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ABSTRACT. Motivated by results of Bagaria, Magidor and Vdananen, we study character-
izations of large cardinal properties through reflection principles for classes of structures.
More specifically, we aim to characterize notions from the lower end of the large cardinal
hierarchy through the principle SR™ introduced by Bagaria and Vaénanen. Our results
isolate a narrow interval in the large cardinal hierarchy that is bounded from below by
total indescribability and from above by subtleness, and contains all large cardinals that
can be characterized through the validity of the principle SR~ for all classes of structures
defined by formulas in a fixed level of the Lévy hierarchy. Moreover, it turns out that
no property that can be characterized through this principle can provably imply strong
inaccessibility. The proofs of these results rely heavily on the notion of shrewd cardinals,
introduced by Rathjen in a proof-theoretic context, and embedding characterizations of
these cardinals that resembles Magidor’s classical characterization of supercompactness.
In addition, we show that several important weak large cardinal properties, like weak
inaccessibility, weak Mahloness or weak IT},-indescribability, can be canonically character-
ized through localized versions of the principle SR™. Finally, the techniques developed in
the proofs of these characterizations also allow us to show that Hamkin’s weakly compact
embedding property is equivalent to Lévy’s notion of weak H}-indescribability.

1. INTRODUCTION

The work presented in this paper is motivated by results of Bagaria, Magidor, Vdananen
and others that establish deep connections between extensions of the Downward Léwenheim—
Skolem Theorem, large cardinal axioms and set-theoretic reflection principles. Our results
will focus on the characterization of large cardinal notionsﬂ through reflection properties for
classes of structures. To motivate our work, we start by discussing results that provide such
characterizations for supercompact cardinals.

First, recall that classical work of Magidor in [I6] yields a characterization of super-
compactness through model-theoretic reflection by showing that second-order logic has a
Léwenheim—Skolem—Tarski cardinal (see [, Definition 6.1]) if and only if there exists a su-
percompact cardinal. Moreover, Magidor’s results show that if these equivalent statements
hold true, then the least Lowenheim—Skolem—Tarski cardinal for second-order logic is equal
to the least supercompact cardinal. Next, in order to connect supercompactness and reflec-
tion principles for second-order logic to set-theoretic reflection properties, we make use of
the following principle of structural reflection, formulated by Bagaria:

Definition 1.1 (Bagaria, [2]). Given an infinite cardinal x and a class C of structuresE| of
the same type, we let SR¢ (k) denote the statement that for every structure A in C, there
exists an elementary embedding of a structure in C of cardinality less than x into A.

2020 Mathematics Subject Classification. 03E55, 03C55, 03E47.

Key words and phrases. Structural reflection, large cardinals, Yo-definability, elementary embeddings,
shrewd cardinals, weakly compact embedding property.

The author would like to thank Joan Bagaria for several helpful discussions on the topic of this work and
various comments on earlier versions of this paper. In addition, the author is thankful to the anonymous
referee for the careful reading of the manuscript and several helpful comments. This project has received
funding from the European Union’s Horizon 2020 research and innovation programme under the Marie
Sktodowska-Curie grant agreement No 842082 (Project SAIFIA: Strong Azioms of Infinity — Frameworks,
Interactions and Applications).

1Throughout this paper, we will use the term large cardinal notion to refer to properties of cardinals
that imply weak inaccessibility.

2In the following, the term structure refers to structures for countable first-order languages. It should be
noted that all results cited and proven below remain true if we restrict ourselves to finite languages.
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In order to precisely formulate the relevant results from [2], [3] and [5], we first need to
discuss certain subclasses of Yo-formulas defined through standard refinements of the Lévy
hierarchy of formulas. Given a first-order language £ that extends the language L of set
theory, an L-formula is a Xg-formula if it is contained in the smallest class of £-formulas
that contains all atomic £-formulas and is closed under negations, conjunctions and bounded
existential quantification. Moreover, given n < w, an L-formula is a I, -formula if it is the
negation of a ¥, -formula, and it is a 3, 11-formula if it is of the form Jxg,...,z,—1 ¢ for
some IT,-formula ¢. Finally, given a class R, n < w and a set z, a class P is X, (R)-definable
(respectively, I1,,(R)-definable) in the parameter z if there is a X, -formula (respectively, a
IT,,-formula) ¢(vop,v1) in the language £ ; that expands Lc by a unary relation symbol A
such that P consists of all sets « with the property that ¢(z, z) holds in (V, €, R). As usual,
we call 3, (0)-definable classes (i.e. classes defined by a %,,-formula in L¢) X, -definable and
I1,,(P)-definable classes II,,-definable. The closure properties of the class of all £c-formulas
that are ZFC-provably equivalent to 3, 41-formulas then ensure that if R is a class that is
IT;-definable in the parameter z, then every class that is 3, (R)-definable in the parameter
z is also 3, 11-definable in this parameter.

Using Véananen’s notion of symbiosis between model- and set-theoretic reflection prin-
ciples introduced in [19], Bagaria and V&énénen connected reflection principles for second-
order logic with the principle SR by showing that a cardinal x is a Lowenheim—Skolem—Tarski
cardinal for second-order logic if and only if SR¢(x) holds for every class C of structures that
is 31 (PwSet)-definable without parameters (see [5, Theorem 5.5] and [5, Lemma 7.1]), where
PwSet denotes the I1;-definable class of all pairs of the form (z, P(z)). In combination with
the results from [I6] discussed above, this equivalence provides a characterization of the
first supercompact cardinal through the validity of the principle SR¢(k) for all 31 (PwSet)-
definable classes of structures. This connection between supercompactness and structural
reflection for ¥,-definable classes was studied in depth by Bagaria and his collaborators
in [2] and [3]. In the following, define V to be the class of all Ee—structureﬂ of the form
V, for some ordinal a. It is easy to see that the class V is X1 (PwSet)-definable without
parameters. Following [2] and [3], Magidor’s characterization of supercompactness in [16]
can now be rephrased in the following way:

Theorem 1.2. The following statements are equivalent for every cardinal k:

(i) K is the least supercompact cardinal.
(i) K is the least cardinal with the property that SRy (k) holds.
(iii) K is the least cardinal with the property that SR¢ (k) holds for every class of struc-
tures of the same type that is definable by a Xo-formula with parameters in H(KJ)H

It is natural to ask if other large cardinal notions can be characterized in similar ways, i.e.
given some large cardinal property, is there a class of formulas such that the least cardinal
with the given property provably coincides with the least reflection point for all classes of
structures defined by formulas from this class. Note that the validity of such characterization
can be seen as a strong justification for the naturalness of large cardinal axioms (see [I]).
Results contained in [2] and [3] already yield such characterizations for 3, o-definable classes
of structures and so-called C"™ -extendible cardinals (see [2, Definition 3.2]). These results
also provide a characterization of Vopénka’s Principle in terms of structural reflection. In
addition, results in [I] provide a characterization of the existence of X# for a set X of
ordinals through structural reflection and results in [6] yield such characterization for large
cardinal notions in the region between strong cardinals and “Ord is Woodin”. Finally, the
results of [4] give characterizations of remarkable cardinals and other virtual large cardinals
through principles of generic structural reflection.

The work presented in this paper is devoted to the characterization of objects from the
lower part of the large cardinal hierarchy through principles of structural reflection. The

3Throug;hout this paper, we will often identify a class M with the Le-structure (M, €) to simplify our
formulations.

It is easy to see that the parameters class H(x) is maximal in this setting. Fix z ¢ H(x) and let Ly
denote the trivial first-order language. Then the class C of all L-structures of cardinality |tc(z)| is definable
by a Xj-formula with parameter z, and the principle SR (k) obviously fails.
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starting point of this work is the following restriction of the principle SR, isolated by Bagaria
and Vaananen:

Definition 1.3 (Bagaria—Véénéanen, [5]). Given an infinite cardinal £ and a class C of
structures of the same type, we let SR (k) denote the statement that for every structure A
in C of cardinality k, there exists an elementary embedding of a structure in C of cardinality
less than x into A.

Our results will show that there exists a narrow interval in the large cardinal hierarchy
that contains all large cardinal notions for which there exists a natural numbelﬂ n > 1 such
that the given property can be characterized (as in Theorem through the validity of the
principle SR~ for all ¥,,-definable classes of structures. This interval is bounded from below
by total indescribability and from above by subtleness. Moreover, this analysis will show
that there is essentially only one large cardinal notion that can be characterized through
canonical non-trivial Hl—predicatesﬂ R and the principle SR™ for ¥ (R)-definable classes of
structures. This unique large cardinal notion turns out to be closely related to the following
property of large cardinals, introduced by Rathjen in a proof-theoretic context:

Definition 1.4 (Rathjen, [I7]). A cardinal x is shrewd if for every Lc-formula ®(vg,vy),
every ordinal a and every subset A of V, such that ®(A4, k) holds in V4., there exist
ordinals £ and @ below & such that ®(A NV, k) holds in Vzy5.

The defining property of shrewd cardinals directly implies that all of these cardinals are
totally indescribable. Moreover, Rathjen showed that, given a subtle cardinal §, the set of
cardinals k < ¢ that are shrewd in Vj is stationary in § (see [I7, Lemma 2.7]). The following
result now connects shrewdness to the consistency strength of principles the principle SR™
for Yao-definable classes:

Theorem 1.5. The following statements are equiconsistent over the theory ZFC:

(i) There exists a shrewd cardinal.

(i1) There exists a cardinal k with the property that SR (k) holds for every class C of
structures of the same type that is definable by a X1(Cd)-formula without parame-
ters.

(1ii) There exists a cardinal k with the property that SR (k) holds for every class C of
structures of the same type that is definable by a Xo-formula with parameters in
H(k).

This result shows that for all large cardinal properties whose consistency strength is
strictly smaller than the existence of a shrewd cardinal, there is no characterization of these
notions through canonical non-trivial IT;-predicates R and the principle SR~ for X;(R)-
definable classes of structures. Moreover, it shows that the connection between the principle
SR™ and the strict Lowenheim—Skolem—Tarski property (see [0, Definition 8.2]) as well as
the characterizations of weak inaccessibility, weak Mahloness and weak compactness stated
in [5, Theorem 8.3] need to be reformulatedﬂ because, by the above theorem, all of these
statements would imply that the consistency of the existence of a shrewd cardinal is strictly
weaker than the consistency strength of the existence of a total indescribable cardinal.

The proof of Theorem is based on the following weakening of Definition [I.4

Definition 1.6. An infinite cardinal x is weakly shrewd if for every Lc-formula ®(vg,vy),
every cardinal § > k and every subset A of x with the property that ®(A, x) holds in H(0),
there exist cardinals & < 6 with the property that & < k and ®(A N &, &) holds in H(6).

5Note that [2, Theorem 4.2] shows that SRe (k) holds for every uncountable cardinal x and every class C
of structures that is definable by a ¥1-formula with parameters in H(k).

6More precisely, through IT;-predicates R with the property that the class Cd of all cardinals is X1 (R)-
definable. The class Cd, the class Rg of all regular cardinals, the class PwSet and the class obtained by a
universal IT;-formula in L are all examples of such predicates.

"The problematic part in the adaption of the proof of [5, Theorem 5.5] to a proof of these statements is
the fact that the cardinality of all Lc-models witnessing that some structure of cardinality « is contained in
a 31(R)-definable class can be strictly greater than the given cardinal k and therefore it is not possible to
apply the strict Lowenheim—Skolem—Tarski property at « to these Le¢-models. An example of such a class
of structures is the X1 (PwSet)-definable class W introduced below.
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The notion of weak shrewdness turns out to be closely connected to principles of structural
reflection. Our results will allow us to show that if k is a weakly shrewd cardinal, then
SR; (k) holds for every class C of structures that is ¥p-definable with parameters in H(k)
(see Lemma . Moreover, the next theorem shows that this large cardinal property can
be canonically characterized through the principle SR~ for 3;(PwSet)-definable classes of
structures. In the following, let £; denote the first-order language that extends the language
Lc of set theory by a constant symbol ¢ and let W denote the class of all Ls-structures
(X, €, k) with the property that there exists a cardinal § such that x is an infinite cardinal
smaller than # and X is an elementary submodel of H(6) of cardinality x with k + 1 C X.
It is easy to see that the class W is definable by a 3 (PwSet)-formula without parameters.

Theorem 1.7. The following statements are equivalent for every cardinal k:

(i) k 1is the least weakly shrewd cardinal.
(i) & is the least cardinal with the property that SR, (k) holds.
(tii) K is the least cardinal with the property that SR; (k) holds for every class C of
structures of the same type that is definable by a Xo-formula with parameters in
H(k).

In combination with Theorem[I.5] this result directly yields the following equiconsistency:

Corollary 1.8. The following statements are equiconsistent over the theory ZFC:

(i) There exists a shrewd cardinal.
(i) There exists a weakly shrewd cardinal. O

In addition, the third statement listed in Theorem[I.7]shows that large cardinal properties
of higher consistency strength than shrewdness cannot be characterized through the principle
SR~ for Xs-definable classes of structures. Together with our earlier observations, this shows
that weak shrewdness is basically the only large cardinal notions that can be characterized
with the help of canonical II;-predicates R and the principle SR~ for 31 (R)-definable classes
of structures.

The above results directly motivate several follow-up questions. First, it is natural to ask
which large cardinal properties stronger than weak shrewdness can be characterized through
the principle SR~ for classes of structures defined by more complex formulas. Second, these
results suggest to study the interactions between principles of structural reflection and the
behavior of the continuum function. In particular, it is interesting to ask whether any
large cardinal property that entails strong inaccessibility can be characterized through the
principle SR™. Finally, it is also natural to ask whether large cardinal notions weaker than
shrewdness can be characterized through further restrictions of the principle SR™.

The answers to the first two questions turn out to be closely related to the existence of
weakly shrewd cardinals that are not shrewd. The following result positions the consistency
strength of the existence of weakly shrewd cardinals that are, for various reasons, not shrewd
in the large cardinal hierarchy:

Theorem 1.9. (i) If k is a weakly shrewd cardinal that is not shrewd, then there exists
an ordinal € > k with the property that € is inaccessible in L and k is a shrewd
cardinal in L.

