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Half-flat Structures and Special Holonomy

V. Cortés, T. Leistner, L. Schéfer, and F. Schulte-Hengesbach

ABSTRACT. It was proven by Hitchin that any solution of his evolution equations for a half-flat
SU(3)-structure on a compact six-manifold M defines an extension of M to a seven-manifold
with holonomy in G2. We give a new proof, which does not require the compactness of M. More
generally, we prove that the evolution of any half-flat G-structure on a six-manifold M defines
an extension of M to a Ricci-flat seven-manifold N, for any real form G of SL(3,C). If G is
noncompact, then the holonomy group of N is a subgroup of the noncompact form G of Gg.
Similar results are obtained for the extension of nearly half-flat structures by nearly parallel
Ga- or Gj-structures, as well as for the extension of cocalibrated Gz- and G3-structures by
parallel Spin(7)- and Sping(3, 4)-structures, respectively. As an application, we obtain that any
six-dimensional homogeneous manifold with an invariant half-flat structure admits a canonical
extension to a seven-manifold with a parallel Gz- or G3-structure. For the group H3 x Hs, where
Hs is the three-dimensional Heisenberg group, we describe all left-invariant half-flat structures
and develop a method to explicitly determine the resulting parallel Gz- or G3-structure without
integrating. In particular, we construct three eight-parameter families of metrics with holonomy
equal to G2 and G3. Moreover, we obtain a strong rigidity result for the metrics induced by a
half-flat structure (w, p) on H3 X Hs satisfying w(3, 3) = 0 where 3 denotes the centre. Finally,
we describe the special geometry of the space of stable three-forms satisfying a reality condition.
Considering all possible reality conditions, we find four different special K&hler manifolds and
one special para-Kédhler manifold.
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Introduction

Following Hitchin [H1], a k-form ¢ on a differentiable manifold M is called stable if the orbit
of ¢(p) under GL(T,M) is open in AkT;M for all p € M. In this paper we are mainly concerned
with six-dimensional manifolds M endowed with a stable two-form w and a stable three-form p.
A stable three-form defines an endomorphism field J, on M such that Jp2 = eid, see ([L6). We will
assume the following algebraic compatibility equations between w and p:

wAp=0, JipAp= %w?’.
The pair (w, p) defines an SU(p, ¢)-structure if ¢ = —1 and an SL(3,R)-structure if ¢ = +1. In
the former case, the pseudo-Riemannian metric w(J,-,-) has signature (2p, 2q). In the latter case
it has signature (3,3). The structure is called half-flat if the pair (w,p) satisfies the following
exterior differential system:
dw? =0, dp=0.

In [H1], Hitchin introduced the following evolution equations for a time-dependent pair of stable
forms (w(t), p(t)) evolving from a half-flat SU(3)-structure (w(0), p(0)):

0 0 . .
i dw, Friche dp,

where © = 72 and p = J7p. For compact manifolds M, he showed that these equations are the
flow equations of a certain Hamiltonian system and that any solution defined on some interval
0 € I C R defines a Riemannian metric on M x I with holonomy group in Gy. We give a new
proof of this theorem, which does not use the Hamiltonian system and does not assume that M is
compact. Moreover, our proof yields a similar result for all three types of half-flat G-structures:
G = SU(3),SU(1,2) and SL(3,R). For the noncompact groups G we obtain a pseudo-Riemannian
metric of signature (3,4) and holonomy group in G5 on M x I (see Theorem[Z3]). As an application,
we prove that any six-manifold endowed with a real analytic half-flat G-structure can be extended
to a Ricci-flat seven-manifold with holonomy group in Gy or G3, depending on whether G is
compact or noncompact, see Corollary 2.6
More generally, a G-structure (w, p) is called nearly half-flat if

dp=w
and a Go- or G3-structure defined by a three-form ¢ is called nearly parallel if
dp = *,0.

We prove in Theorem that any solution I > t — (w(t) = 23;(t),p(t)> of the evolution
equation

p=dw—cep
evolving from a nearly half-flat G-structure (w(0),p(0)) on M defines a nearly parallel Ga- or
G3-structure on M x I, depending on whether G is compact or noncompact, see (3] for the
definition of EE For compact manifolds M and G = SU(3) this theorem was proven by Stock [St].
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The above constructions are illustrated in Section [B] where we start with a nearly pseudo-
Kahler or a nearly para-Kéahler six-manifold as initial structure. These structures are both half-flat
and nearly half-flat and the resulting parallel or nearly parallel Go- and G3-structures induce cone
or (hyperbolic) sine cone metrics.

In Section [ we discuss the evolution of invariant half-flat structures on nilmanifolds. Lemma
[41] shows how to simplify effectively the ansatz for a solution for a number of nilpotent Lie
algebras including the direct sum g = h3 P hs of two Heisenberg algebras. Focusing on this
case, we determine the orbits of the Aut(hs @ h3)-action on non-degenerate two-forms w on b3
which satisfy dw? = 0. Based on this, we describe all left-invariant half-flat structures (w, p)
on H3 x Hs. A surprising phenomenon occurs in indefinite signature. Under the assumption
w(3,3) = 0, which corresponds to the vanishing of the projection of w on a one-dimensional
space, the geometry of the metric induced by a half-flat structure (w, p) is completely determined
(Proposition 7)) and the evolution turns out to be affine linear (Proposition [4.10). However, this
evolution produces only metrics that are decomposable and have one-dimensional holonomy group.
On the other hand, we give an explicit formula in Proposition [.12] for the parallel three-form ¢
resulting from the evolution for any half-flat structure (w, p) with w(3,3) # 0. In fact, the formula
is completely algebraic such that the integration of the differential equation is circumvented. In
particular, we give a number of explicit examples of half-flat structures of the second kind on
hs @ b3 which evolve to new metrics with holonomy group equal to G and G3. Moreover, we
construct an eight-parameter family of half-flat deformations of the half-flat examples which lift
to an eight-parameter family of deformations of the corresponding parallel stable three-forms
in dimension seven. Needless to say, those examples of Gé*)—metrics on M x (a,b) for which
(a,b) # R are geodesically incomplete. However, for M compact with an SU(3)-structure, a
conformal transformation produces complete Riemannian metrics on M x R that are conformally
parallel Go.

A Gg- or Gi-structure defined by a three-form ¢ is called cocalibrated if

dx*, p=0.

Hitchin proposed the following equation for the evolution of a cocalibrated Ga-structure ¢(0):

0
ot (*sa‘P) = dyp.

He proved that any solution I 3 ¢ — ¢(t) on a compact manifold M defines a Riemannian metric on
M x I with holonomy group in Spin(7). We generalise also this theorem to noncompact manifolds
and show that any solution of the evolution equation starting from a cocalibrated G3-structure
defines a pseudo-Riemannian metric of signature (4,4) and holonomy group in Spiny(3,4), see
Theorem

Homogeneous projective special pseudo-Kahler manifolds of semisimple groups with compact
stabiliser were classified in [AC1]. It follows that there is a unique homogeneous projective special
pseudo-Kéahler manifold with compact stabiliser which admits a transitive action of a real form of
SL(3,C) by automorphisms of the special Kéhler structure, namely

SU(3,3)
S(U@3) x U(3))’
Its special Kédhler metric is (negative) definite. The above manifold occurred in [AC1] as an open
orbit of SU(3,3) on the projectivised highest weight vector orbit of SL(6,C) on A3(C%)*. The
space of stable three-forms p € A3(R%)*, such that Jp2 = —1, has also the structure of a special
pseudo-Kahler manifold [H1]. The underlying projective special pseudo-Kéhler manifold is the
manifold
SL(6,R)
U(1) - SL(3,C)

which has noncompact stabiliser and indefinite special Kéhler metric. Both manifolds can be
obtained from the space of stable three-forms p € A3(C®)* by imposing two different reality
conditions. In the last section of this paper we determine all homogeneous spaces which can be
obtained in this way and describe their special geometric structures. In particular, we calculate



4 V. CORTES, T. LEISTNER, L. SCHAFER, AND F. SCHULTE-HENGESBACH

the signature of the special Kahler metrics. For the projective special pseudo-Kéahler manifold
SL(6,R)/ (U(1)-SL(3,C)), for instance, we obtain the signature (6,12). Apart from the two above
examples, we find two additional special pseudo-Kéahler manifolds and also a special para-Kéahler
manifold. The latter is associated to the space of stable three-forms p € A*(R®)*, such that
J}=+1.

1. Algebraic preliminaries

1.1. Stable forms. In this section we will collect some basic facts about stable forms, their
orbits and their stabilisers.

ProrosiTiON 1.1.  Let V' be an n-dimensional real or complex vector space. The general
linear group GL(V') has an open orbit in A*V*, 0 < k < [%] , if and only if k <2 orif k =3 and
n=2=6,7 or8.

PROOF. The representation of GL(V) on A¥V* is irreducible. In the complex case the result
thus follows, for instance, from the classification of irreducible complex prehomogeneous vector
spaces, [KiS]. The result in the real case follows from the complex case, since the complexification
of the GL(n, R)-module A*R™* is an irreducible GL(n, C)-module. O

REMARK 1.2. An open orbit is unique in the complex case, since an orbit which is open in
the usual topology is also Zariski-open and Zariski-dense (Prop. 2.2, [Ki]). Over the reals, the
number of open orbits is finite by a well-known theorem of Whitney.

DEFINITION 1.3. A k-form p € AFV* is called stable if its orbit under GL(V) is open.

PROPOSITION 1.4. Let k € {2,n—2} andn even, ork € {3,n—3} andn = 6,7 or 8. There
is a GL(V)-equivariant mapping

¢ AFVF — A"V,

homogeneous of degree 3, which assigns a volume form to a stable k-form and which vanishes on
non-stable forms. Given a stable k-form p, the derivative of ¢ in p defines a dual (n — k)-form
p € A"FV* by the property

(1.1) dp,(a) =pAa for all a € AFV*.
The dual form p is also stable and satisfies

(Stabarvy(p))o = (Stabgrv)(p))o-

A stable form, its volume form and its dual are related by the formula

(1.2) pAp= %b(p)-

PrOOF. We consider the complex case first. As a result of the theory of prehomogeneous
vector spaces [Ki], the complement of the open orbit is, in our situation, a hypersurface defined
by a non-degenerate homogeneous polynomial f which is invariant under GL(V) up to a non-
trivial character. In other words, there is an equivariant mapping from A¥V* to (A"V*)®$ for
some positive integer s. Taking the s-th root, which depends on the choice of an orientation if
s is even, we obtain the equivariant map ¢ with the claimed properties. The equivariance under
scalar matrices implies that the map ¢ is homogeneous of degree .

The derivative

AkV* _ (Akv*)* ®AnV* j An—kV*7 o dp(b s ﬁ
inherits equivariance from ¢ and is an immersion since f is non-degenerate. Therefore, it maps
stable forms to stable forms such that the connected components of the stabilisers are identical.
Formula (L2) is in fact Euler’s formula for the homogeneous mapping ¢.

Since the complexification of the GL(n, R)-module A*R™* is an irreducible GL(n, C)-module,
the results in the real case are easily deduced from the complex case. (I
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In the following, we discuss stable forms, their volume forms and their duals in the cases which
are relevant in this article. In each case, V is a real n-dimensional vector space.

k = 2,n = 2m. The orbit of a non-degenerate two-form is open and there is only one open
orbit in A2V*. Thus, the stabiliser of a stable two-form w is isomorphic to Sp(2m,R). The
polynomial invariant is the Pfaffian determinant. We normalise the associated equivariant volume
form such that is corresponds to the Liouville volume form

Bw) = ™

Differentiation of the homogeneous polynomial map w — ¢(w) yields
1

a):i'w

(m—1)

m—1

k= (n—-2),n=2m. As A" 2V* = A2V @ A"V*, there is again only one open orbit. More
precisely, an (n — 2)-form o is stable if and only if there is a stable two-form w with o = & since
the mapping w +— @ is an equivariant immersion. If m is even, such an w is unique and we define
the volume form ¢(o) = ¢(w). If m is odd, we need an orientation on V' to uniquely define an
associated volume form. We choose the (m-1)-th root w with positively oriented w™ and define
again ¢(o) = ¢(w). In both cases, we find

(1.3) b= —1

w
m—1

with the help of (LZ). The stabiliser of a stable four-form in GL* (V) is again the real symplectic

group.
k = 3,n = 6. Let V be an oriented six-dimensional vector space and let x denote the canonical
isomorphism

kot APV 2 ARV @ AV
Given any three-form p, we define K : V — V @ ASV* by
Kp(v) = w((va1p) Ap)
and the quartic invariant

(1.4) Ap) = %tr (K2) e (ASV*)2.

Recall that, for any one-dimensional vector space L, an element u € L®? is defined to be positive,
u >0, if u=s® s for some s € L and negative if —u > 0. Therefore, the norm of an element
u € L®? is well-defined and we set

(1.5) o(p) = VIA(p)]
for the positively oriented square root. If ¢(p) # 0, we furthermore define
1
1.6 J,=—K,.
(16) " o)

PROPOSITION 1.5. A three-form p on an oriented sixz-dimensional vector space V with volume
form v is stable if and only \(p) # 0. There are two open orbits.
One orbit consists of all three-forms p satisfying one of the following equivalent properties.
(a) A(p) >0
(b) There are two uniquely defined real decomposable three-forms « and B such that p = a+ 3
and a A\ B> 0.
(c) The stabiliser of p in GLT(V) is SL(3,R) x SL(3,R).
(d) It holds \(p) # 0 and the endomorphism J, is a para-complex structure on 'V, i.e. J? = idy
and the eigenspaces for the eigenvalues £1 are three-dimensional.
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(e) There is a basis {e1,...,e¢} of V such that v = e'?3456 > 0 and

p = el23 4 (156

where €% is the standard abbreviation for €' A el A eF. In this basis, it holds \(p) = v®2,
Joe; =e; fori e {1,2,3} and J,e; = —e; for i€ {4,5,6}.

The other orbit consists of all three-forms p satisfying one of the following equivalent proper-
ties.

(a) A(p) <0

(b) There is a unique complex decomposable three-form o such that p = o+ & and i(a A ) > 0.
(c) The stabiliser of p in GLT (V) is SL(3,C).

(d) It holds A(p) # 0 and the endomorphism J, is a complex structure on V.

(e) There is a basis {e1,...,e¢} of V such that v = e'?345¢ > ( and

p =13 _ U6 _ (236 _ 245

In this basis, it holds N(p) = —4v®?%, J,e; = —eip1 and Jyei41 = €; for i € {1,3,5}.

PRrROOF. All properties are proved in section 2 of [H2|. The only fact we added is the obser-
vation that J, is a para-complex structure if A(p) > 0 which is obvious in the standard basis. O

It is also possible to introduce a basis describing both orbits simultaneously. Indeed, given a
generic stable three-form and an orientation, there is a basis {e1,...,es} of V and an ¢ € {1}
such that v = 23456 > () and

(1'7) pe = o135 + 6(6146 + 0236 + 6245)
with A(p) = 4ev®2. Furthermore, it holds Jye; = ce;t1, Jyeir1 = e; for i € {1,3,5} and
(1.8) T pe = M6 | (235 4 o145 4 o136

Analogies between complex and para-complex structures are elaborated in a unified language in
[AC2] and [SSH]. In this language, a stable three-form always induces an e-complex structure
J, since Jp2 = ¢id for the normal form p..

LEMMA 1.6.  The dual of a stable three-form p € A3V* on an oriented siz-dimensional vector
space V' is

(1.9) p=4J,p

PROOF. We already observed that the connected components of the stabilisers of p and p have
to be identical. Therefore, since the space of real three-forms invariant under SL(3, C) respectively
SL(3,R) x SL(3,R) is two-dimensional, we can make the ansatz

p=cip+cadp
with real constants ¢; and c3. Computing

g¢(p) @ PNp=ca J;p/\p (H:me 2¢2 ¢(p),

we find co = 1. By
dpp(Jyp) = pAJyp=cipANJyp=—2c10(p),
the constant c; vanishes if the derivative of A (recall (L)) in p in direction of J;p vanishes.

