ON TIGHTLY «-FILTERED BOOLEAN ALGEBRAS

STEFAN GESCHKE

ABSTRACT. In this article we study the notion of tight k-filteredness of a
Boolean algebra for infinite regular cardinals k. Tight Rg-filteredness is projec-
tivity. We give characterizations of tightly k-filtered Boolean algebras which
generalize the internal characterizations of projectivity given by Haydon, S¢e-
pin, and Koppelberg (see [15] or [17]). We show that for each k there is an
rc-filtered Boolean algebra which is not tightly r-filtered. This generalizes a
result of Sepin (see [15]). We prove that no complete Boolean algebra of size
larger than No is tightly RNp-filtered. We give a new example of a model of
set theory where P(w) is tightly o-filtered. We study the effect of the tight
o-filteredness of P(w) on the automorphism group of P(w)/ fin.

0. INTRODUCTION AND PLAN OF THE PAPER

Koppelberg ([16]) introduced and studied the notion of tight o-filteredness of a
Boolean algebra, which generalizes projectivity. Using this notion she gave uniform
proofs of several mostly known results about the existence of certain homomor-
phisms into countably complete Boolean algebras. In this article we study tight
k-filteredness for all infinite regular cardinals k. Koppelberg’s tight o-filteredness
is tight N;-filteredness. Projectivity is tight Ro-filteredness.

Our research concerning tight r-filteredness was initiated by a list of questions
about tight o-filteredness addressed by Fuchino. The first task was to obtain usable
characterizations of tight s-filteredness. These characterizations can be found in
Section 2. Using these characterizations, in Section 3 we generalize some results of
Koppelberg ([17]) on Stone spaces of projective Boolean algebras to Stone spaces
of tightly k-filtered Boolean algebras. Section 3 and the following sections are
independent of each other, exept for Section 6, which uses a result from Section 5. In
Section 4 we show that for all infinite regular s there are rc-filtered Boolean algebras
that are not tightly -filtered. rc-filteredness is a generalization of projectivity and
was shown to be strictly weaker than projectivity by Scepin (see [15]). Our proof
generalizes S¢epin’s argument.

In Section 5 we show that complete Boolean algebras of size > N3 are not tightly
o-filtered. This implies that PB(w) is tightly o-filtered iff the size of the continuum
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is at most Ny and PB(w) has the socalled weak Freese-Nation property studied in
[6].

Moreover, we prove that J(w) is tightly o-filtered in a model of set theory
obtained by adding at most Ny Cohen reals using the pseudo product of partial
orders introduced by Fuchino, Shelah, and Soukup ([10]). By the Cohen model we
will refer to a model of set theory obtained by adding Ry Cohen reals to a model
of CH using finite support iteration. At least implicitly, it is well known that J3(w)
is tightly o-filtered in the Cohen model. Explicitly, this was proved by Koppelberg
in [16].

Finally, in Section 6 we discuss the effect tight o-filteredness of P(w) has on the
automorphism group of P(w)/ fin. This continues the discussion in [16]. It turns
out that the tight o-filteredness of JB(w) implies more or less all the facts about
Aut(PB(w)/ fin) that are known to hold in the Cohen model. This together with
the results from [16] and [6] shows that the statement “P(w) is tightly o-filtered’
captures a great deal of the combinatorics of the reals in the Cohen model.

This article is based on a part of the author’s Ph.D. thesis, but contains some
new results, especially Theorem 5.2 and Corollary 5.4.

1. PREPARATION

Throughout this article let k be an infinite regular cardinal.
1.1. k-embeddings.

Definition 1.1. Let A and B be Boolean algebras with A < B. For x € B let
A | = denote the ideal {a € A :a < z} of A. A is called a k-subalgebra of B iff
for each € B, A | x has cofinality < . In this case we write A <, B. Ais a
o-subalgebra (relatively complete subalgebra) of B iff A <y, B (A <y, B). In this
case we write A <, B (A <, B). A relatively complete subalgebra is also called an
rc-subalgebra. An isomorphism between a Boolean algebra A and a k-subalgebra
(rc-subalgebra, o-subalgebra) A’ of a Boolean algebra B is called a k-embedding

(rc-embedding, o-embedding). O

Note that A <, B iff A < B and for every ideal I of B which has cofinality < k
the ideal I N A also has cofinality < . Also note that A <,. B iff for every x € B
the ideal A | x is generated by a single element.

The following lemma collects some frequently used facts on <.

Lemma 1.2. Let A, B, and C be Boolean algebras.

a) A<, B<,C=A<,C.

b) If B is the union of a family B of subalgebras of B and A <, B’ for every
B’ € B, then A <, B.

¢) If (An)a<r is an ascending chain of k-subalgebras of B and cf(\) < k, then
Uner Ao <i B.

d) A<, B, X € [B]<* = A(X) <, B.
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Proof. a) and b) are easy. For c) let C' := J,_, Aa. Fix a cofinal set X C X of size
< k. For b € B and a € X let Y% be a cofinal subset of A, | b of size < k. Then
Uaex Y} is cofinal in C' | b and has size < k by regularity of .

d) was shown by Koppelberg for £ < X; ([16]). The proof of the general case is

the same. O

1.2. k-filtrations. A Boolean algebra is k-filtered iff it has many x-subalgebras.
In order to give a precise formulation of ‘many’, we introduce various notions of

skeletons.

Definition 1.3. Let S be a family of subalgebras of a Boolean algebra A. S is
called a < k-skeleton of A iff the following conditions hold:

(i) S is closed under unions of subchains.
(ii) For every subalgebra B of A there are y < x and C € S such that B C C
and |C|<|B| +u.
S is called a k-skeleton of A iff S satisfies (i) as above and instead of (ii) the
following holds:

(ii)" Every subalgebra B of A is included in a member C of S such that
|C|=|B| +&.

S is called a skeleton iff it is an Np-skeleton. O
The exact definition of x-filteredness is the following;:

Definition 1.4. A Boolean algebra A is x-filtered iff it has a k-skeleton S con-
sisting of k-subalgebras. A is o-filtered iff it is Ni-filtered. A is re-filtered iff it is
No-filtered. In some part of the literature rc-filtered Boolean algebras are called

openly generated. O

The main notion that will be investigated in this article is tight x-filteredness.
While x-filteredness and tight x-filteredness seem to be unrelated at first sight, it

will turn out later that tight k-filteredness is stronger than k-filteredness.

Definition 1.5. Let A be a Boolean algebra and § an ordinal. A continuous as-
cending chain (A4 )a<s of subalgebras of A such that A =
(wellordered) filtration of A.

A filtration (A )a<s is called tight iff Ag = 2 and there is a sequence (Z4)a<s in
A such that Ay11 = Ay(z4) holds for all a < 4.

A filtration (A, )a<s is called a k-filtration (rc-filtration, o-filtration) iff A, <4
Ant1 (Ao <ie Aat1, Ao <5 Any1) holds for all a < §. A is tightly k-filtered iff it

has a tight s-filtration. O

acs Ao is called a

1.3. Universal properties. This subsection will not really be needed for the rest
of this article, but it provides some motivation for studying tight r-filteredness.
Tightly x-filtered Boolean algebras have properties similar to projectivity. While

no infinite complete Boolean algebra is projective, in some models of set theory
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interesting complete Boolean algebras are, for example, tightly o-filtered. This has

nice applications concerning the existence of certain homomorphisms.