(i) The least subtle cardinal is a stationary limit of inaccessible weakly shrewd cardinals
that are not shrewd.
(iii) The following statements are equiconsistent over ZFC:
(a) There exists an inaccessible weakly shrewd cardinal that is not shrewd.
(b) There exists a weakly shrewd cardinal that is not inaccessible.
(c) There exists a weakly shrewd cardinal smaller than 2%°.

The techniques developed in the proofs of the above results will also allow us to show
that the existence of a weakly shrewd cardinal does not imply the existence of a cardinal x
with the property that SR; () holds for every class C of structures that is definable by a 33-
formula without parameters (see Corollary below). In contrast, the following technical
result shows that the existence of a weakly shrewd cardinal that is not shrewd directly implies
the existence of reflection points for classes of structures of higher complexities. Moreover,
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it will also allow us to show that the existence of reflection points for classes of structures
of arbitrary complexities has strictly weaker consistency strength than the existence of a
weakly shrewd cardinal that is not shrewd.

Theorem 1.10. Let k be weakly shrewd cardinal that is not shrewd.

(i) There is a cardinal § > k with the property that the set {d} is definable by a Xo-
formula with parameters in H(k).

(i) Given 0 <n <w and o < Kk, if 0 > K is a cardinal with the property that the set {6}
is definable by a 3o-formula with parameters in H(k), then there exists a cardinal
a < p < § such that SR (p) holds for every class C of structures of the same type
that is definable by a X, -formula with parameters in H(p).

(iii) Assume that 0% does not exist and k is inaccessible. If § > k is a cardinal with
the property that the set {6} is definable by a Yo-formula with parameters in H(k),
then there exists an inaccessible cardinal k < € < § with the property that, in Vg,
the principle SR (k) holds for every class C that is defined by a formula using
parameters from H(k)

Note that the set {2%} is always definable by a Ys-formula without parameters. In
particular, the second part of the above theorem tells us that the existence of a weakly shrewd
cardinal smaller than the cardinality of the continuum implies the existence of various local
reflection points below 2%°. By Theorem the existence of such cardinals is consistent
relative to the existence of a subtle cardinal.

Theorem [[I0now allows us to show that ZFC is consistent with the existence of cardinals
with maximal local structural reflection properties. In the light of the results of [2 Section
4], the existence of such cardinals can be seen as a localized version of Vopénka’s Principle.
Our results show that the consistency strength of this local principle is surprisingly small.
Moreover, they show that such reflection points can consistently exist below the cardinality
of the continuum. As above, we let L denote the first-order language extending the language
Le by a constant symbol ¢. Given 0 < n < w, we let SR, denote the L:-sentence stating
that ¢ is an infinite cardinal and SR (¢) holds for every class C of structures of the same
type that is definable by a X,-formula in L with parameters in H(¢).

Theorem 1.11. (i) The Lc-theory
ZFC + “There exists a weakly shrewd cardinal that is not shrewd”

proves the existence of a transitive model of the Eé—theomﬂ
ZFC + {SR, |0 <n <w}.

(i) The following theories are equiconsistent:
(a) ZFC + “There exists a weakly shrewd cardinal that is not shrewd”.
(b) ZFC+{SR, |0 <n<w}+ “c< 2% 7

This result answers the first two questions formulated above. The first part of the above
theorem shows that no large cardinal notion with consistency strength greater than or equal
to the existence of a weakly shrewd cardinal that is not shrewd can be characterized through
the principle SR™. Moreover, the second part of the corollary shows that no large cardinal
property that entails strong inaccessibility can be characterized through the principle SR™.
In particular, this shows that the statement of [5l Theorem 3.5] needs extra assumptionsm

In order to answer the third of the above questions, we now turn to the characterizations
of large cardinal notions weaker than shrewdness through principles of structural reflection.
In the light of the above results, we introduce further restricted forms of ¥s-definability that

8Note that this conclusion is a statement about the structure (Ve, €, k) that holds in V and is formulated
with the help of a formalized satisfaction relation (see, for example, [8, Section 1.9]). In particular, this
statement also applies to possible classes in V¢ that are defined through formulas with non-standard Gédel
numbers.

9More precisely, given some canonical formalization of this Ls-theory, the above Le-theory proves the
existence of a transitive set M such that for some v € M, every formalized axiom holds in the structure
(M, €,v) with respect to some formalized satisfaction relation.

10Fpor example, the argument presented in [5] works for all cardinals « satisfying k = k<F.
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will enable us to characterize several classical weak large cardinal notions through principles
of structural reflection. To motivate the upcoming definition, first observe that for every
0 < n < w and every %,,(R)-definable class C of structures, the class of all isomorphic copies
of elements of C is again X, (R)-definable from the same parameters. Next, note that -
absoluteness implies that a class () is definable by a ¥i-formula with parameter z if and
only if there is a ¥j-formula ¢(vg,v1) with the property that for every infinite cardinal &
with z € H(6T),
H(T)NQ = {x e H(") [HO) | o(z,2)}

holds. In contrast, let T denote the class of all triples (4, z,a) with the property that §
is an infinite cardinal, z is an element of H(6") and a is an element of the set Fml of
formalized Lc-formulas with the property that Sat(H(J7),x,a) holds, where Sat denotes
the canonical formalized satisfaction relation for Ee—formulaSH Then it is easy to see that
the class T is definable by a Xs-formula without parameters and Tarski’s Undefinability
of Truth Theorem implies that for every infinite cardinal §, the intersection H(6T) NT is
not definable in H(6). These observations motivate the restricted form of 3s-definability
introduced in the definition below that provides us with a notion of complexity that lies
strictly in-between ¥1- and Yo-definability (see Proposition below).

Definition 1.12. Let R be a class and let n > 0 be a natural number.

(i) Given a set z, a class S is uniformly locally ¥, (R)-definable in the parameter z if
there is a %, (R)-formula ¢(vg, v1) with the property that

H(x") NS = {o € H(x") | (H(x"), €, R) F p(e,2))

holds for every infinite cardinal x with z € H(k).
(ii) Given a class Z, a class C of structures of the same type is a local X,,(R)-class over
7 if the following statements hold:
(a) C is closed under isomorphic copies.
(b) C is uniformly locally ¥,,(R)-definable in a parameter contained in Z.

It can easily be shown that no new large cardinal characterizations can be obtained
through canonical IT}-classes R and the principle SR for local ¥ (R)-classes. First, note
that the class V of all Lc-structures that are isomorphic to an element of the class V
defined above is a local 31 (PwSet)-class over §). This shows that a cardinal x is the least
supercompact cardinal if and only if it is the least cardinal with the property that SR¢ (k)
holds for every local %1 (PwSet)-class over (). Moreover, if V = L holds, then the fact that
H(6%) = Lg+ holds for every infinite cardinal ¢ implies that the class PwSet is %1 (Cd)-
definable and hence the class V is definable in the same way. This shows that no II}-class
R with the property that the class Cd is X1 (R)-definable can be used to characterize large
cardinal notions compatible with the assumption V = L through the principle SR¢ (k) for
local 31 (R)-classes.

In contrast, the next result shows how weak inaccessibility, weak Mahloness and weak
IT! -indescribability, introduced by Lévy in [15], can all be characterized through the validity
of the principle SR~ for certain local 3, (R)-classes. Recall that, given natural numbers m
and n, a cardinal x is weakly 117" -indescribable if for all relations Ay, ..., A,,—1 on the set
and all Hﬁ—sentenceﬁ ® in L¢ that hold in the structure (k, €, Ay, ..., A1), there exists
an ordinal A < k such that ® holds in the corresponding substructure (X, €, Ag, ..., Apm_1)
with domain A (see [I5], Definition 1.(b)]). Note that a cardinal « is II"-indescribable if and
only if it is weakly II)"-indescribable and strongly inaccessible.

Theorem 1.13. (i) The following statements are equivalent for every cardinal k:
(a) K is the least weakly inaccessible cardinal.
(b) K is the least cardinal with the property that SR; (k) holds for every local
Y1 (Cd)-class C over (.

HNote that the classes Fml and Sat are both defined by 3i-formulas. Moreover, by using codes for
negated formulas, it is easy to see that the complement of Sat is also definable by a X1-formula.
125¢e [IT, p. 295].
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(¢) K is the least cardinal with the property that SR, (k) holds for every local
Y1(Cd)-class C over H(k).
(ii) The following statements are equivalent for every cardinal k:
(a) K is the least weakly Mahlo cardinal.
(b) K is the least cardinal with the property that SR, (k) holds for every local
Y1 (Rg)-class C over ().
(¢) k is the least cardinal with the property that SR; (k) holds for every local
31 (Rg)-class C over H(k).
(iii) The following statements are equivalent for every cardinal k and every 0 < n < w:
(a) k is the least weakly I\ -indescribable cardinal.
(b) & is the least cardinal with the property that SR, (k) holds for every local ¥,,41-
class over ().
(¢c) K is the least cardinal with the property that SR; (k) holds for every local ¥, 41-
class over H(k).

The techniques developed in the proof of the above result will also allow us to show that
a large cardinal property isolated by Hamkins is in fact equivalent to Lévy’s notion of weak
ITi-indescribability. Hamkins defined a cardinal & to have the weakly compact embedding
property if for every transitive set M of cardinality k with k € M, there is a transitive set N
and an elementary embedding j : M — N with crit (j) = & (see [9]). He then showed that
this property implies both weak Mahloness and the tree property. Moreover, he showed
that if » is weakly compact and G is Add(w, kT )-generic over V, then x has the weakly
compact embedding property in V[G]. In the proof of Theorem we will show that
weak II!-indescribability can be characterized through the existence of certain elementary
embedding and this equivalence also allows us to conclude that weak II}-indescribability
coincides with the weakly compact embedding property. These observations will also show
that the results of [10, Section 4] only work under the additional assumption that the given
cardinal is strongly inaccessible.

Finally, in unpublished work, Cody, Cox, Hamkins and Johnstone showed that various
cardinal invariants of the continuum do not possess the weakly compact embedding property
(see [9]). We will extend these results by showing that various definable cardinals cannot
be reflection points of certain classes of structures. For examples, our methods will allow
us to show that, although there can consistently exist weakly shrewd cardinals below the
dominating number 0, the cardinal 0 is neither weakly shrewd nor the successor of a weakly
shrewd cardinal.

2. SHREWD CARDINALS

In this section, we derive some consequences of shrewdness that will be used in the proof of
Theorem The starting point of this analysis is the following embedding characterization
for shrewd cardinals that resembles Magidor’s classical characterization of supercompactness
(see [16] and also [14] Theorem 22.10]):

Lemma 2.1. The following statements are equivalent for every cardinal k:

(i) k is a shrewd cardinal.

(i) For all sufficiently large cardinals 6 > &, there exist cardinals & < 6 < K, an
elementary submodel XE of H(0) and an elementary embedding j : X — H(H)
such that kR +1C X, j | R =1idz and j(R) = k.

(i4i) For all cardinals § > k and all z € H(0), there evist cardinals & < 0 < Kk, an
elementary submodel X of H(A) and an elementary embedding j : X — H(6) such
that R+ 1C X, j | R =idg, j(R) = k and z € ran(j).

Proof. First, assume that (i) holds. Fix an Le-formula ®(vg,v;) with the property that
®(A, ) expresses, in a canonical way, that the conjunction of the following statements holds
true:

(a) There exist unboundedly many strong limit cardinals.

13Note that, in general, the elementary submodel X will not be transitive.
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(b) 0 is an inaccessible cardinal.
(c) There is a cardinal > d, a subset X of H(6) and a bijection b : 6 — X such that
the following statements hold:
e 0+1CX,00)=¢and bw-(1+ ) =« for all a < 4.
e The class H(0) is a set and, given «p,...,a,—1 < 0 and an element a of Fml
that codes a formula with n free variables, we have

(a,a0,...,0n-1) € A <= Sat(X, (b(aw),. .., b(an-1)),a)
<= Sat(H(0), (b(aw), - - ., b(an—1)),a).

Fix a cardinal § > k, z € H(#) and a strong limit cardinal A > 6 with the property that
V, is sufficiently elementary in V. Pick an elementary submodel Y of H(f) of cardinality
k with KU {k,2z} C Y and a bijection b : Kk — Y satisfying b(0) = &, b(1) = (z,x) and
bw- (14 a)) =« for all @ < k. Define A to be the set of all tuples (a, ag,...,an_1) with
the property that ag,...,an—1 < Kk, a € Fml codes a formula with n free variables and
Sat(Y, (b(avp), - - -, b(an—1)), a) holds.

Then k + A = A and ®(A, k) holds in V). In this situation, the shrewdness of k yields
ordinals &, A < k with the property that ®(ANVx, &) holds in Viix- By the definition of the
formula ®, we know that % is an inaccessible cardinal, X is a strong limit cardinal and hence
E+ A = A < k. Moreover, since statements of the form “x = H(§)” are absolute between
V5 and V, and the formulas defining the classes Fml and Sat are upwards absolute from Vy
to V, there exists a cardinal & < § < A, a subset X of H(f) and a bijection b : & — X such
that the following statements hold:

e i+1C X,b0)=rand b(w- (1 +a))=aforall a < &.
e Given an L-formula ¢(vg, ..., v,—1) and ag, ..., a,—1 < K, we have

H(0) |= o (b(@0); - - blan-1)) <= Y |= @(b(ao); - -, blan-1))

<= H(0) = ¢(blag),...,blan_1)) <= X E o(b(ap),...,b(an_1)).

This shows that X is an elementary submodel of H(#) with 7 4+ 1 C X and, if we define
j=bob ': X — H(H),

then j is an elementary embedding with j [ & = idz, j(R) = & and (z, k) € ran(j). Since we
then also have z € ran(j), we can conclude that (iii) holds in this case.

