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Abstract. We prove induced Ramsey theorems in which the monochromatic induced subgraph
satisfies that all members of a prescribed set of its partial isomorphisms extend to automorphisms
of the colored graph (without requirement of preservation of colors).

We consider vertex and edge colorings, and extensions of partial isomorphisms in the set of
all partial isomorphisms between singeltons as considered by Babai and Sés [3], the set of all
finite partial isomorphisms as considered by Hrushovski [7], Herwig [8] and Herwig-Lascar [13],
and the set of all total isomorphisms.

We observe that every finite graph embeds into a finite vertex transitive graphs by a so called
bi-embedding, an embedding that is compatible with a monomorphism between the corresponding
automorphism groups. We also show that every countable graph bi-embeds into Rado’s universal
countable graph I'.

1. Introduction

We prove results which extend two different lines of research in graph theory. The first is
the problem of embedding graphs into graphs with prescribed symmetry properties. Babai
and Sés [3] have shown how to embed a given finite graph into a finite transitive one and
Hrushovski [7] has shown that every finite graph H can be embedded into a finite transitive
graph G so that every partial isomorphism of H extends to a total automorphism of G.
Hrushovski’s theorem was needed in the model-theoretic proof of the small index property
of the automorphism group of Rado’s countable universal graph I" [12]. Further research in
this direction was done by Herwig [8] and Herwig and Lascar [13]. Symmetrized embedding
relations between infinite structures were studied on families of sets by Kojman and Shelah
in [15], where, among other results, the existence of a bi-universal Borel family of sets
over a countable set was proved, and by Chatzidakis and Hrushovski [4] on differential
fields.

The second line of research is induced Ramsey theory which investigates the existence
of prescribed induced subgraphs that are monochromatic with respect to vertex or edge
colorings (see [17] and [6] for the history of the subject).



2 Stefan Geschke, Menachem Kojman

In the present paper we study the Ramsey-theoretic properties of symmetrized graph
extensions. A typical symmetrized induced partition relation with a target graph H and
a source graph G asserts that not all induced copies of H in G which satisfy that each
member in a prescribed subset of their partial isomorphisms extends to a total automor-
phim of G can be “killed” by vertex or by edge colorings with a fixed finite number r of
colors.

Such results strengthen induced Ramsey theorems, as the collection of symmetrized
copies of a graph H in a graph G is strictly narrower than the collection of all induced
copies of H in GG, and they strengthen the symmetrization results in the line of [3,7] by
showing that not only a single symmetrized copy of H in G can be obtained, but many
such copies.

We prove symmetrized finite Ramsey theorems for vertex and for edge colorings, and
provide upper bounds. We also treat the infinite case and prove that for every vertex
coloring of the countable random graph I by finitely many colors there is a color which
for every countable graph G contains an induced copy of G all of whose total automor-
phisms extend to automorphisms of I'. The fact that every countable graph G has at least
one induced symmetrized copy in I resembles Uspenskij’s treatment [20,21] of Uryson’s
universal separable metric space U: Uspenskij proved that every separable metric space
X isometrically embeds into U by an embedding that is compatible with a continuous
embedding of the group of auto-isometries of X into the group of auto-isometries of U. It
follows that Aut(U) is a universal topological group of countable weight.

1.1. Symmetrized subgraph relations

By “graph” we always mean a simple graph G = (V, E) = (V(G), E(G)) where V # () is
the set of vertices and E C [V]? is the set of unordered edges.

A partial isomorphism of a graph H is an isomorphism f : A — B between two induced
subgraphs of H. Suppose H is an induced subgraph of G. A partial isomorphism f of H
is implemented by Aut(G) if there exists f* € Aut(G) such that f C f*. For a set F of
isomorphisms between subgraphs of H we write H C!" G if H is an induced subgraph of
G and every f € F is implemented by Aut(G). Let H <¥ G mean that H is isomorphic
to some H’ which satisfies H' CF G, where F’ is the set of partial isomorphisms of H’
that is induced by F' via the isomorphism between H and H'.

