about x,, 1. This finishes the definition of the two sequences.

By (2), (3) and (4), (n)new is a Cauchy-sequence. By the complete-
ness of X, (,)ne, converges to some = € X. By (2), z € U, for all
n € w. By (1), + € U, e, V- This shows that X is not the union of
the sets N,,. O

Definition 2.6. Let X be a topological space and let A C X. A point
xr € A is isolated in A if x has an open neighborhood U such that
ANU ={z}. A nonempty set P C X is perfect if P is closed and has

no isolated points.

Theorem 2.7 (Cantor-Bendixson). Every closed uncountable subset of
a Polish contains a perfect set. Fvery perfect set in a complete metric

space contains a copy of 2* and therefore is of size at least 2%,

Proof. Let X be a Polish space. Fix a countable dense subset D of X.
For each z € X and € > 0 let U.(z) denote the open e-ball about =.

If O C X is open and = € O, then for some n € w, Uy,(z) C O.
Choose d € D N Uy (). Now x € Uyyp(d) € O. It follows that there
is a countable collection {O,, : n € w} of open subsets of X such that
for every open set O C X and all x € O there is n € w such that
x € O, € 0. The collection {O,, : n € w} is a basis for the topology of
X. Note that every open set is the union of sets of the form O,,.

Now let A C X. Let A’ denote the set of all points of A that are not
isolated. A’ is the Cantor-Bendizson derivative of A. Let A© = A,
If A has been defined for some ordinal a, let ACT) = (A If o
is a limit ordinal and A® has been defined for all § < «, let A =
ﬂﬁ<a AB)

Note that A’ is obtained by removing an open set from A, i.e., a union
of sets of the form O,, n € w. By the countability of the collection
{O,, : n € w}, the decreasing sequence (A®)),,, has to stabilize after

countably many steps. Let a < w; be the least ordinal such that



INFINITE RAMSEY THEORY 15

Aletl) = A(e+2) - The ordinal « is the Cantor-Bendizson rank of A.
The set A+ has no isolated points. Since A+ is obtained from A

a+1) ig either

by removing open sets, At is closed. It follows that A(
perfect or empty.

Notice that whenever z is an isolated point of some A, then there
is some n € w such that AW N U, = {z}. Tt follows that A\ AW is
countable. In particular, if A is uncountable, then so is A, In this
case, A is a perfect set.

We now prove the second statement of the theorem. Let P C X be

perfect. A family (Us)seaw of open subsets of X is a perfect scheme if

(1) for all s,t € 2<¥,if s C ¢, then cl(U;) C U,

(2) for all n € w, for all s,t € 2" with s # ¢, cl(Us) N cl(Uy) = 0,
and

(3) for all n € w, for all t € 2" the diameter of U, is at most 27"

By recursion on the wellfounded relation C on 2<“ we construct a
perfect scheme (Us)sea<w along with a family (z4)sea<w of points in P
such that for all s € 2<% we have x, € Us,.

Let Uy be a nonempty subset of X of diameter at most 1 such that
UpNP # 0. Let xy € PN Uy. Suppose for some n € w and t € 2¢,
U; and x; have been defined such that x; € U; N P Since P is perfect,
U; N P contains at least two distinct points z;~o9 and z;~;. Here t74
denotes the sequence that starts with ¢ and has ¢ as its next and last
element.

Choose open balls U;~¢ and U;~; about z;~q, respectively z;~; of

diameter at most 27! such that
Cl(Utﬁo) N Cl(Utﬂl) = Q)

and
cl(Up~o), cl(Up~1) C Us.

We now define a function f : 2* — P as follows: For each n € 2¢
let f(n) = lim,e, x,,. Note that the limit exists since (2,1, )new i a
Cauchy sequence. Since the ), are elements of P and P is closed,
f(n) € P.

It is easily checked that f is continuous and 1-1. Since 2“ is compact,

f is a homeomorphism onto its image. U
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Corollary 2.8. A closed subset of a Polish space is either countable

or of size 2%,

Exercise 2.9. Show that for every countable ordinal « there is a subset
of R of Cantor-Bendixson rank at least a.

Hint: Construct the examples by recursion on a. The argument for
the successor steps and limit steps are similar but not identical. If « is
a countable limit ordinal, then « is the supremum of set of ordinals of

order type w.
2.2. The Baire property.

Definition 2.10. Let X be a topological space. Then a set A C X
has the Baire property, if for some open set O C X the symmetric
difference

ANO=(A\O)U(O\ A)
is meager in X. We write A =* B if A/A B is meager.

Lemma 2.11. Let X be a topological space. The class of subsets of X

with the Baire property is a o-algebra that contains all open set.

Proof. If O C X is open, then cl(O) \ O is closed and nowhere dense.
Therefore cl(O) \ O is meager. Similarly, if ' C X is closed, then
F'\ int(F') is meager.

Now, if A C X has the Baire property and A A O is meager for some
open set O, then X \ A =* X'\ O =* int(X \ O), showing that X \ A
has the Baire property as well.

Finally, let A,, C X have the Baire property for every n € w. For
each n € w choose an open set O,, such that A,, =* O,,. Since countable
unions of meager sets are again meager, |J, ., An = U, e, On- This

shows that |J _ A, has the Baire property. O

new

Lemma 2.12. Let X be a Polish space without isolated points and
suppose that A C X is nonmeager and has the Baire property. Then A

contains a perfect set.

Corollary 2.13. If X is Polish and A C X has the Baire property,
then A or X \ A contains a perfect set.
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Corollary 2.14. R has a subset without the Baire property.

Proof. Every perfect set is closed. Every closed set is the complement of
an open set. It follows that there are not more perfect subsets than open
subsets of R. Every open set is the union of sets from a fixed countable
base for the topology of R. A countable set has only 2% subsets. It
follows that there are only 2% perfect subsets of R. Let (P,),<o% be
an enumeration of all perfect subsets of R. Since each perfect set is of
size 2% we can recursively choose sequences (74),<o% and (Ya)a<ono
such that the sets A = {z, : @ < 2%} and B = {y, : a < 2%} are
disjoint and for each a < 2%, x,,yo C P,.

From the construction it follows that neither A nor R\ A contains a

perfect set. Therefore A does not have the Baire property. O

A set A C R such that neither A itself nor the complement of A

contain a perfect set is a Bernstein set.

Proof of Lemma 2.12. If A is nonmeager and has the Baire property,
then there is some nonempty open set O C X such that A =* O. Let

(Ny)new be a sequence of closed nowhere dense sets such that

ONAC N,
new
We may assume that for all n € w, N,, C N, ;.

We construct a perfect scheme (Uy)sea<w of open subsets of O such
that for all n € w and all s € 2™, cl(U,) N N,, = 0. Along with (Uy)seo<w
we choose a family (x4)s<o of points in O such that z, € Uy for all
x € 2<¥. We start by choosing some open set Uy C O\ N,, of diameter
at most 1 and an arbitrary point zy € Uyp.

If U, has been chosen for some s € 2<“, we use the fact that X has
no isolated points to find two distinct points zs~q, zs~1 € Us \ Npy1-
Note that U, \ N, 41 is nonempty since N, is nowhere dense. Choose
open neighborhoods Us~g and Ug~1 of x4~ and x4~1, respectively, such
that the U,~; are of diameter < 27! and such that their closures are
disjoint, disjoint from N, ; and contained in U;. As in the proof of
Theorem 2.7, the function

f:2Y = X0 lim x5,

n—oo
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is a homeomorphism onto its image. Moreover,
=N Yuv.=NU aw,).
new se2n new se2n
Since cl(Us) is disjoint from N,, for every s € 2", f[2*] is disjoint from
U,.e, Nn- Since f[2¢] C cl(Up), we have f[2] C O. It follows that

new - N

f[2¥] is a perfect subset of A. O

Exercise 2.15. Let X be a complete metric space and let (Us)geo<w
be a perfect scheme of open subsets of X as defined in the proof of
Theorem 2.7. For each x € 2* let f(z) be the unique element of

Mhew €l(Uzpy). Show that f is actually well defined and that f is a
homeomorphism from 2“ to f[2¢].

Definition 2.16. Let X and Y be topological spaces. Then f : X — Y
is Baire measurable if for every open set O C Y, f~![O] has the Baire
property in X.

A set A C X is comeager (in X) if X \ A is meager.

Lemma 2.17. Let X be a Polish space without isolated points. Let'Y
be a topological space with a countable base for the topology, i.e., let
Y be a second countable space. Let f : X — Y be Baire measurable.
Then there is a comeager set A C X such that f [ A: A — Y is

continuous.

Proof. Let {O,, : n € w} be a base for the topology on Y. For each
n € w let M, be a meager set such that for some open set U, C X,
[710,] =* U,. Then M = J,., M, is meager. Let A = X \ M.
Clearly, A is comeager in X. For each n € w, f71[0,]NA=U,NA
and thus (f [ A)~'[0,] is open in A. Since {O,, : n € w} is a base for
the topology of Y this shows that f [ A is continuous. O

2.3. Galvin’s theorem.

Definition 2.18. Let X be a set and let n € w be at least 1. Let (X)"

denote the set of all n-tuples from X with pairwise distinct entries.

Theorem 2.19 (Kuratowski, Mycielski). Let X be a Polish space with-
out isolated points. Let (n;);c, be a sequence of of natural numbers > 0
and let (R;)icw be a sequence of relations on X such that for alli € w,

R; is a comeager subset of X™. Then there is a Cantor set C C X such
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that for all i € w, (C)™ C R;. Here a Cantor set is a homeomorphic
copy of 2¢.

Proof. For each i € w let (M; ;)ke, be an increasing sequence of closed

nowhere dense subsets of X™ such that

X"\ Mk C R,
kew
As usual, we construct a perfect scheme (Us)geo<w of open subsets of
X. During the construction we make sure that for all ¢, k, m € w there
is n > m such that for all pairwise distinct si,...,s,, € 2" the set
cl(Us,) x -+ - x cl(Us,) is disjoint from M, .

The perfect scheme (Us)s € 2<“ can be constructed by careful book-
keeping using the following argument:

Suppose we have chosen Uy for every s € 2". Let i, k € w be given and
suppose that the cardinal 2" is at least n;. Choose an enumeration
((s,... .51 ))j<e of the set of all n;-tuples from 2" with pairwise
distinct entries.

For each s € 2" choose V so that cl(V?) is a nonempty subset of
Ugpn of diameter < 277! and so that for distinct s,¢ € 2"+ cl(V?) is
disjoint from cl(V}?). Suppose for some fixed j < £ and for all s € 2"+
VJ has been defined. Since M, is a nowhere dense subset of X™, there
are nonempty open sets VIt C VJ s € 2! such that

(1 (v275) ol (V3)) 1 Mg = 0,
Finally, for each s € 2" let U, = V£,

Having defined a perfect scheme (Uy)sea<w with the desired proper-
ties, we define f : 2¥ — X by letting f(z) be the unique element of
Nhew l(Uzpn) for every o € 2¢. It is easily checked that f[2¢] is a copy
of 2¥ such that for every i € w, (C)" C R;. O

Definition 2.20. Let X be a Hausdorff space. A subset A of [X]" is

open if it is the union of sets of the form
Ur,..., U ={{z1,...;xn} i €UL A~ ANy, € Uy b
where Uy, ...,U, C X are open and disjoint.

Exercise 2.21. Show that for every metric space X and every n > 0

the space [X]|" is metric as well.
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Exercise 2.22. Let X be a Polish space, n > 0 and K C [X]"
Show that K has the Baire property in [X]™ iff the set {(z1,...,2,) :
{z1,...,2,} € K} has the Baire property in X™.
Definition 2.23. For {z,y} € [w*]? let

Cparity(xa y) = A(I, y) mod 2.

Let cpin = Cparity f 2%,
Given a coloring ¢ : [X]?> — 2 on a set X let hm(c) denote the
smallest size of a family H of c-homogeneous subsets of X such that

X=UH.
Exercise 2.24. Show that hm(cy,) is uncountable.