Now, assume that (i) holds and assume, towards a contradiction, that there is an Le-
formula ®(vg,v1), an ordinal o and a subset A of V,, witnessesing that & is not a shrewd
cardinal. Pick a sufficiently large strong limit cardinal 8 > k + a with the property that
H(0) is sufficiently elementary in V. By our assumption, we can find cardinals & < 0 < &
and an elementary embedding j : X — H() such that & +1 C X < H(0), j | & = idx and
j(7) = .

Claim. & is a strong limit cardinal.

Proof of the Claim. Fix an ordinal p < R. Since we know that u € X, j(u) = p and
H(0) = “P(p) exists”, elementarity yields an ordinal v in X with X |= “2# = v”. But then
H(#) = “2* = v” and hence v is a cardinal in V with 2 = v < § < k. In this situation,
elementarity implies that X = “2# < £”. Hence, we know that % is a strong limit cardinal
in X and this allows us to conclude that x is a strong limit cardinal. |

By elementarity, we can now find an ordinal @ in X and a subset A of Vi in X with the
property that the formula ®(vg,v1), the ordinal j(a) and the subset j(A) of V,;, witness that
k is not a shrewd cardinal. Since the above claim shows that Vz C X and j [ Vi = idv,,
we know that j(A) N Vg = A. In particular, it follows that ®(j(A), x) holds in V. ;(,) and
®(A,R) does not hold in Vgyo. Since Viyq is an element of X with j(Viia) = Vitj(a)s
we can now use elementarity to derive a contradiction. (]

The above equivalence allows us to easily deduce several consequences of shrewdness.

Corollary 2.2. Shrewd cardinals are totally indescribable stationary limits of totally inde-
scribable cardinals.
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Proof. By definition, all shrewd cardinals are totally indescribable. Now, let k be a shrewd
cardinal and let C' be a closed unbounded subset of k. Pick a cardinal § > J,,(x) and use
Lemma to find cardinals & < f < x and an elementary embedding j : X — H(f) with
E+1C X <H(@), j|k=idg, j(K) = x and C € ran(j). Then & € C and elementarity
implies that > 3, (k). But this setup ensures that the statement “ is totally indescribable
” is absolute between H(#) and V, and the statement “& is totally indescribable” is absolute

between H(#) and V. In particular, we can use elementarity to conclude that & € C is totally
indescribable. U

The next consequence of Lemma will be crucial for our characterization of weakly
shrewd cardinals that are not shrewd in the next section. This result should be compared
with the corresponding statements for supercompact and remarkable cardinals (see [I4]
Proposition 22.3] and [20, Theorem 1.3]). Remember that, given a natural number n > 0, a
cardinal k is X, -reflecting if it is inaccessible and V,, <y, V holds.

Corollary 2.3. Shrewd cardinals are Yo-reflecting.

Proof. Pick a Yg-formula ¢(vg,...,vm—1) and sets zg,...,2m-1 € V, with the property
that the statement (2o, ..., 2m,—1) holds in V. By X;-absoluteness, there exists a cardinal
6 > k with the property that ©(zo,...,2zm—1) holds in H(#). An application of Lemma
now yields cardinals & < § < k and an elementary embedding j : X — H(f) such that
E+1C X <H(),jlk=idg, j(k) = & and zp,...,2nm_1 € ran(j). Since shrewd cardinals
are inaccessible, we have Vi C X and j | Vi = idy,. In particular, we know that z; € Vi

and j(z;) = z; holds for all i < m. But then ¢(zo,...,2zmn-1) holds in H(#) C V,, and hence
>1-absoluteness implies that this statement also holds in V. O

3. WEAKLY SHREWD CARDINALS

This section contains an analysis of the basic properties of weakly shrewd cardinals.
We start by slightly modifying the proof of Lemma to obtain an analogous embedding
characterization for weakly shrewd cardinals.

Lemma 3.1. The following statements are equivalent for every cardinal k:

(i) k is a weakly shrewd cardinal.
(ii) For all sufficiently large cardinals 6 > k, there exist cardinals & < 0, an elementary
submodel X of H(0) and an elementary embedding j : X — H(0) with +1C X,
j 1 R=1dz and j(R) = k > R.
(i4i) For all cardinals 0 > k and all z € H(H), there exist cardinals & < 0, an elementary
submodel X of H(0) and an elementary embedding j : X — H(0) with & +1C X,
j I R=1dg, j(k) = kK > R and z € ran(yj).
Proof. Assume that (i) holds. Fix a recursive enumeration {(a; | | < w) of the class Fml. Let
®(vg,v1) be an Le-formula such that (A, §) expresses that the conjunction of the following
statements holds true:

(a) ¢ is an infinite cardinal.
(b) There is a cardinal 8 > §, a subset X of H(f) and a bijection b : 6 — X such that
the following statements hold:
e J+1C X, b(0)=0¢and b(w- (1+a)) =aforal a<i.
e The class H(0) is a set and, given «y, ..., a,—1 < ¢ and | < w with the property
that a; codes a formula with n free variables, we havﬂ
<lagy...,ap_1> € A <= Sat(X, (b(ag),...,b(an—1)),a)
< Sat(H(9), (b(a), ..., blan—1)),a).

Fix a cardinal § > , z € H(f) and a cardinal ¢ > 2% with the property that H(¥) is
sufficiently elementary in V. Pick an elementary submodel Y of H(#) of cardinality x with
kU{k,z} C Y and a bijection b : Kk — Y with b(0) = &, b(1) = (2, k) and b(w-(1+«)) = a for
all @ < k. Define A to be the set of all ordinals of the form <I, v, . . ., a,,—1 > such that | < w,

Lwe let < ..., Ord™t! — Ord denote iterated Godel pairing.
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QQ, ... ,0n_1 < K, a; codes a formula with n free variables and Sat(Y, (b(a), . . ., b(an—1)), a1)

holds. Then ®(A, ) holds in H(¢J) and our assumption yields cardinals # < ¢ such that
£ < k and ®(ANE, &) holds in H(«J). Since the formula defining the predicate Sat is absolute
between H(1), H(J) and V, the definition of ® now yields a cardinal & < 6 < 9, a subset X

of H(#) and a bijection b : & — X such that the following statements hold:

e i+ 1C X,b(0)=Fr and b(w- (1 +a)) =a for al a < .
e Given an Lc-formula ¢(vg, ..., v,—1) and ag,...,a,—1 < K, we have

H(0) |= o (b(@0); - - blan-1)) <= Y |= @(b(@o); - -, blan-1))

<= H(0) = ¢(blag),...,blan_1)) <= X E o(b(ag),...,b(an_1)).

This shows that X is an elementary submodel of H(f) with & + 1 C X and the map
j=bob ' : X — H(A) is an elementary embedding with j | & = idg, j(K) = & and
z € ran(j). These computations show that (iii) holds in this case.

Now, assume that (ii) holds and (i) fails. Pick an Le-formula ®(vg,v1) witnessing that
k is not a weakly shrewd cardinal, and a sufficiently large cardinal 9 > k with the property
that H(«) is sufficiently elementary in V. Then there exists a cardinal £ < 6 < ¢ with
the property that for some subset A of k, the statement ®(A, k) holds in H(#) and there
are no cardinals & < 6 such that & < s and ®(A4 N &, &) holds in H(#). Let 6 be the
minimal cardinal with this property. By our assumption, we can find cardinals # < 1 and
an elementary embedding j : X — H(¥) with & +1 C X < H(W), j | & = idz and
Jj(R) = kK > R. Since the cardinal 6 is definable in H(+}) by an Lc-formula with parameter
%, there is a cardinal  in X with j(f) = 6. Since H(¥) is sufficiently elementary in V,
elementarity now yields a subset A of & in X with the property that ®(j(A), ) holds in
H(#) and ®(j(A)NE, &) does not hold in H(#). Since j(A)N& = A, we can use elementarity
once more to derive a contradiction and conclude that (i) holds in this case. ]

Corollary 3.2. Shrewd cardinals are weakly shrewd. |

Building upon the equivalence established in Lemma [3.1} we now focus on consequences
of weak shrewdness. The below results will allow us to precisely characterize the class of
structural reflecting cardinals that are not shrewd. Moreover, they will allow us to show
that the existence of such cardinals below the continuum is consistent.

We start by proving two basic observation about cardinal arithmetic properties of weakly
shrewd cardinals.

Proposition 3.3. Weakly shrewd cardinals are weakly Mahlo.

Proof. Let k be a weakly shrewd cardinal. Then we can find a cardinal £ < k, an elementary
submodel X of H(kT) with #+ 1 C X and an elementary embedding j : X — H(x™") with
j | k =1dg and j(R) = k. First, assume that  is singular. Then elementarity implies that
R is singular and there is a cofinal function ¢ : cof(k) — & that is an element of X. Since
j(cof(k)) = cof(k), we can use elementarity to conclude that

jle)cotf(R)] = clcof(R)] C R

is a cofinal subset of k, a contradiction. Now, assume that x is not weakly Mahlo. By
elementarity, there exists a closed unbounded subset C' of & in X that consists of singular
ordinals. But then & € j(C) implies that & is singular and elementarity implies that & is
singular in X, contradicting the above computations. O

Proposition 3.4. If k is a weakly shrewd cardinal with k = k<", then k is a Mahlo cardinal.

Proof. Pick a cardinal & and an elementary embedding j : X — H(x™) with the property
that K +1 C X < H(&"), j | & = idz and j(K) = k > k. Assume, towards a contradiction,
that x is not Mahlo. By Proposition [3.3] this implies that x is not a strong limit cardinal
and hence our assumptions show that 2% = k holds for some a < k. In this situation,
elementarity yields an o < & with X |= “2% = E”. Another application of elementarity now
shows that & = 2% = k holds, a contradiction. O
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We are now ready to provide the desired characterization of weakly shrewd cardinals that
are not shrewd. This results and its proof should be compared with [20, Theorem 1.3] that
provides an analogous statement for weakly remarkable cardinals that are not remarkable.

Lemma 3.5. The following statements are equivalent for every weakly shrewd cardinal k:

(i) k is not a shrewd cardinal.
(ii) K is not a La-reflecting cardinal.
(i) There exists a cardinal § > k with the property that the set {0} is definable by a
Yo-formula with parameters in H(k).

Proof. First, the implication from (ii) to (i) is given by Corollary
Next, assume that (iii) holds and & is an inaccessible cardinal. Fix a 3g-formula ¢(vg, v1),
a cardinal § > k and z € H(k) with the property that

Vo [p(x,2) +— =/

holds. Then the statement 3z ¢(x, z) holds in V and, since & is inaccessible, ¥ -absoluteness
implies that it fails in V. In particular, we know that (ii) holds in this situation.

Now, assume that (ii) holds. If  is not inaccessible, then Proposition yields an o < k
with 2% > k and, since the set {2%} is definable by a ¥s-formula with parameter a, we can
conclude that (iii) holds in this case. We may therefore assume that x is an inaccessible
cardinal that is not Ys-reflecting. By standard arguments, this shows that there is an Lc-
formula ¢(v) and z € V, with the property that there is a cardinal ¢ such that z € Vs and
©»(2) holds in Vy, and there is no cardinal a < k such that z € V,, and ¢(z) holds in V.
Let § denote the least cardinal such that z € Vs and ¢(z) holds in Vs. Then § > « and the
set {0} is definable by a Yo-formula with parameter z. This shows that (iii) also holds in
this case.

Finally, assume, towards a contradiction, that (i) holds and (ii) fails. By Lemma
there is a cardinal 6§ > k with the property that for all cardinals p < v < k, there is no
elementary embedding j : X — H(8) with p+1 C X < H(v), j | p =id, and j(u) = k.
Let 6 be minimal with this property and pick a strong limit cardinal ¥ > 6 with the property
that H(¥#) is sufficiently elementary in V. Using the weak shrewdness of , we find cardinals
£ < 6 < 9 and an elementary embedding j : X — H(9) with & U {&,0} C X < H(?),

j Ik =1dg, j(R) = k > k and j(0) = 6. Since j [ (X NH(H)) : X nH(0) — H(H) is
an elementary embedding with & +1 C X NH() < H(A), j | & = idg and j(R) = &, we
know that # > x and hence we can conclude that ¥ > . Elementarity now shows that, in
H(d), there is a cardinal p > & with the property that, for all cardinals u < v < R, there
is no elementary embedding k : Y — H(p) with u+1 C Y < H(v), k | p = id, and
k(u) = R. Since this statement can be expressed by a Yp-formula with parameter & € V,
Y1-absoluteness implies that it holds in V and hence the fact that x is Ys-reflecting causes
the statement to also hold in V. Therefore, we can find & < p < k with the property that,
in V,, for all cardinals 1 < v < &, there is no elementary embedding k : Y — H(p) with
p+1CY <H(v), k| p=id, and k(n) = K. Since this statement can be expressed in
V. by a II;-formula with parameters & and p, 3;1-absoluteness implies that it also holds in
H("). By the above computations, we have § € X N [k,9) # () and this allows us to define
A = min(X N [k,9)). We then know that, in H(d), there exists a cardinal & < 7 < A such
that for all cardinals p < v < R, there is no elementary embedding k : Y — H(7) with
p+1CY <H(v), k| p=1id, and k(u) = k. By elementarity, we can find such a cardinal
7 in X and, by the above setup, it follows that 7 < x. But then elementarity implies that,
in H(¥), the cardinal j(7) has the property that for all cardinals 4 < v < &, there is no
elementary embedding k : Y — H(j(7)) with p+1 CY <H(v), k | p =1id, and k(u) = k.
Since H(¥¢) was chosen to be sufficiently elementary in V, this statement also holds in V.
But this contradicts the minimality of 6, because 7 < x < § implies that j(7) < #. These
computations show that (i) implies (ii). O

We now use the above characterization to show that, over the theory ZFC, the existence
of a shrewd cardinal is equiconsistent with the existence of an inaccessible weakly shrewd
cardinal. The proof of this equiconsistency will make use of the following notion that will
also be central for the proofs of Theorems [I.9] and
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Definition 3.6. Given infinite cardinals k < J, the cardinal & is J-hyper-shrewd if for all
sufficiently large cardinals > ¢ and all z € H(6), there exist cardinals & < k < § < 0,

an elementary submodel X of H(f) and an elementary embedding j : X — H(#) with
RU{R,0} C X, j | Rk=1idg, j(R) =k, j(§) = ¢ and z € ran(j).