Definition 1.6. A Boolean algebra A is projective iff for any two Boolean algebras
B and C, every epimorphism g : C — B, and every homomorphism f : A — B
there is a homomorphism h : A — C such that

Al

N

B

commutes. O

While this definition works in every category, the following characterization due
to Halmos (see [17]) provides more insight into the structure of projective Boolean
algebras.

Definition and Lemma 1.7. A is a retract of B iff there are homomorphisms
e:A— Bandp: B — A such that poe =1ida. A Boolean algebra A is projective

iff it is a retract of a free Boolean algebra.
Proof. Abstract nonsense. O

This lemma is true in every category with sufficiently many free objects. How-
ever, there are categories in which this lemma does not hold since there are non-
trivial projective objects, but no non-trivial free objects. (See [12] for an example.)

By theorems of Haydon, Koppelberg, and Séepin, the tightly rc-filtered Boolean
algebras are exactly the projective Boolean algebras. (See [17] or [15].) The follow-
ing theorem generalizes one direction of this to tightly s-filtered Boolean algebras
and was proved by Koppelberg ([16]) for k = ;. Her proof works for uncountable
k as well. However, we do not know whether the following theorem actually charac-
terizes tight k-filteredness. It probably does not. Let us introduce some additional

notions first.

Definition 1.8. A Boolean algebra A has the k-separation property (k-s.p. for
short) iff for any two subsets S and T of A of size < k with ST :={s-t:s €
SAteT} = {0} there is a € A such that s < a for all s € S and t < —a for all
t € T. An ideal I of a Boolean algebra A is k-directed iff every subset of I of size
< k has an upper bound in 1. [l

In particular, every x-complete Boolean algebra has the x-s.p. Similarly, every
k-ideal, i.e., every ideal which is closed under sums of less than k elements, is

k-directed.

Theorem 1.9. Let A be a tightly k-filtered Boolean algebra. If B and C are
Boolean algebras, C' has the k-s.p., g : C' — B is an epimorphism such that the
kernel of g is k-directed, and f : A — B is a homomorphism, then there is a
homomorphism h : A — C such that goh = f. O
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The proof uses

Lemma 1.10. Let A and A’ be Boolean algebras such that A’ is a simple extension
of A, i.e., A" = A(x) for some x € A’. Assume that A <, A(z), B and C are
Boolean algebras, C has the k-s.p., g : C — B is an epimorphism with k-directed
kernel, f : A — B is a homomorphism, and h : A — C is a homomorphism such
that goh = f | A. Then there is an extension h' : A — C of h such that goh' = f,

1.e.,
| 7|
<ks g
commutes.

Proof. The proof is the same as the one given by Koppelberg ([16]) for k = 8. O

Proof of the theorem. Fix a tight s-filtration of A and construct h by transfinite
induction along this filtration, using Lemma 1.10 at the successor stages. O

In particular, this theorem gives that if A has the k-s.p.,, f : A — B is an
epimorphism with k-directed kernel, and B is tightly k-filtered, then there is an
homomorphism h : B — A such that foh =idg. h is called a lifting for f. Note
that h is injective.

Definition 1.11. Let M be the ideal of meager subsets of the Cantor space “2
and let A/ be the ideal of subsets of “2 of measure zero. Here the measure on “2 is
just the product measure induced by the measure on 2 mapping the singletons to
1. Let Bor(“2) be the o-algebra of Borel subsets of “2 and let C(w) := Bor(+2)/M
and R(w) := Bor(¥2)/N. C(w) is the Cohen algebra or category algebra and R(w) is
the measure algebra or random algebra. Let p : Bor(“2) — R(w) and ¢ : Bor(¥2) —
C(w) be the quotient mappings. A lifting for p is a Borel lifting for measure and a
lifting for ¢ is a Borel lifting for category. O

Using her version of Theorem 1.9, Koppelberg gave uniform proofs of several
mostly known results about the existence of certain homomorphism into Boolean
algebras with the countable separation property. Among other things, she observed
that under CH and in the Cohen model, C(w) and R(w) are tightly o-filtered. This
implies the existence of Borel liftings for measure and category in the respective
models (see [16]). Originally, the results on Borel liftings in these models were
obtained by von Neumann, Stone, Carlson, Frankiewicz, and Zbierski.

One may ask whether the existence of a Borel lifting implies the existence of a
tight o-filtration of the respective algebra. At least for measure, this it not the case.
According to Burke ([2]), Velickovi¢ has shown that after adding Ry random reals
to a model of CH, there is a Borel lifting for measure. However, it follows from the
results in [6] and [7] that in that model R(w) fails to have the weak Freese-Nation
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property, which will be introduced below and which is equivalent to o-filteredness.
It follows from Lemma 2.5 that R(w) is not tightly o-filtered if it is not o-filtered.

Shelah proved that it is consistent that there is no Borel lifting for measure,
respectively for category ([22]). Apart from the results mentioned above, little is
known about the existence of Borel liftings for measure or category. For example,
it is an open question whether it is consistent that the continuum is N3 and there
is a Borel lifting for measure or category. There is some connection to Theorem 5.4
here. The theorem says that no complete Boolean algebra of size > Ny is tightly
o-filtered. This means that the known arguments giving the existence of a Borel
lifting for measure, respectively category, in some models of set theory do not work
if the continuum is > Ns.

We do not know whether tight k-filteredness can be characterized by some prop-
erty like the one in Theorem 1.9. However, there will be several internal character-

izations of tight x-filteredness in the next section.

1.4. The k-Freese-Nation property. In this subsection we introduce the k-
Freese-Nation property, which turns out to be equivalent to x-filteredness. The
k-Freese-Nation property has been studied by Fuchino, Koppelberg, Shelah, and
Soukup ([8], [9], and [11]).

Definition 1.12. A Boolean algebra A has the k-Freese-Nation property (k-FN
for short) iff there is a function f : A — [A]<" such that for all a,b € A with
a < b there is ¢ € f(a) N f(b) such that a < ¢ <b. f is called a k-FN-function for
A. The Xy-FN is the original Freese-Nation property (FN), which has been used
by Freese and Nation to characterize projective lattices ([3]). The N;-FN is called
weak Freese-Nation property (WFN for short) and was introduced by Heindorf and
Shapiro ([15]). WFN(A) denotes the statement ‘A has the WFN’. O

This definition works perfectly well for partial orders instead of Boolean algebras.
The same is true for x-filteredness. However, in this article we will only be interested
in Boolean algebras. This is due to the fact that we do not know how to generalize
the notion of tight k-filteredness to arbitrary partial orders in a reasonable way.

It is easily seen that small Boolean algebras have the x-FN.
Lemma 1.13 ([8]). Every Boolean algebra A of size < k has the r-FN. (]

By a result of Heindorf ([15]), a Boolean algebra is re-filtered iff it has the FN.
Similarly, in [15] it is proved that for Boolean algebras the WFEN is the same as
o-filteredness. Fuchino, Koppelberg, and Shelah ([8]) gave a characterization of
partial orderings with the x-FN in terms of elementary submodels of some H,.
Their arguments implicitly show that s-filteredness and the x-FN are equivalent.
The following lemma collects the basic observations needed for the proof that k-

filteredness and the k-FN are equivalent:

Lemma 1.14. a) ([8]) If f is a k-FN function for a Boolean algebra A and
B < A is closed under f, then B <, A.