However, using the normal form (7)) again, we compute A(p + t.J;p) = 4e(—e + t?)? (e123150)®2
and the assertion follows. g

A convenient way to compute the dual of p without determining J, is given by the following
corollary. In fact, the corollary explicitly shows the equivalence of the two different definitions of
p — p given in [H1] and [H2].
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COROLLARY 1.7. If AM(p) > 0 and p = a+ [ in terms of decomposables ordered such that
a A B >0, the dual of p satisfies p=a — (.

If M(p) < 0 and p is the real part of a complex decomposable three-form « such thati(aAa) > 0,
the dual of p is the imaginary part of a. In particular, the complex three-form « is a (3,0)-form
w.r.t. J,.

PROOF. The assertions are easily proved by comparing the claimed formulas for p with formula
(C3) in the standard bases given in part (@) of Proposition [[H O

Finally, we note that for a fixed orientation, it holds
(1.10) p=—p and Jy=—cl,

k =3,n="7. Given any three-form ¢, we define a symmetric bilinear form with values in
ATV* by
(1.11) bo(v,w) = (vap) A (wap) A .

Since the determinant of a scalar-valued bilinear form is an element of (A7V*)®2, we have detb €
(ATV*)®9_ If and only if ¢ is stable, the seven-form

#(y) = (det b,)?

defines a volume form, independent of an orientation on V, and the scalar-valued symmetric
bilinear form
1

9 = 3o

is non-degenerate. Notice that ¢(¢) = 1/det g, is the metric volume form.
It is known ([Br], [Ha]) that a stable three-form defines a multiplication
cross product “x” on V by the formula

W

and a vector

(112) w(xvyaz) :gkp(xvy'z):gtp(xayxz)a

such that (V] x) is isomorphic either to the imaginary octonions Im Q or to the imaginary split-
octonions Im @. Thus, there are exactly two open orbits of stable three-forms having isotropy
groups

Go C SO(7), if g, is positive definite,
(1.13) Stabgr,vy (@) = i (7) . e . .
G5 € SO(3,4), if g, is of signature (3,4).
There is always a basis {e1, ..., er} of V such that
7
(114) sp = 7—6124 + Z ei (i+1) (i+3)
i=2

with 7 € {£1} and indices modulo 7. For 7 = 1, the induced metric g, is positive definite and the
basis is orthonormal such that this basis corresponds to the Cayley basis of ImQ. For 7 = —1,
the metric is of signature (3,4) and the basis is pseudo-orthonormal with e;, es and e4 being the
three spacelike basis vectors.

The only four-forms having the same stabiliser as ¢ are the multiples of the Hodge dual *,_ ¢,
[Brl, Propositions 2.1, 2.2]. Since the normal form satisfies g, (¢, ¢) = 7, we have by definition of
the Hodge dual ¢ A x4, ¢ = 7 ¢(¢) and therefore

1
(1.15) P =3 %9, ¥

by comparing with (L.2).

LEMMA 1.8. Let ¢ be a stable three-form in a seven-dimensional vector space V. Let 3 be a
one-form or a two-form. Then B A ¢ =0 if and only if 3 = 0.
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PROOF. For the compact case, see also [Ba]. If 8 is a one-form, the proof is very easy. If 3 is
a two-form, we choose a basis such that ¢ is in the normal form (LI4) and 8 =3",_. b; ;e and
compute

i<j

BAe = (bys—big) e + (byg —ba7) €7+ (byg + ba7) 7
+ (D57 +bi2) €27 4 (by 6 — bs,7) €177 4 (b2 — by 1) P
— (b37 + boa) €Y 4 (b5 67 + boa) €21 + (b3 7 + by 6) €307
+  (b2,5 — bage) 23456 4. (ba6 — b1,7) 13467 _ (bo.s + b1.7) 012357
+ (bas +bag) 2557 — (by 3+ bog) 1237 4 (bys + by 3) 1357
+ (bas +be7) €257 4 (by g — b3 57) 33 4 (bg 7T — by 4) 2407
4 (baa+brs) €950 1 (bor —brs) €27 4 (byy — bop) €23967,

The five-form is written as a linear combination of linearly independent forms and each line
contains exactly three different coefficients of 3. Inspecting the coefficient equations line by line,
it is easy to see that all coeflicients of § vanish if and only if 8 A ¢ = 0. O

1.2. Real forms of SL(3,C). By the following proposition, any real form of SL(3,C) can be
written as a simultaneous stabiliser of a stable two-form and a stable three-form.

PROPOSITION 1.9. Let V be a siz-dimensional real vector space. Letw € A>°V* and p € A3V*
be stable forms which are compatible in the sense that

(1.16) wAp = 0.
Then, we have

SU(p,q) CSO(2p,2q), p+q=3, ifA(p) <0,

Stab Jw)
abarw) () {SL(3,R) C S0(3,3), if Ap) > 0,

where SL(3,R) is embedded in SO(3, 3) such that it acts by the standard representation and its dual,
respectively, on the mazimally isotropic £1-eigenspaces of the para-complex structure J, induced

by p.

PROOF. Let V be oriented by ¢(w) = 2w® and let J, be the unique (para-) complex structure
([I6) associated to the three-form p and this orientation. By e € {£1}, we denote the sign of
A(p), that is Jp2 = eidy. In the basis in which p is in the normal form (L), it is easy to verify
that w A p = 0 is equivalent to the skew-symmetry of J, with respect to w. Equivalently, the

pseudo-Euclidean metric

(117) g = g(w,p) = Ew('a Jp')?

induced by w and p, is compatible with J, in the sense that g(J,-, J,-) = —eg(-, ). The stabiliser
of the set of tensors (w,J,,g,p, J,p) satisfying this compatibility condition is well-known to be
SU(p, q) respectively SL(3,R). O

We will call a compatible pair of stable forms (w, p) € A2V* x A3V* normalised if

(1.18) o) =20() = Tprp=2ut

REMARK 1.10. By our conventions, the metric (II7) induced by a normalised, compatible
pair is of signature either (6,0) or (2,4) or (3,3), where the first number denotes the number of
spacelike directions. We emphasise that our conventions are such that

w = g('a JP)

This sign choice turned out to be necessary in order to achieve that ¢(p) is indeed a positive
multiple of ¢(w) in the positive definite case.
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Sometimes it is convenient to have a unified adapted basis. For a compatible and normalised

pair (w, p), there is always a pseudo-orthonormal basis {e1, ..., eg} of V with dual basis {e!, ..., e%}
such that p = p. is in the normal form (7)) and
(1.19) w = T(e?4+e*) e

for (e,7) € {(-1,1),(-1,-1),(1,1)}. The signature of the induced metric with respect to this
basis is
(+,+,+,+,+,+) fore=—-1land7=1,
(1.20) (r,—er,7,—er,1,—e) =4 (—,—, —, —,+,+) fore=—1and 7= -1,
(+,—,+,—,+,—) fore=1and 7 =1,
and we have
SU(3) € SO(6) fore=—1land 7 =1,
Stabgr,e,r)(w, p) = { SU(L,2) € SO(2,4) fore=—1and 7 = —1,
SL(3,R) € SO(3,3) fore=1.
For instance, the following observation is easily verified using the unified basis.

LEMMA 1.11. Let (w, p) be a compatible and normalised pair of stable forms on a siz-dimensional
vector space. Then, the volume form ¢(w) is in fact a metric volume form w.r.t. to the induced
metric g = g(u,p) and the corresponding Hodge dual of w and p is
(1.21) kg W = —EQ, *gp = —p

1.3. Relation between real forms of SL(3,C) and GS. The relation between stable forms
in dimension six and seven corresponding to the embedding SU(3) C G is well-known. We extend
this relation by including also the embeddings SU(1,2) C G3 and SL(3,R) C G3 as follows.

ProproSITION 1.12.  Let V. =W & L be a seven-dimensional vector space decomposed as a
direct sum of a siz-dimensional subspace W and a line L. Let a be a non-trivial one-form in the
annihilator WO of W and (w, p) € A2L° x A3L° a compatible and normalised pair of stable forms
inducing the scalar product h = hy, ) given in (LIT). Then, the three-form ¢ € A*V* defined by
(1.22) p=wAa+p
is stable and induces the scalar product
(1.23) go=h—ca-a
where € denotes the sign of X(p) such that Jp2 = eid. The stabiliser of ¢ in GL(V) is

Go  for e = —1 and positive definite h,

Stabar(v) () = {G; otherwise.

PROOF. We choose a basis {e1, ..., eg} of LY such that w and p are in the generic normal
forms (7)) and (LI9). With e = a, we have
(1.24) o = 7(e'27 4 37T) 4 307 4 o135 | (o146 4 (236 | 245y

The induced bilinear form (LI turns out to be

by (v, w) = (—ervtw! + T0?w? — eTv3w® + Tvtw? — evPwd 4 VOuwS v w™)e! 234567

for v = > vie; and w = " w'e;. Hence, the three-form ¢ is stable for all signs of € and 7 and its
associated volume form is
() = (detb,) = —c 24507,

The formula ([23) for the metric g, induced by ¢ follows, since the basis {e1, ..., er} of V is
pseudo-orthonormal with respect to this metric of signature

(+,+,+,+,+,+,+) fore=—land T =1,
(1.25) (r,—er,7,—e,1,—6,—€) =4 (=, —,—, — +,+,+) fore=—land7=—1,

(+,—,+,—+,—,—) fore=1land7=1.
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The assertion on the stabilisers now follows from (LI3). O

LEMMA 1.13.  Under the assumptions of the previous proposition, the dual four-form of the
stable three-form ¢ is

(1.26) 3p=x%p,p=—c(aNp+L)=ca*,p+ *w,
where *,, denotes the Hodge dual with respect to the metric g, and the orientation induced by ¢(y).
PROOF. In the basis of the previous proof, the Hodge dual of ¢ is
ko = —eT (€346 4 g1256) _ 1234 | o 2467 4 (2357 | (1457 4 1367
0P = .

The second equality follows when comparing this expression with e(e” A p + %wz) in this basis
using (L)) and (LI9). The first and the third equality are just the formulas (L.I5) and (L21),
respectively. ([

The inverse process is given by the following construction.

PROPOSITION 1.14. Let V be a seven-dimensional real vector space and ¢ € A3V* a stable
three-form which induces the metric g, on V. Moreover, letn € V be a unit vector with g,(n,n) =
—e € {1} and let W = nt denote the orthogonal complement of R-n. Then, the pair (w,p) €
A2W* x ASW* defined by

(1.27) w=mnlyp, p=ow,

is a pair of compatible normalised stable forms. The metric h = h(, ,) induced by this pair on W
satisfies h = (g, )|w and the stabiliser is

SU(3), if g, is positive definite,
Stabar,wy(w, p) = < SU(1,2), if g, is indefinite and € = —1,
SL(3,R), ife=1.

When (V, ) is identified with the imaginary octonions, respectively, the imaginary split-octonions,
by [LI2), the e-complex structure induced by p is given by

(1.28) Jyv=—n-v=—nxv forveV.

PROOF. Due to the stability of ¢, we can always choose a basis {e1,...,e7} of V with n = e
such that ¢ is given by ([.24) where ¢ = —g,(n,n) and 7 € {£1} depends on the signature of g,,.
As this basis is pseudo-orthonormal with signature given by (23], the vector n has indeed the
right scalar square and {ey,...,eg} is a pseudo-orthonormal basis of the complement W = nt.
Since the pair (w, p) defined by (27 is now exactly in the generic normal form given by (1)
and (LI9), it is stable, compatible and normalised and the induced endomorphism J, is an e-
complex structure. The identity h = (g,)jw for the induced metric Ay, ,) follows from comparing
the signatures ([.25]) and (L.20)) and the assertion for the stabilisers is an immediate consequence.
Finally, the formula for the induced e-complex structure .J, is another consequence of g = (g,)|w

since we have

()
go(z,n xy) =" p(z,n,y) = —w(r,y) = —h(z, Jpy)
for all z,y € W. (]

Notice that, for a fixed metric h of signature (2,4) or (3,3), the compatible and normalised
pairs (w, p) of stable forms inducing this metric are parametrised by the homogeneous spaces
SO(2,4)/SU(1,2) and SO(3,3)/SL(3,R), respectively. Thus, the mapping (w, p) — ¢ defined by
formula ([22]) yields isomorphisms

S0(2,4) ., SO(3,4) SO(3,3) ., SO(3,4)

- )

Ssu(1,2) Gy SL(3,R) G3
since the metric h completely determines the metric g, by the formula (L.23]).
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1.4. Relation between real forms of GS and Spin(7,C). It is possible to extend this con-
struction to dimension eight as follows. Starting with a stable three-form ¢ on a seven-dimensional
space V', we can consider the four-form

(1.29) D =cPAp+x,0.

on the eight-dimensional space V' @ Reg. Although the four-form & is not stable, it is shown in
[Br] that it induces the metric

(1.30) 9o = gp + ()’
on V ® Reg and that its stabiliser is
., JSpin(7) € SO(8), if g, is positive definite,
Stabar(vgres) (P) = Spi 0 ®) L .
piny(3,4) € SO(4,4), if g, is indefinite.

The index “0” denotes, as usual, the connected component. Starting conversely with a four-form
® on V @ Reg such that its stabiliser in GL(V @ Res) is isomorphic to Spin(7) or Spiny(3,4), the
process can be reversed by setting ¢ = eg_1®. As before, the metric induced by ® on V & Reg is
determined by the metric g, induced by ¢ on V. Thus, the indefinite analogue of the well-known
isomorphisms

S0(6) . SO(7) _ SO(8)

RP7 = = o
SU(3) Go Spin(7)
is given by
SO(2,4) _ SO(3,3) SO(3,4) SO(4,4)
(1.31) = = ~ .
SU(1,2) SL(3,R) (€ Sping(3,4)

2. Hitchin’s flow equations

2.1. Half-flat structures and parallel Gg*)-structures. Now we want to put the algebraic
structures considered in the previous section onto smooth manifolds. This is best done in terms
of reductions of the bundle of frames of the manifold. This bundle has GL(n,R) as its structure
group if n is the dimension of the manifold. A subbundle whose structure group is a subgroup
G of GL(n,R) is a called a reduction of the frame bundle, or a G-structure. For example, if
G C O(p,q), for p+ g = n, the reduction determines a pseudo-Riemannian metric of signature
(p,q) and the distinguished frames are orthonormal with respect to this metric. If G C O(p, q),
again with p + ¢ = n, then a G-structure is called parallel if the G-subbundle is invariant under
the parallel transport defined by the Levi-Civita connection of the corresponding metric. This is
equivalent to the property that the holonomy group of the Levi-Civita is contained in G.

In the following we will consider G-structures that are given by the groups described in the
previous sections. According to the notations given there, we denote by H*7 a real form of
SL(3,C) and G*=7 the corresponding real form of GS in which H*7 is embedded, i.e. H~%! =
SU(3) € SO(6), H~+~1 =SU(1,2) € SO(2,4), H'! = SL(3,R) € SO(3,3), G~ 11 = G € SO(7),
and G171 = GY = G5 € SO(3,4). We will also use the notation Gé*) as a shorthand for “Gg
respectively G3”.

An H®7-structure is equivalent to a pair of everywhere stable forms w € Q?M and p € Q>M on
M, considered up to rescaling of p by a nonzero constant, that satisfy the compatibility condition

(2.1) pAw=0
corresponding to (LI6) and in addition
(2.2) o(p) = cop(w), Le. JipAp=3cw?,

for a positive real constant c. Indeed, if an H®7-structure is given, these forms are obtained by
applying the formulae (7)) and (IT9) to one of the frames of the H*"-structure. By construction,
the stable forms then satisfy (2.2) with ¢ = 2.

On the other hand, if w € Q2M and p € Q3M are everywhere stable and satisfy (Z.I) and
22), we can find a local frame, in which they are in normal form after rescaling p by a constant.
This frame then determines the H®"-structure.
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Note that stable forms define an H®7-structure, even if they only satisfy (2.I)) but not the
second compatibility condition (2:2). In this case p can always be rescaled by a smooth function
such that (Z2) holds. When we say that the pair of stable forms defines an H®7-structure,
we will always assume that both compatibility conditions are satisfied. We will call the H®"-
structure normalised if ¢ = 2. This seems to be a common normalisation for SU(3)-structures in
the literature.