Note that the second item in Lemma [3.1] implies that all hyper-shrewd cardinals are
weakly shrewd. The following lemma provides us with typical examples of hyper-shrewd
cardinals:

Lemma 3.7. Let k be a weakly shrewd cardinal that is not shrewd.

(i) There exists 6 > k with the property that the set {6} is definable by a Xa-formula
with parameters in H(k).

(ii) If § > kK is a cardinal with the property that the set {0} is definable by a Yo-formula
with parameters in H(k), then k is d-hyper-shrewd.

Proof. The first statement follows directly from Lemma In the following, fix y € H(k),
a cardinal § > k and a Yo-formula (v, v1) with the property that § is the unique element
satisfying ¢(d,y). Pick a cardinal 6 > ¢ with the property that ¢(d,y) holds in H(6) and
fix an element z of H(#). Using Lemma we find cardinals & < § and an elementary
embedding j : X — H(f) with the property that & +1 C X < H(0), j | & = idx,
J(F) = x>k and y,z € ran(j). Then j [ (H(R) N X) = idyz)nx and this shows that y € X
and j(y) = y. In this situation, elementarity yields a cardinal 6 in X such that j(§) = §
and ¢(d,y) holds in H(A). But then ¥;-absoluteness implies that the statements ¢(J,y) and
©(8,) both hold in V. By our assumptions on the formula ¢, this allows us to conclude
that 6 = § = j(8) = 5(5). These computations show that & is §-hyper-shrewd with respect

to 6 and z. O

We are now ready to show that shrewd and inaccessible weakly shrewd cardinals possess
the same consistency strength.

Lemma 3.8. If k is an inaccessible cardinal that is 6-hyper-shrewd for some cardinal § > k,
then the interval (k,0) contains an inaccessible cardinal and, if € is the least inaccessible
cardinal above k, then Kk is a shrewd cardinal in V.

Proof. Pick a sufficiently large cardinal 1, cardinals & < k < 6 < ¥ and an elementary
embedding j : X — H(¥) with & U {k,6} € X < H(W), j | & = idx, j(kK) = x and
j(0) = 0. By elementarity, there is exists an inaccessible cardinal in the interval (&, d) that
is an element of X. This directly implies that there exists an inaccessible cardinal in the
interval (k,0).

Now, let ¢ denote the least inaccessible cardinal above x and assume, towards a con-
tradiction, that x is not a shrewd cardinal in V.. By Lemma there exists a cardinal
k < 0 < e such that for all cardinals © < v < k, there is no elementary embedding
k:Y — H(0) in V. such that kK +1 C Y < H(v), k | p = id, and k(p) = k. Let 0
denote the least cardinal with this property. Since £ and 6 are both definable in H(¢) by
Lc-formulas that only use the parameter x, we can find cardinals £ and @ in X with j(&) = ¢
and j(f) = 6. Then £ is the least inaccessible cardinal above & and, since Proposition
shows that s is a Mahlo cardinal, it follows that # < & < . But this yields a contradic-

tion, because the map j [ (H(#) N X) : H(0) N X — H(#) is an elementary embedding with

E+1CH@O)NX <H(), j | & =1idiz and j(R) = k > R, and the inaccessibility of € implies
that this map is an element of V.. O

We now use a small variation of a standard argument, commonly attributed to Kunen,
to show that both weak shrewdness and hyper-shrewdness are downwards absolute to L.

Proposition 3.9. Let M be an inner model, let k < 9 and & < 9 be M-cardinals, and let
j Y — HW)M be an elementary embedding with & +1 CY < HW)M, j | & = idx and
Jj(R) =k > k. If & < 0 <9 is an M-cardinal in' Y with H(0)M € H(D)M, then there exists
an elementary submodel X € Y of H(O)M with & +1 C X CY and the property that the
embedding j | X is an element of M.
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Proof. Our assumptions ensure that Y contains an elementary submodel X of H(6)M of
cardinality £ with K +1 C X. By elementarity, there exists a bijection b: £ — X in Y.
Since we have &£ U {b} C Y < H(J)M, we know that X is a subset of Y. Given z € X,
we have j(b~1(x)) = b~1(x) and hence we know that j(x) = (j(b) o b=1)(x) holds. Since

b€ H(W)™ and j(b) € H(9)M, this shows that j | X is an element of M. O

Corollary 3.10. (i) Every weakly shrewd cardinal is a weakly shrewd cardinal in L.
(i) Given a cardinal 8, every §-hyper-shrewd cardinal is a §-hyper-shrewd cardinal in
L.

Proof. (i) Assume that k is a weakly shrewd cardinal. Fix an L-cardinal § > « and a regular
cardinal ¥ > 6. By Lemma there exists cardinals & < 9 and an elementary embedding
E:Y — H@W) withc+1CY <HW), k| & =1idz, k(F) = k > £ and 0 € ran(k). Pick
6 € Y with k(f) = 0. Since § € Ly NY < Ly, we can apply Proposition to find an
elementary submodel X € Ly NY of Ly with X" =k, i+1C X and j =k | X € L. But
then j : X — Ly is an elementary embedding in L with j | & = idz and j(R) = k > &.
These computations show that  is weakly shrewd in L.

(ii) Now, assume that s is d-hyper-shrewd for some cardinal § > k. Fix an L-cardinal
6 > 6, z € Ly and a sufficiently large regular cardinal ¥ > 6. Pick cardinals & < ¢ and
an elementary embedding & : Y — H(Y) with R U{R,0} C Y < H®), k | & = idz,
k(R) = k > &, k(§) = 6 and 0,2 € ran(k). In addition, fix 6,z € Y with j(f) = 6 and
j(Z) = z. Now, use Proposition to find an elementary submodel X € L NY of L with
| X|“ =k, RU{R,0,2} C X and j = k | X € L. Then j witnesses that « is J-hyper-shrewd
with respect to # and z in L. In particular, we have shown that k is a J-hyper-shrewd
cardinal in L. ]

Corollary 3.11. The following statements are equiconsistent over ZFC:

(i) There exists a shrewd cardinal.
(ii) There exists an inaccessible weakly shrewd cardinal.
(iii) There exists a weakly shrewd cardinal.

Proof. Let k be a weakly shrewd cardinal. Then Corollary shows that x is a weakly
shrewd cardinal in L. and Proposition [3.4] implies that x is inaccessible in L. If & is not a
shrewd cardinal in L, then a combination of Lemma with Lemma yields an ordinal
€ > k that is inaccessible in L and has the property that k is a shrewd cardinal in L.. This
shows that, over ZFC, the consistency of (iii) implies the consistency of (i). Since all shrewd
cardinals are inaccessible weakly shrewd cardinals, this implication yields the statement of
the corollary. O

We now show that the existence of weakly shrewd cardinals that are not shrewd is con-
sistent by proving that subtle cardinals provide a proper upper bound for the consistency
strength of the existence of hyper-shrewd cardinals. Remember that a cardinal § is subtle
if for every sequence (d, | o < ¢) with d, C « for all @ < § and every closed unbounded
subset C' of d, there exist a, 8 € C with o < 8 and d, = dg N« (see [13]).

Lemma 3.12. If § is a subtle cardinal, then the set of all inaccessible 0-hyper-shrewd car-
dinals is stationary in 6.

Proof. Let § be a subtle cardinal and assume, towards a contradiction, that the set of
inaccessible d-hyper-shrewd cardinals is not stationary in §. Since § is an inaccessible limit
of inaccessible cardinals, there is a closed unbounded subset C' of é consisting of cardinals
that are not d-hyper-shrew and are limits of inaccessible cardinals. Given an element k of
C that is inaccessible, our assumptions yield a cardinal 8, > ¢ and an element z, of H(6,)
with the property that for all cardinals & < k < § < 6 there is no elementary embedding
j: X — H(6,) satisfying £ U {r,6} € X < H(0), j | & = idz, j(K) = &, j(§) = & and
z, € ran(j). For each inaccessible cardinal  in C, fix an elementary submodel X, of H(6,,)
of cardinality x with x U {k,d, 2.} C X, and a bijection b, : k — X, with b(0) = &,
b(1) =4, b(2) = (24, k) and b(w - (1 + a)) = « for all & < k. Next, if A is an element of C
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that is not inaccessible, then X is a singular cardinal and we fix a strictly increasing cofinal
function ¢ : cof (A\) — X with ¢, (0) = 0.

Fix an enumeration (q; | | < w) of Fml and pick a sequence (d, | a < &) such that the
following statements hold for all a < k:

e d, is a subset of .
e If o is an inaccessible cardinal in C, then the set d, consists of all ordinals of the
form <[, a,...,an_1> such that | < w, ag, ...,an_1 < a, a; codes a formula with
n free variables and Sat(X4, (b(ao), ..., b(an—1)),a;) holds.
e If o is a singular cardinal in C, then the set d, consists of all ordinals of the form
=<cof (), cq (&)= with £ < cof(a).
The subtlety of § now yields «, f € C with a < f and d, = dgNa.

Claim. The ordinals o and 8 are both inaccessible.

Proof of the Claim. Assume, towards a contradcition, that either « or 3 is not inaccessible.
If o is not inaccessible, then <cof(a),0> € do C dg and hence cof(a) = cof(8) < a < .
In the other case, if § is not inaccessible, then the fact that dg Na = do # 0 yields a
& < cof(B) with <cof(8),cs(€§)> € d, and this shows that cof(a) = cof(8) < a < 8 also
holds in this case. Let (o be the minimal element of cof(a) with ¢3(¢p) > . Then there
exists (o < ¢1 < cof(a) such that cg(§) < cq(¢1) holds for all £ < y. Since our setup ensures
that <cof(a),ca((1)> € do C dg, there exists £ < cof(a) with co((1) = cg(§). Moreover,
since cg is strictly increasing, the fact that cz(€) = ca(C1) < a < ¢5({o) implies that £ < (o
and hence we can conclude that cg(€) < ¢o(C1) = cg(€), a contradiction. O

By the definition of the sequence (d,, | o < §), we now know that
Xa ’: @(ba(ao)a SRR ba(an—l)) — H(@g) ': w(bﬁ(aO)v cees bﬁ(an—l))

holds for every Le-formula ¢(vg,...,v,-1) and all ag,...,a,—1 < a. In particular, if we
define

j=bgobrt: X, — H(0p),
then j is an elementary embedding with o U {a,d} C X, < H(0,), j | a = id,, j(a) = B,
j(0) = 4 and (2, 8) € ran(j). But then elementarity ensures that zg is also an element of
ran(j), contradicting the above assumptions. (|

We continue by showing that weakly shrewd cardinals can exist below the cardinality of
the continuum:

Lemma 3.13. If k is a cardinal that is 0-hyper-shrewd for some cardinal 6 > k and G is
Add(w, §)-generic over V, then k is §-hyper-shrewd in V[G].

Proof. Work in V and pick a sufficiently large cardinal # > 2° and an Add(w, §)-name 2 in
H(6). By our assumptions, there are cardinals & < £ < § < # and an elementary embedding
k:Y — H(A) with KU {r,6} CY < H(f), k | & = idg, k(F) = &, k(§) = § and
Zz € ran(k). Let X be an elementary submodel of Y of cardinality & with the property that
RU{R,0} C X and 2 € k[X]. Then the map j=k [ X : X — H(f) is an elementary
embedding with j [ & = idz, j(R) = k, j(0) = 6 and 2 € ran(j). Since |X| = & < 0,
there exists a permutation o of ¢ that extends the injection j [ (X N ). Let 7 denote
the automorphism of the partial order Add(w,d) that is induced by the action of ¢ on the
supports of conditions, i.e. given a condition p in Add(w, §), we have supp(7(p)) = o[supp(p)]
and 7(p)(c(a)) = p(«a) for all a € supp(p). Then it is easy to see that 7(p) = j(p) holds for
every condition in Add(w, d) that is an element of X. Moreover, since elementarity implies
that 2° < 6, we also know that the automorphism 7 is an element of H(f).

Now, work in V[G] and set G = 77}[G]. Then j[G N X] € G and we can therefore

construct a canonical lifting
e s X[GN X] — HO)V[G); 97X —s ()¢
of 5. Then H(9)V[G] = H(#)VI] and, since 7 € H(A)V, we also have

H(0)V[G] = H(O)VIG] = H@)V.
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In particular, we know that the set X[G'N X] is an elementary submodels of H(9)VI¢! and
we can conclude that the embedding j, witnesses the d-hyper-shrewdness of xk with respect
to # and ¢ in V[G]. O

The next lemma will allow us to show that the existence of a hyper-shrewd cardinal is
equiconsistent to the existence of a weakly shrewd cardinal that is not shrewd.

Lemma 3.14. Assume that V. = L. If k is a cardinal that is 6-hyper-shrewd for some
cardinal § > K and G is Add(dT, 1)-generic over V, then, in V|G], the set {6} is definable
by a Xo-formula without parameters and the cardinal K is inaccessible, weakly shrewd and
not shrewd.

Proof. Work in V and fix an Le-formula ¢(vg, v1), a cardinal 6 > k and a subset A of k with
the property that the statement (A, x) holds in H(0)VI?]. Pick a sufficiently large cardinal
¥ > max{6*, 0}, cardinals & < k < §* < ¥, and an elementary embedding j : X — H(9¥)
with the property that & U {&,d,9} C X < H(I1), j | & = idg, j(R) = &, 5(§) = & and
A € ran(j). Since Proposition implies that x is an inaccessible cardinal, we know that
kK is also inaccessible, Vi is a subset of X and j | Vg = idy.. In particular, the fact that
A is an element of ran(j) implies that ANk € X and jJ(ANK) = A. Using the weak
homogeneity of Add(6%,1) and the fact that H(9+)V[G] = H(W)VIC our assumptions now
imply that, in H(J7"), every condition in the partial order Add(d", 1) forces the statement
©(A, k) to hold in the H(6) of the generic extension of H(¥*+). Pick a cardinal § in X with
§(0) = 6. Since ¢ is a fixed point of j, elementarity implies that, in H(J%), every condition
in Add(6%,1) forces the statement (A N &, &) to hold in the H(#) of the generic extension
of H(9).