Let P = P(H) denote the set of all isomorphisms between finite induced subgraphs
of H, let P, = P;(H) denote the set of all maps whose domain and range are singleton
subsets of V(H) and let A = A(H) abbreviate Aut(H). Thus, H C¥ G means that every
isomorphism between finite induced subgraphs of H extends to a total automorphism of
G, H C @ means that every vertex of H can be moved to every other vertex of H by
an automorphism of G, and H C* G means that every total automorphism of H extends
to an automorphism of G. All three relations above are transitive.

More generally, as the sets P;(H) and P(H) increase with H, if H; C Hy CF G for
F € {P,, P}, then also H; CF G. That is, the relations H C” G and H CF G are
downwards hereditary to induced subgraphs of H. If H; is an induced subgraph of Hs,
then not every automorphism of H; needs to extend to an automorphism of Hy and not
every automorphism of H, necessarily restricts to an automorphism of H;. There is indeed
no implication between H; C4 G and Hy C4 G when H; and H, are induced subgraphs
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of a graph G with V (H,) C V(H,). All three relations C!" are upwards hereditary on the
right hand side via C# extensions, that is, H; C¥ Hy C4 G implies that H; CF' G.

The relation H C¥ G always implies H C G, and, if G is finite, then H C G implies
H C4 @G since A(H) C P(H). Neither of the relations H C* G and H C4 G implies the
other or the relation H C* G.

For infinite H and G it can happen that H CF G without H C* G. Let I" denote
Rado’s countable and universal random graph. Every isomorphism between two finite
induced subgraphs of I" is implemented by Aut(I), that is, I’ C” I', and hence every
induced subgraph H of I' satisfies H C¥ I'. However, not every induced subgraph H
of I' satisfies H C* I'. (An example: let H = K U {v}, an infinite clique K with one
additional vertex v, with the neighborhood of v in K both infinite and co-infinite. For
every copy H' of H in I' the copy of K obtained by omitting the image of v from H’ is
not a C*4-subgraph of I". Also see Remark 2 below.)

As every countable graph embeds as an induced subgraph of I', it holds that for every
countable graph G,

G<fr (1)

A fundamental theorem of Hrushovski [7] says that to implement all partial isomor-
phisms of a finite graph H some finite G extending H suffices. Recall that a graph
G is (vertex) transitive if for any two vertices v,u € V(G) there is an automorphism
o € Aut(G) such that o(v) = u. Equivalently, G is transitive iff G C G.

Theorem 1. (Hrushovski [7]) For every finite graph H there exists a vertex transitive
finite graph G such that

HC? qG. (2)

Denoting the number of vertices of H by n, the upper bound on the size of G provided
by Hrushovski’s proof was (2n2")!. A much better upper bound of 2271°¢™ follows from the
simpler proof of Hrushovski’s theorem due to Herwig and Lascar [13]. (Here and later in
the paper log denotes logarithm with base 2). Denoting the maximal degree of a vertex in
H by k, the size of G can be bounded by (nk)® < n?". A slighly better bound of (3en/4)"
is also provided in the paper by Herwig and Lascar. An exponential lower bound on the
size of G for a general H was provided by Hrushovski.

There is a natural strengthening of the relation C# between graphs. In analogy to
[15] we call an embedding e of a graph H as an induced subgraph into a graph G a
bi-embedding if there is a group homomorphism h : Aut(H) — Aut(G) such that for all
o € Aut(H), eoo = h(o) o e. Clearly, such a homomorphism A is necessarily injective. If
H is bi-embeddable into G, we write H <;; G. If H is an induced subgraph of G, then
H is a bi-embedded subgraph of G (H Cy; G) if the inclusion map from H to G is a
bi-embedding. The relations H <,; G and H C;; G are transitive.