Definition 2.25. Let X and Y be Hausdorff spaces and let ¢ : [X]* —
2 and d : [Y]? — 2 be continuous colorings. We write ¢ < d if there is
a continuous injection e : X — Y such that for all {zg,z,} € [X]* we

have c¢(zg,x1) = d(e(xg), e(z1)).
Clearly, if ¢ < d, then hm(c) < hm(d).

Lemma 2.26. Let X be a Polish space and let ¢ : [X]* — 2 be contin-

uous. Then either bm(c) is countable or ¢y, < c.

Proof. For a set A C X let
A=A\ U{O C X : O is open and hm(c [ (AN O)) is countable}.

For an ordinal o we define A as in the case of Cantor-Bendixson

derivatives. Since A’ is obtained from A by removing an open set and

since X is second countable, there is some a < wy such that X ()
X @) Tf X(@) is empty, then hm(c) is countable. Otherwise, A = X (@

has the property that no open subset of A is c-homogeneous. This

=

allows us to construct a perfect scheme (Us)sea<e of open subsets of A
such that for all n € w, all distinct s, € 2", all x € cl(Us) and all
y € cl(U;) we have ¢(z,y) = A(s,t) mod 2. Here A(s,t) is defined in
the same way as for infinite sequence.

Now the function f : 2% — A defined by letting f(z) be the unique

element of (), . cl(Uyp,) witnesses cpin < c. O

new
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Theorem 2.27 (Galvin). Let X be a Polish space without isolated
points, n,m > 0, and c : [X]*> — m a Baire measurable coloring. Then

there is a perfect c-homogeneous set H C X.

Proof. For arbitrary m, the theorem follows by induction from the case

m = 2. Hence we may assume that m is 2. Consider the map d : X2 —
2 defined by

c(z,y) T#y
1, T =1.

d(z,y) =

Since the set {(z,z) : * € X} is closed in X? and thus has the Baire
property and by Exercise 2.22, ¢ is Baire measurable. For i € 2 choose
an open set U; C X2 such that d=1(i) = *U;. Let M; be meager such
that (i) AU; C M;.

By Theorem 2.19, there is a Cantor set C' C X such that (C)? is
disjoint from My U M;. Tt follows that d is continuous on (C')?. But
this implies that ¢ is continuous on [C]?. We may therefore assume
that ¢ is continuous on [X]? to begin with.

Suppose now that hm(c) is countable. Since ¢ is continuous, the clo-
sure of a homogeneous set is again homogeneous. Hence X is covered
by countably many closed c-homogeneous sets. By the Baire category
theorem, at least one of these sets fails to be nowhere dense and there-
fore contains a nonempty open set. In other words, there is a nonempty
open set that is c-homogeneous. But a nonempty open set in a Polish
space without isolated points contains a copy of 2.

If hm(c) is uncountable, then ¢y, < ¢ But 2¢ clearly contains a
copy of 2¢ that is cyin-homogeneous. It follows that X contains a copy

of 2¢ that is c-homogeneous. U
Exercise 2.28. Let X be a perfect Polish space. Suppose that
XP?P=K,U---UK,,

where all the K; have the Baire property. Show that there is a Cantor
space C' C X such that for some 4, [C]? C K.

2.4. Covering the plane by functions.

Definition 2.29. Let X be a set. A point (x,y) € X? is covered by a
function f: X — X if f(z) =y or f(y) = x. A family F of functions

from X to X covers X? each point of X? is covered by a function in F.
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Theorem 2.30 (Kuratowski). Let k be an infinite cardinal. Then there
is a family F of size k of functions from k* to kT such that F covers

kT x kT, No family of size < Kk covers kT X KkT.

Proof. For each a < k™ choose a function g, from x onto « + 1. For
every v < k let f, : kT — k™ be defined by letting f,(a) = g (7). Let
F=A{fy:v<~k}

We show that F covers k™ x k™. Let (o, ) € Kkt x k*. Since
the notion of being covered by a function is symmetric in the two
coordinates, we may assume 3 < «. Since g, : kK — a+ 1 is onto, there
is v < k such that g,(v) = . But 5 = ga(7) = f,(a). Hence (o, §) is
covered by f, and F works for the theorem.

On the other hand, let X be an infinite set and F is a family of
functions from X to X that covers X2. Note that F has to be infinite.
Hence, without changing the size of F, we may assume that F is closed
under composition of functions and contains the identity on X.

For z,y € X we let © <z y if there is f € F such that z = f(y).
Since F contains the identity, <r is reflexive. Since F is closed under
composition, <z is transitive. Since F covers X2, <y is total in the
sense that any two elements of X are comparable with respect to <g.
In general, <7 will not be antisymmetric.

For all x € X, theset X [z ={y € X : y <r x} is of size at most
|F|. By recursion, choose a maximal, strictly <z-increasing sequence

(Za)a<s in X, indexed by some ordinal 6. Now

X=JX .

a<s
Since (Z4)a<s is strictly <gz-increasing, (X [ Za)a<s is strictly C-
increasing. Hence X is the union of a strictly increasing wellordered
chain of sets of size <|F|. But this implies that |X| <|F|*, finishing
the proof of the theorem. O

Definition 2.31. Let X be a metric space and let d denote the metric
on X. For ¢ € R we say that a function f : X — X is Lipschitz of
class < c if for all xg, x1 € X with ¢ # 21,

d(f(x0), f(x1))

<c
d(Io, xl)
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We say that f is Lipschitz of class < c if for all xg, 1 € X with g # x4,

‘ d(f(xo), f(21))
d(l‘o, l’l)

<c

Lemma 2.32. There is a family of Lipschitz functions of class < 1

2

of size hm(Cparity) that covers (w*)*. Similarly, there is a family of

Lipschitz functions of class < 1 of size hm(cmim) that covers (2¥)%.

Proof. We only show the lemma for w“. For 2 the argument is the
same.

For z,y € w¥ let x @ y = (z(0),y(0),z(1),y(1),...). The mapping
® is a homeomorphism between (w*)? and w®.

If H C w” is cparity-homogeneous of color 0, then for every z €
w® there is at most one y € w* with z ® y € H. If H is maximal
homogeneous, then there is some y with x ® y € H. Thus, a maximal
Cparity-homogeneous set H of color 0 gives rise to a function fg : w* —
w¥ with H ={z® f(z) : z € w*}.

Similarly, every maximal cparity-homogeneous set H of color 1 gives
rise to a function fg : w* — w* with H = {f(z) ® z : © € w*}. A
straight forward calculation shows that if H is of color 0, then fy is
Lipschitz of class < 1 and if H is of color 1, then fy is Lipschitz of
class < 1/2.

If v,y € w, H C w* is maximal cparity-homogeneous of color 0 and
(x,y) € H, then fy(zr) = y. On the other hand, if H is maximal
Cparity-homogeneous of color 1 and (x,y) € H, then fy(y) = z. Hence,
if H is a family of maximal cparity-homogeneous subsets of w“ such that
w* = |JH, then the corresponding family of Lipschitz functions covers
(w*)?. O

Remark 2.33. We observe that this proof actually gives a little more
information: there is a family F of size hm(cparity) of Lipschitz functions
such that for all z,y € w* there is a Lipschitz function f € F such that
(f(x) =y and fis of class < 1) or (f(y) =z and f is of class < 1/2).

Corollary 2.34. 2% < bhm(cpi)™

Exercise 2.35. Show that at least hm(cyin) Lipschitz functions from

R to R of class < 2 are needed to cover R2.
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Hint: Construct an embedding e : 2¢ — R? such that for every
Lipschitz function f : R — R of class < 2, both e '[{(z, f(z)) : € R}]

and e '[{(f(x),z) : x € R}| are cpi-homogeneous.

2.5. Homogeneity numbers and other cardinal invariants. We
first observe that hm(cpin) and hm(cparity) are actually the same. Clearly,

Cmin < Cparity and therefore hm(cmin) < hm(Cparity). Surpisingly, the

converse is also true.
Lemma 2.36. cparity < Cmin

Proof. We have to define an embedding e : w* — 2% witnessing cparity <
Crmin-

For = € w¥, let e(x) be the concatenation of the sequences b, n € w,
which are defined as follows.

If n is even, then let b, be the sequence of length 2 - z(n) + 2 which
starts with 2 - x(n) zeros and then ends with two ones. If n is odd, let
b, be the sequence of length 2 - z(n) + 2 starting with 2-z(n) 4+ 1 zeros
and ending with a single one.

It is clear that e is continuous and it is easy to check that e is an

embedding witnessing cparity < Cmin- O
Corollary 2.37. hm(Cmin) = hm(Cparity)
In the following we write hm for hm(cpn).

Definition 2.38. Let 0 be the least size of a family of compact sets

that covers w®.
Lemma 2.39. 0 > ¥,

Proof. Let C C w¥ be compact and nonempty. For each n € w, the
function p, : w¥ — w : x — x(n) is continuous. It follows that p,[C]
is compact and thus finite. Let fo : w — w be defined by letting
fc(n) = max(p,[C]). Clearly, for all n € w and all x € C' we have
z(n) < fe(n). In other word, all of C' is bounded by a single function.

But no open subset of w* is bounded by a single function. It follows
that C' is nowhere dense. Hence, by the Baire category theorem, w* is

not covered by less than N; compact sets. U

Exercise 2.40. Show that 0 is the least size of a family F of functions
from w to w such that for all g : w — w there is f € F such that for
all n e w, g(n) < f(n).
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Lemma 2.41. 0 < fhm

Proof. By Lemma 2.32 there is a family F of size hm of continuous
functions from w* to w* that covers (w*)?. Let C' C w* be a compact
set of size 2%, for example C' = 2.

For the lemma we may assume that hm < 2%, We show that the
family C = {f[C] : f € F} covers w*. Namely, let x € w*. The set
A={f(z): f € F} is of size hm and hence of size < 2%. It follows
that there is y € C'\ A.

Since y € A, there is no f € F with f(z) = y. Since F covers (w*)?,
there is f € F with f(y) = x. In particular, z € f[C]. Tt follows that
w* can be covered by hm compact sets and thus 9 < hm. U

We are going to improve Lemma 2.41.

Definition 2.42. Let X be a set and let I C P(X). I is an ideal on
X if § € I, I is closed under finite unions and I is closed under taking
subsets. [ is a o-ideal if additionally, I is closed under countable unions.

If C is a collection of subsets of X, then the ideal generated by C' is
the smallest ideal I on X such that C' C I. The o-ideal generated by
C' is the smallest o-ideal I with C C 1.

Examples of o-ideals on R are the ideal null of measure zero sets
and the ideal meager of meager subsets of R. Examples of o-ideals
on w* are the ideal of meager sets and the o-ideal generated by all

compact sets.

Definition 2.43. Given an ideal [ on a space X, we define four car-
dinals that describe the combinatorial properties of the ideal.
(1) add(I) = min{|F|: F C I ANUF & I}, the additivity of I.
(2) non(I) = min{|A|: A C X AN A & I}, the uniformity of I.
(3) cov(l) = min{|F|: F C I AUF = X}, the covering number of
1.
(4) cof(I) = min{|F|: F C I ANVA € IdB € F(A C B)}, the
cofinality of I.

Lemma 2.44. Let X be an uncountable set and let I be a o-ideal on
X such that X € I and I contains all singletons. Then

Ny < add(I) < non(I),cov(l) < cof (1) < 2%



26 STEFAN GESCHKE

Proof. Exercise. O

Definition 2.45. A slalom is a function S : w — [w]<™ such that for
all n € w, |S(n)|< 2". For z € w* we say that = goes through the
slalom S if for all n € w, z(n) € S(n).

Lemma 2.46. Let I denote the o-ideal on w* generated by the sets
{z € w”: x goes through S},

where S w — (W™ is a slalom. Then cof(null) < cov(l) and
add(null) > non([).

Proof. Let X\ denote the Lebesgue measure on R. Let S be a family of
slaloms such that every z € w“ goes through a slalom from S.