Next, observe that we have H(9+)V[G] = H(JT)VIC and therefore the fact that 61 < 9+

holds in V implies that

H(OHODY = mg)Viel,
This allows us to conclude that ¢(A N &, &) holds in H()VIC]. Using the fact that, in V,
the partial order Add(d", 1) is <dT-closed and satisfies the " *-chain condition, the above
computations allow us conclude that « is weakly shrewd in V[G].

Now, work in V[G]. Then §* is the least ordinal containing a non-constructible subset
and hence the set {0} is definable by a ¥s-formula without parameters. By Lemma this
allows us to conclude that x is an inaccessible weakly shrewd cardinal that is not a shrewd
cardinal. (|

We are now ready to determine the position of accessible weakly shrewd cardinals in the
large cardinal hierarchy.

Proof of Theorem[I.9 (i) Let r be a weakly shrewd cardinal that is not shrewd. Then
Lemma shows that x is d-hyper-shrewd for some cardinal § > s and Corollary
implies that k is a é-hyper-shrewd cardinal in L. Since Proposition [3.4] ensures that x is
an inaccessible cardinal in L, Lemma [3.8] now allows us to find an ordinal ¢ > k that is
inaccessible in L and has the property that  is a shrewd cardinal in L.

(ii) Let ¢ be the least subtle cardinal and let C' be a closed unbounded subset of 4. By
Lemma [3.12] there is an inaccessible weakly shrewd cardinal x in C. Since the statement “p
is subtle” is absolute between H(p™) and V for every infinite cardinal y, the minimality of
4 implies that the set {0} is definable by a 3s-formula without parameters. An application
of Lemma [3.5] now allows us to conclude that  is not a shrewd cardinal.

(iii) First, assume that x is a weakly shrewd cardinal that is not shrewd. Using Lemma
we find a cardinal 0 > k such that x is é-hyper-shrewd. Let G be Add(w,d)-generic
over V. Then Lemma implies that & is a weakly shrewd cardinal smaller than 2% in
V[G]. These arguments show that, over the theory ZFC, the consistency of the statement
(a) listed in the theorem implies the consistency of the statement (c) listed in the theorem.

Now, assume that k is a weakly shrewd cardinal that is not inaccessible. Then x is not
a shrewd cardinal and hence Lemma [3.7] shows that « is §-hyper-shrewd for some cardinal
0 > k. In this situation, Corollary implies that x is a d-hyper-shrewd cardinal in L.
Let G be Add(d+, 1) -generic over L. Then Lemma shows that, in L[G], the cardinal
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inaccessible, weakly shrewd and not shrewd. These arguments show that the consistency of
the statement (b) listed in the theorem implies the consistency of the statement (a) listed
in the theorem. (]

We end this section by showing that weak shrewdness is also a direct consequence of large
cardinal notions introduced by Schindler in [I§] and Wilson in [20]. Note that the results
of [4] show that the below definition of remarkability is equivalent to Schindler’s original
definition.

Definition 3.15. (1) (Schindler) A cardinal k is remarkable if for every ordinal o > k,
there is an ordinal 8 < k and a generic elementary embedding j : Vg — V,, with

j(erit (5)) = .
(ii) (Wilson) A cardinal k is weakly remarkable if for every ordinal o > k, there is an
ordinal § and a generic elementary embedding j : Vg — V,, with j(crit (j)) = .

Results of Wilson in [20] now allow us to find additional natural examples of hyper-shrewd
cardinals.

Lemma 3.16. FEvery weakly remarkable cardinal is weakly shrewd.

Proof. Let k be a weakly remarkable cardinal. Assume, towards a contradiction, that « is
not weakly shrewd and let § > k denote the least cardinal with the property that for all
cardinals & < 0, there is no elementary embedding j : X — H(6) with # +1 C X < H(6),
j | & =1idz and j(R) = k > k. Pick a strong limit cardinal ¢ > 6 with the property
that H(¢) = Vy is sufficiently elementary in V. We then know that € is definable in Vy
by a formula with parameter x. By our assumptions, we can now find ordinals & < ¥
and a generic elementary embedding j : V5 — Vy with crit (j) = % and j(k) = k. Then
elementarity implies that & is a cardinal in V and 9 is a strong limit cardinal in V. Moreover,
the definability of # yields a V-cardinal § with j(f) = 6. An application of Proposition
in the given generic extension of V now yields an elementary submodel X of H(§)V in V
with £+ 1 C X and the property that the embedding j | X : X — H(#) is an element of
V. Since j | E = idi and j(R) = k > R, the existence of such an embedding contradicts our

assumptions on 6. O

Corollary 3.17. A weakly remarkable cardinal is remarkable if and only if it is shrewd.

Proof. By |20, Theorem 1.3], a weakly remarkable cardinal is remarkable if and only if it is
Yo-reflecting. In combination with Lemmas and this result directly provides the
desired equivalence. O

Note that [20, Theorem 1.4] shows that every w-Erdés cardinal is a limit of weakly
remarkable cardinals that are not remarkable. By the above results, all of these cardinals
are weakly shrewd and not shrewd.

4. STRUCTURAL REFLECTION
We now connect weak shrewdness with principles of structural reflection.

Lemma 4.1. If s is weakly shrewd and C is a class of structures of the same type that is
definable by a 3a-formula with parameters in H(k), then SR, (C) holds.

Proof. Fix a ¥a-formula ¢(vg,v1) and z in H(k) with C = {A | ¢(A, 2)}. Pick a structure
B in C of cardinality k. Then there exists a cardinal § > k with the property that B € H(0)
and (B, z) holds in H(f). Using Lemma we find cardinals & < 6 and an elementary
embedding j : X — H() satisfying s +1 C X < H(0), j | & = idg, j(kK) = kK > & and
B,z € ran(j). Then we have j [ (H(k) N X) = idg)nx, and hence we know that z € H()
and j(z) = z. Pick A € X with j(A) = B. Then elementarity and X;-absoluteness implies
that (A, z) holds and hence A is a structure in C. Since the structure B has cardinality »
in H(6), we know that the structure A has cardinality &, and the fact that % is a subset of

X allows us to conclude that j induces an elementary embedding of A into B. O
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By combining the above lemma with the results of the previous sections, we can now prove
the desired characterization of weak shrewdness through the principle SR~ for YX5-definable
classes of structures.

Proof of Theorem[I.7 Fix an infinite cardinal .

First, assume that x is the least cardinal with the property that SR,, (x) holds. Fix a
cardinal ¥ > k with the property that H(«) is sufficiently elementary in V and an elementary
submodel Y of H(4) of cardinality x with K + 1 C Y. Then 9 witnesses that the structure
(Y, €,k) is an element of the class WW. By our assumption, we can find an elementary
embedding j of a structure (X, €, k) of cardinality smaller than x in W into (Y, €, k). Fix
a cardinal 9 witnessing that (X, €, ) is an element of W. Then we know that & < ¥

are cardinals, X is an elementary submodel of H() and j : X — H(9) is an elementary
embedding with £+ 1 C X and j(R) = k > R.

Claim. j [ K =id5.

Proof of the Claim. Let p < K be the minimal ordinal with j(u) > p. Assume, towards a
contradiction, that 4 < . Since u4+1 C £+1 C X, elementarity implies that u is a cardinal.
Moreover, since H(¢) was chosen to be sufficiently elementary in V, the minimality of x and
the fact that j(i) < & allow us to use elementarity to find a cardinal ¢ < 6 < 9 in X and an
elementary submodel Z of H(#) in X with the property that the cardinal j(6) witnesses that
the structure (j(Z), €, (1)) is an element of W and there is no elementary embedding from
an element of W of cardinality less than j(u) into (j(Z), €, j(w)). In this situation, we know
that the structure (Z, €, u) is an element of W of cardinality p and, since p C X implies
that Z C X, the map j induces an elementary embedding from (Z, €,0) into (j(Z), €, j (1)),
a contradiction. O

By Lemma the above claim shows that x is weakly shrewd in this case. By Lemma
the minimality of x implies that there are no weakly shrewd cardinals smaller than k.
In particular, we know that (ii) implies (i).

Now, assume that  is the least cardinal with the property that SR; (k) holds for every
class C of structures of the same type that is definable by a Ys-formula with parameters
in H(x). Then SR;, () holds and we can define < k to be the least cardinal such that
SRy, (1) holds. By the above computations, we know that p is a weakly shrewd cardinal
and therefore Lemma implies that SR (1) holds for every class C of structures of the
same type that is definable by a 3s-formula with parameters in H(u). The minimality of
k then implies that x = p and hence x is a weakly shrewd cardinal. Moreover, another
application of Lemma shows that the minimality of x implies that there are no weakly
shrewd cardinals below x. These arguments show that (iii) also implies (i).

Now, assume that k is the least weakly shrewd cardinal. Then Lemma [4.1| and the above
computations show that SR (x) holds for every class C of structures of the same type that is
definable by a ¥,-formula with parameters in H(x), and that SRy,,(x) fails for all cardinals
u smaller than k. In combination, this shows that x is both the least cardinal with the
property that SR,,,(x) holds and the least cardinal with the property that SR (x) holds for
every class C of structures of the same type that is definable by a ¥.o-formula with parameters
in H(x). This shows that (i) implies that both (ii) and (iii) hold. O

Next, we determine the consistency strength of structural reflection for X-definable
classes of structures.

Proof of Theorem[I.5. By Corollary and Lemma it suffices to show that, over the
theory ZFC, the consistency of statement (ii) implies the consistency of the statement (i).
Hence, assume that there exists a cardinal £ with the property that SR; () holds for every
class C of structures of the same type that is definable by a ¥ (Cd)-formula without param-
eters. Moreover, we may assume that 0% does not exist, because otherwise a combination of
[18, Lemma 1.3] with Lemma [3.16]and Corollary ensures the existence of many shrewd
cardinals in L. In the following, we let £ denote the first-order language extending of L¢ by
two constant symbols and let I denote the class of all L-structures (X, €, 4, 6) such that ¢
is an infinite cardinal, # is an ordinal greater than § and there exists a cardinal ¥ > 6 with



18 PHILIPP LUCKE

the property that X is an elementary submodel of Ly with 6 U {4,0} C X. Tt is easy to see
that the class K is definable by 3 (Cd)-formula without parameters.

Now, pick an L-cardinal # > k, a cardinal ¢ > 6 and an elementary submodel Y of Ly
of cardinality x with x U {k,0} C Y. Then the L-structure (Y, €, «,6) is an element of K
and therefore our assumptions yield an elementary embedding j of a structure (X, €, &, )
of cardinality less than « in K into (Y, €, x,6). Pick a cardinal ¥ witnessing that (X, €, &, 0)
is contained in . Then we know that & is a cardinal smaller than x with j(&) = x, 0 is an
L-cardinal with j(f) = 6 and X is an elementary submodel of Ly with & U {&,0} C X.

Claim. j [ kK =idi.

Proof of the Claim. Let u < & be the minimal ordinal in X with j(p) > p. Assume, towards
a contradiction that p < & holds. Note that, since j(k) = & holds and & + 1 C X implies
Lz U{Lz} € X, we know that the map j | Lz : Ly — L, is an elementary embedding
between transitive structures. In this situation, our assumption implies that this embedding

has a critical point. But then the fact that & is a cardinal implies that |crit (5 [ Lz)| < p < R
and hence [T, Theorem 18.27] shows that 0% exists, a contradiction. g

Since the above claim shows that j : Y — Ly is an elementary embedding with & U
{k,0} CY < Lg, j | & = idgz and j(kK) = k, we can apply Proposition to find an
elementary submodel X of Ly in L with X C Y and the property that the map j [ X is also
an element of L. These computations now allow us to conclude that x is a weakly shrewd
cardinal in L. By Corollary this argument shows that, over ZFC, the consistency of
the second statement listed in the theorem implies the consistency of the first statement
listed there. |

Using ideas from the above proofs, we can show that a failure of the converse implication
of Lemma has non-trivial consistency strength. This argument again makes use of the
class W defined in Section [

Lemma 4.2. If SR, (k) holds for some infinite cardinal r that is not a weakly shrewd
cardinal, then 0% exists.

Proof. By Lemma[3.1] our assumptions yield a cardinal § > « with the property that for all
cardinals & < 0, there is no elementary embedding j : X — H(0) with # +1 C X < H(6),
j | R=1dg and j(kK) = k > k. As in the proof of Theorem [1.7] we can use these assumption
to find cardinals & <  and an elementary embedding j : X — H(#) with £+1 C X < H(f)
and j(k) = k. By our assumptions, we know that j [ & # idz. Since Lz U{Lz} C X, we
now know that j [ Lz : Ly — Ly is an elementary embedding between transitive structures
that has a critical point. As in the proof of Theorem the fact that & is a cardinal and
|erit (j | Lz)| < & now allows us to apply [I1, Theorem 18.27] to conclude that 0% exists. [

By combining the above observation with Lemma we can now conclude that, in the
constructible universe L, weak shrewdness is equivalent to the validity of the principle SR™
for Yo-definable classes.

Corollary 4.3. If V = L holds, then the following statements are equivalent for every
infinite cardinal K:

(i) K is a weakly shrewd cardinal.
(ii) SR,y (k) holds.
(i11) SR; (k) holds for every class C of structures of the same type that is definable by a
Yo-formula with parameters in H(k). O

In addition, we can also use the above lemma to motivate the statement of Theorem
by showing that the existence of a weakly shrewd cardinal does not imply the existence
of a reflection point for classes of structures defined by Y3-formulas. Note that the above
results show that, over ZFC, the consistency of the existence of a shrewd cardinal implies
the consistency of the assumptions of the following corollary.