1.2. Induced partition relations

For graphs H and G the symbol G — (H)? with natural r > 1 and d € {1, 2} means that
for every coloring of vertices of G, if d = 1, or of edges of G, if d = 2, by r colors, there
exists a monochromatic induced copy of H in G. It is customary to omit r = 2 from this
notation.
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The induced Ramsey theorem [17] states that for every finite graph H, d € {1,2}, and
finite 7 > 1 there exists a finite graph G such that G — (H)%. For r = 2 the upper bound
on |G| for H with n vertices is 27*(°¢™)” (see [14] and [10]).

We strengthen this relation by requiring that some of the partial isomorphisms of the
monochromatic induced copy of H are implemented by Aut(G). For a set F' of partial
isomorphisms of H the symbol

G " (H)?

r

means the same as above with the additional condition that when identifying H with its
monochromatic copy in G, every partial isomorphism in F' is implemented by Aut(G).

G —bi (H)d

r

means that the embedding of H into G as a monochromatic induced subgraph of G is a
bi-embedding and
Gy (H)y
means that the monochromatic copy H' of H in G satisfies both H' Cy; G and H' CF' G.
The properties of the relations C!" which were discussed above give that G —% (H )4
and G —* (H)¢ are downwards hereditary to induced subraphs of H and that for an
arbitrary set F' of partial isomorphisms of H the two relations H <¥ H’ and G —* (H')¢
together imply G —f (H)L G <4 G’ and G —T (H)? together imply G’ —F (H)4.

G —p (H)? implies G 4 (H)Z The relation G =, (H)? is upward hereditary with

respect to extensions of G in which G is bi-embedded (bi-extensions) and downward
hereditary with respect to bi-embedded subgraphs of H.

1.3. The results

We prove finite and infinite symmetrized induced Ramsey theorems for each choice of
d € {1,2} and F € {P;, A, P}. We prove that for every finite graph H and natural
number r > 1 there exists a finite graph G so that

G —" (H)% (3)

r

Upper bounds on the number of vertices in GG are given in the number of vertices of H
and 7 in each case for finite H. In the case d = 1 and F' = P;, for example, the size of G is
bounded asymptotically by |H|?*9)" for arbitrarily small € > 0, whereas with F' = P and
d = 1 the bound jumps up to the vicinity of the bound in the standard induced Ramsey
theorem for edge colorings.

In the case of vertex colorings, we actually obtain induced Ramsey theorems for the
partition relations of the form G —{; (H)!.

As mentioned above, not every induced subgraph G of the infinite random graph I
satisfies G C4 I'. However, we prove that for every countable graph G and r > 0,

I —bi (G)l (4)

r

In fact, for every coloring of the vertex set of I' by finitely many colors, a single color
contains bi-embedded copies of all countable graphs.

We also observe that the standard proof of the induced bipartite Ramsey theorem due
to Nesettil and Rodl actually gives its symmetrized form.
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2. Vertex Colorings

Definition 1. a) Suppose G = (V, E) is a graph and for every v € V, H, = (U,, E,) is
a graph. Y o H, is the graph whose vertex set is {(v,u) : v € V, u € U,} and in which
{(v1,u1), (v2,u2)} is an edge iff {vi,v2} € E or (vy = ve and {uy,us} € E,, ).

b) If H, is a fized graph H for allv € V', then ), H, is denoted by G ® H and called
the wreath product of G with H.

c) The r-th wreath power of a graph G, denoted by G®", is defined inductively by
G®' =G and GPU+Y) = G ® G,

Lemma 1. Suppose that G is vertex transitive. Then for all natural r > 1,
G®" is vertex transitive and G®" —y; (G} (5)

Proof. Suppose G is vertex transitive. We prove (5) by induction on r > 1. The case r = 1
is trivial.

Given a vertex coloring of G®"*V by r 41 colors, assume first that for every v € V(G)
there exists a vertex u(v) € V(G®") so that (v,u(v)) is red. The graph G’ spanned in
G+ by {(v,u(v)) : v € V(G)} is isomorphic to G and monochromatic.

