ALMOST DISJOINT FAMILIES
ON LARGE UNDERLYING SETS

Sakaé Fuchino, Stefan Geschke and Lajos Soukup

January 9, 2007

Abstract

We show that, for any poset P, the existence of P-indestructible mad

family F C [w]™0 is equivalent to the existence of such a family over R,, for

kokok
w1,

Soukup [7] and cf([u]¥, C) = pt for all limit cardinal u of cofinality w, the

some/all n € w. Under very weak square principle [J of Fuchino and

equivalence for a proper poset P transfers to all cardinals. That is, under
these assumptions, if P is a proper poset, then there is a P-indestructible
mad family on w if and only if there is a P-indestructible mad family on

some/all infinite cardinal &.

1 Introduction

For X C [S]* we say that an infinite family F C X is pairwise almost disjoint

(abbreviation: ad) if x Ny is finite for all distinct z, y € F. F is mazximal almost
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disjoint (mad, for short) in X if it is pairwise almost disjoint and maximal among
such subsets of X' (with respect to C). If F is mad in [S]* we shall also say that
F is mad on S or F is a mad family on S.

For S C On such that otp(sup S) = w, let

(S) ={z € [SX : sup x =sup S, otp(z) = w}.

If F is mad in (S)¥ we shall also say that F is cof-mad on S or F is a cof-mad
famaly on S.

For a poset P, a mad (cof-mad) family F on S C On is said to be P-indestructible
if |Fp“F is mad on S” (|fp“F is cof-mad on S7). We shall call F a P-
indestructible mad family on S in a broad sense if F is either a P-indestructible
mad family on S or F is finite partition of S modulo finite (i.e F is finite, F is ad
and (|JF)AS is finite).

P-indestructible mad families on w for various poset P are studied extensively
in recent papers, e.g., Hrusak [8], Hrusdk and Ferreiral9], Brendle and Yatabe [5],
and authors’ [6].

The present note shows that results on P-indestructibility of mad families on
w can be transfered to corresponding results on mad families on an uncountable
support.

For a poset P and a set S C On, let A¥(S) and A{ (S) be the following

assertions:

A¥(S) & there exists a P-indestructible mad family on S;

A% +(S) & there exists a P-indestructible cof-mad family on S.

2 P-indestructible mad families on sets of ordi-

nals
In this section, let P be an arbitrary poset.
Lemma 1. If A¥(w) then Ag,;(a) for all limit o < wy.

Proof. Let C be a P-indestructible mad family on w. Without loss of generality

we may assume that C = {c¢¢ : £ <n} and w is the disjoint union of ¢, n € w.



Ifa=0+w,let f:w—a;n— G+n.

Then C = {f"ce : € < n} is a P-indestructible cof-mad family on a: Clearly
C C (a)” and C is ad. Suppose that z is an element of (a)* in a P-generic extension
such that 2 ¢ C. By P-indestructibility of C, there is £ < 7 such that |c.Nf~""z| =
| f"ceNa| =Ry Hence C U {z} is not ad. This shows that C is a P-indestructible
cof-mad family on a.

If @ < wy is a limit of limits, then let (a,, : n € w) be a strictly increasing
sequence of ordinals such that o = sup,,, o, a9 = 0 and 11 \ @, is infinite for
all n < w.

Let f : w — « be such that f"¢, = a1 \ @, for alln € w. Let D = {f"¢, :
¢ € n\w}. Then, similarly to the previous case, D is a P-indestructible mad family
on (a)“. 1 (Lemma 1)

For F C [A]* and A’ C A, let
FlA={anA :aecF}n[A.

Lemma 2. Suppose that F is a P-indestructible mad family on A.

(1) If A C A is uncountable, then F | A" is a P-indestructible mad family on
A

(2) If AY C A is countable and F | A’ is infinite, then F | A" is a P-

indestructible mad family on A’.

Proof. (1): Clearly F | A’ is an ad family. If A’ is infinite then F [ A’ is also
infinite since otherwise A’ \ |J(F [ A’) would be infinite so any countable subset of
this set would be almost disjoint to F.

