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ABSTRACT. We show that the real line can be partitioned into two sets such
that each contractive map from one of the sets to itself is constant. This

answers a question of Behrends.

1. INTRODUCTION

Let X and Y be metric spaces. A mapping [ : X — Y is Lipschitz of constant
¢ > 0if for all xo,z1 € X, |f(zo) — f(z1)| < ¢+ |ro — x1]. The mapping f is
contractive if it is Lipschitz of some constant < 1. Banach’s fixed point theorem
says that in a complete metric space X, every contractive mapping from X to X
has a fixed point.

It is natural to ask whether every metric space X with the property that every
contractive mapping f : X — X has a fixed point is complete. It is well known that
this is not the case. We even construct a subspace of R on which every contractive

selfmap is constant.

2. DIAGONALIZING CONTINUOUS MAPPINGS

Definition 2.1. Let F be the family of all continuous functions f : R — R for
which one of the following holds:
(1) f is the identity;
(2) there is a € R such that f [ (—oco,a) is constant and f | (a,00) = id(4,c0);
(3) there is b € R such that f [ (b, c0) is constant and f [ (—00,b) = id(_sc,p);
(4) there are a,b € R such that a < b, f [ (—o0,a) and f | (b, 00) are constant,
and f [ (a,b) = id(q,p)-
Lemma 2.2. Suppose f : R — R is continuous and not in F. Then there is an
open interval I C R such that f | I is not constant and for all x € I, f(x) # x.

Proof. The set D = {z € R : f(x) = x} is closed. Suppose there exists a finite
maximal open interval I contained in the complement of D. Then by continuity, f
is not constant on I.

Now suppose every maximal open interval contained in the complement of D is
infinite. Then, since f ¢ F, there is one such interval I such that f is not constant
on I. O
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Theorem 2.3. R can be partitioned into two sets Xy and Xy such that for every
i € 2 and every continuous function f: R — R, if f[X;] C X;, then f € F.

Proof. Let (iq, fa)acoro be an enumeration of all pairs (i, f) where ¢ € 2 and
f R — R is a continuous function not in F. Inductively we construct sequences
(28)acomo and (2§),con, of real numbers such that for all a < 2% the following
hold:

(1) 2§ and z¢ are distinct and not contained in {z? : < a Ai € 2};

(2) falzf) = 27
Suppose we can find (2§),con and (z§),<on as above. Let Xo = {z§ : v < 2%0}
and X; =R\ Xo. By (1), {2¢ : a < 2%} C X;.

If a continuous function f : R — R is not in F and if i € 2, then there is a < 2%°

such that f = f, and i = i,. Now z* € X;, ¢, € X;_;, and

f@f) = falaf,) = 21, =21

In particular, f[X;] € X;.

It remains to construct the sequences (zf)a,cono and (z7),<on0. Supposed we
have constructed (a:g)5<a and (x?)ﬁ@t for some o < 2%, Let i =i, and f = f,.
Since f ¢ F, by Lemma 2.2, there is a nonempty open interval I such that f | I is
not constant f(x) # x for all x € I.

Since f | I is not constant, there is a nonempty open interval J C f[I]. The set

A=Inf I\ {a] :B<anje2d)\{af :B<anje2}

is of size 2%, Pick z¢ € A and let 2§, = f(z&). It is easily checked that z§ and
z{_; have the desired properties. O

3. A SET WITHOUT NONTRIVIAL CONTRACTIONS

We show that the sets Xy and X; have no non trivial contractive selfmaps.
In order to prove this, we need some facts about the extendibility of Lipschitz

functions.

Lemma 3.1. Let X be a nonempty closed subset of R, f: X — R, and ¢ > 0 such
that for all x,y € X with © # y,

[f (@) = fy)l < ez =yl

In other words, suppose that f is Lipschitz of constant c. Then there is f : R — R
such that for all z,y € R with x # vy,

|f(x) = Fy)| <c-lz—yl

Proof. Since X 1is closed, every point in the complement of X is contained in an
unique open interval which is maximal with the property that it is disjoint from X.
Let I be such an interval.

I can be infinite, but since X is nonempty, I has at least one endpoint a. Note
that @ € X by the maximality of I. If I is infinite, then for each = € I let
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f(x) = f(a). If I is finite, then I has another endpoint b € X. We may assume
a<b. Forxzellet

- f)— f(a
Fo) = fla) + LD o)
—a
It is easily checked that f has the desired properties. (]

Lemma 3.2. Let X CR be a set. Let f: X — R a Lipschitz function of constant
c. Then [ can be continuously extended to the closure of X, with the same Lipschitz

constant.

Proof. Since f is Lipschitz, it maps every Cauchy sequence in X to a Cauchy
sequence in R. This implies that f extends to a continuous function f : cI(X) — R.

The computation of the Lipschtz constant of f is straight forward. O

Combining these two lemmas we get

Corollary 3.3. Let X C R be a set. If f: X — R is Lipschitz of constant ¢ > 0,

then f can be extended to a function f : R — R which is Lipschitz of constant c.
Using Theorem 2.3 we obtain

Theorem 3.4. R can be partitioned into two sets Xy and Xy such that for every

1 € 2 every contraction f: X; — X; is constant.

Proof. Let Xy and X7 be as in Theorem 2.3. Let ¢ € 2. Let f : X; — X, be a
contraction. Then f can be extended to a contraction f : R — R by Corollary 3.3.
Since f[X;] C X;, by the choice of X;, f € F. But a contraction is in F only if it

is constant. O

It it worth pointing out that Xy and X; actually have the following stronger

property:
For every i € 2, if f : X; — X is such that for all z,y € X; with x # y we have

[f (@) = fy)l < |z —yl,

then f is constant.
For suppose f : X; — X; is such that for all z,y € X; with = # y,

[f(@) = f)l <z =yl

Then f extends to a function f : R — R which is Lipschitz of constant 1. Since
fIXi] € X;, f € F. If f is not constant, then there are a,b € f[X;] C X; with
a#b. Since f € F, f(a) =a and f(b) = b. In particular

la = bl = f(a) = f(B)I.

This shows the strengthening of Theorem 3.4
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Moreover, it is unneccesary to use Lemma 3.2 in the proof of Theorem 3.4 since

it is easily checked that the sets Xy and X; are dense.
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