
POTENTIAL CONTINUITY OF COLORINGS

STEFAN GESCHKE

Abstract. We say that a coloring c : [κ]n → 2 is continuous if it is contin-
uous with respect to some second countable topology on κ. A coloring c is

potentially continuous if it is continuous in some ℵ1-preserving extension of

the set-theoretic universe. Given an arbitrary coloring c : [κ]n → 2, we define
a forcing notion Pc that forces c to be continuous. However, this forcing might

collapse cardinals. It turns out that Pc is c.c.c. if and only if c is potentially

continuous. This gives a combinatorial characterization of potential continuity.
On the other hand, we show that adding ℵ1 Cohen reals to any model of

set theory introduces a coloring c : [ℵ1]2 → 2 which is potentially continu-

ous but not continuous. ℵ1 has no uncountable c-homogeneous subset in the
Cohen extension, but such a set can be introduced by forcing. The potential

continuity of c can be destroyed by some c.c.c. forcing.

1. Introduction

An n-dimensional coloring on a set X is a map c from the set [X]n of n-element
subsets of X to the set k of colors where k is a natural number > 1. 2-dimensional
colorings will also be called pair colorings. We restrict ourselves to two colors since
in many cases questions about colorings with finitely many colors can be reduced
to questions about colorings with just two colors.

If X is a Hausdorff space, then the natural topology on [X]n is the topology
generated by the sets

[O1, . . . , On] = {{x1, . . . , xn} : x1 ∈ O1 ∧ · · · ∧ xn ∈ On},
where the Oi are pairwise disjoint open subsets of X. All topological spaces are
assumed to be Hausdorff.

Continuous pair colorings on Polish spaces show up in various contexts (see [5])
and admit a nice structure theory (see [4]). The starting point of the theory of con-
tinuous pair colorings on Polish spaces is Galvin’s theorem (see [6, Theorem 19.7])
saying that for every uncountable Polish space X and every continuous coloring
c : [X]2 → 2 there is a (non-empty) perfect c-homogeneous set H ⊆ X. Here a set
H ⊆ X is c-homogeneous (or just homogeneous) for a coloring c : [X]n → 2 if c is
constant on [H]n.

The natural analog of Galvin’s theorem for n-dimensional colorings fails if n ≥ 3
since there is a continuous 3-dimensional coloring on 2ω without uncountable ho-
mogeneous sets [6, Exercise 19.10]. However, there are versions of Galvin’s theorem
that remain true in higher dimensions [2] (see also [6, Section 19.B]).

Continuous colorings on separable metric spaces that are not necessarily com-
plete are probably even more interesting when it comes to applications. It turns out
that for many results the metric is not needed and it is enough that the colorings
under consideration are continuous with respect to a second countable topology.
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Such colorings have been studied for instance by Abraham, Rubin and Shelah in
[1]. By Urysohn’s metrization theorem, a second countable space is metrizable iff
it is regular.

Given a pair coloring on an uncountable separable metric space X, it can happen
that there is no uncountable homogeneous set. This can be seen as follows:

For {x, y} ∈ [2ω]2 let ∆(x, y) = min{n ∈ ω : x(n) 6= y(n)}. Define a coloring
cmin : [2ω]2 → 2 by letting cmin(x, y) = ∆(x, y) mod 2 (see [4] for an explanation
of the notation cmin). It is easily checked that cmin-homogeneous sets are nowhere
dense. Hence, if X ⊆ 2ω is an uncountable set whose intersection with every
nowhere dense subset of 2ω is at most countable, i.e., if X is a Luzin set, then
there are no uncountable homogeneous sets for cmin � [X]2. In fact, this argument
goes through for every continuous pair coloring c on a Polish space without open
c-homogeneous sets. Luzin sets exist under CH or after adding uncountably many
Cohen reals to any model of set theory.

However, as was shown in [1], under CH the following is true: for every contin-
uous pair coloring c on an uncountable, second countable space X there is a c.c.c.
forcing that adds a countable family H of c-homogeneous sets that covers X. In
particular, the forcing adds an uncountable c-homogeneous set.