Let A C R be of measure zero. Recall that if A C R is of measure
zero, then for every sequence (g,),e, Of positive real numbers there
is a sequence (U, )ne, of finite unions of open intervals with rational
endpoints such that A C (J,., U, and for all n € w, A(U,) < &,.

Let (Op)new be an enumeration of all finite unions of open intervals
with rational endpoints, let e : w X w — w be a bijection, and fix a
matrix (€;;); jew Of positive real numbers such that for all i € w,

S ey < 1
Jew ! 2
Now for every i € w there is f; € w* such that A C J;c, Oy,(;) and for
every j € w,
2909 X(O) < €45

Consider the r4 : w — w defined by r4(n) = m iff m = f;(j) and
n = e(i,7). Now there is a slalom S € S such that r4 goes through S.
By the definition of r4, A is a subset of

Bs = [V JH{Om : m € S(e(i, j)) A 2907 - MOy) < &35}
i€w jew

By the definition of a slalom, for all i, € w the set S(e(7,7)) has
at most 2¢7) elements. It follows that the measure of J{O,, : m €
S(e(i, 7)) A 260D - \(O,,) < &} is not greater than e;;. Therefore, and

by the choice of (&) jew, for every i € w,

AUJULOw : m € S(elig)) 269 X0,) < 2}) < 21

JEW
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It follows that Bg is of measure zero.

It follows that null has a cofinal subset of size |S].

On the other hand, if N is a family of measure zero sets such that
UN is not of measure zero, for each A € N we can choose a function
ra : w — w such that for every slalom S such that r4 goes through S
we have that A C Bg. We claim that {ra: Ae N} & I.

Looking for a contradiction, let S be a countable set of slaloms and
suppose that each 4, A € N, goes through a slalom from S. For each
S € S the set By is of measure zero. If for some A € N, r4 goes through
S € 8, then A C Bg. It follows that B = Jgcg By is of measure zero
and contains (JN. This contradicts our assumption that [JN is not
of measure zero, showing that indeed, add(null) > non(7). O

Theorem 2.47. cof(null) < hm

Proof. We reconsider the proof of Lemma 2.41. We may assume that
hm < 2%, By the proof of Lemma 2.32, there is a family F of size
hm such that for all z,y € w* there is f € F such that (f Lipschitz
function of class < 1 from w* to w* and f(z) =y) or (f is a Lipschitz

function from w* to w* of class < 1/2 and f(y) = x.

Claim 2.48. If f : w¥ — w* is Lipschitz of class < 1/2, then all the

elements of f[2¥] go through a single slalom.

For the proof of the claim, consider S : w — [w]<®0 defined by
S(n) = {f(x)(n): x € 2¥}. Since f is Lipschitz of class < 1/2, f(x)(n)
depends only on the first n coordinates of z, i.e., f(x)(n) only denpends
on z [ n. But there are only 2" possibilities for x [ n if z € 2*. It
follows that S is a slalom.

It follows from the definition of S that all elements of f[2¥] go
through S. This shows the claim.

Now let z € w® be arbitrary. Since hm < 2% there is y € 2¥ such
that for no f € F, f(z) = y. By the choice of F, there is a Lipschitz
function of class < 1/2 from w* to w* such that f(y) = x. In particular,
x € f[2¥]. Tt follows that the family

{fl2¥] : f € F, f:w¥ — w” is Lipschitz of class < 1/2}

covers w“.
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By the claim, this implies that there is a family of hm slaloms such
that every element of w* goes through a slalom from the family. By
Lemma 2.46, this implies cof(null) < hm. O

Cichon’s diagram shows the relations between b, 0 and the cardinal
invariants of the o-ideals null and meager that can be proved in ZFC.

4

Here an arrow “—” stands for “<”. The cardinal b is non(compact),

where compact is the o-ideal generated by the compact subsets of w*
2%

cov(null) — non(meager) —— cof (meager) — cof(null)

| |

b 0

| |

add(null) —— add(meager) — cov(meager) — non(null)

Ny
Moreover, it can be shown in ZFC that
add(meager) = min(cov(meager), b)
and
cof (meager) = max(non(meager),d).
Exercise 2.49. Show that
non(compact) = add(compact)

and

cov(compact) = cof (compact).
Exercise 2.50. Show that 0 < cof(null) and add(null) < b. You will
have to use the fact that actually cof(null) = cov(/) and add(null) =

non(/), where is is the ideal defined in Lemma 2.46.

Theorem 2.47 implies that hm is at least as big as all the cardinals in
Cichont’s diagram(not counting 2%°). It is consistent that hm(c) < 2%

for all continuous colorings ¢ : [X]? — 2 on a Polish space X.
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2.6. The special role of 2 and w*.

Definition 2.51. A topological space X is zero-dimensional if it has
a basis of the topology consisting of sets that are both open and closed

(clopen).

Example 2.52. The spaces {1/n : n > 0} U {0} (the convergent se-
quence), 2 and w* are zero-dimensional. Every subspace of a zero-

dimensional space is zero-dimensional.

Lemma 2.53. Let X be a compact space. Suppose B s collection of
clopen subsets of X that is closed under complementation, unions and
intersections. If B separates points, in the sense that for all x,y € X
with x # y there is A € B with x € A and y € A, then B is a basis for
the topology on X.

Proof. We have to show that for all open sets O C X and all z € O
there is B € B such that x € B C O. So, let O C X be open and
z € 0. Let C = X\ O. Then C is compact. For eachy € C'let A, € B
be such that y € A, and x ¢ A,. Now C C |, 4y

Since C' is compact, there is a finite set F' C C' such that C' C
Uyer Ay- Now B =X\, Ay € Bandz € B CO. O

yel

Lemma 2.54. Let X be a compact, second-countable, zero-dimensional
space. Then X has a countable basis of the topology consisting of clopen

sets.

Proof. Let A be a countable basis for the topology on X. For every pair
A, B of disjoint elements of A such that there is a clopen set C C X
with A C C' and C' N B = () choose one such clopen set C4 5. Let B
denote the collection of all Boolean combinations of sets of the form
Cy4p. Then B is countable.

In order to show that B is a basis for the topology on X, by Lemma
2.53 it is enough to show that B separates points. Let z,y € X be such
that x # y. Since X is zero-dimensional, there is a clopen set D C X
such that x € D and y ¢ D. Since A is a basis, there are A, B € A
such that € AC D and y € BC X \ D. Now Cy p € B separates x
and y. O

Lemma 2.55. Every zero-dimensional, second countable, compact space

X without 1solated points is homeomorphic to 2*.
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Proof. Let B = {0, : n € w} be a countable basis for the topology on
X consisting of clopen sets. We define a family (U, ),coo of nonempty
clopen subsets of X such that

(1) Up = X,

(2) forall 0 € 2<%, U, = Uy~o U Uy,

(3) for all o € 2<, U,~g N U,~1 = ), and

(4) for all n € w and every o € 2" U, C O, or U, N O,, = .
Suppose we have defined U, for some o € 2". If U, C O,, or U,NO,, = (),
we use the fact that X has no isolated points and is zero-dimensional to
find two disjoint nonempty clopen sets U,~q, U,~1 C U, with U,~q U
U,~1 = U,. Otherwise let U,~g = U, NU,, and U,~; = U, \ U,.

Now let s € 2% We claim that the set D, = ﬂnEw Usp has exactly
one element. First of all, the set is nonempty since it is the intersection
of a decreasing sequence of nonempty closed sets in a compact space.
If x € Dy and y € X is different from x, there is n € w with x € O,
and y ¢ O,. By (4), either Ugny1) € Op or Ugpnsny N O, = 0. It
follows that not both z and y can be elements of D,. Hence Dy has a
unique element f(s).

It is easily checked that f :2¥ — X is a homeomorphism. O

Definition 2.56. Let X be a topological space. A set A C X is F},
if it is the union of countably many closed sets. A is Gy if it is the

intersection of countably many open sets.
Exercise 2.57. Show that every open set in a metric space is F,.

Exercise 2.58. Use the previous exercise to show that Boolean com-

binations of open and closed sets are both F, and Gj.

Theorem 2.59. FEvery Polish space is a bijective continuous image of

a closed subset of w*.

Proof. Let X be a Polish space without isolated points. We construct
a socalled Lusin scheme (Uy)ye,<w of Fy-subsets of X such that
(1) Up = X,
(2) for all n € w and all ¢ € w", diam(U,) < 27",
(3) forall 0 € w<¥ and all n,m € w, if n # m, then U,~,NUy~, =
0,

(4) for all 0 € w<v, U, = Uy~m, and

mew
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(5) for all o € w<¥ and all m € w, cl(Uy~p,) C U,.

Notice that some of the U, may be empty. Suppose U, has been defined
for some o € w™. Since U, is F,, there are closed sets Cy C Cf C ...
such that U, = J,,c,, Cm-

Since X is separable, U, can be covered by countably many open sets
O, m € w, of diameter < 27"~ Now {O,, N C}, : m, k € w} covers
U, and is a countable collection of sets that are Boolean combinations
of open and closed sets. It follows that there is a collection (Us~,)mew
of pairwise disjoint sets of diameter < 27"~! that are Boolean combi-
nations of open and closed sets such that U, = |J U,~,, and for all
m € w there is k € w with U,~,, C C}.

Now for each m € w, U,~,, is F, and cl(Uy~,,) C U,. This finishes
the construction of the family (U, ),ecp<w-

Let D the set of all x € w* such that ﬂnew Uy 1s nonempty. Let x
be such that ), Usn is empty. Since X is a complete metric space
and for all n € w we have cl(Uyppt1) € U, ()

that for some n, Uy}, = 0. It follows that the open set of all extension

mew

new Usin = 0 implies
of z | n is disjoint from D. Hence D is closed.

By (2), for all x € D, the set (., Usn has exactly one element
f(z). It is easily checked that f is a continuous bijection from D onto
X. O

Corollary 2.60. Every Polish space is the union of at most 0 Cantor

spaces and singletons.

Proof. Let X be a Polish space. Let D C w“ be a closed set and let
f D — X be a continuous bijection. By our definition of 0, there is
a family F of compact sets such that D C [ JF. Since D is closed, we
can assume that the elements of F are subsets of D.

Since every compact subset of w* can be written as the union of a
countable set and a perfect compact set, we may assume that every
element of F is a singleton or a perfect set. Every compact perfect
subset of w* is homeomorphic to 2¢.

Since f is continuous and 1-1, for each F' € F, f[F] is a singleton or
a homeomorphic copy of 2¢. Clearly, | J{f[F]: F € F} = X. O

2.7. Constructing c,... So far we have shown that hm, the smallest

uncountable homogeneity number of a continuous coloring on a Polish
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space, is at least 0 and that every Polish space X can be covered by 0
sets that are singletons or Cantor spaces. (In fact, every perfect Polish
space can be covered by ? Cantor spaces.) It follows that in order
to understand large homogeneity numbers, it is enough to consider
continuous colorings on 2¢.

We will construct a continuous coloring on 2* with the maximal

homogeneity number among all continuous colorings on a Polish space.

Definition 2.61. For a tree T and ¢ € T let succy(t) be the set of
immediate successors of t in T'. Recall that if A is a subset of w*, then
T(A) denotes the set of finite initial segments of the elements of A, a
subtree of w<¥. If T' is a subtree of w<*, then [T'] denotes the set of all
elements of w* which have all their finite initial segments in T". [T] is
a closed subset of w*. In this way closed subsets of w* correspond to

subtrees of w<* without finite maximal branches.

A natural way to construct continuous pair-colorings on a subset
A of w¥ is the following: To each t € T(A) assign a coloring ¢; :
[sucer(a)(t)]* — 2. Now for all {z,y} € [A]* let ¢ be the longest
common initial segment of x and y and put

c(z,y) =clr In+1lyln+1)

where n = dom(t). Clearly, ¢ is continuous. We call a coloring which
is defined in this way an almost node-coloring.