ON TIGHTLY k-FILTERED BOOLEAN ALGEBRAS 7

b) If B is a k-subalgebra of a Boolean algebra A and A has the k-FN, then B
has the k-FN, too.

c) ([8]) Let 6 be a limit ordinal and let (Aq)a<s be in increasing continuous chain
of Boolean algebras such that A, <, As for every a < §. If A, has the k-FN
for every a < &, then As has the k-FN as well.

Proof. Ounly b) has not been proved in [8]. Let f be a x-FN-function for A. For
each a € A fix X, € [B]<" such that X, is cofinal in B | a. For each b € B let
9(0) = U,erp) Xa- 9 is a i-FN-function for B: By regularity of «, |g(b)[<  for
every b € B. Let b,c € B be such that b < c¢. Now there is a € f(b) N f(c) such
that b < a < c. Let @’ € X, be such that b < a’ < a. Now b < d’ < ¢ and
a € gb)ng(e). O

Theorem 1.15. A Boolean algebra A has the k-FN iff it is k-filtered.

Proof. First let f be a k-FN-function for A. The family of those subalgebras of
A which are closed under f is easily seen to be a k-skeleton of A. By part a) of
Lemma 1.14, it consists of k-subalgebras of A.

For the other direction let S be a k-skeleton of A consisting of k-subalgebras.
Let B € S be of minimal size such that B does not have the x-FN. If such a B does
not exist, we are done since A itself is an element of S.

Let A :=|B|. By Lemma 1.13, A\ > k™. Let (by)a<x be an enumeration of B.
Inductively pick a continuously increasing sequence (B,)a<x in S such that for
each oo < A, |Ba|< A and {bg : B < a} C B,. This is possible by the properties of
S. Now B’ := (J,., Ba € S and B C B’. By part c¢) of Lemma 1.14, B’ has the
k-FN. Since B <., B', it follows from part b) of Lemma 1.14 that B has the x-FN.

A contradiction. O

The following lemma comes in handy when one wants to find out whether or
not certain complete Boolean algebras have the x-FN. The x-FN does not reflect

to subalgebras in general, but to subalgebras which are retracts.

Lemma 1.16. ([8]) Let A and B be Boolean algebras. If A is a retract of B and
B has the k-FN, then A has the k-FN. O

Since P(w) embeds into every infinite complete Boolean algebra and is complete,
PB(w) is a retract of every infinite complete Boolean algebra. Thus, PB(w) has the k-
FN iff any infinite complete Boolean algebra does. The most interesting case seems
to be k = N;. Fuchino, Koppelberg, and Shelah ([8]) noticed that every complete
Boolean algebra with the WFN satisfies the c.c.c. As mentioned earlier, for every
Boolean algebra A of size Xy, WFN(A) holds. Thus CH implies WEN(P(w)). It
is possible to enlarge the continuum by adding Cohen reals without destroying
WFN(PB(w)). Here adding x Cohen reals means forcing with Fn(k,2). In [8] and
[11] the following facts about WFN(P(w)) were established:

Theorem 1.17. a)([8]) Adding less than X,, Cohen reals to a model of CH gives a
model of WEN(B(w)).
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b)([11]) Adding any number of Cohen reals to a model of CH+—-0F gives a model
of WEN(B(w)). O

In [6] it was shown that the universe must be quite similar to a model obtained
by adding Cohen reals to a model of CH if WFN(3(w)) holds, at least as far as the
reals are concerned. Note that the Cohen algebra C(w) and B(w) both are retracts
of each other. Therefore one of them has WFN if the other one does. This was
noticed by Koppelberg ([16]). In [7] it was proved that (w) has the WFN iff the

measure algebra R(w) does.

2. CHARACTERIZATIONS OF TIGHTLY Kk-FILTERED BOOLEAN ALGEBRAS

In this section we give characterizations of tightly k-filtered Boolean algebras
which are similar to the characterizations known for projective Boolean algebras.
For these characterizations we have to assume that « is uncountable, simply because
some of the proofs given below do not work for kK = Ny. However, some of the
characterizations given below are parallel to those of projective Boolean algebras.
The main difference to the projective case is that projective Boolean algebras are
exactly the retracts of free Boolean algebras. A similar characterization of tightly k-
filtered Boolean algebras does not seem to be available. For the characterization of
tightly k-filtered Boolean algebras we will use the concept of commuting subalgebras

of a Boolean algebra.

Definition 2.1. Let A and B be subalgebras of the Boolean algebra C. Then A
and B commute iff for every a € A and every b € B such that a - b = 0 there is
cc AN B such that a <cand b < —c.

A family F of subsets of a Boolean algebra A is called commutative iff it consists

of pairwise commuting subalgebras. O
The connection between k-subalgebras and commutative families is given by

Lemma 2.2. Let F be a commutative family of subalgebras of A such that every

a € A is contained in some B € F of size < k. Then F consists of k-subalgebras

of A.

Proof. Let C € F and a € A. Then there is B € F such that a € B. We claim that
B contains a cofinal subset of C' | a. Let ¢ € C' [ a. Now —a-¢ = 0. Since B and C'
commute, there is b € BN C such that c < band —a < —b. But nowec < b <a. O

This lemma is implicitly contained in the book by Heindorf and Shapiro ([15])
for the case kK = N;.

It turns out that additivity of skeletons is what separates tight x-filteredness
from rs-filteredness.

Definition 2.3. A < k-skeleton (respectively x-skeleton) S of a Boolean algebra
A is called additive iff for every T'C S the Boolean algebra (| JT') generated in A
by (JT is a member of S. O



ON TIGHTLY k-FILTERED BOOLEAN ALGEBRAS 9

In order to make the similarities between projective Boolean algebras and tightly
k-filtered Boolean algebras apparent, we quote the following from Heindorf and
Shapiro ([15]):

Theorem 2.4. The following are equivalent for a Boolean algebra A:

(i) A is projective.

(ii) For some ordinal §, A is the union of a continuous chain (Ay)a<s consisting
of rc-subalgebras such that A,41 is countably generated over A, for every
a < 0 and Ag 1is countable.

(iii) A has a tight re-filtration.

)

(v) A has an additive skeleton consisting of rc-embedded subalgebras.

(vi) A is the union of a family C of countable subsets of A such that ({|JS) <,c 4
for every S C C. O

(iv) A has an additive commutative skeleton.

We have the following characterizations of tightly x-filtered Boolean algebras:

Theorem 2.5. Let k be an uncountable reqular cardinal. The following are equiv-

alent for a Boolean algebra A:

(i) For some ordinal 6, A is the union of a chain (Ay)a<s of k-subalgebras which
is continous at limit ordinals of cofinality > k such that A,41 is < k-generated
over A, for every a < ¢ and Ag has size < K.

(i1) A has a tight k-filtration.

(iii) A has an additive commutative < k-skeleton.

(iv) A has an additive < k-skeleton consisting of k-embedded subalgebras.