Without CH, given a continuous pair coloring c on a second countable space X
one can first collapse 2ℵ0 to ℵ1 and then add countably many c-homogeneous sets
that cover X using some c.c.c. forcing. It follows that under PFA the following is
true:

“For every continuous coloring c : [X]2 → 2 on a second countable space X of
size ℵ1 there is a countable family H of c-homogeneous set such that X =

⋃
H.”

Let us denote this statement by WOCA, since it is a weak form of the Open
Coloring Axiom (OCA[ARS]) introduced in [1].

It is clear that PFA implies the analog of WOCA for colorings on ℵ1 that can
be forced to be continuous with respect to some second countable topology on ℵ1

by some proper forcing.
For the purpose of this article, we call an n-dimensional coloring on a set X

continuous if it is continuous with respect to some second countable topology on
X. We call an n-coloring c on a set X potentially continuous if there is some
extension W of the set theoretic universe V such that (ℵ1)V = (ℵ1)W and in W , c
is continuous. The term “potentially continuous” is motivated by similar concepts
that exist in model theory (see [7] and [3]).

We will show that a coloring is potentially continuous iff it can be forced to be
continuous by some c.c.c. forcing. In particular, WOCA for potentially continu-
ous colorings instead of continuous colorings follows from WOCA for continuous
colorings together with MAℵ1 , Martin’s Axiom for ℵ1 dense sets.

On the other hand, we give a consistent example of a pair coloring on ℵ1 that
is potentially continuous but not continuous and that can be forced to be not
potentially continuous.

2. Forcing the continuity of colorings

Let κ be an infinite cardinal, n a natural number > 1 and c : [κ]n → 2. We define
a forcing notion Pc of size κ that introduces a set A ⊆ ωω of size κ and a continuous
pair coloring cA on A such that (κ, c) and (A, cA) are isomorphic in the sense that
for some bijection f : κ → A we have c(α1, . . . , αn) = cA(f(α1), . . . , f(αn)) for all
{α1, . . . , αn} ∈ [κ]n.

Notice that Pc forces c to be continuous not just with respect to some second
countable topology on κ, but actually with respect to a separable metric topology.
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Definition 2.1. For two functions s and t we write s ⊥ t if s∪ t is not a function.
For a finite set F = {s1, . . . , sn} of functions we write ⊥(F ) or ⊥(s1, . . . , sn) if for
each pair s, t of distinct elements of F we have s ⊥ t.

Definition 2.2. The conditions of Pc are of the form p = (fp, cp) such that the
following statements are satisfied:

(1) fp is a finite partial function from κ to ω<ω \ {∅} such that for all α, β ∈
dom(p) with α 6= β we have fp(α) ⊥ fp(β).

(2) Let Tp be the tree generated by the elements of ran(fp), i.e., the closure of
ran(fp) under initial segments. Then cp is a partial coloring from [Tp]n to
2 with the following properties:
(a) For all s1, . . . , sn ∈ Tp, if cp(s1, . . . , sn) is defined, then ⊥(s1, . . . , sn).
(b) For all s1, . . . , sn ∈ Tp, if cp(s1, . . . , sn) is defined and s′1, . . . , s

′
n ∈ Tp

are such that si ⊆ s′i for all i, then cp(s′1, . . . , s
′
n) is defined and equals

cp(s1, . . . , sn).
(c) For all {α1, . . . , αn} ∈ [dom(fp)]n, cp(fp(α1), . . . , fp(αn)) is defined

and equals c(α1, . . . , αn).
For p, q ∈ Pc let p ≤ q if
(3) for all α ∈ dom(fq), α ∈ dom(fp) and fq(α) ⊆ fp(α) and
(4) cp � [Tq]n = cq.

Lemma 2.3. If c is continuous with respect to a second countable topology on κ,
then Pc satisfies the countable chain condition.

Proof. We fix a countable basis B for a Hausdorff topology on κ such that c is
continuous with respect to the topology generated by B.

Let A ⊆ Pc be of size ℵ1. We show that A contains ℵ1 elements that are pairwise
compatible.

After thinning out A, we may assume that the domains of the fp, p ∈ A, all have
the same size and form a ∆-system with root r ⊆ κ. Moreover, we may assume
that for any two conditions p, q ∈ A we have Tp = Tq and cp = cq. We may also
assume that for all p, q ∈ A, fp � r and fq � r are the same.