A node-coloring on A is obtained by assigning a color to every node
t € T(A) and then defining the color of {z,y} € [A]? to be the color of
the longest common initial segment of x and y. Equivalently, a node-
coloring is an almost node-coloring in which ¢ : [sucera(t)]* — 2 is
constant for all t € T'.

Both ¢pmin and cparity are node-colorings. Not every continuous color-

ing of the two-element subsets of w“ is an almost node-coloring.

Exercise 2.62. Construct a continuous coloring c : [2¥]> — 2 that is
not an almost-node coloring. I assume that you will not have difficulties

to extend your example to w®.
However, the following holds:

Lemma 2.63. Let ¢ : [2°]*> — 2 be continuous. Then there is a topo-

logical embedding e : 2* — w® such that for every cparity-homogeneous
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set H C e[2¥], the coloring ¢¢ | H which is induced on H by ¢ via e is

an almost node-coloring.

Proof. Let n € w and let s,t € 2" be such that A(s,t) = n. Let
O, and O, denote the basic open subsets of 2¢ determined by s and t,
respectively.

Since O, x Oy is compact and ¢ is continuous, there is m > n such
that for all (z,y) € Og X Oy, c(z,y) only depends on = [ m and y [ m.

It follows that there is a function f : w — w such that for all {z,y} €
[2¢)%, ¢(z,y) only depends on = | f(A(x,y)) and y | f(A(z,y)). We
can choose f strictly increasing and such that f(0) > 1. For n € w let
g(n) = £(0).

Identifying 2<¢ and w, we define the required embedding e : 2 — w*
by letting e(z) = (z [ ¢(0),z | g(1),...). Let E = e[2¥]. ¢ induces a
continuous pair-coloring ¢ on F via e. By the choice of f, for {u,v} €
[E)?, ¢*(u,v) only depends on u | (A(u,v) +2) and v | (A(u,v) + 2).
This is because if n = A(u,v) and z,y € 2* are such that e(z) = u
and e(y) = v, then A(z,y) < g(n) and thus ¢(z,y) only depends on
x | f(A(z,y)) and y [ f(A(z,y)). But since f is strictly increasing,
F(AGy) < Fg(n) = g(n +1).

Now let H be a cparity-homogeneous subset of £. The cpaity-homo-
geneity of H implies that for all {u,v} € [H]?, the restrictions of u
and v to A(u,v) + 1 uniquely determine the restrictions to A(u,v) + 2.
Therefore, for all {u,v} € [H]?, ¢*(u,v) only depends on u | (A(u,v)+
1) and v | (A(u,v) +1).

It follows that ¢® | H is an almost node-coloring. U

Corollary 2.64. For every continuous coloring c : [2¥]> — 2, there

1s an almost node-coloring d on some compact subset of w* such that

hm(c) < hm(d).

Proof. By the previous Lemma, 2* can be presented as a union of
< bm(cmin) sets on each of which ¢ is reducible to an almost node-
coloring. Now either hm(c) < hm(cpin) and hence d = ¢y, works or or
for some set H in the decomposition we have hm(c [ H) > hm(cupin)-
But in the latter case ¢ [ H is reducible to some almost node-coloring
d that lives on a compact subset of w”. Since hm(cpin)™ > 2%, we now
have hm(d) = 2%. Hence hm(c) = hm(d). O
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We shall now define a maximal almost node-coloring.

Definition 2.65. Let E C [w]?. The graph (w, F) is a random graph
if for any two finite, disjoint sets A, B C w there is € w such that
every point in A is connected with x by and edge and no point of B is

connected with x by an edge.

Exercise 2.66. Show that if G = (w, ) is random, then every count-
able graph embeds into G.

This exercise obviously shows that any random graph contains copies

of every finite graph.

Exercise 2.67. Show that any two random graphs are isomorphic.
Therefore we can call any random graph the random graph.

Hint: Recursively construct two sequences (a,)new and (by,)pew such
that for all n € w, {(a;,b;) : © < n} is a finite partial isomorphism
between the two random graphs. If n is even, let a,, be the first vertex
of the first random graph that is not among {a; : i < n} and choose
a suitable vertex b,, of the second random graph. If n is odd, proceed

as above, but the other way round. This procedure is called back-and-

forth.

Definition 2.68. Let Yiandom : [w]? — 2 be the (characteristic func-
tion of the) edge relation of the random graph. For s,t € w=¥ write
random(s, t) = i iff n = A(s, t) exists and i = Xrandom(s(n+1),t(n+1)).
Let Crandom © [w*]? — 2 be defined by Crandom (7, y) = random(z,y). Fi-

nally, let
(2) Cmax = Crandom f H(n + 1)
new
Clearly, Crandom and cpax are almost node-colorings. Since [], .. (n+

1) is homeomorphic to 2¢, we regard cyax as a coloring on 2.

Lemma 2.69. a) If ¢ is an almost node-coloring on a subset of w*,
then ¢ < Crandom vVia a level preserving embedding (isometry) of w* into
w?.

b) If ¢ is an almost node-coloring on a compact subset of w*, then

¢ < Cmax-
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Proof. Let us prove b) first. Suppose ¢ is an almost node-coloring on
a compact subset A of w*. Then T'(A) is a finitely branching subtree
of w<¥. For each ¢t € T(A) fix a coloring ¢, : [succra)(t)]* — 2 such
that the ¢; witnesses the fact that ¢ is an almost node-coloring. For
s,t € T let ¢(s,t) = c¢(x,y) if s and ¢ are incomparable and z,y € [T]
are such that s C x and ¢t C y. If s and ¢ are comparable, then ¢(s, t)
is undefined.

Let Ty, = {t € T(A) : |t| = k}. We construct a monotone (i.e.,
C-preserving) map e : (J,, Tk — T(I],c.(n + 1)) which induces the
required embedding of A into [], . (n +1).

We argue by induction on k. Suppose that e(s) € [[,<,u)(n +
1) is defined for all s € Ty, and for all s,t € T} we already have
random(e(s), e(t)) = ¢(s, t).

Find n(k+1) > n(k) such that for all s € Tj; thereist € [, 1) (n+
1) with e(s) C t and ¢; < random | SuCCT(Hnew(nH))(t). Now it is obvi-
ous how to define e on Tjy with images in [], ., 41y (n +1).

a) is proved similarly, using the fact that every countable graph
occurs as an induced subgraph of (succ,<.(s),random) for every s €

WY, O
Corollary 2.70. For every Polish space X and every continuous c :
[X]? — 2:

bm(c) < hm(cmax)-
Proof. Let ¢ be an arbitrary continuous coloring on a Polish space X.

Let X = J

space. Now

bm(c) <Y hm(c | Ay) <0 -suphm(c | Ay).

a<o Ao, Where each A, is either a singleton or a Cantor

a<?0 a<o
For each a < 9, hm(c [ Ay) < hm(cmax). Since 0 < hm(cpayx), it follows
that hm(c) < hm(cmax)- O

2.8. Continuous n-colorings. In the following we give a brief dis-
cussion of continuous n-colorings, n > 2. We restrict our attention
colorings on 2*. 2“ carries a natural linear order, namely the lexico-
graphic order: for z,y € 2¥ we have x < y if z # y and z(A(x,y)) =0
and y(A(z,y)) = 1. In the following, when we consider {zy,...,z,} €

[2¢]™, we always assume that z; < -+ < xp,.
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Now let a = {z1,...,2,} € [2¥]" be such that the set D(a) =
{A(z,y) : z,y € a ANx # y} is of size n — 1. We define the type of
a to be the unique permutation type(a) : » — 1 — n — 1 that maps k
to £ if A(zg, xgy1) is the -th element of D(a).

Observe that type is continuous in the sense that whenever it is
defined on {z1,...,z,}, then there are disjoint open sets Uy, ..., U, C
2“ such that type is defined on all of [Uy, ..., U,] and constant on that

set. Also, every 3-element subset of 2“ has a type.

Lemma 2.71. Let A C 2% be uncountable. Then for each permutation

o onn—1 there is {x1,...,z,} € [A]" with type(z1,...,z,) = 0.

Proof. After removing countably many points from A if necessary, we
may assume that for every open set O C 2 if ON A # (), then AN O
is uncountable. Now the tree T = T'(A) of all finite initial segments
of elements A is perfect in the sense that every node in T has two
incomparable extensions in 7.

We easily find n branches in the perfect tree T' such that for the
corresponding points x1,...,x, in 2* we have type(z1,...,x,) = 0.
Being branches of T', the points x1,...,z, are elements of the closure
of A. By the continuity of type, we can actually choose the branches
so that z1,...,x, € A. O

Corollary 2.72. There is a continuous coloring c : [2°]* — 2 such that

every c-homogeneous subset of 2¥ is countable.
Proof. Let c¢(x,y,z) = type(z,y, 2). O
However, Blass proved the following:

Theorem 2.73. Let ¢ : [2°|" — 2 be continuous. Then there is a
perfect set P C 2% every a € [P]" has a type and on P, ¢ only depends

on the type of an n-element set.

Exercise 2.74. Let n > 2. Show that every perfect set P C 2“ has a
perfect subset @ such that every a € [Q]™ has a type.
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3. OPEN COLORINGS

Definition 3.1. Let X be a Hausdorff space. A coloring ¢ : [X]? — 2

is open, if ¢71(0) is an open subset of [X]%.

Theorem 3.2 (Todorcevic). Let X be a Polish space and ¢ : [X]* — 2
an open coloring. Then either there is a perfect c-homogeneous set of
color 0 or X 1is the union of countably many c-homogeneous sets of

color 1.

Proof. Suppose X is not the union of countably many c-homogeneous
sets of color 1. For A C X let

A’:X\U{O C X : O is open and AN O is the union
of countably many c-homogeneous sets of color 1}.

For every ordinal a lett AT) = (A®) and let A = ,_ AW if o
is a limit ordinal.

Since X is second countable, there is a countable ordinal « such
that X@+t) = X(@  Let Y = X, Clearly, Y is closed in X and
hence a Polish space. Since X is not the union of countably many
c-homogeneous sets of color 1, Y is nonempty. Since Y’ =Y, for every
open set O C X, either ONY = @ or O N X is not the union of
countably many c-homogeneous sets of color 1. In particular, no open
subset of Y is c-homogeneous of color 1.

We use this information to construct a perfect scheme (U,)seg<w of
open subsets of Y such that for all o € 2<“ and all {z,y} € [Uy~0, Us~1]
we have c¢(x,y) = 0. Asusual, the perfect scheme induces an embedding
e :2“ — Y. The image of this embedding is a perfect c-homogeneous
subset of Y of color 0. O

Definition 3.3. The Open Coloring Aziom by Todorcevic (OCA[y))
states that for every open coloring ¢ on a separable metric space X,
either there is an uncountable c-homogeneous set of color 0 or X is the

union of countably many c-homogeneous sets of color 1.

OCA[q is consistent with the usual axioms of set theory (ZFC) and
follows from the socalled Proper Forcing Aziom (PFA), which is a
strengthening of Martin’s Axiom (MA).



38 STEFAN GESCHKE

Note that OCA) implies that every open coloring on an uncount-

able, separable metric space has an uncountable homogeneous set.

Exercise 3.4. CH refutes OCA[).
Hint: Use CH to construct an uncountable set X C 2% that intersects
every nowhere dense subset of 2 in at most countably many points.

Now consider the restriction of ¢, to X.

We show some of the easier consequences of the Open Coloring Ax-

iom.

Theorem 3.5. Assume OCApy.

a) Every uncountable subset of P(w) contains an uncountable chain
or antichain. Here an antichain consists of pairwise incomparable ele-
ments.

b) From the conclusion of a) it follows that for every function from
an uncountable subset X of R and every function f : X — R there is
an uncountable set Y C X such that f is monotone on Y.

c¢) The conclusion of a) implies that b > N,.