Furthermore, one can show that the H*7-structure is parallel if and only if p, p, and w are
closed. The proof of this fact given in [H2l p. 567] generalises to SU(1,2)-structures and also
to SL(3,R)-structures, in the latter case using Frobenius’ Theorem instead of the Newlander-
Nirenberg Theorem. In all cases the parallel H*7-structure is equivalent to M being a Ricci-flat
(para-)Kéhler manifold.

Now we consider a weaker condition, that will turn out to be related to parallel Gé*)—structures.
DEFINITION 2.1. An H®"-structure (p,w) is called half-flat if

(2.3) dp = 0
(2.4) do = 0,

where 20 = w?.

Similarly, a smooth seven-manifold admits a Gg*)—structure if and only if there is a stable three-
form . Again, this structure is parallel if and only if ¢ is closed and co-closed, i.e. dp = d*¢@ = 0,
where * denotes the Hodge operator with respect to the metric induced by the Gé*)—structure. For
a proof in both cases see [G1l Theorem 4.1].

Note that any orientable hypersurface in a manifold with Go- or G3-structure admits an H*7-

structure by the algebraic construction described in Proposition [LT4l If the Gé*)—structure @ is
parallel, the induced H®7-structure is half-flat due to equations (L22) and (L26]). For the various
results on the SU(3)-structures on hypersurfaces in Ga-structures, we refer to [Cal], [Cab] and
references therein.

On the other hand, certain one-parameter families of half-flat structures define parallel Gé*)—
structures.

PROPOSITION 2.2. Let H®" be a real form of SL(3,C), G=7 the corresponding real form of
GS and (p,w) a one-parameter family of H®™-structures on a siv-manifold M with a parameter t
from an interval I. Then, the three-form

p=wAdt+p

defines a parallel G=7-structure on M x I if and only if the H™ -structure (p,w) is half-flat for
all t and satisfies the following evolution equations

(2.5) p = dw

(2.6) 6 = dp

with 0 = %w2.

PROOF. Let (p,w) be an H="-structure and ¢ = wAdt+ p a stable three-form on M = MxI.
By (24]), the Hodge-dual of ¢ is given by

xp=c(pAdt—o).
Denoting by d the differential on M and by d the differential on M we calculate
(2.7) dp = doNdt+dtAp+dp = (dw—p)Adt+dp
(2.8) dxp = e(dpNdt—dtNo—do) = e(dp— o) Adt —edo

Thus, ¢ defines a parallel G="-structure if and only if the evolution equations (Z5) and ([26) and
the half-flat equations are satisfied. (|
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The evolution equations (2.5) and (2.4) are the Hitchin flow equations, as found in [H1] for
SU(3)-structures, applied to H="-structures. Their solutions (p,w), called Hitchin flow, have to

satisfy possibly dependent conditions in order to yield a parallel Gé*)-structure: the evolution
equations and the compatibility equations for the family of half-flat structures. The following
theorem shows that the evolution equations together with an initial condition already ensure that
the family consists of half-flat structures. A special version of this theorem was proved in [HI]
under the assumption that M is compact and that H = SU(3).

THEOREM 2.3. Let (po,wo) be a half-flat H®T -structure on a siz-manifold M. Furthermore, let
(p,w) € Q3M x QM be a one-parameter family of stable forms with parameters from an interval
I satisfying the evolution equations 23) and (Z8). If (p(to),w(to)) = (po,wo) for a ty € I, then
(p,w) is a family of half-flat H® -structures. In particular, the three-form

(2.9) p=wAdt+p

defines a parallel G=7 -structure on M x I and the induced metric

(2.10) 9o = g(t) — edt?,

has holonomy contained in G=7, where g = g(t) is the family of metrics on M associated to (p,w).

ProOF. Differentiating the evolution equations (Z3]) and 26) gives dp = d6 = 0. The initial

condition for tg was that (po,wp) is half-flat. This implies

dp = 0

do = 0
for all t € I. Hence, in order to obtain a family of half-flat structures we have to verify that the
compatibility condition ([2) holds for all ¢ € I.

LEMMA 2.4. Let M be a siz-manifold with H®7 -structure (p,w), ¢ : QM — QM defined
pointwise by the map ¢ : A3T;M — AGT;M gwen in Proposition [I.] and p defined by d¢, (&) =
PANE for all € € B3M. If Lx denotes the Lie derivative, then

Lx(¢(p)) = p N Lxp.

ProoF. First note that the GL(n, R)-equivariance of the map ¢ : A3T;M — AGT;M implies
that the corresponding map ¢ : Q3M — QSM is equivariant under diffeomorphisms. Indeed, if v
is a (local) diffeomorphism of M we get that

V*(6(p)) = o("p).
Let ¢ be the flow of the vector field X. Then the Lie derivative is given by

d d
Lx(9(p)) = P (V7 9(p)) li=0 = E¢(¢:P)|t:0 = ddy(Lxp),
implying the statement. (I

LEMMA 2.5. A stable three-form p € Q3M on a siz-manifold satisfies for any X € X(M)

(2.11) pxNp = —pApx,
(2.12) (dp)x Np = pA(dp)x,

where px denotes the interior product of X with the form p.

PRroor. In order to verify the first identity, we can assume that p = p, is a stable three-form
onV =T,M and X € V for ap € M. If A\(p) < 0, the stabiliser SL(3,C) of p in GLT(V)
acts transitively on V' \ {0}. If A(p) > 0, we can decompose V in the 41-eigenspaces V* of
J,. The stabiliser SL(3,R) x SL(3,R) of p in GL* (V) acts transitively on the dense open subset
V*T\ {0} x V= \ {0} C V and there is an automorphism exchanging V* and V~ which stabilises
p. Thus, it suffices to verify the first identity for the normal form (7)), (L8)) and X = ey, which
is easy.
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For the second identity, using Lemma [2.4] in the second step, we compute

(do)x Np—pNA(dp)x = —dpApx+pAdlpx)—pALxp
= —d(pApx)—Lx(¢(p))
= —d(pApx +d(p)x)
T .
@ —§d(P/\Px+PX/\P)-
Hence, the first identity (ZI1I)) implies 212]). O

Using this lemma, we calculate the t-derivative of the six-form wx Aw A p = ox A p for any
vector field X:

0 . .
E(UXAP) = ox ANp+ox Ap
mim (dp)x Np+ox Adw
m: PA(dp)x +wx ANwAdw
3.2

0.

Together with the initial condition wy A pg = 0 this implies that ox A p = 0 for all ¢ € I and for
all vector fields X. Since w is non degenerate, the product of any one-form with w A p vanishes
and thus, the compatibility condition w A p = 0 holds for all ¢.

The preservation of the normalisation (2.2]) in time is shown in [HI], in the final part of the
proof of Theorem 8. The idea is to compute the second derivative of the volume form assigned to
a stable three-form. In fact, the proof holds literally for all signatures since all it uses is the first
compatibility condition we have just proved. O

COROLLARY 2.6. Let M be a real analytic siz-manifold with a half-flat H®™ -structure that is
given by a pair of analytic stable forms (wo, po)-

(i) Then, there exists a unique mazimal solution (w,p) of the evolution equations (2.H]), (2.6
with indtial value (wo, po), which is defined on an open neighbourhood Q& C Rx M of {0} x M.
In particular, there is a parallel G=7 -structure on €.

(i) Moreover, the evolution is natural in the sense that, gwen a diffeomorphism f of M, the
pullback (f*w, f*p) of the solution with initial value (wo, po) is the solution of the evolution
equations for the initial value (f*wo, f*po).

In particular, if f is an automorphism of the initial structure (wo, po), then, for allt € R,
[ is an automorphism of the solution (w(t), p(t)) defined on the (possibly empty) open set
Us={peM]|(tp)€Qand(t f(p) €}

(i11) Furthermore, assume that M is compact or a homogeneous space M = G/K such that the
He 7 -structure is G-invariant. Then there is a unique mazimal interval I 5 0 and a unique
solution (w, p) of the evolution equations 218), 28) with initial value (wg, po) on I x M. In
particular, there is a parallel G5 -structure on I x M.

PROOF. If the manifold and the initial structure (wg, po) are analytic, there exists a unique
maximal solution of the evolution equations on a neighbourhood € of M x {0} in M x R by the
Cauchy-Kovalevskaya theorem. The naturality of the solution is an immediate consequence of the
uniqueness due to the naturality of the exterior derivative. If M is compact, there is a maximal
interval I such that the solution is defined on M x I. The same is true for a homogeneous half-flat
structure (wo, po) as it is determined by (wo, po), for any p € M. O

We remark that, for a homogeneous half-flat structure (wg, po), the evolution equations reduce
to a system of ordinary differential equations due to the naturality assertion of the corollary. This
simplification will be used in Section[4.3 to construct metrics with holonomy equal to G2 and G3.
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2.2. Remark on completeness: geodesically complete conformal Go-metrics. The
Gé*)—metrics arising from the Hitchin flow on a six-manifold N are of the form (I x N, dt*>+g;) with
an open interval I = (a,b) and a family of Riemannian metrics g; depending on ¢t € I (formula
@I0) in Theorem 23)). As curves of the form ¢ — (¢,z) are geodesics for this metric, they are
obviously geodesically incomplete if a or b € R.

For the Riemannian case and compact manifolds IV, we shall explain how one easily obtains
complete metrics by a conformal change of the Ga-metric.

LEMMA 2.7. Let N be a compact manifold with a family g, of Riemannian metrics. Then the
Riemannian metric on R x N defined by h = dr? + g, is geodesically complete.

PROOF. Denote by d the distance on R x N induced by the Riemannian metric b = dr? + g,
and by d, the distance on N induced by g,. For a curve v in M = R x N we have that the length
of v(t) = (r(t), z(t)) satisfies

1
/ Vi + g @O > [ ol > 1r) - o)),

As the distance of two points p = (r,z) and g = (s,y) is defined as the infimum of the lengths of
all curves joining them, this inequality implies that

(2.13) d(p.q) = |r — s|.

Note also that a curve v(t) = ((s —r)t + r,z) joining p = (r,x) and ¢ = (s,z) in R x {z} has
length ¢(y) = |r — s| and thus, for such p, ¢ we get that d(p,q) = |r — s|. On the other hand, for
p = (r,z) and ¢ = (r,y) with the same R-projection r we only get that d(p, q) < d.(x,y).

Since h has Riemannian signature we can use the Hopf-Rinow Theorem and consider a Cauchy
sequence p, = (rn,z,) € R X N w.r.t. the distance d. Equation (2I3]) then implies that the
sequence 1, is a Cauchy sequence in R. Hence, 7, converges to r € R. Since N is compact, the
sequence x, has a subsequence z,, converging to z € N. For p = (r,z) and ¢, := (r,z,,) the
triangle inequality implies that

dp,pny,) < dDiqn,,) +d(Gng,Pny) < de(@,T0,) +d(Gny,Pny) = de(@,20,) + |1 — 10, |-

Hence, p,, converges to p. As p, was a Cauchy sequence, we have found p as a limit for p,. By
the Theorem of Hopf and Rinow, M is geodesically complete. O

The consequence of the lemma is

PROPOSITION 2.8. Let (M = I x N,h = dt? + g;) be a Riemannian metric on a product of
an open interval I and a compact manifold N. Then (M,h) is globally conformally equivalent to
a metric on R x N that is geodesically complete. The scaling factor depends only on t € I and is
determined by a diffeomorphism ¢ : R — I.

PROOF. Let ¢ : R — I be a diffeomorphism with inverse r = ¢~!. Changing the coordinate
t to r, the metric h on I X N can be written as

h = ((pI(T)dT)2+gLP(T) = (pl() (d’f + (1)294;2(7"))

Hence, h is globally conformally equivalent to the metric dr? + Wgw(r) on R x N. By the
lemma, this metric is geodesically complete. ([l

Regarding the solution of the Hitchin flow equations, using Theorem 2.3] Corollary 2.6l and
Proposition 2.8 we obtain the following consequence.

COROLLARY 2.9. Let M be a compact analytic siz-manifold with half-flat SU(3)-structure
given by analytic stable forms (po,wo). Then there is a complete metric on R x M that is globally
conformal to the parallel Go-metric obtained by the Hitchin flow.

In Example of Section 3] we will construct explicit examples of this type. Finally, note
that due to the Cheeger-Gromoll splitting Theorem, see for example [Bes, Theorem 6.79], one
cannot expect to obtain by the Hitchin flow irreducible Gs-metrics that are complete without
allowing degenerations of g;.
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2.3. Nearly half-flat structures and nearly parallel Gg*) -structures. A G;*)—structure
 on a seven-manifold N is called nearly parallel if

(2.14) dp = px,
for a constant 1 € R*. Nearly parallel G- and G3-structures are also characterised by the existence
of a Killing spinor, refer [FKMS] respectively [Kall.

By Proposition [[.T4] a Gé*)—structure on a seven-manifold (N, ¢) induces an H®"-structure
(w, p) on an oriented hypersurface in (N, ). If the Gg*)-structure is nearly parallel, the H®7-

structure satisfies the equation dp = —eu® due to the formulas ([22]) and ([[26]). This observation
motivates the following definition.

DEFINITION 2.10. An H®"-structure (w, p) on a six-manifold M is called nearly half-flat if

(2.15) dp = %wQ = Ao

for some constant A\ € R*.

The notion of a nearly half-flat SU(3)-structure was introduced in [FIMU], where also evolu-
tion equations on six-manifolds leading to nearly parallel Gs-structures are considered. For com-
pact manifolds M, it is shown in [St] that a solution which is a nearly half-flat SU(3)-structure
for a time t = ¢y already defines a nearly parallel Ga-structure. In the following, we extend these
evolution equations to all possible signatures and give a simplified proof for the properties of the
solutions which also holds for non-compact manifolds.

PROPOSITION 2.11. Let H®™ be a real form of SL(3,C), G=7 the corresponding real form of
GS and (p,w) a one-parameter family of H™-structures on a siv-manifold M with a parameter t
from an interval I. Then, the three-form

p=wAdt+p

defines a nearly parallel G*7 -structure for the constant pu # 0 on M x I if and only if the H® -
structure (p,w) is nearly half-flat for the constant —ep for all t € I and satisfies the evolution
equation

(2.16) p = dw—eup.
PrOOF. The assertion follows directly from the following computation, analogously to the
proof of Proposition
dp = doANdt+dtAp+dp = (dw—p)Adt+dp,
X ep(pAdt—o).

O

The main theorem for the parallel case generalises as follows. Recall (3] that for a stable

four-form o = %w2 = w, the application of the operator o — ¢ yields the stable two-form
~ .1
w=0=-w.

2

THEOREM 2.12. Let (po,wo) be a nearly half-flat HE™-structure for the constant X # 0 on
a siz-manifold M. Let M be oriented such that w3 > 0. Furthermore, let p € Q*M be a one-
parameter family of stable forms with parameters coming from an interval I such that p(to) = po
and such that the evolution equation

9
(2.17) po= Sddp)+Xp

is satisfied for allt € I. Then (p,w = %a;) is a family of nearly half-flat H®7 -structures for the
constant \. In particular, the three-form
p=wAdt+p

defines a nearly parallel G=7 -structure for the constant —e\ on M x I.
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Proor. First of all, we observe that dp is stable in a neighbourhood of the stable form
dpo = Aoy, since stability is an open condition. Furthermore, the operator dp — E; is uniquely
defined by the orientation induced from wg. Therefore, the evolution equation is locally well-
defined and we assume that p is a solution on an interval I. The only possible candidate for a
nearly half-flat structure for the constant A is (p,w = %Zl;) since only this two-form w satisfies the
nearly half-flat equation 0 = © = %dp. Obviously, it holds

(2.18) do=0=dwAw.

By Proposition 211l it only remains to show that this pair of stable forms defines an H -
structure, or equivalently, that the compatibility conditions (Z.1) and ([Z2) are preserved in time.
By taking the exterior derivative of the evolution equation, we find

1
(2.19) ¢ = dp=dp

which is in fact the second evolution equation of the parallel case. Completely analogous to the
parallel case, the following computation implies the first compatibility condition:

0 . .

SOxAD) = oxAptoxn
= (dﬁ)x/\p+0x/\dw+)\0’){/\ﬁ
= PA(dp)x +wx Aw Adw ~+ (dp)x A p
en

0.