We show that

e:G— Gy (v,u(v))

is a bi-embedding. Choose a distinguished vertex uy € V(G®"). By the induction hypoth-
esis, G®" is vertex transitive and hence for each v € G there is an automorphism 7, of
G®" that maps u(v) to ug. Let 7 be the automorphism of G®"! that is defined by letting
T(v,u) = (v, 7,(uw)) for all v € G and all u € G®".

We define a homomorphism & : Aut(G) — Aut(G®"*1) as follows: Every o € Aut(G)
induces an automorphism & of G®"! by the formula

a(v,u) = (o(v),u).

Note that the map o — & is a homomorphism from Aut(G) into Aut(G® ). For each
o € Aut(G) let

Then h is is a homomorphism and 1-1.
For each v € V(G) we have

(h(o) o e)(v)) = (77" 0T o 7)(v, u(v)) = (T ' 07)(v,u0)

“(0(v),u0) = (o(v),u(0(v)) = (e 0 0)(v).

A similar but easier argument establishes that G®("+1) is vertex transitive.

If the assumption above fails, then there is some v € V(G) so that (v,u) is not red
for all w € V(G®"). The graph H spanned by {(v,u) : u € V(G®")} is isomorphic to G*"
and is colored by the given coloring by at most r colors. By the induction hypothesis,
there is a monochromatic G’ Cy; H which is isomorphic to G. Every automorphism of
H extends to an automorphism of G®"+1) by making the extension act as the identity
function outside H. Since this way of extending automorphisms gives a homomorphism
from Aut(H) into Aut(G®™), we have H Cp; G® ! Now transitivity of Cyp; implies
G’ Cy,; G®™*1 finishing the proof of the lemma.
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2.1. Finite graphs

Theorem 2. There is a constant ¢ such that for every graph H with n vertices and all

r > 1 there is a vertex transitive graph G with no more than c"'n*" vertices so that

G —h (H)l.

T

Proof. Given a graph H with n vertices, find by [3] a vertex transitive graph H; with at
most cn? vertices that contains H as an induced subgraph. The graph G := H{" is vertex
transitive, |G| < ¢'n?* and G —* (H;)! by Lemma 1. As H C" H,, G —" (H)! follows.

We now turn to symmetrized partition results involving the relations C¥ and Cy;.
Using a slight variation of the Herwig-Lascar proof of Hrushovski’s theorem, we will see
that every finite graph bi-embeds into a finite graph that is vertex transitive. Let us first
observe that every graph bi-embeds into a small regular graph.

Lemma 2. Fvery graph H of size n bi-embeds into an n-regular graph of size 2n, i.e.,
into a graph of size 2n in which every vertex has exactly n neighbors.

Proof. Consider the disjoint union Hy U Hy of two copies of H. For ¢ € 2 let f; : H — H;
be an isomorphism. The graph G obtained from Hy U H; by adding all the edges of the
form { fo(v), fi(w)} with v,w € V(H) but {v,w} ¢ E(H) is n-regular and of size 2n.

Every o € Aut(H) induces automorphisms oy and o; of Hy and Hj, respectively.
Now 0y U 0y is an automorphism of G. The map assigning to every o € Aut(H) the
automorphism oy U o7 of G is a homomorphism.

Lemma 3. For every finite graph H of size n there is a vertex transitive graph G of size
at most 2271°8™ sych that both H CF G and H Cy,; G hold.

Proof. Let H be a graph of size n. By the previous lemma, H is a bi-embedded subgraph
of an n-regular graph H' of size 2n. In the case of a regular graph H’, the Herwig-Lascar
proof [13] of Hrushovski’s theorem proceeds as follows:

Let X = E(H'). Since H' is n-regular and of size 2n, | X| = n?. Let G be the graph on
the set V(G) = [X]" of vertices where two distinct sets A, B € [X|" are connected by an
edge iff AN B # (. The size of G is bounded by n?* = 2271°¢" \yhich is as promised in
the statement of the lemma.