Proof. a) Let X C P(w) be uncountable. Identifying every subset of
w with its characteristic function from w to 2, X inherits a separable
metric topology from 2¢. We define a coloring ¢ : [X]? — 2 by letting
c(x,y) =0 if = and y are incomparable as subsets of w.

If z and y are incomparable, then there are n,m € w such that
n€x\yand m € y\ z. But with respect to the topology on X, the
set of all @ € X that contain a certain n and don’t contain a certain m
is open. It follows that incomparability is open in [X]?, showing that
¢ is an open coloring.

By the Open Coloring Axiom, there is an uncountable c-homogeneous
set H C X. Depending on the color, H is either a chain or an antichain.

b) For each z € X let

={yeQ:y<zix{z€Q:z2< f(z)}.

Observe that the map assigning x to ¢, is 1-1. Hence {q, : z € X} is
an uncountable subset of P(Q x Q). By the conclusion of a), there is
an uncountable set Y C X such that {g, : * € Y} is either a chain or

an antichain.
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If for z,y € X we have ¢, C ¢, then x <y and f(z) < f(y). If ¢,
and ¢, are incomparable, and = < y, then f(x) > f(y). It follows that
on Y, f is either monotonically increasing or strictly decreasing.

c¢) If b = Ny, then there is a sequence (fq)a<y, of functions from w to
w such that for no g € w¥, f, <* g for all & < w;. Recall that f <* ¢
if the set {n € w: f(n) > g(n)} is finite. We say that the sequence
(fa)a<w, is unbounded.

We may assume that each f, is strictly increasing. We may also
assume that for all o, 8 < w; with o < 3, we have f, <* fz and
fa £ fo. This is true because for every countable subset C' of w* there
is a function ¢ : w — w such that for all f € C, f <* g and we can
use this fact to recursively correct the sequence (fy)a<w, to be strictly

<*-increasing.

Claim 3.6. For every uncountable set A C wy, there are a, € A such
that o < 8 and f, < f3.

For the proof of the claim, first observe that (f,)aca is unbounded
since A is cofinal in w;.

For each s € w<“ let a; be the minimal o € A with s C f,, provided
there is such an «, and let a, be the minimal element of A, otherwise.
Since w<¥ is countable, there is Gy € A such that oy < §y for all
s E W,

Since A\ [y is uncountable, there is ny € w such that for an un-
countable set Ag C A\ fy and all a« € Ay we have

fao Tw\no < fa lw\no.

By thinning out Ay if necessary, we may assume that for some sy € w™
and all o € Ay we have sy C f,.

Subclaim. There is n € w such that for all &« < w; and all m € w
there is § € Ap such that o < § and fz(n) > m.

Suppose not. Then for all n € w there are o, < wy; and m,, € w such
that for all 5 € Ay, if a,, < 3, then fg(n) < m,. Let v = sup,,c,, an-
Then v < wy. For each n € w let f(n) = m,. Now for all & € Ay
with a > v we have f, < f, which contradicts the unboundedness of

(fa)a<w,- This proves the subclaim.
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Now let n; € w be the minimal n € w witnessing the subclaim. Note
that n; > ng since sp C fg for all 5 € Aj;. By the minimality of n,,
there are s € w™ and ; < w; such that Gy < [; and for all 3 € Ay
with B, < B, fo [ no < s .

Since S = {t € w™ : t < s} is finite, there are s; € S and an
uncountable set A; C Aq such that for all « € Ay, s; C f,. Let ny € w

be such that n; < ny and

fasl [w\ne < fg, [w\ng

and choose o € A such that fo-(n1) > fa, (n2). Then f, < fo-
Let n € w. If n < ny, then f,, (n) = s1(n) = for(n). I n €ny\ ny,
then
Jau, (n) < fa,, (n2) < for(m) < for(n).

Finally, if n > ns, then

Jau, (n) < f5,(n) < far (n).
This finishes the proof of the claim.

Returning to the proof of ¢), for each o < wy, consider the set A, =
{(n,m) € w? : m < fo(n)}. By the conclusion of A, there is an
uncountable set X C w; such that the A,, a € X, are either pairwise
comparable or pairwise incomparable. In the first case, the sequence
(fa)aex would have to be strictly increasing with respect to < and thus
the sequence (A, )acx would have to be strictly increasing with respect
to C. But this is impossible since all the A, are subsets of the same
countable set w X w.

In the second case the f,, a € X, would have to be pairwise <-
incomparable. But that contradicts the claim. This shows that b >
N,. O

We mention some more consequences of the Open Coloring Axiom,

but without proofs.
Theorem 3.7. Assume OCAq). Then b = R,.

Definition 3.8. a) Given two sets A and B let AAB denote the sym-
metric difference (A\ B) U (B\ A) of A and B.
b) Let fin denote the collection of finite subsets of w. Then fin is

an ideal on w, i.e., fin is closed under taking subsets and finite unions.
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¢) P(w)/fin is the Boolean algebra obtained by identifying A, B €
P(w)/fin if AAB € fin. More precisely, let P(w)/fin consist of all
equivalence classes AAfin = {B Cw: AAB € fin} of subsets A of w.
It is easily checked that the natural Boolean operations on P(w)/fin

are indeed well defined.

Exercise 3.9. Let A, B C w be cofinite, i.e, such that w\ A and w\ B
are finite. Let f: A — B be a bijection. Show that F': P(w)/fin —
P(w)/fin defined by F(CAfin) = f[C]Afin is an automorphism of
P(w)/fin. These automorphisms of P(w)/fin are called trivial.

Theorem 3.10 (Velickovi¢). Assume OCAy together with Martin’s
Aziom for Xy dense sets. Then every automorphism of P(w)/fin is
trivial.

It should be pointed out that under CH there is a non-trivial auto-
morphism of P(w)/fin.

Exercise 3.11. It is easily checked that the trivial automorphisms of
P(w)/fin form a subgroup of the full automorphism group. Given a
trivial automorphism F' induced by a bijection f : A — B between
cofinite sets, let index(F) = |w \ B| — |w \ A|. Show that the index
of a trivial automorphism is well defined and that the index map is a
homomorphism from the group of trivial automorphisms of P(w)/fin
to the group (Z, +).

Example 3.12. Let A=w and B=w\ 1. Let s: A — B be defined
by s(n) = n+ 1. Clearly, s is a bijection between two cofinite subsets
of w. The shift S is the trivial automorphism of P(w)/fin induced by
s. S'is of index 1.

It is an open problem whether the structure (P(w)/fin, S) (where
P(w)/fin still carries its Boolean operations) can be isomorphic to
(P(w)/£fin, S71).

Theorem 3.13. Assume OCAq) together with Martin’s Aziom for N,
dense sets. Then (P(w)/fin, S) is not isomorphic to (P(w)/fin, S71).

Proof. Suppose there is an isomorphism f from (P(w)/fin, S) to (P(w)/£in, S71).
In particular, f is an automorphism of P(w)/fin. By Velickovi¢’s the-

orem, f is trivial and therefore has an index. For every a € P(w)/fin,
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f(S(a)) = S7'(f(a)). In other words, f oS = S~'o f. This can be
written as foSo f~! = S~!. Since the index map is a homomorphism,

we have
—1 = index(S™") = index(f) + index(S) — index(f) = index(S) = 1,
a contradiction. O

Definition 3.14. Let H be an infinite dimensional separable Hilbert
space. Let B(H) be the C*-algebra of all bounded operators on H. Let
KC(H) denote the ideal of compact operators. (An operator ¢ : H — H

is compact if the closure of the image of the unit ball is compact.) The
Calkin algebra C(H) is the quotient B(H)/K(H).

C(H) can be considered as a non-commutative analog of P(w)/fin.

Definition 3.15. An automorphism ¢ of C(H) is inner if there is a
unitary element u € C(H) such that for all a € C(H), ¢(a) = u * au.

Theorem 3.16 (Farah). Assume OCAy). Then every automorphism
of C(H) is inner.

Again, we point out that CH implies the existence of an automor-
phism of C(H) that is not inner (Philips and Weaver).

Example 3.17. Fix an orthonormal basis (e,)ne. of the Hilbert space
H. Let s : H — H be the operator that maps e, to e, ;. This operator
turns out to be unitary modulo compact, i.e., its equivalence class .S in
C(H) is unitary.

Theorem 3.18. Assume OCAq). Then the structure (C(H), S) is not
isomorphic to (C(H),S™"). Here S and S™' are considered as con-

stants.

Proof. This proof is similar to the proof of the corresponding theorem

for P(w)/fin, using the Fredholm index of a unitary operator. O
It is open whether (C(H),S) and (C(H),S™!) can be isomorphic.
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4. STONE-CECH COMPACTIFICATIONS OF DISCRETE SEMIGROUPS
AND RAMSEY THEORY

We will use some simple facts about compact right-topological semi-
groups to prove highly non-trivial theorems in both finite and infinite
Ramsey theory.

4.1. Compact right-topological semigroups.

Definition 4.1. a) Let S be a topological space and - : § x S — S.
Then (S, -) is a right-topological semigroup if - is associative and for all
s € S the right multiplication ps : S — S;t — t - s is continuous. We
often write st for s - t.

b) A nonempty set I C S is a left ideal (right ideal) if

SI={st:seSANtel}CI

(respectively IS C I). A left ideal is minimal if it has no proper subset
that is a left ideal. I C S is an ideal if it is both a left and a right
ideal.

¢) An element e € S is an idempotent if ee = e.

The following theorem collects all the facts about compact right-

topological semigroups that we are going to use.

Theorem 4.2. Let S be a compact right-topological semigroup. Then
the following hold:

(1) Every left ideal includes a minimal left ideal.

(2) If L is a minimal left ideal of S and K an ideal, then L C K.

(3) If L is a minimal left ideal of S and p € L, then L = Sp =
{sp:se€S}.

(4) Every minimal left ideal contains an idempotent.

(5) If e is an idempotent and x € Se, then re = e.

Proof. (1) We first observe that every left ideal L includes a compact
left ideal. Namely, let € L. Then Sx C L is a left ideal, and since
Sz = p,[S], it is compact. It follows that every minimal left ideal is
compact.

Now fix a left ideal L of S and consider the partial order of all
compact left ideals I C L ordered by reverse inclusion. If C is a

chain in this partial order, then it has the finite intersection property,
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i.e., any finitely many elements of C' have a nonempty intersection,
and therefore (| C' is nonempty. Clearly, [ C is a compact left ideal
included in L. It follows that by Zorn’s Lemma, the partial order has
a minimal element /. Since all left ideals include a compact left ideal,
I is indeed a minimal left ideal.

(2) Let L be a minimal left ideal and let K be an ideal of S. Let
x € L. Then Sx C L and thus Kz C L. Since K is a right ideal,
Kz C K. It follows that K and L have a nonempty intersection. Since
K is a left ideal, K N L is a left ideal as well. Since L is minimal,
KNL=1Land thus L C K.

(3) If L is a minimal left ideal and p € L, then Sp C L and Sp is a
left ideal. It follows that Sp = L.

(4) Let L be a minimal left ideal of S. In particular, L is a compact
subsemigroup of S. Similar to the proof of (1), we use Zorn’s Lemma
to find a minimal compact subsemigroup A of L. Let x € A. We
show that Az = A. Namely, let B = Az. Then B is nonempty and
compact. We have BB = AxAx C AAAx C Ax = B. It follows that
B is a compact subsemigroup of L. By the minimality of A, A = B.

Let C = {y € A:yx = z}. Since Az = A and € A, there
is y € A such that yr = z. This shows that C is nonempty. Also,
C = Anp,'(x). Tt follows that C is a closed subset of A and therefore
compact.

Now let y,z € C. Then yz € A and yzx = yxr = x. It follows that
yz € C. Hence C is a subsemigroup of A. By the minimality of A,
C = A. Since z € C, we have xx = .

(5) Let e be an idempotent in S and z € Se. Choose s € S such

that x = se. Now ze = see = se = x. Il
4.2. Stone-Cech compactifications of discrete semigroups.

