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Exercise sheet 9

Problem 1. Let f : € — D be a functor of small categories.

1. Show that the nerve N(f) : N(C) — N(D) has the right lifting property with
respect to all inner horn inclusions A? C A”.

2. Suppose that N(f) has the right lifting property with respect to the horn in-
clusions Aj C A". Show that the fibers of f are groupoids and that the map
N(f) is a Kan fibration.

Problem 2. Recall from exercise 4.4 that there is a functor D : A — 2Cat, which
defines the 2-nerve N, : 2Cat — Set via the Yoneda embedding. Recall from the

lecture the adjunction
¢: Setp « CatsetA : Na

defined via the functor € : A — Catget,, -

1. Show that, given a 2-category C, by applying the nerve to the various categories
C(z,y), we obtain a simplicial category. Further show that this construction
yields a functor Ny, : 2Cat — Catgeg, -

2. Show that Ny; o D = €. Conclude that Na o Ny = Ns.

3. Let € € 2Cat. Show that N,(C) is an co-category if and only if all categories
C(z, y) are groupoids.

Problem 3. Define [—1] := &, and for n,m € {—1,0,1,...}, define the ordinal sum
[n] ® [m] of [n] and [m] to be the totally ordered set

{0<1l---<n<0<l--<m}=[n+m+1].

Let X, Y € Seta. Define the join of X and Y to be the simplicial set X x ¥ whose
n-simplices are given by
(X«Y)= J] XxX,
[dJ@li]=[n]

where we set X | = x.

1. Show that X % Y is a simplicial set. Note that there are canonical monomor-
phisms of simplicial sets X — X x Y and ¥ — X x Y.

2. Show that A" x A™ =2 Antm+l
3. Show that if X and Y are oco-categories, then so is X x Y.

4. Let € € Cat, and let x € C be an object. Show that the nerve of the overcate-
gory N(C/;) can be identified with the simplicial set N(€),, whose n-simplices
are morphisms of simplicial sets A™ x A — N(€) such that the composite
A — A" x A” — N(@) is .



Problem 4. Define the sets of morphisms

L:={Al > A" |0<i<n}
R:={A! 5> A" |0<i<n}.

Call a morphism f : X — Y of simplicial sets left anodyne (resp. right anodyne)
if it is in £ (resp. R). Let ¢ : A — B be a monomorphism in Setx. Show that if
f: A" — B’ is left anodyne, then f A g is left anodyne as well. (Hint: See the proof
of the analogous fact for anodyne morphisms.) Conclude that if f is right anodyne,
sois f A g.