The map

f:V(H) - V(G);v+— {e € X :eis adjacent to v}

is an embedding of H' into G as an induced subgraph.

Herwig and Lascar now show that f witnesses H' < G, implying that f | V(H)
witnesses H <P G. We want to show that f is a bi-embedding. Let o € Aut(H’). Let
0* be the permutation of X that maps every edge {v,w} of H' to {o(v),o(w)}. The
permutation ¢* induces an automorphism h(o) of G by the formula

h(o)({er,...,em}) ={c"(e1),...0"(em)}-

It is easily checked that h : Aut(H') — Aut(G) is a homomorphism.
For all o € Aut(H’) and all v € V(H') we have

(h(o) o f)(v) = o*(f(v)) = f(o(v)).

It follows that f is indeed a bi-embedding. Now by the transitivity of Cy;, f [ V(H) is a
bi-embedding, too.
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Theorem 3. For cvery finite graph H with n vertices and v > 1 there exists a vertex
transitive graph G with no more than 22™1°8™ vertices such that

G —i; (H)L.

T

Proof. Given a graph H with n vertices, find by Lemma 3 vertex transitive graph Z such
that H CP Z, H Cy; Z, and |V (Z)| < 22"1°8" The graph G := Z®" is vertex transitive
and G 1, (Z)} by Lemma 1. As H CP Z and H Cy,; Z, G —1, (H)} follows.

Hrushovski [7] showed that an exponential lower bound on |G| in terms of |H| is
required for the relation H C¥ G, even if one restricts from P to permutations of free
subsets of H. Thus, clearly, an exponential lower bound is required in the partition relation
just proved.

2.2. The random graph I’

Lemma 4. Every countable graph bi-embeds into the random graph I.

Proof. Given a countable graph G, define by induction on n a sequence of countable
graphs G" = (V" E™), starting with G° = G and satisfying that for all n, G" is an
induced subgraph of G"*!. Let

V= VU {oEt 0 X C V™ and |X| is finite}
with pairwise distinct v’ and
E"th = B U{(v,0%) ot € VPTI\ V" and v € X}

Clearly, G = (V>,E®) := (U,en V" U,y E™) is countable, and G = G is an
induced subgraph of G*°.

Let us see that G™ is isomorphic to I'. For any two disjoint finite sets X, Y C V' there
is some n so that X UY C V™ and now the vertex v;t" € V™! is connected by edges
to all points in X and to no point in Y. This property, together with the countability of
G*°, implies that G>® = [

Finally, let ¢ € Aut(G) be given. Let 0 := ¢ and let 0" € Sym(V"*!) be the unique
permutation of V! which extends o™ and satisfies 6™ (vx) = von(x]. Now 0 =, 0"
is an automorphism of G*° which extends o.

A straight-forward induction on n shows that the maps

R : Aut(G) — Aut(G");0 — o

are group homomorphisms. It follows that also
L% Aut(G) — Aut(G™);0 — o

is a homomorphism of groups. Hence G Cy,; I'.

This provides an easy direct proof of the fact, due to Truss [19], that the infinite sym-
metric group Sym(N), which is the automorphism group of a countably infinite complete
graph, embeds into Aut(7"). Note that every automorphism group of a countable structure
in a countable vocabulary can be realized as an automorphism group of a countable graph
(see [11, Theorem 5.5.1] and [18, Lemma 4.2.2]).
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Remark 1. The embedding of G = G° as a C4-subgraph of G obtained in the proof of
Lemma 4 satisfies the additional property that every vertex v € V°°\ V? has only finitely
many neighbors in V°. Since we only add countably many vertices to G° when passing to
G, in order to extend every automorphims of G° to G* it is necessary that every vertex
in V> \ V% has a neighborhood in G° whose orbit under Aut(G") is countable. This is
clearly satisfied by the finite neighborhoods of our construction.