Corollary 4.4. If V=1L holds and there exists a single weakly shrewd cardinal, then there
is no cardinal p with the property that SR; (p) holds for every class C of structures of the
same type that is definable by a X3-formula without parameters.
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Proof. Let k denote the unique weakly shrewd cardinal. Then it is easy to see that the set
{k} is definable by a X3-formula without parameters. Therefore, there is a non-empty class
C of structures of the same type that is definable by a Y3-formula without parameters and
consists of structures of cardinality . In particular, we know that SR; (x) fails.

Now, assume, towards a contradiction, that there is a cardinal p with the property that
SR; (p) holds for every class C of structures of the same type that is definable by a Xs3-
formula without parameters. An application of Corollary then directly shows that p is
a weakly shrewd cardinal and hence we can conclude that £ = p holds. Since SR (x) fails,
this yields a contradiction. |

In the remainder of this section, we show that hyper-shrewd cardinals imply the existence
of cardinals with strong structural reflection properties.

Proof of Theorem[I1.10. Let k be a weakly shrewd cardinal that is not shrewd. Then Lemma
already shows that there is a cardinal § > k with the property that the set {¢} is definable
by a ¥s-formula with parameters in H(x). For the remainder of this proof, fix such a cardinal
0.

(ii) Given a natural number n > 0 and an ordinal a < k, assume, towards a contradiction,
that for every cardinal a < p < 4, there exists a class C of structures of the same type that
is definable by a ¥,-formula with parameters in H(p) such that SR; (p) failsﬁ Now, let
¢ denote the least strong limit cardinal above ¢ with the property that, in H(e), for every
cardinal a < p < §, there exists a class C of structures of the same type that is definable
by a X,-formula with parameters in H(p) such that SR; (p) fails. Then the definability of
0 ensures that the set {e} is also definable by a ¥s-formula with parameters in H(x). In
this situation, in H(e), there is a class C of structures of the same type and a structure
B of cardinality x in C such that C is definable by a 3,-formula ¢(vg,v1) with parameter
z € H(k) and there is no elementary embedding of a structure of cardinality less than x in C
into B. Since Lemma shows that & is e-hyper-shrewd, there are cardinals & < K < & < 6
and an elementary embedding j : X — H(#) with & U {k,e} C X < H(#), j | & = idz,
J(R) = K, j(e) = ¢ and B, z € ran(j). Moreover, since j [ (H(k) N X) = idu(z)nx, we know
that z € H(k) N X and j(z) = 2. Pick A € H(f) N X with j(A) = B. Then A € H(e) and,
since both e and z are fixed points of j, we know that ¢(A4, z) holds in H(e). In particular,
we can conclude that A is a structure of cardinality % in C and, since & is a subset of X,
the embedding j induces an elementary embedding of A into B. But now, the fact A and
B are both contained in H(e) implies that this embedding is also an element of H(e), a
contradiction.

(iii) Assume that k is inaccessible and 0% does not exist. Using Lemma we find a
cardinal 6 > 27, cardinals & < & < § < # and an elementary embedding j : X — H(f)
with & U {&,0} C X < H(), j | & = ids, j(F) = x and j(J) = 6. Let ¢ denote the minimal
element in X N [7, 0] satisfying j(g) = e.

Claim. ¢ is an tnaccessible cardinal.

Proof of the Claim. First, assume, towards a contradiction, that ¢ is singular. Since we
have |e| = ||T®) = [¢|"(®) ¢ X it follows that j(|e|) = |¢| > & and hence the minimality
of € implies that ¢ is a cardinal. Then the non-existence of 0% implies that ¢ is a singular
cardinal in L. Set A = cof(s)L < e < and let c: A — € be the <y-least cofinal map from
A to e in L. Since Ls € H(#) N H(A), we now know that A\,c € X, j(A) = X and j(c) = c.
But this implies that A < & and hence A C X. Pick £ < A with ¢(§) > &. Then

<k = jR) <) = i3E) = c§) < e,

contradicting the minimality of . This shows that ¢ is a regular cardinal.
Now, assume, towards a contradiction, that € is not a strong limit cardinal and let y < ¢
be the least cardinal satisfying 2# > €. Then the inaccessibility of x implies that u > &.
Since elementarity implies that 2° € H(#) N H(#), we know that p is the least cardinal with

15Note that, by using an universal X,-formula, this statement can be expressed by a single Le-formula
with parameters a and .
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24 > ¢ in both H(#) and H(#). But this implies that u € X N [k,e) with j(u) = p, a
contradiction. ]

Now, assume, towards a contradiction, that there exists C C V., a € Fml and z € H(k)
such that C = {A € V. | Sat(V., (4, z2),a)} and, in VEE the class C consists of structures
of the same type and SR (k) fails. By elementarity, we find C € V.41 N X, a € Fml C X
and z € H(R) N X such that the elements j(C), j(a) and j(z) witness the above statement.
Since we have j(a) = a and j(z) = z, we also know that j(C) = C. Another application
of elementarity now yields B € C N X such that Sat(V, (j(B), z),a) holds and, in V., the
structure j(B) witnesses the failure of SR; (k). We then know that Sat(V., (B, z),a) holds
and hence B is also an element of C. Since B is a structure of cardinality % in V., it follows
that the domain of B is a subset of X and, by the inaccessibility of ¢, the restriction of j to
this domain is an element of V.. But this restricted map is an elementary embedding from
B into j(B) in V., a contradiction. The above arguments show that, in V., the principle
SR; (k) holds for every class C that is defined by a formula using parameters from H(x). O

We now use Theorems [T.9]and to show that the consistency strength of the existence
of cardinals with maximal local structural reflection properties is strictly smaller than the
existence of a weakly shrewd cardinal that is not shrewd. Moreover, by combining Theorem
with the compactness theorem, we can prove that the principle SR~ cannot be used to
characterize large cardinal properties that imply strong inaccessibility.

Proof of Theorem[I.11. (i) Let s be a weakly shrewd cardinal that is not shrewd. Then
Lemma shows that k is d-hyper-shrewd for some cardinal § > k and we can apply
Corollar to conclude that k is d-hyper-shrewd in L. Let G be Add (6%, 1)"-generic over
L. Then Lemma shows that, in L[G], the set {4} is definable by a Ys-formula without
parameters and  is an inaccessible weakly shrewd cardinal that is not shrewd. Since 0%
does not exist in L[G] and the partial order Add(6+,1)" is <d-closed in L, we can apply
the last part of Theorem in L[G] to find k < € < § with the property that (L., €, k)
is a transitive model of the formalized Lq.-theory ZFC + {SR;, | 0 < n < w} with respect to
some canonical formalized satisfaction predicate. Since such a satisfaction predicate can be
defined by a AZFC" _formula, the model (L., €, %) also has these properties in both L and
V. These computations prove the first part of the theorem.

(ii) Assume that the existence of a weakly shrewd cardinal that is not shrewd is consistent
with the axioms of ZFC. By Theorem this assumption implies that the existence of a
weakly shrewd cardinal smaller than 2% is consistent with ZFC. Since the set {280} is always
definable by a Ys-formula without parameters, we can now apply Theorem [I.10]to show that
for all 0 < n < w, the Ls-theory ZFC + SR, + “k < 2807 is consistent. By the Compactness
Theorem, this allows us to conclude that our assumption implies the consistency of the
L:-theory

ZFC + {SR, |0<n<w} + “k <207,

Now, assume that the above L:-theory is consistent. By Theorem this implies that
ZFC is consistent with the existence of a weakly shrewd cardinal smaller than 2% and
therefore ZFC is consistent with the existence of a weakly shrewd cardinal that is not
shrewd. g

5. FRAGMENTS OF WEAK SHREWDNESS

Motivated by Rathjen’s definition of A-n-shrewd cardinals (see [I7, Definition 2.2]), we
now study restrictions of weak shrewdness and derive embedding characterizations for the
resulting large cardinal notions. Together with the concept of local ¥, (R)-classes, this
analysis will allow us to characterize several classical notions from the lower part of the large
cardinal hierarchy through the principle SR™ in the next section. Moreover, our results will
allow us to show that Hamkins’ weakly compact embedding property is equivalent to Lévy’s
notion of weak I} -indescribability.

16This statement about the structure (Ve, €) is again stated using the formalized satisfaction relation
Sat.
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Remember that £ ; denotes the first-order language that extends L¢ by a unary predicate
symbol A.

Definition 5.1. Given a class R, a natural number n > 0 and a cardinal #, an infinite
cardinal k < 8 is weakly (3., R, 8)-shrewd if for every 3,-formula ®(vg,v1) in £ 4 and every
A C k with the property that ®(A, k) holds in (H(6), €, R), there exist cardinals & < § such
that & < k and ®(A N &, &) holds in (H(f), €, R).

It is easy to see that a cardinal x is weakly shrewd if and only if it is weakly (X, R, 6)-
shrewd for all cardinals 8 > k, all 0 < n < w and all classes R that are definable by
I1;-formulas with parameters in H(k). The following variation of Lemma provides a
characterization of restricted weak shrewdness in terms of elementary embeddings between
set-sized structures:

Lemma 5.2. The following statements are equivalent for all classes R, all natural numbers
n > 0 and all infinite cardinals k < 6:
(i) K is weakly (X, R,0)-shrewd.
(ii) For every A C k, there exist cardinals & < 0 and a %, -elementary embedding
Jj:(X,€, Ry — (H(9), €, R) satisfying (X,€,R) <x,_, (H(é),E,R)D E+1CX,
Jj I R=1idg, j(R) =k > & and A € ran(j).
(iii) For every z € H(f), there exist cardinals & < 0 and an elementary embedding
j: (X, R) — (H(9),€, R) satisfying (X,€,R) <s, , (H(#),€,R), K +1C X,

j I R=1dg, j(R) = kK > K and z € ran(yj).

Proof. First, assume that (ii) holds. Fix a ¥,-formula ®(vg,v1) in £, and a subset A
of x such that ®(A, ) holds in (H(f),€, R). Pick cardinals & < 6 and a ¥,-elementary
embedding j : (X, €, R) — (H(0), €, R) such that (X, €, R) <x,_, (H(f),€,R), i+1C X,
Jj I R=1dg, j(F) = k > kK and A € ran(j). Then ANk € X and j(ANE) = A. Therefore
elementarity implies that the X,-statement ®(A N &, %) holds in (X, €, R) and, since our

assumptions ensure that 3, -statements are upwards-absolute from (X, €, R) to (H(f), €, R),
we can conclude that this statement also holds in (H(f), €, R). These computations show
that (i) holds in this case.

Now, assume that (i) holds and fix an element z of H(). Pick an elementary submodel
(Y,€,R) of (H(), €, R) of cardinality x with k U {k,2} C Y, and a bijection b : Kk — Y
with b(0) = &, b(1) = (2, k) and b(w- (1+«)) = « for all @ < k. Let Fml, denote the class of
all formalized £ ;-formulas and let Sat, denote the formalized satisfaction relation for L ;-
structures. Then the classes Fml, and Sat, are both defined by ¥;-formulas in L¢. Fix a
recursive enumeration (a; | | < w) of the class Fml, and let A be the subset of x consisting of
all ordinals of the form <I, g, ..., a;,_1> with the property that | < w, ag,...,¥m-1 < K,
a; codes a formula with m free variables and Sat. (Y, RNY, (b(ayg), ..., b(am—1)),a;) holds.
Let ¢)(vo, v1) be a universal II,,-formula in £  (as constructed in [I2} Section 1]){° Now, pick
a En—formulﬂ ®(vg,v1) in L 4 such that (B, §) holds in structures of the form (H(¥), €, R)
if and only if 6 < ¢ is a limit ordinal and, in H(¥), there exists a set X and a bijection
b:9 — X such that the following statements hold:

(i) If z € X and k < w such that (k, z) holds in (H(¥), €, R), then 9 (k, z) holds in
(X, €,R).

17In the setting of this lemma, the notions of ¥, -elementary embeddings and submodels are defined
through the absoluteness of 3,-formulas in the extended language L 4.

18Note that for every infinite cardinal ¥ and every class R, the structure (H(¥), €, R) is closed under
functions which are rudimentary in R . This shows that for every Il,,-formula ¢(v) in £ 4, we can find k < w
such that

(X, €, R) b= Va [p(x) < $(k, )]

holds for every class R, every infinite cardinal ¢ and every elementary submodel (X, €, R) of (H(¢}), €, R).

19Note that, given 0 < n < w, a standard induction shows that the class of all L ;-formulas
©(vo, ..., vm—1) with the property that there exists a Yp-formula t(vo,...,vm—1) in £, such that ZFC
proves that

(H(Y), €, R) E Vxo,...,2m—1 [¢(x0, ... &m—1) — Y(x0,. .., Tm—1)]

holds for every class R and every infinite cardinal ¥ is closed under conjunctions, disjunctions, bounded
universal quantification and unbounded existential quantification.



22 PHILIPP LUCKE

(ii)) 6+1C X, b(0) =06 and b(w- (1 + a)) = a for all a < §.
(iii) Given ag,...,am—1 < 0 and | < w such that a; codes a formula with m free
variables, we have

<l,ag,...,qm_1> € B < Sat. (X, RN X, (b(aw), .., b(m—-1)), ).

Then ®(A, ) holds in (H(6), €, R) and hence we can find cardinals & < 6 such that & < r
and ®(ANE,%) holds in (H(f), €, R). Pick a set X € H(f) and a bijection b : & — X
witnessing this. Then the definition of the formula ¢ ensures that all IT,-formulas in £ ; are

downwards-absolute from (H(0), €, R) to (X, €, R) and this directly allows us to conclude
that (X, €, R) <x, , (H(#), €, R). Define

j=bob:X — H(H).