Definition 4.3. Let X be a set. F' C P(X) is a filter on X if it is
nonempty, closed under taking finite intersections and supersets and
does not contain the emptyset.

A filter F' is an ultrafilter if it is a maximal filter (with respect to

set-theoretic inclusion).

Lemma 4.4. Fvery family S of subsets of X with the finite intersection

property can be extended to an ultrafilter.
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Proof. Let
F={ACX:3T CS(T is finite and ﬂTg A}

F' is the smallest filter that includes S. Consider the partial order of
all filters on X that extend F', ordered by set-theoretic inclusion. It is
easily checked that the union of every chain of filters is again a filter on
X. Hence, by Zorn’s Lemma, the partial order has a maximal element,
which is an ultrafilter that extends S. O

Lemma 4.5. Let F' be a filter on a set X. Then the following are

equivalent:

(1) F is an ultrafilter.
(2) Foral ACX, Ac Fiff X\AgF.
(3) Forall AABC X,if AUBE€F, then Ac F or BeF.

Proof. (1)=-(2): Since F is a filter, it contains at most one of the sets
A and X \ A. Suppose X \ A € F. Since F is closed under taking
supersets, this implies that F' contains no subset of X \ A. In other
words, every element of F' intersects A. Since F is closed under finite
intersections, it follows that F'U{ A} has the finite intersection property.
Hence there is an ultrafilter G on X such that FF U {A} C G. Since F'
is a maximal filter, F' = G and thus A € F.

(2)=(3): Suppose neither A nor B are elements of F. By (2), X \
A, X\ B € F and therefore X \ANX\B=X\(AUB) € F. It
follows that AUB ¢ F.

(3)=-(1): Let F be a filter satisfying (3). We show that F’ is maximal.
Let A C X be such that F"U {A} is contained in a filter, i.e., has the
finite intersection property. Then X \ A & F'. However, (X \ A)UA =
X € F since F is nonempty and closed under taking supersets. By (3),
A € F. This shows the maximality of F'. O

Lemma 4.6. Let F' be an ultrafilter on X. If Ay, ..., A, C X and
Ay U---UA, € F, then at least one of the sets A;, i € {1,...,n}, is

an element of F.
Proof. This follows by induction from Lemma 4.5 (3). O

Definition 4.7. Let X be any set. We consider X as a topological
space with the discrete topology. (Every subset of X is open.) The
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Stone-Cech compactification 5X of X is the set of all ultrafilters on X
with the topology generated by all sets of the form

A:{pGﬁX:AEp}

where A C X. We consider X as a subset of §X by identifying every
x € X with the ultrafilter {A C X : z € A}.

Lemma 4.8. For every set X, X s compact and X 1is dense in 3X.

Proof. We first show that X is dense in 8X. Let O C X be nonempty
and open. Then there is A C X such that () # A C O. Foreveryx € A
we have z € A.

We have to show that X is Hausdorff. Let p and ¢ be two distinct
ultrafilters on X. We may assume that there is A € p\ ¢. Since A & ¢,
X\Aeq A and m are disjoint open neighborhoods of p and g,
respectively.

Now let U be an open cover of FX. We may assume that each U € U
is of the form A for some A C X. Let S be the collection of all A C X
with A € U. Suppose U has no finite subcover. Then for all n € w and
all Ay,..., A, €8, AjU---UA, # X.

Now observe that an ultrafilter F on X is an element of A;U---UA,,
iff for some i € {1,...,n}, A; € F. By Lemma 4.6, this is equivalent
to Ay U---UA,, € F. Since U has no finite subcover and since X is an
element of every ultrafilter on X, it follows that for all n € w and all
Ay, A, €S we have Ay U---UA, # X.

Passing to complements, this shows that 7 = {X \ A : A € S}
has the finite intersection property. Hence there is an ultrafilter F
extending T'. Clearly, for all A € S, A € F' and therefore F' ¢ A. This

shows that U is not an open cover of 53X, a contradiction. O

Observe that if F' is an ultrafilter on X and A € F', then FNP(A) is
an ultrafilter on A. On the other hand, if F' is an ultrafilter on A C X,
then the collection of all sets B C X such that C' C B for some C € F'
is an ultrafilter on X and an element of A. In this way, every element
of A corresponds to an element of SA. In fact, the two topological
spaces are homeomorphic. The set A is the closure of the set A in 6X.

The crucial property of the Stone-Cech compactification is stated in

the following theorem.
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Theorem 4.9. Let X be a set and Y a compact space. Then every

function f : X — Y has a unique continuous extension Bf : X — Y.

Proof. Let p € X. Since p is a filter, {f[A] : A € p} has the finite
intersection property. It follows that {cl(f[A]) : A € p} has the finite
intersection property. Since Y is compact, [{cl(f[A]) : A € p} is
nonempty. We show that ({cl(f[A4]) : A € p} contains only a single
point.

Suppose there are two distinct points yo, 1 € [{cl(f[4]) : A € p}.
Let Uy,U; C Y be open and disjoint with yy € Uy and y; € U;. For
every A € p, since yo,y1 € cl(f[4]), f[A] intersects both U and U;.
Fix A€ p Let Ag={z € A: f(z) € Uy} and A} = A\ Ap. Since
Ag U A; € p, either Ay € p or A; € p. But in either case there is i € 2
such that A; € p and f[A4,] is disjoint from U;_;. A contradiction. It
follows that ({cl(f[A4]) : A € p} contains exactly one point y. Let
Bf(p) =y-

For every x € X, ff(x) is the unique element of f[{z}] and thus
Bf(x) = f(x). In other words, Bf extends f. We have to show that
B f is continuous. Uniqueness then follows from the fact that X is dense
in 5X.

Let U CY be open and let p € 3X be such that 3f(p) € U. Choose
an open neighborhood V' of f(p) with cl(V) C U. As before, for every
A € p, fIA]NV is nonempty. It follows that B = f~![V] intersects
every element of p. Hence p U { B} has the finite intersection property
and is contained in an ultrafilter ¢. By the maximality of p, p = ¢ and
therefore B € p.

Since cl(f[B]) C U, we have Gf(r) € U for every r € B. This shows
that G f is continuous. U

We now extend the multiplication on a discrete semigroup to its

Stone-Cech compactification.

Definition 4.10. Let (S,-) be a semigroup. For each s € S the left
multiplication A : S — S; 2 +— sx can be considered as a map from S
to A4S and therefore has a continuous extension SAs : S — 3S. Now
for each x € 35 we have a map p, : S — BX;s+— FAs(z). This has a

unique continuous extension (p, : 65 — (5. For z,y € 58S we define

z -y = Bpy(z).
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Lemma 4.11. For every discrete semigroup (S, -), (3S,+) is a compact

right-topological super-semigroup of (S, -).

Proof. From the definition of - on (S it follows that - extends the
multiplication on S. Also, for each y € (S the right multiplication
x — xy is just Bp,, which is continuous by definition.

For all z,y, 2 € BS we have

(zy)z = Bp=(vy) = Bp.(Bpy(r)) = (Bp= o Bpy)(x)

and x(yz) = Bpy.(x). Hence, in order to show that the multiplication
on (S is associative, we have to prove that Bp. o Bp, = Bpy..

Clearly, Bp. o Bp, is a continuous function from 3S to 3S. By the
uniqueness of 8p,., it is enough to show that 3p. o Bp, agrees with p,.
on S. Let s € S. Then p,.(s) = BAs(yz) = BA(Bp=(y)). On the other
hand, (8p, o Bpy)(s) = Bp.(BAs(y)). The two functions SA, o fp, and
Bp. o BAs are both continuous functions from 3S to 3S. In order to
show that they are equal, it is enough to show that they agree on the
dense subset S of 3S.

Let t € S. Then (6As 0 8p,)(t) = BAs(BA(2)) and

(Bp= 0 BA)(t) = Bp=(As(t)) = Bp.(st) = BAu(2).

It remains to show that GA; o G); is the same as G\, Again, it is
enough to verify this on S.

Let » € S. Then (8Xs o BA\)(r) = BAs(tr) = s(tr). On the other
hand, SAg(r) = (st)r. Finally, (st)r = s(tr) since - is associative on S.

It follows that - is associative on [3S. O

4.3. The theorems of Hales-Jewett and van der Waerden. We
use an abstract theorem of Koppelberg to deduce two classical theorems

in Ramsey theory.

Definition 4.12. Let S be a semigroup and T a subsemigroup of S.
We call T a nice subsemigroup if R = S\ T is an ideal of S. Note that
T is nice iff for all z,y € S we have zy e T'iff r € T and y € T

A semigroup homomorphism o : S — T is a retraction (from S to
T)ifo(t)=tforallt eT.

Theorem 4.13 (Koppelberg). Let S be a semigroup and T a proper

nice subsemigroup of S. Let X be a finite set of retractions from S toT
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and let (By, ..., By) be a partition of T. Then there are j € {1,...,n}
andr € R=S\T such that for alloc € ¥, o(r) € B;.

Proof. Tt is easily checked that 7' is isomorphic to a 3T and therefore
a subsemigroup of 3S. Also, R is equal to 39 \ T and is an ideal of
(£S. Finally, for each o € ¥, fo is a retraction from S to 7.

Let L be a minimal left ideal of 7' and let q € L be an idempotent.
Let I be a minimal left ideal in the left ideal 35S - ¢ of 55 and choose
an idempotent ¢ € I. Let p = qi. Now p € I.

Note that I C R since R is an ideal of 35. It follows that pE R and
thus R € p. Since i € I C 35 - ¢ and ¢ is an idempotent, iq = ©. Now
qp = qqi = qi = p, pq = qiq = qi = p and pp = qiqi = qii = qi = p.
Hence

(%) p=p°=pq=qp.

Let o € ¥ and u = fo(p). Clearly, u € T. Also g € T. We apply 3o

to equation (*) and obtain

u=u® = uq = qu.

In particular, u = ug € L. Since L is a minimal left ideal of T', L = Tu.
Hence ¢ € T - u. Note that u is an idempotent. It follows that qu = q.
This shows that fo(p) = ¢ for every o € X.

Recall that ¢ is actually an ultrafilter on S such that T" € ¢q. It
follows that there is 7 € {1,...,n} such that B; € q. For every 0 € &
we have B; € ¢ = fo(p). It follows that Ej intersects o[A] for every
A € p. In other words, for every A € p, o[A] contains an ultrafilter that
contains the set B;. But o[A] consists of ultrafilters that correspond
to elements of S. Identifying these ultrafilters with the corresponding
elements of S, we see that for all A € p, o[A] intersects B;. Hence
o~ ![B;] intersects every set A € p. Since p is an ultrafilter, this implies
o ![B;] € p.

Since R € p, also the set D = RN|(),.x 0 '[B;] is in p, and hence
nonempty. Every r € D works for the theorem. O

Theorem 4.14 (van der Waerden). Assume (A, ..., Ay) is a partition
of w into finitely many pieces and m € w. Then there are j € {1,...,n}

and natural numbers a and d > 0 such that

{a,a+d,a+2d,...,a+md} C Aj,



50 STEFAN GESCHKE

i.e., Aj contains an arithmetic progression of length m + 1.

Note that the theorem implies that given a partition of w into finitely
many pieces, one of the pieces contains arbitrarily long arithmetic pro-

gression.

Proof. Consider the semigroup S = w X w and let T'= w x {0}. Then T
is a nice subsemigroup of S. For each j € {1,...,n} let B; = A; x {0}.
Now (B, ..., B,) is a partition of 7. For each k < m and all a,d € w
let ox(a,d) = (a + kd,0). Each oy is a retraction from S to T

Hence, by Koppelberg’s theorem there are j € {1,...,r} and (a,d) €
S\ T such that for all £ < m, ox(a,d) € B;. Now by the definition
of o}, and of By, for all £ < m we have a + kd € B;. This finishes the
proof of the theorem. Il

Definition 4.15. Let M be a finite set, the alphabet. A word over M
is a finite sequence of elements of M. M* denotes the set of all words
over M.