Another way to embed G symmetrically into I" is to realize not only all finite sets but
all definable subsets of V" (definable in G™ with parameters from V") as neighborhoods
of vertices in V"1 \ V. This works because the definable subsets of a countable graph
have countable orbits under the action of the automorphism group of the graph.

In this case, there are vertices in V°° \ V% whose set of neighbors in V? is infinite.

Remark 2.1f G is a countable graph and H C# G, then, as indicated above, every neigh-
borhood of a vertex v € V(G) \ V(H) in H has a countable orbit under Aut(H), namely
the collection of neighborhoods in V' (H) of the images of v under extensions of automor-
phisms of H to G.

If H is a countably infinite complete graph or a countably infinite graph without any
edges, then the only sets with a countable Aut(H )-orbit are the finite sets and their
complements. These sets are also exactly the definable sets.

Elimination of quantifiers in I' shows that the definable subsets of I" are precisely the
finite Boolean combinations of neighborhoods and singletons. The automorphims group
of I" has the small index property [12]. That is, every subgroup of Aut(I") of index < 2%
contains the pointwise stabilizer of a finite set. This implies that for every subset A of
V(I") whose orbit under Aut(I") is countable, there is a finite set {vy,...,v,} of vertices
such that every automorphism of I" that fixes all the v; leaves the set A invariant. Since
every partial finite isomorphism of I" extends to an automorphism of I', it follows that
A is a finite Boolean combination of neighborhoods of the v; and singletons {v;}. This is
because otherwise there are a € A and b € V(I") \ A such that a and b have the same
type over {vy,...,v,}. In this case, a can be mapped to b by an automorphism of I" that
fixes the v;. But A is not invariant under this automorphism. A contradiction.

So, in some cases the definable subsets of a countable graph are the only sets of vertices
that have a countable orbit under the action of the automorphism group of the graph. It
follows that in general, in our construction of G* the collection of definable subsets of
G = GV is the largest collection of sets that can serve as neighborhoods in G° of vertices in
the extension G*°. This observation also places significant restrictions on how the random
graph or, for example, the countably infinite complete graph can sit inside a countable
graph as a C4-subgraph.

Theorem 4. For every natural r > 1,

I —E (k.
Thus for every vertex coloring of I' by r colors, there is a single color which contains
induced symmetrized copies of all countable graphs.

Proof. Let r > 1 be given. I'®" is countable, and as I is vertex transitive, I'®" s, (I')}

by Lemma 1. Fix G C; I' with G isomorphic to I'®" by Lemma 4. For every vertex
coloring of I' by r colors, there is an induced monochromatic copy of I', G' Cy; G Gy, I
For every countable graph H it holds that H <y; G’ by Lemma 4. So by transitivity of



Symmetrized induced Ramsey Theory 9

Cy; we have I' »—y; (I')L. Since H C I' holds for every induced subgraph H of I", we are
done.

3. Edge Colorings

It is well known [9] that I" »~ (I')2. In particular, there is a countable graph H such that
for all countable graphs G' and all sets F' of partial isomorphisms of H, G~ (H)3 fails.
Therefore, in the case of edge colorings, we are only interested in finite graphs.

Theorem 5. There is a constant ¢ such that for every finite graph H with n vertices there

220n(10g n)2

1s a graph G with no more than vertices so that

G—" (H);.

Proof. By [14] (see also [10]), there is a constant d such that given a graph H with
n vertices, we can fix a graph G’ with no more than m := 2¢n(og n)* vertices such that
G' — (H)3. By Lemma 3, fix a graph G with at most 22™1°6™ vertices such that G’ CF G.
Thus, for some constant c,

|V(G)| < 22mlogm _ 22”“L(l°g")2+1dn(logn)2

9dn(log n)2+log(dn(log n)2)+1 gdn(log n)2+log d+log n+2loglog n+1

cn(log n)?