Now for every p ∈ A and every α ∈ dom(fp) we choose a set Opα ∈ B such that
α ∈ Opα, the sets Opα, α ∈ dom(fp), are pairwise disjoint and for all {α1, . . . , αn} ∈
[dom(fp)]n, c is constant on [Opα1

, . . . , Opαn
].

Since B is countable, we can thin out A further and assume that for all p, q ∈ A
and all α ∈ dom(fp) and all β ∈ dom(fq) with fp(α) = fq(β) we have Opα = Oqβ .

We are finished if we can show

Claim 2.4. The conditions in A are pairwise compatible.

Let p, q ∈ A be distinct. We define a common extension s of p and q. For α ∈ r
let fs(α) = fp(α) = fq(α).

Now suppose α ∈ dom(fp)\r. Since Tp = Tq, there is a unique β ∈ dom(fq) such
that fq(β) = fp(α). Since α 6∈ r, α 6= β. Let fs(α), fs(β) ∈ ω<ω be two extensions
of fp(α) such that fs(α) ⊥ fs(β).

This defines fs and Ts. Clearly, (1) of Definition 2.2 is satisfied for fs and, as far
as (3) is concerned, the condition s is going to be a common extension of p and q.

We now define cs : [Ts]n → 2. Let F ∈ [Ts]n. If there is a family F ′ of pairwise
incompatible restrictions of the elements of F such that F ′ ∈ [Tp]n, then we have
no choice and have to put cs(F ) = cp(F ′) in order to satisfy (2)(b) and (4) of
Definition 2.2.

The difficulty here is (2)(c) of Definition 2.2. Given the family F there could be
α1, . . . , αn ∈ dom(fs) such that F = fs[{α1, . . . , αn}], but {α1, . . . , αn} is neither a
subset of dom(fp) nor a subset of dom(fq). By (2)(c) of Definition 2.2 we need to
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have c(α1, . . . , αn) = cp(F ′) if F ′ is as in the preceding paragraph. This is where
the topology comes into play. For every i let Oαi

= Opαi
if αi ∈ dom(fp) and

Oαi
= Oqαi

if αi ∈ dom(fq).
Choose β1, . . . , βn ∈ dom(fp) with fs(αi) = fp(βi) for every i. By the assump-

tions on A, for every i we have Oαi = Opβi
. Since c is constant on [Oβ1 , . . . , Oβn ]

and
{α1, . . . , αn} ∈ [Oα1 , . . . , Oαn

] = [Oβ1 , . . . , Oβn
],

we have
c(α1, . . . , αn) = c(β1, . . . , βn) = cp(F ′).

If there is no family F ′ as above, then (4) of Definition 2.2 will be satisfied if
we define cs(F ) only if F consists of maximal (with respect to ⊆) elements of Ts,
i.e., if F ⊆ ran(fs). This also makes sure that (2)(a) of Definition 2.2 is satisfied.
If F consists of maximal elements of Ts, then there is a unique set {α1, . . . , αn} ∈
[dom(fs)]n such that F = fs[{α1, . . . , αn}]. We put cs(F ) = c(α1, . . . , αn). This
finishes the definition of cs and it is easily checked that s = (fs, cs) is indeed a
common extension of p and q. This finishes the proof of the claim and hence of the
lemma. �

Lemma 2.5. For all α ∈ κ and all m ∈ ω the set

Dm
α = {p ∈ Pc : α ∈ dom(fp)∧ |fp(α)|> m}

is dense in Pc.

Proof. Let α ∈ κ. We first consider the case m = 0. Let p ∈ Pc. If α ∈ dom(fp),
then p ∈ D0

α. If α 6∈ dom(fp), then let k ∈ ω be such that k is not the first
coordinate of any sequence in ran(fp). We define an extension q ∈ D0

α of p.
Let fq(α) be the sequence of length 1 with value k. For all β ∈ dom(fp) let

fq(β) = fp(β). We have to put cq � [Tp]n = cp and for every F ∈ [dom(fq)]n with
α ∈ F we have to define cq(fq[F ]) = c(F ), but this does not cause any conflicts with
(2)(b) of Definition 2.2 since no non-empty initial segment of fq(α) is an element
of Tp \ {∅} and since the elements of ran(fp) are pairwise incompatible.

