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Prof. Dr. Tobias Dyckerhoff Due: 4. December

Exercise sheet 7

Problem 1. Let K € Kan and v € Kj. Recall from exercise 4.2.5 that there is a functor 7<; :
Kan — Grpd left adjoint to the nerve (denoted by v in exercise 4.2.5).

1. Show that there is an isomorphism mo(K) ~ 7o (| K|).
2. Show that there is an isomorphism
Homg_, (k) (v,v) = m (K, v).
Conclude that if K is connected (i.e., mo(K) = ), there is an equivalence of categories
B (K,v) ~ m<1(K).
Problem 2. A simplicial group is an object G € Grp, := Fun(A°P, Grp). The forgetful functor
¢ : Grp — Set induces a functor
Grpp — Seta, G~ G:=10G.

1. Let G be a simplicial group. Given a horn (g1, 92, ..., k-1, — Gk+1, " ** gn) With ¢g; € Gp_1,
define an element inductively as follows:

Set ho := so(g0)

e Define h; for i < k by h; :=hj_1- (Sidi(hi—l)) . Sz(gz)

e Set h, := hi_1 - (Sn_ldn(hk_l))il . sn—l(gn)-

e Define h; for i > k by h; := hi+1 : (Si_ldi(hi_i_l))il . 5i—1(gi)~

Show that:

o if kK < n, then d;(hg+1) = gi;
o if k = n, then d;(hy,—1) = g;-

Conclude that G is a Kan complex.

2. For a simplicial set X € Seta, an action of G on X consists of an action of G, on X,, for
every n > 0 such that, for every morphism f : [m] — [n] in A, the induced map f*: X,, — X,,
is G-equivariant in the sense that for (g,z) € G, x X,,, we have

[ (g-2)=["(9) - f"(2).
Given an action of G on X, show that there is a simplicial set X /G with
(X/G)n = X0/ Gy
Such that there is a well defined quotient map
pe: X = X/G

3. Suppose given an action of G on X such that X, is a free G,, set for all n > 0. Let 0 : A" —
X /G be an n-simplex and define the fiber F,, of X over o to be the pullback.

F, — X

[

A" —— X/G

Show that there is an isomorphism F, = G x A" such that the diagram

F, —— G x A"

| |

A”TA”

commutes. Conclude that pg : X — X /G is a Kan fibration.



Problem 3. Let G € Grp, be a simplicial group. Define a simplicial set EG by
EG, = Gp x Gp_1 X -+ Gy

with face maps

(di(gn), di—1(gn-1)s-- - do(Gn—i)Gn—i—1,Gn—i—2,---,90) @ <mn

di(g”""’go):{(dn(gn),..-,d1(91)), 1=n

and degeneracy maps

5i(Gny--,90) = (8i(gn), Si—1(gn-1)s---+50(gn—i)s € Gn—i—1,---> 90)
where e is the unit of G,,_;.

1. Show that the maps
9 (gns---90) = (99n; - - 90)
equip FG with a free G-action, yielding a simplicial BG := EG/G and a Kan fibration

7w : EG — BG

2. Let e € BGy be the vertex represented by the identity in Gg. Show that the fiber of FG over
e is isomorphic to G.

3. Consider the functor

Kt [n] x [1] = [n +1], (i’j)H{?—i-l j:(l)

Show that given a morphism f : [n] — [m] in A, the diagram

[n] x [1] =22 [n +1]

fxidml lf‘

[m] x [1] —— [m + 1]

Km

commutes, where f : [n + 1] — [m + 1] is defined by

-1 +1 20
(”_{0 i =0.

4. Show that the map EG,, — P.(BG@G),, given by

(gna .. '7g0) — K/:L(’/T(evgna < 'ag()))

defines a map of simplicial sets such that the diagram

EG ————  P.(BG)

N

commutes. Conclude that there is a commutative diagram

G EG BG

l | Ju

Q2. (BG) —— P.(BG) —— BG