(v) A has an additive k-skeleton consisting of k-embedded subalgebras.
(vi) A is the union of a family C of subsets of size < k of A such that for all
S, T CC the algebras {JS) and ((JT) commute.
(vil) A is the union of a family C of subsets of size < k of A such that for every
SCC,(US) <. A.
(viii) A is the union of a family C of subsets of size < k of A such that for every
SCC,(US) <« A.

Proof. (i)=-(ii) was proved by Koppelberg ([16]) for £ = R;. The proof for arbitrary
regular x is exactly the same.

(iii)=(iv) follows from Lemma 2.2.

(iv)=(v) is trivial.

(iii)=(vi), (iv)=-(vii), and (v)=-(viii) can be seen using the same argument: Let
the C consist of the elements of the < k-skeleton (k-skeleton) of size < k (of size
< k). Then additivity of the < k-skeleton (k-skeleton) yields the desired property
of C.

(vi)=(vii) follows from Lemma 2.2 applied to the family F of all subalgebras of

A generated by a union of elements of C.
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(vii)=(i) and (viii)=-(i) are easily seen using the following argument: Let A =
{ao : a <|A|}. For every a <|A| choose B, € C such that a, € B,. Let
Ao = (Up<q Bp) for every a <|A|. (Aa)a<ja works for ().

(ii)=-(iii) is the only part that requires some work. Let (4)a<s € °A be such
that (({zg : B < a}))a<s is a tight x-filtration of A. For every S C ¢ let Ag :=
({zg : B € S}). With this notation the filtration is simply (Aa)a<s. Choose
f 6 — [8]<" such that for every o < ¢ the ideals A, | z, and A, | —z, are
generated by (Aa [ Ta) N Afq) and (As [ —a) N Ao respectively and such that
fla) Ca. Let S:={Ar: T CoA f[T] CT}. S is an additive < k-skeleton:

Clearly, every subset of A of size at least x is included in a member of S of the
same size. Moreover, any subset of A of size < k is included in an element of S of
size < k. Suppose 7 C S. Let U C PB(9) be such that 7 = {Ar : T € U} and every
T € U is closed under f. Then (|J7) = Ay € S since [JU is closed under f. In
particular, S is closed under unions of subchains.

It remains to show that S is commutative.

Suppose S, T C k are closed under f. It is sufficient to show that Agn, and
Apne commute for every a < 6. We will do so by induction on a.. The limit stages
of the induction are trivial. Suppose a = §+1. W.lLo.g. we may assume 3 € S. Let
U € Agne and v € Apng be such that u-v = 0. W.l.o.g. we may assume that u is
of the form a - x5 for some a € Agng. The case u = a — zg is completely analogous.
Only the following cases are interesting:

I v=0—2x3 for some b € Apng and 3 € T. Then zg € As N A, u < zg and
v < —xg.

II. v="b-2g for some b € Aprgand 5 € T. Thena-b-xg =0. Hence a-b < —xg.
Take ¢ € Af(g) such that a-b < ¢ < —x5. Then (a—c)-(b—c) =0, a-z5 < a—c
and b-x3 < b—c. Now a—c € Agng and b—c € Arng. By hypothesis, there
is r € Apng N Asnp such that a — ¢ <r and b — ¢ < —r. r is as required.

HOI. v € Arng. Then a-v < —z5. Choose ¢ € Ay gy such that a-v < ¢ < —wp.
Then a-v—-—c=0and u = a-23 < a—c Since a —c € Agng, there is
r € Asng N Arqp such that a —c <r and v < —r.

This completes the induction and (ii)=-(iii) of the theorem follows. O

Remark 2.6. It follows from the proof of the last theorem that A is tightly k-
filtered iff it has a tight s-filtration indexed by |A|. O

The assumption x > Ny was only needed for this theorem. From now on we only
assume k to be regular and infinite. The following corollary is very useful when one

wants to show that some Boolean algebra is not tightly x-filtered.

Corollary 2.7. Let k be an infinite reqular cardinal. If a Boolean algebra A is
tightly k-filtered, then there is a function f : A — [A]<" such that for any two sets
X,Y C A which are closed under f, (X UY) <, A.
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Proof. By Theorem 2.5 respectively Theorem 2.4, there is a subset C of [A]<* such
that A = |JC and for each § C C, (JS) <. A. For each a € A choose f(a) € C
such that a € f(a). f works for the corollary. O

Note that the function f constructed in the proof above has the following prop-
erty: Whenever F is a family of subsets of A which are closed under f, then
(UF) <x A. The existence of such a function characterizes tight x-filteredness
since the family C of subsets of A which are closed under f and of size < k works
for (viii) in Theorem 2.5. It would be interesting to know whether the existence of
a function as in Corollary 2.7 already characterizes tight x-filteredness.

Theorem 2.5 also gives

Corollary 2.8. a) Every Boolean algebra A of size k is tightly k-filtered.

b) Every Boolean algebra of size k™ which has the x-FN is tightly x-filtered.

¢) Every tightly k-filtered Boolean algebra has the k-FN.

d) If a Boolean algebra A is a retract of a tightly k-filtered Boolean algebra B,
then A is tightly k-filtered, too.

Proof. a) follows immediately from (i) in Theorem 2.5 respectively from (ii) in
Theorem 2.4.

For b) let A be a Boolean algebra of size ™ which has the x-FN. By Lemma
1.15, A is r-filtered. Let S be a x-skeleton of A consisting of k-subalgebras. In &
choose a strictly increasing sequence (As)q<,+ such that A = J,_,.+ Ao and for
all @ < k1, |A4|= k. By (i) of Theorem 2.5 respectively (ii) of Theorem 2.4, A is
tightly k-filtered.

c) follows easily from (v) of Theorem 2.5, respectively (v) of Theorem 2.4.

Ford)letp: B — Aande: A — B be homomorphisms such that poe =id4. By
Theorem 2.5 respectively Theorem 2.4, B has an additive x-skeleton 7 consisting
of k-subalgebras. Let 7’ be the set of those elements of 7 which are closed under

eop. It is easy to see that 7"’ is an additive k-skeleton for B as well. Now let
S:={p[C]:CeT'}.

Again, it is easy to see that S is an additive x-skeleton for A. We claim that S
consists of x-subalgebras of A.

Let C € 7' and a € A. Let Y be a cofinal subset of C' | e(a) of size < k. Then
plY] is a cofinal subset of p[C] | a of size < k. This proves the claim.

By Theorem 2.5, respectively Theorem 2.4, A is tightly s-filtered. O

3. STONE SPACES OF TIGHTLY kK-FILTERED BOOLEAN ALGEBRAS

The implication (i)=-(viii) and the proof of (viii)=-(i) of Theorem 2.5 show that
for a tightly x-filtered Boolean algebra there is a lot of freedom in the choice of
a tight s-filtration of A. This fact allows it to generalize some results of Kop-
pelberg ([17]) on Stone spaces of projective Boolean algebras to Stone spaces of
tightly k-filtered Boolean algebras. Koppelberg used her results to show that for
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each regular uncountable cardinal A\ there are only 2<* pairwise non-isomorphic
projective Boolean algebras of size \. However, this does not work for tightly x-
filtered Boolean algebras for x > Rg. In [5] it will be proved that for every regular
X there are 2* pairwise non-isomorphic Boolean algebras of size A which are tightly
o-filtered. Recall that tightly o-filtered Boolean algebras are tightly x-filtered for
every uncountable regular .