Clearly, q ∈ D0
α and q ≤ p.

Now, if p ∈ Pc, m > 0 and α ∈ κ, then by the first part of this proof, we may
assume that α ∈ dom(fp). In order to find a condition q ≤ p in Dm

α , we only have
to extend fp(α) to a sequence of length > m. We can then extend cp according to
(2) of Definition 2.2. This yields a condition q ∈ Dn

α with q ≤ p. �

Now let G ⊆ Pc be a filter intersecting the sets Dm
α for all α ∈ κ and all m ∈ ω.

Then for every α ∈ κ,

f(α) =
⋃
{fp(α) : p ∈ G ∧ α ∈ dom(fp)}

is an element of ωω. Thus, f is a function from κ to ωω. Note that f is actually
1-1.

For F ∈ [κ]n let cA(f [F ]) = c(F ).

Lemma 2.6. cA is continuous with respect to the subspace topology that A inherits
from ωω.

Proof. Let F = {α1, . . . , αn} ∈ [κ]n. Then there is p ∈ G such that F ⊆ dom(fp).
By (2) of Definition 2.2, cp(fp[F ]) is defined and equals c(F ). Let F ′ = {β1, . . . , βn} ∈
[κ]n be such that fp(αi) ⊆ f(βi) for all i.

Then there is some condition q ≤ p such that q ∈ G, F ′ ⊆ dom(fq) and moreover,
|fq(βi)|≥|fp(αi)| for every i. Clearly, for every i, fp(αi) ⊆ fq(βi). Since cp ⊆ cq
and by (2)(b) of Definition 2.2,

c(F ′) = cq(fq[F ′]) = cq(fp[F ]) = cp(fp[F ]) = c(F ).
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It follows that cA(f [F ]) = cA(f [F ′]).
This shows that on [A]n, cA(f [F ]) is already determined by sufficiently long finite

initial segments of the elements of f [F ]. In other words, cA is indeed continuous. �

3. A characterization of potentially continuous colorings

Theorem 3.1. A coloring c : [κ]n → 2 is potentially continuous iff Pc is c.c.c.

Proof. If Pc is c.c.c., then c is potentially continuous since it is continuous in any
Pc-generic extension of the ground model by Lemma 2.6.

On the other hand, suppose that W is an extension of the ground model V such
that c is continuous in W and (ℵ1)V = (ℵ1)W . Let us consider the forcing notion
Pc in W . By Lemma 2.3, Pc is c.c.c. in W . But the conditions in Pc are absolute
and hence, (Pc)V is the same as (Pc)W . Now if A ⊆ Pc is an uncountable antichain
in V , then it is uncountable in W as well, because V and W have the same ℵ1. It
follows that Pc is c.c.c. in V . �

Theorem 3.1 easily implies

Corollary 3.2. Assume MAℵ1 and WOCA. Then for every potentially continuous
coloring c : [κ]2 → 2 on an uncountable cardinal κ there is an uncountable c-
homogeneous set.

Let us now analyze the proof of Lemma 2.3. Let κ be an uncountable cardinal
and c : [κ]n → 2 a coloring. In the proof of Lemma 2.3, the continuity of the
coloring c was used in the following way:

Let A be an uncountable family consisting of m-tuples (α1, . . . , αm) of pairwise
distinct ordinals. If c is continuous with respect to a second countable topology
on κ, we may assume, after thinning out the family A if necessary, that there
are disjoint open sets O1, . . . , Om ⊆ κ such that A ⊆ O1 × · · · × Om and for all
{i1, . . . , in} ∈ [{1, . . . ,m}]n, c is constant on [Oi1 , . . . , Oin ].

This is the crucial ingredient of the proof of Claim 2.4. It is clear that all that
is really needed is that, given an uncountable family A of m-tuples with pairwise
distinct entries, there are two distinct m-tuples (α1, . . . , αm), (β1, . . . , βm) ∈ A such
that for every {i1, . . . , in} ∈ [{1, . . . ,m}]n, c is constant on [{αi1 , βi1}, . . . , αin , βin}].