If 7 | A’ were not a P-indestructible mad family, then there would be an
element  of [A']™ in a P-extension such that x is almost disjoint to every element
of F | A’. But then x would be also almost disjoint to every element of F. A
contradiction to P-indestructibility of F.

(2): Similarly. 1 (Lemma 2)

Lemma 3. For any ordinal o, if A¥(a) then AY(3) for allw < 8 < a.

Proof. We prove this for || = w. The case for | 3| > w follows from Lemma
2,(1).



Let F C [a]™ be a P-indestructible mad family. For w distinct elements a;,
i <wof F,let s =J,., ai.- Then s is countable and F [ s is infinite. By Lemma
2,(2), it follows that F | s is a P-indestructible mad family on s.

Let ¢ : s — [ be abijection. Then F* = {p"a : a € F | s} is aP-indestructible
mad family on 5. (1 (Lemma 3)

Lemma 4. For any ordinal oo with cf(a) = w, if A¥(a) then A7, ().

Proof. By Lemma 3, we have AP (w). Hence, by Lemma 1, there is a P-indestructible
cof-mad family Cs on each § € Lim(wy).

Let F be a P-indestructible mad family on a.

Without loss of generality we may assume that sup a is a limit for each a € F.

For a € F, let f, : otp(a) — a be the order isomorphism. Let
D={f"b:acF,supa=a,be€ Coupn}

Then D is a P-indestructible cof-mad family on a: Clearly D C («)“ and D is ad.
Suppose that z is an element of () in a P-generic extension such that x ¢ D. By
P-indestructibility of F, there is a € F such that |aNxz | = Vy. Let 2’ = aNx. Then
we have supa = supz’ = a. Hence 2’ € (a)¥. By P-indestructibility of the cof-mad
family {f."b : b € Copia)} On a, there is b € Coyp(q) such that | f,"bNa’| = N,.
Thus D N {x} is not ad. (1 (Lemma 4)

Theorem 5. (1) For any cardinal k, A¥ (k) implies AF (k™).
(2) If cf(k) > w and AF(N) for all X < k then AF (k).

Proof. (1): By Lemma 4, there is a P-indestructible cof-mad family C, on « for
each o € E¥, = {a < k" : cf(a) =w}. Let

F =Usnese, Ca-

Then F is a P-indestructible mad family on x*: Clearly F is ad. Suppose that x
is an element of [kT]Y in a P-generic extension such that z ¢ F. By cutting off
a finite end segment of x and thinning it out, if necessary, we may assume that
x € (a)¥ for some limit o < K of cofinality w. By P-indestructibility of C,, there
is a € C, such that |z Na|=N,. Thus F U {z} is not ad.

(2): Similarly to (1). (1 (Theorem 5)



Corollary 6. For any poset P and n < w, AP (w) if and only if A¥(w,).
Proof. By Lemma 3 and Theorem 5, (1). (1 (Corollary 6)
The following lemma is used as a building block for Theorem 10:

Lemma 7. For an uncountable r, suppose that A¥ (k) and k = |J{A, : n < w}.
For an ad family F C [s]™, if F | A, is a P-indestructible mad family in a broad
sense for alln < w and F = (.7: N [AH]NO), then there is a P-indestructible
mad family B on k with B O F.

nw

Proof. Let A, = A, \ U{Amn : m <n} for n <w and

6 = Zn<w Otp(A;l)

That is, J is the order type of the linear order obtained by concatenating A/, n < w
one after another. Note that we have c¢f(d) = w. Let f: k — J be a bijection such
that

A = | Can (AL, Sy 0tp(A}))

for all n < w. By Lemma 4, there is a P-indestructible cof-mad family B’ on §.
Claim 7.1. B=FU{f7'"b : b e B'} is a P-indestructible mad family on k.