Let A be a tightly x-filtered Boolean algebra of size A and X its Stone space.

We are interested in the subspace of X of points of small character.

Definition 3.1. Let M) be the subspace of X that consists of the ultrafilters of A
which have character < A. For Boolean algebras B < C' an ultrafilter p of B splits
in C' iff there are distinct ultrafilters ¢ and r of C' both extending p. |

Note that p splits in C iff there is ¢ € C such that p U {¢} and p U {—c} both

have the finite intersection property.

Theorem 3.2. Let A be a tightly k-filtered Boolean algebra of size A where k < A,
X is reqular, and |5|<"< X holds for every 6 < \. Let X and M) be as above. Then
M,y is an intersection of subsets of X which are unions of less than k clopen sets
and is determined by a subalgebra B of A of size < X, i.e., there is B < A such
that |B|< A and pN B does not split in A for any p € M.

Proof. For the first assertion it is enough to show that for every point p in the
complement of My there is a set a, € X \ M) such that p € a, and a, is the
intersection of less than k clopen subsets of X.

Let p € X\ M. Then there is a x-filtration (AL )a<x of A such that the following
hold for all a < A:

a) pN A, splits in A, |,

b) Al ., is k-generated, but not < k-generated over A, .

This filtration can be constructed as in the proof of (viii)=-(i) of Theorem 2.5
using the fact x(p) = A to get a) together with some extra care to get b). Now
this filtration can easily be refined to a tight k-filtration (A4 )a<x such that pN A,
splits in Ay for every ordinal a < A of cofinality > k.

A moment’s reflection shows that for all &« < A the set a, of ultrafilters of A,
which split in A,11 is an intersection of less than x clopen sets in the Stone space
of A,. More exactly: Let x € A,41 be such that A, (z) = Agt1. An ultrafilter ¢
of A, splits in Ay yq iff gU{z} and ¢U {—z} both are centered. Let I, and I_, be
cofinal subsets of size < k of A, | = and A, | —z respectively. Now ¢ U {z} and
g U {—z} both are centered iff ¢ is disjoint from I, U I_,. But this holds iff the
point ¢ in the Stone space of A, is contained in the intersection of the clopen sets
corresponding to complements of elements of I, UT_,.

For every a < A let I, be a subset of A, of size < k which generates the filter

corresponding to a,.
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W.l.o.g. we may assume that the underlying set of A is A. Let

S:={a < A:«is a limit ordinal of cofinality > k

and the underlying set of A, is a}.

Since A is a regular cardinal larger than k, S is a stationary subset of A. Let
f A — X be the mapping which assigns to each a < A the least upper bound of
I,. Then f is regressive on S. Hence there is a stationary subset 7" of S such that
f is constant on T'. Let § be the value of f on T'. Since § has less than A subsets of
size < k, there is a stationary subset U of T' such that the mapping F' : a —— I,
is constant on U. Let I be the value of F' on U and let a, be the corresponding
closed subset of X which is an intersection of less than s clopen sets. For every
ultrafilter ¢ € a, and every a € U, ¢ N A, splits in Aq41. Therefore each ¢ € a,
has character A\. Hence a, C X \ M. Finally, p € a,, by construction. This proves
the first assertion of the theorem.

For the second assertion suppose that M) is not determined by a subalgebra
of A of size less than A\. By a similar argument as above, get a tight s-filtration
(An)a<x such that for every ordinal o < A of cofinality >  there is an ultrafilter
p € M) such that pN A, splits in A, 1. As above, there is a stationary subset U of
A consisting of ordinals of cofinality > k and a subset I of A of size < k such that
for every o € U the filter generated by I in A, corresponds to the closed subset of
the Stone space of A, of those ultrafilters which split in A,41. Let a be the closed
subset of X corresponding to I. a is an intersection of less than k clopen sets. By
construction, a N M) is non-empty. But all points in M) have character less than
A and all points in @ have character A\ because A is regular. Thus M) and a are
disjoint. This contradicts the choice of the filtration. O

4. BOOLEAN ALGEBRAS THAT ARE RC-FILTERED, BUT NOT TIGHTLY K-FILTERED

In this section the arguments will be mainly topological. Let us collect some

topological characterizations of the Stonean duals of k-embeddings.

Lemma 4.1. Let A be a subalgebra of the Boolean algebra B. Let X and Y be the
Stone spaces of A and B respectively. Let ¢ : Y — X be the Stonean dual of the
inclusion of A into B. The following statements are equivalent:

(i) A<, B

(i) For each clopen set b CY, x(¢[b], X) < k.

(iil) For each closed set b C'Y such that x(b,Y) < k, x(¢[b], X) < k.

Proof. Stone duality. O

Recall that for a closed subset a of topological space X the pseudo-character of
a is the minimal size of an open family F in X such that (| F = a. For a Boolean
space it sufficient to consider clopen families F. The pseudo-character of a equals

the character of a if X is compact.
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The concept of a symmetric power of a topological space was used by Scepin in
order to get an openly generated space that is not Dugundji or, in terms of Boolean
algebras, to get a Boolean algebra that is rc-filtered but not projective. We will

give a slight generalizion of his result.

Definition 4.2. Let X be a topological space. Let ~x be the equivalence relation
on X? that identifies (z,y) and (y,z) for all z,y € X. Let SP*(X) := X2/ ~x.
If X is the Stone space of the Boolean algebra A, then SP2(X) is also a Boolean
space and the algebra of clopen subsets of SP?(X) corresponds to the subalgebra
SP?(A) of A® A consisting of those elements which are fixed by the automorphism
of A @ A that interchanges the two copies of A. O

Lemma 4.3. (Scepin, see [15]) SP? is a covariant functor from the category of
Boolean algebras into itself where the definition of SP? on homomorphisms is the
natural one. Let A be a Boolean algebra. Then the embedding SP*(A) — A@® A
is relatively complete. SP? is continuous, i.e., if (An)a<x is an ascending chain of
subalgebras of A, then
SP?(J 4a) = | SP*(4w).
a< a<

SP? preserves cardinalities, i.e., if A is infinite, then | A|=|SP?(A)|. SP%*(A) is
re-filtered provided that A is. O

It turns out that SP?(Fr(\)) is not tightly s-filtered if X is large enough. This

will follow easily from

Lemma 4.4. Let A, B, and C be infinite Boolean algebras such that the Stone
space of A has character > K.
Then
(SP?(A® B)USP*(A® C)) £, SP?’(A® Ba C).

Proof. We prove the topological dual. Let X, Y, and Z be the Stone spaces of A,
B, and C respectively. To commence we introduce names for several mappings.
Let 7%, and 7%, denote the projections of (X x Y x Z)? onto (X x Y)? and
(X x Z)? respectively. Let 7 denote the quotient map from (X x Y x Z)? onto
SPQ(X xY x Z). Tt follows from Lemma 4.3 that 7 is open. Let mxy and wxz
denote the projections of X x Y x Z onto X x Y and X X Z respectively. Now
SP?(rxy) and SP?(wxz) are also defined. Let

$:SP*(X xY x Z) — SP*(X x Y) x SP}(X x Z);
p = (SP*(mxvy)(p), SP*(7x2)(p))
and P :=Im¢. Note that ¢ is the Stonean dual of the inclusion from

(SP?(A@® B) USP*(A® ()
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into SP?(A @ B @ C). The picture looks like this:

(X xY x Z)?