This in fact gives a characterization of potentially continuous colorings.

Corollary 3.3. A coloring c : [κ]n → 2 is potentially continuous if and only if
for every uncountable family A of m-tuples consisting of pairwise distinct ordinals
in κ there are two distinct tuples (α1, . . . , αm), (β1, . . . , βm) ∈ A such that for all
{i1, . . . , in} ∈ [{1, . . . ,m}]n, c is constant on [{αi1 , βi1}, . . . , {αin , βin}].

Proof. The remark before the corollary together with the proof of Lemma 2.3 shows
that Pc is c.c.c if the right hand side of the equivalence stated in the corollary holds.

On the other hand, if c is continuous, then the remark before the corollary shows
that the right hand side of the equivalence holds. However, as with the c.c.c. of
Pc in the proof of Theorem 3.1, the right hand side of the equivalence is downward
absolute between models that agree on uncountability: if it holds in some extension
W of V with (ℵ1)V = (ℵ1)W , then it holds in V as well. �

An alternative way to prove the implication from the right to the left in Corollary
3.3 is to construct an uncountable antichain in Pc directly from a counterexample
to the condition of the right hand side of the equivalence, which is not hard.

It will be useful to have the following definition at our disposal:

Definition 3.4. For a coloring c as in Corollary 3.3 we say that two n-tuples
(α1, . . . , αm), (β1, . . . , βm) are of the same type, if for all {i1, . . . , in} ∈ [{1, . . . ,m}]n
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we have
c(αi1 , . . . , αim) = c(βi1 , . . . , βim).

Clearly, for fixed m there are only finitely many types of m-tuples. Hence,
in the situation of Corollary 3.3 we may always assume that all m-tuples under
consideration are of the same type.

A different formulation of Corollary 3.3 is

Corollary 3.5. A coloring c : [κ]n → 2 is potentially continuous if and only if for
every uncountable family A of m-tuples consisting of pairwise distinct ordinals in κ
there are two distinct tuples (α0

1, . . . , α
0
m), (α1

1, . . . , α
1
m) ∈ A such that the m-tuples

(αε(1)1 , . . . , α
ε(m)
m ), ε : {1, . . . ,m} → 2, all have the same type.

4. A potentially continuous coloring that is not continuous

Let us point out two colorings that are not potentially continuous. The most
obvious example is Sierpinski’s coloring. Let X be a set of reals of size ℵ1 and
choose a well-ordering ≺ on X. For {x, y} ∈ [X]2 let cS(x, y) = 1 if ≺ and the
usual ordering < on the reals agree on {x, y} and let cS(x, y) = 0 if the two orderings
disagree.

Every cS-homogeneous set is either an increasing or a decreasing sequence of
reals, indexed by an ordinal. Since uncountable increasing or decreasing sequences
of reals do not exist by the separability of R, every cS-homogeneous set is count-
able. This argument is sufficiently absolute to make sure that there is no way to
add an uncountable cS-homogeneous set to the set-theoretic universe. Since un-
countable homogeneous sets for continuous colorings can be added by forcing, as
was mentioned in the introduction, uncountable homogeneous sets can be added for
potentially continuous colorings. It follows that cS is not potentially continuous.

A more subtle example for a 2-coloring on ℵ1 that is not potentially continuous
is a coloring due to Todorčević [8, Section 8]. He defined a coloring cT : [ℵ1]2 → 2
with the following properties:

(1) No uncountable subset of ℵ1 is cT -homogeneous.
(2) An uncountable cT -homogeneous set can be added by forcing, but not with-

out killing a stationary subset of ℵ1. In particular, no proper forcing adds
an uncountable cT -homogeneous set.

Observe that uncountable homogeneous sets for potentially continuous colorings
can be added by proper forcing: first use some c.c.c. forcing to make the coloring
continuous, then collapse 2ℵ0 to ℵ1 using some proper forcing and finally add an
uncountable homogeneous set using some c.c.c. forcing. It follows that cT is not
potentially continuous.

It is a natural question whether there can be a potentially continuous coloring
that is not already continuous. Note that a constant 2-coloring on a set X of size
> 2ℵ0 is potentially continuous, it is enough to enlarge the continuum to |X|, but
it is not continuous for the trivial reason that no second countable space is of size
> 2ℵ0 . However, consistently there are more interesting examples of potentially
continuous colorings that are not continuous.