The proof of the second compatibility condition in [H1] again holds literally since the term
pAp=pAdwis the same as in the case of the parallel evolution. O

The system (2.I7) of second order in p can easily be reformulated into a system of first order
in (w, p) to which we can apply the Cauchy-Kovalevskaya theorem. Indeed, a solution (w,p) of
the system

(2.20) p=dw+Np, &=dp,

with nearly half-flat initial value (w(to), p(t9)) is nearly half-flat for all ¢ and also satisfies the
system (ZI7). Conversely, ZI7) implies (Z20) with o =& = Tdp.

Therefore, for an initial nearly half-flat structure which satisfies assumptions analogous to
those of Corollary 2.6l we obtain existence, uniqueness and naturality of a solution of the system

[220), or, equivalently, of [217).

2.4. Cocalibrated Gé*)-structures and parallel Spin(7)- and Sping(3, 4)-structures.
In [H1|, another evolution equation is introduced which relates cocalibrated Ga-structures on
compact seven-manifolds M to parallel Spin(7)-structures. As before, we generalise the evolution
equation to non-compact manifolds and indefinite metrics.

As we have already seen in Section [[.4], the stabiliser in GL(V') of a four-form &4 on an eight-
dimensional vector space V is Spin(7) or Spin(3,4) if and only if it can be written as in (L.29]) for a
stable three-form ¢ on a seven-dimensional subspace with stabiliser Ga- or G3, respectively. Thus,
a Spin(7)- or Spiny(3,4)-structure on an eight-manifold M is defined by a four-form ® € Q*M
such that ¢, € A4T; M has this property for all p. By formula (I30) for the metric g¢ induced
by ®, an oriented hypersurface in (M, ®) with spacelike unit normal vector field n with respect to
go carries a natural Go- or G3-structure, respectively, defined by ¢ = n_1®.

A Spin(7)- or Sping(3,4)-structure ® is parallel if and only if d® = 0. We remark that the
proof for the Riemannian case given in [Sal Lemma 12.4] is not hard to transfer to the indefinite
case when considering [Brl, Proposition 2.5] and using the complexification of the two spin groups.

Due to this fact, the induced Gg*)-structure o on an oriented hypersurface in an eight-manifold
M with parallel Spin(7)- or Spin(3,4)-structure ® is cocalibrated, i.e. it satisfies

(2.21) dx, 0 =0.
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Conversely, a cocalibrated G;*)—structure can be embedded in an eight-manifold with parallel
Spin(7)- or Sping(3,4)-structure as follows.

THEOREM 2.13. Let M be a seven-manifold and o € Q3M be a one-parameter family of stable
three-forms with a parameter t in an interval I satisfying the evolution equation

(2.22) D (ee) =

If v is cocalibrated at t =ty € I, then ¢ defines a family of cocalibrated Ga- or Gg*)—structures for
all t € I. Moreover, the four-form

(2.23) O = dt A+ x,p
defines a parallel Spin(7)- or Sping (3, 4)-structure on M x I, respectively, which induces the metric
(2.24) 9o = gy + dt*.

PROOF. Since the time derivative of d* ¢ vanishes when inserting the evolution equation, the
family stays cocalibrated if it is cocalibrated at an initial value. As before, we denote by d the
exterior differential on M := M x I and differentiate the four-form ([2.23)):

d® = —dt A dp + d(x@) + dt A %(*gp)

Obviously, this four-form is closed if and only the evolution equation is satisfied and the family is
cocalibrated. The formula for the induced metric corresponds to formula (L30). O

As before, the Cauchy-Kovalevskaya theorem guarantees existence and uniqueness of solutions
if assumptions analogous to those of Corollary are satisfied.

REMARK 2.14. We observe that nearly parallel G- and G3-structures are in particular cocal-
ibrated such that analytic nearly half-flat structures in dimension six can be embedded in parallel
Spin(7)- or Sping (3, 4)-structures in dimension eight by evolving them twice with the help of the
Theorems and 213

3. Evolution of nearly s-Kahler manifolds

In this section, we consider the evolution of nearly pseudo-Kéhler and nearly para-Kahler six-
manifolds which can be unified by the notion of a nearly e-Kéhler manifold. The explicit solution
of the Hitchin flow yields a simple and unified proof for the correspondence of nearly e-Kahler
manifolds and parallel Gé*)—structures on cones. We complete the picture by considering similarly
the evolution of nearly Kahler structures to nearly parallel Gé*)-structures on (hyperbolic) sine

cones and the evolution of nearly parallel Gé*)—structures to parallel Spin(7)- and Spiny(3,4)-
structures on cones. Our presentation in terms of differential forms unifies various results in the
literature, which were originally obtained using spinorial methods, and applies to all possible real
forms of the relevant groups.

3.1. Cones over nearly e-Kidhler manifolds. In the language of [AC2| and [SSH]|, an
almost e-Hermitian manifold (M?™,g,J) is defined by an almost e-complex structure J which
squares to £id and a pseudo-Riemannian metric g which is e-Hermitian in the sense that g(J-, J-) =
—eg(+,-). Consequently, a nearly e-Kdhler manifold is defined as an almost e-Hermitian manifold
such that VJ is skew-symmetric. On a six-manifold M, a nearly e-Kéhler structure (g, J,w)
with [VJ|? = 4 (i.e. of constant type 1 in the terminology of [G2]) is equivalent to a normalised
He®"-structure (w, p) which satisfies

(3.1) dw = 3p,
(3.2) dp = 4do.
This result is well-known for Riemannian signature [RC| and is generalised to arbitrary signature

in [SSH| Theorem 3.14]. In particular, nearly e-Ké&hler structures (w,p) in dimension six are
half-flat and the structure (w, p) is nearly half-flat (for the constant A = 4).
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PROPOSITION 3.1. Let (M, ho) be a pseudo-Riemannian siz-manifold of signature (6,0), (4,2)
or (3,3) and let (M = M x Rt g. = hog — edt?) be the timelike cone for ¢ = 1 and the spacelike
cone for e = —1. There is a one-to-one correspondence between nearly e-Kdahler structures (ho, J)
with |VJ|? = 4 on (M, ho) and parallel Go- and Gj-structures ¢ on M which induce the cone
metric ge.

PROOF. This well-known fact is usually proved using Killing spinors, see [B], [Gru] and
[Ka2]. We give a proof relying exclusively on the framework of stable forms and the Hitchin flow.
For Riemannian signature, this point of view is also adopted in [ChSal and [Bul].

The H®7-structures inducing the given metric hy are the reductions of the bundle of orthonor-
mal frames of (M, hg) to the respective group H=". Given any H®"-reduction (wq, pg) of hg, we
consider for t € RT the one-parameter family

(33) w = t2(4)0 y P = t3P07

which induces the family of metrics h = t2hg. By formula @2.I0), the metric g, on M induced by
the stable three-form ¢ = w A dt + p is exactly the cone metric g..

It is easily verified that the family (33]) consists of half-flat structures satisfying the evolution
equations if and only if the initial value (w(1), p(1)) = (wo, po) satisfies the exterior system (B.1),
(B2). Therefore, the stable three-form ¢ on the cone (M, g.) is parallel if and only if the H®"-
reduction (wp, po) of hg is a nearly e-Kéhler structure with |V.J|? = 4.

Conversely, let ¢ be a stable three-form on M which induces the cone metric g.. Since 9 is
a normal vector field for the hypersurface M = M x {1} satisfying g(d¢,0;) = —e, we obtain an
H#="-reduction (wo, po) of hg defined by

(3.4) wo =0y 1, Po = PLiIT™m

with the help of Proposition [[14l Since the two constructions are inverse to each other, the
proposition follows. O

ExAaMPLE 3.2. Consider the flat (R4 \ {0}, (.,.)) which is isometric to the cone (M¢ x
R+, t2h. — edt?) over the pseudo-spheres M¢ := {p € RGY | (p,p) = —¢}, e = %1, with the
standard metrics h. of constant sectional curvature —e and signature (2,4) for ¢ = —1 and (3, 3)
for e = 1. Obviously, a stable three-form ¢ inducing the flat metric (.,.) is parallel if and only if
it is constant. Thus, the previous discussion and Proposition [[T4] in particular formula (L28),
yield a bijection

SO(3,4)/ G5 — {e-complex structures J on M* such that (hc,J) is nearly e-Kéahler}
o = J with  Jp(v) = —p x v, Vpe M®

where the cross-product x induced by ¢ is defined by formula (IL12). In other words, the pseudo-
spheres (M®,h.) admit a nearly e-Kahler structure which is unique up to conjugation by the
isometry group O(3,4) of h.. In fact, these e-complex structures on the pseudo-spheres are already
considered in [Li|] and the nearly para-Kéahler property for e = 1 is for instance shown in [Be].

3.2. Sine cones over nearly s-Kahler manifolds. For Riemannian signature, it has been
shown in [FIMU] that the evolution of a nearly Kéhler SU(3)-structure to a nearly parallel Ga-
structure induces the Einstein sine cone metric. This result can be extended as follows. We prefer
to consider (hyperbolic) cosine cones since they are defined on all of R in the hyperbolic case.

PROPOSITION 3.3. Let (M, hg) be a pseudo-Riemannian siz-manifold.

(i) If hg is Riemannian, or has signature (2,4), respectively, there is a one-to-one correspondence
between nearly (pseudo-)Kdhler structures (ho, J) on M with |VJ|*> = 4 and nearly parallel
Go-structures, or G5-structures, respectively, for the constant ;1 = —4 on the spacelike cosine
cone

(M x (—g, g), cos? (t)ho + dt?).
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(i) If ho has signature (3,3), there is a one-to-one correspondence between nearly para-Kdhler
structures (ho,J) on M with |VJ|? = 4 and nearly parallel Gj-structures for the constant
=4 on the timelike hyperbolic cosine cone

(M x R, — cosh?(t)hg — dt?).

PROOF. (i) Starting with any SU(3)- or SU(1, 2)-reduction (wp, po) of ho, the one-parameter
family
w = cos?(t)wg , p = — cos>(t)(sin(t)po + cos(t)po)
with (w(0), p(0)) = (wo, —po) defines a stable three-form ¢ = wAdt+pon M x (-3, % ). Since
2Wo = 2(po +ipo) is a (3,0)-form w.r.t. the induced almost complex structures Jre (2w, for
all z € C*, the structure J, = J,, is constant in ¢. Thus, the metric g, induced by ¢ is the
cosine cone metric. Moreover, it holds p = — cos?(t)(sin(¢)po — cos(t)po) due to Corollary
L7
It takes a short calculation to verify that the one-parameter family is nearly half-flat
(for the constant A = —4) and satisfies the evolution equation (2I6) if and only (wo, po)
satisfies the exterior system (B.I), (3:2). Thus, applying Proposition 2I1] the three-form
¢ = w Adt + p defines a nearly parallel G*7-structure on M x (=%, %) (for the constant
p = —4) if and only if (ho, J,,) is nearly e-Kéhler with |[VJ|* = 4.
The inverse construction is given by ([3.4) in analogy to the case of the ordinary cone.
(ii) The proof in the para-complex case is completely analogous if we consider the one-parameter
family
w = cosh?(t)wy , p = — cosh®(t)(sinh(t)po + cosh(t)po)
which is defined for all ¢t € R. We note the following subtleties regarding signs. By Propo-
sition [[L4] we know that the mapping p — p is homogeneous of degree 1, but not linear.
Indeed, by applying Corollary [l we find

sinh(t)pg + cosh(t)pg = — sinh(t)po — cosh(t)po.
Using this formula, one can check that J, = J;, = —J,, is constant in ¢ such that the metric

induced by (w, p) is in fact h = — cosh®(t)ho.
(]

The fact that the (hyperbolic) cosine cone over a six-manifold carrying a Killing spinor carries
again a Killing spinor was proven in [Kall]. By relating spinors to differential forms, these results

also imply the existence of a nearly parallel Gé*)—structures on the (hyperbolic) cosine cone over
a nearly e-K&hler manifold.

ExAMPLE 3.4. The (hyperbolic) cosine cone of the pseudo-spheres (M€, h.) of Example
has constant sectional curvature 1, for instance due to [ACGLI Corollary 2.3], and is thus (locally)
isometric to the pseudo-sphere S** = {p € R44) | (p,p) = 1} = Spin,(3,4)/ G5.

3.3. Cones over nearly parallel Gé*)-structures. By Lemma 9 in [B], there is a one-to-
one correspondence on a Riemannian seven-manifold (M, go) between nearly parallel Go-structures
and parallel Spin(7)-structures on the Riemannian cone. In order to illustrate the evolution
equations for nearly parallel G5-structures, we extend this result to the indefinite case by applying
Theorem This is possible since nearly parallel G3-structures are in particular cocalibrated.
Again, the fact that the cone over a nearly parallel Gi-manifold admits a parallel spinor can be
derived from the connection to Killing spinors as observed in [Kal].

PROPOSITION 3.5. Let (M,go) be a pseudo-Riemannian seven-manifold of signature (3,4).
There is a one-to-one correspondence between nearly parallel G%-structures for the constant 4
which induce the given metric go and parallel Sping (3, 4)-structures on M x R* inducing the cone
metric § = t2go + dt>.

PROOF. Let ¢ be any cocalibrated G3-structure on M inducing the metric go. The one-
parameter family of three-forms defined by ¢ = t3¢ for t € RT induces the family of metrics
g = t?go such that the Hodge duals are =, = t* %, ¢o. By (2:24), the Spiny(3,4)-structure
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U =dt AN+ *,p on M x RT induces the cone metric g. Conversely, given a Sping(3, 4)-structure
U on the cone (M x R*,g), we have the cocalibrated G-structure ¢y = 9; 1¥ on M, which also
induces the given metric go. Since the evolution equation (2:22)) is satisfied if and only if the initial
value g is nearly parallel for the constant 4 and since the two constructions are inverse to each
other, the assertion follows from Theorem O

EXAMPLE 3.6. We consider again the easiest example, i.e. the flat R(444\ {0} which is isometric
to the cone over the pseudo-sphere S3%. Analogous to Example 3.2, the proposition just proved
yields a proof of the fact that the nearly parallel Gj-structures for the constant 4 on S>% are
parametrised by SO(4,4)/ Sping(3,4), i.e. by the four homogeneous spaces (IL31]). In particular,
these structures are conjugated by the isometry group O(4,4) of S34.

Summarising the application of the three Propositions [3.1] B.3] and to pseudo-spheres, we
find a mutual one-to-one correspondence between

(1) nearly pseudo-Kihler structures with |V.J|? # 0 on (5%, gean),
(2) nearly para-Kéhler structures with |V.J|? # 0 on (533, gean),

(3) parallel Gi-structures on (R4, geq,,),

(4) nearly parallel Gj-structures on the spacelike cosine cone over (5%, gean),

(5) nearly parallel Gj-structures on the timelike hyperbolic cosine cone over (S 33, Jean),
(6) nearly parallel Gi-structures on (S3%, geqn) and

(7) parallel Spin, (3, 4)-structures on (R4 g.q,.).

This geometric correspondence is reflected in the algebraic fact that the four homogeneous spaces
(C31) are isomorphic.

4. The evolution equations on nilmanifolds I'\ Hs x Hj

Let Hs be the three-dimensional real Heisenberg group with Lie algebra hs. In this section, we
will develop a method to explicitly determine the parallel Gg*)—structure induced by an arbitrary
invariant half-flat structure on a nilmanifold I'\ Hs X Hs without integrating. In particular, this
method is applied to construct three explicit large families of metrics with holonomy equal to Go
or G}, respectively.

4.1. Evolution of invariant half-flat structures on nilmanifolds. Left-invariant half-
flat structures (wo, po) on a Lie group G are in one-to-one correspondence with normalised pairs
(w, p) of compatible stable forms on the Lie algebra g of G which satisfy dp = 0 and dw? = 0. To
shorten the notation, we will speak of a half-flat structure on a Lie algebra.

Given as initial value a half-flat structure on a Lie algebra, the evolution equations

(4.1) p=dw, G=dp,

reduce to a system of ordinary differential equations and a unique solution exists on a maximal
interval I. Due to the structure of the equation, the solution differs from the initial values by
adding exact forms to og and pg. In other words, an initial value (og, pg) evolves within the
product [og] X [po] of their respective Lie algebra cohomology classes.