Then we know that j is an elementary embedding of (X, €, R) into (H(0), €, R) satisfying
Jj 1 E=1idg, j(R) = k and z € ran(j). This shows that (iii) holds in this case. O

We now derive some easy consequences of the equivalences established above.

Corollary 5.3. Given infinite cardinals k < 0, if k is weakly (X1, 0,0)-shrewd, then x is
weakly inaccessible.

Proof. Assume, towards a contradiction, that x is not weakly inaccessible. Since Lemma[5.2)
directly implies that all weakly (X1, 0, #)-shrewd cardinals are uncountable limit cardinals,
this assumption allows us to find a cofinal subset A of k of order-type A < k. By Lemma
there exist cardinals # < § and an elementary embedding j : X — H(6) satisfying
X <5, HO), k+1C X, j | & =idg, j(k) = k > &k and A, \ € ran(j). But then we have
AU{NANRFC X, 51 (A+1) =idyy1 and j(ANK) = A. By elementarity, this implies
that otp (A) = A = otp (AN &) and hence A C R, a contradiction. O

Next, we observe that, in the case § = x*, the Lemma yields non-trivial elementary
embeddings between transitive structures. Note that the same argument as for 3-formulas
in L¢ shows that (M, €, R) <5, (N, €, R) holds for every class R and all transitive classes
M and N with M C N.

Corollary 5.4. Let R be a class, letn > 0 be a natural number, let k be a weakly (X, R, xT)-
shrewd cardinal and let z € H(k™). Then there exists a transitive set N and a non-trivial
elementary embedding j : (N,€,R) — (H(x™), €, R) with the property that crit (j) is a
cardinal, (N, €, R) <x,_, (H(crit (j)1), €, R), j(crit (j)) = & and z € ran(y).

Proof. With the help of Lemma we can find cardinals & < 6 and an elementary em-
bedding j : (N,€,R) — (H(x), €, R) with (N,€,R) <x. , (H(f),€,R), K+ 1 C N,
j I kR =1idg, j(R) = kK > k and z € ran(j). In this situation, elementarity implies that
N =H(&g")N = H(k") " N C H(k") and, since & C N, this shows that N is transitive. In
particular, we know that (N, €, R) <y, (H(k"), €, R) and this completes the proof in the
case n = 1. Next, if n > 2, then elementarity directly implies that # = &+ and this shows
that N also possesses the desired properties in this case. Finally, if n = 2, then we have
(N,€,R) <x, (H(), €, R), transitivity implies that all ¥;-formulas are upwards-absolute
from (N, €, R) to (H(&1),€, R) and from (H(k%), €, R) to (H(f), €, R), and therefore we
can conclude that (N, €, R) <x, (H(k"), €, R) holds in this case. O

The next lemma will allow us to show that both weak inaccessibility and weak Mahloness
are equivalent to certain restrictions of weak shrewdness.

Lemma 5.5. Given a class R of cardinals, the following statements are equivalent for every
cardinal k in R:

(i) K is regular and the set RNk is stationary in k.

(ii) K is weakly (X1, R, kT)-shrewd.

Proof. First, assume that (i) holds and fix z € H(k™). With the help of an elementary chain
of submodels, we can use the stationarity of R N« in x to find a cardinal K € RNk and
an elementary substructure (X, €, R) of (H(x™), €, R) of cardinality & such that X Nk =&
and tc({z}) € X. Let 7 : X — N denote the corresponding transitive collapse.
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Claim. nf[RN X]=NNR.

Proof of the Claim. In one direction, if 6 € RN X C k™, then the fact that R consists of
cardinals implies that either 6 = k and 7(6) =k € R,or d € XNk =k and 7(d) =6 € R.
In the other direction, if « € N with 771(a) ¢ R, then either a < & and a = 77 (a) ¢ R,
or @ > R, « has cardinality & in N and we can again make use of the fact that R consists of
cardinals to conclude that o ¢ R. g

The above claim now shows that 7 : (N, €, R) — (X, €, R) is an isomorphism and this
directly implies that 7=! : (N, €, R) — (H(k"), €, R) is an elementary embedding with
crit (71'_1) =k, m (k) = k and z € ran(7~1). Moreover, we know that IV is a transitive set
of cardinality & and hence (N, €, R) <x, (H(&"), €, R). By Lemmal5.2] this shows that (ii)
holds in this case.

Now, assume that (ii) holds. Then Corollary shows that & is regular. Fix a closed
unbounded subset C' of k and use Corollary to find a transitive set N and a non-
trivial elementary embedding j : (N, €, R) — (H(x™), €, R) such that j(crit (j)) = x and
C € ran(j). Then C Necrit (j) € N, j(C Necrit (j)) = C and hence crit (j) € Lim(C) C C.
Since elementarity implies that crit (j) € R, we can now conclude that C N R # (). This
shows that (i) holds in this case. O

Corollary 5.6. (i) A cardinal k is weakly inaccessible if and only if it is weakly
(31,0d, k)-shrewd.
(ii) A cardinal x is weakly Mahlo if and only if it is weakly (31, Rg, k)-shrewd.

Proof. Note that a regular cardinal is weakly inaccessible if and only if it is a stationary
limit of cardinals. Moreover, a regular cardinal is defined to be weakly Mahlo if and only
it is a stationary limit of regular cardinals. Therefore both statement follow directly from
Lemma [5.5] O

Next, we show that weak IT}-indescribability also corresponds to a certain canonical
restrictions of weak shrewdness.

Lemma 5.7. The following statements are equivalent for every cardinal k and every natural
number n > 0:

(i) k is weakly 11} -indescribable.
(ii) &k is weakly (Xp41,0, kT)-shrewd.

Proof. First, assume that (ii) holds, Ay, ..., A,,_1 are relations on x and ® is a II!-sentence
that holds in (k, €, Ag,..., Am—1). Using Corollary we find a transitive set N and
a non-trivial elementary embedding j : N — H(x™%) with the property that crit (j) is a
cardinal, N <y, H(crit (§)"), j(crit (j)) = & and Ay, ..., A,_1 € ran(j). Given i < m, if A,
is a k;-ary relation on x, then have AN crit (j)k € N with j(ANcrit (])k) = A. Therefore,
elementarity implies that, in IV, the sentence ® holds in the structure

(crit (§), €, Ag Nerit (5)*, ..., Ay Nerit ().

Since this statement can be expressed by a II,-formula with parameters in N, our as-
sumptions imply that it also holds in H(crit (j)*) and therefore it holds in V too. These
computations show that (i) holds in this case.

Now, assume that (i) holds. In order to derive the desired conclusion, we introduce a
canonical translation of II,,-statements over H(xT) into I1}-statements over some expansions
of the structure (k, €) by finitely-many relation symbols. First, we set

P = {{a,8,<a,B>) | a, € Ord}.

For each infinite cardinal 0, we now define C(d) to consists of all subsets B of ¢ with the
property that

Ep = {{o,B) | a,p <6, <a, B> € B}
is an extensional and well-founded relation on é. Note that with the help of rank functions,
it is easy to see that there is a X}-formula that uniformly defines C(4) in (5, €, PNd?). Given
B e C(9), we let mp : (6, Eg) — (2B, €) denote the corresponding transitive collapse and
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set g = mp(0). Then xp,zp € H(6T) for all B € C(§) and it is also easy to see that every
element of H(67) is of the form zp for some B € C(4). Now, given an infinite cardinal §
and subsets A, By, ..., Bn—1 of § with By,...,By_1 € C(J), we say that B € C(J) codes a
model containing A,zp,,...,%n,,_, if the following statements hold:
e xp=r, (1) = Aand 75" () =w- (1 +a) for all @ < k.
e For every i < m, the transposition , = (0,4 + 2)@ is an isomorphism of (x, Fp)
and (k, Ep,).

Note that, in the above situation, an easy induction shows that for all ¢ < m, we have
T = Tp, 0T, 25 = zp, and xp, = wp(i + 2). Moreover, it is easy to see that for every
m < w, there is a ¥i-formula ¥(vy, ..., vm11) with second-order variables v, . .., vy,41 and
the property that for every infinite cardinal § and all A, B, By, ..., B;,,—1 C §, the statement
V(A, B, By,...,Bn,_1) holds in (6, €, PN §3) if and only if B, By,...,By,_1 € C(§) and B
codes a model containing A,zp,,...,xp,,_,. Given some ¥;-formula ¢(vo,...,vn) in Le,
we can now use the fact that a Xj-formula in L£¢ holds true if and only if it holds true
in a transitive set containing all of its parameters to find a Xi-formula ®(vo,...,v,,) with
second-order variables vy ..., v,, and the property that for every infinite cardinal §, all A C ¢
and all By, ..., B;,—1 € C(§), we have

HOM) E (A 2p,,... x5, _,) <= (6,6,PN§) = ®(A,By,...,Bn_1).

Now, fix a II,-formula ¢(vg,v1,v2) and a subset A of x with the property that the
statement 3z ¢(z, A, k) holds in H(k™). With the help of the above constructions, we can
now find a IT}-sentence ® with the property that

H(6T) |E 3z p(z,B,8) <= 33X C6 (6, PN B, X)=®

holds for every infinite cardinal 6 and every subset B of . Then there exists X C k with
(k, PN K3, A, X) = ® and hence we can apply [15, Theorem 6] to find a cardinal & < & such
that ® holds in (k, PN &3, AN R, X). But this shows that 3z ¢(z, AN K, ) holds in H(ET).
These computations allow us to conclude that (ii) holds in this case. ]

We end this section by using the embedding characterization for weakly ITi-indescribable
cardinals provided by Corollary and Lemmal5.7] to show that this large cardinal property
is equivalent to Hamkins’ weakly compact embedding property. Remember that a cardinal
has the weakly compact embedding property if for every transitive set M of cardinality
with K € M, there is a transitive set IV and an elementary embedding j : M — N with
crit (5) = k.

Corollary 5.8. The following statements are equivalent for every infinite cardinal k:
(i) & has the weakly compact embedding property.
(ii) K is weakly 11} -indescribable.
(i1i) There is a transitive set N and a non-trivial elementary embedding j : N — H(x™)
with the property that crit (j) is a cardinal, j(crit (j)) = & and N <y, H(crit () 7).
(iv) For every cardinal 0 > k and all z € H(0), there is a transitive set N and a non-
trivial elementary embedding j : N — H(0) with the property that crit (j) is a
cardinal, j(crit (§)) = &, H(crit () 7)Y <y, H(crit (j)7) and z € ran(j).
Proof. First, assume that (i) holds. Fix a cardinal § > « and z € H(f). Pick an elementary
submodel X of H(#) of cardinality x with x U {s,z} C X and let 7 : (X, €) — (B, €)
denote the corresponding transitive collapse. Note that elementarity directly implies that
7! | H(k™)P = idy(,+)e. Pick an elementary submodel M of H(x™) of cardinality x with
kU{B} C M and fix a bijection b : K — B in M. Since M is transitive, we can use the
weakly compact embedding property to find a transitive set IV and an elementary embedding
j: M — N with crit (j) = . Define

D = {<a,0> | bla) €b(B)} € M
and let E € M be the binary relation on k coded by D. Then (k,E) is well-founded

and extensional, and b : (k, E) — (B, €) is the corresponding transitive collapse. Now,

20Le. 7; is the unique permutation of x with supp(r;) = {0,1 + 2}, 7:(0) =i + 2 and 7;(i + 2) = 0.
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since D = j(D) Nk € N implies that F is contained in N and N is a transitive model
of ZFC™, the above observations show that B and b are also elements of N. Moreover,
since j | k = id,, we have j(x) = (j(b) o b=1)(z) for all x € B and therefore we know
that the elementary embedding j [ B : B — j(B) is an element of N. In addition, since
we have H(kT)® C H(kT)Y C H(k*) and our setup ensures that H(x*)? = H(s*)X is an
elementary submodel of H(xk™), we know that H(k™)® <y, H(k")N. Using elementarity,
these computations yield a transitive set A of cardinality less than k and an elementary
embedding k : A — B with the property that crit (k) is a cardinal with k(crit (k)) = &,
7(z) € ran(k) and H(crit (k) ") <5, H(crit (k)*). Finally, using the fact that 7~ (k) = &,
we can conclude that the elementary embedding 7= o k : A — H(#) possesses all of the
properties listed in (iv). Therefore, these arguments show that (iv) holds in this case.

Next, a combination of Lemma with Lemma directly shows that (iv) implies (ii)
and (ii) implies (iii).

Finally, assume, towards a contradiction, that (iii) holds and (i) fails. By elementarity, we
know that, in NV, there is a transitive set M of cardinality crit (§) with crit (j) € M and the
property that for every transitive set B, there is no elementary embedding k : M — B with
crit (k) = crit (). Since this statement can be formalized by a II;-formula with parameters
M and crit (), our assumptions imply that it holds in H(crit (j)*) and, by ;-absoluteness,
it also holds in V. But this yields a contradiction, because the map j | M : M — j(M) is
an elementary embedding with these properties. |

Note that the above result also shows that one has to add inaccessibility to the assump-
tions of the statements in [10], Section 4] to obtain correct results.

6. CHARACTERIZATIONS OF SMALL LARGE CARDINALS

In this section, we will complete the proof of Theorem We start by showing that all
local 3, (R)-classes considered in this section are in fact Xo-definable.

Proposition 6.1. Let R be a class, let n > 0 be a natural number and let S be a class that
is uniformly locally ¥, (R)-definable in some parameter z.

(i) If n =1, then the class S is £1(R)-definable in the parameter z.
(i) If the class PwSet is ¥1(R)-definable in the parameter z, then the class S is defin-
able in the same way.
(i4i) If the class R is definable by a II;-formula with parameter z, then the class S is
definable by a Yo-formula with parameter z.

Proof. Let ¢(vg,v1) be a ¥,-formula in £, witnessing that S is uniformly locally %, (R)-
definable.

(i) If n = 1, then the absoluteness of Xj-formulas between transitive structures implies
that S consists of all sets x with the property that there exists a transitive set N such
that z,z € N and ¢(z, z) holds in (N, €, R). This equality then directly provides a X (R)-
definition of S in the parameter z.