- To show that B is ad, it is enough to show that for all « € F and b € B’ we
have |a N f~1"b| < V. By assumption there is n < w such that a C [A,]*. Thus
a corresponds to a bounded subset of §. Hence |a N f=1"0| = | f"anb| < N,.

To show that B is P-indestructibly mad, suppose that z is an element of [x]™
in a P-generic extension such that x &€ B. If f”x is cofinal in ¢, then by P-
indestructibility of B’, there is b € B’ such that |x Nb| = N,. If f”x is not cofinal
in d, there is n < w such that z € [A,]*. Then by P-indestructibility of F | A,,
there is @ € F such that [z Na|=N;. 4 (Claim 7.1) 0 (Lemma 7)

3 Very weak weak square principle

In this section we review some results from [7] and prove a consequence of them

(Theorem 9) which will be used in the proof of our main theorem (Theorem 10).
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exists a sequence (Cy)q<,+ and a club set D C p* such that for all o« € D with
cf(a) > K

For a regular cardinal x and p > &, let [J** be the following assertion: there

(3.1) C, Ca, C, is unbounded in «;
(3.2) [of<"N{Cy : & < a} dominates [C,]<" (with respect to C).

Note that, in (3.2), we also consider o/ < « of cofinality < &.
Since (3.2) remains valid when C,’s for a € D are slimed down, we may replace
(3.1) by

(3.1 C, C a, C, is unbounded in « and otp(C,) = cf(a).

Suppose now that  is a regular cardinal and p > & is such that cf(u) < k. Let
p* = cf(pu) — the case we later consider is when k¥ = w; (and cf(p) = w). For a
sufficiently large regular x and x € H(x), let us call a sequence (Ma g)a< it g<p
a (R, u)-dominating matriz over x, or just dominating matriz over x if it is clear

from the context which x and p are meant — if the following conditions hold:

(3.3) Mups <H(X), € Myp, k+1C Mypand | My g| < p for all @ < pt and
< p;
(3.4) (M, )p<u~ is an increasing sequence for each o < p;

(3.5) if o < pu* is such that cf(a)) > &, then there is §* < p* such that, for every
B* < B < p*, [Mag]<F N M, is cofinal in ([M,g]<", C);
For oo < pi*, let My = U, Mas- By (3.3) and (3.4), we have M, < H(x).

(3.6)  (Ma)a<u+ is continuously increasing and p* C U, .+ Ma-

Theorem 8. (Theorem 7 in [7], see also the remark after Theorem 7 in [7]) Suppose
that k is a regular cardinal and p > K is such that p* = cf(pu) < k. If we have
cf([A]=%, C) = A for cofinally many A < p and U7 holds, then, for any sufficiently
large x and x € H(x), there is a (k, u)-dominating matriz over x such that

(3.7) fora<d <ut and B < p*, there is 3 < u* such that Mo 5 C My g. [

In [7] it is shown that, for any singular cardinal x4 and regular cardinal kK <

such that cf([A]<%) < p for all A < u, Jensen’s weak square principle [} implies



Oy (Lemma 4 in[7]) and 07 = does not hold in a model of GCH + Chang’s
Conjecture for N, i.e. (Nyi1,N,) — (R, Rg) (Theorem 12 in [7]).

The following is the consequence of Theorem 8 we need in the proof of Theorem
10:

Theorem 9. Suppose that w < u, cf(p) = w, cf([u]¥°, C) = pt and cf([N\*0,C) = A
for cofinally many X < p. IfOF, holds then there is a matriz (An ) a<pt k<ws Such
that

Aok € [p]<F for all o < pt and k < w;

)
) (Aar)k<w 1S an increasing sequence (with respect to C) for all v < p;

1) Ua<u+ Uk<w[Aa,k]NO = [M]NO;

(3.8

(3.9

(3.10) (Upew Aar = < p™) is a continuously increasing sequence.