Every nilpotent Lie group N with rational structure constants admits a cocompact lattice I'
and the resulting compact quotients I'\ N are called nilmanifolds. Recall that a geometric structure
on a nilmanifold T\ N is called invariant if is induced by a left-invariant geometric structure on
N.

Explicit solutions of the Hitchin flow equations on several nilpotent Lie algebras can be found
for instance in [CF] and [AS]. In both cases, a metric with holonomy contained in Gy has been
constructed before by a different method and this information is used to obtain the solution. For
a symplectic half-flat initial value, another explicit solution on one of these Lie algebras is given
in [CT]. In all cases, the solution depends only on one variable.

At least for four nilpotent Lie algebras including b3 @ b3, a reason for the simple structure of
the solutions has been observed in [AS]. Indeed, the following lemma shows that the evolution of
o takes place in a one-dimensional space. As usual, we define a nilpotent Lie algebra by giving
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the image of a basis of one-forms under the exterior derivative, see for instance [Sal. The same
reference also contains a list of all six-dimensional nilpotent Lie algebras.

LEMMA 4.1. Let p be a closed stable three-form with dual three-form p on a siz-dimensional
nilpotent Lie algebra g.

(i) If g is one of the three Lie algebras
(0,0,0,0,e'2,e31) , (0,0,0,0,e™® +e*?, e 4+ e2) ., (0,0,0,0,e'?, e +23),

then dp € A*U for the four-dimensional kernel U of d : A'g* — A%g*.
(i) If g is the Lie algebra
(0,0,0,0,0,e"? + €**),
then dp € A*U for the four-dimensional subspace U = span{e',e?, e3, e} of kerd.

REMARK 4.2. The assertion of the lemma is not true for the remaining six-dimensional nilpo-
tent Lie algebras with by = dim(kerd) = 4 or by = 5. In each case, we have constructed a closed
stable p such that dp is not contained in A*(ker d).

In fact, this lemma can also be viewed as a corollary of the following lemma which we will
prove first.

LEMMA 4.3. Let p be a closed stable three-form on one of the four Lie algebras of Lemma[{]]
and let U be the four-dimensional subspace of ker d defined there. In all four cases, the space U is
Jp-tnvariant where J, denotes the almost (para-)complex structure induced by p.

PrROOF. For A(p) < 0, the assertion is similar to that of [AS| Lemma 2]. However, since the
only proof seems to be given for the Iwasawa algebra for integrable J in [KeS| Theorem 1.1], we
give a complete proof.

Let g be one of the three Lie algebras given in part (i) of Lemma[@Tland U = ker d. Obviously,
the two-dimensional image of d lies within AU in all three cases. By J = J, we denote the almost
(para-)complex structure associated to the closed stable three-form p. As before, we denote by
e € {1} the sign of A(p) such that J, = eid. Let the symbol i. be defined by the property i2 = ¢
such that the para-complex numbers and the complex numbers can be unified by C. = R[i.].
Thus, a (1,0)-form can be defined for both values of € as an eigenform of J, in A'g* ® C. for the
eigenvalue i..

We define the J-invariant subspace W := U N J*U of g such that 2 < dimW < 4. In fact,
dim W = 4 is equivalent to the assertion. The other two cases are not possible, which can be seen
as follows. To begin with, assume that W is two-dimensional. When choosing a complement W’
of W in U, we have by definition of W that

V=waeWeJW.
We observe that, for ¢ = 1, the &1-eigenspaces of J restricted to W’ @& J*W' are both two-

dimensional. Therefore, we can choose for both values of ¢ a basis {e!,e?,e3,e? = J*el e’ =

J*e?, €8 = J*e®} of V such that ', e, ¢® and e* are closed and de®, de® € A*U. Since p+i.J;p is
a (3,0)-form in both cases, it is possible to change the basis vectors e!, e? within W C kerd such
that
p+icd,p= (e! +ice") A (e? +ie®) A (e +i.eb)
and thus
p= el 4 olB0 _ o6 | 345

By construction of the basis, we have that

0=dp=—ce' Nde® Ne® +cet Ae® Adeb + a
with a € A*U. As the first two summands are linearly independent and not in A*U, we conclude
that both e! A de® and e' A de® vanish. Thus, the closed one-form e' has the property that the
wedge product of e! with any exact two-form vanishes. However, an inspection of the standard

basis of each of the three Lie algebras in question reveals that such a one-form does not exist on
these Lie algebras and we have a contradiction to dim W = 2.
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Since a J-invariant space cannot be three-dimensional for ¢ = —1, the proof is finished for
this case. However, if ¢ = 1, the case dim W = 3 cannot be excluded that easy. Assuming that it
is in fact dim W = 3, we choose again a complement W’ of W in U and find a decomposition

V=WeWeJWaew"

with J*W"” = W”. Without restricting generality, we can assume that J acts trivially on W".
Then, we find a basis for V such that the +1-eigenspace of J is spanned by {e!,e* + €° €5} and
the —1-eigenspace by {e2,e3, e* — e®}, where e!, €2, e and e* are closed and e = J*e*. Since the

given closed three-form p generates this J, it has to be of the form
p=ae' A(er+e®) neb +be® A (e — e)
for two real constants a,b. The vanishing exterior derivative
dp = ae' A d(e®®) mod A*U

leads to the same contradiction as in the first case and part (i) is shown.

In fact, the same arguments apply to the Lie algebra of part (ii). The four-dimensional space
U C kerd spanned by {e!,...,e*} also satisfies im d C A2U. Going through the above arguments,
the only difference is that e or e® may be closed. However, at least one of them is not closed and
its image under d generates the exact two-forms. Again, there is no one-form g € U such that
B A~ =0 for all exact two-forms v and the arguments given in part (i) lead to contradictions for
both dim W = 2 and dim W = 3. ]

PrROOF OF LEMMA [LT] Let p be a closed stable three-form on one of the four nilpotent Lie
algebras and U C kerd as defined in the lemma. For both values of €, we can apply Lemma
and choose two linearly independent closed (1,0)-forms E! and E? within the Jp-invariant space
U ® C.. Considering that p + i.p is a (3,0)-form for both values of , there is a third (1,0)-form
E3 such that p+i.p = E'23. Since dp = 0 and im d C A2U,, it follows that the exterior derivative

dp = €i.d(E'®) = ¢i. B A dE?
is an element of A*U. [l

4.2. Left-invariant half-flat structures on H3 x H3. From now on, we focus on the Lie
algebra g = h3 P bh3. Apart from describing all half-flat structures on this Lie algebra, i.e. all initial
values for the evolution equations, we give various explicit examples and prove a strong rigidity
result concerning the induced metric.

Obviously, pairs of compatible stable forms on a Lie algebra which are isomorphic by a Lie
algebra automorphism induce equivalent H®-structures on the corresponding simply connected
Lie group. Thus, we derive, to begin with, a normal form modulo Lie algebra automorphisms for
stable two-forms w € A%?g* which satisfy dw? = 0.

A basis {e1,e2,es, f1, f2, f3} for b3 @ hs such that the only non-vanishing Lie brackets are

given by
d€3 — e12

A=

will be called a standard basis. The connected component of the automorphism group of the Lie
algebra hs @ b3 in the standard basis is

A 0 0 0
t t

(12)  Auglhzoh) =4 |9 A0 A BeaLER), abcdeR?
&0 b det(B)

We denote by g;, ¢ = 1,2, the two summands, by 3; their centres and by 3 the centre of g. The
annihilator of the centre is 3° = kerd and similarly for the summands by restricting d. We have
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the decompositions

o~ g1 9
A R R
1 32
2 %~ 2/.0 91 9 0, 92 0, 0 o, 91 0, 9
Mgt = MG (G AF)OEAF)DEANF)E@HAT) OGN )
3 32 32 31 31 32
—_——— ——  —
31 [ €3 (7

By w® we denote the projection of a two-form w onto one of the spaces &, i = 1,2, 3, 4, defined as
indicated in the decomposition. We observe that ¢; = AQ(g—O) and w* = 0 if and only if w(3,3) = 0.

LEMMA 4.4. Consider the action of Aut(hs D hs) on the set of non-degenerate two-forms w on
g with dw? = 0. The orbits modulo rescaling are represented in a standard basis by the following
two-forms:

wy = elfl4e2f2 4 e3f3, if wt #£ 0,

wy = e2f2 +eld + 13 ifdo=0 <= wh =0, w? =0, W =0,
wg = el f34e2f2 4 e3fl, ifwh =0, w2 #£0, wh #£0, W =0,
wi= e fFPFre?flredfl e 818, ifwh =0, w2 £0, W £0, W £0,

ws = elf3 +e2f2 4 eld3 4 f13 otherwise,

where B € R and 5 # —1.

PROOF. Let
w=> a;ettF2) L N5, D2 LN "y, el f7
be an arbitrary non-degenerate two-form expressed in a standard basis. We will give in each case
explicitly a change of standard basis by an automorphism of the form (@2 with the notation

by b
A= (Z; Zi) 9 at = (a/f)aaﬁ)a B = (b; bz) 3 bt = (b57b6)7 b= (01702)7 dt = (dludQ)'

First of all, if w® # 0, the term 3 3e3f? is different from zero and we rescale such that
73,3 = 1. Then, the application of the change of basis

ar = 1, a2=0, a3 =0, ag =1, a5 =—71.3, ag = —72,3,

by = 22— 723732— 1P, ba=—7y12— Brae +793271,3, b3 = —2,1 +73,172,3 — e,
by = 11— a2f2 —71,373,1, b5 = —73,1722 +3,10101 + 73,272,1 + ¥3,202001,

bg = ¥3,171,2 + 73,151a2 — 73,2711 + 73,2a2527

1 = 5272,2 - 5272,373,2 + 5172,1 - 5173,172,37 dy = —ao,

2 = —fonz+Beyz2ms — bivia + Binsysa, d2 = o,

transforms w into @ = 1 1(e! f1 + €22 +e3f3) + age'? + Bsf12, 1,1 # 0. This two-form satisfies
dw? = 0 if and only if az = 0, 3 = 0 and the normal form w; is achieved by rescaling.

Secondly, the vanishing of dw corresponds to w* =0, w* =0, w* =0 or 933 = 713 = 123 =
73,1 = 73,2 = 0 in a standard basis. By non-degeneracy, at least one of a; and oy is not zero and
we can always achieve oy = 0,2 # 0. Indeed, if oy # 0, we apply the transformation [@2]) with
ar =1,a3 =1, a4 = 52, B =1 and all remaining entries zero. With an analogous argument, we
can assume that 5, = 0, B2 # 0. Since v2.2 # 0 by non-degeneracy, we can rescale w such that
v2,2 = 1. Now, the transformation of the form ([@2) given by

CL1:1, CLQZO, CL3:O, a4:—52, b1:1, bQZO, ngO, b4:—042, CL5:0,
_a3627 b5:07 b6:_a2ﬁ37 chE,
Q2 B2 Q2

maps w to a multiple of the normal form w,.

Thirdly, we assume that w is non-degenerate with w®' = 0, i.e. 733 = 0 and both w* # 0,
i.e. 1,3 or 723 # 0, and w* # 0, i.e. 731 or 432 # 0. Similar as before, we can achieve y2.3 = 0,

ag = c2=—"1,2, d1 =0, d2 =271,
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71,3 # 0 by applying, if 72 3 # 0, the transformation (£2) with a1 =1, a3 =1, a4 = —%, B=1
and all remaining entries zero. Analogously, we can assume 732 = 0, 73,1 # 0 and rescaling yields
42,2 = 1, which is non-zero by non-degeneracy. After this simplification, the condition dw? = 0

implies that a; = #1 = 0 and the transformation

233 — v3,171,2

ap = 1, a2=0, a3 = ; as =73, a5 =0, ag =0, by =1, by =0,
V3,1
- Boaz — V1,372,1 - _M1,271,372,173,1 — 71,171,373,1 — a3 32033 -
b3 = ——" by=131, bs= 5 , bg =0,
71,3 Y1,373,1
cit = 0, co=p03, di =0, do = —azs,

maps w to w = el f34+e2f2+e3fl 4 aned! + By f3L. The condition w = 0 corresponds to és = 0,
B2 = 0, i.e. normal form ws. If w # 0, we can achieve G # 0 by possibly changing the summands.
Now, the transformation

1
alzlu GQ:O, (l3:O, a4 = ——, a5:07 a6:07 01207 02:07
(€5
1 1
blZ—N_u b2:0, b3:07 b4:_~_7 b5:07 b6:07 d1:O7 d2:07
a2 a2

maps w to the fourth normal form wy.

The cases that remain are w®' = 0 and either w* # 0,w* = 0 or w* = 0,w* # 0. After
changing the summands if necessary, we can assume w* = 0 and w* # 0, i.e. 731 =732 = 3.3 = 0
and at least one of 1 3 or 72,3 non-zero. As before, we can achieve 2 3 = 0 by the transformation
a1 = 1,a0 = 1,a4 = —22, Evaluating dw? = 0 yields &y = 0. Now, non-degeneracy enforces
that 81 # 0 or B2 # 0, and after another similar transformation £1 = 0. Finally, the simplified
w is non-degenerate if and only if 220082 # 0 and, after rescaling such that 22 = 1, the
transformation

2 2
-«
ap = 1, a2 =0, a3 =0, a4 = —M, as =0, ag = 71*3(71’372’12 362)7
62 01262
b= B2y =0, by =0, b= —ag, by =0, b= — 222,
P2 P2
= 0. e 7,202 + 71,383 d— g V13721
1 = bbao=-———7——, d1=———, d2= )
B2 B2 165
maps w to a multiple of the fifth normal form ws. O

Using this lemma, it is possible to describe all half-flat structures (w, p) on h3@®h3 as follows. In
a fixed standard basis such that w is in one of the normal forms, the equations dp = 0 and wAp =0
are linear in the coefficients of an arbitrary three-form p. Thus, it is straightforward to write down
all compatible closed three-forms for each normal form which depend on nine parameters in each
case. The stable forms in this nine-dimensional space are parametrised by the complement of the
zero-set of the polynomial A(p) of order four. One parameter is eliminated when we require a
stable p to be normalised in the sense of ([LI8). We remark that the computation of the induced
tensors J,, p and g, ,) may require computer support, in particular, the signature of the metric
is not obvious. However, stability is an open condition: If a single half-flat structure (wo, po)
is explicitly given such that wg is one of the normal forms, then the eight-parameter family of
normalised compatible closed forms defines a deformation of the given half-flat structure (wo, po)
in some neighbourhood of (wg, po).

For instance, the closed three-forms which are compatible with the first normal form

(4.3) w=elfl +e2f24e3f3
in a standard basis can be parametrised as follows:
(4.4) p=oplai,...,a9) = a1e® +as P +aze' fP+ase®f +ase®fH+age'f?

+ ar (€2f23 _ elflS) + ag (612f3 _ 63f12) + ag (623f2 _ elel)'
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The quartic invariant A(p) depending on the nine parameters is

Ap) = (2a6a4a§ + 2a1a2a§ + 2a§a3a5 — 4a5a$a6 — 4a§a4a3 — 4(13(12(18 + 4a$a8a1

+ 4a7a§ag + a%a% + a%ai + a%a% + ag — 2agaqgasas + dasaragasz + dagasagar
—  dasasagag + 4asagaaz — 4agasarar — 2a1a2a6a4 — 2a1aza3a5) (€13 f123)82,

ExaMPLE 4.5. For each possible signature, we give an explicit normalised half-flat structure
with fundamental two-form ([@3)). The first and the third example appear in [SH]. To begin with,
the closed three-form

1
4.5 o (e!23 123 1423 | (2341 2031 4 312 3412 | (1243
(4.5) P \/5( f f f f f f f?)
induces a half-flat SU(3)-structure (w, p) such that the standard basis is orthonormal. Similarly,
the closed three-form

1
4.6 = (123 _ 123 _ 1423 | 2301 4 2031 (3142 4 312 1203
(4.6) P \/5( f f f f f f f?)
induces a half-flat SU(1, 2)-structure (w, p) such that the standard basis is pseudo-orthonormal
with e; and e4 being spacelike. Finally, the closed three-form

(4.7) po= V241,

induces a half-flat SL(3, R)-structure (w, p) such that the two hs-summands are the eigenspaces of
the para-complex structure J,, which is integrable since also dp = 0. The induced metric is

g = 2(61-64+€2-€5+€3-66).