Let x be a variable. We assume that x ¢ M. A wvariable word over
M is a word over M U {x} with at least one occurrence of x. Given a
word w over M U {z} and v € M, let w(u) denote the word over M
obtained by replacing every occurence of x by wu.

A combinatorial line over M is a set of the form {w(u) : u € M},

where w 1s a variable word over M.

Theorem 4.16 (Hales-Jewett). Let M be a finite alphabet and let
(A1,...,A,) be a partition of M*. Then there is j € {1,...,n} such

that A; includes a combinatorial line.

Proof. Let S be the semigroup (M U {x})* with the concatenation of
words as multiplication. Let T"= M*. Then T is a nice subsemigroup
of S. For each w € M and w € S let o,(w) = w(u). Each o, is a
retraction from S to T

Hence there are some w € S\ T, i.e., a variable word over M, and
some j € {1,...,n}, such that for all u € M, w(u) € A;. In other

words, A; includes the combinatorial line generated by w. U
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We derive a finite version of the Hales-Jewett theorem from the infi-
nite version above. For m € w, M=™ denotes the set of all words over

M of length at most m. M™ is the set of words of length m.

Theorem 4.17 (Hales-Jewett, finite version). Let M be a finite alpha-
bet. For every n € w there is m > 0 such that whenever Cy,...,C,, s
a partition of M™, then there is j € {1,...,n} such that C; includes a
combinatorial line.

We derive the theorem from the following lemma.

Lemma 4.18. Let M and n be as in Theorem 4.17. There is m > 0
such that whenever Cy,...,C, is a partition of M=™, then there is

Jj €{1,...,n} such that C; includes a combinatorial line.

Proof. Suppose there is no such m. Consider the collection T of all n-
tuples (C1,. .., C,) such that for some m € w, Cy,...,C, is a partition
of M=™ such that no C; includes a combinatorial line. Note that
for technical reasons we also consider partitions of M°. For A, B € T,
A= (Ay,...,A,), B=(By,...,B,),let AC Bifforallje {l,...,n},
A; C B;.

Clearly, T is a tree. By our assumption, 7" is infinite. Moreover,
whenever (Ay,...,A,) € T is a partition of M=™ and k < m, then
(AyN M=k . A, N M=SF) € T. Tt follows that each level of T' consists
of partitions of M=™ for a fixed m > 0. Since for each m the set M="
is finite, each level of T is finite. Hence, by Konig’s Lemma, T" has an
infinite branch B. For each j € {1,... ,n} let

C;=|J{A:3(B1.....B,) € B(A=B;)}.

Now (Ci,...,C,) is a partition of M* such that no C; includes a com-
binatorial line. This contradicts Theorem 4.16. U

Proof of Theorem 4.17. Let m > 0 be a minimal witness of Lemma
4.18. Let C,...,Cn be a partition of M™. By the minimality of m,
there is a partition Aj,..., A, of M=""! such that no A; includes a
combinatorial line. Now A, UC4,..., A, UC, is a partition of M=™,
By the choice of m, there is j € {1,...,n} such that C; U A; includes
a combinatorial line. Since A; does not include a combinatorial line,
the combinatorial line included in A; U C; consists of words of length

m. Hence A; includes a combinatorial line. O
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4.4. Hindman’s theorem.

Definition 4.19. For a set A C w let

FS(A) = {Za : F' C A is nonempty and ﬁnite} )
acF

Theorem 4.20 (Hindman). Let C1,...,C, be a partition of w. Then

there are j € {1,...,n} and an infinite set B C w such that F'S(B) C

C;.

The proof of this theorem requires a closer analysis of the addition

on fw.

Lemma 4.21. a) Let S be a set and let f : S — S be a function. Then
for each p € BS, Bf(p) ={AC S: f[A] € p}.

b) Let + be the extension of the addition on w that turns fw into a
right-topological semigroup. Then for p,q € fw,

p+g={ACw:{necw:A—necq}ep}l

Proof. a) Note that we have already used this in the proof of Theorem
4.13. Let p € 8S and ¢ = Gf(p). For each B C w, B is compact and
thus, 3f[B] is closed. Since B is dense in B, f[B] is dense in §f[B]. It
follows that 8f[B] = f[B]. Hence, if B € p, then f[B] € ¢. It follows
that {A Cw: f7'[A] €p} Cq.

We are done if we can show that r = {A C w : f~![A] € p} is already
an ultrafilter and hence must be equal to g. But this follows easily from
the fact that A — f~'[A] is a Boolean homomorphism from P(w) to
P(w).

b) For n € w let A,(m) = n+ m. For A Cn, by A—n we denote
(M)Al ={m —n:m € AAm >n}. By a), for each q € Sw,

() ={ACw:A—neq}

Now for ¢ € fw and n € w we let p,(n) = BA,(¢). The function Fp,
is the unique continuous extension of p, to fw and p + q¢ = Bp,(p).
We define another function o, : fw — Bw by letting
o,p)={ACw:{ncew:A—necq}ecp}

We first show that r = {A Cw:{n €w:A—n € q} € p} actually is

an ultrafilter.
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If A,BCwand A C B, then
{new:A-—neq¢gtC{new: B-—negq}
and therefore r is closed under taking supersets. If A, B € r, then
{new:A—neql,{n€w:B—n€Eq} e pand therefore
{new:A—negin{new: B—neq}enp.

But

{new:A—negtn{ncew: B—neq}
={new:(A—n)N(B-n)eqt={necw: (ANB)—n € ¢}
It follows that r is closed under intersection. Since the empty set is

not in p or ¢, D € r. Now assume A C w is not an element of r. Then
{new:A—ne€q}¢pand thus

w\{fnew:A—neqg¢gt={necw:w\(A—n)€q}
={new:(w\A) —neq}ep.
Hence w\ A € r. It follows that r is indeed an ultrafilter.
Now for b) it is enough to show that o, is continuous and agrees

with p, on w. Let m € w and let p be the ultrafilter generated by {m}.
Then

om)={ACw:{new:A—necq}ep}
={ACw:-me{necew:A—neq}}
={ACw:A—meq} =0 \ulq)
It remains to show the continuity of o,. Let p € fw. Let U C pw
be an open set such that o,(p) € U. Then there is A C w such that
o,(p) € ACU. We have A € r = ¢,(p) and therefore {n € w: A—n €
p}tE€q. O

Proof of Theorem 4.20. Observe that w\ {0} is a compact subsemi-
group of Sw and therefore contains an idempotent p. Clearly, 0 is the
only idempotent of w. Hence p ¢ w and therefore p contains no finite

sets. Since p is an ultrafilter, there is j € {1,...,n} such that C; € p.
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By Lemma 4.21 b) we have
(%) {ACw:{mew:A—meptept=p+p=np.
Let A € p. By (x%), {m € w: A—m € p} € p. Hence
An{mew:A—mep}enp.

Now let Ay = C; € p.
It follows that there is m; € Ag such that Ay = AN (A —my) € p.

Iterating this procedure, we can choose ms € Ay, mo > my, such that

A2:A10(A1—m2)
:Aoﬂ(Ao—ml)ﬂ(Ao—mg)ﬂ(Ao—m1—mz)Gp.

Note that by the choice of mg, mo can be written as a — my for some
a € A. Now mq +me = mq +a—my = a. In particular, m; + my € A.

Continuing in this fashion, we obtain a sequence Ay 2 A; D ... of
elements of p and a sequence m; < msy < ... of elements of Ay such
that for every i € w, my1o € Aj11 = A; N (A; — myyq). To finish the

proof of the theorem, it remains to show
Claim 4.22. Let B = {m; : i > 0}. Then F'S(B) C C;.

By induction we see that for every i € w,

Aiq = N (AO -y a> .

FC{m1,...mit1} aEF
Since A;41 € p, no set of the form Ay — >, p
is empty. Let ' C {my,...,m;y1}. Since m;o € A;yq, there is b € Ay
such that m; 1 = b— 3 cpa. Hence mi + ) ,.pa = b€ Ay This
shows that for each finite, nonempty set /' C B, > _ra € Ay and the
claim follows. O

a, F Q {ml,. . 7mi+1},
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5. METRIC RAMSEY THEORY

We prove analogs of Ramsey’s theorem and Galvin’s theorem for

metric spaces.
5.1. Embedding sequences into R.

Definition 5.1. a) Let f : X — Y be an injection between metric
spaces (X,dy) and (Y,dy). For a real constant K > 1, f is a K-
embedding if for all x,y € X with x # y we have
1 de(f(2). f(w)
K=  dx(z,y)
b) A metric space (X, d) is K-linear if it K-embeds into R.

< K.

Note that for K-embeddings f: X — Y andg:Y — Z, go f :
X — Zis a K2-embedding. Obviously, 1-embeddings are just isometric
embeddings.

In this subsection we show that sequences in metric spaces are can be
K-embedded into R if they either diverge or converge sufficiently fast.
We interpolate the embeddings into R by embeddings into ultrametric

spaces.

Definition 5.2. A metric space (X, dx) is ultrametric if for all x,y, z €

X we have dx(x,z) < max(dx(z,y),dx(y, 2)).

Definition 5.3. A sequence (x,,)ne, is anti-Cauchy with respect to a
metric d if for every k € w there is ng € w such that for all n,m € w

with ng < n < m we have k < d(z,, T,).

Lemma 5.4. Let K > 1. Suppose (Tp)new is a sequence that is anti-
Cauchy with respect to some metric d. Then X = {x, :n € w} has an

infinite subset that is K-linear.
The proof of this lemma is based on

Lemma 5.5. Let K > 1 and e = 1 — % Suppose (Tp)new 1S a Se-
quence without repetitions such that, with respect to some metric d, the
following holds:

For everyn € w and all 1,5 < n,

d(z;, ;) <e-d(x;,x,).
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We define an ultrametric by letting
dultra(xia l‘j) = d(l’o, xmax(i,j))

for alli,7 € w with i # j.
Then the identity map on {x, : n € w} is a K-embedding with respect

to d and dyyra. Moreover, ({x, : n € w}, duia) s K-linear.

Proof. We first show that dy. is indeed an ultrametric. Observe
that the sequence (d(zg, x,,))new is increasing and hence dyyya (7, Tp) <
dutra(Tj, x0) if @ < k, j < £ and k < £. Now let ¢,j,k € w be pair-
wise distinct. If max(i, j, k) = j, then dua(zi, k) < dutea(z;, 2). If
max(i, j, k) € {i,k}, then dyya(@i, Tr) = duttra (T4, ;) O dyipra(@i, 1) =

duitra (T, ). In any case we have
dultra(xia l'k) S max(dultra($i7 mj)a dultra(l‘ja ZL'k))

In order to show that the identity map is a K-embedding with respect
to d and dy., let 7, 7 € w be such that ¢+ < j. Then

d(xo, x;) + d(z4, )
d(l‘i, ZE]‘)

dultra(xiv xj) _ d(m()’ xj)
d(l’i,Ij) d(flfi,l'j)

<

On the other hand,

duitra(Ti, ) _ d(zg, x;) S
d(zi, ;) d(ws, z5) — d(zi, ;)

Finally, consider the embedding
e:{x, :new}l— Rz, — dxg,x,).

For i, 7 € w with ¢ < j we have
le(wi) — e(x;)] _ d(wo, x;) — d(xo, 7:)

= <1
dultra<xiaxj> d(x07$j) N
and
o) — e(ey)| _ o 2y) —dlwo,z) ) o L
dultra($ia ZL']') d($07 fl'j) d($0, :Uj) K
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This shows that e is a K-embedding with respect to dy,» and the usual

metric on R. O

Proof of Lemma 5.4. If (x,)ne, is anti-Cauchy, then it can easily be
thinned out to a sequence as in Lemma 5.5 for the constant v/ K.