We check that G ¥ (H)32. Given an edge-coloring of G by 2 colors, consider its
restriction to the edges of G’. As G’ ~ (H)32, there is a monochromatic H' C G’ which
is isomorphic to H. As the relation C? is hereditary on the left hand side to induced
subgraphs, we have H' CF G.

We conclude this section with the following:

Theorem 6. For every finite graph H and every finite number v of colors there is a finite
graph G such that
G >_)P (H)d

r

holds for both d =1 and d = 2.

Proof. By induction on r, it follows from Theorem 5 that there is a finite graph G such
that Gy ~—* (H)? By Hrushovski’s theorem there is a transitive graph Gy such that
Gy CP Gy. Now let G = GS".
By Lemma 1, G —* (G3)!. So, since H CF G5 C* G, it holds that G »— (H)!.
The relation G — (H)? holds because Gy % (H)? holds and Gy <4 G.

3.1. Bipartite graphs
A bipartite graph is a triple B = (L, R, F) where (L U R, F) is a graph and |eN L| =

leNR| =1forall e € E. L is the left side of B and R is the right side of B. We assume
automorphisms and partial isomorphisms of bipartite graphs to preserve sides.
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Hrushovski’s theorem also holds for bipartite graphs. This follows either from adapting
the original proof to bipartite graphs, or from Herwig’s extension [8] of Hrushovski’s
theorem to relational structures. Thus, one can obtain the analog of Theorem 5 via a
similar proof, using Nesettil and Rodl’s bipartite induced Ramsey theorem [16]. However,
it is not necessary to use either Hrushovski’s or Herwig’s theorem at all in this case, as
the monochromatic induced bipartite graph given by the proof in [16] is symmetrized.
This is shown in the proof of Theorem 7.

With vertex colorings of bipartite graphs the situation is slightly different. One can
color all vertices in L by red and all vertices in R by blue to avoid monochromatic
bipartite subgraphs altogether. Theorem 8 below shows that monochromatic sides can be
guaranteed on some symmetrized induced bipartite subgraph.

Definition 2. The n-th symmetric power of a bipartite graph B = (L, R, E), introduced
in [17] (see also [6] p. 119), denoted by B™, is the bipartite graph (L™, R", E™) where
{v,a} € E™ iff for all i < n it holds that {v(i),u(i)} € E.

The mapping ((v(i) : ¢ < n),(u(i) : i < n)) — ({v(i),u(i)} : i < n) is a natural 1-1
correspondence between E and E™, the set of all sequence of length n of edges from FE.
For bipartite graphs, the notions bi-embedding, Cy;, and ~—y,; have the obvious meaning.

Theorem 7. For every finite bipartite graph B = (L, R, E) and every finite number r of

colors there exists a number n so that B™ »—y; (B)2.

Proof. First, let us assume that B has no isolated vertices. This can be achieved by adding
a unique neighbor in L to every isolated vertex in R and vice versa. The original graph is
bi-embedded in this extension without isolated vertices.

Let n = HJ(|E|,r), the Hales-Jewett number of |E| and r. A coloring of E™ by r
colors can be considered as a coloring of £™ via the natural correspondence above.

Let W € (EU{X})" be a word such that I = {i : W(i) = X} # 0 and so that
the combinatorial line defined by W in E™ is monochromatic. The line defined by W is
{W(e) : e € E} where W(e) is obtained from W by substituting e for every occurrence
of X in W.

Define an embedding ¢ of B into B™ as follows. For v € L let

$(v) = (W@HNL:ien\Uw:iel),

that is, the sequence of left vertices from W (i) for all i such that W (i) # X and constantly
vforalli € I. For u € R, ¢(u) is defined similarly.