In fact, half-flat structures with Riemannian metrics are only possible if w belongs to the orbit
of the first normal form.

LEMMA 4.6. Let (w,p) be a half-flat SU(3)-structure on hs @ bs. Then it holds w* # 0. In
particular, there is a standard basis such that w = wy = el f1 +e2f2 + 3 f3.

PROOF. Suppose that (w, p) is a half-flat SU(3)-structure on bz @ b3 with w® = 0. Thus, we
can choose a standard basis such that w is in one of the normal forms ws,...,ws of Lemma 3]
and p belongs to the corresponding nine-parameter family of compatible closed three-forms. We
claim that the basis one-form e' is isotropic in all four cases which yields a contradiction since
the metric of an SU(3)-structure is positive definite. The quickest way to verify the claim is the
direct computation of the induced metric, which depends on nine parameters, with the help of a
computer. In order to verify the assertion by hand, the following formulas shorten the calculation
considerably. For all one-forms «, # and all vectors v, the e-complex structure J, and the metric
¢ induced by a compatible pair (w, p) of stable forms satisfy

" 1
a/\Jpﬁ/\w2 = g(a,ﬁ)gwg,
Joa()p(p) = aApA(vap),
which is straightforward to verify in the standard basis (I7), (II9), cf. also [SH| Lemmas 2.1,
2.2]. For instance, for the second normal form wy, it holds e! A w3 = —2¢'2f123. Thus, by

the first formula, it suffices to show that J¥e'(e3) = e'(J,e3) = 0 which is in turn satisfied if
el ApA(esp) = 0 due to the second formula. A similar simplification applies to the other normal
forms and we omit the straightforward calculations. (Il

Moreover, the geometry turns out to be very rigid if w® = 0. We recall that simply connected
para-hyper-Kéhler symmetric spaces with abelian holonomy are classified in [ABCV], [C]. In
particular, there exists a unique simply connected four-dimensional para-hyper-Kéahler symmetric
space with one-dimensional holonomy group, which is defined in [ABCV], Section 4. We denote
the underlying pseudo-Riemannian manifold as (N4, gpr ).
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PROPOSITION 4.7. Let (w, p) be a left-invariant half-flat structure with w* = 0 on Hz x H3 and

let g be the pseudo-Riemannian metric induced by (w, p). Then, the pseudo-Riemannian manifold
(H3 x Hs,g) is either flat or isometric to the product of (N*, gprx) and a two-dimensional flat
factor. In particular, the metric g is Ricci-flat.
PROOF. Due to the assumption w® = 0, we can choose a standard basis such that w is
in one of the normal forms ws,...,ws. In each case separately, we do the following. We write
down all compatible closed three-forms p depending on nine parameters. With computer support,
we calculate the induced metric g. For the curvature considerations, it suffices to work up to a
constant such that we can ignore the rescaling by A(p) which is different from zero by assumption.
Now, we transform the left-invariant co-frame {e!, ..., f3} to a coordinate co-frame {dx1, ..., dys}
by applying the transformation defined by

(4.8) el =day, €® = dus, € = dvs + v1dao, f1 =dyr, [2 =dys, f° = dys + y1dys,

such that the metric is accessible for any of the numerous packages computing curvature. The
resulting curvature tensor R € T'(End A>T M), M = H? x H?, has in each case only one non-trivial
component

(4.9) R(Oz, N Oyy) = cOpy A Dy,

for a constant ¢ € R and R is always parallel. Thus, the metric is flat if ¢ = 0 and symmetric
with one-dimensional holonomy group if ¢ # 0, for H3 x H3 is simply connected and a naturally
reductive homogeneous metric is complete.

Furthermore, it turns out that the metric restricted to TN := span{0y,, Ozy,0y,, Oy } is
non-degenerate and of signature (2,2) for all parameter values. Thus, the manifold splits in a
four-dimensional symmetric factor with neutral metric and curvature tensor (9] and the two-
dimensional orthogonal complement which is flat. Since a simply connected symmetric space
is completely determined by its curvature tensor and the four-dimensional para-hyper-Kéahler
symmetric space (N*, gpmx) has the same signature and curvature tensor, the four-dimensional
factor is isometric to (N4, gpyk). Finally, the metric g is Ricci-flat since gpyx is Ricci-flat. [

EXAMPLE 4.8. The following examples define half-flat normalised SU(1, 2)-structures with
w' = 0 in a standard basis. None of the examples is flat. Thus, the four structures are equivalent
as SO(2,4)-structures due to Proposition 7] but the examples show that the geometry of the
reduction to SU(1,2) is not as rigid.

w=ws, p = 612f3—|—\/§613f2—|—61f23+623f1—63f12—|—\/§f123,
g = —()?= ()P +2e"e® —2v2e"- P 2v2e fL o2 1 f3,
(Ricci-flat pseudo-Kéhler since dw = 0, dp = 0);
w=wy, p = Bl 182 o1p12 9123 | (2013 (312
g = _(62)2_2(f2)2+2€1'f1+2€1'f3+262'f2_263'f1_2f1'f37
dw # 0, J, integrable since dp = 0);
( # ’ 14 g p )a
1 1_3-1
w=wy, p = ﬁel2f3_ﬁel3f2+ﬁelf23+ﬁﬂ—z 623f1+ﬁ 65 62f13
—Be3 12— (8% +28) 1%, (dw # 0, dp # 0),
L oo 2 .22 2 1 43 2 3 0 28 +84+1) 4 3
g = o (PP (PP et - ST g,
gl —F CEEESY 7
w=ws, p = el2f3+€13f2_61f23+€23f1_€3f12+f1237 (dw#()’ dﬁ?éO),

g = —()?=2(fH2+2e-e 4222121 f3
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EXAMPLE 4.9. Moreover, we give examples of half-flat normalised SL(3, R)-structures with

w' = 0. Again, none of the structures is flat.
w=wy, p = V2(efBeBf, (dw =0, dp = 0),
g = 2eted—2e2 2 -2 fl.f3
w=ws, p = VI(2fP e yelf_p2), (dw # 0, dp # 0),
g = —2(eM?+2ehed—2et B 4262 2 235
w=ws, p = —\/20+2(2fP—elfB pe2f3 312, (dw # 0, dp #0),
g = =2(fH%+2e B 42eh- 42622263 f1 — (28 +4) f1-f3
w=ws, p = V2(P4+ 1B, (dw # 0, dp = 0),
g = 2342224263 fL

4.3. Solving the evolution equations on H3z X Hj3. Due to the preparatory work of the
Lemmas [£.1] and [£3] it turns out to be possible to explicitly evolve every half-flat structure on
b3 & hs without integrating.

PROPOSITION 4.10. Let (wo, po) be any half-flat H® -structure on bz ® bz with wi' = 0. Then,
the solution of the evolution equations (A1) is affine linear in the sense that

(4.10) o(t) = oo + tdpo, p(t) = po + t dwo
and is well-defined for all t € R.

PROOF. Let {eq,..., fs} be a standard basis such that wpy is in one of the normal forms
w3, . ..,ws of Lemma .3 which satisfy wgl = 0. By Lemma[4.I] and the second evolution equation,
we know that there is a function y(t) with y(0) = 0 such that

1
7(t) = o0 + 9002 = 20 + y(0)e' 2,
For each of the four normal forms, the unique two-form w(t) with $w(t)? = o(t) and w(0) = wy is

w(t) =wo —y(t)e' f.
However, the two-form e! f! is closed such that the exterior derivative dw(t) = dwyp is constant.
Therefore, we have p(t) = po + t dwp by the first evolution equation. Moreover, the two-form w(t)
is stable for all ¢ € R since it holds ¢(w(t)) = ¢(wp) for each of the normal forms and for all ¢t € R.
It remains to show that dp(t) is constant in all four cases which implies that the function y(¢) is
linear by the second evolution equation.

As explained in section [£.2] it is easy to write down, for each normal form wy separately, all
compatible, closed three-forms pg, which depend on nine parameters. For p(t) = pg + t dwo, we
verify with the help of a computer that A(p(t)) = A(po) is constant such that p(t) is stable for all
t € R since pg is stable. When we also calculate J,;) and p(t) = J;:(t)p(t), it turns out in all four
cases that dp(t) is constant. This finishes the proof. O

We cannot expect that this affine linear evolution of spaces which have one-dimensional holo-
nomy, due to Proposition [L.7] yields metrics with full holonomy G3%. Indeed, due to the following
result the geometry does not change significantly compared to the six-manifold.

COROLLARY 4.11. Let (wo, po) be a half-flat H® -structure on h3 @ bz with wi' = 0 and let g,

be the Ricci-flat metric induced by the parallel stable three-form ¢ on M xR defined by the solution
IQ) of the evolution equations with initial value (wo, po). Then, the pseudo-Riemannian manifold
(M xR, gy) is either flat or isometric to the product of the four-dimensional para-hyper-Kdhler
symmetric space (N*, gprx) and a three-dimensional flat factor.

Proor. By formula (23, the metric g, is determined by the time-dependent metric g(t)
induced by (w(t), p(t)). All assertions follow from the analysis of the curvature of g, completely
analogous to the proof of Proposition [£.7 O



HALF-FLAT STRUCTURES AND SPECIAL HOLONOMY 29

The situation changes completely when we consider the first normal form w; of Lemma [£.3

PROPOSITION 4.12. Let (wg, po) be any normalised half-flat H®7 -structure on hz & h3 with
wgl # 0. There is always a standard basis {e1, ..., f3} such that wo = el f1 +e2f2+e3f3. In such
a basis, we define (w(x), p(x)) by

plx) = po+a(e?f?—elf1?),
w(x) = 2 (an(x))_% < ie/@(x) el f1+ isn(x) e2fPyedf3 ) ,

where k() (e'?3 f123)82 = X(p(x)). Furthermore, let I be the maximal interval containing zero
such that the polynomial k(x) of order four does mot vanish for any x € I. The parallel stable
three-form ([29) on M x I obtained by evolving (wo, po) along the Hitchin flow @I is

1

=3 ek(z)w(x) Adx + p(z).
The metric induced by @, which has holonomy contained in G=7, is by (ZI0) given as
1
(4.11) 9p = g(x) — 7 r(w)da,

where g(x) denotes the metric associated to (w(x), p(x)) vie [LB) and (LIT). The variable x is
related to the parameter t of the Hitchin flow by the ordinary differential equation (EI4).

PROOF. Since wgl £ 0, we can always choose a standard basis such that wy = e! f1+e? f24e3 3
is in the first normal form of Lemma 3] Then pg is of the form (@A]).

Moreover, by Lemma [£1], there is a function y(¢) which is defined on an interval containing
zero and satisfies y(0) = 0 such that the solution of the second evolution equation can be written
o(t) = oo +y(t)e f1%.

The unique w(t) that satisfies w(0) = wo and Fw(t)? = o(t) for all ¢ is

— 1= (D) et T— o(D) 2 2 1 o3 3
Since
(4.12) dw(t) = L (er2f3 — e f12),

V1=y(t)

there is another function z(¢) with 2(0) = 0 such that the solution of the first evolution equation
can be written

(4.13) plt) = po + x(t) (25 — & 12).

This three-form is compatible with w(¢) for all ¢, as one can easily see from ([@4]). Furthermore,
the solution is normalised by Theorem 23] which implies

VeAp(t)) = ¢(p(t)) = 26(w(t)) = —2¢/1 — y(t) ' f1%.
Hence, we can eliminate y(t) by
y(t) =1~ gen(a(t).
We remark that the normalisation of py = p(0) corresponds to k(0) = 4e. Comparing (ZI2) and
(#13)), the evolution equations are equivalent to the single ordinary differential equation
2
er(x(t))

for the only remaining parameter z(¢). In fact, we do not need to solve this equation in order

(4.14) i=

to compute the parallel Gg*)—form when we substitute the coordinate ¢ by z via the local diffeo-
morphism x(t) satisfying dt = §+/ex(z(t)) dz. Inserting all substitutions into the formulas (2ZJ)
and (ZI0) for the stable three-form ¢ on M x I and the induced metric g, all assertions of the
proposition follow immediately from Theorem 2.3 (I
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EXAMPLE 4.13. The invariant x(z) and the induced metric g(x) for the three explicit half-flat
structures of Example are the following.
If (wo, po) is the SU(3)-structure (@A), it holds

(z) = (z-V2)> (2 +V2), I=(-V2,v2),

gle) = (1- %\/51’) ((€h)? + (€*)? —4r(x)7H(e®)? + (") + () —dn(x) T ()?)

+ V2z(1 - %\/5:1:) (e'-et +e-e® + 4r(x) te®-ef).
If (wo, po) is the SU(1, 2)-structure (@T), we have
k(x) = (z—V2)(z+V2)>? I=(—v2,V2),
(1+ %\/590) ((e")? = (e2)* +4r(x) 1 (e)® + (") = (°)® + dr(x) ' (e°)?)

g(x)
- \/5;10(1—}—%\/5:10) (e'-et +e*e® +dr(z) e ef).
And for the SL(3, R)-structure ({71), it holds
k(z) = (24272 I =R,
glz) = (2+2°) (e'e'+e*e”) +4(2—2*)r(z) e’ e’ + A2 zk(z) ((e*)* = (e°)?).

THEOREM 4.14. Let (w(x), p(x)) be the solution of the Hitchin flow with one of the three half-
flat structures (wo, po) of Example[{.3] as initial value (see Proposition[-13 for the explicit solution
and Example [{.13 for the corresponding metric g(z), defined for x € I).

Then, the holonomy of the metric g, on M x I defined by formula @II) equals Go for the
SU(3)-structure (wo, po) and G for the other two structures.

Moreover, restricting the eight-parameter family of half-flat structures given by [&4) to a small
neighbourhood of the initial value (po,wo) yields in each case an eight-parameter family of metrics
of holonomy equal to Go or G3.

PROOF. For all three cases, we can apply the transformation (8] and calculate the curvature
R of the metric g, defined by (@II). Carrying this out with the package “tensor” contained in
Maple 10, we obtained that the rank of the curvature viewed as endomorphism on two-vectors is
14. This implies that the holonomy of g, in fact equals Gy or G3.

The assertion for the eight-parameter family is an immediate consequence. Indeed, by con-
struction, the rank of the curvature endomorphism is bounded from above by 14 and being of
maximal rank is an open condition. ([l

To conclude this section we address the issue of completeness and use the Riemannian family
in Example A.13] and Corollary to construct a complete conformally parallel Gs-metric on
R x (F\Hg X Hg)

EXAMPLE 4.15. Let H3 be the Heisenberg group and N = I'\ H3 X Hs be a compact nilmanifold

given by a lattice I'. Let us denote by = : [ — (—\/5, \/5) the maximal solution to the equation
2

V2= 2(0)((t) + V2)
with initial condition z(0) = 0, defining the ¢-dependent family of Riemannian metrics
V2 — z(t)
9t = —F=
V2

i(t) =

(€ + () + () +()?) +a(t) (V2= 2(t) (- e* +¢% - ¢7)

2\/5 312 66 2\ 4‘T(t) 63 X 66
V=202 @0 +v) (€7 + () (V2 — 2(1)2(z(t) + V2) '

If p: R — I is a diffeomorphism, then the metric

2
dr® + <P/(T)2g¢(r)
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is globally conformally parallel Go and geodesically complete.

5. Special geometry of real forms of the symplectic SL(6,C)-module A3CS

Homogeneous projective special Kéahler manifolds of semisimple groups with possibly indefinite
metric and compact stabiliser were classified in [ACI]. This includes the case of manifolds with
(positive or negative) definite metrics, for which the stabiliser is automatically compact. Projective
special Kahler manifolds with negative definite metric play an important role in supergravity and
string theory. The space of local deformations of the complex structure of a Calabi Yau three-fold,
for instance, is an example of a projective special Kéhler manifold with negative definite metric.
As a particular result of the classification [ACI1], there is an interesting one-to-one correspondence
between complex simple Lie algebras [ of type A, B, D, E, F and G and homogeneous projective
special Kahler manifolds of semisimple groups with negative definite metric. The resulting spaces
are certain Hermitian symmetric spaces of non-compact type. The homogeneous projective special
Kahler manifold associated to the complex simple Lie algebra of type FEg, for instance, is precisely
the Hermitian symmetric space SU(3,3)/S(U(3) x U(3)).