2 2
/ Xz

(X xY)? m (X x Z)?

SP*(X x Y x Z)

5P (i) 6 w

SP*(X xY) P SP(X x Z)

\ . /

SP?(X x Y) x SP*(X x Z)

Here the mappings that are not labeled are the natural ones.
Now let U;,U; CY and Vi, V, C Z be non-empty, clopen, and disjoint.
Claim 1: w[X x Uy x Vi x X x U x Va] is clopen in SP*(X x Y x Z) but
(pom)[X x Uy x V1 x X x Uz x V| has character > & in P.
This claim together with Lemma 4.1 proves the lemma. For its proof we need
Claim 2:

W= (¢ togom)[X x Uy x Vi x X x Us x Vi
=7[X xUp x Vi x X x Uz x V5]U U w[{z} x Uy x Vo x {z} x Uz x V1].
zeX
Proof of Claim 2: Let (a1,b1,c1,a2,ba,c2) be such that w(a1,b1,c1,a9,bs,c2)
is contained in W but not in w[X x Uy x Vi x X x Uy x V3]. Then there is
(a}, b, c),ah,bh,ch) € X x Uy x Vi x X x Uy x Vo such that

(¢ o W)(al,bl,ChCLQ,bg,Cg) = ((bo ﬂ-)(a/labg_acg_aaéa /270/2)'

We may assume a; = a} and ag = ay. Now the following holds: {b1, b2} = {], 05},
{c1,e2} = {c}, b}, by # by, ¢ # ¢, and hence ¢1 # ¢ and by # bo.
Suppose a1 # as. In this case

((&1, bl)v (aQa bQ)) ~XXY ((a’lla bll)v (a’IQa b/Q))

and
((alﬂ Cl), (a27 02)) ~MXXZ ((allﬂ cll)ﬂ (a’/27 CIQ))

Moreover, b; = b; and ¢; = ¢} for i = 1,2, and hence
ﬂ(al,bl,cl,ag,bg,@) S 7T[X xUp xVi x X xUyx VQ],
a contradiction. Thus, a; = ag. Since {b1,ba} = {b], 05} and {c1,c2} = {c}, b},

/ / / / / /
(al,bl,Cl,QQ,bz,CQ) ~NXXYXZ (Cll, 15 Co5 Qo, 2)01)-
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Therefore

(al,bl,cl,ag,bg,CQ) S U W[{ﬁ} x Uy x Vo x {(E} x Uy x Vi]
rzeX

Conversely, let a € X, b; € U;, and ¢; € V; for i = 1,2. Now

(¢O7T)(a7b1,02,a,b2,01) = (¢07T)(a7b1,01,a,b2702)
E(pom)[X xUp x V1 x X x Uy x Val.
This finishes the proof of Claim 2.
Proof of Claim 1: w[X x Uy x Vi x X x Uy x Vs] is clopen in SPQ(X xY x Z)

since
(71'71071')[X><U1XV1 XXXUQX‘/Q]
=X xU1 x Vi x X xUasx Vo)U (X xUsx Vo x X xUp x V)
is clopen in (X x Y x Z)2.

For the character part of Claim 1 let A%[X] be the diagonal {(x,z): 2 € X} of
X2 Now

X((@om)[X x Uy x Vi x X x Uy x Va), P)

>X<Uw[{x}xUl><V2><{x}><U2><V1],SP2(X><Y><Z)>

reX

ZX(U({x}xlesz{a:}Xszvl)

zeX

UU({x}ngxvlx{x}xleVg),(XxYxZ)2>

reX
> x(A?[X], X?) > x(X).

Here the last inequality can be seen as follows. Let p := x(A?[X], X?) and let
{U® : a < p} be a local base at A?[X]. For each x € X and each o < p pick
an open set U2 C X containing z such that (U2)? C U®. Now (N,.,U%)?* =

a<pu T
ﬂa<#(U§‘)2 C A?[X]. Hence Na<, Uz = {z}. Thus z has pseudo-character < .
Since X is compact, x has character < p. O

Now we are ready to prove a theorem which yields the promised examples of
rc-filtered Boolean algebras which are not tightly s-filtered.

Theorem 4.5. Let  and X be reqular. SP?(Fr \) is tightly s-filtered iff X < kt.

Proof. A := SP?(Fr\) is rc-filtered by Lemma 4.3. In particular, A is x-filtered for
every regular cardinal k. For A\ < k*, |A|< k™. Hence, by the characterization
of tightly k-filtered Boolean algebras, A is tightly x-filtered. This proves the easy
implication of the theorem.

Now let A > x*. Suppose A is tightly x-filtered. Then there is a function
f:A— [A]<* as in Corollary 2.7. For S C A let SP(S) := SP?(Fr S) and consider
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this algebra as a subalgebra of A in the obvious way. Since SP? is continuous
and cardinal preserving, there are disjoint sets S,T € [)\}"C+ such that SP(S) and
SP(S UT) are closed under f. Choose S" C S UT such that SP(S’) is closed
under f and |S'NS|=|S"NT|= k. Let Sp := 5" NS and Ty := S’ NT. Finally,
choose Sy € [S]* disjoint from Sy such that SP(Sy U Sy) is closed under f. Since
SP(Sy U S1) and SP(Sp U Tp) are closed under f and by the choice of f,

<SP(SO U 51) U SP(SO U T0)> <, A.
This contradicts Lemma 4.4. O
Clearly, this theorem implies

Corollary 4.6. For each regular cardinal k there is a Boolean algebra A such that
A is re-filtered but not tightly k-filtered. O

5. COMPLETE BOOLEAN ALGEBRAS AND TIGHT 0-FILTRATIONS

Fuchino and Soukup ([11]) have shown that there may be arbitrarily large com-
plete Boolean algebras which are o-filtered. More exactly, if CH holds and 0 does
not exist, then all complete c.c.c. Boolean algebras are o-filtered. In this section,
we look at the stronger property of having a tight o-filtration. It turns out that no
infinite complete Boolean algebra of size larger than N, is tightly o-filtered. It is
sufficient to prove that the completion of the free Boolean algebra over N3 gener-
ators has no tight o-filtration, since the Balcar-Franék Theorem implies that this

algebra is a retract of every complete Boolean algebra of size larger than Na.

Definition 5.1. For a set X let the Cohen algebra C(X) over X be the completion
of the free Boolean algebra Fr(X) over X. For X C Y, C(X) will be regarded as a
complete subalgebra of C(Y") in the obvious way. O

Theorem 5.2. C(R3) is not tightly o-filtered.
The proof of this theorem uses

Lemma 5.3. Let Z C R be uncountable, x sufficiently large, and Mo, M, < H,
such that Z C MoN My and N3N (M1 \ M) and N3N (Mo \ My) are infinite. Then

((C(R3) N Mo) U (C(R3) N My)) £5 C(N3).