(3.1

(3.12) for o<y, if cf(a) > w, then Uy, [Aar]™ = U,cq Upew [Ar.e

Proof. Let (¢, : o < ut) be such that © = {c, : @ < uT} is a cofinal subset of
[AJ*. By Theorem 8, there is a (w1, u)-dominating matrix (Ma ;) a<pt ncw OVEr @
with (3.7). Let

Aa,k = N Ma,kz

for « < pu and k < w. We claim that these A, ;s satisfy the conditions (3.8) to
(3.12).

(3.8) follows from (3.3); (3.9) from (3.4). (3.10) follows from (3.6).

To show (3.11), suppose that a € [u]*. Let 8 < pT be such that a C ¢4
and let o < u*, and k* < w be such that § € My« — we can find such o
and k*, by (3.6). Since (¢, : a < put) € My, we have cg € My~ and thus
a C cg C Mys . Tt follows that a € [Age ).

To show (3.12), assume that a < p* and cf(a) > w. First, suppose that
a € Upeo[4ar™. By (3.4) and (3.5), there is k* < w and ¢ € [Myx=]N N My -
such that a C c. By the first part of (3.6), there is o* < « such that ¢ € M,«. Let
k** < w be such that ¢ € My« <. Then a C ¢ C M« joor. Hence a € [Mys gos].

Now, suppose a € U, -, Upey, [47.6]™
0* < w. Then by (3.7) there is m* < w such that M, p« C M, ,+. It follows that
a € [Agm]™. (1 (Theorem 9)

, say a € [Ay |0 for some v* < a and



Since (A, k)r<w for each o < p may be replaced by its subsequence, we may

assume that (A, k)a<u+ k<o satisfies the following strengthening of (3.9):

(3.9)" (Aak)k<w Is an increasing sequence, and A, as well as A, 41 \ Aoy for all

k < w are uncountable for all o < pu™.

4 AF(u) at limit cardinals of countable cofinality

under the very weak weak square principle

Theorem 10. Suppose that w < p, cf(u) = w, cf([u]*0, C) = ut, cf((N,C) = A
for cofinally many A < p and U™, If P is a proper poset and AP (k) holds for all
Kk < p then we have AF(y1).

Proof. Let (Aqr)a<ut k<o be as in Theorem 9 with (3.9) replaced by (3.9)". By
induction on a < p*, we define F, C [u]* such that, for all a < pu*
1) F,is ad;
2) Fp C F,forall §<a;
3) Fa € Uiew [Aa ™
4)  For all k < w, F, induces a P-indestructible mad family over A, ; Le.
FolAar={anNAuy : a € F}N[Au]
is a P-indestructible mad family over A, .
Suppose that F,, o < put as above have been constructed. Let F =, it Fa.

Claim 10.1. F is a P-indestructible mad family over p.

- Fis ad by (4.1) and (4.2). Suppose that x is an element of [u]™ in a P-
generic extension such that x & F. Since PP is proper, there is ¢ € [u]™ in the
ground model such that =z C ¢. By (3.11), there is @ < p* and k& < w such that
c € [Aai]. So x € [Ay 4] in the P extension. By (4.4) there is a € F, such that
lan Aur Nz |=Ng. Thus F U {x} is not an ad family. | (Claim 10.1)

For inductive construction of F,, a < u*, let A, 1 = 0 for each a < u™.
Suppose that Fz, 8 < a have been constructed in accordance with (4.1) ~ (4.4).
We define F,, as follows:



Case 0: o = 0. For each k € w, let Fy; be a P-indestructible mad family

on Apg \ Agr—1. This is possible by the assumption of the theorem and since
| Aok | < p by (3.8). Let

fO = Uk<w fO,k-

Then F satisfies (4.3) and (4.4).
Case 1: cf(a) > w. Let F = Uy, F5. Then F, satisfies (4.2). By (3.12)

we also have
Fa € Upca UrawlAsal™ = UrculAas]™.
Thus F, satisfies (4.3). It also satisfies (iii):
Claim 10.2. F, is a P-indestructible mad family over Ay, for all k < w.
I~ Similarly to the proof of Theorem 5. < (Claim 10.2)
Case 2: a=p+1. Foreach k. /< w ., let
By = (s \ Aajr) N Ay
and
Bi =U{Fs | By : { <w}.