Under the above assumptions, the homogeneous projective special K&hler manifold G/K is
realised as an open orbit of a real semisimple group G acting on a smooth projective algebraic
variety X C P(V), where V is the complexification of a real symplectic module Vj of G and the
cone C(X) :={veV|n(v) € X} CV over X is Lagrangian. Here 7 : V' \ {0} — P(V) denotes
the canonical projection. In fact, C(X) is the orbit of the highest weight vector of the GC-module
V under the complexified group G®. In the case G/K = SU(3,3)/S(U(3) x U(3)) the symplectic
module is given by V = A3C®. It was shown in [BC] that the real symplectic G-module Vj
always admits a homogeneous quartic invariant A, which is related to the hyper-Kéhler part of
the curvature tensor of a symmetric quaternionic Kéhler manifold associated to the given complex
simple Lie algebra [. Moreover, the level sets {\ = ¢} are proper affine hyperspheres for ¢ # 0
and the affine special K&hler manifold M underlying the homogeneous projective special Kahler
manifold M = G/K can be realised as one of the open orbits of R* - G on V; [BCJ.

In the following we shall describe all real forms (G, V;) of the SL(6,C)-module V = A3CS and
study the affine special geometry of the corresponding open orbits of R* - G. As a consequence,
we obtain a list of projective special Kéhler manifolds, which admit a transitive action of a real
form of SL(6, C) by automorphisms of the special Kéhler structure. Besides the unique stationary
compact example

SU(3,3)/5(U(3) x U(3)),
we obtain the homogeneous projective special Kahler manifolds
SU(3,3)/5(U(2,1) x U(1,2)), SU(5,1)/S5(U(3) x U(2,1)) and SL(6,R)/ (U(1) - SL(3,C)),

which are symmetric spaces with indefinite metrics and non-compact stabiliser. The Hermitian
signature of the metric is (4,5), (6,3) and (3,6), respectively. The latter result (3,6) corrects
Proposition 7 in [H1], according to which the Hermitian signature of the underlying affine special
Kihler manifold GL™ (6, R)/ SL(3,C) is (1,9). The correct Hermitian signature of the affine special
Kéhler manifold is (4, 6).

Finally, we find that one of the two open orbits of SL(6,R) on A®RS carries affine special para-
Kahler geometry, the geometry of N = 2 vector multiplets on Euclidian rather than Minkowskian
space-time [CMMS]. The corresponding homogeneous projective special para-Kéhler manifold is
the symmetric space

SL(6,R)/ S(GL(3,R) x GL(3,R)).

5.1. The symplectic SL(6,C)-module V = A3C® and its Lagrangian cone C(X) of
highest weight vectors. We consider the 20-dimensional irreducible SL(6, C)-module V = A3C®
equipped with a generator v of the line A°C®. The choice of v determines an SL(6, C)-invariant
symplectic form €2, which given by

(5.1) Qu,w)v =vAw, v,wéeV.
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The highest weight vectors in V' are precisely the non-zero decomposable three-vectors. They
form a cone C'(X) C V over a smooth projective variety X C P(V), namely the Grassmannian
Gr3(CO) of complex three-planes in C%. The group SL(6,C) acts transitively on the cone C'(X)
and, hence, on the compact variety

X =2 SL(6,C)/P = SU(6)/S(U(3) x U(3)),
where P = SL(6,C), C SL(6,C) is the stabiliser of a point z € X (a parabolic subgroup).
PROPOSITION 5.1.  The cone C(X) = {v € A3C®\{0} | v is decomposable} C V is Lagrangian.
PROOF. Let (e1,...,eq) be a basis of C® and put p = ej23. Then
T,C(X) = spanfeqi | 445, ,k} 0 {1,2,3} > 2}

is ten-dimensional and is clearly totally isotropic with respect to 2. (Il

5.2. Real forms (G,Vp) of the complex module (SL(6,C),V). Let G be a real form of
the complex Lie group SL(6,C). There exists a G-invariant real structure 7 on V = A3CS if and
only if G = SL(6,R), SU(3,3), SU(5,1). In the first case 7 is simply complex conjugation with
respect to Vo = A3RE. In order to describe the real structure in the other two cases, we first endow
C® with the standard SU(p, ¢)-invariant pseudo-Hermitian form (-, -). The pseudo-Hermitian form
(-,-) on C® induces an SU(p, q)-invariant pseudo-Hermitian form v on V such that

(5.2) v(v1 A vg A vz, wr Awa Aws) = det((vg, w;)),

for all vq,...,w3 € C5 Then we define an SU(p, ¢)-invariant anti-linear map 7 : V — V by the
equation

T:=+v—-17"toq.
Notice that Q: V — V* v+ Q(-,v) is linear, whereas v : V — V* v y(,v) and y 1 : V* =V

are anti-linear.

PROPOSITION 5.2.  The anti-linear map 7 is an SU(p, q)-invariant real structure on V = A3CS
if and only if p — q¢ = 0 (mod 4). In that case, the SU(p,q)-invariant pseudo-Hermitian form
v =V—=1Q(:,7:) on V has signature (10,10). Otherwise, T is an SU(p, q)-invariant quaternionic
structure on V.

PROOF. We present the calculations in the relevant cases (p,q) = (3,3) and (p,q) = (5,1).
The calculations in the other cases are similar.

Case (p,q) = (3,3). Let (e1, ez, €3, f1, fo, f3) be a unitary basis of (C8, (-, -)) = C>3, such that
(e;,ei) = —(fi, fi) = 1. We consider the following basis of V:

(e123,€1 A fiz,e1 A fiz,e1 A fag,ea A fiz,e2 A fiz,ea A faz, ez A fiz,e3 A fiz, ez A faz,
f123,€23 A f3,—ea3 A fa,ea3 A f1,—e13 A fa,e13 A fa, —eis A fr,e12 A fz, —e1a A fa,e12 A f1).

With respect to that basis and v = ej23 A f123 we have

1y 0 _ 0 1o Tl o 0 Iy
oo (0 ) ac( 0 ) eovman () W),

This implies 72 = Id, since 7 is anti-linear.
Case (p,q) = (5,1). Let (e1,...,es, f) be a unitary basis of (C,(-,-)) = C>!, such that
(e;,e;) = —(f, f) = 1. With respect to the basis

(5-4) (61237 €124, €125, €134, €135, €145, €234, €235, €245, €345,
eas N f,—ess A fresa A foeas A f,—eaa A freas N f,—eis A foewa A f,—eis A f,eia A f)

of V and v = eja345 A f we have again the formulas (5.3]) and 72 = Id. O
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G/H Hermitian signature
SU(3,3)/S(U(3) x U(3))
,3)/S5(U(2,1) x U(1, 2))
SU(5,1)/S(U(3) x U(2,1))
SL(6,R)/ (U(1) - SL(3,C))

TABLE 1. Homogeneous projective special Kdahler manifolds M = G/H of real
simple groups G of type As. Notice that dim¢ M = 9.

(

5.3. Classification of open G-orbits on the Grassmannian X and corresponding
special Kdhler manifolds. For each of the real forms (G, V;)) obtained in the previous section,
we will now describe all open orbits of the real simple Lie group G on the Grassmannian X =
Gr3(C%) = {E C C® a three-dimensional subspace} — P(V), E — A3E. We will also describe
the projective special Kéhler structure of these orbits M C P(V') and the (affine) special Kihler
structure of the corresponding cones M = C(M) C V. The resulting homogeneous projective
special Kahler manifolds are listed in Table[Il Let us first recall some definitions and constructions
from special Kahler geometry.

5.3.1. Basic facts about special Kdahler manifolds.

DEFINITION 5.3. A (pseudo-)Kdhler manifold (M, J,g) is a pseudo-Riemannian manifold
(M, g) endowed with a parallel skew-symmetric complex structure J € I'(End TM). The symplec-
tic form w = g(-, J-) is called Kdahler form. A special Kihler manifold (M, J,g,V) is a (pseudo-
)Kéhler manifold (M, J, g) endowed with a flat torsion-free connection V such that Vw = 0 and
dVJ =0, where dVJ is the exterior covariant derivative of the vector valued one-form .J.

A conical special Kahler manifold (M, J, g,V ,€) is a special Kéhler manifold (M, J, g, V) en-
dowed with a timelike or a spacelike vector field £ such that V€ = D¢ = Id, where D is the
Levi-Civita connection. The vector field £ is called Euler vector field.

The vector fields £ and J¢ generate a free holomorphic action of a two-dimensional Abelian
Lie algebra. If the action can be integrated to a free holomorphic C*-action such that the quotient
map M — M := M/C* is a holomorphic submersion, then M is called a projective special Kdihler
manifold. We will see now that M carries a canonical (pseudo-)Kihler metric § compatible with
the induced complex structure J on M = M/C*. Multiplying the metric g with —1 if necessary,
we can assume that g(£,£) > 0. Then S = {p € M |g(&(p),&(p)) = 1} is a smooth hypersurface
invariant under the isometric S!-action generated by the Killing vector field J¢ and we can recover
M as the base of the circle bundle S — M = S/S*. Then M carries a unique pseudo-Riemannian
metric g such that S — M is a Riemannian submersion. (M, .J,g) is in fact the Kihler quotient
of (M, J,g) by the S'-action generated by the Hamiltonian Killing vector field J¢.

Next we explain the extrinsic construction of special K&hler manifolds from [ACD]. Let (V, )
be a complex symplectic vector space of dimension 2n endowed with a real structure 7 such that

(5.5) Qv,w) = Qrv,7w), forall wv,weV.
Then the pseudo-Hermitian form

(5.6) y = VIO, 7)

has signature (n,n).

DEFINITION 5.4. A holomorphic immersion ¢ : M — V from an n-dimensional complex
manifold (M, J) into V is called

(i) nondegenerate if ¢*~y is nondegenerate,
(ii) Lagrangian if $*Q =0 and
(ili) conical if ¢(p) € dp(T, M) and v(¢(p), ¢(p)) # 0 for all p € M.
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THEOREM 5.5. [ACD]

(i) Any nondegenerate Lagrangian immersion ¢ : M — V induces on the complex manifold
(M, J) the structure of a special Kdihler manifold (M, J,g,V), where g = Re ¢*y and V
is determined by the condition V¢*a = 0 for all a € V* which are real valued on V7.

(ii) Any conical nondegenerate Lagrangian immersion ¢ : M — V induces on (M,J) the
structure of a conical special Kahler manifold (M, J, g,V ,€£). The vector field £ is deter-
mined by the condition d¢ &(p) = ¢(p).

5.3.2. The case G = SL(6,R). Using the complex conjugation 7 : v — ¥ on C® we can
decompose X into G-invariant real algebraic subvarieties Xy = Xy (7) := {F € X | dim(E N
E) =k} € X, where E C CS runs through all three-dimensional subspaces and k € {0,1,2,3}.
Notice that only X(5) C X is open.

PROPOSITION 5.6.  The group SL(6,R) acts transitively on the open real subvariety X o) =
{E€X|ENE=0}CX.

PROOF. Given bases (e1,e2,e3), (€],¢e5,e5) of B, E' € X(g), respectively, let ¢ be the linear
transformation, which maps the basis (e1, e2, €3, €1, €2, €3) of C° to the basis (e}, €, s, €, €, ;)
of C®. Then ¢ € SL(6,R) and pFE = E'. O

THEOREM 5.7.  The group SL(6,R) has a unique open orbit X ) = SL(6,R)/ (U(1)-SL(3,C))
on the highest weight variety P(V) D X = Grs(C®) of V.= A3C°. The cone V > M = C(X(p)) =
GL™(6,R)/SL(3,C) carries an SL(6,R)-invariant special Kihler structure of Hermitian signa-
ture (4,6), which induces on M = X(g) the structure of a homogeneous projective special Kdhler
manifold M of Hermitian signature (3,6).

PROOF. Let ey, ez, e3 € CY be three vectors which span a three-dimensional subspace E C C8
such that F € X (). Then C% = F @ E and the tangent space of M = C(X()) at p = e1o3 is
given by T,M = NE @ A2E A E. We choose the real generator v = v/—1lejas A €123 € APRS and
compute y = /—1Q(-,7-) on T, M using the formula (5.I). The matrix of |z, with respect to
the basis (6123, €12 A ég, €13 A éQ, €23 A él, €12 A él, €13 A él, €12 A 62, —€923 A 63, €23 A 62, €13 A ég) iS
given by

1 0 0 0
0 -1 0 O
(5.7) 0 O 0 13
0 0 13 O

This shows that v has signature (4,6) on T,M. Since GL'(6,R) acts transitively on M and
preserves the pseudo-Hermitian form v up to a positive factor (SL(6,R) acts isometrically), the
signature of the restriction of v to M does not depend on the base point. This shows that the
inclusion M C V is a holomorphic conical nondegenerate Lagrangian immersion. By Theorem [5.5]
it induces a conical special (pseudo-)Kéahler structure (J, g, V,£) on M. It follows that the image
M = m(M) = X = SL(6,R)/ (U(1) - SL(3,C)) of M under the projection = : V' \ {0} — P(V)
is a homogeneous projective special Kahler manifold. The induced pseudo-Hermitian form % on

Tr(p)M has signature (3,6). The latter statement follows from formula ¥(dm, X, dr,Y) = %
for X, Y € T,M Npt C V (see [AC1]), since y(p,p) = 1 for p = eq23. O

5.3.3. The case G = SU(3,3). Using the pseudo-Hermitian form h = (-,-) on C® invariant
under G = SU(3,3) we can decompose the Grassmannian X = Gr3(C®) into the G-invariant real
algebraic subvarieties X ) = Xy (h) := {E € X |rk(h|g) = k}, k € {0,1,2,3}. Notice that only
X(3y C X is open and that it can be decomposed further according to the possible signatures of
hlE:

X(s,ty = {F € X | E has signature (s,1)},

where (s,t) € {(3,0),(2,1),(1,2),(0,3)}.
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THEOREM 5.8.  The group SU(3, 3) has precisely four open orbits on the highest weight variety
P(V) D X = Gr3(C®) of V.= A*C®, namely X350y, X(2,1), X(1,2) and X(o3). In all four cases
the cone M = C(X54)) CV carries an SU(3,3)-invariant special Kdhler structure.

C(X(30) = R* - SU(3,3)/SU(3) x SU(3)

has Hermitian signature (1,9). C(X(3)) = R*-SU(3,3)/SU(3) x SU(3) has Hermitian signature
9.1). For {s,1} = {2,1},

C(X(ep) = R* - SU(3,3)/SU(2, 1) x SU(1,2)
has Hermitian signature (5,5). In all cases, the conical special Kdhler manifold M = C(X(s )
induces on M = X(s,t) the structure of a homogeneous projective special Kihler manifold M. For
{s,t} = {3,0}, )
M = X5 = X(3,0 = SU@3,3)/S(UB) x U(3))
has Hermitian signature (0,9), for {s,t} = {2,1},
M = X(s,t) = X(2,1) = SU(37 3)/ S(U(27 1) X U(17 2))

has Hermitian signature (4,5). The special Kdhler manifolds C(X (s 4)) and C(X ) are equiva-
lent. In fact, they are related by a holomorphic V-affine anti-isometry, which induces a holomor-
phic isometry between the corresponding projective special Kdahler manifolds.

PROOF. X(3) C X is Zariski open and is decomposed into the four open (in the standard
topology) orbits X, of G = SU(3,3). Let (e1,ea,es, f1, f2, f3) be a unitary basis of (CS, h),
such that (e;,e;) = —(fi, fi) = 1. Then X(3,0), X(2,1), X(1,2), X(0,3) are the G-orbits of the lines
generated by the elements eja3, €1 A fi2,€12 A f1, fi23 € V, respectively.