Lemma 5.4 now follows by the remark after Definition 5.1. U

Observe that a metric space X contains an anti-Cauchy sequence if
and only if its set of distances is unbounded. Therefore Lemma 5.4

implies

Corollary 5.6. Let K > 1. Then every metric space X with an un-

bounded set of distances has an infinite subset that is K -linear.
For Cauchy sequences we have the following analog of Lemma 5.4:

Lemma 5.7. Let K > 1. Suppose (Ty)new is a sequence without repeti-
tions that is Cauchy with respect to some metric d. Then {z, : n € w}

has an infinite subset that is K-linear.

The proof of Lemma 5.7 uses

Lemma 5.8. Let K > 1 and e = 1 — % Suppose (Tp)new 1S a Se-
quence without repetitions such that, with respect to some metric d, the
following holds:

For everyn € w and all 1,5,k > n,
d(z;, xj) < e-d(xn, ).
We define an ultrametric by letting
dultra(l’z‘, $j) = }CI;fZ d(l‘z‘, xk)
foralli,j € w with i < j.
Then the identity map on {x,, : n € w} is a K-embedding with respect

to d and dywa. Moreover, ({x, :n € w}, duwa) is K-linear.

Proof. We show that dyy. is an ultrametric. First observe that the
distance dyira(2;, z;) only depends on the smaller one of the indices.
Moreover, the sequence (dyitra(Zi, Tit1))icw is decreasing since for all
j>i+1and all £ > ¢ we have d(z;41,2;) <¢e-d(x;,x;) and hence

duttra(Tis1, Tive) = inf d(zip1, 25) <infe-d(v;, 2x) = € dupra(Ti, Tig1)-
j>i+1 k>1
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If 4,j,k € w are pairwise distinct, then either j = min(i,j, k) or
min(i, j, k) € {i,k}. In the first case duira (7, 1) < dutra(zi, ;). In the
second case dyigra(Ti, Tk) = duttea(Ti, ;) OF duitra(Ti, Th) = duttea (T4, Ti)-
In any case we have

dultra(ajiv xk) S max(dultra<xi) mj); dultra(xja xk))

Now let 7,7 € w with ¢ < j. Then

dultra<xiaxj> _ infys; d(iﬁi,xk) <1
d(zi, ;) d(zi,x;)  —
On the other hand,

d(ws, ;) — supy.; d(z;, v1)
d(l‘i, ij)

dutera (T3, xj) o infy; d(@, v4)

Az, x;)  d(zg,xy)

>
>l—ec=—.
=z € I%

It follows that the identity map is a K-embedding with respect to d

and dultra-

Finally consider the embedding
e:{x,:ncwt— Rz, — dupa(Tn, Tni1)-

For all 4,7 € w with ¢ < j we have

|xi - le _ dultra<x’i> $i+1) - dultra(xja ijrl) <1
duttra (i, T5) duttra(Ti; Tit1) -
and
|$i - xj| _ dultra(xia zi—&—l) - dultra(xja xj—i—l)
dultra(xh xj) dultra<xz‘> xi—&-l)
_ 1nfk>] d(&?j,l’k) > 1— sup d(l’j,l’k) 2 1— . — i
infps; d(w;, ) k>je>i d(Ti, To) K

It follows that e is a K-embedding with respect to dy» and the usual

metric on R. O

Proof of Lemma 5.7. Since (,,)ne, has no repetitions, we may assume,
after removing a point from the sequence, that (x,),c. does not con-
verge to any of the z,. For each n € w the sequence (d(x,,x;))ic
is Cauchy in R since (z,)neo is Cauchy with respect to d. Let d,, =
lim; o d(x,,z;). Note that d,, > 0.
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Let ¢ = 1 — \/—% By recursion on m € w we choose a strictly
increasing sequence (M, )me, N w such that for all m € w and all

1,7,k > n,1 we have

and

Now if 7, 7, k,m € w are such that 7, j,k > m, then

5
d(2p,, Tn;) < 5 dn,, <e-d(xp,,, Tn,).

In other words, the sequence (z,, )me., satisfies the requirements in
Lemma 5.8 for the constant v K. Lemma 5.7 now easily follows by the
remark after Definition 5.1. U

If X is an infinite subset of R", then either it is unbounded and
therefore contains an anti-Cauchy sequence or its closure is compact
and therefore X contains a Cauchy sequence. From Lemma 5.4 and

Lemma 5.7 we now easily obtain

Corollary 5.9. Let K > 1. Then every infinite set X C R™ has an
infinite subset Y that is K-linear.

5.2. Metric spaces with a set of non-zero distances bounded
from below and above. We show that every infinite metric space
that neither has distinct points of very small nor of very large distance
has an infinite subsets where any two distinct points have nearly the

same distance.

Definition 5.10. A metric space X is uniform if there is a constant
D such that any two distinct points in X have distance D. X is K-

uniform if it K-embeds into a uniform metric space.

Clearly, a uniform metric space is ultrametric.

Observe that if the non-zero distances in a metric space X only vary
by a factor of at most K, then X is K-uniform. Just choose any D > 0
that occurs as a distance in X and replace the metric on X by the
uniform metric with distance D.

On the other hand, if X is K-uniform, then the non-zero distances

in X only vary by a factor of at most K?2.
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Lemma 5.11. Let K > 1. Let (X,d) be an infinite metric space and
assume that there are € > 0 and N € w such that for all x,y € X with
x #y we have ¢ < d(x,y) < N.

Then X has an infinite subset Y that is K-uniform.

Proof. For every n € w let ¢, = - K™. Let M € w be maximal
with ¢y < N. For all z,y € X with x # y let ¢(z,y) be the
unique ¢ € {0,..., M} such that d(z,y) € [ci,¢iv1). By the infinite
Ramsey Theorem, there is an infinite set ¥ C X such that for some
i€{0,...,M} for all z,y € Y with  # y we have ¢(z,y) = i. Now
for all a,b,z,y € Y with a # b and x # y we have

¢ < d(a, b) < Ciy1 = K ¢ <K d(l’,y)

By the remark after Definition 5.10, this shows that Y is K-uniform.
O

5.3. A Ramsey-type theorem for infinite metric spaces.

Theorem 5.12 (Matousek). Let X be an infinite metric space and
K > 1. Then there is an infinite set Y C X that is either K-linear or

K-uniform.

Proof. Let d denote the metric on X. By Corollary 5.6 we may assume
that the set of distances in X is bounded (from above). Fix n > 0. For
all z,y € X with x # y let

0 ifd(x,y) <
1 doy) >

cn(z,y) =

Sl= 3=

By recursion on n we construct a decreasing sequence (H,)pe, of
infinite subsets of X as follows:

Let Hy = X. Assume we have constructed H,. By the infinite
Ramsey Theorem, H, has an infinite subset H,,; such that for some
i € {0,1} for all z,y € H, 1 with x # y we have ¢, 1(x,y) = i. We
say that 7 is the color of H, 1.

Observe that if for some n > 0 the set H, is of color 1, then for
every m > n the set H,, is of color 1. If H,, is of color 0, then for every
m > n, H,, is of color 0 or 1.

We are left with two cases.

(1) For every n > 0 the color of H, is 0.
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(2) There is m > 0 such that for all n > m the color of H, is 1.

In Case (1) we choose a sequence (,)ne, Without repetitions such
that for every n € w, x, € H,. It is easily checked that the sequence
is Cauchy. It now follows from Lemma 5.7 that {z, : n € w} has an
infinite subset Y that is K-linear.

In Case (2) it follows from Lemma 5.11 that H,, has an infinite subset
Y that is K-uniform. g

Since the K-embeddings in R in the proof of Theorem 5.12 all factor
through low distortion embeddings into ultrametric spaces, we actually

have the following slightly more explicit theorem:

Theorem 5.13. Let K > 1. Then every infinite metric space X has
an infinite subset Y that K-embeds into an ultrametric space that is

either K-linear or uniform.

5.4. A Ramsey-type theorem for complete metric spaces. We
now prove a metric analog of Galvin’s theorem. Again we interpolate
between a large subset Y of a given metric space X and the real line

using an ultrametric space.

Definition 5.14. For f, g € 2¥ let Ici( f, g) denote the longest common
initial segment of f and g. We have Ici(f, g) € 2<¢ if and only if f and

g are distinct.

Lemma 5.15. Let K > 1 and e = 1 — &. Let A : 2<% — [0,00) be

K
such that for all s € 2<¥ we have
A(s70),A(s™1) < % CA(s).

We define a metric on 2* by letting duwa(f, 9) = A(lci(f, g)).

Then dyira is an ultrametric and (2%, dya) s K-linear.

Proof. In order to verify that dyy. is an ultrametric, let f, g and h
be pairwise distinct elements of 2. Let s = Ici(f, ¢). If s is an initial
segment of h, then s is also an initial segment of lci(f, h) and hence
dura(fy h) < A(s) = duwa(f, ). If s is not an initial segment of h, then
lei(f, h) = lci(g, h) and hence dyya(f, h) = A(lci(g,h)) = dua(g, h).

In both cases we have

dultra(f7 h) S max<du1tra(fa g)a dultra(ga h))7
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showing that d.. indeed is an ultrametric.
We define an embedding of 2¢ into R by letting

e AU )
e(f) = (- =5

for every f € 2¥. The series e( f) converges for every f since (A(f [ n))new
decreases sufficiently fast. More precisely, for every m € w,

Sy AT LSS e AUTR)
n= n=m-1
<SAGIm- Y A A m)
2 feom 2 '
It follows that if f, g € 2* are distinct and s = Ici(f, g) then
i S 1—¢ S (]- _5) 'dultra(f7g>
K dultra(f7 g)
_(1-9) A _ [elf) —el)] _ (1+8)-Als)
dultra(f7 9) o dultra(f7 g) o dultra(f7 g)
(1 + 5) : dultra<f7 g)
= <l4+e<K.
dultra(f7 g)
Therefore e is a K-embedding. O

Using Lemma 5.15 it is now easy to prove

Theorem 5.16. Let K > 1. Let (X,d) be a complete metric space
without isolated points. Then X has a perfect subset Y that K-embeds
nto an ultrametric space that s K-linear.

Proof. The proof of this theorem is a straight forward construction of
a Cantor space using a tree of open sets.

Let e =1— % We choose a family (x)sco<w of points in X and a
family (Os)sea<w of open subsets of X such that the following conditions

are satisfied:

(1) For all s € 2<%, z, € O,.

(2) If t € 2<¥ is a proper extension of s € 2<% then cl(O;) C Os.

(3) For all s € 2<“ the diameters of Us~ and Ug~; are at most
- A(s) where A(s) = d(x4~0, Ts~1).

Since £ < 1, (3) implies



INFINITE RAMSEY THEORY 63

(4) If s,t € 2<¥ are distinct sequences of the same length, then
cl(Us) and cl(Uy) are disjoint.

The families (z5)se2<w and (Og)sea<e can be chosen by recursion on
the length of s since X has no isolated points and therefore every non-
empty open subset of X is infinite.

By (1)-(3), for every f : w — 2 the sequence (xf,)new is Cauchy.
Since X is complete, x; = lim,,_.o x s}, exists. By (4), if f # g, then
xy # x4. If follows that e : 2 — X; f + xy is 1-1. It is easily checked
that Y = e[2] is a perfect set. In fact, Y is a homeomorphic copy of
the Cantor set.

Note that by (1)—(3), A satisfies the requirements of Lemma 5.15.
Let duia be the ultrametric on 2¢ defined from A. By Lemma 5.15,
(2%, dyira) is K-linear.

It remains to show that e is a K-embedding with respect to dyjra
and d.

Let f,g € 2¥ be distinct. Let s =1ci(f, g). Then duwa(f,g) = A(s).
We may assume that s—0 is an initial segment of f and s™1 of g.

By (2), zf € Us~o and z, € Us~1. Now by (3) we have

1 < (1—¢)-d(xs~0,xs~1) < d(zy,xy)
K~ d(zs~0,T5~1) = duwa(Ty, Ty)
(I1+¢)-d(xs~0,Ts~1)
d(xs”07x3”1>

This shows that e indeed is a K-embedding. U

< K.
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