(ii) If the class PwSet is X1 (R)-definable in parameter z, then the class Cd of all cardinals
and the function that sends a cardinal § to the set H(d1) are definable in the same way.
It now follows that S consists of all sets x such that there exists a cardinal § such that
z,z € H(0") and ¢(z,2) holds in (H(61), €, R). This again provides a % (R)-definition of
S in the parameter z.

(iii) Assume that there is a IT;-formula 1 (vg,v1) in L¢ that witnesses that the class R is
IT;-definable in the parameter z. By Xi-absoluteness, the class S consists of all sets x with
the property that there exists a cardinal ¢ and a set @ such that z,z € H(6T), ¢(z, z) holds
n (H(6%),€,Q) and

Q = {yeH(E") | HO) F¥(y.2)}-
Since the function that sends a cardinal § to the set H(d7) is definable by a Ya-formula
without parameters, we can conclude that S is X5-definable in the parameter z. |

We now show how the restricted forms of weak shrewdness introduced above are connected
to principles of structural reflection for local ¥, (R)-classes.
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Lemma 6.2. Let R be a class, let n > 0 be a natural number and let & < k be infinite
cardinals. If there exists a transitive set N and an elementary embedding j : (N, €, R) —
(H(k"),€,R) with K € N, (N,€,R) <x,_, (H(i"),&,R) and j(k) = K, then j(crit (5))
is a regular cardinal and SR; (j(crit (j))) holds for every local ¥,(R)-class over the set
{reN|jx)=uz}.

Proof. Set p = j(crit (j)). First, assume, towards a contradiction, that p is singular. Then
crit (j) is singular in N, and, since N is a transitive model of ZFC™, this shows that N
contains a cofinal function ¢ : A — crit (j) for some ordinal A < crit (j). Then elementarity
implies that the range of the function j(¢) : A — p is cofinal in p and this yields a
contradiction, because elementarity also implies that

ran(j(c)) = ran(c) C crit(j) < p.

Now, let C be a local ¥,,(R)-class over the set F' = {z € N | j(z) = «}. Pick a X, (R)-
formula p(vg,v1) and z € F witnessing that the class C is uniformly locally ¥, (R)-definable.
Assume, towards a contradiction, that C contains a structure A of cardinality p with the
property that for every structure B in C of cardinality less than pu, there is no elementary
embedding from B into A. Since C is closed under isomorphic copies, this implies that, in
(H(xk™T), €, R), there is a structure A of the given type of cardinality u such that (A, z)
holds and for all structures B of the given type of cardinality less than p, if ¢(B, z) holds,
then there is no elementary embedding of B into A. By our assumptions, elementarity allows
us to find a structure A with these properties that is contained in ran(j). Pick B € N with
j(B) = A. Then elementarity ensures that ¢(B, z) holds in (N, €, R). Since X,,-formulas in
L ; are upwards-absolute from (N, €, R) to (H(<"), €, R), this shows that ¢(B, z) holds in
(H(k™), €, R) and therefore B is contained in C. Next, since N is transitive, the embedding
j induces an elementary embedding of B into A. Finally, since B has cardinality less than pu,
we can pick an isomorphic copy C of B that is an element of H(x™¥). Then the structure C' is
contained in C and therefore ¢(C, 2) holds in (H(x"), €, R). But then the above arguments
yield an elementary embedding from C into A and this map is also contained in H(xT),
contradicting the properties of A. a

Corollary 6.3. Let k be an infinite cardinal, let R be a class and let n > 0 be a natural
number. If k is weakly (X, R, k*)-shrewd, then SR (k) holds for every local ¥,,(R)-class C
over H(k).

Proof. Let C be a local ¥, (R)-class over H(k). Pick z € H(k) witnessing that the class C is
uniformly locally %, (R)-definable. Using Corollary our assumptions allow us to find a
transitive set N and a non-trivial elementary embedding j : (N, €, R) — (H(x™), €, R) with
the property that crit (j) is a cardinal, (N, €, R) <x, , (H(crit (§)7), €, R), j(crit (§)) = &
and z € ran(j). Since we now have z € H(crit (j)) N N and j(z) = z, Lemma [6.2] directly
implies that SR (x) holds. O

The following partial converse of Lemma [6.2]is the last ingredient needed for our charac-
terization of small large cardinals through principles of structural reflection:

Lemma 6.4. Let n > 0 be a natural number, let R be a class and let z be a set such that
the class Cd of all cardinals is uniformly locally X, (R)-definable in the parameter z. Then
there is a local ¥, (R)-class C over {z} with the property that whenever SR (k) holds for
some infinite cardinal k with z € H(k), then for every y € H(k™), there exists a cardinal
k < K, a transitive set N and an elementary embedding j : (N, €, R) — (H(xT), €, R) such
that K,z € N, (N,€,R) <%, , (H(k"),€,R), y € ran(j), j(k) =k and j(z) = 2.

Proof. Let L denote the first-order language that extends £, by three constant symbols.
Define C to be the class of all L-structures that are isomorphic to an L-structure of the
form (N, €,Q,6,y, z) with the property that ¢ is an infinite cardinal, N is a transitive set
of cardinality §, @ = NN R and (N,€,R) <5, , (H(6T), €, R).

Claim. C is a local ¥,,(R)-class over {z}.
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Proof. By definition, the class C is closed under isomorphic copies. Note that, given an
infinite cardinal v with z € H(v), an L-structure A in H(v™") is contained in C if and only
if there exists a cardinal p < v, a transitive set N of cardinality p and y € N such that
2 € N, (N,e,R) <y, , (H(u"),€, R) and H(r") contains an isomorphism between A and
the resulting L-structure (N, €, N N R, u,y,z). In the case n = 1, our assumptions on R
together with the fact that (N, €, R) <x, (H(|N|"), €, R) holds for every infinite transitive
set N directly yield a ¥ (R)-formula witnessing that C is uniformly locally ¥ (R)-definable
in the parameter 2. Now, assume that n > 1. Since the classes H(u") are uniformly ;-
definable in the parameter u and the relativization of a X,,-formula in £ ; to a ¥;-class again
yields a X,,-formula in £ 4, we can use a universal 3, _;-formula in £ to find a X,,-formula
Y(vg,v1) in L4 with the property that for all infinite cardinals 1 < v and all N € H(v™),
the statement ¥ (u, N) holds in (H(v™), €, R) if and only if N € H(u™), N is transitive and
(N,€,R) <x._, (H(ut), €, R). Together with the above observations and our assumptions
on R, we can again conclude that there is a ¥,,-formula in £ ; that witnesses that the class
C is uniformly locally ¥, (R)-definable in the parameter z. |

Now, let x be a cardinal with the property that z € H(x) and SR, (k) holds. Fix
y € H(x) and pick an elementary submodel (X, €, R) of (H(k™), €, R) of cardinality x such
that kU{k,y, 2} C X. Then the resulting L-structure (X, €, RN X, k,y, z) is an element of C
of cardinality . By the definition of C and our assumptions on «, there exists an elementary
embedding j of a structure (N, €, Q, R, z, z) in C of cardinality less than x with the property
that & is a cardinal, N is a transitive set, @ = NN R and (N, €,R) <x,_, (H(k"),€,R). In
particular, we can conclude that j : (N, €, R) — (H(x™), €, R) is an elementary embedding
with y € ran(j), j(8) = & and j(z) = 2. O

Corollary 6.5. Let n > 0 be a natural number and let R be a class with the property that the
class Cd is uniformly locally ¥, (R)-definable without parameters. If k is the least cardinal
with the property that SR (k) holds for all local X,,(R)-classes over 0, then k is weakly
(3n, R, kT)-shrewd.

Proof. Fix z € H(k™). By Lemma there exists a cardinal K < k, a transitive set N and
an elementary embedding j : (N, €, R) — (H(k"), €, R) with the property that & € N,
(N,€,R) <x,_, (H(k"),€,R), j(k) = r and z € ran(j). An application of Lemma now
shows that the minimality of x implies that crit (j) = . By Lemmal5.2] these computations
show that s is weakly (3,, R, k*)-shrewd. O

Corollary 6.6. Let n > 0 be a natural number and let R be a class with the property that
the class Cd is uniformly locally ¥, (R)-definable without parameters. Then the following
statements are equivalent for every cardinal k:

(i) & is the least reqular cardinal with the property that k is weakly (X, R, k*)-shrewd.
1) Kk is the least cardinal with the property that SR, (k) holds for every local ¥, (R)-
c
class over ().
1) Kk is the least cardinal with the property that SR, (k) holds for every local ¥, (R)-
c
class over H(k).

Proof. First, assume that (i) holds. Then we can use Corollary to conclude that SR, (k)
holds for every local ¥, (R)-class C over H(x). Moreover, the minimality of x allows us to
apply Corollaryto show that « is the least cardinal with the property that SR; () holds
for all local ¥,,(R)-classes over . But this also shows that « is the least cardinal with the
property that SR (x) holds for all local ¥, (R)-classes over H(k).

Now, assume that (ii) holds. An application of Corollary then shows that k is weakly
(Xp, R, kT)-shrewd. Moreover, we can use Corollary to conclude that k is the least
cardinal with this property.

Finally, assume that (iii) holds and let v < & be the least cardinal with the property that
SR; (v) holds for every local X, (R)-class over (). Then the above computations show that
v is weakly (3, R, v )-shrewd and Corollary implies that SR, (v) holds for every local
Y, (R)-class over H(v). This allows us to conclude that v = &. O
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Proof of Theorem[1.13 (i) The desired equivalence is a direct consequence of a combination
of Corollary [5.6] with Corollary

(ii) Note that the class Cd is uniformly locally ¥;(Rg)-definable without parameters,
because a limit ordinal is a cardinal if and only if it is either regular or a limit of regular
cardinals. Therefore, we can again combine Corollary [5.6] with Corollary [6.6] to derive the
desired equivalence.

(iii) Since the class Cd is uniformly locally Yo-definable without parameters, the desired
equivalence for weakly IT!-indescribable cardinals is a direct consequence of Lemma and

Corollary [6.6] O

We end this paper by studying restrictions on the reflection properties of various cardinals.
These results are motivated by unpublished work of Brent Cody, Sean Cox, Joel Hamkins
and Thomas Johnstone that shows that various cardinal invariants of the continuum do not
possess the weakly compact embedding property (see [9]). The following results place this
implication into the general framework developed above.

Proposition 6.7. Given a class I of infinite cardinals, there exists a class C of structures
of the same type such that SRy (min(I)) fails and the following statements hold for every
natural number n > 0, every class R and every set z:

(i) If I is ¥,,(R)-definable in the parameter z, then C is definable in the same way.
(ii) If I is uniformly locally 3, (R)-definable in the parameter z, then C is a local ¥, (R)-
class over {z}.

Proof. Let L denote the trivial first-order language and define C to be the class of L-
structures whose cardinality is an element of I. Then SR, (min(I)) fails and both definability
statements are immediate. g

The next proposition provides examples of cardinal invariants of the continuum (the
cardinality 2%° of the continuum, bounding number b and the dominating number ) that can
be represented as minima of universally locally ¥s-definable classes of cardinals. It should
be noted that a combination of Lemmal5.6] Corollary [6.3]and Proposition [6.7]shows that, by
starting with a Mahlo cardinal x and forcing Martin’s Aziom together with 2% = k to hold in
a generic extension, it is possible to obtain a model in which the set {280} = [b, 2%0] = [0, 2%¢]
is not uniformly locally ¥, (Rg)-definable with parameters in H(x).

Proposition 6.8. The sets {280}, [b,2%°] and [0,2%°] are all uniformly locally Y2-definable
without parameters.

Proof. First, let ¢o(v) be the canonical ¥o-formula stating that v is a cardinal and there exists
a bijection between v and P(w). Fix an infinite cardinal v. In one direction, if 2% < v, then
H(v*) contains a bijection between 280 and the reals, and hence ¢(2%0) holds in H(v).
In the other direction, if ¢(u) holds in H(vT), then the fact that H(v™) contains all reals
implies that 2% = y. This shows that ¢(v) witnesses that the set {2%0} is uniformly locally
Yo-definable without parameters.

Next, let ¢(v) be the canonical ¥o-formula stating that v is a cardinal and there exists an
unbounded family of cardinality v in (“w, <,). Fix an infinite cardinal v. Given a cardinal
b < p < min(v, 2%), the set H(vt) contains a bijection between p and an unbounded family
in (Yw, <), and hence we know that ¢(u) holds in H(v1). In the other direction, if ¢(u)
holds in H(v*), then there exists an unbounded family in (“w, <.) of cardinality u and
hence b < p < 2% because “w is a subset of H(v+). Therefore the formula ¢(v) witnesses
the desired definability of the set [b, 2%°].

Finally, if ¢(v) denotes the canonical ¥a-formula stating that v is a cardinal and there
exists a dominating family of cardinality v in (“w, <,), then we may argue as above to show
that o(v) witnesses the desired definability of the set [0, 2%0]. O

In combination with Lemma Corollary [5.§ and Corollary [6.3] the above propositions
provide a general reason for the fact that the cardinals 28, b and d do not have the weakly
compact embedding property. In contrast, as discussed in the introduction, Hamkins ob-
served that a cardinal with the weakly compact embedding property can be the predecessor
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of 2%, Now, note that if I is a class of cardinals that is definable by a ¥,-formula with pa-
rameter z and [ is an ordinal, then the class of all cardinals of the form X, with the property
that the cardinal R, is an element of I is definable by a j-formula with parameters g
and z. In particular, the above propositions show that if s is a weakly shrewd cardinal and
a < K, then k*® ¢ {2% b 0}. Finally, note that a combination of Theorem [1.10} Lemma
and Lemma shows that, if ¢ is a subtle cardinal and G is Add(w, d)-generic over

v,

N

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

then, in V]G], the interval (b, D)E| contains unboundedly many weakly shrewd cardinals.
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