Proof. We may assume that X3 C C(N3) and the canonical complete generators of
C(N3) are precisely the elements of R3. Note that A := C(R3) N My < C(R3 N M)
and B = C(X3) N M; < C(RsNMy). Let R := RN Mon My, S = Ry (Mo \ My),
and T := N3 N (M; \ Mp). Let Ag := Fr(S) < A, By := Fr(T) < B, and Cj :=
Fr(R) < AN B. Fix maximal antichains (z,)4eq € @Ao and (y,)qeq € ¢Bo. Even
though S and T are typically not elements of My, respectively M7, there are infinite
sets S C S and T' C T such that S’ € My and T’ € M;. For example, for « € S
the set {a+n :n € w} is a subset of S and an element of My. Therefore we may
assume (zq)qeq € Mo and (yq)qeq € M1. Let ¢ := > {xp-yq : p,g € QAp > g}
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For each r € R let ¢, := > {xp -yq : g € QAp > r > g}. Note that for all
re RN Myn M,

cT:Z{xp:pe@/\pzr}-Z{yq:qEQ/\rEq}E(AUB).

Claim 1: Suppose rg < --- < 1, is a finite sequence of reals and (a;)i<, € "A
and (b;)i<n, € "B are such that ) . a;b; < c. Then Zign Cri £ icn Gibi.

Proof of Claim 1: Suppose » .., ¢, < > ., a;b;. Fix rational numbers g;,
i < m, such that 79 < go < 1 < < Gn-1 < Tn. For i < nlet (a¥)ren € “ Ao,
(d¥)kew, (€ )icw € “Co, and (b))icw, € “By be such that a; = Y, aFdy and b; =
e biel. Now a;-b; = D kicw aFdFelbl. Inductively define sequences (i;)j<n € "n
and (e;)j<n € "Cy as follows:

Let ip < n be such that by, - y4 # 0 for some g < qo. 7o exists since ¢, <
> icn @ibi. Let I € w be such that bli0 -yq # 0 for some ¢ < gy and set ey := eéo.
Since >y e, ak¥dFelbl = a;-b; < ¢, for each k € w with af -2, # 0 for some p > qo,

k —
di, - eo = 0. Therefore ega;,bi, < 32, . Tp.

Now suppose j + 1 < n and i; and e; have been already defined such that
(¥) € (aigbiy + - +agby) < . ap
p<qj

Let ij11 < n be such that e;b;,,,y, # 0 for some q € [g;,qj41). ij41 exists since

Crivr < D ien @ibie By (%), 541 & {io, ..., 45}

Let [ € w be such that ejeﬁjﬂbéHlyq # 0 for some ¢ < gj41 and put ey =
1 k

P k gk 131 b :
ej-e;..,- Again, since ), o aidie;b; = a;-b; < c, for each k € w with a7, @, # 0
. ke = ) ) .
for some p > gj41, d7 | - €41 = 0. Therefore, €j1a4,,, b, < > p<airs Lo

By construction, (i;);<n is a permutation of n. It follows that e, 1), _, a;b; <
Zp <an_r Tp> contradicting the assumption ¢, <, a;b;. This proves Claim 1.

Claim 2: (AU B) | ¢ does not have a countable cofinal subset.

Proof of Claim 2: Let D be a countable subset of (AU B) | c¢. Every element
d € D is of the form ), a;b; for some n € w, (a;)i<n € "A, and (b;)i<n € "B.
Therefore by Claim 1, for every d € D there are only finitely many r € R such that
¢r < d. Thus, there is r € Z such that ¢, € d for every d € D. Since ¢, € (AU B)
and ¢, < ¢, D is not cofinal in (AU B) [ ¢. This proves Claim 2 and concludes the

proof of Lemma 5.3. |

Proof of Theorem 5.2. Assume on the contrary that C(XN3) is tightly o-filtered.
Then by Corollary 2.7, there is a function f : C(N3) — [C(X3)]*° such that for
all subalgebras A, B < C'(N3) which are closed under f, (AU B) <, C(N3).

Let Z C R be of size X;. Let x be sufficiently large and fix Ng, N1 < H, such that
f € NoNNy, Z C NoNN1, Ng € Ny, and |[Ng N R3|=|(N7 \ No) N N3|=Na. Let M7 <
N; be such that f € My, Z C My, and |M; N Nog N R3|=| M1 N (N1 \ No) NR3|=
N;. Finally, let My < Ny be such that f € My, Z C My, and | My N N3 |=
|(Mo \ M1) N R3|=Ry. Since f € MyN My, C(R3) N My and C(N3) N M7 are closed
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under f. However, by Lemma 5.3,
((C(R3) N Mo) U (C(R3) N My)) £5 C(R3).
A contradiction. O
Theorem 5.2 easily implies
Corollary 5.4. No complete Boolean algebra A of size > N3 is tightly o-filtered.

Proof. Let A be a complete Boolean algebra of size at least N3. By the wellknown
Balcar-Franék Theorem, Fr(N3) embeds into A. By the completeness of A, this
embedding extends to C(N3). Since Fr(N3) is dense in C(N3), this extension is an
embedding as well. By the completeness of C(R3), C(N3) is a retract of A. Thus,
by Corollary 2.8, C(N3) is tightly o-filtered if A is. Since C(R3) fails to be tightly
o-filtered by Theorem 5.2, so does A. |

Corollary 5.5. A complete Boolean algebra A is tightly o-filtered iff A has the
WEN and |A|< Ro. In particular, PB(w) is tightly o-filtered iff it has the WFN and
280 < Ny,

Proof. A Boolean algebra A of size < Ng which has the WFN is tightly o-filtered
by Corollary 2.8. On the other hand, if A is complete and tightly o-filtered, then
|A|< R by Corollary 5.4 and A has the WFN by Corollary 2.8. O

5.1. The pseudo product of Cohen forcings. While so far the only known way
to obtain a model of = CH + WFN(B(w)) is to add Cohen reals to a model of CH,
there is some freedom in the choice of the iteration used for adding the Cohen reals.
In [10] Fuchino, Shelah, and Soukup introduced a new kind of side-by-side product

of partial orders.

Definition 5.6. Let (P;);cx be a family of partial orders where each P; has a
largest element 1p,. As usual, for p € [[,cy P; let supp(p) := {i € X : p(i) # 1p,}
be the support of p. Let [[;cyx Pi :={p € [I,cx Pi :[supp(p)|< Ro} be ordered such
that for all p,q € [Tic x Pis

p<qgeVie X(pi) <q(@)A i€ X :p(i) #q(i) # 1p}<Ro. O

Among other things, Fuchino, Shelah, and Soukup proved the following about
this product:

Lemma 5.7. Let (P;);cx be as in the definition above.

a) For every Y C X, [[icx = [Tiey * [licx\v-
b) Under CH, [];cy Fn(w,2) satisfies the Ry-c.c. and is proper. O

Forcing with [T’ v Fn(w, 2) for some uncountable set X over a model of CH gives
a model of the combinatorial principle &, as was shown in [10]. & is a prediction
principle on R; and follows from ¢, but is, unlike ¢, consistent with =CH. We will
show that PB(w) has the WFN after forcing with [, v Fn(w,2) over a model of
CH, provided |X] is smaller than R,,. We will use the well-known
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Lemma 5.8. Assume that the partial order P is the union of an increasing chain
(Pa)a<x of completely embedded suborders. Let G be P-generic over the ground
model M and for each a < X\ let G, := P, NG. If X has uncountable cofinality,
then for every real x € M[G] there is o < A such that x € M[G]. O

A proof of this lemma can be found in [1].