Let P consist of all finite partial functions from [ℵ1]2 to 2 ordered by reverse
inclusion. Clearly, P is isomorphic to the forcing notion that adds ℵ1 Cohen reals.
Let G be P-generic over the ground model V . Now c =

⋃
p∈G p is a pair coloring

on ℵ1.

Lemma 4.1. In V [G], c is not continuous.

Proof. Suppose in V [G], τ is a second countable topology on ℵ1 such that c is
continuous with respect to τ . Fix a P-name ċ for c. Since ℵ1 is uncountable, it
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contains a nontrivial convergent sequence (xn)n∈ω with respect to τ . Now for every
y ∈ ℵ1 \ {xn : n ∈ ω}, the sequence (c(xn, y))n∈ω is eventually constant. We show
that this cannot be the case.

Fix a P-name Ẋ for the sequence (xn)n∈ω. We may assume that 1P forces Ẋ to
be a 1-1 sequence of countable ordinals. For every n, let ẋn be a name for the n-th
element of Ẋ. We may assume that each ẋn uses only countably many conditions
from P. Fix a countable set C ⊆ ℵ1 such that all conditions used in any ẋn have
their domain contained in [C]2. Let α be any countable ordinal outside C.

Now suppose that p ∈ P forces that (ċ(ẋn, α))n∈ω is eventually constant with
value i ∈ 2. Extending p if necessary, we may assume that p forces (ċ(ẋn, α))n∈ω
to be constant from some fixed m ∈ ω on.

Recursively choose conditions qn, n ∈ ω, such that each qn is compatible with
p, has its domain contained in [C]2, decides ẋm+n to be αn ∈ ℵ1, and extends all
qk with k < n. Since the αn have to be pairwise distinct, there is some n ∈ ω
such that αn 6= α and {αn, α} 6∈ dom p. Since α 6∈ C, {αn, α} 6∈ dom qn. Now
r = p ∪ qn ∪ {({αn, α}, 1 − i)} is a condition below p that forces ċ(ẋm+n, α) to be
1− i, contradicting the choice of p and m. �

Lemma 4.2. In V [G], there is no uncountable c-homogeneous set.

Proof. Suppose there is an uncountable c-homogeneous set H. Fix a P-name Ḣ
for H. We may assume that Ḣ is forced by 1P to be an uncountable subset of ℵ1.
Suppose p ∈ P forces that H is homogeneous of color i ∈ 2.

For every α ∈ ℵ1 choose a condition pα ≤ p and an ordinal βα ∈ ℵ1 such
that pα forces that the α-th element of Ḣ is βα. For each α consider the set
dα = {βα} ∪

⋃
dom pα, i.e., the set of all ordinals that appear in the domain of

pα together with βα. Let S ⊆ ℵ1 be uncountable such that the dα, α ∈ S, form a
∆-system with root r. After thinning out S we may assume that the pα, α ∈ S, are
pairwise compatible. Now the ordinals βα, α ∈ S, are pairwise distinct. We may
further assume that no βα, α ∈ S, is an element of r.

Let α and α′ be two distinct elements of S. By the choice of S, {βα, βα′} 6∈
dom pα ∪ dom pα′ . Hence q = pα ∪ pα′ ∪ {({βα, βα′}, 1− i)} is a condition below p
such that

q 
 βα, βα′ ∈ Ḣ ∧ ċ(βα, βα′) = 1− i,
contradicting the choice of p. �

Lemma 4.3. In V [G], c is potentially continuous.

Proof. We use the characterization from Corollary 3.3. In V [G], let A be an un-
countable set of m-tuples of pairwise distinct ordinals in ℵ1. We may assume that
the m-tuples from A all have the same type. We argue that is can also be assumed
that the tuples in A are pairwise disjoint.

First we thin out A in such a way that the sets of entries of the tuples in A
form a ∆-system with some root w. We may assume that every element of the
root appears on the same coordinate in every tuple from A. Now we delete all the
coordinates in the m-tuples from A that have values in the root of the ∆-system.