Each F3 | Byy is a P-indestructible mad family on By, by (4.4) for F3 and
Lemma 2, (1). Hence by Lemma 7, there is F,; C [Ayx]™ for each k < w such
that F, 1, U By, is a P-indestructible mad family on A, . Let

Fo = fg U Uk:<w .’ka.

Case 3: cf(a) = w. Let (a,, : n € w) be an increasing sequence of ordinals
below « such that lim,.,a, = a. Let {Cy : ¢ < w} be an enumeration of
{Aa, k= nk <w} and let

fa_ = Uﬁ<a ‘/Tﬁ = Un<w f‘an'

For each k,{ < w, let By = An i\ Aar—1NCe. By (4.4) for F,,, n < w and Lemma
2, F, | By is a P-indestructible mad family. Hence by Lemma 7, there is a By,
such that



Faj =B Uy, Fo | Bry
is a P-indestructible mad family. Then

Fa = Uk<w Fovk
is as desired. (1 (Theorem 10)

It is easy to see that

(4.5)  cf ([T, ) = max{x", cf([x]*, C)} for all cardinal x and

(4.6)  cf([k]¥,C) = sup({x} U {cf([A\]",C) : X\ < k}) for all limit cardinal of
cofinality > w.

Hence if cf ([u]*0, C) = u™ for all limit cardinal of cofinality w, we have cf ([x]*, C) =

r for all cardinal of cofinality > w.

Corollary 11. Assume that cf([u]™°, ) = u* and O, holds for all limit cardinals
> w of countable cofinality. If P is a proper poset, then AF(w) holds if and only if

A¥ (k) holds for some/any cardinal k.

Proof. By Lemma 2, Theorem 5 and Theorem 10. Note that Theorem 10 is
applicable here by the remark above. [1 (Corollary 11)

5 Almost disjoint number for uncountable

supports

The construction of mad families on large underlying sets given in the proofs of
the previous sections are also quite optimal concerning the possible minimal size
of the mad families.
Note first that an ad family F is mad if and only if it is hitting where a family
F C [S]M is hitting if, for any x € [S]M0, there is an a € F such that |z Na| = N,.
The authors were informed about the following lemma by I. Juhész who learned
it from P. Nykos.

Lemma 12. (Baumgartner) For any cardinal x the minimal possible size of a
hitting family C [k]™° is equal to cf([x]*0, C).

10



Proof. Let A be the minimal possible cardinality of a hitting family in [k]¥°. The
inequality A < cf([k]¥, C) is clear. To prove A > cf([x]*°, C) consider T' = “x as
a r-ary tree of height w. We have | T'| = k. So let F C [T]* be a hitting family of
cardinality A.

For x € [k]™, let f : w — z be an onto mapping. Let B(f) = {f [ n : n €
w} € [T, Since F is hitting there is some a € F such that B(f) N a is infinite.
It follows that {rng(t) : t € a} O . This shows that {{rng(t) : t € a} : a € F}

is cofinal in [k]. Thus we have
|f| > |{{rng(t) 1t e CL} Ta € f}| > Cf([/q/]NO’ g)
] (Lemma 12)

For a family S of countable sets, let a(S) be the minimal size of a maximal
pairwise almost disjoint family C S. Thus the usual almost disjoint number a can

be written as a = a([w]V).

Theorem 13. Assume that cf([u]*°, C) = pu* and OF™, holds for all limit cardinals
> w of countable cofinality. Then a([x]™) = max{a,k} for any cardinal k of

cofinality > w and a([u]*°) = max{a, u*} for any cardinal i of countable cofinality.

Proof. Starting from a mad family F of size a, we can construct P-indestructible
mad families on all kK > w using the constructions of Theorem 5 and Theorem 10,
e.g. for the trivial poset P = {lp}. We can check easily that the mad families
obtained thus have the needed minimal cardinality. (1 (Theorem 13)
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