Theorem 5.9. Let A <X, be an uncountable cardinal and suppose CH holds. Let
P :=T1I._\Fn(w,2). Then

IFp WEN(B(w)) and 2%° = .

Proof. Let M be the ground model satisfying CH and let G be P-generic over M.
It follows from Lemma 5.7 that P is cardinal preserving and that the continuum
is A in M[G]. Throughout this proof we will use Lemma 5.7 without referring to
it anymore. For each X C X with X € M consider Px := [,y Fn(w,2) as a
suborder of P in the obvious way and let Gx := Px NG and Px := (P(w))MIEx],
(Ba)a<a is continuous at limit ordinals of uncountable cofinality by Lemma 5.8.

Claim. In M[G]: For each ao < A, P, <5 P(w).

Proof of the claim: We argue in M[G]. Let o < A. Let x € P(w). By Ra-c.c. of
P, in M there is a subset X of A of size < Ny such that x € Px. By Lemma 5.8,
in M there is a countable subset Y of X \ « such that x € M[G,][Gy]. The set
D :={p € Py :supp(p) = Y} is dense in Py-. Thus there is p € Gy N D. It is easy
to see that Py | p:= {q € Py : ¢ < p} is isomorphic to Fn(w, 2). Therefore, there
is a Cohen real r over M[G,] in M[G] such that € M[G4][r]. It was shown in [8]
and in [23] that

M[G,][r] E (B(w) N M[G4]) | = has countable cofinality.

By properness of P, B, | = has countable cofinality in M[G]. This finishes the
proof of the claim.

Now it follows by induction on the size of A that WFN(PB(w)) holds in MI[G].
The induction uses Lemma 1.14 and the fact that WFN((w)) holds under CH. O

Applying part b) of Corollary 2.8 we get

Corollary 5.10. Forcing with [, -y,
of set theory where P(w) is tightly o-filtered. O

Fn(w,2) over a model of CH gives a model

6. AUTOMORPHISMS OF P(w)/fin

In [23] Shelah and Steprans showed that in the Cohen model there is a non-
trivial automorphism of (w)/ fin, that is, an automorphism which is not induced
by a bijection between two cofinite subsets of w. Koppelberg ([16]) indicated how
this result can be proved using the tight o-filteredness of P(w)/fin in the Cohen

model.
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However, it turns out that it is not necessary to assume that we are working in
the Cohen model. Let MA(countable) denote the statement ‘Martin’s Axiom holds

for all countable partial orders’. In [6] the following is proved:
Lemma 6.1. If 2% < X, then WEN(B(w)) implies MA (countable). O

MA (countable) allows it to extend isomorphisms between small o-subalgebras
of PB(w)/fin. More exactly, the following holds:

Lemma 6.2. Let A be a o-subalgebra of P(w)/fin of size < 280, f: A — P(w)
an embedding, and xz,y € P(w). Then MA(countable) implies that f extends to an
embedding f : A(x) — P(w)/fin such that f(x) # y.

Proof. This lemma seems to be well known. Except for the ‘f(z) # y’-part, a
proof is contained in [16]. It is easy to get an f with f(x) # y from Koppelberg’s

argument as well. O

Recall that an ultrafilter x C PB(w)/fin is a p-point if for every countable set
C C z there is a € x such that a < b for every b € C. Using Lemma 6.2 together
with Theorem 2.5, we get

Theorem 6.3. Suppose that P(w) is tightly o-filtered. Then

a) P(w)/fin has 92" automorphisms. In particular, there are non-trivial auto-
morphisms of P(w)/ fin.

b) the automorphism group of P(w)/ fin is simple.

¢) for any two p-points x,y C P(w)/ fin there is an automorphism h of P(w)/ fin
such that hlz] = y.

d) for every antichain (an)new in P(w)/fin, all n € w, and all automorphisms
hn of B(w)/fin | a, there is an automorphism h of P(w)/fin such that for
everyn € w, h [ (P(w)/fin | arn) = hy.

Proof. Assume ‘PB(w) is tightly o-filtered. By Corollary 5.4, the continuum is at
most Ny. By Lemma 2.8, a Boolean algebra of size < Ny is tightly o-filtered iff it
has the WFN. Using the countability of fin, it is easily seen that WFEN(PB(w)) and
WEN(B(w)/ fin) are equivalent. It follows that P(w)/ fin is tightly o-filtered.

For a) note that there are only 2% trivial automorphism of B (w)/fin. Thus
B(w)/ fin has a non-trivial automorphism if it has more than 2%° automorphisms.
Under CH, it was essentially shown by Rudin ([18]) that J(w)/fin has 22° auto-
morphisms. Hence we may assume 250 = Ry,

We will construct a family (h) few22 of pairwise distinct automorphisms of (w).
By the tight o-filteredness of P(w)/ fin together with Lemma 2.5, there is a con-
tinuous chain C of ordertype ws of o-subalgebras of PB(w)/fin of size Ry such that
UC = PB(w)/fin. By induction on <22 ordered by inclusion, for every f € <“22
we pick an algebra Cy € C and define an automorphism hy of Cy such that the

following two conditions hold:
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(i) For each f € “22, (Cfia)a<w, and (Afja)a<w, are continuously increasing
chains.
(ii) If f,g € <22 and f and g are incomparable, then so are hy and h.
Note that by Lemma 6.1, MA (countable) holds and therefore we can apply Lemma
6.2. The limit steps of the construction are completely determined by the continuity
requirements.

Now let f € <“22 and suppose Cy and hy have already been defined. Using
Lemma 6.2, we get two incomparable extensions g and g3 of hy. Of course, typi-
cally g§ and g are not automorphisms of their domains and these domains are not
elements of C. However, we can perform an induction of length wy using a back-and-
forth argument and some book-keeping to get continuously increasing sequences
(92)a<w, and (g})a<w, of partial isomorphisms of J3(w)/ fin such that for all i € 2,
9" = Uacw, 94 18 an automorphism of its domain and dom(g”) = dom(g") € C.
In this induction Lemma 6.2 is used at the successor steps in order to extend
the given partial isomorphisms. Recall that if A <, P(w)/fin, then for every
X € [B(w)/fin] we still have A(X) <, P(w)/fin by part d) of Lemma 1.2. This
keeps the induction going. For i € 2 let hy—(;) := g" and Cy~(;) := dom(g").

Having succeeded in the construction of Cy and hy for all f € <“22, for each
fe“22let hy = U,co,
dom(hy) = P(w)/fin. Clearly, the family (hy)fecw22 is as desired. This concludes
the proof of part a) of the theorem.

hfio. Since C has ordertype ws, for every f € “22,

The arguments for part b), ¢), and d) follow the same pattern as the argument
for part a) and use some additional ingredients from the proofs that b), c), and d)
hold in the Cohen model. For the Cohen model, b) is due to Fuchino ([4]) and c)
and d) are due to Steprans ([24]). O

Note that ¢) and d) together imply that every sequence (x,)nen 0f p-points
in PB(w)/fin can be mapped onto any other sequence (y,)new of p-points by an
automorphism ([24]).
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