As B has no isolated vertices, the map ¢ clearly embeds B into B™ as an induced
subgraph. Furthermore, this subgraph is monochromatic, as the combinatorial line defined
by W is. We argue that this induced monochromatic copy of B is also symmetrized.
Indeed, let 0 € Aut(¢(B)) be given, and let ¢ : L" U R" — L™ U R" be defined as follows:
for v = (v(7) : < n),

5(7) = (v(i) :i € n\ IY U (o(v(4)) : i € T),

and similarly for @ € R". This is an automorphism of B™: if {z,a} € E™ then
{v(i),u(i)} € E for all i < n. For ¢ € n\ i it holds that o(v)(i) = v(i) and &(u)(i) =
@(z), while for ¢ € I it holds that {a(u)(i),5(v)(i)} € F because o € Aut(¢(H)), so
{7(u),5(v)} € EM™. Similarly, non-edges are preserved. Clearly, & extends o. Also, the
uniformity of the definition of & from ¢ shows that the map ¢ — @ is a homomorphism
between the automorphism groups of B and B™,
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Theorem 8. For every finite bipartite graph B and r > 0 there exists n such that for
every coloring of vertices of B™ by r colors there is a bi-embedded bipartite subgraph of
B™ that is isomorphic to B and whose left side and right side are both monochromatic
(possibly of different color).

Proof. Assume, as in the previous proof, that B = (L, R, E/) has no isolated vertices
and let n = HJ(|E|,r?). Given a vertex coloring ¢ of B™ by r colors, define an edge
coloring of B by r? colors by assigning the color (c(eN L"), c(eNR™)) to an edge e € E™.
By the previous theorem, there is a bi-embdedded bipartite subgraph B’ of B™ that is
isomorphic to B and all whose edges have the same color. But this implies that the set
of vertices of B’ on the left side and the set of vertices of B’ on the right side are both
monochromatic.

4. Discussion

Hrushovski considers in [7] the case F' = {f}, that is, when one is required to implement
by Aut(G) a single arbitrary partial isomorphism of H, and proves:

Theorem 9. There are constants ¢ < ¢ so that if one defines g(n) to be the least m such
that for every graph H with n vertices and every isomorphism f between subgraphs of H
there exists a graph G with at most m vertices so that H CU} G, then

1/2 1/2

c(nlogn)'* <logg(n) < d(nlogn)

It is of interest to know if an upper bound in the order of magnitude of Hrushovski’s
function g can be found for the number of vertices of G in G~/ (H)}, for arbitrary f.

Considering the fact that we have a polynomial upper bound for the size of G in
G —1 (H)} but that, by Theorem 9, even for a single unrestricted partial isomorphism
f we have a super-polynomial lower bound for the size of G in G —{f} (H)}, it would be
interesting to know if there is a number %k such that the upper bound for G —* (H)} is
polynomial but the lower bound for G ~—*+1 (H)} is not polynomial, where, of course,
P, = P.(H) is the set of all isomorphisms between two subgraphs of H, each of cardinality
k.

The upper bound of 2¢"1°s™)” for the size of G in G — (H)?, where n is the size of H,
was obtained in [14] using a randomly constructed graph. Randomly constructed graphs
tend to be rigid. Fox and Sudakov [10] recently re-established this upper bound using the
explicit Paley graph, which has quite a few automorphisms. Can one find a better upper
bound than the one obtained in Theorem 57 Can pseudo-random bipartite graphs be used
to give a good upper bound for the bipartite graph relation, instead of the upper bound
coming from the Hales-Jewett theorem?

A question that is not so much concerned with upper bounds is whether one can prove
a version of our Theorem 5 on edge colorings that yields a monochromatic bi-embedded
subgraph.

Finally, it is of interest to find lower bounds for the vertex-coloring theorems. Is the
n” bound tight for vertex transitive graphs in Theorem 27

The authors thank Noga Alon for directing them to references [1-3,10] and for his
detailed explanations of the results in them. The research on this paper has been supported
by a German-Israeli Foundation Grant number 1-802-195.6/2003.
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