It is easily checked that the modified family A satisfies the condition on the right
hand side of the equivalence in Corollary 3.3 if and only if the original family does.

Now let Ȧ be a name for A and assume that p ∈ P forces Ȧ to be an uncountable
set of pairwise disjoint m-tuples of pairwise distinct countable ordinals such that
all m-tuples from A have the same type. Let Ẋ be a name for a 1-1 enumeration
of A indexed by ℵ1 and for each α ∈ ℵ1 let ẋα be a name for Ẋ(α).

For each α ∈ ℵ1 choose a condition pα ≤ p that decides ẋα to be (β1,α, . . . , βm,α).
For each α let dα = {β1,α, . . . , βm,α} ∪

⋃
dom pα. Let S ⊆ ℵ1 be uncountable such
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that the dα, α ∈ S, form a ∆-system with root r and such that the conditions pα,
α ∈ S, are pairwise compatible.

Since the ẋα are forced to be pairwise disjoint and the pα, α ∈ S, are pair-
wise compatible, the (β1,α, . . . , βm,α), α ∈ S, are pairwise disjoint. It follows that
there are two distinct ordinals α, α′ ∈ S such that the corresponding m-tuples
(β1,α, . . . , βm,α) and (β1,α′ , . . . , βm,α′) are disjoint from r.

Since pα and pα′ are compatible, q = pα ∪ pα′ is a condition in P. Note that
for all {i, j} ∈ [{1, . . . ,m}]2, {βi,α, βj,α′} 6∈ dom(q). Hence we can extend q to a
condition q′ that forces that c is constant on every set [{βi,α, βi,α′}, {βj,α, βj,α′}],
{i, j} ∈ [{1, . . . ,m}]2.

Clearly, this argument in fact shows that conditions q′ as above are dense below
p. It follows that G contains such a condition q′. Hence A contains two distinct
m-tuples (β1, . . . , βm) and (β′1, . . . , β

′
m) such that for all {i, j} ∈ [{1, . . . ,m}]2, c is

constant on [{βi, β′i}, {βj , β′j}].
By Lemma 3.3, this implies that c is potentially continuous. �

5. Destroying potential continuity

In this section we consider once more the coloring c from Section 4 that has been
defined from ℵ1 Cohen reals over any ground model. We show that there is some
c.c.c. forcing that forces that c is not potentially continuous.

Definition 5.1. Let Q consist of conditions of the form

{{α1, α1 + 1}, . . . , {αk, αk + 1}}
such that for all i ∈ {1, . . . , k},

(1) αi ∈ ℵ1,
(2) αi is even,
(3) αi + 1 < αi+1,
(4) c(αi, αi + 1) = 0,
(5) for all j 6= i, c(αi, αj + 1) = 1.

Q is ordered by reverse inclusion.

In other words, Q consists of finite approximations of a very simple counterex-
ample to the right hand side of the equivalence in Corollary 3.3.

For what follows, let Q̇ be a P-name for Q.

Lemma 5.2. For each α ∈ ℵ1 let

Dα = {q ∈ Q : ∃β ≥ α({β, β + 1} ∈ q)}.
Then every Dα is dense in Q.

Proof. Let q ∈ Q. Choose a P-name q̇ for q. Let p ∈ P be such that p 
 q̇ ∈ Q̇. Let
β ∈ ℵ1 be such that

(i) β ≥ α,
(ii) β is even,
(iii) β, β + 1 6∈

⋃
dom(p).

Now we can easily extend p to a condition p′ such that p′ forces that q̇∩{β, β+1}
is a condition in Q. �

Now it is clear that if G is P-generic over the ground model V , then forcing with
Q over V [G] either collapses (ℵ1)V [G] or introduces an uncountable set of pairs in
ℵ1 that contradicts the right hand side of the equivalence in Corollary 3.3.

Thus, in order to show that Q destroys the potential continuity of c, it remains
to show that forcing with Q does not collapse ℵ1. To this end, we show that P ∗ Q̇
is c.c.c.
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Lemma 5.3. P ∗ Q̇ is c.c.c.