For p = ej23 and M = C(X(3,0)), we calculate

T, M = span{eias, fi A eji}

From (B.2]) we see that the matrix of |7, »s With respect to the basis (e123, fi Aejx) is diag(1, —1g).
Therefore v has signature (1,9) on T,M. Since 7y(e123,€123) = 1, the signature of the induced
pseudo-Hermitian form 4 on T, M is (0,9).

For p=eja A fi and M = C(X(2,1)), we obtain

TpM = span{e1 A fi2,e2 A fi2,e2 A fiz,e1 A fi3, €123, €55 A fi,e12 A fi}.
The matrix of |7, ar with respect to the above basis is diag(1s, —15). Therefore v has signature
(5,5) on T,M. We have y(e12 A f1,e12 A f1) = —1 and the signature of the induced pseudo-
Hermitian form 4 on T,M is (4,5).

The linear transformation which sends the vectors e; to f; and f; to e; induces a linear map
¢V — V, which interchanges the cone C(X(,)) with C(X(;5)) and maps v to —y. This shows
that + has signature (9,1) and (5,5) on C(X(g3)) and C(X(,2)), respectively. As a consequence,
the induced pseudo-Hermitian form 5 on M = X(0,3), X(1,2), has still signature (0,9) and (4, 5),
respectively.

It follows from these calculations that the inclusion M = C(X(,4)) C V is a holomor-
phic conical nondegenerate Lagrangian immersion. By Theorem 5.5 it induces a conical special
(pseudo-)Kahler structure (J, g, V,£) on M and M = X, 4 C P(V) is a projective special Kiihler
manifold.

The above linear anti-isometry ¢ : (V,v) — (V,v) maps Q to —Q, and, hence, preserves
the real structure 7 = /=177 0 0. As a result, it maps the special Kéhler structure (.J, g, V)
of C(X(s)) to (J',—g', V'), where (J',¢’,V’) is the special Kahler structure of C(X ). In
particular, it induces a holomorphic isometry X ;) = X ). [l

5.3.4. The case G = SU(5,1). Let h = (-,-) be the standard pseudo-Hermitian form of signa-
ture (5,1) on C8, which is invariant under G' = SU(5,1). Let us fix a unitary basis (e1,...,es, f)
of (C® h), such that {(e;,e;) = —(f, f) = 1. As in the previous subsection, X = Gr3(C°) is de-
composed into the G-invariant real algebraic subvarieties X () = X1 (h), of which X(3) C X is
Zariski open. X(3) is now the union of the two open G-orbits X3 ) and X(2,1). X(3,0) is the orbit
of the line Cejo3 € P(V) and X(g1) is the orbit of Cess A f € P(V).
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THEOREM 5.9.  The group SU(5, 1) has precisely two open orbits on the highest weight variety
P(V) D X = Gr3(C8) of V.= A3CS, namely X 3,0y and X(21). In both cases the cone M =
C(X(s,t)) CV carries an SU(5, 1)-invariant special Kihler structure.

C(X(3,0) =R*-SU(5,1)/SU(3) x SU(2,1)
has Hermitian signature (7,3).
C(X(2,1)) =R*-SU(5,1)/SU(3) x SU(2,1)

has Hermitian signature (3,7). In both cases, the conical special Kdhler manifold M = C(X (s 1))
induces on M = X(s,t) the structure of a homogeneous projective special Kdhler manifold M.

M = X3,0) = SU(5,1)/S(U(3) x U(2,1))

and

M = X1y = SU(5,1)/S(U(3) x U(2,1))
have both Hermitian signature (6,3). The special Kihler manifolds C(X(3,0)) and C(X (1)) are
equivalent. In fact, they are related by a holomorphic V-affine anti-isometry, which induces a
holomorphic isometry between the corresponding projective special Kdhler manifolds.

PROOF. For p = ej93 and M = C(X(3,0)), we have

T, M = span{ei23, €234, €235, €134, €135, €124, €125, €12 A f,€13 A f,eaz A f}

and the restriction of y to T}, M is represented by the matrix diag(17, —13) with respect to the above
basis. This shows that the inclusion M = C(X(3,0)) C V is a holomorphic conical nondegenerate
Lagrangian immersion. By Theorem [B.5 it induces a conical special (pseudo-)Kéahler structure
(J,9,V,€) of Hermitian signature (7,3) on M and M = X3y C P(V) is a projective special
Kéhler manifold of Hermitian signature (6,3). The anti-isometry relating C'(X(3,0)) and C(X(2,1))
is induced by the linear map ¢ : V' — V which has the matrix

0 1y
1o O ’
with respect to the basis ([5.4]). O

5.4. The homogeneous projective special para-Kahler manifold
SL(6,R)/ S(GL(3,R) x GL(3,R)). Let us first briefly recall the necessary definitions and construc-
tions from special para-Kéahler geometry, see [CMMS] for more details.

5.4.1. Basic facts about special para-Kdhler manifolds.

DEFINITION 5.10. A para-Kdhler manifold (M, J, g) is a pseudo-Riemannian manifold (M, g)
endowed with a parallel skew-symmetric endomorphism field J € T'(End T M) such that J? = Id.
A special para-Kdihler manifold (M, J,g,V) is a para-Kéhler manifold (M, J, g) endowed with a
flat torsion-free connection V such that Vw = 0 and dVJ = 0, where w = g(-, J-).

A conical special para-Kahler manifold (M, J,g,V,§) is a special para-Kahler manifold
(M, J,g,V) endowed with a timelike or a spacelike vector field £ such that V& = D¢ = 1d, where
D is the Levi-Civita connection.

It follows from the definition of a para-K&hler manifold that the eigenspaces of J are of the
same dimension and involutive. An endomorphism field J € I'(End T M) with these properties is
called a para-complex structure on M. The pair (M, J) is then called a para-complex manifold. A
smooth map f: (M, Jy) — (N, Jv) between para-complex manifolds is called para-holomorphic
if df o Jpr = Jn odf. The skew-symmetry of J in the definition of a para-Kahler manifold implies
that the eigenspaces of J are totally isotropic of dimension n = %dim M. In particular, M is of
even dimension 2n and g is of signature (n,n).

On any conical special para-K&hler manifold, the vector fields £ and J¢ generate a free para-
holomorphic action of a two-dimensional Abelian Lie algebra. If the action can be integrated to
a free para-holomorphic action of a Lie group A such that the quotient map M — M := M/A is
a para-holomorphic submersion, then M is called a projective special para-Kdhler manifold. The
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quotient M carries a canonical para-Kihler metric § compatible with the induced para-complex
structure J on M = M/A.

Next we explain the extrinsic construction of special para-Ké&hler manifolds. Recall that
a para-complex vector space V of dimension n is simply a free module V' = C™ over the ring
C = Rle], €2 = 1, of para-complex numbers. Notice that C™ is a para-complex manifold with the
para-complex structure v — ev and any para-complex manifold of real dimension 2n is locally
isomorphic to C™. An R-linear map 7 : V — V on a para-complex vector space is called anti-
linear if T(ev) = —er(v) for all v € V. An example is the para-complex conjugation C"™ — C™,
z=x+eyr— z:=x —ey. Let (V,Q) be a para-complex symplectic vector space of dimension 2n
endowed with a real structure (i.e. an anti-linear involution) 7 such that (&3] holds true. Then

(5.8) v i=eQ(, )
is a para-Hermitian form and gy := Re~ is a flat para-Kéahler metric on V.

DEFINITION 5.11. A para-holomorphic immersion ¢ : M — V from para-complex manifold
(M, J) of real dimension 2n into V' is called

(i) nondegenerate if ¢*~y is nondegenerate,
(ii) Lagrangian if $*Q =0 and
(ili) conical if ¢(p) € dp(T, M) and vy(¢(p), ¢(p)) # 0 for all p € M.

THEOREM 5.12. [CMMS]|

(i) Any nondegenerate para-holomorphic Lagrangian immersion ¢ : M — V induces on the
para-complex manifold (M, J) the structure of a special para-Kdhler manifold (M, J, g, V),
where g = Re ¢*y and V is determined by the condition V¢*a =0 for all o € V* which
are real valued on V7.

(ii) Any conical nondegenerate para-holomorphic Lagrangian immersion ¢ : M — V induces
on (M,J) the structure of a conical special para-Kdhler manifold (M, J,g,V,£). The
vector field & is determined by the condition d¢ &(p) = ¢(p).

5.4.2. The (affine) special para-Kdihler manifold as a para-complex Lagrangian cone. Now we
consider the real symplectic module Vo = A3RS of G = SL(6,R). For convenience, the standard
basis of RC is denoted by (e1, ez, €3, f1, f2, f3). The para-complexification V := Vp ® C = A3CS =
C?° of Vj is a para-complex symplectic vector space endowed with a real structure 7 such that
V7™ =1V and (&3). We put u; := e; + ef; and consider the orbit

V C¢ M =GL"(6,R)p = GL"(6,R)/SL(3,R) x SL(3,R)
of the element p = u1 A ug A ug.

THEOREM 5.13. M = GLT(6,R)p C V is a nondegenerate para-complex Lagrangian cone.
The inclusion M C V induces on M an SL(6,R)-invariant special para-Kéhler structure. The
image M = (M) = SL(6,R)/S(GL(3,R) x GL(3,R)) under the projection 7 : V' — P(V') is a
homogeneous projective special para-Kdahler manifold of real dimension 18. Here V' C V stands
for the subset of nonisotropic vectors.

PRrOOF. Using the formulas (5.I)) and (5.8]) with v = euja3 Atitas = —8e123 A f123 we compute:
v(p,p) = 1. This shows that M = GLT(6,R)p C V' consists of spacelike vectors. The tangent
T,M C V has the following basis:

(w123, W1 A uas, Ua A ust, Uz A Uiz, U A Usgs, U A Ui, Uz A Uss, U1 A U1, U3 A U1z, —U1 A Ui2).

The restriction of Q to T}, M is zero in view of (5.I)). The para-Hermitian form ~|r, s is represented
by the matrix (5.7). This shows that |7, is nondegenerate. Hence, the inclusion M C V is
a conical para-holomorphic nondegenerate Lagrangian immersion. In virtue of Theorem it
induces an SL(6, R)-invariant conical special para-Kahler structure (J, g, V, §) on M, which in turn
induces a homogeneous projective special para-Kihler structure on M = 7(M) c P(V'). O
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5.4.3. The special para-Kdihler manifold as an open orbit of GLT(6,R) on A’R®. The conical
special Kihler manifold M = GL™(6,R)/SL(3,C) described in Theorem [5.7] as a complex La-
grangian cone M C V, ® C can be identified with the open GL™ (6, R)-orbit {\ < 0} C Vj = A3RS,
where A stands for the quartic SL(6, R)-invariant (L4]):

PROPOSITION 5.14.  The projection p : Vo @ C — Vy, v = Rew, induces a GLT(6,R)-
equivariant diffeomorphism from the Lagrangian cone C(X)) C Vo ® C described in Theorem [5.7]
onto {\ <0} C V:

C(X () = {X <0} = GL"(6,R)/SL(3,C).

Proor. This follows from the fact that X is negative on the real part of a non-zero decom-
posable (3, 0)-vector, since {\ < 0} = GL*(6,R)/SL(3,C) is connected, see Proposition[L5 [

In that picture the complex structure is less obvious than in the complex Lagrangian picture
but the flat connection and symplectic (Kéhler) form are simply the given structures of the sym-
plectic vector space V. The complex structure is then obtained from the metric, which is the
Hessian of the function f = \/W . (We consider A as a scalar invariant by choosing a generator of
ASRS.) This route was followed by Hitchin in [HT].

The other open GL*(6,R)-orbit {\ > 0} C Vj cannot be obtained as the real image of a
GL™(6,R)-orbit on the complex Lagrangian cone C(X) C Vj ® C over the highest weight variety
X c P(Vo ®C). In fact, GL*(6,R) has only one open orbit on X, see Theorem [5.7] and that
orbit maps to {\ < 0} C Vp under the projection V5 ® C — V4. Instead we have:

PROPOSITION 5.15.  The projection p : Vo ®@ C' — Vo, v +— Rev = “£2, induces a GL™"(6,R)-
equivariant diffeomorphism from the para-compler Lagrangian cone M = GLT(6,R)p C Vu ® C,

p = uy23, described in Theorem [5.13 onto the open GLT (6, R)-orbit {\ > 0} C Vp:
M = {\>0} = GL"(6,R)/ (SL(3,R) x SL(3,R)).
PRrROOF. It suffices to check that Reujzs € {A > 0}. This follows from the expression
2Reutzs = ((ex +efi) A(ea+efe) A(es+efs)+(er —efi) Ale2 —efa) A(es —efs))
= ((ex+ f1) A(ea+ f2) Ales + f3) + (e1 — f1) A (e2 — fa) A (e3 — f3)),

since a three-vector belongs to {A > 0} if and only if it can be written as the sum of two decom-
posable three-vectors which have a non-trivial wedge product, see Proposition (|

Let us denote by V the standard flat connection of the vector space Vj, by £ the position
vector field, by w its SL(6, R)-invariant symplectic form and by X; the Hamiltonian vector field
associated to the function f =+/X. Then we have:

THEOREM 5.16.  The data (J = VX, g =woJ, V, ) define on U = {A > 0} C Vp an
SL(6,R)-invariant conical special para-Kdhler structure.

PROOF. Any three-vector v € U can be written uniquely as 9™ + 1~ with decomposable
three-vectors ¢ such that ¥+ A~ = f(¢)v, cf. (L) and Corollary [L7 Differentiation at 1 in
direction of a vector ¢ € Vj yields

(df’lflg)y = (¢+ - w_) /\5 = W(¢+ - 1/1_75)”7
that is

(5.9) Xi(@) =y¢* -y

Using this equation, we can calculate J = V.X; by ordinary differentiation in the vector space Vj.
The result is that J acts as identity on the subspace A2Ey ®A2E, AE_ C Vo = ASR® and as minus
identity on the subspace AE_ @ A?E_AEy where Ey = span{a_1 ¢* | a € A2(R%)*} denotes the
support of the three-vectors ¢+ and 1~. This shows that J? = Id and that J is skew-symmetric
with respect to w. To prove that the data (J, g = wo J, V, §) define on U = {\ > 0} C 1}
an SL(6,R)-invariant conical special para-Kahler structure, it suffices to show that under the

map p : Vo ® C — Vj these data correspond to the conical special para-Kéhler structure on
M = GLT(6,R)p C Vo ® C, p = u123, described in Theorem 513l It follows from Proposition [5.15]



HALF-FLAT STRUCTURES AND SPECIAL HOLONOMY 39

and the definition of the structures on M that the data (w, V, ) on U correspond to the symplectic
structure, flat connection and Euler vector field of the conical special para-K&hler manifold M.
One can check by a simple direct calculation that the endomorphism J on T),,yU corresponds to
multiplication by e € C' on T,M C V ® C. This proves the theorem.

Alternatively, we give now a direct argument which avoids the use of Theorem The
structure J on U satisfies

d¥J=d"VX;=(dV)’X; =0,

since V is flat. This easily implies the integrability of J by expanding the brackets in the Nijenhuis
tensor using that V has zero torsion. In view of the fact that J is skew-symmetric for w, we conclude
that (U, J, g = w o J) is para-Kéahler. Finally, the flat torsion-free connection V satisfies not only
dVJ = 0 but also Vw = 0, since the two-form w on Vj is constant. This proves that (U, J, g, V) is
special para-Kédhler. Now we check that (U, J, g, V, &) is a conical special para-K&hler manifold,
that is V&€ = D¢ = 1d. It is clear that V& = Id, since £ is the position vector field in V4. To prove
the second equation, we first remark that the Levi-Civita connection is given by

D=V + %JVJ.

(Tt suffices to check that D is metric and torsion-free.) Therefore, the equation D¢ = Id is reduced
to Ve¢J = 0. Let us first prove that £ is para-holomorphic, that is L¢J = 0. By homogeneity of f
and w, we have the Lie derivatives

Lef =2f, Ledf =2df, Lew=2w, Lew '=-2w"!
and, hence,
The latter equation implies
LeJ =Le(VXy) =0,
since £ is an affine (and even linear) vector field. Using Ve — Le = V& = Id we get that

Ved = LeJ + [1d, J] = 0.
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