Proof. Let (pν , q̇ν)ν∈ℵ1 be a family of conditions in P ∗ Q̇. After shrinking the pν
if necessary, we may assume that for each α, pν decides q̇ν . We therefore drop the
dot on q̇ν and consider each qν as a set of the form

{{α1, α1 + 1}, . . . , {αk, αk + 1}}
such that for all i ∈ {1, . . . , k} the conditions (1)–(3) of Definition 5.1 are satisfied.
For each ν ∈ ℵ1 let dν =

⋃
qν ∪

⋃
dom pν , i.e., let dν consist of the finitely many

countable ordinals involved in forming (pν , qν).
We uniformize the family (pν , qν)ν∈ℵ1 as much as possible. After thinning out

and reindexing the family we may assume
(i) the dν form a ∆-system with root d and and for every ν, d is an initial part

of dν ,
(ii) the pν are pairwise compatible and
(iii) for all ν, ν′ ∈ ℵ1, dν and dν′ are of the same size and the order preserv-

ing map between dν and dν′ is an isomorphism between the structures
(dν , d, qν , p−1

ν (1)) and (dν′ , d, qν′ , p−1
ν′ (1)) where qι and p−1

ι (1) are consid-
ered as binary symmetric relations on dι, ι ∈ {ν, ν′}.

Claim 5.4. For ν, ν′ ∈ ℵ1, the conditions (pν , qν) and (pν′ , qν′) are compatible in
P ∗ Q̇.

Assume that ν 6= ν′. Since pν and pν′ are compatible, p = pν ∪ pν′ is a condition
in P. Let q = qν ∪ qν′ . Since pι forces that qι satisfies condition (4) in Definition
5.1 for ι ∈ {ν, ν′}, p forces that this condition is satisfied for q as well.

It may be the case that p does not force that q satisfies condition (5) of Definition
5.1. We have to show that p can be extended to a condition r ∈ P that forces that
q satisfies (5). In this case (r, q) is a common extension of (pν , qν) and (pν′ , qν′).

We write q as
{{α1, α1 + 1}, . . . , {αk, αk + 1}}.

Let i, j ∈ {1, . . . , k} be such that i 6= j. It is now sufficient to show that it is
not the case that {αi, αj + 1} ∈ dom p and p forces that c(αi, αj + 1) = 0, i.e.,
p(αi, αj + 1) = 0.

Assume {αi, αj + 1} ∈ dom p, say {αi, αj + 1} ∈ dom pν .
If {αi, αi + 1} 6∈ qν , then {αi, αi + 1} ∈ qν′ . It follows that αi ∈ dν ∩ dν′ = d.

But now by (iii),
{αi, αi + 1} ∈ qν ⇔ {αi, αi + 1} ∈ qν′ ,

a contradiction. Hence {αi, αi+ 1} ∈ qν . By the same argument, {αj , αj + 1} ∈ qν .
But if {αi, αi+1}, {αj , αj+1} ∈ qν , then pν , and hence p, forces that c({αi, αj+

1}) = 1. This finishes the proof of the claim and hence of the lemma. �

We now easily get the following:

Theorem 5.5. Let G be P-generic over the ground model V . Then in V [G] there
are a potentially continuous coloring c and a c.c.c. forcing Q such that forcing with
Q destroys the potential continuity of c. In particular, the forcing notion Pc ×Q is
not c.c.c.

Proof. We argue in V [G]. Let c be the generic coloring added by P. From Lemma
5.3 it follows that Q is c.c.c. By the remark following Lemma 5.2, forcing with Q
destroys the potential continuity of c.

Now consider the forcing notion Pc × Q. By the absoluteness of the conditions
of Pc this product is equivalent to the iteration Q ∗ Ṗc where Ṗc is a Q-name for Pc.
Since Q destroys the potential continuity of c, it forces that Pc is not c.c.c. Hence
Q ∗ Ṗc, and therefore Q× Pc, fails to be c.c.c. �
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6. Problems

Let us conclude with two open problems. The first question was asked by Velič-
ković [9].

Question 6.1. Is it consistent that there are two potentially continuous colorings
c and c′ such that Pc×Pc′ is not c.c.c.? In other words, can there be two potentially
continuous coloring that cannot be made continuous at the same time?

Question 6.2. Can every coloring that is not continuous be forced to be not even
potentially continuous?
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